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Calculus and Its Applicationsis the most student-oriented applied calculus text on the market, and
this tenth edition continues to improve on that approach. The authors believe that appealing to
students• intuition and speaking in a direct, down-to-earth manner make this text accessible to any
student possessing the prerequisite math skills. By presenting more topics in a conceptual and of-
ten visual manner and adding student self-assessment and teaching aids, this revision addresses
students• needs better than ever before. However, it is not enough for a text to be accessible„it
must also provide students with motivation to learn. Tapping into areas of student interest, the au-
thors provide an abundant supply of examples and exercises rich in real-world data from business,
economics, environmental studies, health care, and the life sciences. New examples cover applica-
tions ranging from the distribution of wealth to the growth of membership in Facebook. Found in
every chapter, realistic applications draw students into the discipline and help them to generalize
the material and apply it to new and novel situations. To further spark student interest, hundreds
of meticulously drawn graphs and illustrations appear throughout the text, making it a favorite
among students who are visual learners.

Appropriate for a one-term course, this text is an introduction to applied calculus. A course in
intermediate algebra is a prerequisite, although Appendix A: Review of Basic Algebra, together
with Chapter R, provides a sufficient foundation to unify the diverse backgrounds of most stu-
dents. For schools offering a two-term course, additional chapters are available online; see the
Contents.

Our Approach
Intuitive Presentation
Although the word •intuitiveŽ has many meanings and interpretations, its use here means •experi-
ence based, without proof.Ž Throughout the text, when a concept is discussed, its presentation is
designed so that the students• learning process is based on their earlier mathematical experience.
This is illustrated by the following situations.

� Before the formal definition of continuityis presented, an informal explanation is given, com-
plete with graphs that make use of student intuition into ways in which a function could be
discontinuous (see pp. 113…114).

� The definition of derivative, in Chapter 1, is presented in the context of a discussion of average
rates of change (see p. 135). This presentation is more accessible and realistic than the strictly
geometric idea of slope.

� When maximization problems involving volume are introduced (see p. 264), a function is derived
that is to be maximized. Instead of forging ahead with the standard calculus solution, the student
is first asked to stop, make a table of function values, graph the function, and then estimate the
maximum value. This experience provides students with more insight into the problem. They rec-
ognize that not only do different dimensions yield different volumes, but also that the dimensions
yielding the maximum volume may be conjectured or estimated as a result of the calculations.

� Relative maxima and minima (Sections 2.1 and 2.2) and absolute maxima and minima 
(Section 2.4) are covered in separate sections in Chapter 2, so that students gradually build up
an understanding of these topics as they consider graphing using calculus concepts (see 
pp. 198…234 and 250…262).

� The explanation underlying the definition of the number e is presented in Chapter 3 both
graphically and through a discussion of continuously compounded interest (see pp. 345…347).

Preface

vii



viii P R E FAC E

Strong Algebra Review
One of the most critical factors underlying success in this course is a strong foundation in algebra
skills. We recognize that students start this course with varying degrees of skills, so we have in-
cluded multiple opportunities to help students target their weak areas and remediate or refresh the
needed skills.

� Prerequisite Skills Diagnostic Test (Part A). This portion of the diagnostic test assesses
skills refreshed in Appendix A: Review of Basic Algebra. Answers to the questions reference
specific examples within the appendix.

� Appendix A: Review of Basic Algebra. This 11-page appendix provides examples on topics
such as exponents, equations, and inequalities and applied problems. It ends with an exercise
set, for which answers are provided at the back of the book so that students can check their
understanding.

� Prerequisite Skills Diagnostic Test (Part B). This portion of the diagnostic test assesses
skills that are reviewed in Chapter R, and the answers reference specific sections in that
chapter. Some instructors may choose to cover these topics thoroughly in class, making this
assessment less critical. Other instructors may use all or portions of this test to determine
whether there is a need to spend time remediating before moving on with Chapter 1. 

� Chapter R. This chapter covers basic concepts related to functions, graphing, and modeling. 
It is an optional chapter based on the prerequisite skills students have.

� •Getting Ready for CalculusŽ in MyMathLab. This optional chapter within MyMathLab
provides students with the opportunity to self-remediate in an online environment. Assessment
and guidance are provided.

Applications
Relevant and factual applications drawn from a broad spectrum of fields are integrated throughout
the text as applied examples and exercises and are also featured in separate application sections.
These have been updated and expanded in this edition to include even more applications using
real data. In addition, each chapter opener in this edition includes an application that serves as a
preview of what students will learn in the chapter.

The applications in the exercise sets are grouped under headings that identify them as reflect-
ing real-life situations: Business and Economics, Life and Physical Sciences, Social Sciences, and
General Interest. This organization allows the instructor to gear the assigned exercises to a particu-
lar student and also allows the student to know whether a particular exercise applies to his or her
major.

Furthermore, the Index of Applications at the back of the book provides students and instruc-
tors with a comprehensive list of the many different fields considered throughout the text.

Approach to Technology
This edition continues to emphasize mathematical modeling, utilizing the advantages of technol-
ogy as appropriate. Though the use of technology is optional with this text, its use meshes well
with the text•s more intuitive approach to applied calculus. For example, the use of the graphing
calculator in modeling, as an optional topic, is introduced in Section R.6 and then reinforced many
times throughout the text.

Technology Connections
Technology Connections are included throughout the text to illustrate the use of technology.
Whenever appropriate, art that simulates graphs or tables generated by a graphing calculator is
included as well. 

This edition also includes discussion of the iPhone applications Graphicus, iPlot, and Grafly
to take advantage of technology to which many students have access.

There are four types of Technology Connections for students and instructors to use for explor-
ing key ideas.

� Lesson/Teaching. These provide students with an example, followed by exercises to work
within the lesson.

� Checking. These tell the students how to verify a solution within an example by using a
graphing calculator.

� Exploratory/Investigation. These provide questions to guide students through an investigation.

New!

New!

New!

New!



P R E FAC E ix

� Technology Connection Exercises.Most exercise sets contain technology-based exercises
identified with either a icon or the heading •Technology Connection.Ž These exercises
also appear in the Chapter Review Exercises and the Chapter Tests. The Printable Test Forms
include technology-based exercises as well.

Use of Art and Color
One of the hallmarks of this text is the pervasive use of color as a pedagogical tool. Color is used
in a methodical and precise manner so that it enhances the readability of the text for students and
instructors. When two curves are graphed using the same set of axes, one is usually red and the
other blue with the red graph being the curve of major importance. This is exemplified in the
graphs from Chapter R (pp. 54 and 82) at the left. Note that the equation labels are the same color
as the curve. When the instructions say •Graph,Ž the dots match the color of the curve.

The following figure from Chapter 1 (p. 134) shows the use of colors to distinguish be-
tween secant and tangent lines. Throughout the text, blue is used for secant lines and red for
tangent lines.

y1 = x3, y2 = 3x + 1 

8

…3 3

…5

y1 y2

Q2

P

Slope m4

Tangent line

Q1

Q3

Q4

Slope m3

Slope m2

Slope m1

Secant lines

Slope m =
instantaneous rate 
of change at P

T

1

1

x

y

f(x) = x2

Š1

Š1

g(x) = x3

We next find second coordinates by substituting the critical values in the original
function:

Are the points and relative extrema? Let•s look at the second deriva-
tive. We use the Second-Derivative Test with the critical values and 1:

Relative maximum

Relative minimum

Thus, is a relative maximum and is a relative minimum. We
plot both and including short arcs at each point to indicate the
graph•s concavity. Then, by calculating and plotting a few more points, we can make a
sketch, as shown below.

11, - 182,1- 3, 142
f112 = - 18f1- 32 = 14

f …112 = 6112 + 6 = 12 7 0.

f …1- 32 = 61- 32 + 6 = - 12 6 0;

- 3
11, - 1821- 3, 142

f112 = 1123 + 31122 - 9112 - 13 = - 18.

f1- 32 = 1- 323 + 31- 322 - 91- 32 - 13 = 14;

x4321

10

Š10

Š1Š2Š3

(Š3, 14)

Relative
maximum

Š4Š5

y

20

30

40

Š20 (1, Š18)

Relative
minimum

(Š3, 14)

Relative
maximum

x4321

10

Š2Š3

(Š2, 9)(Š4, 7)

(Š5, Š18)

(Š1, Š2)

(0, Š13)

(2, Š11)

(3, 14)

f

Š4Š5

y

20

30

40

Š20 (1, Š18)

Relative
minimum

In the text from Chapter 2 (p. 219) shown at the left, the color red
denotes substitution in equations and blue highlights the corresponding out-
puts, including maximum and minimum values. The specific use of color is
carried out in the figure that follows. Note that when dots are used for
emphasis other than just merely plotting, they are black.

Beginning with the discussion of integration in Chapter 4, the color amber
is used to highlight areas in graphs. The figure to the left below, from Chapter 4 
(p. 427), illustrates the use of blue and red for the curves and labels and amber
for the area. 

y

xba

y = f(x)

A

y = g(x)

New!

Absolute
maximum

Relative
maximum

Relative
minimum

Graph of f

z

yx

In Chapter 6, all of the three-dimensional art has been redrawn for this edition, making it even
easier for students to visualize the complex graphs presented in this chapter, like the one above 
(p. 565).
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Pedagogy of Calculus and Its Applications , Tenth Edition

Chapter Openers
Each newly designed chapter opener provides a •Chapter SnapshotŽ
that gives students a preview of the topics in the chapter and an
application that whets their appetite for the chapter material and pro-
vides an intuitive introduction to a key calculus topic. (See pp. 197,
307, and 389.)

Section Objectives
As each new section begins, its objectives are stated in the margin.
These can be spotted easily by the student, and they provide the an-
swer to the typical question •What should I be able to do after com-
pleting this section?Ž (See pp. 322, 399, and 480.)

307

3
Exponential and
Logarithmic 
Functions

Chapter Snapshot
What You•ll Learn
3.1 Exponential Functions
3.2 Logarithmic Functions
3.3 Applications: Uninhibited and Limited Growth

Models
3.4 Applications: Decay
3.5 The Derivatives of and 
3.6 An Economics Application: Elasticity of Demand

loga xax

Why It•s Important
In this chapter, we consider two types of functions that
are closely related:exponential functionsand logarithmic
functions. After learning to find derivatives of such
functions, we will study applications in the areas of
population growth and decay, continuously com-
pounded interest, spread of disease, and carbon dating.

Where It•s Used

COMIC BOOK VALUE BY YEAR

MILLION-DOLLAR COMIC BOOK

307

A 1939 comic book with the first
appearance of the •Caped Crusader,Ž
Batman, sold at auction in Dallas in
2010 for $1.075 million. The comic
book originally cost 10¢. What will
the value of the comic book be in
2020? After what time will the value
of the comic book be $30 million?

This problem appears as Example 7 in
Section 3.3.

Number of years since 1939

V(t) = 0.10e0.228t

V(t)

t81

$1.075
million

$0.10

Va
lu

e 
of

 c
om

ic
 b

oo
k

Graphs of Exponential Functions
Consider the following graph. The rapid rise of the graph indicates that it approximates
an exponential function. We now consider such functions and many of their applications.

p g

3.1
OBJECTIVES

Exponential Functions

€ Graph exponential
functions.

€ Differentiate exponential
functions.

(Source: U.S. Census Bureau.)

4 billion 1974

5 billion 1987

6 billion 1998

8 billion* 2020

*Projected

3 billion 1960

2 billion 1927

1 billion 1804

1800 1900 2000
Year

2100

WORLD POPULATION GROWTH

Let•s review definitions of expressions of the form where x is a rational number.
l

ax,

Technology Connections
The text allows the instructor to incorporate graphing calculators,
spreadsheets, and smart phone applications into classes. All use of
technology is clearly labeled so that it can be included or omitted as
desired. (See pp. 54…56 and 209…212.)

Quick Check Exercises
Giving students the opportunity to check their understanding of a new
concept or skill is vital to their learning and their confidence. In this
edition, Quick Check exercises follow and mirror selected examples in
the text, allowing students to both practice and assess the skills they
are learning. Instructors may include these as part of a lecture as a
means of gauging skills and gaining immediate feedback. Answers to
the Quick Check exercises are provided at the end of each section fol-
lowing the exercise set. (See pp. 236, 331, and 412.)

O

Quick Check 3

Differentiate:

a) b)

c) y =
ex

x2 .

y = x3ex;y = 6ex;

In Section 3.5, we will develop a formula for the derivative of the more general
exponential function given by 

Finding Derivatives of Functions Involving e
We can use Theorem 1 in combination with other theorems derived earlier to differen-
tiate a variety of functions.

EXAMPLE 3Find a) b) c)

Solution

a) Recall that 

b) Using the Product Rule

Factoring

c) Using the Quotient Rule

Factoring

Simplifying=
ex1x - 32

x4

=
x2ex1x - 32

x6

d
dx

a
ex

x3 b =
x3 #ex - ex #3x2

x6

= ex1x2 + 2x2, or xex1x + 22

d
dx

1x2ex2 = x2 #ex + ex #2x

= 3ex

d
dx

3c#f1x24 = c#f ¿1x2.
d
dx

13ex2 = 3
d
dx

ex

y =
ex

x3.y = x2ex;y = 3ex;dy>dx:

y = ax.
TECHNOLOGY CONNECTION

Exploratory 
Check the results of Example 3
by entering each function as 
and letting 
Then enter the derivatives from
Example 3 as and use graphs 
or a table to compare and 

Using iPlot, graph 
in red. Turn on Derivate. Now
suppose the derivative was mistak-
enly found to be 
Graph this incorrect function in
some other color. What happens?
Explain. Then describe a proce-
dure for checking the results of
Example 3 using iPlot.

Using Graphicus, graph 
as a first function.

Then touch and choose Add
derivative. Suppose the derivative
was mistakenly found to be

Graph this incorrect
function. What happens? Explain.
Then describe a procedure for
checking the results of Example 3
using Graphicus.

g¿1x2 = 2xex.

x2exg1x2 =

f ¿1x2 = 3ex- 1.

f1x2 = 3ex
y3.y2

y3

1y1, x, x2.y2 = nDeriv
y1

+

Suppose that we have a more complicated function in the exponent, as in

This is a composition of functions. For such a function, we have

where

Now Then by the Chain Rule (Section 1.7), we have

For the case above, so Then

The next theorem, which we have proven using the Chain Rule, allows us to find
derivatives of functions like the one above.

= ex2- 5x12x - 52.

= ef 1x2 #f ¿1x2

h¿1x2 = g¿1f1x22#f ¿1x2

f ¿1x2 = 2x - 5.f1x2 = x2 - 5x,

= ef 1x2 #f ¿1x2.

h¿1x2 = g¿1f1x22#f ¿1x2

g¿1x2 = ex.

g1x2 = ex and f1x2 = x2 - 5x.h1x2 = g1f1x22 = ef1x2,

h1x2 = ex2- 5x.

Quick Check 3

�

O

New!

New!
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New!Section Summary
€ The exponential function where 

has the derivative That is, the slope of a
tangent line to the graph of is the same as the
function value at x.

y = ex
f ¿1x2 = ex.

e L 2.71828,f1x2 = ex, € The graph of is an increasing function with no
critical values, no maximum or minimum values, and no
points of inflection. The graph is concave up, with

and

€ Calculus is rich in applications of exponential functions.

lim
x: - q

f1x2 = 0.lim
x: q

f1x2 = q

f1x2 = ex

EXERCISE SET

3.1

Graph.

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

Differentiate.

11. 12.

13. 14. g1x2 = e2xg1x2 = e3x

f1x2 = exf1x2 = e- x

f1x2 = 11.22xf1x2 = 12.52x

g1x2 = A3
4Bxg1x2 = A2

3Bx

f1x2 = A4
3Bxf1x2 = A3

2Bx

y = 10.22xy = 10.252x

y = 5xy = 4x

45. 46.

47. 48.

49. 50.

51. 52.

53.

54.

Graph each function. Then determine critical values, inflection
points, intervals over which the function is increasing or
decreasing and the concavity

g1x2 = 15x2 - 8x2ex2- 4x

g1x2 = 14x2 + 3x2ex2- 7x

y = 1 - e- mxy = 1 - e- kx

y = 1 - e- 3xy = 1 - e- x

y = ex + x3 - xexy = xe- 2x + e- x + x3

y = 2 ex + 1y = 2 ex - 1

APPLICATIONS

Business and Economics

81. U.S. exports. U.S. exports of goods are increasing
exponentially. The value of the exports, t years after
2009, can be approximated by

where corresponds to 2009 and V is in billions of
dollars. (Source: U.S. Commerce Department.)

a) Estimate the value of U.S. exports in 2009 and 2020.
b) What is the doubling time for the value of U.S.

exports?

t = 0

V1t2 = 1.6e0.046t,

c) (Round to the nearest thousand.)
d) Find and Why do you think 

the company•s costs tend to level off as time passes?

84. Marginal cost. A company•s total cost, in millions of
dollars, is given by

where t is the time in years since the start-up date.

C1t2 = 200 - 40e- t,

lim
t : q

C¿1t2.lim
t : q

C1t2
C¿142

82. Organic food. More Americans are buying organic fruit
and vegetables and products made with organic ingredi-
ents. The amount , in billions of dollars, spent on
organic food and beverages t years after 1995 can be
approximated by

(Source: Nutrition Business Journal, 2004.)

a) Estimate the amount that Americans spent on
organic food and beverages in 2009.

b) Estimate the rate at which spending on organic food
and beverages was growing in 2006.

83. Marginal cost. A company•s total cost, in millions of
dollars, is given by

where t is the time in years since the start-up date.

C1t2 = 100 - 50e- t,

A1t2 = 2.43e0.18t.

A1t2

C(t) = 100 … 50e…t

C(t)

t

20

5 10 15

60

80

100

20

40

Find each of the following.

a) The marginal cost, 
b) C¿102

C¿1t2

C(t) = 200 … 40e…tC(t)

t

50

100

2 4 6

150

200

8 10…2

Find each of the following.

a) The marginal cost 
b)
c) (Round to the nearest thousand.)
d) Find and Why do you think 

the company•s costs tend to level off as time passes?

85. Marginal demand. At a price of x dollars, the demand,
in thousands of units, for a certain music player is given
by the demand function

a) How many music players will be bought at a price
of $250? Round to the nearest thousand.

b) Graph the demand function for 
c) Find the marginal demand, 
d) Interpret the meaning of the derivative.

86. Marginal supply. At a price of x dollars, the supply
function for the music player in Exercise 85 is given by

where q is in thousands of units.

a) How many music players will be supplied at a price
of $250? Round to the nearest thousand.

b) Graph the supply function for 
c) Find the marginal supply, 
d) Interpret the meaning of the derivative.

Life and Physical Sciences

87. Medication concentration. The concentration C, in
parts per million, of a medication in the body t hours
after ingestion is given by the function

a) Find the concentration after 0 hr, 1 hr, 2 hr, 3 hr,
and 10 hr.

b) Sketch a graph of the function for 
c) Find the rate of change of the concentration, 
d) Find the maximum value of the concentration and

the time at which it occurs.
e) Interpret the meaning of the derivative.

C¿1t2.
0 ƒ t ƒ 10.

C1t2 = 10t2e- t.

q¿1x2.
0 ƒ x ƒ 400.

q = 75e0.004x,

q¿1x2.
0 ƒ x ƒ 400.

q = 240e- 0.003x.

lim
t : q

C¿1t2.lim
t : q

C1t2
C¿152
C¿102

C¿1t2

88. Ebbinghaus learning model.Suppose that you are
given the task of learning 100% of a block of knowledge.
Human nature is such that we retain only a percentage 
Pof knowledge t weeks after we have learned it. The
Ebbinghaus learning modelasserts that P is given by

where Q is the percentage that we would never forget
and k is a constant that depends on the knowledge
learned. Suppose that and 

a) Find the percentage retained after 0 weeks, 1 week,
2 weeks, 6 weeks, and 10 weeks.

b) Find 

c) Sketch a graph of P.
d) Find the rate of change of Pwith respect to time t.
e) Interpret the meaning of the derivative.

SYNTHESIS

Differentiate.

89. 90.

91. 92.

93. 94.

95. 96.

97. 98.

99. 100.

Exercises 101 and 102 each give an expression for e. Find the
function values that are approximations for e. Round to five
decimal places.

101. For , we have Find 

and .

102. For we have Find 

and .

103. Find the maximum value of over .

104. Find the minimum value of over 

105. A student made the following error on a test: 

Identify the error and explain how to correct it.

106. Describe the differences in the graphs of and
g1x2 = x3.

f1x2 = 3x

d
dx

ex = xex- 1.

3- 2, 04.f1x2 = xex

30, 44f1x2 = x2e- x

g10.99982g10.92, g10.992, g10.9992,

g10.52,e = lim
t : 1

g1t2.g1t2 = t1>1t - 12,

f10.0012f10.52, f10.22, f10.12,

f112,e = lim
t : 0

f1t2.f1t2 = 11 + t21>t

f1x2 = eex
f1x2 =

ex - e- x

ex + e- x

f1x2 =
xe- x

1 + x2
f1x2 = ex>2 #2 x - 1

f1x2 =
1
ex + e1>xf1x2 = e2 x + 2 ex

y =
ex

1 - exy =
ex

x2 + 1

y = 23 e3t + ty =
e3t - e7t

e4t

y = 1ex2
- 224y = 1e3x + 125

lim
t : q

P1t2.

k = 0.7.Q = 40

P1t2 = Q + 1100 - Q2e- kt,

For each of the functions in Exercises 109…112, graph f,
and

109. 110.

111. 112.

113. Graph

Use the TABLEfeature and very large values of x to
confirm that e is approached as a limit.

f1x2 = a1 +
1
x

b
x

.

f1x2 = 1000e- 0.08xf1x2 = 2e0.3x

f1x2 = e- xf1x2 = ex

f ….
f ¿,

TECHNOLOGY CONNECTION

Use a graphing calculator (or iPlot or Graphicus) to graph each
function in Exercises 107 and 108, and find all relative extrema.

107. 108. f1x2 = e- x2
f1x2 = x2e- x

Answers to Quick Checks

1. 1, 3, 9, 27, 2. 1, 3, 9, 27
1
3

,
1
9

,
1
27

,
1
3

,
1
9

,
1
27

1
3

g(x) � (� )x

6

8

y

x1 2Š1Š2

2

4

6

8

y

x1 2Š1Š2

2

4

f(x) �  2e� x g(x) �  2ex

6

8

y

x1 2Š1Š2

2

4

N(t) �  80 � 60e� 0.12t

N(t)

t4010 20 30

80
70
60
50
40
30
20
10

3. (a) (b) (c) 

4. (a) (b) (c)

5. (a) 

xe2 x2+5

2 x2 + 5
ex3+8x 13x2 + 82;- 4e- 4x;

ex 1x - 22

x3x2ex 1x + 32;6ex;

No critical values
Decreasing on 
No inflection points
Concave up on 1- q , q 2

1- q , q 2

(b) 

No critical values
Increasing on 
No inflection points
Concave up on 1- q , q 2

1- q , q 2

(c) 

h(x) �  1 � e� x

y

x102 4 6 8

1

0.6

0.8

0.2

0.4

No critical values
Increasing on 
No inflection points
Concave down on 1- q , q 2

1- q , q 2

6. (a) 20, 26.8, 47.1, 61.9, 74.6, 78.4(b)
(c) after t days, 
the rate of change of number of 
phones produced per day is given 
by 
(d) 80 phones produced per day

7.2e- 0.12t.

N¿1t2 = 7.2e- 0.12t;

Social Sciences

f(x) �  3x

6

8

y

x1 2Š1Š2

2

4

Section Summary
To assist students in identifying the key topics for each section, a Section Sum-
mary now precedes every exercise set. Key concepts and definitions are pre-
sented in bulleted list format to help focus students• attention on the most
important ideas presented in the section. (See pp. 106, 246, and 360.)

Variety of Exercises
There are over 3500 exercises in this edition. All exercise sets are enhanced by the
inclusion of real-world applications, detailed art pieces, and illustrative graphs.

Applications
A section of applied problems is included in nearly every exercise set. The prob-
lems are grouped under headings that identify them as business and economics,
life and physical sciences, social sciences, or general interest. Each problem is ac-
companied by a brief description of its subject matter (see pp. 155…157, 347…351,
and 397…398).

Thinking and Writing Exercises
Identified by a , these exercises ask students to explain mathematical concepts
in their own words, thereby strengthening their understanding (see pp. 143, 249,
and 422).

Synthesis Exercises
Synthesis exercises are included in every exercise set, including the Chapter Re-
view Exercises and Chapter Tests. They require students to go beyond the imme-
diate objectives of the section or chapter and are designed to both challenge
students and make them think about what they are learning (see pp. 176, 276,
and 364).

Technology Connection Exercises
These exercises appear in the Technology Connections (see pp. 29, 141, and 327)
and in the exercise sets (see pp. 120, 249, and 425). They allow students to solve
problems or check solutions using a graphing calculator or smart phone.

Concept Reinforcement Exercises
As always, each chapter closes with a set of Chapter Review Exercises, which
includes 8 to 14 Concept Reinforcement exercises at the beginning. The exercises
are confidence builders for students who have completed their study of the chap-
ter. Presented in matching, true/false, or fill-in-the-blank format, these exercises
can also be used in class as oral exercises. Like all review exercises, each concept
reinforcement exercise is accompanied by a bracketed section reference to indi-
cate where discussion of the concept appears in the chapter. (See pp. 301, 382,
and 466.)
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Extended Technology Applications
Extended Technology Applications at the end of each
chapter use real applications and real data. They re-
quire a step-by-step analysis that encourages group
work. More challenging in nature, the exercises in
these features involve the use of regression to create
models on a graphing calculator.

CHAPTER 4
REVIEW EXERCISES

These review exercises are for test preparation. They can also
be used as a practice test. Answers are at the back of the book.
The blue bracketed section references tell you what part(s) of
the chapter to restudy if your answer is incorrect.

CONCEPT REINFORCEMENT

Classify each statement as either true or false.

1. Riemann sums are a way of approximating the area under
a curve by using rectangles.[4.2]

2. If a and b are both negative, then is 

negative.[4.3]

3. For any continuous function f defined over it
follows that

[4.4]

4. Every integral can be evaluated using integration by
parts.[4.6]

Match each integral in column A with the corresponding anti-
derivative in column B.[4.1, 4.5]

Column A

5.

6.

7.

8.

9.

10.
L

2x

11 + x222
dx

L

1

x2
dx

L

2x

1 + x2
dx

L

1
x

dx, x 7 0

L
11 + 2x2- 2 dx

L

1

2 x
dx

L

2

- 1
f1x2dx +

L

7

2
f1x2dx =

L

7

- 1
f1x2dx.

3- 1, 74,

L

b

a
f1x2dx

REVIEW EXERCISES

11. Business: total cost.The marginal cost, in dollars, of
producing the xth car stereo is given by

C¿1x2 = 0.004x2 - 2x + 500.

Column B

a)

b)

c)

d)

e)

f) ln 11 + x22 + C

2x1>2 + C

-
1
2

11 + 2x2- 1 + C

- 11 + x22- 1 + C

- x- 1 + C

ln x + C

x50 100 150

Number of units produced

M
ar

gi
na

l c
os

t (
in

 d
ol

la
rs

)

200 250 3000

100

200

300

400

500

600

C�

y

Approximate the total cost of producing 200 car stereos
by computing the sum

[4.2]

Evaluate.[4.1]

a
4

i =1
C¿1xi2 ¢ x, with ¢ x = 50.

12.
L

20x4 dx 13.
L

13ex + 22dx

14.

Find the area under the curve over the indicated interval.[4.3]

15.

16.

In each case, give an interpretation of the shaded region.
[4.2, 4.3]

y = x2 + 2x + 1; 30, 34

y = 4 - x2; 3- 2, 14

L
a3t2 + 5t +

1
t

b dt 1assumet 7 02

17. 18.

t
Time (in minutes)

K
ey

bo
ar

d 
sp

ee
d

(in
 w

or
ds

pe
r 

m
in

ut
e)

t
Time (in days)

S
al

es
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th
e
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h 

da
y

CHAPTER 4
TEST

1. Approximate

by computing the area of each rectangle and adding. 
L

5

0
125 - x22dx

Evaluate using substitution. Assume when ln u appears.
Do not use Table 1.

u 7 0

2.
L

2 3x dx 3.
L

1000x5 dx

4.

Find the area under the curve over the indicated interval.

L
aex +

1
x

+ x3>8b dx 1assumex 7 02

Evaluate.

y

xba

f

y

x

5

2 3 4

10

15

20

25

0 51

t
Time (in hours)

R
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ng

 s
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(in

 m
ile

s 
pe

r 
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ur
)

5. y = x - x2; 30, 14 6. y =
4
x

; 31, 34

7. Give an interpretation of the shaded area. 

Evaluate.

8.
L

2

- 1
12x + 3x22dx

9.
L

1

0
e- 2x dx 10.

L

e2

e

dx
x

11.

12. Decide whether is positive, negative, or zero. 
L

b

a
f1x2dx

L

5

0
g1x2dx, whereg1x2 = b

x2, for x ƒ 2,
6 - x, for x 7 2

13.
L

dx
x + 12

14.
L

e- 0.5x dx

15.
L

t31t4 + 329 dt

Evaluate using integration by parts. Do not use Table 1.

16.
L

xe5x dx 17.
L

x3 ln x4 dx

Evaluate using Table 1.

18.
L

2x dx 19.
L

dx
x17 - x2

20. Find the average value of 

21. Find the area of the region in the first quadrant bounded
by 

22. Business: cost from marginal cost.An air conditioning
company determines that the marginal cost, in dollars,
for the xth air conditioner is given by 

Find the total cost of producing 100 air conditioners.

23. Social science: learning curve.A translator•s speed over
4-min interval is given by

where W(t) is the speed, in words per minute, at time t.
How many words are translated during the second
minute (from t 1 to t 2)?

24. A robot leaving a spacecraft has velocity given by
where v(t) is in kilometers per

hour and t is the number of hours since the robot left 
the spacecraft. Find the total distance traveled during 
the first 3 hr.

v1t2 = - 0.4t2 + 2t ,

==

W1t2 = - 6t2 + 12t + 90, t in 30, 44,

C¿1x2 = - 0.2x + 500, C102 = 0.

y = x andy = x5.

y = 4t3 + 2t over3- 1, 24.

Integrate using any method. Assume when ln u appears.u> 0

25.
L

6
5 + 7x

dx 26.
L

x5ex dx

Redesigned Chapter Summary
We introduced chapter summaries in the Ninth Edition, and they
were well received by students and instructors. To make the sum-
maries even more user-friendly in this Tenth Edition, we have refor-
matted them in a tabular style that makes it even easier for students
to distill key ideas. Each chapter summary presents a section-by-
section list of key definitions, concepts, and theorems, with examples
for further clarification. (See pp. 185, 295, and 378.)

Chapter Reviews and Tests
At the end of each chapter are review exercises and a test. The Chap-
ter Review Exercises, which include bracketed references to the sec-
tions in which the related course content first appears, provide
comprehensive coverage of each chapter•s material (see pp. 190…192).

The Chapter Test includes synthesis and technology questions
(see pp. 192…193). There is also a Cumulative Review at the end of the text that can serve as a
practice final examination. The answers, including section references, to the chapter tests and the
Cumulative Review are at the back of the book. Six additional forms of each of the chapter tests
and the final examination, with answer keys and ready for classroom use, appear in the Printable
Test Forms.

CHAPTER 5
SUMMARY

KEY TERMS AND CONCEPTS EXAMPLES

SECTION 5.1

If is a demand function, then the
consumer surplusat a point Q, P is

If is a supply function, then the
producer surplus at a point Q, P is

QP -
L

Q

0
S1x2dx.

21
p = S1x2

L

Q

0
D1x2dx - QP.

21
p = D1x2

The equilibrium point is the point
at which the supply and demand curves
intersect.

1xE, PE2 Let be a demand function and be a supply
function. The two curves intersect at (4, 6), the equilibrium point. At this
point, the consumer surplus is

and the producer surplus is

142162 -
L

4

0
14 + 0.5x2dx = 24 - 20 = $4.

L

4

0
112 - 1.5x2dx - 142162 = 36 - 24 = $12,

p = 4 + 0.5xp = 12 - 1.5x

Units

Total
expenditure

Price
Consumer
surplus

(Q, P)

p � D(x)

Units

Total
receipts

Price Producer
surplus

(Q, P)

p � S(x)

Consumer
surplus

Producer
surplus

P

D(x)

S(x)

UnitsQ

Price

y
Consumer
surplus �  $12

Producer
surplus �  $4

(xE, pE) �  (4, 6)

x

p �  4 �  0.5x

p �  12 �  1.5x

1 2 3 4 50

$12
11
10
9
8
7
6
5
4

New!

Business: Distribution of Wealth

Extended Technology Application

Lorenz Functions and the Gini Coefficient
The distribution of wealth within a population is of great
interest to many economists and sociologists. Let

represent the percentage of wealth owned by 
x percent of the population, with x and y expressed as
decimals between 0 and 1. The assumptions are that 0%
of the population owns 0% of the wealth and that 100%
of the population owns 100% of the wealth. With these
requirements in place, the Lorenz functionis defined to be
any continuous, increasing and concave upward function
connecting the points and , which represent
the two extremes. The function is named for economist
Max Otto Lorenz (1880…1962), who developed these
concepts as a graduate student in 1905…1906.

If the collective wealth of a society is equitably
distributed among its population, we would observe that

11, 1210, 02

y = f1x2

•x% of the population owns x% of the wealth,Ž and this is
modeled by the function where 
This is an example of a Lorenz function that is often
called the line of equality.

In many societies, the distribution of wealth is not
equitable. For example, the Lorenz function 
would represent a society in which a large percentage 
of the population owns a small percentage of the 
wealth. For example, in this society, we observe that

meaning that 70% of the
population owns just 34.3% of the wealth, with the
implication that the other 30% owns the remaining
65.7% of the wealth.

In the graphs below, we see the line of equality in the
left-most graph, and increasingly inequitable
distributions as we move to the right. 

f10.72 = 0.73 = 0.343,

f1x2 = x3

0 ƒ x ƒ 1.f1x2 = x,

f(x) f(x) f(x)   

y

x

Most equitable distribution Less equitable distribution
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(1, 1)

(0, 0) (0, 0) (0, 0) (0, 0)

Line of
equality

(1, 1) (1, 1) (1, 1)
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New and Revised Content
In response to faculty and student feedback, we have made many changes to the text•s content for
this edition. New examples and exercises have been added throughout each chapter, as well as new
problems to each chapter•s review exercises and chapter test. Data have been updated wherever
achievable, so that problems use the most up-to-date information possible. Following is an
overview of the major changes in each chapter.

Chapter R
Chapter R contains numerous updated problems involving real-world data. We have continued
to stress the use of regression for modeling throughout the text. New to this edition is the
introduction in Section R.5 of two apps for the iPhone: iPlot and Graphicus. These are, in
effect, graphing calculator apps. Though they do not perform all of the tasks that graphing cal-
culators like the TI-83 Plus and the TI-84 Plus do, they are accessibly priced and visually
appealing. (See pp. 55…56.)

Chapter 1
Chapter 1 contains 10 new examples designed to reinforce the main concepts and applications of
limits, continuity, derivatives, and the Chain Rule. Some of these examples serve as a bridge be-
tween concepts. In Section 1.5, we have added an expanded demonstration of the Power Rule of
differentiation. Though not a complete proof, it ties together skills developed in earlier sections to
obtain the derivative of a positive-integer power. To see a general demonstration of this fact may
help convince some students that the derivative form is not a •lucky accident.Ž In a new example
in Section 1.5, the derivative is used as a means to demonstrate behaviors of a function. This
material is developed more fully in Chapter 2, but it is valuable to introduce an easy example early,
so that students have some familiarity with the derivative as an analytical tool, as opposed to a for-
mula to be memorized. In Section 1.6, more detail is shown for the steps in the Product and Quo-
tient Rules. Finally, in Section 1.8, a new example continues the discussion from Section 1.7 in
which we •hintŽ at the change in value of a derivative and the concept of concavity, although that
specific term is not introduced until Chapter 2.

Chapter 2
Sections 2.1 and 2.2 are refreshed by adding clarification for key themes and a discussion of opti-
mization from both algebraic and calculus viewpoints. A new example in Section 2.2 ties together
the discussion in earlier examples. In Section 2.3, a new example asks the student to •buildŽ a
function based on some given facts about its behavior. This serves as a gauge as to whether the stu-
dent understands the concepts as opposed to memorizing steps. Section 2.6 has significant new
material on using differentials as a means for approximation in real-world settings.

Chapter 3
This chapter also has many new applications and updates of data in examples and exercises. New
applications include those focusing on the exponential growth in the value of the Forever Stamp,
of Facebook membership, of costs of attending a 4-year college or university, of the number of sub-
scribers to Sirius XM radio, of net sales of Green Mountain Coffee Roasters, and of the value of an-
tique Batman and Superman comic books. There are also new examples on exponential decay of
the number of farms in the United States, of the number of cases of tuberculosis, and of the magni-
tude of earthquakes in Haiti and Chile.

Chapter 4 
This chapter•s presentation of integration has been significantly rearranged. The chapter starts
with general antidifferentiation in Section 4.1. We feel this is a good way to segue from differen-
tial to integral calculus. Students at this stage may not yet know •whyŽ they need to understand
antiderivatives, but they can at least draw upon their skills of differentiation to learn the process
of antidifferentiation. At the end of Section 4.1, a new Technology Connection introduces area
under a curve. Although area under a curve is not formally discussed until Section 4.2, we feel
that walking the students through the process may allow them to make the connection that an-
tidifferentiation has something to do with area. When they start Section 4.2, they will have some
basic skills of antidifferentiation and some idea of its significance. In Section 4.2, we concentrate
on the geometry behind integration: Riemann sums and the development of the definite integral.
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Many basic examples are presented in order to show various cases where area under a curve
•makes sense.Ž Finally, in Section 4.3, we bring the two processes together with the Fundamental
Theorem of Calculus. New examples throughout the remainder of Chapter 4 show some of the
concepts in a different light. For example, in Section 4.5, we include a new example that extends
the usual u-du method of substitution. This concept can be applied to integration by parts
(Section 4.6), to show students that sometimes there may be more than one way to find an anti-
derivative. Many of these concepts are further discussed in the Synthesis sections of the exercise
sets. Finally, the new Extended Technology Application for Chapter 4 shows how Lorenz func-
tions and Gini coefficients are used to analyze distribution of wealth (or resources) in a society.

Chapter 5
Chapter 5 begins with a discussion of consumer and producer surplus, which has been rewritten
and the graphs rerendered to illustrate some of the concepts more clearly. Section 5.2 has been en-
tirely rewritten. Reviewers made several suggestions that improved the clarity of this section. (We
especially want to thank Bruce Thomas of Kennesaw State University for his extensive help.) Sec-
tion 5.5 includes a significant amount of new material on percentiles, including three new exam-
ples, and Section 5.6 contains a new example illustrating the use of volumes by rotation. Finally, a
brief discussion of the solution of general first-order linear differential equations is included in the
Synthesis section of Exercise Set 5.7.

Chapter 6
Many new examples have been added to Chapter 6. One in Section 6.1 shows how tables are used
in real life to express a multivariable concept (payments on an amortized loan). A more formal dis-
cussion and an example on domains of a two-variable function are presented later. Section 6.4 has
a new Technology Connection discussing a method of finding solutions to two-variable linear sys-
tems using matrices. Although systems of equations are not covered formally in this text, the need
to solve such a system is central to the topic of regression, covered in Section 6.4. The method pre-
sented in the Technology Connection allows the student to better understand this aspect of the
long process of regression more quickly. In Section 6.5, a more formal discussion of constrained
optimization on a closed and bounded region allows us to include the Extreme-Value Theorem and
extend the ideas of path constraints. Section 6.6 now has an extra example illustrating the use of a
double integral. Finally, another smart phone app, Grafly, is introduced in Chapter 6. Accessibly
priced, it can be used to create visually appealing graphs of functions of two variables.

Appendixes
This edition includes two new appendixes. Appendix B: Regression and Microsoft Excel shows
how regression can be done with Excel (2007 and later versions) far more robustly than with the
TI calculators. Appendix C: MathPrint Operating System for TI-84 and TI-84 Plus Silver Edition
shows how students can transition to the new operating system for TI-84 calculators.

More Applications and Exercises
For most instructors, the ultimate goal is for students to be able to apply what they learn in this
course to everyday scenarios. This ability motivates learning and brings student understanding to
a higher level.

� Over 300 applications have been added or updated.
� Data in applications has been updated whenever achievable.
� Over 630 exercises are new or updated.
� The number of business and finance applications has been increased by over 10%. Section 5.2

contains numerous new problems on present and future value, accumulated future value, and
accumulated present value.

Annotated Instructor•s Edition
An Annotated Instructor•s Edition has been added to the long list of instructor resources. Located
in the margins in the AIE are Teaching Tips, which are ideal for new or less experienced instruc-
tors. In addition, answers to exercises are provided on the same page, making it easier than ever to
check student work.

New!

New!
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Media Supplements
MyMathLab ® Online Course (access code required)
MyMathLab® is a text-specific, easily customizable online course that integrates interactive multi-
media instruction with textbook content. MyMathLab gives an instructor the tools to deliver all or
a portion of the course online, whether students are in a lab setting or working from home.

� Interactive homework exercises, correlated to the textbook at the objective level, are algo-
rithmically generated for unlimited practice and mastery. Most exercises are free-response and
provide guided solutions, sample problems, and tutorial learning aids for extra help.

� Personalized homework assignments can be designed to meet the needs of individual stu-
dents. MyMathLab tailors the assignment for each student based on his or her test or quiz
scores. Each student receives a homework assignment that contains only the problems he or
she still needs to master.

Student•s Solutions Manual
(ISBN: 0-321-74495-0 | 978-0-321-74495-1)
€ Provides detailed solutions to all odd-numbered

exercises, with the exception of the Thinking and
Writing exercises

Graphing Calculator Manual
(ISBN: 0-321-74496-9 | 978-0-321-74496-8)
€ Provides instructions and keystroke operations for

the TI-83/84 Plus, and TI-84 Plus with new operating
system, featuring MathPrintTM.

€ Includes worked-out examples taken directly from
the text

€ Topic order corresponds with that of the text

Video Lectures on DVD-ROM with optional 
captioning
(ISBN: 0-321-74498-5 | 978-0-321-74498-2)
€ Complete set of digitized videos for student use at

home or on campus
€ Ideal for distance learning or supplemental

instruction

Supplementary Chapters
€ Three chapters: Sequences and Series, Differential

Equations, and Trigonometric Functions
€ Include many applications and optional technology

material
€ Available to qualified instructors through the Pearson

Instructor Resource Center, www.pearsonhighered.com/
irc, and to students at the downloadable student
resources site, www.pearsonhighered.com/
mathstatsresources, or within MyMathLab

All of the student supplements listed above are included
in MyMathLab.

Annotated Instructor•s Edition
(ISBN: 0-321-72511-5 | 978-0-321-72511-0)
€ Includes numerous Teaching Tips
€ Includes all of the answers, usually on the same page

as the exercises, for quick reference

Online Instructor•s Solutions Manual 
(downloadable)
€ Provides complete solutions to all text exercises
€ Available to qualified instructors through the Pearson

Instructor Resource Center, www.pearsonhighered.
com/irc, and MyMathLab

Printable Test Forms (downloadable)
€ Contains six alternative tests per chapter
€ Contains six comprehensive final exams
€ Includes answer keys
€ Available to qualified instructors through the Pearson

Instructor Resource Center, www.pearsonhighered.com/
irc, and MyMathLab

TestGen ®

€ Enables instructors to build, edit, and print, and
administer tests using a computerized bank of ques-
tions developed to cover all the objectives of 
the text

€ Algorithmically based, allowing instructors to create
multiple but equivalent versions of the same question
or test with the click of a button

€ Allows instructors to modify test bank questions or
add new questions

€ Available for download from www.pearsoned.com/
testgen

PowerPoint Lecture Presentation
€ Classroom presentation software oriented specifically

to the text•s topic sequence
€ Available to qualified instructors through the Pearson

Instructor Resource Center, www.pearsonhighered.com/
irc, and MyMathLab

STUDENT SUPPLEMENTS INSTRUCTOR SUPPLEMENTS

New!

Supplements



� Personalized Study Plan,generated when students complete a test or quiz or homework, in-
dicates which topics have been mastered and gives links to tutorial exercises for topics not yet
mastered. The instructor can customize the Study Plan so that the topics available match
course content.

� Multimedia learning aids, such as video lectures and podcasts, animations and interactive
figures, and a complete multimedia textbook, help students independently improve their un-
derstanding and performance. These multimedia learning aids can be assigned as homework
to help students grasp the concepts.

� Interactive figures are included within MyMathLab as both teaching and learning tools. These
figures, which use the static figures in the text as a starting point, were created by Charles

Stevens of Skagit Valley College. They can be used by instructors during lectures to illustrate
some of the more difficult and visually challenging calculus topics. Used in this manner, the
figures engage students more fully and save time otherwise spent rendering figures by hand.
Instructors may also choose to assign the questions that accompany the figures, which leads
students to discover key concepts. The interactive figures are also available to students, who
may explore them on their own as a way to better visualize the concepts being presented.
� Homework and Test Managerallows instructors to assign homework, quizzes, and tests

that are automatically graded. Just the right mix of questions can be selected from the
MyMathLab exercise bank, instructor-created custom exercises, and/or TestGen® test items.

� Gradebook, designed specifically for mathematics and statistics, automatically tracks stu-
dents• results, letting the instructor stay on top of student performance and providing con-
trol over how to calculate final grades. Instructors can also add offline (paper-and-pencil)
grades to the gradebook.

� MathXL Exercise Builder allows instructors to create static and algorithmic exercises for on-
line assignments. They can use the library of sample exercises as an easy starting point or edit
any course-related exercise.

� Pearson Tutor Center (www.pearsontutorservices.com) access is automatically included with
MyMathLab. The Tutor Center is staffed by qualified math instructors who provide textbook-
specific tutoring for students via toll-free phone, fax, email, and interactive Web sessions.

Students do their assignments in the Flash®-based MathXL Player, which is compatible with al-
most any browser (Firefox®, SafariTM, or Internet Explorer®) on either common platform (Macintosh®

or Windows®). MyMathLab is powered by CourseCompassTM, Pearson Education•s online teaching
and learning environment, and by MathXL®, its online homework, tutorial, and assessment system.
MyMathLab is available to qualified adopters. For more information, visit www.mymathlab.com or
contact your Pearson representative.

MathXL ® Online Course (access code required)
MathXL® is a powerful online homework, tutorial, and assessment system that accompanies Pear-
son Education•s textbooks in mathematics or statistics. With MathXL, instructors can

� create, edit, and assign online homework and tests using algorithmically generated exercises
correlated at the objective level to the textbook;

� create and assign their own online exercises and import TestGen tests for added flexibility; and
� maintain records of all student work tracked in MathXL•s online gradebook.

With MathXL, students can

� take chapter tests in MathXL and receive personalized study plans and/or personalized home-
work assignments based on their test results;

� use the study plan and/or the homework to link directly to tutorial exercises for the objectives
they need to study; and

� access supplemental animations and video clips directly from selected exercises.

MathXL is available to qualified adopters. For more information, visit www.mathxl.com, or contact
your Pearson representative.

xvi P R E FAC E
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InterAct Math Tutorial Website: www.interactmath.com
Get practice and tutorial help online! This interactive tutorial website provides algorithmically
generated practice exercises that correlate directly to the exercises in the textbook. Students can
retry an exercise as many times as they like, with new values each time for unlimited practice and
mastery. Every exercise is accompanied by an interactive guided solution that provides helpful
feedback in response to incorrect answers, and students can also view a worked-out sample prob-
lem that steps them through an exercise similar to the one they•re working on.
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Prerequisite Skills
Diagnostic Test

xix

To the Student and the Instructor
Part A of this diagnostic test covers basic algebra concepts, such as properties of exponents, multiplying and factoring
polynomials, equation solving, and applied problems. Part B covers topics, discussed in Chapter R, such as graphs, slope,
equations of lines, and functions, most of which come from a course in intermediate or college algebra.This diagnostic test
does not cover regression, though it is considered in Chapter R and used throughout the text.This test can be used to assess
student needs for this course. Students who miss most of the questions in part A should study Appendix A before moving to
Chapter R.Those who miss most of the questions in part B should study Chapter R. Students who miss just a few questions
might study the related topics in either Appendix A or Chapter R before continuing with the calculus chapters.

Part A: Answers and locations of worked-out solutions
appear on p. A-37.

Express each of the following without an exponent.

1. 2. 3. 4. 5.

Express each of the following without a negative exponent.

6. 7. 8.

Multiply. Express each answer without a negative exponent.

9. 10. 11.

Divide. Express each answer without a negative exponent.

12. 13.

Simplify. Express each answer without a negative exponent.

14. 15.

Multiply.

16. 17. 18.

19. 20.

Factor.

21. 22. 23.

24. 25.

Solve.

26. 27.

28. 29.

30.

31. After a 5% gain in weight, a grizzly bear weighs 693 lb.
What was the bear•s original weight?

32. Raggs, Ltd., a clothing firm, determines that its total
revenue, in dollars, from the sale of x suits is given by

. Determine the number of suits the firm
must sell to ensure that its total revenue will be more
than $70,050.

Part B: Answers and locations of worked-out solutions
appear on p. A-37.

Graph.

1. 2.

3. 4.

5. A function f is given by Find each
of the following: and 

6. A function f is given by Find and simplify

for 

7. Graph the function f defined as follows:

8. Write interval notation for .

9. Find the domain:

10. Find the slope and y-intercept of .

11. Find an equation of the line that has slope 3 and contains
the point .

12. Find the slope of the line containing the points 
and 

Graph.

13. 14.

15. 16.

17.

18. Suppose that $1000 is invested at 5%, compounded
annually. How much is the investment worth at the end
of 2 yr?

f1x2 = - 2 x

f1x2 = †x†f1x2 =
1
x

f1x2 = x3f1x2 = x2 - 2x - 3

1- 4, 92.
1- 2, 62

1- 1, - 52

2x - 4y - 7 = 0

f1x2 =
3

2x - 5
.

5x †- 4 6 x ƒ 56

f1x2 = c
4,
3 - x2,
2x - 6,

 
for x Ú 0,
for 0 6 x ƒ 2,
for x 7 2.

h Z 0.
f1x + h2 - f1x2

h
,

f1x2 = x - x2.

f17a2.f102, f1- 52,
f1x2 = 3x2 - 2x + 8.

x = y2y = x2 - 1

3x + 5y = 10y = 2x + 1

200x + 50

17 - 8x Ú 5x - 4

2x
x - 3

-
6
x

=
18

x2 - 3x
4x3 = x

3x1x - 2215x + 42 = 0- 5
6x + 10 = 1

2x + 2

x3 - 7x2 - 4x + 286x2 + 7x - 5

x2 - 5x - 14x2 - 6xy + 9y22xh + h2

13c + d213c - d212x - t22

1a + b21a + b21x - 521x + 3231x - 52

12x4y- 5z32- 31x- 223

e3

e- 4

a3

a2

2x- 3 #5x- 4x- 5 #x6x5 #x6

t - 1A1
4B- 2

x- 5

e01- 2x21A1
2B31- 22543
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RFunctions, Graphs,
and Models

Chapter Snapshot
What You•ll Learn
R.1 Graphs and Equations
R.2 Functions and Models
R.3 Finding Domain and Range
R.4 Slope and Linear Functions
R.5 Nonlinear Functions and Models
R.6 Mathematical Modeling and Curve Fitting

11

Where It•s Used

Why It•s Important
This chapter introduces functions and covers their graphs,
notation,and applications.Also presented are many topics that
we will consider often throughout the text: supply and demand,
total cost, total revenue, total profit, the concept of a mathemat-
ical model,and curve fitting.

Skills in using a graphing calculator are also introduced in
optional Technology Connections. Details on keystrokes are
given in the Graphing Calculator Manual(GCM).

Part A of the diagnostic test (p. xix), on basic algebra
concepts, allows students to determine whether they need to
review Appendix A (p. 605) before studying this chapter. Part B,
on college algebra topics, assesses the need to study this
chapter before moving on to the calculus chapters.

BIRTH RATES BY AGE OF MOTHER

BIRTH RATES

This problem appears as an example in a
Technology Connection in Section R.6.

What is the average number of live
births per 1000 women age 20?

BIRTH RATES FOR WOMEN 
OF SELECTED AGES

x

y
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Women•s age
10 20 30 40 50 60

120
110
100

90
80
70
60
50
40
30
20
10

0

f(x) = 0.031x3 Š 3.22x2 + 101.2x Š 886.9

(Source:Centers for Disease Control and Prevention.)

AGE,x
AVERAGE NUMBER OF LIVE BIRTHS

PER 1000 WOMEN

16 34
18.5 86.5
22 111.1
27 113.9
32 84.5
37 35.4
42 6.8



What Is Calculus?
What is calculus? This is a common question at the start of a course like this. Lets con-
sider a simplified answer for now.

Consider a protein energy drink box, as shown below, at left. The following is a
typical problem from an algebra course. Try to solve it. (If you need some algebra
review, refer to Appendix A at the end of the book.)

2 C H A P T E R  R€ Functions, Graphs, and Models

R.1
OBJECTIVES

€ Graph equations.

€ Use graphs as
mathematical models
to make predictions.

€ Carry out calculations
involving compound
interest.

Graphs and Equations

*To find this, let width, height, and length. Then and so
This yields and thus and l = 47.h = 120w = 40,w + 3w + w + 7 = 207.

l = w + 7,h = 3wl =h =w =

Algebra Problem

The sum of the height, width, and length of a box is 207 mm. If the height is three
times the width and the length is 7 mm more than the width, find the dimensions
of the box.

Length

Width

Height

The box has a width of 40 mm, a length of 47 mm, and a height of 120 mm.*
The following is a calculus problem that a manufacturer of boxes might need to

solve.

Calculus Problem

A protein energy drink box is to hold (6.75 fl oz) of protein energy drink.
If the height of the box must be twice the width, what dimensions will minimize
the surface area of the box?

200 cm3

Dimensions that assume that the 
height is twice the width Total Surface 

Area,
2wh + 2lh + 2wlWidth, w Height, h Length,l

5 cm 10 cm 4 cm 220 cm2

4 cm 8 cm 6.25 cm 214 cm2

3 cm 6 cm cm11.1 236 cm2

2 cm 4 cm 25 cm 316 cm2

One way to solve this problem might
be to choose several sets of dimensions for
a 200- box that is twice as tall as it 
is wide, compute the resulting areas, and
determine which is the least. If you have
access to spreadsheet software, you might
create a spreadsheet and expand the table at
left. We let width, height, 
length, and surface area. Then the sur-
face area A is given by

A = 2wh + 2lh + 2wl, with h = 2w.

A =
l =h =w =

cm3

Smallest

We selected combinations for which 
and the product is 200.w #h #l

h = 2w

From the data in the table, we might conclude that the smallest surface area is
But how can we be certain that there are no other dimensions that yield a

smaller area? We need the tools of calculus to answer this. We will study such
maximum…minimum problems in more detail in Chapter 2.

Other topics we will consider in calculus are the slope of a curve at a point, rates
of change, area under a curve, accumulations of quantities, and some statistical
applications.

214 cm2.

�������������������������
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Graphs
The study of graphs is an essential aspect of calculus. A graph offers the opportunity to
visualize relationships. For instance, the graph below shows how life expectancy has
changed over time in the United States. One topic that we consider later in calculus is
how a change on one axis affects the change on another.
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(Source: U.S. National Center for Health Statistics.)
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ESTIMATED LIFE EXPECTANCY OF U.S. NEWBORNS
BY YEAR OF BIRTH, 1929…2010

Ordered Pairs and Graphs
Each point in a plane corresponds to an
ordered pair of numbers. Note in the fig-
ure at the right that the point correspon-
ding to the pair is different from
the point corresponding to the pair

This is why we call a pair like
an ordered pair. The first number

is called the first coordinate of the point,
and the second number is called the
second coordinate.Together these are the
coordinates of the point. The vertical line is
often called the y-axis, and the horizontal
line is often called the x-axis.

12, 52
15, 22.

12, 52

y

x…1…2…3…4…5 1 2 3 4 5 6
…1

…2

…3

…4

…5

…6

2

1

3

4

5

6
(2, 5)

(4, 3)

(5, 2)

(…3, 5)

(…4, …2)

(3, …4)

…6

Graphs of Equations
A solution of an equation in two variables is an ordered pair of numbers that, when
substituted for the variables, forms a true sentence. If not directed otherwise, we usu-
ally take the variables in alphabeticalorder. For example, is a solution of the
equation because when we substitute for x and 2 for y, we get a true
sentence:

TRUE 5 = 5.

 3 + 2 � 5

 31- 122 + 2 � 5

 3x2 + y = 5

- 13x2 + y = 5,
1- 1, 22

DEFINITION
The graph of an equation is a drawing that represents all ordered pairs that are
solutions of the equation.
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We obtain the graph of an equation by plotting enough ordered pairs (that are so-
lutions) to see a pattern. The graph could be a line, a curve (or curves), or some other
configuration.

EXAMPLE 1Graph: 

Solution We first find some ordered pairs that are solutions and arrange them in a
table. To find an ordered pair, we can choose any number for x and then determine y.
For example, if we choose for x and substitute in we find that

Thus, is a solution. We select both neg-
ative numbers and positive numbers, as well as 0, for x. If a number takes us off the
graph paper, we usually omit the pair from the graph.

1- 2, - 32y = 21- 22 + 1 = - 4 + 1 = - 3.
y = 2x + 1,- 2

y = 2x + 1.

(1) Choose any x.
(2) Compute y.
(3) Form the pair 
(4) Plot the points.

1x, y2.

y

x…1…2…3…4 1 2 3 4
…1

…2

…3

…4

2

1

3

4

5

(0, 1)

(1, 3)

(2, 5)

y = 2x + 1

(…1, …1)

(…2, …3)

*Be sure to consult Appendix A, as needed, for a review of algebra.

x y 1x, y2

- 2 - 3 1- 2, - 32

- 1 - 1 1- 1, - 12

0 1 10, 12

1 3 11, 32

2 5 12, 52

�

�

After we plot the points, we look for a pattern in the graph. If we had enough points,
they would suggest a solid line. We draw the line with a straightedge and label it

Now try Quick Check 1

EXAMPLE 2 Graph: 

Solution We could choose -values, substitute, and solve for y-values, but we first
solve for y to ease the calculations.*

Subtracting 3x from both sides

Simplifying

Multiplying both sides by or dividing
both sides by 5
Using the distributive law

Simplifying

 = - 3
5 
x + 2

 = 2 - 3
5 
x

 y = 1
5
#1102 - 1

5
#13x2

1
5, 15 #5y = 1

5
#110 - 3x2

 5y = 10 - 3x

 3x + 5y - 3x = 10 - 3x

 3x + 5y = 10

x

3x + 5y = 10.

y = 2x + 1.

O
Quick Check 1

Graph: y = 3 - x.

O
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We plot the points, draw the line, and label the graph as shown.

Now try Quick Check 2

Examples 1 and 2 show graphs of linear equations. Such graphs are considered in
greater detail in Section R.4.

EXAMPLE 3Graph: 

Solution

y = x2 - 1.

This time the pattern of the points is a curve called a parabola. We plot enough points
to see a pattern and draw the graph.

Now try Quick Check 3

EXAMPLE 4 Graph: 

Solution In this case, x is expressed in terms of the variable y. Thus, we first choose
numbers for y and then compute x.

x = y2.

y

x…2…3…4 1 2 3 5
…1

…2

…3

2

1

3

4

5(…5, 5)

(0, 2)

(5, …1)

…5 …1

3x + 5y = 10 

4

x y 1x, y2

0 2 10, 22

5 - 1 15, - 12

- 5 5 1- 5, 52

x y 1x, y2

- 2 3 1- 2, 32

- 1 0 1- 1, 02

0 - 1 10, - 12

1 0 11, 02

2 3 12, 32

Quick Check 2

Graph: 3x - 5y = 10.

O

Quick Check 3

Graph: y = 2 - x2.

O

y

x…1…2…3 1 2 3 4

…2

2

1

3

4

(0, …1)

(2, 3)

y = x2 … 1
(…1, 0)

(…2, 3)

(1, 0)

…1

�

�

O

O

Next we use to find three ordered pairs, choosing multiples of 5 for x to
avoid fractions.

y = - 3
5 
x + 2
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(1) Choose any y.
(2) Compute x.
(3) Form the pair 
(4) Plot the points.

1x, y2.

We plot these points, keeping in mind that x is still the first coordinate and y the 
second. We look for a pattern and complete the graph, usually connecting the points.

Now try Quick Check 4

y

x1 2 3 4

…2

2

1

3

…3

x = y2
(4, 2)

(1, 1)

(0, 0)
…1

(1, …1)
(4, …2)

5 6

x y 1x, y2

4 - 2 14, - 22

1 - 1 11, - 12

0 0 10, 02

1 1 11, 12

4 2 14, 22

Quick Check 4

Graph: x = 1 + y2.

O

TECHNOLOGY CONNECTION

Introduction to the Use of a Graphing
Calculator:Windows and Graphs

Viewing Windows

In this first of the optional Technology Connections, we
begin to create graphs using a graphing calculator. Most of
the coverage will refer to a TI-84 Plus or TI-83 Plus graphing
calculator but in a somewhat generic manner, discussing fea-
tures common to most graphing calculators. Although some
keystrokes will be listed, exact keystrokes can be found in
the owner•s manual for your calculator or in the Graphing
Calculator Manual (GCM) that accompanies this text.

The viewing window is a feature common to all
graphing calculators. This is the rectangular screen in which
a graph appears. Windows are described by four numbers,
[L, R, B, T], which represent the Left and Right endpoints
of the -axis and the Bottom and Top endpoints of the 
-axis. A WINDOW feature can be used to set these dimen-

sions. Below is a window setting of with
axis scaling denoted as and which means
that there are 5 units between tick marks extending from

to 20 on the -axis and 1 unit between tick marks
extending from to 5 on the -axis.y- 5

x- 20

Yscl = 1,Xscl = 5
3- 20, 20, - 5, 54

y
x

Scales should be chosen with care, since tick marks
become blurred and indistinguishable when too many
appear. On most graphing calculators, a setting of

is
considered standard.

Graphs are made up of black rectangular dots called
pixels. The setting Xresallows users to set pixel resolution
at 1 through 8 for graphs of equations. At 
equations are evaluated and graphed at each pixel on the 
x-axis. At equations are evaluated and graphed at
every eighth pixel on the x-axis. The resolution is better for
smaller Xres values than for larger values.

Graphs

Let•s use a graphing calculator to graph the equation
The equation can be entered using the

notation y=x^3…5x+1. We obtain the following graph in the
standard viewing window.

y = x3 - 5x + 1.

Xres = 8,

Xres = 1,

Xscl = 1, Yscl = 1, Xres = 13- 10, 10, - 10, 104,

WINDOW
  Xmin = …20
  Xmax = 20
  Xscl = 5
  Ymin = …5
  Ymax = 5
  Yscl = 1
  Xres = 1

5

…20 20

…5

y = x3 … 5x + 1
10

…10 10

…10

It is often necessary to change viewing windows in
order to best reveal the curvature of a graph. For example,

(continued)

O



R.1 € Graphs and Equations 7

each of the following is a graph of but
with a different viewing window. Which do you think best
displays the curvature of the graph?

y = 3x5 - 20x3,

To graph an equation like we solve for y and get

or which can be written as . 

We then graph the individual equations and 

EXERCISES
Graph each of the following equations. Select the standard
window, with axis scaling 
and 

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

11. 12.

13. 14.

15. 16.

17. (On most calculators, this is entered as
)

18.

19.

20. y = 9 - †x†

y = †x†- 5

y = †x - 5†

y = abs1x2.
y = †x†

y = x4 - 3x2 + xy = x3 - 7x - 2

y - 2 = x3y + 10 = 5x2 - 3x

y = 4 - 3x - x2y = 8 - x2

y = 1x + 422y = x2

5y + 3x = 42x - 3y = 18

y = - 4
5 
x + 3y = - 2

3 
x + 4

y = 3x + 1y = 2x - 1

y = x - 5y = x + 3

Yscl = 1.
Xscl = 13- 10, 10, - 10, 104,

y2 = - 2 x.
y1 = 2 x

y = ; 2 xy = - 2 x,y = 2 x

x = y2,

y = 3x5 … 20x3
5000

…5 5

…5000

y = 3x5 … 20x3
500

…4 4

…500

y = 3x5 … 20x3
80

…4 4

…80

In general, choosing a window that best reveals a
graph•s characteristics involves some trial and error and, in
some cases, some knowledge about the shape of that graph.
We will learn more about the shape of graphs as we continue
through the text.

To graph an equation like most calcula-
tors require that the equation be solved for y. Thus, we must
rewrite and enter the equation as

y =
1- 3x + 102

5
,   or     y = a -

3
5

bx + 2.

3x + 5y = 10,

10

…10 10

…10

y = …   x + 23
5

(See Example 2.) Its graph is shown below in the standard
window.

Mathematical Models
When a real-world situation can be described in mathematical language, the descrip-
tion is a mathematical model.For example, the natural numbers constitute a mathe-
matical model for situations in which counting is essential. Situations in which algebra
can be brought to bear often require the use of functions as models. See Example 5,
which follows.

Mathematical models are abstracted from real-world situations. The mathematical
model may give results that allow us to predict what will happen in the real-world situ-
ation. If the predictions are inaccurate or the results of experimentation do not con-
form to the model, the model must be changed or discarded.

Mathematical modeling is often an ongoing process. For example, finding a math-
ematical model that will provide an accurate prediction of population growth is not a
simple task. Any population model that one might devise would need to be reshaped
as further information is acquired.
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Year

FEMALES IN HIGH SCHOOL ATHLETICS
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 (
in
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ill
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ns
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2.0

2.2

2.4

2.6

2.8

3.0

y

x2000 2001 2002 2003 2004 2005 2006 2007 2009

2.68
2.78 2.80 2.86 2.87 2.91 2.95

3.02 3.06

(Source: National Federation of State High School Associations.)  

Recognize a
real-world problem.

Collect data.

Analyze the data.

Construct a model.

Test and refine the model

Explain and predict.

1.

2.

3.

4.

5.

6.

CREATING A
MATHEMATICAL MODEL

EXAMPLE 5 The graph below shows participation by females in high school ath-
letics from 2000 to 2009.

Use the model where t is the number of years after 2000 and N is
the number of participants, in millions, to predict the number of female high school
athletes in 2012.

Solution Since 2012 is 12 years after 2000, we substitute 12 for t:

According to this model, in 2012, approximately 3.21 million females will participate
in high school athletics.

As is the case with many kinds of models, the model in Example 5 is not perfect.
For example, for we get a number slightly different from the 2.78 in
the original data. But, for purposes of estimating, the model is adequate. The cubic
model also fits the data, at least in the short
term: For we get close to the original data value. But for

quite different from the prediction in Example 5. The difficulty with
a cubic model here is that, eventually, its predictions get too high. For example, the
model in Example 5 predicts that there will be 3.57 million female high school athletes
in 2020, but the cubic model predicts 8.00 million. We always have to subject our
models to careful scrutiny.

One important model that is extremely precise involves compound interest.Sup-
pose that we invest Pdollars at interest rate i, expressed as a decimal and compounded
annually. The amount in the account at the end of the first year is given by

The original amount invested, P, is called the principal.

where, for convenience, we let

Going into the second year, we have dollars, so by the end of the second year, we
will have the amount given by

Going into the third year, we have dollars, so by the end of the third year, we will
have the amount given by

 = Pr3 = P11 + i23.

 A3 = A2
#r = 1Pr22r

A3

Pr2

 = Pr2 = P11 + i22.

 A2 = A1
#r = 1Pr2r

A2

Pr

r = 1 + i.

 = P11 + i2 = Pr,

 A1 = P + Pi

A1

t = 12, N L 3.45,
N L 2.76,t = 1,

N = 0.001x3 - 0.014x2 + 0.087x + 2.69

N = 2.752,t = 1,

N = 0.042t + 2.71 = 0.0421122 + 2.71 = 3.214.

N = 0.042t + 2.71,

�
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In general, we have the following theorem.

A = P(1 + i ) t

A = P(1 + Š)4ti
4

i
4

The number of times interest is
compounded goes from t to 4t.

Each time interest
is compounded, the

rate used is Š.

THEOREM 1
If an amount P is invested at interest rate i, expressed as a decimal and
compounded annually, in t years it will grow to the amount A given by

A = P11 + i2t.

EXAMPLE 6 Business: Compound Interest. Suppose that $1000 is invested in
Fibonacci Investment Fund at 5%, compounded annually. How much is in the account
at the end of 2 yr?

Solution We substitute 1000 for P, 0.05 for i, and 2 for t into the equation
and get

Adding terms in parentheses

Squaring

Multiplying

There is $1102.50 in the account after 2 yr.

Now try Quick Check 5

For interest that is compounded quarterly (four times per year), we can find a for-
mula like the one above, as illustrated in the following diagram.

 = $1102.50.

 = 100011.10252

 = 100011.0522

 A = 100011 + 0.0522

A = P11 + i2t

�

Quick Check 5

Business. Repeat Example 6
for an interest rate of 6%.

O

O

•Compounded quarterlyŽ means that the interest is divided by 4 and compounded four
times per year. In general, the following theorem applies.

THEOREM 2
If a principal P is invested at interest rate i, expressed as a decimal and
compounded n times a year, in t years it will grow to an amount A given by

A = Pa1 +
i
n

b
nt

.

EXAMPLE 7 Business: Compound Interest. Suppose that $1000 is invested in
Wellington Investment Fund at 5%, compounded quarterly. How much is in the account
at the end of 3 yr?

�
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Quick Check 6

Business: Compound
Interest. Repeat Example 7
for an interest rate of 6%.

O

O

EXERCISE SET

R.1 

Exercises designated by the symbol are Thinking and
Writing Exercises. They should be answered using one or two
English sentences. Because answers to many such exercises
will vary, solutions are not given at the back of the book.

Graph. (Unless directed otherwise, assume that •GraphŽ
means •Graph by hand.Ž)

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

11. 12.

13. 14.

15. 16. x = y2 + 2x = 2 - y2

y = x2 - 3y = x2 - 5

2x + 5y = 105x - 6y = 12

6x + 3y = - 98y - 2x = 4

x - y = 4x + y = 5

y = - 5
3 x + 3y = 2

3 x - 4

y = - 1
4 xy = - 3x

y = x - 1y = x + 4

17. 18.

19. 20.

21. 22.

APPLICATIONS

23. Running records. According to at least one study, the
world record in any running race can be modeled by a
linear equation. In particular, the world record R, in min-
utes, for the mile run in year x can be modeled by

Use this model to estimate the world records for the mile
run in 1954, 2008, and 2012. Round your answers to the
nearest hundredth of a minute.

24. Medicine. Ibuprofen is a medication used to relieve
pain. The function

A = 0.5t4 + 3.45t3 - 96.65t2 + 347.7t, 0 ƒ t ƒ 6,

R = - 0.00582x + 15.3476.

y - 7 = x3y + 1 = x3

y = 5 - x2y = 7 - x2

y = †4 - x†y = †x†

Solution We use the equation substituting 1000 for P, 0.05 for i,
4 for n (compounding quarterly), and 3 for t. Then we get

Using a calculator to approximate 

The symbol means •approximately equal to.Ž

There is $1160.75 in the account after 3 yr.

Now try Quick Check 6

A calculator with a or a key and a ten-digit readout was used to find
in Example 7. The number of places on a calculator may affect the accuracy of

the answer. Thus, you may occasionally find that your answers do not agree with those
at the back of the book, which were found on a calculator with a ten-digit readout. In
general, when using a calculator, do all computations and round only at the end, as in
Example 7. Usually, your answer will agree to at least four digits. It is usually wise to
consult with your instructor on the accuracy required.

11.02212

L L $1160.75.

 = 1160.754518

11.0125212 = 100011.1607545182

 = 100011.0125212

 = 100011 + 0.0125212

 A = 1000a1 +
0.05

4
b

4#3

A = P11 + i>n2nt,

yx
^

Section Summary
€ Most graphs can be created by plotting points and

looking for patterns. A graphing calculator can create
graphs rapidly.

€ Mathematical equations can serve as models of many
kinds of applications.



27. Hearing-impaired Americans.The number N, in millions,
of hearing-impaired Americans of age x can be approxi-
mated by the graph that follows. (Source: American
Speech-Language Hearing Association.)

Exercise Set R.1 11

can be used to estimate the number of millig rams, A, of
ibuprofen in the bloodstream t hours after 400 mg of the
medication has been swallowed. (Source: Based on data
from Dr. P. Carey, Burlington, VT.) How many millig rams
of ibuprofen are in the bloodstream 2 hr after 400 mg has
been swallowed?

25. Snowboarding in the half-pipe. Shaun White, •The
Flying Tomato,Ž won a gold medal in the 2010 Winter
Olympics for snowboarding in the half-pipe. He soared an
unprecedented 25 ft above the edge of the half-pipe. His
speed in miles per hour, upon reentering the pipe can
be approximated by where t is the number
of seconds for which he was airborne. White was airborne
for 2.5 sec. (Source: •White Rides to Repeat in Halfpipe,
Lago Takes Bronze,Ž Associated Press, 2/18/2010.) How
fast was he going when he reentered the half-pipe?

v1t2 = 10.9t,
v1t2,

26. Skateboard bomb drop.The distance in feet, trav-
eled by a body falling freely from rest in t seconds is ap-
proximated by

On April 6, 2006, pro skateboarder Danny Way smashed
the world record for the •bomb dropŽ by free-falling 28 ft
from the Fender Stratocaster guitar atop the Hard
Rock Hotel & Casino in Las Vegas onto a ramp below.
(Source: www.skateboardingmagazine.com.) How long
did it take until he hit the ramp?

s1t2 = 16t2.

s1t2,
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N

Use the graph to answer the following.

a) Approximate the number of hearing-impaired
Americans of ages 20, 40, 50, and 60.

b) For what ages is the number of hearing-impaired
Americans approximately 4 million?

c) Examine the graph and try to determine the age at
which the greatest number of Americans is hearing-
impaired.

d) What difficulty do you have in making this determi-
nation?

28. Life science: incidence of breast cancer.The following
graph approximates the incidence of breast cancer y, per
100,000 women, as a function of age x, where x repre-
sents ages 25 to 102.

12010080604020 x

400

300

200

100

y

(Source: National Cancer Institute.)
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Age of women

a) What is the incidence of breast cancer in 40-yr-old
women?

b) For what ages is the incidence of breast cancer about
400 per 100,000 women?

c) Examine the graph and try to determine the age at
which the largest incidence of breast cancer occurs.

d) What difficulty do you have making this determination?

29. Compound interest. An investor purchases a $100,000
certificate of deposit from Newton Bank, at 2.8%. How
much is the investment worth (rounded to the nearest
cent) at the end of 1 yr, if interest is compounded:

a) annually? b) semiannually?
c) quarterly? d) daily (use 365 days  
e) hourly? for 1 yr)?

30. Compound interest. An investor purchases a $300,000
certificate of deposit from Descartes Bank, at 2.2%. How
much is the investment worth (rounded to the nearest
cent) at the end of 1 yr, if interest is compounded:

a) annually? b) semiannually?
c) quarterly? d) daily (use 365 days
e) hourly? for 1 yr)?



31. Compound interest. An investor deposits $30,000 in
Godel Municipal Bond Funds, at 4%. How much is the
investment worth (rounded to the nearest cent) at the
end of 1 yr, if interest is compounded:

a) annually? b) semiannually?
c) quarterly? d) daily (use 365 days
e) hourly? for 1 yr)?

32. Compound interest. An investor deposits $1000 in
Wiles Municipal Bond Funds, at 5%. How much is the
investment worth (rounded to the nearest cent) at the
end of 1 yr, if interest is compounded:

a) annually? b) semiannually?
c) quarterly? d) daily (use 365 days
e) hourly? for 1 yr)?

Determining monthly payments on a loan.If P dollars are
borrowed, the monthly payment made at the end of each
month for n months, is given by

where i is the annual interest rate and n is the total number of
monthly payments.

33. Fermat•s Last Bank makes a car loan of $18,000, at 6.4%
interest and with a loan period of 3 yr. What is the
monthly payment?

34. At Haken Bank, Ken Appel takes out a $100,000 mortgage
at an interest rate of 4.8% for a loan period of 30 yr. What
is the monthly payment?

Annuities. If P dollars are invested annually in an annuity
(investment fund), after n years, the annuity will be worth

where is the interest rate, compounded annually.

35. You invest $3000 annually in an annuity from Mersenne
Fund Annuities that earns 6.57% interest. How much is the
investment worth after 18 yr?  Round to the nearest cent.

36. Suppose that you establish an annuity that earns 
interest, and you want it to be worth $50,000 in 20 yr. How
much will you need to invest annually to achieve this goal?

37. Deer population in Maine. The deer population in Maine
from 1986 to 2006 is approximated in the graph below.

7 
1
4%

i

W � PB
11 � i2n � 1

i
R,

M � P 

i
12

a1 �
i

12
b

n

a1 �
i

12
b

n

� 1

,

M,
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a) In what years was the deer population in Maine at or
above 250,000?

b) In what years was the deer population at 200,000?
c) In what year was the deer population highest?
d) In what years was the deer population lowest?

38. Speculate as to why the deer population in Maine was so
high in the years 1997…2001.

SYNTHESIS

Retirement account. Sally makes deposits into a retirement
account every year from the age of 30 until she retires at age 65.

39. a) If Sally deposits $1200 per year and the account earns
interest at a rate of 8% per year, compounded annu-
ally, how much does she have in the account when
she retires? (Hint: Use the annuity formula for
Exercises 35 and 36.)

b) How much of that total amount is from Sally•s deposits?
How much is interest?

40. a) Sally plans to take regular monthly distributions from
her retirement account from the time she retires until
she is 80 years old, when the account will have a value
of $0. How much should she take each month? Assume
the interest rate is 8% per year, compounded monthly.
(Hint: Use the formula for Exercises 33 and 34 that cal-
culates the monthly payments on a loan.)

b) What is the total of the payments she will receive? How
much of the total will be her own money (see part b of
Exercise 39), and how much will be interest?

•86 •88 •90 •92 •94 •96
Year

•98 •00 •02 •04 •06
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DEER POPULATION IN MAINE

(Source: State of Maine, Department of Inland Fisheries and Wildl ife.)  

TECHNOLOGY CONNECTION

The Technology Connection heading indicates exercises
designed to provide practice using a graphing calculator.

Graph.

41. 42.

43. 44.

45. 46.

47. 48. x = 8 - y2x = 4 + y2

y = - 2.3x2 + 4.8x - 99.6x + 4.2y = - 100

y = 2 23 - 7xy = x3 + 2x2 - 4x - 13

y = 25 - |x |y = x - 150

Answers to Quick Checks
1. 2. 

3. 4. 

5. There is $1123.60 in the account after 2 yr.
6. There is $1195.62 in the account after 3 yr.

x = 1 + y2y = 2 - x2

3x - 5y = 10y = 3 - x

4

6

y

x2 4Š2
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Š4

2

2

y

x1 2Š1

Š4

Š6

Š2
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1.0

2.0

y

x21 3
Š1.0

Š2.0

Š1

2

4

y

x2 4Š2
Š2

Š4

Š4
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Identifying Functions
The idea of a functionis one of the most important concepts in mathematics. Put simply, a
function is a special kind of correspondence between two sets. Let•s look at the following.

To each letter on a telephone keypad there corresponds a number.

To each model of cell phone in a store there corresponds its price.

To each real number there corresponds the cube of that number.

In each of these examples, the first set is called the
domainand the second set is called the range.Given a
member of the domain, there is exactly onemember of
the range to which it corresponds. This type of corre-
spondence is called a function.

R.2
OBJECTIVES

Functions and Models

€ Determine whether or not
a correspondence is a
function.

€ Find function values.

€ Graph functions and
determine whether or 
not a graph is that of a
function.

€ Graph functions that are
piecewise-defined.

Correspondence

Domain Range

DEFINITION
A function is a correspondence between a first set, called the domain, and a sec-
ond set, called the range,such that each member of the domain corresponds to
exactly onemember of the range.

EXAMPLE 1Determine whether or not each correspondence is a function.

a) Cumulative number of iPhones sold

Domain Range

2009

2008

2007

2006 0

1,389,000

11,627,000

20,371,000
(Source:Apple Inc.)

Domain Range

- 5

5

4

3 9

16

25

Domain Range

Arizona

Chicago

Baltimore

Diamondbacks

Cubs

White Sox

Orioles

Domain Range

Diamondbacks

Cubs

White Sox

Orioles

Arizona

Chicago

Baltimore

b) Squaring

d) Baseball teamsc) Baseball teams

Solution
a) The correspondence is a function because each member of the domain

corresponds (is matched) to only one member of the range.

b) The correspondence is a function because each member of the domain corresponds
to only one member of the range, even though two members of the domain
correspond to 25.

c) The correspondence is nota function because one member of the domain,
Chicago, corresponds to two members of the range, the Cubs and the White Sox.

d) The correspondence is a function because each member of the domain
corresponds to only one member of the range, even though two members of the
domain correspond to Chicago.

�



EXAMPLE 2 Determine whether or not each correspondence is a function.
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Domain Correspondence Range

a) A family Each person•s weight A set of positive 
numbers

b) The integers
5. . . , - 3, - 2, - 1, 0, 1, 2, 3, ...6

Each number•s square A set of nonnegative 
integers:
50, 1, 4, 9, 16, 25, . . .6

c) The set of all states Each state•s members 
of the U.S. Senate

The set of all U.S. 
senators

Solution
a) The correspondence is a function because each person has only oneweight.

b) The correspondence is a function because each integer has only onesquare.

c) The correspondence is nota function because each state has twoU.S. Senators.

Consistent with the definition on p. 13, we will regard a function as a set of
ordered pairs, such that no two pairs have the same first coordinate paired with differ-
ent second coordinates. The domain is the set of all first coordinates, and the range is
the set of all second coordinates. Function names are usually represented by lowercase
letters. Thus, if f represents the function in Example 1(b), we have

and

Finding Function Values
Most functions considered in mathematics are described by an equation like

or To graph the function given by , we find
ordered pairs by performing calculations for selected x values.

The graph includes .

The graph includes

The graph includes

For the inputs (members of the domain) are the values of substi-
tuted into the equation. The outputs (members of the range) are the resulting values
of If we call the function we can use to represent an arbitrary input and , read 
• of Ž or • at Ž or •the value of at ,Ž to represent the corresponding output. In this
notation, the function given by is written as and the calcu-
lations above can be written more concisely as

Thus, instead of writing •when the value of is 11,Ž we can simply write
• Ž which is most commonly read as • of 4 is 11.Ž

It helps to think of a function as a machine. Think of as the result of
putting a member of the domain (an input), 4, into the machine. The machine knows

f142 = 11
ff142 = 11,

yx = 4,

f102 = 2 #0 + 3 = 3; and so on.

f1- 52 = 2 #1- 52 + 3 = - 7;

f142 = 2 #4 + 3 = 11;

f1x2 = 2x + 3,y = 2x + 3
xfxfxf

f1x2xf,y.

xy = 2x + 3,

10, 32.
for x = 0, y = 2x + 3 = 2 #0 + 3 = 3; and so on.

1- 5, - 72.
for x = - 5, y = 2x + 3 = 2 #1- 52 + 3 = - 7;

14, 112for x = 4, y = 2x + 3 = 2 #4 + 3 = 11;

y = 2x + 3y = 4 - x2.y = 2x + 3

Domain of f = 53, 4, 5, - 56; Range of f = 59, 16, 256.

f = 513, 92, 14, 162, 15, 252, 1- 5, 2526

�
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Remember that does not mean• times Ž and should never be read that way.

EXAMPLE 3The squaring function is given by

Solution We have

For a review of algebra, see 
Appendix A on p. 605.

To find remember what the function does: It squares the input. Thus,
This amounts to replacing on both sides of

with 

Quick Check 1

EXAMPLE 4 A function is given by Find 
and

Solution One way to find function values when a formula is given is to think of the
formula with blanks, or placeholders, as follows:

To find an output for a given input, we think: •Whatever goes in the blank on the left
goes in the blank(s) on the right.Ž

Quick Check 2

f17a2 = 317a22 - 217a2 + 8 = 3 #49a2 - 14a + 8 = 147a2 - 14a + 8

f1- 52 = 31- 522 - 2 #1- 52 + 8 = 3 #25 + 10 + 8 = 75 + 10 + 8 = 93

f102 = 3 #02 - 2 #0 + 8 = 8

+ 8.2 - 22 = 3f1

f17a2.
f102, f1- 52,f1x2 = 3x2 - 2x + 8.f

x + h.f1x2 = x2
xf1x + h2 = 1x + h22 = x2 + 2xh + h2.

f1x + h2,

 f1x + h2 = 1x + h22 = x2 + 2xh + h2.

 f11 + t2 = 11 + t22 = 1 + 2t + t2;

 f12 k 2 = 12 k 22 = k;

 f1k2 = k2;

 f112 = 12 = 1;

 f1- 32 = 1- 322 = 9;

Find f1- 32, f112, f1k2, f12 k 2, f11 + t2, and f1x + h2.

f1x2 = x2.

f

xff1x2

Function: f1x2 = 2x + 3

Input Output

4 11
- 5 - 7

0 3
t 2t + 3

a + h 21a + h2 + 3

 f (x)

x

 f

Quick Check 1

A function is given by
Find

and f1a + h2.
f1a2,f142, f1- 52, f102,

f1x2 = 3x + 5.
f

O

Quick Check 2

A function is given by

Find 
f1a2, and f15a2.

f142, f1- 52, f102,
f1x2 = 3x2 + 2x - 7.

f

O

�

�

O

O

the correspondence computes and produces a member of the
range (the output), 11.

2 #4 + 3,f1x2 = 2x + 3,
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TECHNOLOGY CONNECTION

The TABLE Feature

The TABLEfeature is one way to find ordered pairs of
inputs and outputs of functions. To see how, consider the
function given by We enter it as

To use the TABLEfeature, we access the
TABLE SETUPscreen and enter the -value at which the table
will start and an increment for the -value. For this equation,
let•s set and (Other values can be
chosen.) This means that the table•s -values will start at 0.3
and increase by 1.

x
¢ Tbl = 1.TblStart = 0.3

x
x

y1 = x3 - 5x + 1.
f1x2 = x3 - 5x + 1.

The arrow keys, h and e , allow us to scroll up and down
the table and extend it to other values not initially shown.

TABLE   SETUP
   TblStart = .3
   � Tbl = 1
Indpnt:     Auto   Ask
Depend:   Auto   Ask

We next set Indpnt and Depend to Auto and then press
TABLE. The result is shown below.

X = 18.3

X Y1
12.3
13.3
14.3
15.3
16.3
17.3
18.3 

1800
2287
2853
3506
4250
5092
6038 

.4

.1

.7

.1

.2

.2

….473
…3.303
1.667
20.437
59.007
123.38 
219.55 

X = .3

X Y1

1.3
2.3
3.31
4.3
5.3
6.3 

.3 

EXERCISES
Use the function given by for
Exercises 1 and 2.

1. Use the TABLEfeature to construct a table starting with
and Find the value of when is 10.

Then find the value of when is 35.

2. Adjust the table settings to Indpnt: Ask. How does the
table change? Enter a number of your choice and see
what happens. Use this setting to find the value of 

when is 28.xy

xy
xy¢ Tbl = 5.x = 10

f1x2 = x3 - 5x + 1

EXAMPLE 5A function subtracts the square of an input from the input:

Find 

Solution We have

Squaring the binomial

Quick Check 3

Graphs of Functions
Consider again the squaring function. The input 3 is associated with the output 9. The
input…output pair is one point on the graphof this function.13, 92

 = 1 - 2x - h, for h Z 0.

 =
h11 - 2x - h2

h

 
f1x + h2 - f1x2

h
=

x + h - x2 - 2xh - h2 - 1x - x22

h
=

h - 2xh - h2

h

 = x + h - x2 - 2xh - h2

 = x + h - 1x2 + 2xh + h22

 f1x + h2 = 1x + h2 - 1x + h22

 f142 = 4 - 42 = 4 - 16 = - 12;

f142, f1x + h2, and 
f1x + h2 - f1x2

h
.

f1x2 = x - x2.

f

Quick Check 3

A function is given by 
Find

and 
f1x + h2 - f1x2

h
.

f142, f1x + h2,
f1x2 = 2x - x2.

f

O

O

�
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It is customary to locate input values (the domain) on the horizontal axis and out-
put values (the range) on the vertical axis.

EXAMPLE 6 Graph: 

Solution

f1x2 = x2 - 1.

DEFINITION
The graph of a function is a drawing
that represents all the input…output
pairs In cases where the
function is given by an equation, the
graph of the function is the graph of
the equation y = f1x2.

1x, f1x22.

f

y

x

(x, f(x))

y = f(x)

Graph of f

x f1x2 1x, f1x22

- 2 3 1- 2, 32

- 1 0 1- 1, 02

0 - 1 10, - 12

1 0 11, 02

2 3 12, 32

y

x…1…2…3 1 2 3 4
…1

…2

2

1

3

4

(2, 3)(…2, 3)

(…1, 0) (1, 0)

(0, …1)

f(x) = x2 … 1

(1) Choose any 
(2) Compute 
(3) Form the pair 
(4) Plot the points.

1x, y2.
y.

x.

We plot the input…output pairs from the table and, in this case, draw a curve to complete
the graph.

Quick Check 4

Quick Check 4

Graph: f1x2 = 2 - x2.

O

TECHNOLOGY CONNECTION

Graphs and Function Values

We discussed graphing equations in the Technology
Connection of Section R.1. Graphing a function makes 
use of the same procedure. We just change the • Ž
notation to • .Ž Thus, to graph 
we key in .y1 = 2x2 + x

f1x2 = 2x2 + x,y =
f1x2 =

Another way is to use the TRACEfeature. To do so, graph
the function, press TRACE, and either move the cursor or
enter any x-value that is in the window. The corresponding
y-value appears automatically. Function values can also be
found using the VALUEor Y-VARSfeature. Consult an owner•s
manual or the GCM for details.

EXERCISES
1. Graph Then find 

and (Hint: To find be sure that the win-
dow dimensions for the -values include )

2. Graph Then find 
and 

3. Graph Then find 
and f12>32.f1- 4.72, f1112,

f1- 52,f1x2 = 4 - 1.2x - 3.4x2.

f12>32.f1112,
f1- 52, f1- 4.72,f1x2 = 3.7 - x2.

x = 11.x
f1112,f12>32.f1112,

f1- 52, f1- 4.72,f1x2 = x2 + 3x - 4.

There are several ways in which to find function values.
One is to use the TABLEfeature, as previously discussed.

Y1 = 2X2 + X

10

…10 10

…10

X = …2 Y = 6

�

O
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The Vertical-Line Test

Let•s now determine how we can look at a graph
and decide whether it is a graph of a function. In
the graph at the right, note that the input has two
outputs. Since a function has exactly oneoutput for
every input, this fact means that the graph does not
represent a function. It also means that a vertical
line could intersect the graph in more than one
place.

x1

EXAMPLE 7Determine whether each of the following is the graph of a function.

a)

Solution
a) The graph is that of a function. It is impossible to draw a vertical line that

intersects the graph more than once.

b) The graph is not that of a function. A vertical line (in fact, many) can intersect the
graph more than once.

c) The graph is not that of a function.

d) The graph is that of a function.

e) The graph is that of a function.

f) The graph is not that of a function.

Functions Defined Piecewise
Sometimes functions are defined piecewise.That is, there are different output formulas for
different parts of the domain, as in parts (e) and (f) of Example 7. To graph a piecewise-
defined function, we usually work from left to right, paying special attention to the
correspondence specified for the x-values on each part of the horizontal axis.

y

x

x = y2

x1

y2

y1

(x1, y1)

(x1, y2)

The Vertical-Line Test

A graph represents a function if it is impossible to draw a vertical line that
intersects the graph more than once.

b) c)

x

y y

x x

y

x

y y

x

y

x

d) e) f)

�
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EXAMPLE 8 Graph the function defined as follows:

f1x2 =

4,

3 - x2,

2x - 6,

for x ƒ 0,

for 0 6 x ƒ 2,

for x 7 2.

This means that for any input x less than
or equal to 0, the output is 4.
This means that for any input x greater
than 0 and less than or equal to 2, the
output is 
This means that for any input x greater
than 2, the output is 2x - 6.

3 - x2.

Solution Working from left to right along
the x-axis, we note that for any x-values less
than or equal to 0, the graph is the horizontal
line Note that for 

and

The solid dot indicates that is part of
the graph.

Next, observe that for x-values greater than
0 but not greater than 2, the graph is a portion
of the parabola given by Note
that for 

and

The open dot at indicates that that point
is notpart of the graph. 

Finally, note that for x-values greater than 2,
the graph is the line Note that for

and

Quick Check 5

 f152 = 4.

 f142 = 2;

 f12.52 = 2 #2.5 - 6 = - 1;

f1x2 = 2x - 6,
y = 2x - 6.

10, 32

 f122 = - 1.

 f112 = 2;

 f10.52 = 3 - 0.52 = 2.75;

f1x2 = 3 - x2,
y = 3 - x2.

10, 42

 f102 = 4.

 f1- 12 = 4;

 f1- 22 = 4;

f1x2 = 4,y = 4.

x

y

54321Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

f(x) = 4, for x � 0

x

y

5431Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

2

(0.5, 2.75)

(1, 2)

f(x) = 4,        for x � 0
3 Š x2, for 0 < x � 2

(2, Š1)

x

y

541Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

2

(2.5, Š1)
3

f(x) =
4,         for x � 0
3 Š x2, for 0 < x � 2
2x Š 6, for x > 2

(5, 4)

(4, 2)
Quick Check 5

Graph the function defined as
follows:

c
4,
4 - x2,
2x - 6,

 
for x ƒ 0,
for 0 6 x ƒ 2,
for x 7 2.

f1x2 =

O

EXAMPLE 9 Graph the function defined as follows:

Solution The function is defined such that and for all other x-values (that
is, for ), we have Thus, to graph this function, we graph the line
given by but with an open dot at the point above To complete the
graph, we plot the point since g112 = 3.11, 32

x = 1.y = - x + 2,
g1x2 = - x + 2.x Z 1

g112 = 3

g1x2 = e
3,
- x + 2,

for x = 1,
for x Z 1.

�

�

O

��
�
�
�
�
�
��
�
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TECHNOLOGY CONNECTION

Graphing Functions Defined Piecewise

Graphing functions defined piecewise generally involves the
use of inequality symbols, which are often accessed using the
TESTmenu. The function in Example 8 is entered as follows:

Note that most graphing calculators will not display
solid or open dots.

EXERCISES
Graph.

1.

2.

3. f1x2 = c
x + 3,
1,
x2 - 10,

 
for x ƒ - 2,
for - 2 6 x ƒ 3,
for x 7 3

f1x2 = e
x2 - 2,
1,

 for x ƒ 3,
for x 7 3

f1x2 = c
- x - 2,
4 - x2,
x + 3,

 
for x 6 - 2,
for - 2 ƒ x 6 2
for x Ú 2

,

The graph is shown below.

6

…5 5

…3

   Y1 = 

   Y2 =
   Y3 =
   Y4 =
   Y5 = 

Plot 1   Plot 2   Plot 3

(4)(X � 0) + (3 Š X2)(0 < X)   

(X �  2) + (2X Š 6)(X > 2)

Scrolled equation

g

x

y

54321Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

x g1x2 1x, g1x22

- 3 - 1- 32 + 2 1- 3, 52

0 - 0 + 2 10, 22

1 3 11, 32

2 - 2 + 2 12, 02

3 - 3 + 2 13, - 12

Quick Check 6

Quick Check 6

Graph the function defined as
follows:

f1x2 = e
1,
2 - x,

for x = - 2,
for x Z - 2.

O

Some Final Remarks
We sometimes use the terminology is a function of This means that is an input
and is an output. It also means that is the independent variablebecause it repre-
sents inputs and is the dependent variablebecause it represents outputs. We may
refer to •a function Ž without naming it using a letter f. We may also simply 
refer to (alone) as a function.

In calculus we will study how the outputs of a function change when the inputs
change.

x2
y = x2

y
xy

xx.y

O

Section Summary
€ Functionsare a key concept in mathematics. € The essential trait of a function is that to each number in

the domainthere corresponds one and only one number in
the range.
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EXERCISE SET

R.2

Note: A review of algebra can be found in Appendix A on p. 605.

Determine whether each correspondence is a function.

1. 2.

6. Sandwich calorie content.

Domain Range

5

7

- 7

- 3

3

7

Domain Range

9

87

45

3. 4.Domain Range

1

8

5

- 5

Domain Range

- 33

- 77

- 66

5. Sandwich prices.

(Source: www.mcdonalds.com.) 

DOMAIN RANGE

Hamburger
Cheeseburger
Filet-O-Fish®

Quarter Pounder®
with cheese

Big N' Tasty® with cheese

Big Mac®

Crispy Chicken
Chicken McGrill®

Double Quarter Pounder®
with cheese

$0.89
$0.95
$3.00

$3.20
$3.40
$2.89
$3.80

$3.20

(Source: www.mcdonalds.com.) 

DOMAIN

Hamburger

Cheeseburger

Quarter Pounder®

Double Cheeseburger®

Filet-O-Fish®

Big N' Tasty®

McRib®

Big Mac®

Double Quarter Pounder®
with cheese

250

300

410

440

380

460

500

540

740

RANGE

Determine whether each of the following is a function.

Domain Correspondence Range

7. A set of 
iPods

Each iPod•s memory 
in gigabytes

A set of numbers

8. A set of 
iPods

Each iPod•s owner A set of people

9. A set of 
iPods

The number of songs 
on each iPod

A set of numbers

10. A set of 
iPods

The number of Avril 
Lavigne songs on 
each iPod

A set of numbers

11. The set of 
all real 
numbers

Square each 
number and 
then add 8.

The set of all 
positive numbers 
greater than 
or equal to 8

12. The set of 
all real 
numbers

Raise each 
number to the 
fourth power.

The set of all 
nonnegative 
numbers

13. A set of 
females

Each person•s 
biological mother

A set of 
females

14. A set of 
males

Each person•s 
biological father

A set of 
males

15. A set of 
avenues

An intersecting 
road

A set of 
cross streets

16. A set of 
textbooks

An even-numbered 
page in each book

A set of pages

17. A set of 
shapes

The area of 
each shape

A set of area 
measurements

18. A set of 
shapes

The perimeter of 
each shape

A set of length 
measurements

19. A function is given by

This function takes a number multiplies it by 4, and
subtracts 3.

a) Complete this table.

x,

f1x2 = 4x - 3.

f

x 4.1 4.01 4.001 4

f1x2

x 5.1 5.01 5.001 5

f1x2

b) Find and 

20. A function is given by

This function takes a number multiplies it by 3, and
adds 2.

a) Complete this table.

x,

f1x2 = 3x + 2.

f

f1x + h2.f142, f132, f1- 22, f1k2, f11 + t2,

b) Find and f1x + h2.f152, f1- 12, f1k2, f11 + t2,
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Use the vertical-line test to determine whether each graph is
that of a function. (In Exercises 43…46, the vertical dashed
lines are not part of the graph.)

35. 36.

21. A function is given by

This function takes a number squares it, and sub-
tracts 3. Find 

and 

22. A function is given by

This function takes a number squares it, and adds 4.
Find and 

23. A function is given by

This function takes a number , adds 3, squares the
result, and takes the reciprocal of that result.

a) Find and 

If an output is undefined, state 

that fact.
b) Note that could also be given by

Explain what this does to an input number 

24. A function is given by

This function takes a number subtracts 5 from it,
squares the result, and takes the reciprocal of the
square.

a) Find 
and If an output is undefined, state
that fact.

b) Note that could also be given by

Explain what this does to an input number 

Graph each function.

25.

26.

27.

28.

29.

30.

31. f1x2 = 6 - x2

f1x2 = x2 + 4

f1x2 = x2 - 2

g1x2 = - 2x

g1x2 = - 4x

f1x2 = 3x - 1

f1x2 = 2x - 5

x.

f1x2 =
1

x2 - 10x + 25
.

f

f1x + h2.
f132, f1- 12, f152, f1k2, f1t - 12, f1t - 42,

x,

f1x2 =
1

1x - 522
.

f

x.

f1x2 =
1

x2 + 6x + 9
.

f

f1x + h2 - f1x2

h
.

f142, f1- 32, f102, f1a2, f1t + 42, f1x + h2,

x

f1x2 =
1

1x + 322
.

f

g1a + h2 - g1a2

h
.

g1- 32, g102, g1- 12, g172, g1v2, g1a + h2,
x,

g1x2 = x2 + 4.

g

g1a + h2 - g1a2

h
.

g1- 12, g102, g112, g152, g1u2, g1a + h2,
x,

g1x2 = x2 - 3.

g

y

x

y

x

y

x

y

x

37. 38.

39. 40.

41. 42.

43. 44.

45. 46.

47. a) Graph 
b) Is this a function?

48. a) Graph 
b) Is this a function?

x = y2 - 3.

x = y2 - 2.

32.

33.

34. g1x2 = 1
2 x3

g1x2 = x3

g1x2 = - x2 + 1
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49. For find 

50. For find 

For Exercises 51…54, consider the function f given by

51. Find and 

52. Find and 

53. Find and 

54. Find and 

Graph.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

Compound interest. The amount of money, in a savings
account that pays 6% interest, compounded quarterly for
t years, with an initial investment of P dollars, is given by

.

65. If $500 is invested at 6%, compounded quarterly, how
much will the investment be worth after 2 yr?

66. If $800 is invested at 6%, compounded quarterly, how
much will the investment be worth after 3 yr?

A1t2 � Pa1 �
0.06

4
b

4t

A1t2,

f1x2 = e
- 6,
- x2 + 5,

 for x = - 3,
for x Z - 3

f1x2 = e
- 7,
x2 - 3,

 for x = 2,
for x Z 2

g1x2 = c
x2,
- 3,
- 2x + 3,

 
for x 6 0,
for x = 0,
for x 7 0

g1x2 = c

1
2 x - 1,
- 4,
x - 3,

 
for x 6 2,
for x = 2,
for x 7 2

g1x2 = c
2x - 3,
5,
x - 2,

 
for x 6 1,
for x = 1,
for x 7 1

g1x2 = c
- x,
4,
x + 2,

 
for x 6 0,
for x = 0,
for x 7 0

f1x2 = e
5,
x3,

 for x = 1,
for x Z 1

f1x2 = e
6,
x2,

 for x = - 2,
for x Z - 2

f1x2 = e
2,

- 2,
 for x ƒ 3,

for x 7 3

f1x2 = e
1,
- 1,

 for x 6 0,
for x Ú 0

f152.f1- 52

f1102.f102

f132.f1- 32

f112.f1- 12

f1x2 � d

� 2x � 1,
17,
x2 � 3,
1
2 x � 1,

for x< 0,
for x � 0,
for 0< x< 4,
for x » 4.

f1x + h2 - f1x2

h
.f1x2 = x2 + 4x,

f1x + h2 - f1x2

h
.f1x2 = x2 - 3x,

Chemotherapy. In computing the dosage for chemotherapy, a
patient•s body surface area is needed. A good approximation of
a person•s surface area s, in square meters is given by
the formula

where is the patient•s weight in kilograms (kg) and is the
patient•s height in centimeters (cm). (Source: U.S. Oncology.)
Use the preceding information for Exercises 67 and 68. Round
your answers to the nearest thousandth.

67. Assume that a patient•s height is 170 cm. Find the
patient•s approximate surface area assuming that:

a) The patient•s weight is 70 kg.
b) The patient•s weight is 100 kg.
c) The patient•s weight is 50 kg.

68. Assume that a patient•s weight is 70 kg. Approximate the
patient•s surface area assuming that:

a) The patient•s height is 150 cm.
b) The patient•s height is 180 cm.

69. Scaling stress factors.In psychology a process called
scalingis used to attach numerical ratings to a group of
life experiences. In the table below, various events have
been rated on a scale from 1 to 100 according to their
stress levels.

hw

s �
B

hw
3600

,

1m22,

Event Scale of Impact

Death of spouse 100
Divorce 73
Jail term 63
Marriage 50
Lost job 47
Pregnancy 40
Death of close friend 37
Loan over $10,000 31
Child leaving home 29
Change in schools 20
Loan less than $10,000 17
Christmas 12

(Source: Thomas H. Holmes, University of Washington
School of Medicine.)

a) Does the table represent a function? Why or why not?
b) What are the inputs? What are the outputs?

SYNTHESIS

Solve for y in terms of x. Decide whether the resulting
equation represents a function.

70.

71.

72. 73.

74. Explain why the vertical-line test works.

75. Is 4 in the domain of f in Exercises 51…54? Explain why
or why not.

13y3/222 = 72x14y2/323 = 64x

2y2 + 3x = 4x + 5

2x + y - 16 = 4 - 3y + 2x



Set Notation
A set is a collection of objects. The set we consider most in calculus is the set of real
numbers, � . There is a real number for every point on the number line.
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R.3
OBJECTIVES

Finding Domain and Range

€ Write interval notation for a
set of points.

€ Find the domain and the
range of a function.

a b

(a, b)

� � � � � � � � � � � � � � � � ������������������

9 
„
25

1 
……
2

� 2

0 1 2 3 4 5

 3 
……
7 �

…1…2…3…4…5

…

PositiveNegative

 

The set consisting of 0, and can be written This method
of describing sets is known as the roster method. It lists every member of the set. We
describe larger sets using set-builder notation, which specifies conditions under which
an object is in the set. For example, the set of all real numbers less than 4 can be de-
scribed as follows in set-builder notation:

The set of 

all 

such that

is a real number less than 4.

Interval Notation
We can also describe sets using interval notation. If a and b are real numbers, with

we define the interval as the set of all numbers between but not including
a and b, that is, the set of all x for which Thus,

1a, b2 = 5x |a 6 x 6 b6.

a 6 x 6 b.
1a, b2a 6 b,

x

x

5x |x is a real number less than 46 or 5x |x 6 46.

E- 9
25, 0, 2 2F.2 2- 9

25 ,

TECHNOLOGY CONNECTION

In Exercises 76 and 77, use theTABLEfeature to construct a
table for the function under the given conditions.

76.

77.

78. A function is given by

Find and 

79. Graph the function in each of Exercises 76…78.

80. Use the TRACEfeature to find several ordered-pair 
solutions of the function f1x2 = 2 10 - x2.

f142.f1- 32, f1- 22, f102,

f1x2 = †x - 2†+ †x + 1†- 5.

f

f1x2 =
3

x2 - 4
; TblStart = - 3; ¢ Tbl = 1

f1x2 = x3 + 2x2 - 4x - 13; TblStart = - 3; ¢ Tbl = 2

Answers to Quick Checks
1.
2.
3.
4.

5. 6.

f1x2 = 2 - x2
- 8, 2x + 2h - x2 - 2xh - h2, 2 - 2x - h
49, 58, - 7, 3a2 + 2a - 7, 75a2 + 10a - 7
17, - 10, 5, 3a - 5, 3a + 3h - 5,

2

y

x1 2Š1

Š4

Š6

Š2
Š2

f (x) �  4, for x ��  0

f (x) �  4 � x 2, for 0 �  x �  2

f (x) �  2x � 6, for x �  2

4

6

y

x2 4Š2
Š2

Š4

2

4

6

y

x2 4Š2
Š2

Š4

2

(Š2, 4)

(Š2, 1)
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a b

(a, b]

a b

[a, b]

The points a and b are the endpoints of the interval. The parentheses indicate that the
endpoints are not included in the interval.

The interval is defined as the set of all for which Thus,

3a, b4 = 5x†a ƒ x ƒ b6.

a ƒ x ƒ b.x3a, b4

*Some books use the representations and instead of, respectively, 
and .

The brackets indicate that the endpoints areincluded in the interval.*
Be careful not to confuse the interval with the ordered pair used to rep-

resent a point in the plane, as in Section R.1. The context in which the notation appears
usually makes the meaning clear.

Intervals like in which neither endpoint is included, are called open in-
tervals; intervals like which include both endpoints, are said to be closed
intervals. Thus, is read •the closed interval a, bŽ and is read •the open
interval a, b.Ž

Some intervals are half-openand include one endpoint but not the other:

1a, b4 = 5x†a 6 x ƒ b6. The graph excludes a and includes b.

1a, b23a, b4
3- 2, 34,

1- 2, 32,

1a, b21a, b2

0Š2 3

A closed interval

0

An open interval

Š2 3

a b a b

3a, b2 = 5x†a ƒ x 6 b6. The graph includes a and excludes b.

a b

[a, b)

Some intervals extend without bound in one or both directions. We use the sym-
bols read •infinity,Ž and read •negative infinity,Ž to name these intervals. The
notation represents the set of all numbers greater than 5. That is,

15, q 2 = 5x†x 7 56.

15, q 2
- q ,q ,

5

(5, � )

Similarly, the notation represents the set of all numbers less than 5. That is,

1- q , 52 = 5x†x 6 56.

1- q , 52

5

(�� , 5)

The notations and are used when we want to include the end-
points. The interval names the set of all real numbers.1- q , q 2

1- q , 5435, q 2

(�� , � ) � �x� x is a real number	

Interval notation is summarized in the following table. Note that the symbols and
always have a parenthesis next to them; neither of these represents a real number.- q

q
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EXAMPLE 1Write interval notation for each set or graph:

a) b)

c) d)

Solution
a) b)

c) d)

Quick Check 1

Finding Domain and Range
Recall that when a set of ordered pairs is such that no two different pairs share a com-
mon first coordinate, we have a function. The domain is the set of all first coordinates,
and the rangeis the set of all second coordinates.

5x†x Ú - 26 = 3- 2, q 25x†- 4 6 x 6 56 = 1- 4, 52

5x†x Ú - 265x†- 4 6 x 6 56

Intervals: Notation and Graphs

Interval 
Notation

Set 
Notation Graph

1a, b2 5x†a 6 x 6 b6

3a, b4 5x†a ƒ x ƒ b6

3a, b2 5x†a ƒ x 6 b6

1a, b4 5x†a 6 x ƒ b6

1a, q 2 5x†x 7 a6

3a, q 2 5x†x Ú a6

1- q , b2 5x†x 6 b6

1- q , b4 5x†x ƒ b6

1- q , q 2 5x†x is a real number6

a b

a b

a b

a b

a

a

b

b

� 6 60� 5� 4� 3� 2� 1 54321 � 6 60� 5� 4� 3� 2� 1 54321

� 6 60� 5� 4� 3� 2� 1 54321

(� 2, 4]

� 6 60� 5� 4� 3� 2� 1 54321

(�� , � 1)

Quick Check 1

Write interval notation for
each set:

a)

b)

c)

d) 5x†- 2 6 x 6 56.

5x†- 2 6 x ƒ 56;

5x†- 2 ƒ x 6 56;

5x†- 2 ƒ x ƒ 56;
O

EXAMPLE 2 For the function f whose graph is
shown to the right, determine the domain and the
range.

Solution This function consists of just four
ordered pairs and can be written as

We can determine the domain and the range by
reading the - and the -values directly from the
graph.

The domain is the set of all first coordinates,
The range is the set of all second

coordinates, 51, - 2, 0, 56.
5- 3, 1, 3, 46.

yx

51- 3, 12, 11, - 22, 13, 02, 14, 526.

(4, 5)

(3, 0)

(1, � 2)

(� 3, 1)

x

y

� 4 � 2 2 43

� 4

� 2

4

� 5 � 3 � 1 5

� 5

� 3

� 1

3

5

2
1

1

f

�

�

O
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EXAMPLE 3For the function whose graph is
shown to the right, determine each of the following.

a) The number in the range that is paired with 1
(from the domain). That is, find 

b) The domain of 

c) The number(s) in the domain that is (are)
paired with 1 (from the range). That is, find 
all -values for which 

d) The range of 

Solution
a) To determine which number in the range is

paired with 1 in the domain, we locate 1 on
the horizontal axis. Next, we find the point
on the graph of for which 1 is the first coor-
dinate. From that point, we look to the vertical
axis to find the corresponding -coordinate, 2.
The input 1 has the output 2„that is,

b) The domain of the function is the set of all 
-values, or inputs, of the points on the graph.

These extend from to 3 and can be viewed as
the curve•s shadow, or projection,onto the -axis.
Thus, the domain is the set 
or, in interval notation, 

c) To determine which number(s) in the domain
is (are) paired with 1 in the range, we locate 1
on the vertical axis (see the graph to the right).
From there, we look left and right to the graph
of to find any points for which 1 is the second
coordinate. One such point exists: 
For this function, we note that is the
only member of the domain paired with the
range value of 1. For other functions, there
might be more than one member of the domain
paired with a member of the range.

d) The range of the function is the set of all 
-values, or outputs, of the points on the

graph. These extend from to 4 and can be
viewed as the curve•s shadow, or projection,
onto the -axis. Thus, the range is the set

or, in interval notation,
3- 1, 44.
5y†- 1 ƒ y ƒ 46,

y

- 1
y

x = - 4
1- 4, 12.

f

3- 5, 34.
5x†- 5 ƒ x ƒ 36,

x
- 5

x

f112 = 2.

y

f

f

f1x2 = 1.x

f

f112.

f

Quick Check 2

For the function f whose
graph follows, determine each
of the following:
the domain, and the range.

f1- 12, f112,

O

� 4 � 2 2 4

� 2

2

4

� 5 � 3 � 1 3 5

� 3

� 1

3

5

1

1 x

y

f

� 4 � 2 2 4

� 2

2

4

� 5 � 3 � 1 3 5

� 3

� 1

3

5

1

1

f

InputOutput

x

y

(1, 2); f(1) �  2

f

The domain of f is
�x�� 5 	  x 	  3	,
or [ � 5, 3]

x

y

� 4 � 2 2 4

� 2

2

4

� 3 � 1 5

� 3

� 1

3

5

1

1

� 4 � 2 2 4

� 2

2

4

� 5 � 3 � 1 3 5

� 3

� 1

3

5

1

1

f

x

y

(� 4, 1); f(� 4) �  1

f

The range of f is
� y � � 1 	  y 	  4	,
or [� 1, 4]

x

y

� 4 � 2 2 3 4

� 2

2

� 3 � 1 5

� 3

3

5

1

1

Quick Check 2

f

1 2 3

1

x

y

2

3

4

Š1
Š1Š3

(1, 2)

(Š2, Š1)

(Š1, 4)

�

O



c) or 

d) f1x2 = x4 - 2x2 - 3, 3- 4, 4, - 6, 64

12x- 1, 3- 14, 14, - 14, 144f1x2 =
12
x

,
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When a function is given by an equation or formula, the domain is understood to
be the largest set of real numbers (inputs) for which function values (outputs) can be
calculated. That is, the domain is the set of all allowable inputs into the formula. To
find the domain, think, •For what input values does the function have an output?Ž

EXAMPLE 4 Find the domain: 

Solution We ask, •What can we substitute?Ž Is there any number for which we
cannot calculate The answer is no. Thus, the domain of is the set of all real
numbers.

f†x†?
x

f1x2 = †x†.

X
� Tbl = 0.25

Y1
Š1
Š1.333
Š2
Š4
ERR:
4
2
1.3333

2
2.25
2.5
2.75
3
3.25
3.5
3.75
X = 2

TECHNOLOGY CONNECTION

Consider the function given by
The table

below was obtained with set
at 0.25. Note that the calculator
cannot calculate f132.

¢ Tbl
f1x2 = 1>1x - 32.

EXERCISES
1. Make a table for

from
to and with

set at 0.5.

2. Create a table for the function
given in Example 5.

¢ Tbl
x = 0x = - 3

f1x2 = 1>1x2 - 42

Quick Check 3

Find the domain of each func-
tion. Express your answers in
interval notation.

a)

b)

c) f1x2 = 2 2x - 8

f1x2 = x3 + †2x†

f1x2 =
5

x - 8

O

TECHNOLOGY CONNECTION

Determining Domain and Range

Graph each function in the given viewing window. Then
determine the domain and the range.

a)

b) f1x2 = x3 - x, 3- 3, 3, - 4, 44

f1x2 = 3 - †x†, 3- 10, 10, - 10, 104

�

�

�

O

EXAMPLE 5Find the domain: 

Solution We recall that a denominator cannot equal zero and ask, •What can we sub-
stitute?Ž Is there any number for which we cannot calculate Since

cannot be calculated when the denominator is 0, we solve the follow-
ing equation to find those real numbers that must be excluded from the domain of 

Setting the denominator equal to 0

Adding 5 to both sides

Dividing both sides by 2

Thus, is not in the domain, whereas all other real numbers are. We say that f is not
defined at or does not exist.

The domain of is is a real number or, in interval notation,
The symbol indicates the unionof two sets and means that all

elements in both sets are included in the domain.
´A- q , 52B´ A5

2 , q B.
and x Z 5

2F,Ex†xf
f A5

2B5
2,

5
2

 x = 5
2 .

 2x = 5

 2x - 5 = 0

f:
2x - 53>12x - 52

3>12x - 52?x

f1x2 =
3

2x - 5
 .

EXAMPLE 6 Find the domain: 

Solution We ask, •What can we substitute?Ž Is there any number for which we 
cannot calculate We recall that radicands in even roots cannot be negative. 
Since is not a real number when the radicand is negative, the domain
is all real numbers for which We find the domain by solving the inequal-
ity. (See Appendix A for a review of inequality solving.)

Simplifying

Dividing both sides by 3

The domain is 

Quick Check 3

C- 4
3 , q B.

 x Ú - 4
3

 3x Ú - 4

 4 + 3x Ú 0

4 + 3x Ú 0.
4 + 3x2 4 + 3x

2 4 + 3x?
x

f1x2 = 2 4 + 3x .

(continued)
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Domains and Ranges in Applications
The domain and the range of a function given by a formula are sometimes affected by
the context of an application. Let•s look again at Exercise 65 in Section R.2.

EXAMPLE 7Business: Compound Interest. Suppose that $500 is invested at 6%,
compounded quarterly for t years. From Theorem 2 in Section R.1, we know that the
amount in the account is given by

The amount is a function of the number of years for which the money is invested.
Determine the domain.

Solution We can substitute any real number for t into the formula, but a negative
number of years is not meaningful. The context of the application excludes negative
numbers. Thus, the domain is the set of all nonnegative numbers, 30, q 2.

A

 = 50011.01524t.

 A1t2 = 500a1 +
0.06

4
b

4t

We have the following.

a)

Domain � (the real numbers), or 
Range= 1- q , 34

1- q ,q 2=

y = 3 … |x| 

Range

Domain

10

…10

…10

10

b) We can confirm our results using the TRACEfeature,
moving the cursor along the curve or entering any x-value in
which we have interest. We can also use the TABLEfeature.
In Example (d), it might not appear as though the domain is
all real numbers because the graph seems •thin,Ž but careful
examination of the formula shows that we can indeed
substitute any real number.

EXERCISES
Graph each function in the given viewing window. Then
determine the domain and the range.

1.

2.

3. or 

4.

5.

6.

7.

8. f1x2 = x3 - 5x2 + x - 4, 3- 10, 10, - 20, 104

f1x2 = - 2 9 - x2, 3- 5, 5, - 5, 54

f1x2 = 2 9 - x2, 3- 5, 5, - 5, 54

f1x2 = 2 x + 4, 3- 8, 8, - 8, 84

f1x2 = x4 - 2x2 - 7, 3- 4, 4, - 9, 94

- 3x - 1, 3- 20, 20, - 20, 204f1x2 =
- 3
x

,

f1x2 = 2 + 3x - x3, 3- 5, 5, - 5, 54

f1x2 = †x†- 4, 3- 10, 10, - 10, 104

y = x3 … x 

Range

Domain

4

…4

3…3

Domain �=
Range �=

c)

Range

Range

Domain

Domain

y =     , or 12x…112
x

14

…14

14

…14

Xscl = 2, Yscl = 2

The number 0 is excluded as an input.
Domain is a real number or

Range is a real number or
1- q , 02 ´ 10, q 2

and y Z 06,= 5y†y
1- q , 02 ´ 10, q 2;

and x Z 06,= 5x†x

y = x4 … 2x2 … 3 

Range

Domain

6

…6

4…4

Domain �
Range= 3- 4, q 2

=

�

d)
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EXAMPLE 8 Cellphone Calling Plans. Recently, Sprint® offered a cellphone
calling plan in which a customer•s monthly bill could be modeled by the graph below.
Find the range of the function shown.

f

100 200 300 400 500 600 700 800

10

20

30

40

50

60

70

Phone use (in minutes)

M
on

th
ly

 b
ill

 (
in

 d
ol

la
rs

)

(Source: The New York Times. Bill does not include taxes and fees.)

Solution The range is the set of all outputs„in this case, the different monthly bill
amounts„shown in the graph. We see that only six different outputs are used, high-
lighted in blue. Thus, the range of the function shown is 535, 40, 45, 50, 55, 606.

100 200 300 400 500 600 700 800

10

20

30

40
35

45

55
50

60

70

M
on

th
ly

 b
ill

 (
in
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ol

la
rs

) f

Phone use (in minutes)

We will continue to determine the domain and the range of a function as we
progress through this book.

Section Summary
The following is a review of the function concepts considered in Sections R.1…R.3.

Function Concepts Graph

€ Formula for 

€ For every input of there is exactly one output.

€ For the input 1, is the output.

€

€ is on the graph.

€

€
 = 3- 7, q 2

 Range= The set of all outputs

 = The set of all real numbers, �
 Domain = The set of all inputs

11, - 62

f112 = - 6

- 6

f,

f : f1x2 = x2 - 7

x

y

54321Š5 Š4 Š3 Š2 Š1

Š8
Š6
Š4
Š2

2
4
6
8

10

Š10

(1, Š6)
f(x) = x2 Š 7

�
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EXERCISE SET

R.3 

In Exercises 1…10, write interval notation for each graph.

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

Write interval notation for each of the following. Then graph
the interval on a number line.

11. The set of all numbers such that 

12. The set of all numbers such that 

13.

14.

15.

16.

17.

18.

19.

20.

In Exercises 21…32, the graph is that of a function. Determine
for each one(a) (b) the domain;(c) all -values such
that and(d) the range.

21. 22.

f1x2 = 2;
xf112;

5x†x Ú 12.56

5x†x 6 12.56

5x†- 10 ƒ x 6 46

5x†- 2 6 x ƒ 36

5x†x 7 - 36

5x†x ƒ - 26

5x†6 6 x ƒ 206

5x†- 4 ƒ x 6 - 16

- 5 6 x 6 5x

- 2 ƒ x ƒ 2x

23. 24.

25. 26.

27. 28.

29. 30.

31. 32.

0Š1 1 2 3 4 5Š2Š3Š4Š5

0Š1 1 2 3 4 5Š2Š3Š4Š5

…1 0 1 2 3 4 5 6

…1 0 1 2 3 4 5 6

…10 …9 …8 …7 …6 …5 …4 …3

…10 …9 …8 …7 …6 …5 …4 …3

x + h x 

x + h x 

p

q

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321 x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

x

y

� 4 � 2 2 4

� 2

2

4
3

� 5 � 3 � 1 1 3 5

� 3
� 4
� 5

� 1

1

5

x

y

� 4 � 2 2 4

� 2

2

4
3

� 5 � 3 � 1 1 3 5

� 3
� 4
� 5

� 1

1

5

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321 x

y

� 4 � 2 2 4

� 2

2

4

� 5 � 3 � 1 1 3 5

� 3
� 4
� 5

� 1

1

5

x

y

� 4 � 2 2 4

� 2

4
3

� 5 � 3 � 1 1 3 5

� 3
� 4
� 5

� 1

1
2

5

x

y

� 4 � 2 2 4

� 2

4
3

� 5 � 3 � 1 1 3 5

� 3
� 4
� 5

� 1

1

5

x

y

� 4 � 2 2 4

� 2

4
3

� 5 � 3 � 1 1 3 5

� 3
� 4
� 5

� 1

1
2

5

x

y

� 4 � 2 2 4

� 2

4
3

� 5 � 3 1 3 5

� 3
� 4
� 5

� 1

1
2

5

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321 x

y

� 4 � 2 2 4

� 2

2

4

� 5 � 3 � 1 1 3 5

� 3
� 4
� 5

� 1

1

5



Find the domain of each function given below.

33. 34.

35. 36.

37. 38.

39. 40.

41. 42.

43. 44.

45. 46.

47.

48.

49. (Hint: Factor the denominator.)

50. (Hint: Factor the denominator.)

51. 52.

53. (Hint: Factor the denominator.)

54. (Hint: Factor the denominator.)

55. For the function whose 
graph is shown to the right, 
find all x-values for which 
f1x2 ƒ 0.

f

g1x2 =
3x - 10

x2 - 4x - 5

g1x2 =
2x - 6

x2 - 6x + 5

g1x2 = |x + 7 |g1x2 = |x | + 1

g1x2 =
x - 1

x2 - 36

g1x2 =
2x

x2 - 25

g1x2 = 4x3 + 5x2 - 2x

g1x2 = x2 - 2x + 1

g1x2 = 2 2 - 3xg1x2 = 2 4 + 5x

f1x2 =
2x - 1
9 - 2x

f1x2 =
3x - 1
7 - 2x

f1x2 = |x | - 4f1x2 = |x - 4 |

f1x2 =
8

3x - 6
f1x2 =

x - 2
6x - 12

f1x2 = x2 + 3f1x2 = x2 - 2x + 3

f1x2 = 2 x - 2f1x2 = 2 2x

f1x2 =
2

x + 3
f1x2 =

6
2 - x
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58. Compound interest. Suppose that $3000 is borrowed as a
college loan, at 5% interest, compounded daily, for t years.

a) The amount A that is owed is a function of time. Find
an equation for this function.

b) Determine the domain of the function in part (a).

Life and Physical Sciences

59. Hearing-impaired Americans.The following graph
(considered in Exercise Set R.1) approximates the num-
ber in millions, of hearing-impaired Americans as a
function of age (Source: American Speech-Language
Hearing Association.) The equation for this graph is the
function given by

N1x2 = - 0.00006x3 + 0.006x2 - 0.1x + 1.9.

x.
N,

x

y

Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2

Š7
Š6

Š8

21

(Š1, Š8)

(1, Š2)

(0, 0) f

g

x

y

Š4 Š3 Š2 Š1

1

2

4321

56. For the function whose 
graph is shown to the right, 
find all -values for which 
g1x2 = 1.

x

g

N
um

be
r 

of
 h

ea
rin

g-
im

pa
ire

d
A

m
er

ic
an

s 
(in

 m
ill

io
ns

)

20 40 60 80
84.7

100

5

0

4

3

2

1

Age

N

x

N(x)

a) Use the graph to determine the domain of N.
b) Use the graph to determine the range of N.
c) If you were marketing a new type of hearing aid,

at what age group (expressed as a 10-yr interval)
would you target advertisements? Why?

60. Incidence of breast cancer.The following graph
(considered in Exercise 28 of Exercise Set R.1 without an
equation) approximates the incidence of breast cancerI,
per 100,000 women, as a function of age x. The equation
for this graph is the function given by

 - 0.84x - 0.25.

 I1x2 = - 0.0000554x4 + 0.0067x3 - 0.0997x2

(Source: Based on data from the National Cancer Institute.)
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400
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100
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I

x
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APPLICATIONS

Business and Economics
57. Compound interest. Suppose that $5000 is invested at

8% interest, compounded semiannually, for t years.

a) The amount in the account is a function of time.
Find an equation for this function.

b) Determine the domain of the function in part (a).

A
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Horizontal and Vertical Lines
Let•s consider graphs of equations and where c and a are real numbers.

EXAMPLE 1

a) Graph 

b) Decide whether the graph represents a function.

Solution
a) The graph consists of all ordered pairs whose second coordinate is 4. To see how a

pair such as could be a solution of we can consider the equation
above in the form

Then is a solution because

is true.

01- 22 + 4 = 4

1- 2, 42

y = 0x + 4.

y = 4,1- 2, 42

y = 4.

x = a,y = c

R.4
OBJECTIVES

Slope and Linear Functions

€ Graph equations of the
types y f c and

€ Graph linear functions.

€ Find an equation of a line
when given its slope and
one point on the line and
when given two points on
the line.

€ Solve applied problems
involving slope and linear
functions.

x = a.
1x2 ��

y

x…1…2…3…4 1 2 3 4

2

1

3

(1, 4)

y = 4

(…2, 4)
5

b) The vertical-line test holds. Thus, the graph represents a function.

�

a) Use the graph to determine the domain of I.
b) Use the graph to determine the range of I.
c) What 10-yr age interval sees the greatest increase

in the incidence of breast cancer? Explain how you
determined this.

61. Lung cancer. The following graph approximates the in-
cidence of lung and bronchus cancer L, per 100,000
males, as a function of t, the number of years since 1940.
The equation for this graph is the function given by

L1t2 = - 0.00054t3 + 0.02917t2 + 1.2329t + 8.

L
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(Source: Based on data from the American Cancer
Society Surveillance Research, 2005.)

Number of years since 1940

62. See Exercise 61.

a) Use the graph to approximate all the -values (ages)
where the cancer rate is 50 per 100,000.

b) Use the graph to approximate all the -values (ages)
where the cancer rate is 70 per 100,000.

c) Use the formula to approximate the lung and
bronchus cancer rate in 2010.

SYNTHESIS

63. For a given function, Give as many interpre-
tations of this fact as you can.

64. Explain how it is possible for the domain and the range
of a function to be the same set.

65. Give an example of a function for which the number 3 is
not in the domain, and explain why it is not.

f122 = - 5.

x

x

TECHNOLOGY CONNECTION

66. Determine the range of each of the functions in Exercises
33, 35, 39, 40, and 47.

67. Determine the range of each of the functions in Exercises
34, 36, 48, 51, and 54.

Answers to Quick Checks
1. (a) (b) (c) (d) 
2. domain is and range 
is 
3. (a) (b) � (c) 34, q 25x |x is a real number and x Z 86

3- 1, 44
3- 2, 14,f1- 12 = 4, f112 = 2;

1- 2, 521- 2, 54,3- 2, 52,3- 2, 54,

a) Use the graph to estimate the domain of L.
b) Use the graph to estimate the range of L.
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EXAMPLE 2

a) Graph 

b) Decide whether the graph represents a function.

Solution
a) The graph consists of all ordered pairs whose first coordinate is To see how a

pair such as could be a solution of we can consider the equation
in the form

Then is a solution because

is true.

b) This graph does not represent a function because it fails the vertical-line test. The
line itself meets the graph more than once„in fact, infinitely many times.

Quick Check 1

In general, we have the following.

1- 32 + 0142 = - 3

1- 3, 42

x + 0y = - 3.

x = - 3,1- 3, 42
- 3.

x = - 3.

10

…10 10

…10

Quick Check 1

Graph each equation:

a)

b) y = - 3.

x = 4;

O

THEOREM 3

The graph of or a horizontal line, is the graph of a function.
Such a function is referred to as a constant function. The graph of is a
vertical line, and is not a function.x = a

x = a
f1x2 = c,y = c,

If we change the dimensions of the window to 
we get a graph for which the units are visually about the same
on both axes.

3- 6, 6, - 4, 44,

Creating such a window is called squaring the window.
On many calculators, this is accomplished automatically by
selecting the ZSquareoption of the ZOOM menu.

TECHNOLOGY CONNECTION

Visualizing Slope

Exploratory: Squaring a Viewing Window
The standard viewing window shown
below is not scaled identically on both axes. Note that the
intervals on the -axis are about two-thirds the length of
those on the -axis.x

y

3- 10, 10, - 10, 104
4

…6 6

…4

�

O

y

x…1…2…3…4 1 2 3
…1

…2

2

1

3

4

5

(…3, 1)

x = …3

(…3, 4)

(continued)
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12

…4 4

…12

y = 2x … 3

6

Squared window

…9 9

…6

y = 2x … 3

10

…10 10

…10

y = 2x … 3

Each of the following is a graph of but
with different viewing windows. When the window is
square, as shown in the last graph, we get the most accurate
representation of the slopeof the line.

y = 2x - 3, EXERCISES
Use a squared viewing window for each of these exercises.

1. Graph and
What do you think the graph of
will look like?

2. Graph and What do
you think the graph of will look like?

3. Graph and 
What do you think the graph of will look
like?

4. Graph 
and What do you think the graph of

will look like?y = - 0.000043x - 1
y = - 5

32x - 1.
y = - 0.38x - 1,y = - 3

4x - 1,y = - x - 1,

y = - 247x
y = - 10x.y = - x, y = - 2x, y = - 5x,

y = 0.000018x
y = 2

31x.y = x, y = 7
8x, y = 0.47x,

y = 247x + 1
y = 10x + 1.

y = x + 1, y = 2x + 1, y = 3x + 1,

The Equation y mx
Consider the following table of numbers and look for a pattern.

�

x 1 - 1 - 1
2 2 - 2 3 - 7 5

y 3 - 3 - 3
2 6 - 6 9 - 21 15

Note that the ratio of the y-value to the x-value is 3. That is,

Ordered pairs from the table can be used to graph the equation (see the figure
at the left). Note that this is a function.

y = 3x

y
x

= 3, or y = 3x.

y

x1 2

2

1

3

4

5

6 (2, 6)

(1, 3)

(0, 0)

(x, y)

y

x���

�
�
�

THEOREM 4

The graph of the function given by

is the straight line through the origin and the point The constant
m is called the slopeof the line.

11, m2.10, 02

y = mx or f1x2 = mx

Various graphs of for positive values of m are shown to the left. Note that
such graphs slant up from left to right. A line with large positive slope rises faster than
a line with smaller positive slope.

y = mx

x…1…2 1 2 3 4
…1

…2

…3

2

1

3

4

(1, 2)

(1, 1)

(1, 3) y = x
y = 2x

y = 3xy
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When or On the left below is a graph of Note that
this is both the x-axis and a horizontal line.

y = 0.y = 0.m = 0, y = 0x,

Graphs of for negative values of m are shown on the right above. Note that
such graphs slant down from left to right.

Quick Check 2

Direct Variation
There are many applications involving equations like where m is some posi-
tive number. In such situations, we say that we have direct variation, and m (the slope)
is called the variation constant,or constant of proportionality. Generally, only posi-
tive values of and are considered.yx

y = mx,

y = mx

The rows of flowers form lines of equal slope.

y

x…1…2 1 2 3 4
…1

…2

…3

2

1

3

4

(1, …1)

y = …x

y = …2x
y = …3x

(1, …2)

(1, …3)

…3

y

x(1, 0)

y = 0

Quick Check 2

Graph each equation:

a)

b) y = -
1
2

x.

y =
1
2

x;

O

DEFINITION
The variable y varies directly as x if there is some positive constant m such that

We also say that y is directly proportional to x.y = mx.

EXAMPLE 3 Life Science: Weight on Earth and the Moon. The weight M, in
pounds, of an object on the moon is directly proportional to the weight E of that object
on Earth. An astronaut who weighs 180 lb on Earth will weigh 28.8 lb on the moon.

a) Find an equation of variation.

b) An astronaut weighs 120 lb on Earth. How much will the astronaut weigh on the
moon?

�

O
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Solution
a) The equation has the form To find m,we substitute:

Thus, is the equation of 
variation.

b) To find the weight on the moon of 
an astronaut who weighs 120 lb on 
Earth, we substitute 120 for E in the 
equation of variation,

Substituting 120 for E

and get

Thus, an astronaut who weighs 120 lb on Earth weighs 19.2 lb on the moon.

The Equation y mx b
Compare the graphs of the equations

(see the following figure). Note that the graph of is a shift 2 units down of
the graph of and that has y-intercept Both graphs repre-
sent functions.

10, - 22.y = 3x - 2y = 3x,
y = 3x - 2

y = 3x and y = 3x - 2

��

M = 19.2.

M = 0.16#120,

M = 0.16E

 0.16 = m.

 
28.8
180

= m

 28.8 = m#180

 M = mE

M = mE.

W
ei

gh
t o
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n

(in
 p

ou
nd

s)

10

20

30

40

40 80 120 160 200

M

E

Weight on Earth
(in pounds)

M = 0.16EMMMMMMMMMMMMMM

TECHNOLOGY CONNECTION

Exploring b

Let•s explore the effect of b when
graphing 

EXERCISES
1. Graph Then, using

the same viewing window,
compare the graphs of

and 
Next, without drawing
them, describe how the
graphs of and

compare.

2. Use the TABLEfeature to
compare the values of 
and when Then
scroll through other values
and describe a pattern.

x = 0.y3

y1, y2,

y = x - 5
y = x

y3 = x - 4.y2 = x + 3

y1 = x.

y = mx + b.

x

y

54321Š5 Š4 Š3 Š2 Š1
Š1

1
2
3
4
5

y = 3x Š 2

y = 3x

(0, Š2)

Š5
Š4
Š3
Š2

(0, 0)

DEFINITION
A linear function is given by

and has a graph that is the straight line parallel to the graph of and cross-
ing the y-axis at . The point is called the y-intercept. (See the figure
at the left.)

10, b210, b2
y = mx

y = mx + b or f1x2 = mx + b

As before, the constant m is the slope of the line. When 
and we have a constant function (see Theorem 3 at the beginning of this section). The
graph of such a function is a horizontal line.

m = 0, y = 0x + b = b,

(0, 0)

(0, b)

y = mx

y = mx + b

x

y



The Slope…Intercept Equation
Every nonvertical line l is uniquely determined by its slope m and its y-intercept 
In other words, the slope describes the •slantŽ of the line, and the y-intercept locates
the point at which the line crosses the y-axis. Thus, we have the following definition.

10, b2.
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DEFINITION
is called the slope…intercept equationof a line.y = mx + b

EXAMPLE 4 Find the slope and the y-intercept of the graph of 

Solution We solve for y:

Adding 4y to both sides

Dividing both sides by 4

Quick Check 3

The Point…Slope Equation
Suppose that we know the slope of a line and some point on the line other than the 
y-intercept. We can still find an equation of the line.

EXAMPLE 5 Find an equation of the line with slope 3 containing the point

Solution The slope is given as From the slope…intercept equation, we have

(1)

so we must determine b.Since is on the line, we substitute for y and 
for x:

so

Then, replacing b in equation (1) with we get y = 3x - 2.- 2,

- 2 = b

 - 5 = - 3 + b,

 - 5 = 31- 12 + b

- 1- 51- 1, - 52

y = 3x + b,

m = 3.

1- 1, - 52.

Slope: 12 y-intercept: A0, - 7
4B

 y =
2
4

x -
7
4

 4y = 2x - 7

 2x - 4y - 7 = 0

2x - 4y - 7 = 0.

Quick Check 3

Find the slope and the 
y-intercept of the graph of
3x - 6y - 7 = 0.

O

�

O

�

More generally, if a point is on the line given by

(2)

it must follow that

(3)y1 = mx1 + b.

y = mx + b,

1x1, y12
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Subtracting the left and right sides of equation (3) from the left and right sides, respec-
tively, of equation (2), we have

Multiplying by 

Combining like terms

Factoring= m1x - x12.

= mx - mx1

- 1= mx + b - mx1 - b

y - y1 = 1mx + b2 - 1mx1 + b2

y1

y

xxx1

y
(x, y)

(x1, y1)

(x … x1)

( y … y1)

DEFINITION
is called the point…slope equationof a line. The point is

and the slope is m.1x1, y12,
y - y1 = m1x - x12

This definition allows us to write an equation of a line given its slope and the
coordinates of anypoint on the line.

EXAMPLE 6 Find an equation of the line with slope containing the point

Solution Substituting in

we get

Multiplying by 

Subtracting 5

Combining like terms

Quick Check 4

Computing Slope
We now determine a method of computing the slope of a line when we know the coor-
dinates of two of its points. Suppose that and are the coordinates of two
different points, and respectively, on a line that is not vertical. Consider a right
triangle with legs parallel to the axes, as shown in the following figure.

P2,P1

1x2, y221x1, y12

y = 2
3x - 13

3 .

y = 2
3x + 2

3 - 15
3

y = 2
3x + 2

3 - 5

2
3y + 5 = 2

3x + 2
3

y + 5 = 2
31x + 12

y - 1- 52 = 2
33x - 1- 124

y - y1 = m1x - x12,

1- 1, - 52.

2
3

Quick Check 4

Find the equation of the line
with slope containing the
point 1- 3, 62.

- 2
3

Which lines have the same slope?

�

O

O



Note that the change in y is and the change in x is The ratio of
these changes is the slope. To see this, consider the point…slope equation,

Since is on the line, it must follow that

Substituting

Since the line is not vertical, the two x-coordinates must be different; thus, is
nonzero, and we can divide by it to get the following theorem.

x2 - x1

y2 - y1 = m1x2 - x12.

1x2, y22

y - y1 = m1x - x12.

x2 - x1.y2 - y1
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( y2 … y1)
the change in y

y

x

�����������

�
�
�
�
�
�

(x2 … x1)
the change in x

P2(x2, y2)

(x2, y1)

P1(x1, y1)

THEOREM 5

The slope of a line containing points and is

m =
y2 - y1

x2 - x1
=

change in y

change in x
.

1x2, y221x1, y12

EXAMPLE 7Find the slope of the line containing the points and 

Solution We have

We treated as and as 

Note that it does not matter which point is taken first, so long as we subtract the coor-
dinates in the same order. In this example, we can also find m as follows:

Here, serves as 
and serves as 

Quick Check 5

If a line is horizontal, the change in y for any two points is 0. Thus, a horizontal
line has slope 0. If a line is vertical, the change in x for any two points is 0. Thus, the
slope is not definedbecause we cannot divide by 0. A vertical line has undefined slope.
Thus, •0 slopeŽ and •undefined slopeŽ are two very different concepts.

P1.1- 2, 62
P2,1- 4, 92

m =
9 - 6

- 4 - 1- 22
=

3
- 2

= -
3
2

.

 =
- 3
2

= -
3
2

.

P1.1- 4, 92P21- 2, 62m =
y2 - y1

x2 - x1
=

6 - 9
- 2 - 1- 42

1- 4, 92.1- 2, 62

Quick Check 5

Find the slope of the line
containing the points 
and 11, - 42.

12, 32

O

�

O
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Applications of Slope
Slope has many real-world applications. For example, numbers like 2%, 3%, and 6% are
often used to represent the gradeof a road, a measure of how steep a road on a hill is.
A 3% grade means that for every horizontal distance of 100 ft, the road rises
3 ft. In architecture, the pitchof a roof is a measure of how steeply it is angled„a steep
pitch sheds more snow than a shallow pitch. Wheelchair-ramp design also involves
slope: Building codes rarely allow the steepness of a wheelchair ramp to exceed 1

12.

A3% = 3
100B

y2 … y1„„„x2 … x1

y

x

(x2, y2)(x1, y1)

x1 x2

m = 0„„„x2 … x1
= 0=

y2 … y1„„„x2 … x1

y

x

(x2, y2)

y1

m =
y2

(x1, y1)

y2 … y1„„„
0

=

not defined

a

b

Road grade�
(expressed as
a percent)

a
b

b

a

24 ft
2 ft

Trail Rating Symbol Level of Difficulty Description

Green Circle Easiest A Green Circle trail is the easiest. These 
trails are generally wide and groomed, 
typically with slope gradients ranging from
6% to 25% (a 100% slope is a 45° angle).

Blue Square Intermediate A Blue Square trail is of intermediate 
difficulty. These trails have gradients 
ranging from 25% to 40%. They are 
usually groomed and are usually among 
the most heavily used.

Black Diamond Difficult Black Diamond trails tend to be steep 
(typically 40% and up), may or may not 
be groomed, and are among the most 
difficult.

Ski trail difficulty ratings, or gradients, are yet another application of slope. The
following table presents examples.

Ski Trail Difficulty Ratings in North America



There are even more difficult ski trails. The rating of a trail is done at the discre-
tion of the ski resort operators. There are a number of iPod and iPhone apps that skiers
can use to estimate difficulty ratings. To estimate a gradient, hold your arm parallel to
the ground out from your side„that is a 0% gradient. Hold it at a 45° angle„that is a
100% gradient. A 22.5° angle is a 41% gradient. And, surprisingly, an angle of only 3.5°
constitutes a 6% gradient. What do you think the slope is of the steep road at the top of
the mountain in the photo?
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Solution First, we determine the coordinates of two points on the graph. In this
case, they are given as and Then we compute the
slope, or rate of change, as follows:

 =
$4.828 - $3.311

2008 - 2000
=

1.517
8

L $0.1896 billion>yr.

 Slope = average rate of change=
change in y

change in x

12008, $4.8282.12000, $3.3112

Frenchman Mountain near Las Vegas, Nevada.
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$5.0

y

x

(2000, $3.311)

(2008, $4.828)

CANCER RESEARCH

(Source: National Cancer Institute.)  

� EXAMPLE 8 Life Science: Amount Spent on Cancer Research.The amount
spent on cancer research has increased steadily over the years and is approximated
in the following graph. Find the average rate of change of the amount spent on
research.

Slope can also be considered as an average rate of change.
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Applications of Linear Functions
Many applications are modeled by linear functions.

EXAMPLE 9 Business: Total Cost. Raggs, Ltd., a clothing firm, has fixed costs
of $10,000 per year. These costs, such as rent, maintenance, and so on, must be paid
no matter how much the company produces. To produce x units of a certain kind of
suit, it costs $20 per suit (unit) in addition to the fixed costs. That is, the variable costs
for producing x of these suits are dollars. These costs are due to the amount pro-
duced and stem from items such as material, wages, fuel, and so on. The total cost

of producing x suits in a year is given by a function C:

a) Graph the variable-cost, the fixed-cost, and the total-cost functions.

b) What is the total cost of producing 100 suits? 400 suits?

Solution
a) The variable-cost and fixed-cost functions appear in the graph on the left below.

The total-cost function is shown in the graph on the right. From a practical stand-
point, the domains of these functions are nonnegative integers 0, 1, 2, 3, and so
on, since it does not make sense to make either a negative number or a fractional
number of suits. It is common practice to draw the graphs as though the domains
were the entire set of nonnegative real numbers.

C1x2 = 1Variable costs2 + 1Fixed costs2 = 20x + 10,000.

C1x2

20x

$10,000

y

x100 200 300 400 500

$20,000

Suits produced

Fixed costs = 10,000

Variable costs = 20x

y

Total cost =
C(x) = 20x + 10,000

$10,000

x100 200 300 400 500

$20,000

Suits produced

C(400) …C(100)
� 
� 
�

b) The total cost of producing 100 suits is

The total cost of producing 400 suits is

EXAMPLE 10 Business: Profit-and-Loss Analysis. When a business sells an
item, it receives the pricepaid by the consumer (this is normally greater than the cost
to the business of producing the item).

a) The total revenuethat a business receives is the product of the number of items
sold and the price paid per item. Thus, if Raggs, Ltd., sells x suits at $80 per suit,
the total revenue , in dollars, is given by

If (see Example 9), graph RandC using the same set of axes.

b) The total profit that a business receives is the amount left after all costs have been
subtracted from the total revenue. Thus, if represents the total profit when x
items are produced and sold, we have

P1x2 = 1Total revenue2 - 1Total costs2 = R1x2 - C1x2.

P1x2

C1x2 = 20x + 10,000

R1x2 = Unit price #Quantity sold = 80x.

R1x2

= $18,000.

C14002 = 20 #400 + 10,000

C11002 = 20 #100 + 10,000 = $12,000.

�

�



Determine and draw its graph using the same set of axes as was used for the
graph in part (a).

c) The company will break evenat that value of x for which (that is, no profit
and no loss). This is the point at which Find the break-even valueof x.

Solution
a) The graphs of and are shown below. When 

is above a loss will occur. This is shown by the region shaded red. When 
is above a gain will occur. This is shown by the region shaded gray.C1x2,

R1x2R1x2,
C1x2C1x2 = 20x + 10,000R1x2 = 80x

R1x2 = C1x2.
P1x2 = 0

P1x2
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$10,000

100

R(x) = 80x

200 300 400 500

$20,000

…$10,000

Suits produced

Loss

Gain

C(x) = 20x + 10,000

y

x

b) To find P, the profit function, we have

The graph of is shown by the heavy line.The red portion of the line shows a
•negativeŽ profit, or loss. The black portion of the heavy line shows a •positiveŽ
profit, or gain.

P1x2

= 60x - 10,000.

P1x2 = R1x2 - C1x2 = 80x - 120x + 10,0002

c) To find the break-even value, we solve 

How do we interpret the fractional answer, since it is not possible to produce of
a suit? We simply round up to 167. Estimates of break-even values are usually
sufficient since companies want to operate well away from break-even values in
order to maximize profit.

Quick Check 6

2
3

x = 1662
3.

60x = 10,000

80x = 20x + 10,000

R1x2 = C1x2

R1x2 = C1x2:

Quick Check 6

Business. Suppose that in
Examples 9 and 10 fixed costs
are increased to $20,000.
Find:

a) the total-cost, total-revenue,
and total-profit functions;

b) the break-even value.

O

O

R(x) = 80x

C(x) = 20x + 10,000

P(x) = R(x) … C(x) = 60x … 10,000

$20,000

$10,000

…$10,000

Loss

Gain

y

x

Break even

Suits produced

100 200 300

166 -23

400 500
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EXERCISE SET

R.4 

Graph.

1. 2.

3. 4.

5. 6.

7. 8.

Graph. List the slope and y-intercept.

9. 10.

11. 12.

13. 14.

15. 16.

17. 18.

Find the slope and y-intercept.

19. 20.

21. 22.

23. 24.

25. 26.

Find an equation of the line:

27. with containing 

28. with containing 

29. with containing 

30. with containing 

31. with slope 2, containing 

32. with slope containing 

33. with y-intercept and slope 

34. with y-intercept and slope 

35. with slope 0, containing 

36. with slope 0, containing 

Find the slope of the line containing the given pair of points. 
If a slope is undefined, state that fact.

37. and 38. and 16, 321- 2, 121- 2, 1215, - 32

14, 82.

12, 32.

4
3.10, 72

1
2.10, - 62

15, 02.- 5,

13, 02.

15, - 22.m = - 3,

12, 32.m = - 2,

11, 72.m = 7,

1- 2, - 32.m = - 5,

x = - 4y + 3x = 3y + 7

3x - 3y + 6 = 02x + 2y + 8 = 0

2x - y + 3 = 02x + y - 3 = 0

y - 4x = 1y - 3x = 6

y = - 5y = 7

g1x2 = x - 2.5g1x2 = - x + 3

y = 2x - 5y = 3x - 4

f1x2 = - 0.5xf1x2 = 0.5x

y = - 3xy = - 2x

y = 2.25y = 3.75

x = - 1.5x = - 4.5

y = - 4y = - 2

x = 5x = 3

39. and 40. and 

41. and 42. and 

43. 44.

45. and 46. and 

47. and 

48. and 

49. and 

50. and 

51…60. Find an equation of the line containing the pair of
points in each of Exercises 37…46.

61. Find the slope of the skateboard ramp.

1x + h, 31x + h2 - 121x, 3x - 12

1x + h, 21x + h2 + 321x, 2x + 32

1x + h, 41x + h221x, 4x2

1x + h, 31x + h221x, 3x2

A- 7, 12BA- 6, 12B1- 1, 3212, 32

A- 3
16, -

1
2B and A5

8, -
3
4BA4

5, - 3B and A1
2, 

2
5B

1- 4, 1021- 4, 2213, - 9213, - 72

11, - 621- 3, - 521- 1, - 4212, - 32

5 ft

2 ft

5 ft

0.4 ft

1238 ft
43.33 ft

62. Find the slope (or grade) of the treadmill.

63. Find the slope (or head) of the river. Express the answer
as a percentage.

Section Summary
€ Graphs of functions that are straight lines (linear

functions) are characterized by an equation of the type
where m is the slope and is the y-

intercept, the point at which the graph crosses the y-axis.
10, b2f1x2 = mx + b,
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department projects that 150,000 calculators can be sold
during the first year at a price of $45 each.

a) Find and graph the total cost of producing 
x calculators.

b) Using the same axes as in part (a), find and graph
the total revenue from the sale of x calculators.

c) Using the same axes as in part (a), find and graph
the total profit from the production and sale of

x calculators.
d) What profit or loss will the firm realize if the expected

sale of 150,000 calculators occurs?
e) How many calculators must the firm sell in order to

break even?

67. Profit-and-loss analysis.Red Tide is planning a new line
of skis. For the first year, the fixed costs for setting up
production are $45,000. The variable costs for producing
each pair of skis are estimated at $80, and the selling
price will be $255 per pair. It is projected that 3000 pairs
will sell the first year.

a) Find and graph the total cost of producing 
x pairs of skis.

b) Find and graph the total revenue from the sale
of x pairs of skis. Use the same axes as in part (a).

c) Using the same axes as in part (a), find and graph
the total profit from the production and sale of

x pairs of skis.
d) What profit or loss will the company realize if the

expected sale of 3000 pairs occurs?
e) How many pairs must the company sell in order to

break even?

P1x2,

R1x2,

C1x2,

P1x2,

R1x2,

C1x2,

APPLICATIONS

Business and Economics

64. Highway tolls. It has been suggested that since heavier
vehicles are responsible for more of the wear and tear on
highways, drivers should pay tolls in direct proportion to
the weight of their vehicles. Suppose that a Toyota Camry
weighing 3350 lb was charged $2.70 for traveling an
80-mile stretch of highway.

a) Find an equation of variation that expresses the
amount of the toll as a function of the vehicle•s
weight 

b) What would the toll be if a 3700-lb Jeep Cherokee
drove the same stretch of highway?

65. Inkjet cartridges. A registrar•s office finds that the num-
ber of inkjet cartridges, required each year for its
copiers and printers varies directly with the number of
students enrolled, 

a) Find an equation of variation that expresses as a
function of if the office requires 16 cartridges when
2800 students enroll.

b) How many cartridges would be required if 3100
students enrolled?

66. Profit-and-loss analysis.Boxowitz, Inc., a computer
firm, is planning to sell a new graphing calculator. For
the first year, the fixed costs for setting up the new
production line are $100,000. The variable costs for
producing each calculator are estimated at $20. The sales

s,
I

s.

I,

w.
T

68. Straight-line depreciation. Quick Copy buys an office
machine for $5200 on January 1 of a given year. The
machine is expected to last for 8 yr, at the end of which
time its salvage valuewill be $1100. If the company
figures the decline in value to be the same each year, then
the book value, after years, is given by

where is the original cost of the item, is the number
of years of expected life, and is the salvage value.

a) Find the linear function for the straight-line
depreciation of the office machine.

b) Find the book value after 0 yr, 1 yr, 2 yr, 3 yr, 4 yr,
7 yr, and 8 yr.

69. Profit-and-loss analysis.Jimmy decides to mow lawns to
earn money. The initial cost of his lawnmower is $250.
Gasoline and maintenance costs are $4 per lawn.

a) Formulate a function for the total cost of
mowing x lawns.

b) Jimmy determines that the total-profit function for the
lawnmowing business is given by 
Find a function for the total revenue from mowing x
lawns. How much does Jimmy charge per lawn?

c) How many lawns must Jimmy mow before he begins
making a profit?

P1x2 = 9x - 250.

C1x2

S
NC

V1t2 = C - ta
 C - S

  N
 b,

0 ƒ t ƒ 8,tV1t2,

70. Straight-line depreciation. (See Exercise 68.) A business
tenant spends $40 per square foot on improvements to a
25,000- office space. Under IRS guidelines for straight-
line depreciation, these improvements will depreciate
completely„that is, have zero salvage value„after 39 yr.
Find the depreciated value of the improvements after 10 yr.

71. Book value. (See Exercise 68.) The Video Wizard buys
a new computer system for $60,000 and projects that its
book value will be $2000 after 5 yr. Using straight-line
depreciation, find the book value after 3 yr.

72. Book value. Tyline Electric uses the function
to find the book value, in

dollars, of a photocopier years after its purchase.t
B1t2,B1t2 = - 700t + 3500

ft2

0 1 2 3 4 5 6

4000

3500

3000

2500

2000

1500

1000

500

Number of years of use

B
oo

k 
va

lu
e 

of
 m

ac
hi

ne
 (

in
 d

ol
la

rs
)

t

B(t)

B(t) = … 700t + 3500

a) What do the numbers and 3500 signify?
b) How long will it take the copier to depreciate

completely?
c) What is the domain of Explain.B?

- 700



76. Two-year college tuitions. Find the average rate of
change of the tuition and fees at public two-year
colleges.73. Stair requirements. A North Carolina state law requires

that stairs have minimum treads of 9 in. and maximum
risers of 8.25 in. (Source:North Carolina Office of the
State Fire Marshal.) See the illustration below. According
to this law, what is the maximum grade of stairs in North
Carolina?
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9 in.

8.25 in.

(Source: The Kaiser Family Foundation;
Health Research and Education Trust.)

Year

A
nn

ua
l h

ea
lth

 in
su

ra
nc

e 
pr

em
iu

m
fo

r 
fa

m
ily

 (
in

 d
ol

la
rs

)

2003 2004 2005 2006 2007 2008 2009 2010

(2005, $10,880)

(2009, $13,375)

12,000

15,000

9,000

74. Health insurance premiums. Find the average rate of
change in the annual premium for a family•s health
insurance.

75. Health insurance premiums. Find the average rate of
change in the annual premium for a single person.

A
nn

ua
l h

ea
lth

 in
su

ra
nc

e 
pr

em
iu

m
fo

r 
si

ng
le

 p
er

so
n 

(in
 d

ol
la

rs
)

(Source: The Kaiser Family Foundation;
Health Research and Education Trust.)

Year
2003 2004 2005 2006 2007 2008 2009 2010

(2005, $4024)
(2009, $4824)

6,000

3,000

(Source: U.S. National Center for Education Statistics,
Digest of Education Statistics, annual.)

Year

P
ub

lic
 tw

o-
ye

ar
 c

ol
le

ge
tu

iti
on

 a
nd

 fe
es

 (
in

 d
ol

la
rs

)

2004 2008

1600

1400

1800

2000

2200

(2004, $1702)

(2008, $2063)

77. Wedding cost. Find the average rate of change of the
cost of a formal wedding.

78. Energy conservation.The R-factor of home insulation is
directly proportional to its thickness 

a) Find an equation of variation if when
in.

b) What is the R-factor for insulation that is 6 in. thick?

79. Nerve impulse speed.Impulses in nerve fibers travel
at a speed of 293 ft sec. The distance , in feet, traveled
in sec is given by How long would it take an
impulse to travel from the brain to the toes of a person
who is 6 ft tall?

80. Muscle weight. The weight M of the muscles in a hu-
man is directly proportional to the person•s body
weight W.

D = 293t.t
D>

T = 3
R = 12.51

T.

(Source: The Fairchild Bridal Group.)

Year

C
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t o
f a

 fo
rm

al
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ed
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ng
(in
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ol
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rs

)

2005 2009

20,000

15,000

25,000

30,000

(2009, $19,580)

(2005, $26,450)

General Interest



Humerusx

A 26-cm humerus was uncovered in some ruins.

a) If we assume it was from a male, how tall was he?
b) If we assume it was from a female, how tall was she?

85. Percentage of young adults using the Internet.In 2000,
the percentage of 18- to 29-year-olds who used the Inter-
net was 72%. In 2009, that percentage had risen to 92%.

a) Use the year as the x-coordinate and the percentage as
the y-coordinate. Find the equation of the line that
contains the data points.

b) Use the equation in part (a) to estimate the percentage
of Internet users in 2010.

c) Use the equation in part (a) to estimate the year in
which the percentage of Internet users will reach 100%.

d) Explain why a linear equation cannot be used
for years after the year found in part(c).

86. Manatee population. In January 2001, 3300 manatees
were counted in an aerial survey of Florida. In January
2005, 3143 manatees were counted. (Source: Florida Fish
and Wildlife Conservation Commission.)

a) Using the year as the -coordinate and the number of
manatees as the -coordinate, find an equation of the
line that contains the two data points.

y
x
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a) Find and 
b) Graph 
c) What is the domain of the function? Explain.

D1r2.
D1652.D152, D1102, D1202, D1502,

200

150

100

50

…20…40 20 40

D

F

D(F) = 2F + 115

…60

a) Find and 
b) Explain why the domain should be restricted to the

interval 

83. Reaction time. While driving a car, you see a child
suddenly crossing the street. Your brain registers the
emergency and sends a signal to your foot to hit the
brake. The car travels a distance in feet, during this
time, where is a function of the speed in miles per
hour, that the car is traveling when you see the child.
That reaction distance is a linear function given by

D1r2 =
 11r + 5

  10
.

r,D
D,

3- 57.5°, 32°4.

D132°2.D10°2, D1- 20°2, D110°2,

D

r

84. Estimating heights. An anthropologist can use certain
linear functions to estimate the height of a male or female,
given the length of certain bones. The humerusis the bone
from the elbow to the shoulder. Let the length of the
humerus, in centimeters. Then the height, in centimeters,
of a male with a humerus of length x is given by

The height, in centimeters, of a female with a humerus of
length x is given by

F1x2 = 2.75x + 71.48.

M1x2 = 2.89x + 70.64.

x =

82. Stopping distance on glare ice.The stopping distance
(at some fixed speed) of regular tires on glare ice is given
by a linear function of the air temperature 

where is the stopping distance, in feet, when the air
temperature is in degrees Fahrenheit.F,

D1F2

D1F2 = 2F + 115,

F,

a) It is known that a person who weighs 200 lb has 80 lb
of muscles. Find an equation of variation expressing
M as a function of 

b) Express the variation constant as a percent, and
interpret the resulting equation.

c) What is the muscle weight of a person who weighs
120 lb?

W.

Muscle weight is directly proportional to body weight.

81. Brain weight. The weight of a human•s brain is directly
proportional to a person•s body weight 

a) It is known that a person who weighs 120 lb has a
brain that weighs 3 lb. Find an equation of variation
expressing as a function of 

b) Express the variation constant as a percent and
interpret the resulting equation.

c) What is the weight of the brain of a person who
weighs 160 lb?

W.B

W.
B
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b) Use the equation in part (a) to estimate the number of
manatees counted in January 2010.

c) The actual number counted in January 2010 was
5067. Does the equation found in part (a) give an
accurate representation of the number of manatees
counted each year?

87. Urban population. The population of Woodland is 
After a growth of 2%, its new population is 

a) Assuming that is directly proportional to find an
equation of variation.

b) Find when 
c) Find when 

88. Median age of women at first marriage.In general,
people in our society are marrying at a later age. The
median age, of women at first marriage can be
approximated by the linear function

where is the number of years after 1950. Thus, is
the median age of women at first marriage in 1950,

is the median age in 2000, and so on.

a) Find and 
b) What was the median age of women at first marriage

in 2008?
c) Graph 

SYNTHESIS

89. Explain and compare the situations in which you would
use the slope…intercept equation rather than the
point…slope equation.

90. Discuss and relate the concepts of fixed cost, total cost,
total revenue, and total profit.

91. Business: daily sales.Match each sentence below with
the most appropriate of the following graphs (I, II, III,
or IV). 

a) After January 1, daily sales continued to rise, but at a
slower rate.

b) After January 1, sales decreased faster than they ever
grew.

c) The rate of growth in daily sales doubled after
January 1.

d) After January 1, daily sales decreased at half the rate
that they grew in December.

A1t2.

A1502.A102, A112, A1102, A1302,

A1502

A102t

A1t2 = 0.08t + 19.7,

A1t2,

N = 367,200.P
P = 200,000.N

P,N

N.
P.

92. Business: depreciation.A large crane is being
depreciated according to the model 
where is measured in thousands of dollars and t is
the number of years since 2005. If the crane is to be
depreciated until its value is $0, what is the domain of
the depreciation model?

V1t2
V1t2 = 900 - 60t,

TECHNOLOGY CONNECTION

93. Graph some of the total-revenue, total-cost, and total-
profit functions in this exercise set using the same set of
axes. Identify regions of profit and loss.

Answers to Quick Checks
1.

2.

3.

4. 5. 7

6. (a)
(b) 333 suitsP1x2 = R1x2 - C1x2 = 60x - 20,000

R1x2 = 80x;C1x2 = 20x + 20,000;

y = -
2
3

x + 4

m =
1
2

, y-intercept: a0, -
7
6

b
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There are many functions that have graphs that are not lines. In this section, we study
some of these nonlinear functions that we will frequently encounter throughout this
course.

Quadratic Functions
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R.5
OBJECTIVES

Nonlinear Functions and Models

€ Graph functions and solve
applied problems.

€ Manipulate radical
expressions and rational
exponents.

€ Determine the domain of a
rational function and graph
certain rational functions.

€ Find the equilibrium point
given a supply function and
a demand function.

DEFINITION
A quadratic function is given by

f1x2 = ax2 + bx + c, where a Z 0.

f

We have already used quadratic functions„for example, and 
We can create hand-drawn graphs of quadratic functions using the following

information.
x2 - 1.

g1x2 =f1x2 = x2

The graph of a quadratic function is called a parabola.

a) It is always a cup-shaped curve, like those in Examples 1 and 2 that follow.

b) It opens upward if or opens downward if 

c) It has a turning point, or vertex, whose first coordinate is

d) The vertical line (not part of the graph) is the line of symmetry.x = - b>12a2

x = -
b
2a

.

a 6 0.a 7 0

f1x2 = ax2 + bx + c

EXAMPLE 1Graph: 

Solution Note that for we have and
Since the graph opens upward. Let•s next find the vertex, or turning

point. The x-coordinate of the vertex is

Substituting 1 for we find the second coordinate of the vertex, :

The vertex is The vertical line is the line of symmetry of the graph.
We choose some -values on each side of the vertex, compute -values, plot the points,
and graph the parabola.

yx
x = 111,- 42.

 = - 4.

 = 1 - 2 - 3

 f112 = 12 - 2112 - 3

f112x,

 = -
- 2

2112
= 1.

 x = -
b

2a

a 7 0,c = - 3.
a = 1, b = - 2,f1x2 = 1x2 - 2x - 3,

f1x2 = x2 - 2x - 3.�
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y

x…1…2…3 1 2 3 4 5
…1

…2

…3

…4

2

1

3

5

4

(…2, 5) (4, 5)

(0, …3)

(3, 0)

…5
x = 1

(…1, 0)

(1, …4)

(2, …3)

f(x) = x2 … 2x … 3

(the line of symmetry)

EXAMPLE 2 Graph: 

Solution We first note that and since the graph will open down-
ward. Let•s next find the vertex, or turning point. The -coordinate of the vertex is

Substituting for in the equation, we find the second coordinate of the vertex:

The vertex is and the line of symmetry is We choose some -values on
each side of the vertex, compute -values, plot the points, and graph the parabola:y

xx = 5
2.A5

2,11
2 B,

 = 11
2 .

 = - 2A25
4 B + 25 - 7

 y = f A5
2B = - 2A5

2B2 + 10A5
2B - 7

x5
2

 = -
10

21- 22
=

5
2

.

 x = -
b

2a

x
a 6 0,a = - 2,

f1x2 = - 2x2 + 10x - 7.

x f1x2

1 - 4

0 - 3

2 - 3

3 0

4 5

- 1 0

- 2 5

TECHNOLOGY CONNECTION

EXERCISES
Using the procedure of Examples
1 and 2, graph each of the follow-
ing by hand, using the TABLEfea-
ture to create an input…output
table for each function. Then press 
D to check your sketch.

1.

2. f1x2 = - 2x2 + 4x + 1

f1x2 = x2 - 6x + 4

Vertex

y-intercept

Vertex

y

x…1…2…3…4…5…6 1 2 3 4 5 6
…1

…2

…3

…4

…5

…6

2

1

3

4

5

6

7 8 9

5 
……
2
, 11 

………
2

� 
�

�
�

5 
……
2

x =

 f(x) = …2x2 + 10x … 7

x f1x2

5
2

11
2

0 - 7

1 1

2 5

3 `5

4 1

5 - 7

Quick Check 1

First coordinates of points at which a quadratic function intersects the -axis 
( -intercepts), if they exist, can be found by solving the quadratic equation 

If real-number solutions exist, they can be found using the quadratic formula.See
Appendix A at the end of the book for additional review of this important result.
c = 0.

ax2 + bx +x
x

Quick Check 1

Graph each function:

a)

b) f1x2 = - 2x2 - 10x - 5.

f1x2 = x2 + 2x - 3;

O

�

O
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When solving a quadratic equation, first try to factor
and use the Principle of Zero Products (see Appendix A). When factoring is not possi-
ble or seems difficult, use the quadratic formula. It will always give the solutions.
When there are no real-number solutions and thus no -intercepts.
There are solutions in an expanded number system called the complex numbers.In this
text, we will work only with real numbers.

EXAMPLE 3Solve: 

Solution We first find the standard form and then determine
and 

We then use the quadratic formula:

Substituting

Simplifying

The solutions are and or approximately 1.721 and

Quick Check 2

- 0.387.
A2 - 2 10B>3,A2 + 2 10B>3

 =
2 ; 2 10

3
.

 =
2A2 ; 2 10B

2 #3

 =
4 ; 2 4 #10

6
=

4 ; 22 10
6

 =
4 ; 2 16 + 24

6
=

4 ; 2 40
6

 =
- 1- 42 ; 2 1- 422 - 41321- 22

2 #3  

 x =
- b ; 2 b2 - 4ac

2a

a = 3, b = - 4, c = - 2.

3x2 - 4x - 2 = 0,

c:a, b,
ax2 + bx + c = 0,

3x2 - 4x = 2.

xb2 - 4ac 6 0,

ax2 + bx + c = 0, a Z 0,

THEOREM 6 The Quadratic Formula

The solutions of any quadratic equation are given by

x =
- b ; 2 b2 - 4ac

2a
.

ax2 + bx + c = 0, a Z 0,

Quick Check 2

Solve: 3x2 + 2x = 7.

O

Algebraic…Graphical Connection
Let•s make an algebraic…graphical connection between the solutions of a quadratic
equation and the -intercepts of a quadratic function.

We just graphed equations of the form Let•s look at
the graph of and its -intercepts, which follows.xf1x2 = x2 + 6x + 8

f1x2 = ax2 + bx + c, a Z 0.
x

�

O
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The x-intercepts, and are the points at which the graph crosses the
-axis. These pairs are also the points of intersection of the graphs of 

and (the -axis). The -values, and can be found by
solving 

Factoring; there is no need for the quadratic formula here.
Principle of Zero Products

The solutions of are and which are the first coordinates of
the -intercepts, and of the graph of A brief re-
view of factoring can be found in Appendix A at the end of the book.

Polynomial Functions
Linear and quadratic functions are part of a general class of polynomial functions.

f1x2 = x2 + 6x + 8.1- 2, 02,1- 4, 02x
- 2,- 4x2 + 6x + 8 = 0

 x = - 4 or x = - 2.

 x + 4 = 0  or x + 2 = 0
 1x + 421x + 22 = 0

 x2 + 6x + 8 = 0

f1x2 = g1x2:
- 2,- 4xxg1x2 = 0x2 + 6x + 8

f1x2 =x
1- 2, 02,1- 4, 02

2

� 4

� 2

2

4

� 5� 6� 7 � 3 � 1 3

� 5

� 3

� 1

3

5

1

1

y

x-intercepts:
(� 4, 0), (� 2, 0)

f(x) = x2 + 6x + 8

g(x) = 0
x

TECHNOLOGY CONNECTION

EXERCISE
1. a) Below is the graph of

Using only the graph,
find the solutions of
x2 - 6x + 8 = 0.

f1x2 = x2 - 6x + 8.

y = x2 … 6x + 8

…4 8

…8

10

b) Using only a graph,
find the solutions of

c) Use the TABLEfeature to
check your answers to
parts (a) and (b).

d) Use a graph and a table to
check the solutions of

solved
algebraically on the right.
x2 + 6x + 8 = 0,

x2 + 3x - 10 = 0.

DEFINITION
A polynomial function is given by

where is a nonnegative integer and are real numbers, called
the coefficients.

an, an- 1, Á , a1, a0n

f1x2 = anx
n + an- 1x

n- 1 + Á + a2x
2 + a1x

1 + a0,

f

The following are examples of polynomial functions:

(A constant function)

(A linear function)

(A quadratic function)

(A cubic, or third-degree, function)

In general, creating graphs of polynomial functions other than linear and quadratic
functions is difficult without a calculator. We use calculus to sketch such graphs in
Chapter 2. Some power functions, of the form

are relatively easy to graph.

f1x2 = axn,

 f1x2 = 2x3 - 4x2 + x + 1.

 f1x2 = - x2 + 2x + 3,

 f1x2 = 4x + 3,

 f1x2 = - 5,
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EXAMPLE 4 Using the same set of axes, graph and 

Solution We set up a table of values, plot the points, and then draw the graphs.

g1x2 = x3.f1x2 = x2

y

x…1…2 1 2

…1

…2

…3

2

1

3

4

(1, 1)

(…1, …1)

(2, 4)(…2, 4)

(…1, 1)
1 
……
2
, 1 

……
4

� 
�

�
�

1 
……
2
, 1 

……
4

� 
�

�
�

1 
……
2
, 1 

……
8

� 
�

�
�

1 
……
2

…

1 
……
2

…1 
……
2
,� 

�
�
�… …1 

……
8

f(x) = x2

g(x) = x3

(0, 0)

x x2 x3

- 2 4 - 8

- 1 1 - 1

- 1
2

1
4 - 1

8

0 0 0

1
2

1
4

1
8

1 1 1

2 4 8

Quick Check 3

Quick Check 3

Graph each function using
the same set of axes:

and
g1x2 = x3 - 1.
f1x2 = 4 - x2

O

In a similar manner, we find the other points of
intersection to be about and 
The solutions of are the -coordinates of these
points, approximately

The ZEROFeature

A ZERO, or ROOT, feature can be used to solve an equation.
The word •zeroŽ in this context refers to an input, or 
-value, for which the output of a function is 0. That is, is

azero of the function if 
To use such a feature requires a 0 on one side of

the equation. Thus, to solve we obtain
by subtracting from both sides.

Graphing and using the ZEROfeature
to find the zero on the left, we view a screen like the
following.

y = x3 - 3x - 1
3x + 1x3 - 3x - 1 = 0

x3 = 3x + 1,

f1c2 = 0.f
cx

- 1.53, - 0.35, and 1.88.

xx3 = 3x + 1
11.88, 6.642.1- 0.35, - 0.042

TECHNOLOGY CONNECTION

Solving Polynomial Equations

The INTERSECTFeature

Consider solving the equation

Doing so amounts to finding the -coordinates of the
point(s) of intersection of the graphs of

We enter the functions as

and then graph. We use a window to see the
curvature and possible points of intersection.

3- 3, 3,- 5, 84

y1 = x3 and y2 = 3x + 1

f1x2 = x3 and g1x2 = 3x + 1.

x

x3 = 3x + 1.

8

…3 3

…5

Intersection
X = …1.532089 Y = …3.596267

y1 = x3, y2 = 3x + 1 

8

…3 3

…5

y1 y2

There appear to be at least three points of intersection.
Using the INTERSECTfeature in the CALCmenu, we see that
the point of intersection on the left is about 1- 1.53, - 3.602.

�

O

(continued)
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8

…3 3

…5

y = x3 … 3x … 1 

Zero
X = …1.532089

Using the ZEROfeature, solve each equation.

5.
(Hint: Use )

6.

7.

8.

Find the zeros of each function.

9.

10.

11.

12. g1x2 = - x4 + x3 + 11x2 - 9x - 18

g1x2 = x4 + x3 - 4x2 - 2x + 4

f1x2 = - x3 + 6x2 + 5

f1x2 = 3x2 - 4x - 2

0 = 2x4 - 4x2 + 2

x2 = 0.1x4 + 0.4

1
3x3 - 1

2x2 = 2x - 1

3- 200, 800,- 100,000, 200,0004.
0.4x2 = 280x

We see that when 
so is an approximate solution of the equation

Proceeding in a similar manner, we can
approximate the other solutions as and Note
that the points of intersection of the graphs of f and g
have the same x-values as the zeros of 

EXERCISES
Using the INTERSECTfeature, solve each equation.

1. 2.

3. 4. x4 - 2x2 = 0x3 = 3x - 2

2x + 24 = x2x2 = 10 - 3x

x3 - 3x - 1.

1.88.- 0.35
x 3 = 3x + 1.

- 1.53
x L - 1.53,x3 - 3x - 1 = 0

TECHNOLOGY CONNECTION

Apps for the iPhone and iPod Touch

The advent of the iPhone and other sophisticated mobile
phones has made available many inexpensive mathematics
applications. Two useful apps for the iPhone and iPod Touch
are iPlot and Graphicus (which can be purchased at the
iTunes Store). Each has more visually appealing displays than
standard graphing calculators, but each also has limited
capability. For example, neither iPlot nor Graphicus can do
regression, as described in Section R.6.

iPlot
Among the features of this app is the ability to graph
most of the functions we encounter in this book. There is a
Zoom feature, a Trace feature that can be used to find func-

FIGURE 3FIGURE 2 FIGURE 1

tion values, roots (zeros), and points of intersection of
graphs, and a separate Root feature for finding zeros. Let•s
consider the function as an example.

To graph and find roots, first open the iPlot app. You
will see a screen like that in Fig. 1. Notice the four icons
at the bottom. The Functions icon is highlighted. Press 

in the upper right; then enter the function as 2*x^3-x^4
(Fig. 2). Slide to the bottom and change the graph color if
desired. Next, press Done in the upper right, followed by
the Plot icon to obtain the graph (Fig. 3).

Below the graph are buttons for various options. To find
a root of the function, press Root (firmly) so that it becomes
highlighted. Then move the cursor close to a potential root 
(Fig. 4). Sometimes it is difficult to position the cursor 
directly on the root. But if you press the Apply icon in the 

f1x2 = 2x3 - x4

(continued)

+
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Apps for the iPhone and iPod Touch (continued )

lower right once you are close, the cursor will jump to the
answer, in this case, 2 (Fig. 5).

You will likely find it necessary to experiment with iPlot.
Press some of the options buttons to explore other features.
Use the Settings icon to change the window settings and make
other modifications to the appearance. Missing symbols can
be found by clicking on #+= at the left of the keypad.

Piecewise-defined functions can be entered, but an inap-
propriate vertical line may show up on the graph. The graph 

of a function like will not show the hole at

. iPlot can graph more than one function on the samex = - 3

f1x2 =
x2 - 9
x + 3

set of axes. Try graphing along with 
and then pressing Traceto find points of

intersection.
Sometimes iPlot will crash or lock up, giving an error

message like •Unexpected End of Formula.Ž If this occurs, go
to the line where the function formula occurs, then press Edit
function at the top to delete the function and enter it again.

For more information, consult the iPlot page at the iTunes
Store or visit www.posimotion.com.

EXERCISES
Using iPlot, repeat Exercises 1…12 in the Technology
Connection on page 55.

Graphicus

Graphicus is also very appealing visually and has the ability
to graph most of the functions we encounter in this book. 
It can find roots and intersections, and it excels at many
aspects of calculus, as we•ll see later in this book. Let•s look
again at the function 

To graph and find roots, first open Graphicus. Touch
the blank rectangle at the top of the screen and enter the
function as y(x)=2x^3-x^4 . Press in the upper right, and
you will see the graph in Fig. 6. Notice the seven icons at the
bottom. The one at the far left is for zooming. The fourth icon
from the left is for finding roots. Touch it and note how
quickly the roots of the function are highlighted (Fig. 7).
Touch the symbol marking each root, and a box appears with
its value; see Figs. 8 and 9.

Piecewise-defined functions cannot be entered. The 

graph of a function with a hole, such as will 

not show the hole at Graphicus can graph more 
than one function on the same set of axes. Graph

along with and then press
the fourth icon to find the points of intersection. Press some
of the other icons to explore the uses of Graphicus.

For more information, consult the Graphicus page at the
iTunes Store or visit www.facebook.com/pages/Graphicus/
189699869029.

EXERCISES
Using Graphicus, repeat Exercises 1…12 in the Technology
Connection on p. 55.

f1x2 = 2x3 - x4,g1x2 = x3 - 1

x = - 3.

f1x2 =
x2 - 9
x + 3

,

f1x2 = 2x3 - x4.

2x3 - x4,
f1x2 =g1x2 = x3 - 1

FIGURE 7FIGURE 6

FIGURE 5

FIGURE 4

FIGURE 9FIGURE 8 

+



R.5 € Nonlinear Functions and Models 57

Rational Functions

DEFINITION

Functions given by the quotient, or ratio, of two polynomials are called 
rational functions.

The following are examples of rational functions:

 g1x2 =
 3x2 - 4x
2x + 10

,

 f1x2 =
 x2 - 9
x - 3

,

�

= x3 - 2x + 7. k1x2 =
x3 - 2x + 7

1

 h1x2 =
 x - 3

 x2 - x - 2
,

Note that as the function k illustrates, every polynomial function is also a rational
function.

The domain of a rational function is restricted to those input values that do not
result in division by zero. Thus, for above, the domain consists of all real numbers
except 3. To determine the domain of we set the denominator equal to 0 and solve:

Therefore, and 2 are not in the domain. The domain of consists of all real num-
bers except and 2. The numbers and 2 •split,Ž or •separate,Ž the intervals in
the domain.

The graphing of most rational functions is rather complicated and is best dealt
with using the tools of calculus that we will develop in Chapters 1 and 2. For now we
will focus on graphs that are fairly basic and leave the more complicated graphs for
Chapter 2.

EXAMPLE 5Graph: 

Solution This particular function can be simplified before we graph it. We do so by
factoring the numerator and removing a factor of 1 as follows:

Note that 3 is not in the domain of f.

We mustspecify x 3.

This simplification assumes that is not 3. By writing we indicate that for any 
-value other than 3, the equation is used:

f1x2 = x + 3, x Z 3.

f1x2 = x + 3x
x Z 3,x

Z = x + 3, x Z 3.

 =
x - 3
 x - 3

#x + 3
 1

 =
1x - 321x + 32

 x - 3

 f1x2 =
x2 - 9
 x - 3

f1x2 =
 x2 - 9
 x - 3

.

- 1- 1
h- 1

x = - 1 or x = 2.

 1x + 121x - 22 = 0

 x2 - x - 2 = 0

h,
f
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To find function values, we substitute any value for other than 3. We make calcula-
tions as in the following table and draw the graph. The open circle at indicates
that this point is not part of the graph.

13, 62
x

Quick Check 4

x f1x2

- 3 0

- 2 1

- 1 2

0 3

1 4

2 5

4 7

y

x…1…2…3…4…5…6…7 1 2 3 4 5 6 7
…1
…2
…3
…4
…5
…6
…7

2
1

3
4
5
6
7

x2 … 9……„„
x … 3

f(x) =

(3, 6)

x f1x2

- 3 - 1
3

- 2 - 1
2

- 1 - 1

- 1
2 - 2

- 1
4 - 4

1
4 4

1
2 2

1 1

2 1
2

3 1
3

TECHNOLOGY CONNECTION

If and
are both graphed, the

two graphs appear indistinguish-
able. To see this, graph both lines
and use the arrow keys, h and
e , and the TRACEfeature to move
the cursor from line to line.

EXERCISES
1. Compare the results of using

TRACEand entering the value 3.

2. Use the TABLEfeature with
TblStart set at 1 and Tbl
set at 1. How do and 
differ in the resulting table of
values?

y2y1

¢-

y2 = x + 3
y1 = 1x2 - 92>1x - 32

One important class of rational functions is given by where is a constant.

EXAMPLE 6 Graph: 

Solution We make a table of values, plot the points, and then draw the graph.

f1x2 = 1>x.

kf1x2 = k>x,

…

y

x…1…2 1 2 3

…1

…4

2

1

3

4

…3

…2

1 
……
2

1 
……
2

…

1 
……
2

1 
……
4
, 4� 

�
�
�

(1, 1)

1 
……
2
, 2� 

�
�
�

2,� 
�

�
� 1 

……
3

3,� 
�

�
�

(…1, …1)

1 
……
4
, …4� 

�
�
�…

1 
……
2
, …2� 

�
�
�

1 
……
2

…2,� 
�

�
�

1 
……
3

…3,� 
�

�
�

f(x) = 1 ……x

…
…

…3

Quick Check 4

Graph each function:

a)

b) f1x2 = -
1
x
.

f1x2 =
x2 - 9
x + 3

;

O

�

O
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In Example 6, note that 0 is not in the domain of because it would yield a denom-
inator of zero.The function is decreasing over the intervals and The
function is an example of inverse variation.f1x2 = 1>x

10, q 2.1- q , 02
f

TECHNOLOGY CONNECTION

Graphs of Rational Functions

Consider two graphs of the function given by

CONNECTEDmode:

f1x2 =
2x + 1
 x - 3

.

Here use of CONNECTEDmode can lead to an incorrect
graph. Because, in CONNECTEDmode, points are joined
with line segments, both branches of the graph are
connected, making it appear as though the vertical line

is part of the graph.
On the other hand, in DOT mode, the calculator simply

plots dots representing coordinates of points. When graph-
ing rational functions, it is usually best to use DOT mode.

EXERCISES
Graph each of the following using DOT mode.

1. 2.

3. 4.

5. 6.

7. 8. f1x2 =
2x3

x2 + 1
f1x2 =

2x + 3

3x2 + 7x - 6

f1x2 =
8

x2 - 4
f1x2 =

10

x2 + 4

f1x2 =
 x2 - 4
 x - 1

f1x2 =
x2 - 1

x2 + x - 6

f1x2 =
x

x + 2
f1x2 =

4
x - 2

x = 3

DOT mode:

8

…10 15

…8

8

…10 15

…8

DEFINITION

varies inverselyas if there is some positive number such that We
also say that is inversely proportional to x.y

y = k>x.kxy

EXAMPLE 7Business: Stocks and Gold. Certain economists theorize that stock
prices are inversely proportional to the price of gold. That is, when the price of gold
goes up, the prices of stocks go down; and when the price of gold goes down, the prices
of stocks go up. Let•s assume that the Dow Jones Industrial Average an index of the
overall prices of stocks, is inversely proportional to the price of gold in dollars per
ounce. One day the Dow Jones was 10,619.70 and the price of gold was $1129.60 per
ounce. What will the Dow Jones Industrial Average be if the price of gold rises to
$1400?

Solution We assume that so and 
Thus,

We substitute 1400 for and compute 

D =
11,996,013.12

 1400
L 8568.6.

D:G

D =
11,996,013.12

 G
.

k = 11,996,013.12.10,619.7 = k>1129.6D = k>G,

G,
D,

�
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Warning! Do not put too much •stockŽ in the equation of this example. It is meant
only to give an idea of economic relationships. An equation for predicting the stock
market accurately has not been found!

Quick Check 5

Absolute-Value Functions
The absolute value of a number is its distance from 0 on the number line. We denote
the absolute value of a number as The absolute-value function, given by

is very important in calculus, and its graph has a distinctive V shape.

EXAMPLE 8 Graph: 

Solution We make a table of values, plot the points, and then draw the graph.

f1x2 = |x | .

f1x2 = |x | ,
|x | .x

We can think of this function as being defined piecewise by considering the definition
of absolute value:

f1x2 = |x | = e
x,
- x,

 if x Ú 0,
if x 6 0.

x f1x2

- 3 3

- 2 2

- 1 1

0 0

1 1

2 2

3 3

Quick Check 5

Business: Stocks and Gold.
Suppose in Example 7 that the
price of gold drops to $1000
per ounce. Predict what
happens to the Dow Jones
Industrial Average. Then
compute the value of D.

O

Price of gold (in dollars per ounce)

D
ow

 J
on

es
 In

du
st

ria
l A

ve
ra

ge

G

D

400200 800 1400600 12001000

100,000
90,000
80,000
70,000
60,000
50,000
40,000
30,000
20,000
10,000

0

TECHNOLOGY CONNECTION

Absolute value is entered as abs
and is often accessed from the
NUM option of the MATH menu.

EXERCISES
Graph.

1.

2. g1x2 = |x2 - 4 |

f1x2 = †12x †

y

x…1…2…3…4 1 2 3 4

2

1

3

(1, 1)

f(x) = |x|

(2, 2)

(3, 3)(…3, 3)

(…2, 2)

(…1, 1)

�

O
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Square-Root Functions
The following is an example of a square-root function and its graph.

EXAMPLE 9 Graph: 

Solution The domain of this function is the set of all nonnegative numbers„the
interval You can find approximate values of square roots on your calculator.

We set up a table of values, plot the points, and then draw the graph.
30, q 2.

f1x2 = - 2 x.

x 0 1 2 3 4 5

= - 1 xf1x2 0 - 1 - 1.4 - 1.7 - 2 - 2.2

1 2 3 4 5

…3

…2

…1

y

x(0, 0)

(1, …1)
(2, …1.4)

(3, …1.7)
(4, …2)

(5, …2.2)f(x) = … � x

Quick Check 6

Power Functions with Rational Exponents
We are motivated to define rational exponents so that the following laws of exponents
still hold (also see Appendix A):

Quick Check 6

Graph each function:

a)

b) f1x2 = 2 x + 4.

f1x2 = †x + 2†;

O

For any nonzero real number and any integers and 

an #am = an+m; an

am = an- m; 1an2m = an#m; a- m =
1
am.

m,na

This suggests that be defined so that Thus, we define as
Similarly, in order to have we define as In general,

provided is defined.

Again, for the laws of exponents to hold, we have, assuming that exists,

and is defined by

EXAMPLE 10Rewrite each of the following as an equivalent expression with
rational exponents:

a) b)

c) , for d)

Solution
a) b)

c) d)
1

 23 b5
=

1

b5>3 = b- 5>32 x10 = x10/2 = x5, x Ú 0

23 r 2 = r 2>324 x = x1/4

1

23 b5
x Ú 02 x10

23 r 224 x

a- m/n =
1

am/n =
1

 2n am
.

a- m/n

am/n = 1am21/n = 2n am = 12n a2m,

2n a

2n aa1>n = 2n a, 
23 a.a1/31a1/323 = a11/32#3 = a1,2 a.

a1/21a1/222 = a11/22#2 = a1.a1/2

�

�

O
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EXAMPLE 11Rewrite each of the following as an equivalent expression using rad-
ical notation: a) b) c) d)

Solution
a) b)

c) d)

EXAMPLE 12Simplify: a) b)

Solution
a)

b)

Because even roots (square roots, fourth roots, sixth roots, and so on) of negative
numbers are not real numbers, the domain of a radical function may have restrictions.

EXAMPLE 13Find the domain of the function given by

Solution For to be a real number, cannot be negative. Thus, to find the
domain of we solve the inequality 

Adding 10 to both sides

Dividing both sides by 2

The domain of is or, in interval notation, 

Quick Check 7

Power functions of the form with a fraction, occur in many
applications.

EXAMPLE 14Life Science: Home Range. The home rangeof an animal is de-
fined as the region to which the animal confines its movements. It has been shown that
for carnivorous (meat-eating) mammals the area of that region can be approximated by
the function

where is the mass of the animal, in grams, and is the area of the home range, in
hectares. Graph the function. (Source: Based on information in Emlen, J. M., Ecology:
An Evolutionary Approach,p. 200 (Reading, MA: Addison-Wesley, 1973), and Harestad, 
A. S., and Bunnel, F. L., •Home Range and Body Weight„A Reevaluation,Ž Ecology,Vol.
60, No. 2 (April, 1979), pp. 389…402.)

Solution We can approximate function values using a power key, usually labeled 
or . Note that .w1.36 = w136>100 = 2100w136

H1w2w

H1w2 = 0.11w1.36,

kf1x2 = axk,

[5, q 2.5x |x Ú 56,f

 x Ú 5.

 2x Ú 10

 2x - 10 Ú 0

2x - 10 Ú 0:f,
2x - 10f1x2

f1x2 = 24 2x - 10.

813/4 = 1811/423 = A24 81B 3 = 33 = 27

85/3 = 181/325 = A23 8B 5 = 25 = 32

813>4.85>3;

r - 1>4 =
1

r 1>4 =
1

 24 r
x- 2>3 =

1

x2>3 =
1

 23 x2

t6>7 = 27 t6x1>3 = 23 x

r - 1>4.x- 2>3;t 6>7;x1>3;

Quick Check 7

Find the domain of the
function given by

f1x2 = 2 x + 3.

O

A lynx in its territorial area.
w 0 700 1400 `2100 2800 3500

H1w2 0 814.2 2089.9 3627.5 5364.5 7266.5

yx

�

�

�

�

O

^
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The graph is shown below. Note that the function values increase from left to right. 
As body weight increases, the area over which the animal moves increases.

Mass (in grams)

H
om

e
ra

ng
e 

(in
 h

ec
ta

re
s)

H(w)

H(w) = 0.11w1.36

w700 1400 2100 2800 3500

1500

3000

4500

6000

7500

Supply and Demand Functions
Supply and demand in economics are modeled by increasing and decreasing functions.

Demand Functions

The table and graph below show the relationship between the price per bag of sugar
and the quantity of 5-lb bags that consumers will demand at that price.q

x

Price,x, per 
5-lb Bag

Quantity, q,
of 5-lb Bags 
(in millions)

$5 4
4 5
3 7
2 10
1 15

Demand Schedule

10

q

$1

5

15

20

25

$2 $3 $4 $5

Price

Q
ua

nt
ity

 (
in

 m
ill

io
ns

)

x

 Demand function: q = D(x)

Note that the quantity consumers demand is inversely proportional to the price. As the
price goes up, the quantity demanded goes down.

Supply Functions

The next table and graph show the relationship between the price per bag of sugar
and the quantity of 5-lb bags that sellers are willing to supply, or sell, at that price.q

x
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Note that suppliers are willing to supply greater quantities at higher prices than they
are at lower prices.

Let•s now look at these curves together. As price increases, supply increases and
demand decreases; and as price decreases, demand increases but supply decreases. The
point of intersection is called the equilibrium point. The equilibrium price 
(in this case, $2 per bag) corresponds to an equilibrium quantity (in this case,
10 million bags). Sellers are willing to sell 10 million bags at $2 bag, and consumers
are willing to buy 10 million bags at that price. The situation is analogous to a buyer
and seller haggling over the sale of an item. The equilibrium point, or selling price, is
what they finally agree on.

>
qE

xE1xE, qE2

EXAMPLE 15Economics: Equilibrium Point. Find the equilibrium point for the
demand and supply functions for the Ultra-Fine coffee maker. Here represents the
number of coffee makers produced, in hundreds, and is the price, in dollars.

Solution To find the equilibrium point, the quantity demanded must match the
quantity produced:

Adding to each side25 +
1
4

x 50 + 25 = x +
1
4

x

 50 -
1
4

x = x - 25

Supply:  q = x - 25

Demand:  q = 50 -
1
4

x

x
q

10

5

q

$1

15

20

25

$2 $3 $4 $5

Price

Q
ua

nt
ity

 (
in

 m
ill

io
ns

)

x

 Supply function: q = S(x)

Price, x, per 
5-lb Bag

Quantity, q, 
of 5-lb Bags 
(in millions)

$1 0
2 10
3 16
4 20
5 22

Supply Schedule

qE = 10

xE = 2

q

$1

5

15

20

25

$3 $4 $5

Price

Q
ua

nt
ity

(in
 m

ill
io

ns
)

x

S(x)

D(x)

Equilibrium point: ( xE, qE)

TECHNOLOGY CONNECTION

EXERCISE
1. Use the INTERSECTfeature to 

find the equilibrium point for 
the following demand and 
supply functions.

Supply:  q = 201.8 + 4.6x

Demand:  q = 1123.6 - 61.4x

�
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Multiplying both sides by 

Thus, To find we substitute into either function. We select the supply
function:

Thus, the equilibrium quantity is 3500 units, and the equilibrium point is 

Quick Check 8

1$60, 35002.

qE = xE - 25 = 60 - 25 = 35.

xEqE,xE = 60.

 60 = x.

4
5

 75 #4
5

= x

 75 =
5
4

x

Quick Check 8

Economics: Equilibrium
Point. Repeat Example 15 for
the following functions:

Supply:  q = x - 20

Demand:  q = 70 -
1
5

x

O

EXERCISE SET

R.5

Graph each pair of equations on one set of axes.

1. and 

2. and 

3. and 

4. and 

5. and 

6. and 

7. and 

8. and 

9. and 

10. and 

11. and 

12. and 

For each of the following, state whether the graph of the
function is a parabola. If the graph is a parabola, find the
parabola•s vertex.

13. 14.

15. 16. g1x2 = 3x2 - 6xg1x2 = 2x4 - 4x2 - 3

f1x2 = x3 - 2x + 3f1x2 = x2 + 4x - 7

y = 2 x - 2y = 2 x

y = 2 x - 1y = 2 x

y = x3 + 1y = x3

y = x3 + 2y = x3

y = †x - 1†y = †x†

y = †x - 3†y = †x†

y = - 3x2 + 2y = - 3x2

y = - 2x2 + 1y = - 2x2

y = x2 - 3y = x2

y = x2 - 1y = x2

y = - 1
4x2y = 1

4x2

y = - 1
2x2y = 1

2x2

Graph.

17. 18.

19. 20.

21. 22.

23.

24.

25. 26.

27. 28.

29. 30.

31. 32.

33. 34.

35. 36. g1x2 =
x2 - 25
x - 5

f1x2 =
x2 - 1
x - 1

g1x2 =
x2 + 7x + 10

x + 2
f1x2 =

x2 + 5x + 6
x + 3

y =
1

†x†
y = 23 x

y =
1

x - 1
y =

1

x2

y =
- 3
x

y = -
2
x

y =
3
x

y =
2
x

g1x2 = - 2x2 - 3x + 7

g1x2 = - 3x2 - 4x + 5

f1x2 = 3x2 - 6x + 4f1x2 = 2x2 - 6x + 1

y = - x2 - x + 6y = - x2 + 2x - 1

y = x2 - 6x + 5y = x2 - 4x + 3

O

Section Summary
€ Many types of functions have graphs that are not straight

lines; among these are quadratic functions, polynomial func-
tions, power functions, rational functions, absolute-value func-
tions, andsquare-root functions.

€ Demand is modeled by a decreasing function. Supply is
modeled by an increasing function. The point of intersec-
tion of graphs of demand and supply functions for the
same product is called the equilibrium point.



Solve.

37. 38.

39. 40.

41. 42.

43. 44.

45. (Hint: Multiply both sides by )

46.

Rewrite each of the following as an equivalent expression with
rational exponents.

47. 48.

49. 50.

51. 52.

53. , 54.

55. 56.

57. 58.

Rewrite each of the following as an equivalent expression using
radical notation.

59. 60.

61. 62.

63. 64.

65. 66.

67. 68.

69. 70.

71. 72.

Simplify.

73. 74. 75.

76. 77. 78.

Determine the domain of each function.

79. 80.

81. 82.

83. 84.

85. 86. f1x2 = 26 5 - xf1x2 = 24 7 - x

f1x2 = 2 2x - 6f1x2 = 2 5x + 4

f1x2 =
x4 + 7

x2 + 6x + 5
f1x2 =

x3

x2 - 5x + 6

f1x2 =
x2 - 4
x + 2

f1x2 =
x2 - 25
x - 5

255>2163>482>3

642>3165>293>2

1

w- 4>5

1

t2>3

1y2 + 72- 1>41x2 - 32- 1>2

m- 19>6e- 17>6

b- 1>5b- 1>3

y- 2>3t - 2>5

t 2>5y2>3

t1>7x1>5

2 x3 + 4
1

2 x2 + 7

1

2 m4

1

2  t5

23 t6x Ú 024 x12

28 c27 t

24 b2, b Ú 025 a3

2 x52 x3

1 -
1
w

=
1

 w2

x.x + 7 +
9
x

= 0

2p2 - 5p = 13y2 + 8y + 2 = 0

- 4x2 = 4x - 14x2 = 4x + 1

x2 + 4x = 3x2 + 6x = 1

x2 - 2x + 1 = 5x2 - 2x = 2
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APPLICATIONS

Business and Economics

Find the equilibrium point for each pair of demand and supply
functions.

87. Demand: Supply: q = 250 + 5xq = 1000 - 10x;

q

x20 40 60 80

200

SD

100

400

600

800

1000

Q
ua

nt
ity

Price (in dollars)

88. Demand: Supply: q = 7000 + 15xq = 8800 - 30x;

89. Demand: Supply: q =
x
5

q =
5
x

;

90. Demand: Supply: q =
x
4

q =
4
x

;

q

x20 40 60 80

2,000

SD

4,000

6,000

8,000

10,000

Q
ua

nt
ity

Price (in dollars)

q

x2 4 6 8

1

S

D

2

3

4

Q
ua

nt
ity

 (
in

 th
ou

sa
nd

s)

Price (in hundreds 
of dollars)

q

x2 4 6 8

2
S

D

4

6

8

10

Q
ua

nt
ity

 (
in

 th
ou

sa
nd

s)

Price (in hundreds 
of dollars)
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92. Demand: Supply: 
(assume )x ƒ 4

q = x2 + 2x + 6q = 1x - 422;

91. Demand: Supply: 
(assume )x ƒ 3

q = x2 + 2x + 1q = 1x - 322;

q

x

S

D
2

4

1 2 3 4

6

Q
ua

nt
ity

 (
in

 h
un

dr
ed

s)

Price (in dollars)

q

x

S

D

2

4

1 2 3 4

6

8

10

Q
ua

nt
ity

 (
in

 h
un

dr
ed

s)

Price (in dollars)

q

x

1

S

D

2
3
4

1 2 3 4 5 6 7

5

Q
ua

nt
ity

 (
in

 th
ou

sa
nd

s)

Price (in thousands 
of dollars)

q

x

2

S
D

4

6

8

1 2 3 4 5 6 7 8 9

Q
ua

nt
ity

 (
in

 th
ou

sa
nd

s)

Price (in thousands 
of dollars)

93. Demand: Supply: q = 2 x + 7q = 5 - x;

94. Demand: Supply: q = 22 x + 1q = 7 - x;

95. Stock prices and prime rate. It is theorized that the
price per share of a stock is inversely proportional to
the prime (interest) rate. In January 2010, the price per
share of Apple Inc. stock was $205.93 and the prime
rate was 3.25%. The prime rate rose to 4.75% in March
2010. (Source: finance.yahoo.com and Federal Reserve
Board.) What was the price per share in March 2010 if
the assumption of inverse proportionality is correct?

R
S

96. Demand. The quantity sold of a plasma television is
inversely proportional to the price If 85,000 plasma
TVs sold for $2900 each, how many will be sold if the
price is $850 each?

Life and Physical Sciences

97. Radar range. The function given by

can be used to approximate the maximum range, 
in miles, of an ARSR-3 surveillance radar with a peak
power of x watts.

a) Determine the maximum radar range when the peak
power is 40,000 watts, 50,000 watts, and 60,000 watts.

b) Graph the function.

98. Home range. Refer to Example 14. The home range,
in hectares, of an omnivorous mammal (one that eats
both plants and meat) of mass w grams is given by

(Source: Harestad, A. S., and Bunnel, F. L., •Home Range
and Body Weight„A Reevaluation,Ž Ecology, Vol. 60,
No. 2 (April, 1979), pp. 389…402.) Complete the table
of approximate function values and graph the function.

H1w2 = 0.059w0.92.

R1x2,

R1x2 = 11.74x0.25

p.
x

w 0 1000 2000 3000 4000 5000 6000 7000

H1w2 0 34.0

99. Life science: pollution control. Pollution control has be-
come a very important concern in all countries. If controls
are not put in place, it has been predicted that the function

will describe the average pollution, in particles of pollu-
tion per cubic centimeter, in most cities at time t, in
years, where corresponds to 1970 and 
corresponds to 2005.

a) Predict the pollution in 2005, 2008, and 2014.
b) Graph the function over the interval [0, 50].

100. Surface area and mass.The surface area of a person
whose mass is 75 kg can be approximated by the function

where is measured in square meters and is the
person•s height in centimeters. (Source: U.S. Oncology.)

a) Find the approximate surface area of a person whose
mass is 75 kg and whose height is 180 cm.

b) Find the approximate surface area of a person whose
mass is 75 kg and whose height is 170 cm.

c) Graph the function for 

SYNTHESIS

101. Zipf•s Law. According to Zipf•s Law, the number of
cities with a population greater than is inversely
proportional to In 2008, there were 52 U.S. cities
with a population greater than 350,000. Estimate the
number of U.S. cities with a population between
350,000 and 500,000; between 300,000 and 600,000.

S.
SN

0 ƒ h ƒ 200.f

hf1h2

f1h2 = 0.144h1/2,

t = 35t = 0

P = 1000t5>4 + 14,000



Fitting Functions to Data
We have developed a library of functions that can serve as models for many applica-
tions. Although others will be introduced later, let•s look at those that we have consid-
ered. (Cubic and quartic functions are covered in detail in Chapter 2, but we show
them for reference.) We will not consider rational functions in this section.
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R.6
OBJECTIVE

Mathematical Modeling and Curve Fitting

€ Use curve fitting to find a
mathematical model for a
set of data and use the
model to make predictions.

Quartic function:
f(x) = ax4 + bx3 + cx2 + dx + e,  a > 0  

Cubic function:
f(x) = ax3 + bx2 + cx + d,  a > 0 

Absolute-value function:
f(x) = |x|

Quadratic function:
f(x) = ax2 + bx + c,  a < 0  

Quadratic function:
f(x) = ax2 + bx + c,  a > 0  

Linear function:
f(x) = mx + b

102. At most, how many -intercepts can a function have?
Explain.

103. Explain the difference between a rational function and
a polynomial function. Is every polynomial function a
rational function? Why or why not?

y

TECHNOLOGY CONNECTION

Use theZEROfeature or theINTERSECTfeature to approximate
the zeros of each function to three decimal places.

104.
(Also, use algebra to find the zeros of this function.)

105.

106.

107.

108.

109.

110.

111.

112.

113. Find the equilibrium point for the following demand
and supply functions, where q is the quantity, in thou-
sands of units, and x is the price per unit, in dollars.

Supply:  q =
x2

576
- 1.9

Demand:  q = 83 - x

- 28x2 - 8x + 1
f1x2 = x8 + 8x7 - 28x6 - 56x5 + 70x4 + 56x3

f1x2 = |x + 1 | + |x - 2 | - 3

f1x2 = |x + 1 | + |x - 2 |

f1x2 = |x + 1 | + |x - 2 | - 5

f1x2 = 2 7 - x2 - 1

f1x2 = x4 + 4x3 - 36x2 - 160x + 300

f1x2 = 1
21|x - 4 | + |x - 7 |2 - 4

f1x2 = 2x3 - x2 - 14x - 10

f1x2 = x3 - x

Answers to Quick Checks
1. (a) (b)

2.

3.

4. (a) (b)

5. Dow Jones Industrial Average increases; 11,996.01.
6. (a) (b)

7. 8. Equilibrium point is ($75, 5500); price
is $75 and quantity is 5500.

5x |x Ú - 36

D =

- 1 ; 2 22
3

, or 1.230 and - 1.897

f (x) �  x 2 �  2x �  3

y

x1Š2 Š1

Š3

Š4

Š3

Š2

Š1

f (x) �  � 2x 2 �  10x �  5

4

6

y

xŠ3 Š2 Š1
Š2

Š4

2

f (x) �  4 � x2

g(x) �  x3 �  1

2

4

y

x1.00.5 1.5
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x2 4Š2
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x

f(x) �  |x �  2|
6

8

y

x2Š4 Š2Š6

4

2

f(x) �  �� x �  4

2

4

y

x2 4Š2
Š2

Š4

Š4

2

4
y

x2 4Š2
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Š6

x2 � 9
x � 3
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Now let•s consider some real-world data. How can we decide which, if any, type of
function might fit the data? One simple way is to examine a graph of the data called a
scatterplot. Then we look for a pattern resembling one of the graphs on p. 68. For
example, data might be modeled by a linear function if the graph resembles a straight
line. The data might be modeled by a quadratic function if the graph rises and then
falls, or falls and then rises, in a curved manner resembling a parabola.

Let•s now use our library of functions to see which, if any, might fit certain
data sets.

EXAMPLE 1Choosing Models. For the scatterplots and graphs below, determine
which, if any, of the following functions might be used as a model for the data.

Polynomial, neither quadratic nor linear

Quadratic, f1x2 = ax2 + bx + c, a 6 0

Quadratic, f1x2 = ax2 + bx + c, a 7 0

Linear, f1x2 = mx + b

a) b) c) 
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Solution
a)

The data rise and then fall in a curved manner fitting a quadratic function,

b)

The data seem to fit a linear function,

c)

The data rise in a manner fitting the right-hand side of a quadratic function,

d)

f1x2 = ax2 + bx + c, a 7 0.

f1x2 = mx + b.

f1x2 = ax2 + bx + c, a 6 0.

The data fall and then rise in a curved manner fitting a quadratic function,

f1x2 = ax2 + bx + c, a 7 0.
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Year, x

Number of Cable 
Television 

Subscribers
(in millions), y Scatterplot

1999, 0 76.4
2000, 1 78.6
2001, 2 81.5
2002, 3 87.8
2003, 4 88.4
2004, 5 92.4
2005, 6 94.0
2006, 7 95.0

e)

(Source: Nielsen Media Research.)

S
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75

80
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90

95

100

y

x1 2 3 4 5 6 7

Year

Households with
Cable Television

The data rise and fall more than once, so they do not fit a linear or quadratic func-
tion but might fit a polynomial function that is neither quadratic nor linear.

It is sometimes possible to find a mathematical model by graphing a set of data as
a scatterplot, inspecting the graph to see if a known type of function seems to fit, and
then using the data points to derive the equation of a specific function.

EXAMPLE 2 Business: Cable TV Subscribers. The following table shows the
number of U.S. households with cable television and a scatterplot of the data. It appears
that the data can be represented or modeled by a linear function.

a) Find a linear function that fits the data.

b) Use the model to predict the number of cable TV subscribers in 2014.

Solution
a) We can choose any two of the data points to determine an equation. Let•s use

and 
We first determine the slope of the line:

m =
94.0 - 81.5

6 - 2
=

12.5
4

= 3.125.

16, 94.02.12, 81.52

�
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Then we substitude 3.125 for m and either of the points or for
in the point…slope equation. Using we get

which simplifies to

where x is the number of years after 1999 and y is in millions. We can then graph the
linear equation on the scatterplot to see how it fits the data.y = 3.125x + 75.25

y = 3.125x + 75.25,

y - 94.0 = 3.1251x - 62,

16, 94.02,1x1, y12
16, 94.0212, 81.52
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x1 2 3 4 5 6 7

Year

Households with
Cable Television

Quick Check 1

Business. Repeat Example 2
using the data points

and Are
the model and the result
different from those in Exam-
ple 2? This illustrates that a
model and the predictions it
makes are dependent on the
pair of data points used.

17, 95.02.11, 78.62

O

b) We can predict the number of cable subscribers in 2014 by substituting 15 for x in
the model 

Model

Substituting

Rounding to the nearest tenth

We can then predict that there will be about 122.1 million cable TV subscribers
in 2014.

Quick Check 1

 L 122.1.

 = 3.1251152 + 75.25

 y = 3.125x + 75.25

12014 - 1999 = 152:

the data, entering the first coordinate for L1 and the
second coordinate for L2.

14, 88.42, 15, 92.42, 16, 94.02, 17, 95.02

10, 76.42, 11, 78.62, 12, 81.52, 13, 87.82,

TECHNOLOGY CONNECTION

Linear Regression: Fitting a Linear Function 
to Data

We now consider linear regression,the preferred method
for fitting a linear function to a set of data. Although the
complete basis for this method is discussed in Section 6.4,
we consider it here because we can carry out the procedure
easily using technology. One advantage of linear regression
is that it uses all data points rather than just two.

EXAMPLE Business: Cable TV Subscribers. Consider
the data in Example 2.

a) Find the equation of the regression line for the given
data. Then graph the regression line with the graph.

b) Use the model to predict the number of cable TV subscribers
in 2014. Compare your answer to that found in Example 2.

Solution

a) To fit a linear function to the data using regression, we
select theEDIToption of the STATmenu. We then enter

78.6
81.5
87.8
88.4
92.4
94
95 

L2(8) = 95

1
2
3
4
5
6
7 

……………… 
L1 L2 L3 2

76.4
78.6
81.5
87.8
88.4
92.4
94

L2(7) = 94

0
1
2
3
4
5
6 

……………… 
L1 L2 L3

To view the data points, we turn on PLOT1by pressing
h [ from at the E screen and then pressing y1

D . To set the window, we could select the ZoomStat
option of ZOOM. Instead, we select a 
window.

3- 1, 20, 70, 1404

O

(continued)
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Average Number 
of Hours of 

Sleep, x
Death Rate 

per 100,000 Males, y

5 1121
6 805
7 626
8 813
9 967

EXAMPLE 3Life Science: Hours of Sleep and Death Rate.In a study by Dr. Harold
J. Morowitz of Yale University, data were gathered that showed the relationship between
the death rate of men and the average number of hours per day that the men slept. These
data are listed in the following table.

140

…1 20
70

LinReg
  y = ax + b
  a = 2.863095238
  b = 76.74166667
  r2 = .9630983726
  r = .9813757551

140

…1 20
70

y1 = 2.86x + 76.7

b) To find, or predict, the number of U.S. households with
cable television in 2014, we press F , m , Y , and
enter 15.

Note that the result found using the regression
equation, 119.7 million, is less than the 122.1 million found
in Example 2. Statisticians might give more credence to the
regression value because more data points were used to
construct the equation.

EXERCISE
1. Study time and test scores. The data in the following

table relate study time and test scores.

To find the line that best fits the data, we press K ,
select CALC, then LinReg(ax + b), and then press [ .

The equation of the regression is approximately
We enter this as and press D .y1y = 2.86x + 76.7.

140

…1 20
70

Y = 119.6881X = 15

Y1 = 2.8630952380952X + 76.7

Study Time 
(in hours)

Test Grade 
(in percent)

7 83
8 85
9 88

10 91
11 ?

a) Fit a regression line to the data. Then make a scatter-
plot of the data and graph the regression line with the
scatterplot.

b) Use the linear model to predict the test score received
when one has studied for 11 hr.

c) Discuss the appropriateness of a linear model of these
data.

(Source:Morowitz, Harold J., •Hiding in the
Hammond Report,Ž Hospital Practice.)

�
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a) Make a scatterplot of the data, and determine whether the data seem to fit a quad-
ratic function.

b) Find a quadratic function that fits the data.

c) Use the model to find the death rate for males who sleep 2 hr, 8 hr, and 10 hr.

Age, x

Average Number of 
Live Births 

per 1000 women

16 34
18.5 86.5
22 111.1
27 113.9
32 84.5
37 35.4
42 6.8

Average number of hours of sleep
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Possible quadratic function
that •fitsŽ data

Solution
a) The scatterplot is shown to the left. Note that the rate drops and then

rises, which suggests that a quadratic function might fit the data.

b) We consider the quadratic model,

(1)

To derive the constants (or parameters) and we use the three data
points and Since these points are to be so-
lutions of equation (1), it follows that

 967 = a #92 + b#9 + c, or  967 = 81a + 9b + c.

 626 = a #72 + b#7 + c, or  626 = 49a + 7b + c,

 1121 = a #52 + b#5 + c, or  1121 = 25a + 5b + c,

19, 9672.15, 11212, 17, 6262,
c,a, b,

y = ax2 + bx + c.

We solve this system of three equations in three variables using procedures of alge-
bra and get

Substituting these values into equation (1), we get the function given by

c) The death rate for males who sleep 2 hr is given by

The death rate for males who sleep 8 hr is given by

The death rate for males who sleep 10 hr is given by

Quick Check 2

y = 104.511022 - 1501.51102 + 6016 = 1451.

y = 104.51822 - 1501.5182 + 6016 = 692.

y = 104.51222 - 1501.5122 + 6016 = 3431.

y = 104.5x2 - 1501.5x + 6016.

a = 104.5, b = - 1501.5, and c = 6016.

Quick Check 2

Life Science. See the data
on live births in the following
Technology Connection. Use
the data points 16, 34 , 27,
113.9 , and 37, 35.4 to find
a quadratic function that fits
the data. Use the model to
predict the average number of
live births to women age 20.

212
121

O

(Source:Centers for Disease Control and
Prevention.)

c) Which function seems to fit the data better?

TECHNOLOGY CONNECTION

Mathematical Modeling Using Regression:
Fitting Quadratic and Other Polynomial
Functions to Data

Regression can be extended to quadratic, cubic, and quartic
polynomial functions.

EXAMPLE Life Science: Live Births to Women of Age x.
The chart to the right relates the average number of live
births to women of a particular age.

a) Fit a quadratic function to the data using REGRESSION.
Then make a scatterplot of the data and graph the
quadratic function with the scatterplot.

b) Fit a cubic function to the data using REGRESSION. Then
make a scatterplot of the data and graph the cubic func-
tion with the scatterplot.

O

(continued)
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Age, x
Median 

Income in 2003

19.5 $27,053
29.5 44,779
39.5 55,044
49.5 60,242
59.5 49,215
65 23,787

(Source:Based on data in the Statistical
Abstract of the United States, 2005.)

Y2(20)
                                       99.61232795
Y2(30)
                                       97.38665968

y2 = 0.03135825845952x3 … 3.2195684044498x2 + 
 101.17516232219x … 886.92962438781

CubicReg
  y = ax3+bx2+cx+d
  a = .0313582585
  b = …3.219568404
  c = 101.1751623
  d = …886.9296244

y1 = …0.49x2 + 25.95x … 238.49

QuadReg
  y = ax2+bx+c
  a = ….4868465035
  b = 25.94985182
  c = …238.4892193

The TRACEfeature can also be used. Thus, the average
number of live births is 99.6 per 1000 women age 20 and
97.4 per 1000 women age 30.

EXERCISES
1. Life science: live births.

a) Use the REGRESSIONfeature to fit a quartic equation
to the live-birth data. Make a scatterplot of the
data. Then graph the quartic function with the
scatterplot. Decide whether the quartic function
gives a better fit than either the quadratic or the
cubic function.

b) Explain why the domain of the cubic live-birth
function should probably be restricted to the
interval 

2. Business: median household income by age.

315, 454.

b) To fit a cubic function, we select CubicRegand obtain the
following:

A convenient way to copy a regression function, in full de-
tail, onto the Y=screen is to press E , move the cur-
sor to Y2 (or wherever the function is to appear), press
O , and select STATISTICSand then EQand RegEq.

d) We press F o to leave the graph screen. Pressing
O and selecting Y-VARSand then FUNCTION and Y2,
we have and as shown.Y21302 L 97.4Y21202 L 99.6

a) Make a scatterplot of the data and fit a quadratic func-
tion to the data using QuadReg. Then graph the
quadratic function with the scatterplot.

b) Fit a cubic function to the data using CubicReg. Then
graph the cubic function with the scatterplot.

c) Fit a quartic function to the data using QuartReg.
Then graph the quartic function with the scatterplot.

d) Which of the quadratic, cubic, or quartic functions
seems to best fit the data?

e) Use the function from part (d) to estimate the median
household income of people age 25; of people age 45.

3. Life science: hours of sleep and death rate.Repeat
Example 3 using quadratic regression to fit a function
to the data.

d) Use the function from part (c) to estimate the average
number of live births to women of ages 20 and 30.

Solution We proceed as follows.

a) To fit a quadratic function using REGRESSION, the
procedure is similar to what is outlined in the preceding
Technology Connection on linear regression. We enter
the data but select QuadReg instead of LinReg(ax + b). For
the graph below, we used ZoomStat to set the window.
We wrote using approximations of a, b, and c from the
QuadRegscreen.

y1

c) The graph of the cubic function seems to fit closer to the
data points. Thus we choose it as a model.
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EXERCISE SET

R.6 

Choosing models. For the scatterplots and graphs in
Exercises 1…9, determine which, if any, of the following
functions might be used as a model for the data:

Polynomial, neither quadratic nor linear

1.

2.

3.

Quadratic, f1x2 � ax2 � bx � c, a< 0

Quadratic, f1x2 � ax2 � bx � c, a> 0

Linear, f1x2 � mx � b

5.

50 10
Year

x

y

0

8

4S
al

es
(in

 m
ill

io
ns

)

Time since inhalation (in hours)

A
lb

ut
er

ol
 in

 b
lo

od
st

re
am

(in
 m

ic
ro

gr
am

s)

1 2 3 4

100

200

0 50 10
Year

4

8

S
al

es
(in

 m
ill

io
ns

)

x

y

Business and Economics

4.

(Source: U.S. Census Bureau, Foreign Trade Statistics.) 
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(Source: National Oceanic and Atmospheric Administration, National
Weather Service Weather Forcast Office, Dallas/Ft. Worth, TX.) 

Month in 2009
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(Source: Federal Reserve Board.) 

Month in 2008
(Feb.) (Dec.)

PRIME INTEREST RATE (on first day of the month)
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9.

14. Daytime accidents.

a) Find a quadratic function that fits the following data.
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Travel Speed 
(mph)

Braking Distance 
(ft)

20 25
40 105
60 300

Travel Speed 
(in km/h)

Number of Daytime 
Accidents (for every 

200 million 
km driven)

60 100
80 130

100 200

Age of Female
Percentage of Females 

with High Blood Pressure

30 1.4
40 8.5
50 19.1
60 31.9
70 53.0

(Source:New Jersey Department of Law and
Public Safety.)

(Source:Based on data from Health United States 2005,
CDC/NCHS.)

Age of Male
Percentage of Males 

with High Blood Pressure

30 7.3
40 12.1
50 20.4
60 24.8
70 34.9

(Source:Based on data from Health United States 2005,
CDC/NCHS.)

10. Prime interest rate.

a) For the prime interest rate data in Exercise 9, find 
a linear function that fits the data using the values
given for January 2008 and December 2008.

b) Use the linear function to estimate the prime rate in
June 2009.

11. Average salary in NBA.Use the data from the bar graph
in Exercise 5.

a) Find a linear function that fits the data using the
average salaries given for the years 2000 and 2009.
Use 0 for 2000 and 9 for 2009.

b) Use the linear function to predict average salaries in
2012 and 2020.

c) In what year will the average salary reach 9.0 million?

Life and Physical Sciences

b) Use the function to estimate the braking distance of a
car that travels at 50 mph.

c) Does it make sense to use this function when speeds
are less than 15 mph? Why or why not?

b) Use the function to estimate the number of daytime
accidents that occur at 50 for every 200 mil-
lion km driven.

15. High blood pressure in women.

a) Choose two points from the following data and find a
linear function that fits the data.

km>h

b) Graph the scatterplot and the function on the same
set of axes.

c) Use the function to estimate the percent of 55-yr-old
women with high blood pressure.

16. High blood pressure in men.

a) Choose two points from the following data and find a
linear function that fits the data.

b) Graph the scatterplot and the function on the same
set of axes.

c) Use the function to estimate the percent of 55-yr-old
men with high blood pressure.

12. Absorption of an asthma medication.Use the data from
Exercise 3.

a) Find a quadratic function that fits the data using the
data points and 

b) Use the function to estimate the amount of albuterol
in the bloodstream after 4 hr.

c) Does it make sense to use this function for 
Why or why not?

13. Braking distance.

a) Find a quadratic function that fits the following
data.

t = 6?

13, 1672.10, 02, 12, 2002,

APPLICATIONS

Business and Economics



SYNTHESIS

17. Suppose that you have just 3 or 4 data points. Why
might it make better sense to use a linear function rather
than a quadratic or cubic function that fits these data
more closely?

18. When modeling the number of hours of daylight for the
dates April 22 to August 22, which would be a better
choice: a linear function or a quadratic function?
Explain.

19. Explain the restrictions that should be placed on the
domain of the quadratic function found in Exercise 12
and why such restrictions are needed.

20. Explain the restrictions that should be placed on the
domain of the quadratic function found in Exercise 13
and why such restrictions are needed.
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d) Fit a cubic function to the data and use it to estimate
the prime rate in June 2009.

e) Is a linear or cubic model more appropriate for this
set of data? Explain.

22. Business: trade deficit with Japan.

a) Use regression to fit a cubic function to the data in
Exercise 4. Let x be the number of years after 1996.

b) Use the function to estimate the trade deficit with
Japan in 2012.

c) Why might a linear function be a more logical choice
than a cubic function for modeling this set of data?

TECHNOLOGY CONNECTION

21. Business: prime interest rate.

a) Use regression to fit a linear function to the data in
Exercise 9.

b) Use the function to estimate the prime rate in June
2009.

c) Compare your answers to those found in Exercise 10.
Which is more accurate?

Answers to Quick Checks
1. million cable TV
subscribers. The model is different, and the prediction is
lower.
2. live births
per 1000 women age 20.

y = - 0.7197x2 + 38.2106x - 393.1272; 83.2

y = 2.733x + 75.869; 116.864
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CHAPTER R
SUMMARY

KEY TERMS AND CONCEPTS EXAMPLES 

SECTION R.1

To graph an ordered pair , move x
units horizontally, then y units vertically,
depending on whether the coordinates are
positive, negative, or zero.

1x, y2

A solution of an equation in two variables
is an ordered pair of numbers that, when
substituted for the variables, forms a true
equation. The graph of an equation is a
drawing that represents all ordered pairs
that are solutions of the equation.

This is the graph 
of the equation 
y = x4 - 2x2.

SECTION R.2

The mathematics used to represent the
essential features of an applied problem
comprise a mathematical model.

Business. The equation can be used to estimate 

the amount A, in dollars, to which $1000 will grow in 7 years, at interest
rate i, compounded quarterly.

A = $1000a1 +
i
4

b
7* 4

A function is a correspondence between a
first set, called a domain, and a second set,
called a range,such that each member of
the domain corresponds to exactly one
member of the range.

A graph represents a function if it is impossible to draw a vertical line that
crosses the graph more than once.

Not a function. A function.

Function notation permits us to easily
determine what member of the range,
output, is paired with a member of the
domain, input.

The function given by allows us to determine what
member of the range is paired with the number 2 of the domain:

 = - 14
 = 4 - 10 - 8

 f122 = 22 - 5122 - 8
 f1x2 = x2 - 5x - 8,

f1x2 = x2 - 5x - 8

(continued)

(4, 3)
(Š4, 2)
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SECTION R.2 (continued)

In calculus, it is important to be able to
simplify an expression like

f1x + h2 - f1x2

h
.

For 

 = 2x + h - 5, x Z 0

 =
h12x + h - 52

h

 =
2xh + h2 - 5h

h

 =
x2 + 2xh + h2 - 5x - 5h - 8 - x2 + 5x + 8

h

 =
x2 + 2xh + h2 - 5x - 5h - 8 - 3x2 - 5x - 84

h

f1x + h2 - f1x2

h
=

31x + h22 - 51x + h2 - 84 - f1x2

h

f1x2 = x2 - 5x - 8,

A function that is defined piecewise
specifies different rules for parts of 
the domain.

The graph of

is

We graph only for inputs x less than 3. We graph only for

inputs x greater than or equal to 3.

- x
1
3

x + 3

g1x2 = c

1
3

x + 3, for x 6 3,

- x, for x Ú 3,

SECTION R.3

The domain of any function is a set, or
collection of objects. In this book, the
domain is usually a set of real numbers.

There are three ways of naming sets:
Roster Notation:
Set-Builder Notation:
Interval Notation:

5x†x is a real number and x Ú 36
5- 2, 5, 9, p 6
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g(x) = Šx, for x �  3

1
3
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KEY TERMS AND CONCEPTS EXAMPLES

For a function given by an equation or for-
mula, the domain is the largest set of real
numbers (inputs) for which function values
(outputs) can be calculated.

Function Domain

All real numbers except and 3.

All real numbers x for which

The domain is 

All real numbers, � .h1x2 = †x - 3†+ 5x2

1- q , 24.2 Ú x.
oror 10 Ú 5x10 - 5x Ú 0

g1x2 = 2 10 - 5x

- 3f1x2 =
8x

x2 - 9
=

8x
1x - 321x + 32

SECTION R.4

The slopem of the line containing the
points and is given by 

and can be regarded as 

average rate of change.The graph of an
equation called
slope…intercept form,is a line with slopem
and y-intercept

The graph of an equation 
called point…slope form,is a

line with slope m passing through the
point

The graph of a constant function, given by
is a horizontal line.f1x2 = c,

1x1, y12.

m1x - x12,
y - y1 =

10, b2.

f1x2 = mx + b,

m =
y2 - y1

x2 - x1

1x2, y221x1, y12

The graph of an equation of the form 
is a vertical line and is not a function.

x = a

SECTION R.5

The graph of a quadratic function
is a parabolawith

a vertex at The graph 

opens upward if and downward if
It is an example of a nonlinear

function or model.
a 6 0.

a 7 0

a -
b
2a

 , f a -
b
2a

b b.

f1x2 = ax2 + bx + c

(x2, y2)

y2 Š y1

y2 Š y1

= m
x2 Š x1

x2 Š x1b

(x1, y1)

x

y

y = mx + b
y Š y1 = m(x Š x1)

c f(x) = c

x

y

x

a > 0

a < 0

Vertex

Vertex

y

b
2a

Šb
2a

Š

(continued)
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KEY TERMS AND CONCEPTS EXAMPLES

SECTION R.5 (continued)

The x-interceptsof the graph of a quadratic
equation, are the
solutions of and are
given by the quadratic formula

x =
- b 
 2 b2 - 4ac

2a
.

ax2 + bx + c = 0
f1x2 = ax2 + bx + c,

The x-intercepts of are found by solving
They are

- b - 2 b2 - 4ac
2a

=
- 1- 62 - 2 1- 622 - 41121- 102

2112
= 3 - 1 19.

- b + 2 b2 - 4ac
2a

=
- 1- 62 + 2 1- 622 - 41121- 102

2112
= 3 + 1 19, and

x2 - 6x - 10 = 0.
f1x2 = x2 - 6x - 10

A polynomial function is a function like
those shown at the right.

p1x2 = 2x3 - 7x + 0.23x - 10, cubic.
h1x2 = x2 - 6x - 10, quadratic,
g1x2 = 3x - 7, linear,
 f1x2 = - 8, constant,

Power functionsare polynomial functions
of the form where n is a positive
integer.

f1x2 = axn,

A rational function is a function given by
the quotient of two polynomials.

f1x2 =
x3 - 4x2 + x - 5

1
= x3 - 4x2 + x - 5.

g1x2 =
x2 - 9
x + 3

, h1x2 =
x3 - 4x2 + x - 5

x2 - 6x - 10
,

The domain of a rational function is
restricted to those input values that do
not result in division by zero.

The domain is the set of all real numbers except 3, or . 1- q , 32 ´ 13, q 2

2 4 6 8

6

x

y

f(x) = x2 Š 6x Š 10
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KEY TERMS AND CONCEPTS EXAMPLES

An absolute-valuefunction is described
using absolute value symbols.

A square-root functionis a function
described using a square root symbol.

The variable y varies directly as x if there
exists some positive constant m for which

We say that m is the variation
constant.
y = mx.

y = 3.14x, A = 1.08t, I = kR, y =
1
3

x

Total profit is the difference between total
revenueand total cost.

The value x at which is the 
break-even value.

P1x2 = 0

For and the
break-even value is found as follows:

 x = 10,000.
 56x = 56,000
 84x = 28x + 56,000

 R1x2 = C1x2

C1x2 = 28x + 56,000,R1x2 = 84x,P1x2 = R1x2 - C1x2,

The point at which consumer•s demand and
producer•s supply is the same is called an
equilibrium point.
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KEY TERMS AND CONCEPTS EXAMPLES

SECTION R.6

When real-world data are available, we can
form a scatterplot and decide which, if any,
of the graphs in this chapter best models
the situation. Then we can use an appropri-
ate model to make predictions.

Business.
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Year, x Price per Gallon

2000, 0 $1.60

2001, 1 1.72

2002, 2 1.43

2003, 3 1.51

2004, 4 2.08

2005, 5 2.16

2006, 6 2.94

2007, 7 3.20

2008, 8 4.03

2009, 9 2.57

Average Gasoline Prices, 
2000…2009

(Source:U.S. Department of Energy.)

Linear Model Quadratic Model

Cubic Model



Column A Column B

1. a)y = †x†

CHAPTER R
REVIEW EXERCISES 

These review exercises are for test preparation. They can also
be used as a practice test. Answers are at the back of the book.
The blue bracketed section references tell you what part(s) of
the chapter to restudy if your answer is incorrect.

CONCEPT REINFORCEMENT

For each equation in column A, select the most appropriate
graph in column B.[R.1, R.4, R.5]

In Exercises 7…14, classify each statement as either true 
or false.

7. The graph of an equation is a drawing that represents all
ordered pairs that are solutions of the equation.[R.1]

8. If and then f cannot be a
function. [R.2]

9. The notation can represent a point or an
interval. [R.3]

10. An equation of the form has a graph
that is a line of slope m passing through [R.4]

11. The graph of an equation of the form
has its vertex at [R.5]

12. A scatterplot is a random collection of points near a
line. [R.6]

13. Unless stated otherwise, the domain of a polynomial
function is the set of all real numbers.[R.5]

14. The graph of a constant function has a slope of 0.[R.4]

REVIEW EXERCISES

15. Life science: babies born to women of age x. The
following graph relates the number of babies born per
1000 women to the women•s age.[R.1, R.3]

x = b>12a2.f1x2 = ax2 + bx + c

1x1, y12.
y - y1 = m1x - x12

13, 72

f132 = 5,f1- 32 = 5x

y

2. b)f1x2 = x2 - 1

3. c)y = - 2x - 1

4. d)y = x

5. e)g1x2 = 2 x 

6. f)f1x2 =
1
x

x

y
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y
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Use the graph to answer the following.

a) What is the incidence of babies born to women of age 35?
b) For what ages are approximately 100 babies born per

every 1000 women?
c) Make an estimate of the domain of the function, and

explain why it should be so.

16. Business: compound interest.Suppose that $1100 is
invested at 5%, compounded semiannually. How much is
in the account at the end of 4 yr? [R.1]

17. Finance: compound interest.Suppose that $4000 is
borrowed at 12%, compounded annually. How much is
owed at the end of 2 yr?[R.1]

18. Is the following correspondence a function? Why or why
not? [R.2]

19. A function is given by Find each of the
following. [R.2]
a) b)
c) d)

Graph. [R.5]

20. 21.

22. 23.

Use the vertical-line test to determine whether each of the
following is the graph of a function.[R.2]

24. 25.

g1x2 = 2 x + 1f1x2 =
x 2 - 16

x + 4
 

f1x2 = 1x - 222 y = †x + 1†

f1x + h2f1a2
f1- 52f132

f1x2 = - x2 + x.

Dick
RichRichard
Rick
BeckyRebecca

Patrick
PatPatricia
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29. Consider the function given by

a) Find and [R.2]
b) Graph the function. [R.2]

30. Write interval notation for each graph. [R.3]

a)

b)

c)

31. Write interval notation for each of the following. Then
graph the interval on a number line. [R.3]

a) b)

32. For the function graphed below, determine (a) ;
(b) the domain; (c) all x-values for which 
(d) the range. [R.3]

f1x2 = 4;
f1- 32

5x†x 7 265x†- 4 ƒ x 6 56

f162.f1- 12, f11.52,

f1x2 = c
- x2 + 2,
4,
1
2 x,

for x 6 1,
for 1 ƒ x 6 2,
for x Ú 2.

 

y

x

y

x

y

x
x

y26. 27.

x

f

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

28. For the graph of function f
shown to the right, determine
(a) (b) the domain; (c) all
x-values such that 
and (d) the range. [R.3]

f1x2 = 2;
f122;

0Š2 5

0Š1 3

a

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

33. Find the domain of f. [R.3, R.5]

a)

b)

34. What are the slope and the y-intercept of
[R.4]

35. Find an equation of the line with slope containing the
point [R.4]

36. Find the slope of the line containing the points 
and [R.4]

Find the average rate of change.[R.4]

37.

1- 3, 102.
12, - 52

18, - 52.

1
4 ,

y = - 3x + 2?

f1x2 = 2 x + 6

f1x2 =
7

2x - 10
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47. Economics: equilibrium point. Find the equilibrium
point for the given demand and supply functions. [R.5]

Supply: q = x2 + x + 4 1assume x ƒ 72
Demand: q = 1x - 722

0 654321

400

300

200

100

Number of days spent reading
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um
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r 

of
 p
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ea

d

39. Business: shipping charges.The amount A that Pet-
Treats-to-U charges for shipping is directly proportional to
the value V of the item(s) being shipped. If the business
charges $2.10 to ship a $60 gift basket, find an equation of
variation expressing A as a function of V. [R.4]

40. Business: profit-and-loss analysis.The band Soul
Purpose has fixed costs of $4000 for producing a new
CD. Thereafter, the variable costs are $0.50 per CD, and
the CD will sell for $10. [R.4]

a) Find and graph the total cost of producing 
x CDs.

b) Find and graph the total revenue from the sale
of x CDs. Use the same axes as in part (a).

c) Find and graph the total profit from the
production and sale of x CDs. Use the same axes
as in part (b).

d) How many CDs must the band sell in order to break
even?

41. Graph each pair of equations on one set of axes. [R.5]

a) and 
b) and 

42. Graph each of the following. If the graph is a parabola,
identify the vertex. [R.5]

a)

b)

c)

d)

43. Solve each of the following. [R.5]

a)
b)

44. Rewrite each of the following as an equivalent expression
with rational exponents. [R.5]

a) b)

c) d)

45. Rewrite each of the following as an equivalent expression
using radical notation. [R.5]

a) b)

c) d)

46. Determine the domain of the function given by 
[R.5]f1x2 = 28 2x - 9.

1

t - 1>3
1x2 - 521>2

m- 3>5x2>5

1

2 x2 - 9

1

23 m2

2 t825 x4

2x2 = 4x + 3
5 + x2 = 4x + 2

y =
x2 + x - 6

x - 2

y = -
1
x

g1x2 = 23 x + 2

f1x2 = x2 - 6x + 8

y = 1x - 123y = x3
y = 2 x - 3y = 2 x

P1x2,

R1x2,

C1x2,

Price (in dollars)

S

1

4
8

12
16
20
24
28

D

Q
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nt
ity

 (
in
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un
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ed

s)

x

q

2 3 4 5 6 7

48. Trail maintenance. The amount of time required to
maintain a section of the Appalachian Trail varies
inversely as the number of volunteers working. If a
particular section of trail can be cleared in 4 hr by 
9 volunteers, how long would it take 11 volunteers to
clear the same section? [R.5]

49. Life science: maximum heart rate.A person exercising
should not exceed a maximum heart rate, which depends
on his or her gender, age, and resting heart rate. The
following table shows data relating resting heart rate and
maximum heart rate for a 20-yr-old woman. [R.6]

Resting Heart 
Rate, r (in beats 

per minute)

Maximum Heart 
Rate, M (in beats 

per minute)

50 170
60 172
70 174
80 176

(Source: American Heart Association.)

Days, x 0 9 18 27 36 45

Profit, P
(in dollars) 870 548 - 100 - 100 510 872 

a) Using the data points and find a
linear function that fits the data.

b) Graph the scatterplot and the function on the same
set of axes.

c) Use the function to predict the maximum heart rate
of a woman whose resting heart rate is 67.

50. Business: ticket profits.The Spring Valley Drama Troupe
is performing a new play. Data relating the daily profit P
to the number of days after opening night are given
below. [R.6]

180, 1762,150, 1702

a) Make a scatterplot of the data.
b) Decide whether the data seem to fit a quadratic

function.
c) Using the data points and

find a quadratic function that fits the data.145, 8722,
10, 8702, 118, - 1002,
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d) Use the function to estimate the profit made on the
30th day.

e) Make an estimate of the domain of this function.
Explain its restrictions.

SYNTHESIS

51. Economics: demand.The demand function for Clifton
Cheddar Cheese is given by

where x is the price per pound and q is in thousands 
of pounds.

a) Find the number of pounds sold when the price per
pound is $6.50.

b) Find the price per pound when 720,000 lb are sold.

Demand: q = 800 - x3, 0 ƒ x ƒ 9.28,

TECHNOLOGY CONNECTION

Graph the function and find the zeros, the domain, and the
range.[R.5]

52.

53.

54. Approximate the point(s) of intersection of the graphs of
the two functions in Exercises 52 and 53.[R.5]

55. Life science: maximum heart rate.Use the data in
Exercise 49. [R.6]

a) Use regression to fit a linear function to the data.
b) Use the linear function to predict the maximum heart

rate of a woman whose resting heart rate is 67.
c) Compare your answer to that found in Exercise 49.

Are the answers equally reliable? Why or why not?

f1x2 = 23 †4 - x2 †+ 1

f1x2 = x3 - 9x2 + 27x + 50

56. Business: ticket profits. Use the data in Exercise 50.
[R.6]

a) Use regression to fit a quadratic function to the data.
b) Use the function to estimate the profit made on the

30th day.
c) What factors might cause the Spring Valley Drama

Troupe•s profit to drop and then rise?

57. Social sciences: time spent on home computer.The
data in the table below relate the average number of
minutes spent per month on a home computer, A, to a
person•s age, [R.6]

a) Use regression to fit linear, quadratic, cubic, and
quartic functions to the data.

b) Make a scatterplot of the data and graph each
function on the scatterplot.

c) Which function fits the data best? Why?

x.

Age 
(in years)

Average Use 
(in minutes 
per month)

6.5 363
14.5 645
21 1377
29.5 1727
39.5 1696
49.5 2052
55 2299

(Source: Media Matrix; The PC Meter
Company.)

CHAPTER R
TEST 

1. Business: compound interest.A person made an invest-
ment at 6.5% compounded annually. It has grown to
$798.75 in 1 yr. How much was originally invested?

2. A function is given by Find:

a)
b)

3. What are the slope and the -intercept of 

4. Find an equation of the line with slope containing the
point 

5. Find the slope of the line containing the points 
and 13, - 42.

1- 9, 22

1- 3, 72.

1
4 ,

y = 4
5 x - 2

3?y

f1a + h2.
f1- 32

f1x2 = - x2 + 5.

Find the average rate of change.
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8. Life science: body fluids. The weight of fluids in a
human is directly proportional to body weight It is
known that a person who weighs 180 lb has 120 lb of
fluids. Find an equation of variation expressing as a
function of 

9. Business: profit-and-loss analysis.A printing shop
has fixed costs of $8000 for producing a newly
designed note card. Thereafter, the variable costs are
$0.08 per card. The revenue from each card is
expected to be $0.50.

a) Formulate a function for the total cost of
producing cards.

b) Formulate a function for the total revenue from
the sale of cards.

c) Formulate a function for the total profit from the
production and sale of cards.

d) How many cards must the company sell in order to
break even?

10. Economics: equilibrium point. Find the equilibrium
point for these demand and supply functions:

given that x is the unit price, in dollars, and q is the
quantity demanded or supplied, in thousands.

Use the vertical-line test to determine whether each of the
following is the graph of a function.

11. 12.

Supply:  q = x2 + x + 13,
 Demand: q = 1x - 822, 0 ƒ x ƒ 8,

x
P1x2

x
R1x2

x
C1x2

W.
F

W.
F 20. Write interval notation for the following graph.

21. Graph:

22. Nutrition. As people age, their daily caloric needs change.
The following table shows data for physically active females,
relating age to number of calories needed daily.

f1x2 = e
x2 + 2,
x2 - 2,

 for x Ú 0,
for x 6 0.

a) Make a scatterplot of the data.
b) Do the data appear to fit a quadratic function?
c) Using the data points and

find a quadratic function that fits the data.
d) Use the function from part (c) to predict the number

of calories needed daily by a physically active 
30-yr-old woman.

e) Estimate the domain of the function from part (a).
Explain its restrictions.

SYNTHESIS

23. Simplify: .

24. Find the domain and the zeros of the function given by

25. Write an equation that has exactly three solutions: 1,
and 4. Answers will vary.

26. A function•s average rate of change over the interval
is If find f152.f112 = 9,- 3

7 .[1, 5]

- 3,

f1x2 = 15 - 3x21>4 - 7.

1644>3 2- 1>2

141, 22002,
16, 18002, 116, 24002,

Age
Number of Calories 

Needed Daily

6 1800
11 2200
16 2400
24 2400
41 2200

(Source: Based on data from U.S.
Department of Agriculture.)

x

y

x

y

13. For the following graph of a quadratic function 
determine (a) (b) the domain; (c) all -values such
that and (d) the range.f1x2 = 4;

xf112;
f,

x…3…4 1 3 5…1
…2
…3

2
1

3
4
5

…5

y

f

…1 4

…4

14. Graph: 

15. Convert to rational exponents: 

16. Convert to radical notation: 

17. Graph: 

Determine the domain of each function.

18. 19. f1x2 =
x

2 3x + 6
f1x2 =

x2 + 20

x2 + 5x - 14

f1x2 =
x2 - 1
x + 1

.

t - 3>5.

1>2 t.

f1x2 = 8>x.

c d

TECHNOLOGY CONNECTION

27. Graph the function and find the zeros and the domain
and the range:

28. Nutrition. Use the data in Exercise 22.

a) Use REGRESSIONto fit a quadratic function to the
data.

b) Use the function from part (a) to predict the number
of calories needed daily by a physically active 
30-yr-old woman.

c) Compare your answer from part (b) with that from
part (d) of Exercise 22. Which answer do you feel is
more accurate? Why?

f1x2 = 23 †9 - x2 †- 1.
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Average Price of a Movie Ticket

Extended Technology Application

Extended Technology Applications occur at the end of each
chapter. They are designed to consider certain applications
in greater depth, make use of calculator skills, and allow for
possible group or collaborative learning.

Have you noticed that the price of a movie ticket
seems to increase? The table and graph that follow show

1950, 0
1955, 5
1960, 10
1965, 15
1970, 20
1975, 25
1980, 30
1985, 35
1990, 40
1995, 45
1999, 49
2000, 50
2001, 51
2002, 52
2003, 53
2004, 54
2005, 55
2006, 56
2007, 57
2008, 58

$ 0.46
0.58
0.76
1.01
1.55
2.05
2.69
3.55
4.23
4.35
5.08
5.39
5.66
5.81
6.03
6.21
6.41
6.55
6.88
7.18

YEAR, t
AVERAGE TICKET

PRICE, P(t )

1

2

3

4

5

6

7

$8

A
ve

ra
ge

 ti
ck

et
 p

ric
e

0 5 10 15 20 25 30 35 40 45 50 55 60

Year

P(t)

t

the average price of a movie ticket for the years 1950 to
2008.

How much did you pay the last time you went to the
movies in the evening (not a matinee)? The average prices
in the table may seem low, but they reflect discounts for
matinees and children•s and senior citizens• tickets. Let•s
use our skills with REGRESSIONto analyze the data.

(Source: Motion Picture Association 
of America.)



EXERCISES
1. a) Using REGRESSION, find a linear function that fits

the data.
b) Graph the linear function.
c) Use the linear function to predict the average

price of a movie ticket in 2012 and in 2020. 
Do these estimates appear reasonable?

d) Use the function to predict when the average
price of a ticket will reach $20. Does this estimate
seem reasonable?

2. a) Using REGRESSION, find a quadratic function,

that fits the data.
b) Graph the quadratic function.
c) Use the quadratic function to predict the average

price of a movie ticket in 2012 and in 2020. 
Do these estimates appear reasonable?

d) Use the function to predict when the average
price of a ticket will reach $20. Does this estimate
seem reasonable?

3. a) Using REGRESSION, find a cubic function,

that fits the data.
b) Graph the cubic function.
c) Use the cubic function to predict the average

price of a movie ticket in 2012 and in 2020. 
Do these estimates appear reasonable?

d) Use the function to predict when the average
price of a ticket will reach $20. Does this estimate
seem reasonable?

y = ax3 + bx2 + cx + d,

y = ax2 + bx + c,

4. a) Using REGRESSION, find a quartic function,

that fits the data.
b) Graph the quartic function.
c) Use the quartic function to predict the average

price of a movie ticket in 2012 and in 2020. 
Do these estimates appear reasonable?

d) Use the function to predict when the average
price of a ticket will reach $20. Does this estimate
seem reasonable?

5. You are a research statistician assigned the task of
making an accurate prediction of movie ticket prices.

a) Why might you not use the linear function?
b) Why might you use the quadratic function rather

than the linear function?
c) Examine the graphs and equations of the four

functions and the estimates they provided. One
choice the research statistician makes is not to
use a higher-order polynomial function when a
lower-order one works just as well. Under this
criterion, why would a quadratic work just as
well as a cubic? Look at the coefficients of the
leading terms.

There are yet other procedures a statistician uses to
choose predicting functions but they are beyond the
scope of this text.

y = ax4 + bx3 + cx2 + dx + e,

Extended Technology Application 91
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1Differentiation

Chapter Snapshot
What You•ll Learn
1.1 Limits: A Numerical and Graphical Approach
1.2 Algebraic Limits and Continuity
1.3 Average Rates of Change
1.4 Differentiation Using Limits of 

Difference Quotients
1.5 Differentiation Techniques:The Power and

Sum…Difference Rules
1.6 Differentiation Techniques:The Product and

Quotient Rules
1.7 The Chain Rule
1.8 Higher-Order Derivatives

Why It•s Important
With this chapter, we begin our study of calculus.The first
concepts we consider are limits and continuity. We apply
those concepts to establishing the first of the two main
building blocks of calculus:differentiation.

Differentiation is a process that takes a formula for a
function and derives a formula for another function,
called a derivative,that allows us to find the slope of a
tangent line to a curve at a point. A derivative also repre-
sents an instantaneous rate of change.Throughout
the chapter, we will learn various techniques for finding
derivatives.

Where It•s Used

93

SALES LEVELING OFF

MARKET SATURATION
A new product is placed on the
market and becomes very popular.
How can the derivative help us
understand its rate of sales and 
the phenomenon of market
saturation?

This problem appears as Example 8 in
Section 1.7.
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N(t) =
250,000t2

(2t + 1)2
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1.1
OBJECTIVE

Limits: A Numerical and 
Graphical Approach

€ Find limits of functions, if
they exist, using numerical
or graphical methods.

In this section, we discuss the concept of a limit . The discussion is intuitive„that is,
relying on prior experience and lacking formal proof.

Suppose a football  team has the ball  on its own 10-yard line. Then, because of a
penalty, the referee moves the ball  back half the distance to the goal line; the ball  is now
on the 5-yard line. If the team commits the same infraction again, the ball  will  again be
moved half the distance to the goal line; now it•s on the 2.5-yard line. If this kind of
penalty were repeated over and over again, the ball  would move steadily closerto the
goal line but never actuall y be placed on the goal line. We would say that the limit of
the distance between the ball  and the goal line is zero.

Limits
One important aspect of the study of calculus is the analysis of how function values
(outputs) change as input values change. Basic to this study is the notion of a limit. Sup-
pose a function f is given and suppose the x-values (the inputs) get closer and closer to
some number a. If the corresponding outputs„the va lues of „get c loser and closer
to another number, then that number is called the limit of as x approaches a.

For example, let and select x-values that get closer and closer to 4.
In the table and graph below, we see that as the input values approach 4 from the left
(that is, are less than 4), the output values approach 11, and as the input values approach
4 from the right (that is, are greater than 4), the output values also approach 11. Thus,
we say:

As approaches 4 from either side, the function approaches 11.

Limit Numerically Limit Graphically

f1x2 = 2x + 3x

f1x2 = 2x + 3
f1x2

f1x2

x f1x2

2 7

3.6 10.2

3.9 10.8

3.99 10.98

3.999 10.998

. . . . . .

4.001 11.002

4.01 11.02

4.1 11.2

4.8 12.6

5 13

These inputs 
approach 
4 from the 

left.

These inputs 
approach 
4 from the 

right.

These outputs 
approach 

11.

These outputs 
approach 

11.

4 11

y

x…4…6 2

4

6 8 10 12
…2

…4

…6

…8…10…12

…8

…10

…12

4

6

8

10

12
11

f(x) = 2x + 3
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An arrow, is often used to stand for the words •approaches from either side.Ž Thus,
the statement above can be written:

The number 11 is said to be the limit of as approaches 4 from either side. We
can abbreviate this statement as follows:

This is read: •The limit, as approaches 4, of is 11.Ž2x + 3x

lim
x: 4

 12x + 32 = 11.

x2x + 3

As x : 4, 2x + 3 : 11.

: ,

When we write we are indicating that x is approaching a from both sides. 
If we want to be specific about the side from which the x-values approach the value a,
we use the notation

or

These are called left-handand right-hand limits, respectively. In order for a limit to exist,
both the left-hand and right-hand limits must exist and be the same. This leads to the
following theorem.

lim 
x: a+

 f1x2 to indicate the limit from the right 1that is, where x 7 a2.

lim
x: a-

 f1x2 to indicate the limit from the left 1that is, where x 6 a2,

lim
x: a

 f1x2,

DEFINITION
As approaches the limit of is written

if all  values of are close to for values of that are sufficiently close, but
not equal, to The limit L must be a unique real number.a.

xLf1x2

lim
x: a

 f1x2 = L,

L,f1x2a,x

THEOREM

As approaches the limit of is if the limit from the left exists and the
limit from the right exists and both limits are . That is,

if then lim
x: a

 f1x2 = L.lim
x: a+

 f1x2 = lim
x: a-

 f1x2 = L,

L
Lf1x2a,x

The converse of this theorem is also true: if , then it is assumed 

that both the left-hand limit, and the right-hand limit, exist and
are equal to L.

lim
x: a+

 f1x2,lim
x: a-

 f1x2,

lim
x: a

 f1x2 = L

TECHNOLOGY CONNECTION

Finding Limits Using the TABLEand 
TRACEFeatures

Consider the function given by Let•s use the
TABLEfeature to complete the following table. Note that the

f1x2 = 3x - 1.

inputs do not have the same increment from one to the next,
but do approach 6 from either the left or the right. We use
TblSet and select Indpnt and Askmode. Then we enter the in-
puts shown and use the corresponding outputs to complete
the table.

(continued)
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Finding Limits Using the TABLEand TRACE
Features (continued )

to visualize the limit process in this early stage of your
learning.

Using the TABLEand TRACEfeatures, let•s complete the
following:

Thus,

EXERCISES
Consider Use the TABLEand TRACE
features, making up your own tables, to find each 
of the following.

1. 2.

Consider for Exercises 3…5.

3. Complete the following table.

g1x2 = x3 - 2x - 2

lim
x: - 1

 f1x2lim
x: 2

 f1x2

f1x2 = 3x - 1.

lim
x: 6

 f1x2 = 17 .

lim
x: 6+

 f1x2 =  17  and lim
x: 6-

 f1x2 =  17 .
x f1x2

5 14

5.8 16.4

5.9 16.7

5.99 16.97

5.999 16.997

6.001 17.003

6.01 17.03

6.1 17.3

6.4 18.2

7 20

6 ?

f1x2 = 3x - 1

Now we set the table in Auto mode and starting
(TblStart) with a number near 6, we make tables for some
increments ( Tbl) like 0.1, 0.01, and so on, 
to determine lim

x: 6
 f1x2.

- 0.1, - 0.01,¢

16.91
16.94
16.97
17
17.03
17.06
17.09 

X Y1
5.97
5.98
5.99
6
6.01
6.02
6.03 

TABLE SETUP
   TblStart = 5.97
   Tbl = .01
Indpnt:  Auto  Ask
Depend:  Auto  Ask

As an alternative, graphical approach, let•s use the
TRACEfeature with the graph of We move the cursor
from left to right so that the -coordinate approaches 6
from the left, changing the window as needed, to see
what happens. For example, let•s use and
move the cursor from right to left so that the -coordinate
approaches 6 from the right. In general, the TRACEfeature
is not an efficient way to find limits, but it will  help you

x
35.3, 6.4, 14, 184

x
f.

x g1x2

7

7.8

7.9

7.99

7.999

8.001

8.01

8.1

8.4

8.9

8 ?

Use the TABLEand TRACEfeatures to find each of the
following.

4. 5. lim
x: - 1

 g1x2lim
x: 8

 g1x2

Refer again to the function We showed that as x approaches 4, the
function values approach 11, summarized as You may have thought 

•Why not just substitute 4 into the function to get 11?Ž You are partially correct to make
this observation (and in the next section, we see that we can use such shortcuts in cer-
tain cases), but keep in mind that we are curious about the behavior of the function

lim
x: 4

 12x + 32 = 11.
f1x2 = 2x + 3.
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for values of x close to 4, not necessarily at 4 itself. It may help to sum-
marize what we know already:

€ At the function value is 11, and this is visualized as the point on the
graph of f.

€ For values of x close to 4, the values of are correspondingly near 11; this is the
limit we have been discussing.

The limit can help us understand the behavior of some functions a litt le more
clearly. Consider the following example.

EXAMPLE 1Let 

a) What is 

b) What is the limit of as x approaches 1?

Solution
a) There is no answer, since we get a 0 in the denominator:

Thus, does not exist. There is no point on the graph of shown below for

Limit Numerically Limit Graphically

x = 1.
f1x2f112

f112 =
1122 - 1

112 - 1
=

0
0

f1x2

f112?

f1x2 =
x2 - 1
x - 1

.

f1x2

14, 112x = 4,

f1x2 = 2x + 3

b) We select x-values close to 1 on either side (see the table above), and we see that the
function values get closer and closer to 2. Thus, the limit of as x approaches 1 
is 2: 

The graph has a •holeŽ at the point Thus, even though the function is
not defined at the limit doesexist as 

Now try Quick Check 1

Limits are also useful when discussing the behavior of piecewise-defined func-
tions, as the following example illustrates.

x : 1.x = 1,
11, 22.

lim
x: 1

 f1x2 = 2.
f1x2

x : 1-  1x 6 12 f1x2

0.9 1.9

0.99 1.99

0.999 1.999

x : 1+ 1x 7 12 f1x2

1.1 2.1

1.01 2.01

1.001 2.001

x

y

431

� 3

� 4

� 2

� 1

2

4

� 4 � 2� 3 � 1

f(x) = Šx
2 Š 1

x Š 1

O

Quick Check 1

Let

(See Example 5 in Section R.5.)

a) What is 

b) What is the limit of f as x
approaches 3?

f132?

f1x2 =
x2 - 9
x - 3

.

�

O
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EXAMPLE 2 Consider the function given by

Graph the function and find each of the following limits, if they exist. When
necessary, state that the limit does not exist.

a) b)

Solution We check the limits from the left and from the right both numerically,
with an input…output table, and graphically.

a) Limit Numerically Limit Graphically

lim
x: - 3

 H1x2lim
x: 1

 H1x2

H1x2 = e
2x + 2,
2x - 4,

for x 6 1,
    for x Ú 1.

H

As inputs approach 1 from the left, outputs approach 4. Thus, the limit
from the left is 4. That is,

But as inputs approach 1 from the right, outputs approach Thus, the
limit from the right is That is,

Since the limit from the left, 4, is not the same as the limit from the right, 2, we say
that

We note in passing that In this example, the function value exists for
but the limit as approaches 1 does not exist.xx = 1,

H112 = - 2.

lim
x: 1 

H1x2 does not exist.

lim
x: 1+

 H1x2 = - 2.

- 2.
- 2.H1x2x

lim
x: 1-

 H1x2 = 4.

H1x2x

x : 1-  1x 6 12 H1x2

0 2

0.5 3

0.8 3.6

0.9 3.8

0.99 3.98

0.999 3.998

x : 1+ 1x 7 12 H1x2

2 0

1.8 - 0.4

1.1 - 1.8

1.01 - 1.98

1.001 - 1.998

1.0001 - 1.9998

x

y

54321� 5

� 5

� 4

� 3

� 2

� 1

1

2

3

4

5

� 4 � 3 � 2 � 1

HH(x) = 4lim
x�1 Š

lim H(x) = …2
x�1 +

These choices
can vary.

�
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b) Limit Numerically Limit Graphically

As inputs approach from the left, outputs approach so the limit
from the left is That is,

As inputs approach from the right, outputs approach so the limit
from the right is That is,

Since the limits from the left and from the right exist and are the same, we have

Now try Quick Check 2

lim
x: - 3 

H1x2 = - 4.

lim
x: - 3+  

H1x2 = - 4.

- 4.
- 4,H1x2- 3x

lim
x: - 3-  

H1x2 = - 4.

- 4.
- 4,H1x2- 3x

x : - 3-  1x 6 - 32 H1x2

- 4 - 6

- 3.5 - 5

- 3.1 - 4.2

- 3.01 - 4.02

- 3.001 - 4.002

x : - 3+ 1x 7 - 32 H1x2

- 2 - 2

- 2.5 - 3

- 2.9 - 3.8

- 2.99 - 3.98

- 2.999 - 3.998

TECHNOLOGY CONNECTION

Exploratory
Check the results of Examples
1 and 2 using the TABLEfeature.
See Section R.2 to recall  how to
graph functions defined piecewise.

Note: Each Technology Connection
labeled •ExploratoryŽ 
is designed to lead you through a
discovery process. Because of this,
answers are not provided.

H

� 4

� 3 x

y

54321� 5

� 5

� 3

� 2

� 1

1

2

3

4

5

� 4 � 2 � 1

O

Quick Check 2

Let

Find these limits:

a)

b) lim
x: 1

 k1x2.

and lim
x: 3

 k1x2;

lim
x: 3+

 k1x2,lim
x: 3-

 k1x2,

k1x2 = e
- x + 4,
2x + 1,

 for x ƒ 3,
for x 7 3.

The limit at a number does not dependon the function value at or even on
whether that function value, exists. That is, whether or not a limit exists at 

has nothingto do with the function value f1a2.a
f1a2,

aa

The •WallŽMethod
As an alternative approach for Example 2, we can draw a •wallŽ at as shown in
blue on the graph to the left on the next page. We then foll ow the curve from left to
right with a pencil unti l we hit the wall  and mark the location with an assuming it
can be determined. Then we follow the curve from right to left until we hit the wall  and

* ,

x = 1,

O
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mark that location with an If the locations are the same, as in the graph to the right
below, a limit exists. Thus, for Example 2,

lim
x: 1 

H1x2 does not exist, and lim
x: - 3

 H1x2 = - 4.

* .

EXAMPLE 3Consider the function defined as follows:

Graph the function, and find each of the foll owing limits, if they exist. If necessary,
state that the limit does not exist.

a) b)

Solution The graph of G follows.

lim
x: - 2

 G1x2lim
x: 1

 G1x2

G1x2 = e
5,
x + 1,

for x = 1,
for x Z 1.

x

y

54321� 5

� 5

� 3

� 4

� 2

� 1

1

2

3

4

5

� 4 � 2� 3 � 1

H

x

y

54321� 5

� 5

� 3

� 4

� 2

� 1

1

2

3

4

5

� 4 � 2� 3 � 1

H

y

x…2…3 1 2 5
…1

…5

2

3

4

5

…3

3

…2

…4…5

…4

4

1

…1

G

a) As inputs x approach 1 from the left, outputs approach 2, so the limit from
the left is 2. As inputs x approach 1 from the right, outputs also approach 2,
so the limit from the right is 2. Since the limit from the left, 2, is the same as the
limit from the right, 2, we have

Note that the limit, 2, is not the same as the function value at 1, which is G112 = 5.

lim
x: 1 

G1x2 = 2.

G1x2
G1x2

�
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Limit Numerically Limit Graphically

x : 1-  1x 6 12 G1x2

0 1

0.5 1.5

0.9 1.9

0.99 1.99

x : 1+ 1x 7 12 G1x2

1.5 2.5

1.1 2.1

1.01 2.01

1.001 2.001

x

y

54321� 5

� 5

� 3

� 4

� 2

� 1

1

2

3

4

5

� 4 � 2� 3 � 1

G

b) Using the same approach as in part (a), we have

Note that in this case, the limit, is the same as the function value at 
which is 

Limit Numerically Limit Graphically

G1- 22 = - 1.
- 2,- 1,

lim
x: - 2 

G1x2 = - 1.

lim
x: 1 

G1x2 = 2

x : - 2-  1x 6 - 22 G1x2

- 3 - 2

- 2.5 - 1.5

- 2.1 - 1.1

- 2.01 - 1.01

x : - 2+ 1x 7 - 22 G1x2

- 1.5 - 0.5

- 1.9 - 0.9

- 1.99 - 0.99

- 1.999 - 0.999

x

y

54321� 5

� 5

� 3

� 4

� 2

� 1

1

2

3

4

5

� 4 � 2� 3 � 1

G

O

Quick Check 3

Calculate the following limits
based on the graph of f.

a)

b) 

c) lim
x: 2

 f1x2

lim
x: 2+

 f1x2

lim
x: 2-

 f1x2

x

y

4321

4

3

2

1

f

lim
x: - 2

 G1x2 = - 1

Now try Quick Check 3O
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Limits Involving Infinity
Limits also help us understand the role of infinity with respect to some functions. Con-
sider the following example.

EXAMPLE 4 Let 

a) Find b) Find 

c) Use the information from parts (a) and (b) to form a conclusion about 

Solution We note first that does not exist: there is no point on the graph that
corresponds to 

Limit Numerically Limit Graphically

x = 0.
f102

lim
x: 0

 f1x2.

lim
x: 0+

 f1x2.lim
x: 0-

 f1x2.

f1x2 =
1
x

.

x : 0-  1x 6 02 f1x2

- 0.1 - 10

- 0.01 - 100

- 0.001 - 1,000

- 0.0001 - 10,000

x : 0+ 1x 7 02 f1x2

0.1 10

0.01 100

0.001 1,000

0.0001 10,000

lim f(x) = �  
x     0+ 

lim f(x) = Š �  
x     0Š 

x

y

54321� 5

� 5

� 3

� 4

� 2

� 1

1

2

3

4

5

� 4 � 2� 3 � 1

f(x) = Š1x

a) The table and graph show that as x approaches 0 from the left, the corresponding
values are decreasing without bound. We conclude that the left-hand limit is

negative infinity; that is, We describe the notion of •infinityŽ by

the symbol The symbol does not representa real number.

b) The table and graph show that as x approaches 0 from the right, the values
increase without bound toward positive infinity. The right-hand limit is positive
infinity; that is, 

c) Since the left-hand and right-hand limits do not match (and are not finite),
does not exist.

Sometimes we need to determine limits when the inputs get larger and larger with-
out bound, that is, as the inputs approach infinity. In such cases, we are finding limits
at infinity. Such a limit is expressed as

These limits are approached from one side only: from the left if approaching positive
infinity o r from the right if approaching negative infinity.

lim
x: q

 f1x2 or lim
x: - q

 f1x2.

lim
x: 0

 f1x2

lim
x: 0+

 f1x2 = q .

f1x2

qq .

lim
x: 0-

 f1x2 = - q .
f1x2

�
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EXAMPLE 5Let Find and 

Solution The table shows that as x gets larger and larger in the positive direction,
the values for approach 0. Thus, As x decreases in the negative 

direction, we get the same value for the limit: 

Limit Numerically Limit Graphically

lim
x: - q

 f1x2 = 0.

lim
x: q

 f1x2 = 0.f1x2

lim
x: - q

 f1x2.lim
x: q

 f1x2f1x2 =
1
x
.

x : q f1x2

10 0.1

100 0.01

1,000 0.001

10,000 0.0001

x : - q f1x2

- 10 - 0.1

- 100 - 0.01

- 1,000 - 0.001

- 10,000 - 0.0001

lim f(x) = 0
x     �

lim f(x) = 0
x     Š�

x

y

54321� 5

� 5

� 3

� 4

� 2

� 1

1

2

3

4

5

� 4 � 2� 3 � 1

f(x) = Š1x

lim
x: q

 f1x2 = 0

lim
x: - q

 f1x2 = 0

EXAMPLE 6 Consider the function f given by

Graph the function, and find each of the foll owing limits, if they exist. If necessary,
state that the limit does not exist.

a) b)

Solution The graph of is shown 
to the right. Note that it is the same as the 

graph of but shifted 2 units to the

right and 3 units up.

f1x2 =
1
x

f1x2

lim
x: 2

 f1x2lim
x: 3

 f1x2

f1x2 =
1

x - 2
+ 3.

x

y

54321 6 7

� 2

� 1

1

2

3

4

5

6

7

8

� 2� 3 � 1

f(x) �
1

x � 2
� 3

�

�
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a) As inputs x approach 3 from the left, outputs approach 4, so the limit from
the left is 4. As inputs x approach 3 from the right, outputs also approach 4.
Since the limit from the left, 4, is the same as the limit from the right, we have

Limit Numerically Limit Graphically

lim
x: 3

 f1x2 = 4.

f1x2
f1x2

x : 3-  1x 6 32 f1x2

2.1 13

2.5 5

2.9 4.1

2.99 4.01

x : 3+ 1x 7 32 f1x2

3.5 3.6

3.2 3.83

3.1 3.90

3.01 3.9900

b) As inputs x approach 2 from the left, outputs become more and more negative,
without bound. These numbers do not approach any real number, although it might
be said that the limit from the left is negative infinity, That is,

As inputs x approach 2 from the right, outputs become larger and larger, with-
out bound. These numbers do not approach any real number, although it might be
said that the limit from the right is infinity, That is,

Because the left-sided limit differs from the right-sided limit,

lim
x: 2

 f1x2 does not exist.

lim
x: 2 +

 f1x2 = q .

q .

f1x2

lim
x: 2-

 f1x2 = - q .

- q .

f1x2

lim
x: 3

 f1x2 = 4
x

y

54321 6 7

� 2

� 1

1

2

3

4

5

6

7

8

� 2� 3 � 1

f(x) �
1

x � 2
� 3
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Limit Numerically Limit Graphically

does

not exist.

lim
x: 2

 f1x2

x : 2-  1x 6 22 f1x2

1.5 1

1.9 - 7

1.99 - 97

1.999 - 997

x : 2+ 1x 7 22 f1x2

2.5 5

2.1 13

2.01 103

2.001 1003

x : q f1x2

5 3.3

10 3.125

100 3.0102

1000 3.0010

x

y

54321 6 7

� 2

� 1

1

2

3

4

5

6

7

8

� 2� 3 � 1

f(x) �
1

x � 2
� 3

EXAMPLE 7Consider again the function in Example 6, given by

Find 

Solution As inputs x get larger and larger, outputs get closer and closer to 3.
We have

Limit Numerically Limit Graphically

lim
x: q

 f1x2 = 3.

f1x2

lim
x: q

 f1x2.

f1x2 =
1

x - 2
+ 3.

x

y

54321 6 7

� 2

� 1

1

2

3

4

5

6

7

8

� 2� 3 � 1

f(x) �
1

x � 2
� 3

lim f(x) = 3
x�

lim
x: q

 f1x2 = 3

Now try Quick Check 4

O

Quick Check 4

Let Find

these limits:

a) b)

c) lim
x: q  

h1x2.

lim
x: 2 

h1x2;lim
x: 1 

h1x2;

h1x2 =
1

1 - x
+ 6.

�

O
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Section Summary
€ The limit of a function f, as x approaches a, is written

This means that as the values of x approach a,

the corresponding values of approach L. The value L
must be a unique, finite number.

€ A left-hand limitis written The values of x are

approaching a from the left, that is, 
€ A right-hand limitis written The values of x are

approaching a from the right, that is, x 7 a.

lim
x: a+

 f1x2.
x 6 a.

lim
x: a-

 f1x2.

f1x2

lim
x: a

 f1x2 = L.
€ If the left-hand and right-hand limits (as x approaches a) are

notequal, the limit does notexist. On the other hand, if the
left-hand and right-hand limits are equal, the limit does exist.

€ A limit may exist even though the function value

does not. (See Example 1.)
€ A limit may exist and be different from the func-

tion value (See Example 3b.)
€ Graphs and tables are useful tools in determining limits.

f1a2.

lim
x: a

 f1x2
f1a2

lim
x: a

 f1x2

EXERCISE SET

1.1 

Complete each of the following statements.

1. As approaches 3, the value of 
approaches .

2. As approaches the value of approaches
.

3. As approaches , the value of 
approaches 6.

4. As approaches , the value of 
approaches 5.

5. The notation is read .

6. The notation is read .

7. The notation is read .

8. The notation is read .

9. The notation is read •the limit, as 
approaches 2 from the right.Ž

10. The notation is read •the limit, as 
approaches 3 from the left.Ž

For Exercises 11…18, consider the function f given by

f1x2 � e
x � 2,
x � 1,

for x � 3,
for x> 3.

x

x

lim
x: 4+

 G1x2

lim
x: 5-

 F1x2

lim
x: 1

 g1x2

lim
x: 4

 f1x2

x - 2x

- 3xx

3x + 7- 4,x

2x + 5x

When necessary, state that the limit does not exist.

11. Find 12. Find 

13. Find 14. Find 

15. Find 16. Find 

17. Find 18. Find 

For Exercises 19…26, consider the function g given by

g1x2 � e
x � 6,
� 1

2 x � 1,
for x< � 2,
for x> � 2.

lim
x: 2

 f1x2.lim
x: 4

 f1x2.

lim
x: - 1

 f1x2.lim
x: 3

 f1x2.

lim
x: - 1+

 f1x2.lim
x: - 1-

 f1x2.

lim
x: 3-

 f1x2.lim
x: 3+

 f1x2.

f

x

y

5� 5

� 5
� 4
� 3
� 2
� 1

1
2
3
4
5

� 4� 3� 2� 1 4321

g

x

y

5� 5

� 5
� 4
� 3
� 2
� 1

1
2
3
4
5

� 4� 3� 2� 1 4321

If a limit does not exist, state that fact.

19. 20.

21. 22.

23. 24.

25. 26. lim
x: - 4

 g1x2lim
x: 2

 g1x2

lim
x: - 2

 g1x2lim
x: 4

 g1x2

lim
x: 4-

 g1x2lim
x: 4+

 g1x2

lim
x: - 2+

 g1x2lim
x: - 2-

 g1x2



For Exercises 27…34, use the following graph of F to find each
limit. When necessary, state that the limit does not exist.
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For Exercises 53…62, use the following graph of f to find each
limit. When necessary, state that the limit does not exist.

F

x

y

5� 5

� 5
� 4
� 3
� 2
� 1

1
2
3
4
5
6

� 4� 3� 2� 1 4 76321

27. 28.

29. 30.

31. 32.

33. 34.

For Exercises 35…42, use the following graph of G to find each
limit. When necessary, state that the limit does not exist.

lim
x: - 2-

 F1x2lim
x: - 2+

 F1x2

lim
x: 6

 F1x2lim
x: 4 

F1x2

lim
x: - 5

 F1x2lim
x: - 2 

F1x2

lim
x: 2

 F1x2lim
x: - 3

 F1x2

G

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

35. 36.

37. 38.

39. 40.

41. 42.

For Exercises 43…52, use the following graph of H to find each
limit. When necessary, state that the limit does not exist.

lim
x: 3

 G1x2lim
x: 3+

 G1x2

lim
x: 3-

 G1x2lim
x: 1

 G1x2

lim
x: 1+

 G1x2lim
x: 1-

 G1x2

lim
x: 0

 G1x2lim
x: - 2

 G1x2

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

H

43. 44.

45. 46.

47. 48.

49. 50.

51. 52. lim
x: 3

 H1x2lim
x: 3+

 H1x2

lim
x: 3-

 H1x2lim
x: 1

 H1x2

lim
x: 1+

 H1x2lim
x: 1-

 H1x2

lim
x: - 2

 H1x2lim
x: - 2+

 H1x2

lim
x: - 2-

 H1x2lim
x: - 3

 H1x2

f

x

y

5� 5

� 5
� 4
� 3
� 2
� 1

1
2
3
4
5
6

� 4� 7� 6 � 3� 2� 1

� 6

4 76321

53. 54.

55. 56.

57. 58.

59. 60.

61. 62.

For Exercises 63…80, graph each function and then find the
specified limits. When necessary, state that the limit does not
exist.

63. find and 

64. find and 

65. find and 

66. find and 

67. find and 

68. find and 

69. find and 

70. find and 

71. find and 

72. find and 

73.

Find and 

74.

Find and 

75.

Find and lim
x: 3

 g1x2.lim
x: 3-

 g1x2, lim
x: 3+

 g1x2,

g1x2 = e
- x + 4,
x - 3,

for x 6 3,
for x 7 3.

lim
x: 2

 G1x2.lim
x: 2-

 G1x2, lim
x: 2+

 G1x2,

G1x2 = e
- x + 3,
x + 1,

for x 6 2,
for x Ú 2.

lim
x: 1

 F1x2.lim
x: 1 -  

F1x2, lim
x: 1+

 F1x2,

F1x2 = e
2x + 1,
x,

for x 6 1,
for x Ú 1.

lim
x: 3

 g1x2.lim
x: q

 g1x2g1x2 =
1

x - 3
+ 2;

lim
x: - 2

 g1x2.lim
x: q

 g1x2g1x2 =
1

x + 2
+ 4;

lim
x: 0

 f1x2.lim
x: q

 f1x2f1x2 =
1
x

+ 3;

lim
x: 0

 f1x2.lim
x: q

 f1x2f1x2 =
1
x

- 2;

lim
x: - 2

 G1x2.lim
x: - 1 

G1x2G1x2 =
1

x + 2
;

lim
x: 4

 F1x2.lim
x: 3

 F1x2F1x2 =
1

x - 3
;

lim
x: 0

 g1x2.lim
x: - 3

 g1x2g1x2 = †x†+ 1;

lim
x: - 1

 g1x2.lim
x: 0

 g1x2g1x2 = x2 - 5;

lim
x: 0

 f1x2.lim
x: - 1 

f1x2f1x2 = x2;

lim
x: - 2

 f1x2.lim
x: 0

 f1x2f1x2 = †x†;

lim
x: - q

 f1x2lim
x: q

 f1x2

lim
x: - 2

 f1x2lim
x: - 4

 f1x2

lim
x: 1

 f1x2lim
x: 3

 f1x2

lim
x: 0

 f1x2lim
x: - 3

 f1x2

lim
x: 2

 f1x2lim
x: - 1

 f1x2



76.

Find and 

77. Find 

78. Find 

79.

Find and 

80.

Find and 

APPLICATIONS

Business and Economics

Taxicab fares. In New York City, taxicabs charge passengers
$2.50 for entering a cab and then $0.40 for each one-fifth of
a mile (or fraction thereof) traveled. (There are additional
charges for slow traffic and idle times, but these are not consid-
ered in this problem.) If x represents the distance traveled in
miles, then is the cost of the taxi fare, where

and so on. The graph of C is shown below. (Source: New York
City Taxi and Limousine Commission.)

 C1x2 � $3.70, if 0.4< x � 0.6,
 C1x2 � $3.30, if 0.2< x � 0.4,
 C1x2 � $2.90, if 0< x � 0.2,
 C1x2 � $2.50, if x � 0,

C1x2

lim
x: 3

 G1x2.lim
x: - 1

 G1x2

G1x2 = c
2 + x,
x2,
9,

for x ƒ - 1,
for - 1 6 x 6 3,
for x Ú 3.

lim
x: 1

 H1x2.lim
x: 0

 H1x2

H1x2 = c
x + 1,
2,
3 - x,

for x 6 0,
for 0 ƒ x 6 1,
for x Ú 1.

lim
x: - 1

 F1x2.F1x2 = e
- 2x - 3,
x3,

for x 6 - 1,
for x 7 - 1.

lim
x: - 1

 G1x2.G1x2 = e
x2,
x + 2,

for x 6 - 1,
for x 7 - 1.

lim
x: 1

 f1x2.lim
x: 1-

 f1x2, lim
x: 1+

 f1x2,

f1x2 = e
3x - 4,
x - 2,

for x 6 1,
for x 7 1.
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The postage function. The cost of sending a large envelope
via U.S. first-class mail is $0.88 for the first ounce and $0.17
for each additional ounce (or fraction thereof). (Source:
www.usps.com.) If x represents the weight of a large envelope,
in ounces, then is the cost of mailing it, where

and so on, up through 13 ounces. The graph of p is shown
below.

 p1x2 � $1.22, if 2< x � 3,
 p1x2 � $1.05, if 1< x � 2,
 p1x2 � $0.88, if  0< x � 1,

p1x2

y = C(x)

x

y

0.2 0.4 0.6 0.8 1.0
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Using the graph of the taxicab fare function, find each of the 
following limits, if it exists.

81.

82.

83. lim
x: 0.6-

 C1x2, lim
x: 0.6+

 C1x2, lim
x: 0.6

 C1x2

lim
x: 0.2-

 C1x2, lim
x: 0.2+

 C1x2, lim
x: 0.2

 C1x2

lim
x: 0.25-

 C1x2, lim
x: 0.25+

 C1x2, lim
x: 0.25

 C1x2

x

y

1 2 3 4

y = p(x)

0.88

1.05

1.22

1.39

0

Weight of envelope (in ounces)

P
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in
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Using the graph of the postage function, find each of the
following limits, if it exists.

84.

85.

86.

87.

88.

Natural Sciences

Population growth. In a certain habitat, the deer population
(in hundreds) as a function of time (in years) is given in the
graph of p below.

lim
x: 3.4

 p1x2

lim
x: 3

 p1x2

lim
x: 2.6-

 p1x2, lim
x: 2.6+

 p1x2, lim
x: 2.6

 p1x2

lim
x: 2-

 p1x2, lim
x: 2+

 p1x2, lim
x: 2

 p1x2

lim
x: 1-

 p1x2, lim
x: 1+

 p1x2, lim
x: 1

 p1x2

t

y

21.510.5

y = p(t)
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Use the graph for Exercises 89…91.

89. Find and 

90. Find and 

91. Explain what event(s) might account for the points at
which no limit exists.

lim
t : 1.75

 p1t2.lim
t : 1.75-

 p1t2, lim
t : 1.75+

 p1t2,

lim
t : 1.5

 p1t2.lim
t : 1.5-

 p1t2, lim
t : 1.5+

 p1t2,
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1.2
OBJECTIVES

Algebraic Limits and Continuity

€ Develop and use the Limit
Properties to calculate limits.

€ Determine whether a
function is continuous at
a point.

F(x) = x + 3

x

y
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g(x) = 3

x

y
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f(x) = x

x

y
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Š5
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1
2
3
4
5

4321

Using numerical and graphical methods for finding limits can be time-consuming. In this
section, we develop methods to more quickly evaluate limits for a wide variety of func-
tions. We then use limits to study continuity, a concept of great importance in calculus.

Algebraic Limits
Consider the functions given by displayed in
the following graphs. Note that function F is the sum of functions f and g.

f1x2 = x, g1x2 = 3, and F1x2 = x + 3,

Population growth. The population of bears in a certain region
is given in the graph of p below. Time, t, is measured in months.

Use the GRAPHand TRACEfeatures to find each of the
following limits. When necessary, state that the limit
does not exist.

a)

b)

c)

d)

e)

f) Does 

g) Does 

In Exercises 99…101, use theGRAPHandTRACEfeatures to find
each limit. When necessary, state that the limit does not exist.

99. For 

find and 

100. For 

find and 

101. For 

find and lim
x: 5

 f1x2.lim
x: - 1

 f1x2

f1x2 =
1

x2 - 4x - 5
,

lim
x: - q

 g1x2.lim
x: q

 g1x2

g1x2 =
20x2

x3 + 2x2 + 5x
,

lim
x: - 2

 f1x2.lim
x: 0

 f1x2

f1x2 = e
x2 - 2,
2 - x2,

for x 6 0,
for x Ú 0,

lim
x: 2

 f1x2 = f122?

lim
x: - 2

 f1x2 = f1- 22?

lim
x: 2-

 f1x2

lim
x: 2+  

f1x2

lim
x: - 2 

f1x2

lim
x: - 2-

 f1x2

lim
x: - 2+

 f1x2

t

y

10.80.60.40.2

y = p(t)

31

30

32

33

34

35

0

Time (in months)

B
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tio
n

Use the graph for Exercises 92…94.

92. Find and 

93. Find and 

94. Explain what event(s) might account for the points at
which no limit exists.

SYNTHESIS

In Exercises 95…97, fill in each blank so that exists.

95.

96.

97. f1x2 = b
x2 - 9,
- x2 +      ,

 for x 6 2,
for x 7 2

f1x2 = b
- 1

2x + 1,
3
2x +      ,

 for x 6 2,
for x 7 2

f1x2 = b
1
2x +      ,
- x + 6,

 for x 6 2,
for x 7 2

lim
x: 2

 f1x2

lim
t : 0.8

 p1t2.lim
t : 0.8-

 p1t2, lim
t : 0.8+

 p1t2,

lim
t : 0.6

 p1t2.lim
t : 0.6-

 p1t2, lim
t : 0.6+

 p1t2,

TECHNOLOGY CONNECTION

98. Graph the function f given by

f1x2 = e
- 3,
x2,

for x = - 2,
for x Z - 2.

Answers to Quick Checks
1. (a) does not exist; (b) 6
2. (a) 1, 7, does not exist; (b) 3
3. (a) 3; (b) 3; (c) 3
4. (a) Limit does not exist; (b) 5; (c) 6

f132



Suppose we are interested in the limits of as x approaches 2. In Sec-
tion 1.1, we learned numerical and graphical techniques that can be used to show that

These techniques work equally well for any value of a. For example, if we choose
, we can compute the following limits:

From these results, the following observations can be made:

1. For any real number a,

2. For any real number a,

Recalling that , we make this reasonable conclusion:

3. For any real number a,

We determined the limits of these functions by observing basic behaviors and mak-
ing reasonable generalizations. For what other functions can limits be
found by simply evaluating the function at The following list summarizes com-
mon limit properties that allow us to calculate limits much more efficiently.

Limit Properties
If and and c is any constant, then we have the following
limit properties.

L1. The limit of a constant is the constant:

L2. The limit of a power is the power of that limit, and the limit of a root is the root of
that limit (assuming n is a positive integer):

In the case of the root, we must have if n is even.

L3. The limit of a sum or a difference is the sum or the difference of the limits:

L4. The limit of a product is the product of the limits:

L5. The limit of a quotient is the quotient of the limits:

L6. The limit of a constant times a function is the constant times the limit of the function:

Property L6 is a combination of Properties L1 and L4 but is stated here for emphasis as
it is used frequently.

lim
x: a

c#f1x2 = c#lim
x: a

f1x2 = cL.

lim
x: a

f1x2

g1x2
=

lim
x: a

f1x2

lim
x: a

g1x2
=

L
M

, assumingM Z 0.

lim
x: a

3f1x2#g1x24 = 3lim
x: a

f1x24#3lim
x: a

g1x24 = L #M.

lim
x: a

3f1x2 ; g1x24 = lim
x: a

f1x2 ; lim
x: a

g1x2 = L ; M.

L Ú 0

lim
x: a

2n f1x2 = 4
n lim

x: a
f1x2 = 2n L.

 lim
x: a

3f1x24n = 3lim
x: a

f1x24n = Ln,

lim
x: a

c = c.

lim
x: a

g1x2 = Mlim
x: a

f1x2 = L

x = a?
1asx : a2

lim
x: a

1x + 32 = a + 3.

F1x2 = f1x2 + g1x2

lim
x: a

3 = 3.

lim
x: a

x = a.

lim
x: - 1

f1x2 = - 1, lim
x: - 1

g1x2 = 3, and lim
x: - 1

F1x2 = 2.

a = - 1

lim
x: 2

f1x2 = 2, lim
x: 2

g1x2 = 3, and lim
x: 2

F1x2 = 5.

f1x2, g1x2, and F1x2
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EXAMPLE 1Use the Limit Properties to find 

Solution We know that is 4. By Limit Property L4,

By Limit Property L6,

By Limit Property L1,

Combining the above results using Limit Property L3, we have

The result of Example 1 is extended in the following theorem.

lim
x: 4

 1x2 - 3x + 72 = 16 - 12 + 7 = 11.

lim
x: 4

 7 = 7.

lim
x: 4

 1- 3x2 = - 3 #lim
x: 4 

x = - 3 #4 = - 12.

lim
x: 4

 x2 = lim
x: 4

 x #lim
x: 4

 x = 4 #4 = 16.

lim
x: 4

 x

lim
x: 4

 1x2 - 3x + 72.

THEOREM ON LIMITS OF RATIONAL FUNCTIONS

For any rational function F, with a in the domain of F,

lim
x: a

 F1x2 = F1a2.

Rational functionsare a family of common functions, including all polynomial
functions (which include constant functions and linear functions) and ratios composed
of such functions (see Section R.5). Thus, the Limit Properties allow us to evaluate lim-
its of rational functions very quickly without the need for tables or graphs, as illus-
trated by the following examples.

EXAMPLE 2 Find 

Solution It follows from the Theorem on Limits of Rational Functions that we can
find the limit by substitution:

EXAMPLE 3Find 

Solution The Theorem on Limits of Rational Functions and Limit Property L2 tell
us that we can substitute to find the limit:

Quick Check 1

In the following example, the function is rational, but a is not in the domain of the
function, since it would result in a zero in the denominator. Nevertheless, we can still
find the limit.

 = 2 2.

 lim
x: 0

 2 x2 - 3x + 2 = 2 02 - 3 #0 + 2

lim
x: 0

 2 x2 - 3x + 2.

 = - 27.

 = 16 - 40 + 4 - 7

 lim
x: 2

 1x4 - 5x3 + x2 - 72 = 24 - 5 #23 + 22 - 7

lim
x: 2

 1x4 - 5x3 + x2 - 72.

O

Quick Check 1

Find these limits and note the
Limit Property you use at
each step.

a)

b)

c) lim
x: - 2

 2 1 + 3x2

lim
x: 4

 
2x2 + 5x - 1

3x - 2

lim
x: 1

 2x3 + 3x2 - 6

�

�

�

O
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EXAMPLE 4 Let Find 

Solution We note that does not exist, since substituting for x would give
zero in the denominator. Since it is impossible to determine this limit by direct evalua-
tion (the assumption for Limit Property L5 is not met), we use a table and a graph.
Although , x can be as close to as we wish:

Limit Numerically Limit Graphically

- 3x Z - 3

- 3r1- 32

lim
x: - 3

 r1x2. r1x2 =
x2 - x - 12

x + 3
.

x

y

4321

� 3

� 4

� 5

� 7

� 2

� 1

1

� 3 � 1

lim r(x) = Š7 
x     Š3 

r (x) = Šx
2 Š x Š 12

x + 3

x : - 3+ 1x 7 - 32 r1x2

- 2.9 - 6.9

- 2.99 - 6.99

- 2.999 - 6.999

x : - 3-  1x 6 - 32 r1x2

- 3.1 - 7.1

- 3.01 - 7.01

- 3.001 - 7.001

lim
x: - 3

 r1x2 = - 7

Both the table and the graph show that the limit is

Limit Algebraically. The function is simplified by factoring the numerator and not-
ing that the factor is present in both numerator and denominator. As long as

, the expression can be simplified:

We then evaluate the limit on the simplified form:

As we saw above, the graph of is a line with a •holeŽ at the point . Even
though does not exist, the limit doesexist since we are only concerned about the
behavior of for x-values closeto . The decision to simplify was made by noting
that This indeterminate formindicates that
the polynomials in the numerator and the denominator share a common factor, in this
case, . The form is a hint that a limit may exist. Look for ways to simplify the
function algebraically, or use a table and a graph to determine the limit.

Quick Check 2

A common error in determining limits is to assume that all limits can be found by
direct evaluation. A student will often attempt to calculate the limit of a function like
the one in Example 4, get a zero in the denominator, and then make the erroneous
assumption that the limit does not exist. Remember, finding a limit involves analyzing
the behavior of the function when x is closeto the a-value, not necessarily at the 
a-value. As Example 4 illustrated, the function may not be defined at a certain a-value,
but its limit may still be determined.

0>0x + 3

31- 322 - 1- 32 - 124>31- 32 + 34 = 0>0.
- 3r1x2

r1- 32
1- 3, - 72r1x2

lim
x: - 3

 1x - 42 = 1- 32 - 4 = - 7.

x2 - x - 12
x + 3

=
1x + 321x - 42

1x + 32
= x - 4, for x Z - 3.

x Z - 3
x + 3

lim
x: - 3

 a
x2 - x - 12

x + 3
b = - 7.

O

Quick Check 2

Using a table, a graph, and
algebra, find

lim
x: 2

 
x2 + 4x - 12

x2 - 4
.

�

O
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EXAMPLE 5Find 

Solution We treat x as a constant since we are interested only in the way in which
the expression varies when h approaches 0. We use the Limit Properties to find that

Continuity
The following are the graphs of functions that are continuousover the whole real num-
ber line, that is, over 1- q , q 2.

 = 3x2.

 lim
h: 0

 13x2 + 3xh + h22 = 3x2 + 3x102 + 02

lim
h: 0

 13x2 + 3xh + h22.

Note that there are no •jumpsŽ or •holesŽ in the graphs. For now, we use an intuitive
definition of continuity, which we will soon refine. We say that a function is
continuous over, or on, some intervalof the real number line if its graph can be traced
without lifting the pencil from the paper. If there is any point in an interval where a
•jumpŽ or a •holeŽ occurs, then we say that the function is not continuousover that in-
terval. The graphs of functions F, G, and H, which follow, show that these functions are
notcontinuous over the whole real line.

TECHNOLOGY CONNECTION

EXERCISES
Find each limit, if it exists, using
the TABLEfeature.

1.

2.

3.

4. lim
x: 3

 
x - 3

x2 - 9

lim
x: 5

 
x - 5

x2 - 6x + 5

lim
x: 1

 2 x2 + 3x + 4

lim
x: - 2

 1x4 - 5x3 + x2 - 72

y

x

f

y

x

g

A continuous curve.
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F(x) =
1
x

(2, 5)

x

y
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5,        for x = 2
x + 1,  for x � 2

G(x) =
� 
� 
�

(1, 4)

x

y
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2x + 2,  for x < 1
2x Š 2,  for x � 1

H(x) =
� 
� 
�

In each case, the graph cannotbe traced without lifting the pencil from the paper.
However, each case represents a different situation:

€ F is not continuous over because the point is not part of the do-
main. Thus, there is no point to trace at Note that F iscontinuous over the
intervals and 

€ G is not continuous over because it is not continuous at To see
this, trace the graph of G starting to the left of As approaches 2 from
either side, approaches 3. However, at jumpsup to 5. Note that

is continuous over and 

€ is not continuous over because it is not continuous at To see
this, trace the graph of starting to the left of As x approaches 1 from the
left, approaches 4. However, as x approaches 1 from the right, is close
to 0. Note that H is continuous over and 11, q 2.1- q , 12

H1x2H1x2
x = 1.H

x = 1.1- q , q 2H

12, q 2.1- q , 22G
x = 2, G1x2G1x2

xx = 2.
x = 2.1- q , q 2

10, q 2.1- q , 02
x = 0.

x = 01- q , q 2

�



Each of the above graphs has a point of discontinuity. The graph of F is discontinu-
ous at 0, because does not exist; the graph of G is discontinuous at 2, because

and the graph of H is discontinuous at 1, because does 
not exist.

lim
x: 1

 H1x2lim
x: 2

 G1x2 Z G122;
F102

114 C H A P T E R  1€ Differentiation

EXAMPLE 6 Determine whether the function given by

is continuous at 

Solution This function is continuous at because:

a) exists,

b) exists, was found on pp. 94…95.

and

c)

In fact, is continuous at any point on the real number line.

EXAMPLE 7 Is the function f given by

continuous at Why or why not?

Solution By the Theorem on Limits of Rational Functions, we have

Since

we have

Thus, f is continuous at This function is also continuous over all real x.

EXAMPLE 8 Is the function g, given by

continuous at Why or why not?x = - 2?

g1x2 = b
1
2x + 3,   for x 6 - 2,
x - 1,   for x Ú - 2,

x = 3.

 lim
x: 3

 f1x2 = f132.

f132 = 32 - 5 = 4,

 lim
x: 3

 f1x2 = 32 - 5 = 9 - 5 = 4.

x = 3?

f1x2 = x2 - 5

f1x2 = 2x + 3

lim
x: 4

 f1x2 = 11 = f142.

BAlim
x: 4

 f1x2 = 11lim
x: 4

 f1x2

1f142 = 112f142

x = 4

x = 4.

f1x2 = 2x + 3

DEFINITION
A function f is continuous at if:

a) exists, (The output at a exists.)

b) exists, (The limit as exists.)

and

c) (The limit is the same as the output.)

A function is continuous over an intervalI if it is continuous at each point in I.

lim
x: a

 f1x2 = f1a2.

x : alim
x: a

 f1x2

f1a2

x = a

f
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y
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A visualization of the function
in Example 6
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A visualization of the function
in Example 7
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A visualization of the function
in Example 8
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Solution To find out if g is continuous at we must determine whether
Thus, we first note that To find

we look at left- and right-hand limits:

Since we see that does not exist. Thus, g is not con-

tinuous at It is continuous at all other x-values.

Quick Check 3

EXAMPLE 9 Is the function F, given by

continuous at Why or why not?

Solution For F to be continuous at 4, we must have Note that
To find we note that, for 

Thus

We see that F is notcontinuous at since

The Limit Properties and the Theorem on Limits of Rational Functions can be used
to show that if and are two arbitrary polynomial functions, then and are
both continuous. Furthermore, and, assuming are also
continuous. We can also use the Limit Properties to show that for n, an integer greater
than 1, is continuous, provided that when n is even.

EXAMPLE 10Is the function G, given by

continuous for all x? Why or why not?

Solution For G to be continuous, it must be continuous for all real numbers. Since 
is continuous on and is continuous on we need

only to determine whether that is, whether G is continuous at

so

Since we have shown that G is continuous at , and we can

conclude that G is continuous at all x.

Quick Check 4

x = 2lim
x: 2

 G1x2 = G122,

lim
x: 2

 G1x2 = 1.

lim
x: 2-

 G1x2 = - 2 + 3 = 1 and lim
x: 2+

 G1x2 = 1222 - 3 = 4 - 3 = 1,

G122 = - 2 + 3 = 1;

x = 2:lim
x: 2

 G1x2 = G122,
12, q 2,y = x2 - 31- q , 24- x + 3

y =

G1x2 = e
- x + 3,   for x ƒ 2,
x2 - 3,   for x 7 2,

f1x2 Ú 02n f1x2

g1x2 Z 0, f>gf - g, f #g,f + g,
gfg1x2f1x2

lim
x: 4

 F1x2 Z F142.

x = 4

lim
x: 4 

F1x2 = 4 + 4 = 8.

x2 - 16
x - 4

=
1x - 42 1x + 42

x - 4
= x + 4.

x Z 4,lim
x: 4

 F1x2,F142 = 7.
lim
x: 4

 F1x2 = F142.

x = 4?

F1x2 = c

x2 - 16
x - 4

,   for x Z 4,

7,   for x = 4,

- 2.

lim
x: - 2

 g1x2lim
x: - 2-

 g1x2 Z lim
x: - 2+

 g1x2,

lim
x: - 2-

 g1x2 =
1
2

1- 22 + 3 = - 1 + 3 = 2; lim
x: - 2+

 g1x2 = - 2 - 1 = - 3.

lim
x: - 2

 g1x2,

g1- 22 = - 2 - 1 = - 3.lim
x: - 2

 g1x2 = g1- 22.
- 2,

O

Quick Check 3

Let

Is g continuous at ?
Why or why not?

x = 2

e
3x - 5,  for x 6 2,
2x + 1, for x Ú 2.

g1x2 =

O

Quick Check 4

a) Let

Is h continuous at ? 
Why or why not?

b) Let

Determine c such that p is 
continuous at x = 5.

c

x2 - 25
x - 5

,  for x Z 5,

c,            for x = 5.
p1x2 =

x = 3

c

x2 - 9
x - 3

,  for x Z 3,

7,          for x = 3.
h1x2 =

F
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A visualization of the function
in Example 9
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Example 10 showed that a piecewise-defined function may be continuous for all
real numbers. In Examples 11 and 12, we explore a situation where it is preferredthat
the two •piecesŽ of a piecewise function be continuous for all real numbers.

EXAMPLE 11Business: Price Breaks. Rick•s Rocks sells decorative landscape
rocks in bulk quantities. For quantities up to and including 500 lb, Rick charges 2.50
per pound. For quantities above 500 lb, he charges 2 per pound. The price function
can be stated as a piecewise function:

where p is the price in dollars and x is the quantity in pounds. Is the price function 
continuous at Why or why not?

Solution The graph of follows.p1x2

x = 500?
p1x2

p1x2 = e
2.50x, for 0 6 x ƒ 500,
2x,  for x 7 500.

$
$

116 C H A P T E R  1€ Differentiation

Quantity (in pounds)
x

p(x)

200 300 400 500 600 700100

250

500

750

1000

1250

1500
P

ric
e 

(in
 d

ol
la

rs
)

2.50x,  for 0 < x � 500,
2x,       for x > 500 p(x) =

As x approaches 500 from the left, we have , and when x approaches

500 from the right, we have Since the left-hand and right-hand 

limits are not equal, the limit does not exist. Thus, the function is not con-

tinuous at This graph literally shows a price •break.Ž
For the record, the function value at is but this fact plays

no role with regard to whether or not the limit exists.

EXAMPLE 12Business. Rick, of Rick•s Rocks in Example 11, realizes that his
customers are taking advantage of him: for example, they pay less for 550 lb of rocks
than they would for 500 lb of rocks. For Rick, this means lost revenue, so he decides to
add a quantity discount surcharge for quantities above 500 lb. If k represents this sur-
charge, the price function becomes:

Find k such that the function is continuous at 

Solution If p is continuous at its limit must exist there as well. We must
therefore have

This means that the left-hand and right-hand limits must be equal so that the two
pieces of the graph actually connect (as in Example 10). We know from Example 11
that the left-hand limit is 1250, so we want the right-hand limit to be 1250 as well.

lim
x: 500-

 p1x2 = lim
x: 500+

 p1x2.

x = 500,

x = 500.

p1x2 = e
2.50x,
2x + k,

 for 0 6 x ƒ 500,
for x 7 500.

p15002 = 1250,x = 500
x = 500.

lim
x: 500

 p1x2

lim
x: 500+

 p1x2 = 1000.

lim
x: 500-

 p1x2 = 1250

�

�
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We set the right-hand limit equal to 1250:

We allow x to approach 500 from the right. By Limit Property L3, we have

This simplifies to which gives Thus, if the func-
tion will be continuous at x = 500.

k = 250,k = 250.1000 + k = 1250,

215002 + k = 1250.

lim
x: 500+

 12x + k2 = 1250.

Quantity (in pounds)
x

p(x)

200 300 400 500 600 700100

250

500

750

1000

1250

1500

P
ric

e 
(in

 d
ol

la
rs

)

2.50x,      for 0 � x � 500,
2x + 250,  for x > 500 p(x) =

This is a fair compromise: the customers still get a cheaper rate per pound once x
is above 500 pounds, but Rick is no longer losing money as he was with his previous
pricing function.

Quick Check 5

O

Quick Check 5

A reservoir is empty at time
minutes. It fills at a

rate of 3 gallons of water per
minute for 30 minutes. At
30 minutes, the reservoir is
no longer being filled and a
valve is opened, allowing
water to escape at a rate of
4 gallons per minute. The
volume v after t minutes is
given by the function

Determine k such that the
volume function v is continu-
ous at Explain why
this must be true.

t = 30.

e
3t, for 0 ƒ t ƒ 30,
k - 4t, for t 7 30.

v1t2 =

t = 0

Section Summary
€ For a rational function for which a is in the domain, the

limit as x approaches a can be found by direct evaluation
of the function at a.

€ If direct evaluation leads to the indeterminate form the
limit may still exist: algebraic simplification and/or a table
and graph are used to find the limit.

€ Informally, a function is continuousif its graph can be
sketched without lifting the pencil off the paper.

0>0,

€ Formally, a function is continuous at if
(1) the function value exists,
(2) the limit as x approaches a exists, and
(3) the function value and the limit are equal.
This can be summarized as 

€ If any part of the continuity definition fails, then the
function is discontinuous at x = a.

lim
x: a

 f1x2 = f1a2.

f1a2
x = a

EXERCISE SET

1.2

Classify each statement as either true or false.

1.

2. If then 

3. If then 

4. If then lim
x: 4

 3c#F1x24 = 7c.lim
x: 4

 F1x2 = 7,

lim
x: 1

 3g1x242 = 10.lim
x: 1

 g1x2 = 5,

lim
x: 2

 2 f1x2 = 3.lim
x: 2 

f1x2 = 9,

lim
x: 3

 7 = 7
5. If is continuous at then must exist.

6. If is discontinuous at then must not exist.

7. If exists, then must be continuous at 

8. If equals then must be continuous at 

x = 7.

GG172,lim
x: 7

 G1x2

x = 4.Flim
x: 4

 F1x2

g132x = 3,g

f122x = 2,f

O
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Use the Theorem on Limits of Rational Functions to find the
following limits. When necessary, state that the limit does 
not exist.

9. 10.

11. 12.

13. 14.

15.

16.

17. 18.

For Exercises 19…30, the initial substitution of yields the
form Look for ways to simplify the function algebraically,
or use a table and/or a graph to determine the limit. When
necessary, state that the limit does not exist.

19. 20.

21. 22.

23. 24.

25. 26.

27. 28.

29. 30.

Use the Limit Properties to find the following limits. If a limit
does not exist, state that fact.

31. 32.

33. 34.

35. 36.

Determine whether each of the functions shown in 
Exercises 37…41 is continuous over the interval

37. 38.

1� 6, 62.

lim
x: - 4-

 2 x2 - 16lim
x: 3+

 2 x2 - 9

lim
x: 3

 2 x2 - 16lim
x: 2

 2 x2 - 9

lim
x: 5

 2 x2 - 16lim
x: 4

 2 x2 - 9

lim
x: 2

 
x2 + 3x - 10

x2 - 4x + 4
lim

x: - 1
 
x2 + 5x + 4

x2 + 2x + 1

lim
x: 9

 
9 - x

2 x - 3
lim

x: 25
 
2 x - 5
x - 25

lim
x: 2

 
x3 - 8
2 - x

lim
x: 1

 
x3 - 1
x - 1

lim
x: - 3

 
2x2 - x - 21

9 - x2
lim
x: 2

 
3x2 + x - 14

x2 - 4

lim
x: - 2

 
x2 - 2x - 8

x2 - 4
lim
x: 1

 
x2 + 5x - 6

x2 - 1

lim
x: 5

 
x2 - 25
x - 5

lim
x: 3

 
x2 - 9
x - 3

0/ 0.
x � a

lim
x: 3

 
x2 - 25

x2 - 5
lim
x: 3

 
x2 - 8
x - 2

lim
x: - 1

 13x5 + 4x4 - 3x + 62

lim
x: 2

 12x4 - 3x3 + 4x - 12

lim
x: 5

 1x2 - 6x + 92lim
x: 3

 1x2 - 4x + 72

lim
x: - 2

 1x2 + 32lim
x: - 1

 1x2 - 42

lim
x: 2

 14x - 52lim
x: 1

 13x + 22

39. 40.

y

x1…1…2…3…4…5
…1

2 3 4 5

…2
…3
…4
…5

1
2
3
4
5

y = f(x)

y

x1…1…2…3…4…5
…1

2 3 4 5

…2
…3
…4
…5

1
2
3
4
5

y = g(x)

y = k(x)

x

y
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1

y

x1…1…2…3…4…5
…1

2 3 4 5

…2

2
3
4
5

y = h(x)

y = t(x)

x

y
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41.

Use the graphs and functions in Exercises 37…41 to answer each
of the following. If an expression does not exist, state that fact.

42. a) Find and 

b) Find 
c) Is continuous at Why or why not?
d) Find 

e) Find 
f) Is continuous at Why or why not?

43. a) Find and 

b) Find 
c) Is continuous at Why or why not?
d) Find 

e) Find 
f) Is continuous at Why or why not?

44. a) Find 

b) Find 
c) Is continuous at Why or why not?
d) Find 

e) Find 
f) Is continuous at Why or why not?

45. a) Find 

b) Find 
c) Is continuous at Why or why not?
d) Find 

e) Find 
f) Is continuous at Why or why not?

46. a) Find 

b) Find 
c) Is continuous at Why or why not?
d) Find 

e) Find 
f) Is continuous at Why or why not?x = - 2?t

t1- 22.

lim
x: - 2

 t1x2.
x = 1?t

t112.

lim
x: 1

 t1x2.

x = - 2?h
h1- 22.

lim
x: - 2

 h1x2.
x = 1?h

h112.

lim
x: 1

 h1x2.

x = 3?k
k132.

lim
x: 3

 k1x2.
x = - 1?k

k1- 12.

lim
x: - 1

 k1x2.

x = - 2?g
g1- 22.

lim
x: - 2

 g1x2.
x = 1?g

g112.

lim
x: 1

 g1x2.lim
x: 1+

 g1x2, lim
x: 1-

 g1x2,

x = - 2?f
f1- 22.

lim
x: - 2

 f1x2.
x = 1?f

f112.

lim
x: 1

 f1x2.lim
x: 1+

 f1x2, lim
x: 1-

 f1x2,
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In Exercises 47 and 48, use the graphs to find the limits and
answer the related questions.

47.

54. Is the function given by

continuous at Why or why not?

55. Is the function given by

continuous at Why or why not?

56. Is the function given by

continuous at Why or why not?

57. Is the function given by

continuous at Why or why not?

58. Is the function given by

continuous at Why or why not?

59. Is the function given by

continuous at Why or why not?

60. Is the function given by

continuous at Why or why not?

61. Is the function given by

continuous at Why or why not?

62. Is the function given by

continuous at Why or why not?

63. Is the function given by continuous

at Why or why not?

64. Is the function given by continuous

at Why or why not?x = 3?

f1x2 =
1

x2 - 6x + 8

x = 5?

g1x2 =
1

x2 - 7x + 10

x = 4?

G1x2 = c

x2 - 3x - 4
x - 4

,

2x - 3,

for x 6 4,

for x Ú 4,

x = 5?

f1x2 = c

x2 - 4x - 5
x - 5

,

x + 1,

for x 6 5,

for x Ú 5,

x = 1?

F1x2 = c

x2 - 1
x - 1

,

4,

for x Z 1,

for x = 1,

x = 2?

G1x2 = c

x2 - 4
x - 2

,

5,

for x Z 2,

for x = 2,

x = 4?

g1x2 = b
1
2x + 1,
- x + 7,

for x 6 4,
for x 7 4,

x = 3?

f1x2 = b
1
3x + 4,
2x - 1,

for x 6 3,
for x Ú 3,

x = 4?

G1x2 = b
1
2x + 1,
- x + 5,

for x 6 4,
for x 7 4,

x = 3?

F1x2 = b
1
3x + 4,
2x - 5,

for x ƒ 3,
for x 7 3,

x = 4?

f1x2 = b
1
2x + 1,
- x + 7,

for x 6 4,
for x Ú 4,

x

y

1 2 3 4 5…1…2

y = G(x)

1

2

3

4

5

0

a) Find 

b) Find 

c) Find 

d) Find 
e) Is continuous at Why or why not?
f) Is continuous at Why or why not?
g) Is continuous at Why or why not?

48. Consider the function

C1x2 = e
- 1,
1,

for x 6 2,
for x Ú 2.

x = 2.9?G
x = 0?G
x = 3?G

G132.

lim
x: 3

 G1x2.

lim
x: 3-

 G1x2.

lim
x: 3+

 G1x2.

x

y

1 2 3 4…1…2

y = C(x)0.5

…0.5

…1

1

0

a) Find 

b) Find 

c) Find 

d) Find 
e) Is continuous at Why or why not?
f) Is continuous at Why or why not?

49. Is the function given by continuous at
Why or why not?

50. Is the function given by continuous at
Why or why not?

51. Is the function given by continuous at 

Why or why not?

52. Is the function given by continuous at
Why or why not?

53. Is the function given by

continuous at Why or why not?x = 3?

g1x2 = b
1
3x + 4,
2x - 1,

for x ƒ 3,
for x 7 3,

x = - 1?
F1x2 = 2 x

x = 0?G1x2 =
1
x

x = 4?
g1x2 = x2 - 3x

x = 5?
f1x2 = 3x - 2

x = 1.95?C
x = 2?C

C122.

lim
x: 2

 C1x2.

lim
x: 2-

 C1x2.

lim
x: 2+

 C1x2.



65. Is the function given by continuous

at Why or why not?

66. Is the function given by continuous 

at Why or why not?

67. Is the function given by continuous
over the interval Why or why not?

68. Is the function given by continuous
over the interval Why or why not?

69. Is the function given by continuous over 

the interval Why or why not?

70. Is the function given by continuous over 

the interval Why or why not?

71. Is the function given by continuous
on

72. Is the function given by continuous on 

APPLICATIONS

Business and Economics

73. The Candy Factory sells candy by the pound, charging
$1.50 per pound for quantities up to and including
20 pounds. Above 20 pounds, the Candy Factory charges
$1.25 per pound for the entire quantity, plus a quantity
surcharge k. If x represents the number of pounds, the
price function is

a) Find k such that the price function p is continuous at

b) Explain why it is preferable to have continuity at

Life and Physical Sciences

74. A lab technician controls the temperature T inside a kiln.
From an initial temperature of 0 degrees Celsius (°C), he
allows the kiln to increase by 2°C per minute for the next
60 min. After the 60th minute, he allows the kiln to cool
at the rate of 3°C per minute. The temperature function
T is defined by

a) Find k such that T is continuous at 
b) Explain why T must be continuous at min.t = 60

t = 60.

T1t2 = e
2t,
k - 3t,

for t ƒ 60,
for t 7 60.

x = 20.

x = 20.

p1x2 = e
1.50x,
1.25x + k,

for x ƒ 20,
for x 7 20.

� ?F1x2 =
3

x - 5

� ?
g1x2 = 4x3 - 6x

10, q 2?

G1x2 =
1

x - 1

1- 7, 72?

f1x2 =
1
x

+ 3

1- 5, 52?
F1x2 = x2 - 5x + 6

1- 4, 42?
g1x2 = x2 - 3x + 2

x = 2?

G1x2 =
1

x2 - 6x + 8

x = 4?

F1x2 =
1

x2 - 7x + 10
SYNTHESIS

Find each limit, if it exists. If a limit does not exist, state
that fact.

75. 76. lim
x: - 2

 
x3 + 8

x2 - 4
lim
x: 0

 
†x†
x
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TECHNOLOGY CONNECTION

In Section 1.1, we discussed how to use the TABLEfeature to
find limits. Consider

Input…output tables for this function are shown below. The
table on the left uses TblStart and Tbl By
using smaller and smaller step values and beginning closer to
0, we can refine the table and obtain a better estimate of the
limit. On the right is an input…output table with
TblStart and Tbl = 0.01.¢= - 0.03

= 0.5.¢= - 1

lim
x: 0

 
2 1 + x - 1

x
.

X

 X = …1

Y1
1
0.58579
ERROR
0.44949
0.41421
0.38743
0.36603

…1
…0.5
0
0.5
1
1.5
2

X

 X = …0.03

Y1
0.50381
0.50253
0.50126
ERROR
0.49876
0.49752
0.49631

…0.03
…0.02
…0.01
0
0.01
0.02
0.03

It appears that the limit is 0.5. We can verify this by
graphing

and tracing the curve near zooming in on that portion
of the curve.

x = 0,

y =
2 1 + x - 1

x

2

…2 5

…1

y = 1 + x … 1
x

Limit = 0.5

We see that

To verify this algebraically, multiply by 1, using 

Then simplify the result and find the limit.
2 1 + x + 1

2 1 + x + 1
.

2 1 + x - 1
x

lim
x: 0

 
2 1 + x - 1

x
= 0.5.



Let•s say that a car travels 110 mi in 2 hr. Its average rate of change(speed) is 110 hr, or
55 (55 mph). Suppose that you are on a freeway and you begin accelerating.
Glancing at the speedometer, you see that at that instant your instantaneous rate of changeis
55 mph. These are two quite different concepts. The first you are probably familiar with.
The second involves ideas of limits and calculus. To understand instantaneous rate of
change, we first need to develop a solid understanding of average rate of change.

The following graph shows the total production of suits by Raggs, Ltd., during one
morning of work. Industrial psychologists have found curves like this typical of the
production of factory workers.

mi>hr
mi>21.3

OBJECTIVES

Average Rates of Change

€ Compute an average rate 
of change.

€ Find a simplified difference
quotient.

 t1

25

(8 A.M.)

2 3 4

50

75

Q(2, 55)

P(1, 20)

R(3, 64)

S(4, 100)

0

To
ta

l n
um

be
r 

of
 s

ui
ts

 p
ro

du
ce

d 

(9 A.M.) (10 A.M.) (11 A.M.) (12 P.M.)

(0, 0)

100

N

Time

EXAMPLE 1Business: Production. What was the number of suits produced at
Raggs, Ltd., from 9 A.M. to 10 A.M.?

Solution At 9 A.M., 20 suits had been produced. At 10 A.M., 55 suits had been pro-
duced. In the hour from 9 A.M. to 10 A.M., the number of suits produced was

Note that 35 is the slope of the line from P to Q.

55 suits - 20 suits, or 35 suits.
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�

In Exercises 77…84, find each limit. Use theTABLEfeature and
start with Tbl Then use0.01, 0.001,and0.0001.
When you think you know the limit, graph and use theTRACE
feature to verify your assertion. Then try to verify it
algebraically.

77. 78.

79. 80.

81. 82.

83. 84. lim
x: 0

 
7 - 2 49 - x2

x
lim
x: 4

 
2 - 2 x

4 - x

lim
x: 0

 
2 7 + 2x - 2 7

x
lim
x: 1

 
x - 24 x
x - 1

lim
x: 0

 
2 4 + x - 2 4 - x

x
lim
x: 0

 
2 3 - x - 2 3

x

lim
x: 1

 
2 x - 1
x - 1

lim
a: - 2

 
a2 - 4

2 a2 + 5 - 3

� 0.1.¢ Answers to Quick Checks
1. (a) L1, L2, L3, L6

(b) or 5.1; L1, L2, L3, L5, L6

(c) L1, L2, L3, L6
2. 2 3. No, the limit as does not exist.
4. (a) No, the limit as is 6, but so the limit
does not equal the function value. (b)
5. the amount of water (in gallons) is continuous as
a function of time.

k = 210;
c = 10

h132 = 7,x : 3
x : 2

2 13;

51
10

,

- 1;
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Quick Check 1

State the average rate of
change for each situation in
a short sentence. Be sure to
include units.

a) It rained 4 inches over a
period of 8 hours.

b) Your car travels 250 miles
on 20 gallons of gas.

c) At 2 P.M., the temperature
was 82 degrees. At 5 P.M.,
the temperature was 
76 degrees.
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EXAMPLE 2 Business: Average Rate of Change.What was the average number
of suits produced per hour from 9 A.M. to 11 A.M.?

Solution We have

Note that 22 is the slope of the line from P to R.

 = 22 
suits
hr

.

=
44 suits

2 hr
64 suits   - 20 suits
11 A.M. - 9 A.M.

DEFINITION

The average rate of change of y with respect to x, as x changes from to is
the ratio of the change in output to the change in input:

y2 - y1

x2 - x1
, where x2 Z x1.

x2,x1

T
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of

 s
ui

ts
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ro
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d

N

t0 1

25

50

75

100

2 3 4

(8 A.M.)

(0, 0)

P(1, 20)

Q(2, 55)

R(3, 64)

3 Š 1

64 Š 20

S(4, 100)

(9 A.M.) (10 A.M.)

Time
(11 A.M.) (12 P.M.)

Quick Check 1

Let•s consider a function and two inputs and The change in input,
or the change in x, is

The change in output, or the change in y, is

where y1 = f1x12 and y2 = f1x22.

y2 - y1,

x2 - x1.

x2.x1y = f1x2

If we look at a graph of the function, we see that

y2 - y1

x2 - x1
=

f1x22 - f1x12
x2 - x1

,

�

O



which is both the average rate of change and the slope of the line from to
* The line passing through Pand Q , denoted is called a secant line.

Í
PQ

!
,Q1x2, y22.

P1x1, y12
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*The notation simply means that point Phas coordinates 1x1, y12.P1x1, y12

y2 = f(x2)

y1 = f(x1)

x1

P

Q

y

xx2

� � � � � � � � �

x2 … x1

f(x2) … f(x1)

�
�
�
�
�
�
�
�
�

Secant line

The slope of the secant line is interpreted as the average rate of change of f from to .

EXAMPLE 3For find the average rate of change as:

a) x changes from 1 to 3.

b) x changes from 1 to 2.

c) x changes from 2 to 3.

Solution The following graph is not necessary to the computations but gives us a
look at two of the secant lines whose slopes are being computed.

y = f1x2 = x2,

x2x1

y

x1

1

2 3 4

P(1, 1)

2

3

4

5

6

7

8

9

Q(2, 4)

R(3, 9)

y = f(x) = x2

a) When 

and when 

The average rate of change is

 =
8
2

= 4.

 =
9 - 1
3 - 1

 
y2 - y1

x2 - x1
=

f1x22 - f1x12
x2 - x1

y2 = f1x22 = f132 = 32 = 9.

x2 = 3,

y1 = f1x12 = f112 = 12 = 1;

x1 = 1,

�
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Quick Check 2

For , find the aver-
age rate of change between:

a)

b)

c) x = 1 and x = 1.2.

x = 1 and x = 2;

x = 1 and x = 4;

f1x2 = x3
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b) When 

and when 

The average rate of change is

c) When 

and when 

The average rate of change is

Quick Check 2

For a linear function, the average rate of change is the same for any choice of 
and As we saw in Example 3, a function that is not linear has average rates of
change that vary with the choice of and 

Difference Quotients as Average Rates of Change
We now develop a notation for average rates of change that does not require subscripts.
Instead of we will write simply x; in place of we will write x + h.x2,x1,

x2.x1

x2.
x1

9 - 4
3 - 2

=
5
1

= 5.

y2 = f1x22 = f132 = 32 = 9.

x2 = 3,

y1 = f1x12 = f122 = 22 = 4;

x1 = 2,

4 - 1
2 - 1

=
3
1

= 3.

y2 = f1x22 = f122 = 22 = 4.

x2 = 2,

y1 = f1x12 = f112 = 12 = 1;

x1 = 1,

y2 = f(x + h)

y1 = f(x)

x1 = x

(x + h,  f(x + h))

y

xx2 = x + h

� � � � � � � � �

h

f(x + h) … f(x)

�
�
�
�
�
�
�
�
�

(x, f(x))

It may help to think of the h as the horizontal distance between the inputs and 
That is, to get from we move a distance h. Thus, Then the
average rate of change, also called a difference quotient,is given by

y2 - y1

x2 - x1
=

f1x22 - f1x12
x2 - x1

=
f1x + h2 - f1x2

1x + h2 - x
=

f1x + h2 - f1x2

h
.

x2 = x + h.x1, or x, to x2,
x2.x1

O
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Keep in mind that, in general, (You can check this using
as in the Technology Connection at the left.)

EXAMPLE 4 For find the difference quotient when:

a)

b)

c)

Solution
a) We substitute into the formula:

Now and we have

The difference quotient is 13. It is also the slope of the line from 

b) We substitute and into the formula:

Now and and we have

c) We substitute and into the formula:

Now and and we have

Note the trend in the average rate of change as h gets closer to 0.

f15.012 - f152

0.01
=

25.1001 - 25
0.01

=
0.1001
0.01

= 10.01.

f152 = 25,f15.012 = 15.0122 = 25.1001

f1x + h2 - f1x2

h
=

f15 + 0.012 - f152

0.01
=

f15.012 - f152

0.01
.

h = 0.01x = 5

f15.12 - f152

0.1
=

26.01 - 25
0.1

=
1.01
0.1

= 10.1.

f152 = 25,f15.12 = 15.122 = 26.01

f1x + h2 - f1x2

h
=

f15 + 0.12 - f152

0.1
=

f15.12 - f152

0.1
.

h = 0.1x = 5

15, 252 to 18, 642.

f182 - f152

3
=

64 - 25
3

=
39
3

= 13.

f182 = 82 = 64 and f152 = 52 = 25,

f1x + h2 - f1x2

h
=

f15 + 32 - f152

3
=

f182 - f152

3
.

x = 5 and h = 3

x = 5 and h = 0.01.

x = 5 and h = 0.1.

x = 5 and h = 3.

f1x2 = x2,

f1x2 = x2,
f1x + h2 Z f1x2 + f1h2.

DEFINITION

The average rate of change of f with respect to x is also called the difference quo-
tient. It is given by

The difference quotient is equal to the slope of the secant line from to
1x + h, f1x + h22.

1x, f1x22

f1x + h2 - f1x2

h
, where h Z 0.

TECHNOLOGY CONNECTION

EXERCISES
Use a calculator to show that

for each
of the following functions.

1. let and

2. let
and h = 0.1.x = 6

f1x2 = x3 - 2x2 + 4;

h = 0.02.
x = 6f1x2 = x4 + x2;

f1x + h2 Z f1x2 + f1h2

For the function in Example 4, let•s find a form of the difference quotient that will
allow for more efficient computations.

�
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EXAMPLE 5For find a simplified form of the difference quotient. Then
find the value of the difference quotient when and and when and

Solution We have

so

Multiplying 

Then

The terms 
sum to 0.

Thus,

This is a simplified form of this difference quotient. It is important to note that any dif-
ference quotient is defined only when The above simplification is valid only for
nonzero values of h.

When and 

When and 

Although the expression is valid only when , there is nothing stopping us
from allowing h to get closer and closer to 0. Perhaps you can sense what the value of the
difference quotient would be in this example if you allowed h to get close to 0 as a limit.

Compare the results of Example 4(b) and 4(c) and Example 5. In general, compu-
tations are easier when a simplified form of a difference quotient is found before any
specific calculations are performed.

EXAMPLE 6 For find a simplified form of the difference quotient.

Solution For 

(This is shown in Appendix A at the end of this book.) Then

Thus,

It is understood that 

Factoring out h;

Again, this is true only for 

Quick Check 3

h Z 0.

 = 3x2 + 3xh + h2, h Z 0.

h>h = 1 =
h13x2 + 3xh + h22

h

h Z 0. 
f1x + h2 - f1x2

h
=

3x2h + 3xh2 + h3

h

 f1x + h2 - f1x2 = 1x3 + 3x2h + 3xh2 + h32 - x3 = 3x2h + 3xh2 + h3.

 f1x + h2 = 1x + h23 = x3 + 3x2h + 3xh2 + h3.

f1x2 = x3,

f1x2 = x3,

h Z 02x + h

f1x + h2 - f1x2

h
= 2x + h = 2 #5 + 0.01 = 10.01.

h = 0.01,x = 5

f1x + h2 - f1x2

h
= 2x + h = 2 #5 + 0.1 = 10 + 0.1 = 10.1.

h = 0.1,x = 5

h Z 0.

h>h = 1
f1x + h2 - f1x2

h
=

2xh + h2

h
=

h12x + h2

h
= 2x + h, h Z 0.

x2f1x + h2 - f1x2 = 1x2 + 2xh + h22 - x2 = 2xh + h2.

1x + h21x + h2f1x + h2 = 1x + h22 = x2 + 2xh + h2.

f1x2 = x2,

h = 0.01.
x = 5h = 0.1x = 5

f1x2 = x2,

O

Quick Check 3

Use the result of Example 6 to
calculate the slope of the
secant line (average rate of
change) at , for ,

, and h = 0.001.h = 0.01
h = 0.1x = 2

�

�

O
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The next two examples illustrate the development of the difference quotients for a
simple rational function (Example 7) and for the square-root function (Example 8).
These two forms are very common in calculus.

EXAMPLE 7For find a simplified form of the difference quotient.

Solution For

Then

Here we are multiplying by 1 to
get a common denominator.

Thus,

This is true only for

EXAMPLE 8 For find a simplified form of the difference quotient.

Solution For we have so the difference quotient is

Algebraic simplification of this difference quotient leads to

Demonstration of this simplification is left as Exercise 54. You should note this simpli-
fied difference quotient as it will be seen again in Section 1.5.

In all of the above cases where we simplified a difference quotient using algebra,
we ended up with two variables: x and h, where h cannot be 0. Although h cannot be
exactly 0, we may let h be as close to 0 as we desire. This is a limit! In the next section,
we will take that final step: allowing h to approach 0 as a limit.

f1x + h2 - f1x2

h
=

1

2 x + h + 2 x
, h Z 0.

f1x + h2 - f1x2

h
=

2 x + h - 2 x
h

.

f1x + h2 = 2 x + h,f1x2 = 2 x,

f1x2 = 2 x,

h Z 0.

=
- h

x1x + h2
#1
h

=
- 1

x1x + h2
, h Z 0.

f1x + h2 - f1x2

h
=

- h
x1x + h2

h

=
- h

x1x + h2
.

=
x - x - h
x1x + h2

=
x - 1x + h2

x1x + h2

=
1

x + h
#x
x

-
1
x
#x + h

x + h

f1x + h2 - f1x2 =
1

x + h
-

1
x

f1x + h2 =
1

x + h
.

f1x2 = 1>x,

f1x2 = 1>x,�

�
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Section Summary
€ An average rate of changeis the slope of a line between

two points. If the two points are and then

the average rate of change is 

€ If the two points are solutions to a single function, an 

equivalent form of the slope formula is 

where h is the horizontal difference between the two 

f1x + h2 - f1x2

h
,

y2 - y1

x2 - x1
.

1x2, y22,1x1, y12
x-values. This is called the difference quotient. The line
connecting these two points is called a secant line.

€ The difference quotient is the same as the slope formula.
Both give the slope of the line between two points.

€ The difference quotient gives the average rate of change
between two points on a graph, represented by the
secant line.

€ It is preferable to simplify a difference quotient algebraically
before evaluating it for particular values of x and h.

x h
f1x + h2 - f1x2

h

5 2

5 1

5 0.1

5 0.01

EXERCISE SET

1.3 

For each function in Exercises 1…16,(a) find a simplified form
of the difference quotient and then(b) complete the following
table.

employment from 2000 to 2005, from 2005 to 2009, and from
2000 to 2009. (Source: Bureau of Labor Statistics.)

17. Total employment. 18. Construction.

1. 2. f1x2 = 5x2f1x2 = 4x2

3. 4. f1x2 = - 5x2f1x2 = - 4x2

5. 6. f1x2 = x2 - xf1x2 = x2 + x

7. 8. f1x2 =
9
x

f1x2 =
2
x

9. 10. f1x2 = 2x + 3f1x2 = - 2x + 5

11. 12.

13. 14. f1x2 = x2 - 4xf1x2 = x2 - 3x

f1x2 = 12x3f1x2 = 1 - x3

15. 16. f1x2 = x2 - 3x + 5f1x2 = x2 + 4x - 3

APPLICATIONS

Business and Economics

For Exercises 17…24, use each graph to estimate the average
rate of change of the percentage of new employees in that type of
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19. Professional services. 20. Health care.

21. Education. 22. Government.

23. Mining and logging. 24. Manufacturing.



25. Use the following graph to find the average rate of
change in U.S. energy consumption from 1970 to 1980,
from 1980 to 1990, and from 2000 to 2009.
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28. Advertising results. The following graph shows a typical
response to advertising. After an amount a is spent on
advertising, the company sells units of a product.N1a2

Year

U.S. ENERGY CONSUMPTION
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(Source: U.S. Energy Information Administration.) 

(Source: U.S. Census Bureau, Statistical Abstract of the United States, 2010.) 
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26. Use the following graph to find the average rate of
change of the U.S. trade deficit with Japan from 1990 
to 1995, from 1995 to 2000, and from 2000 to 2009.

27. Utility. Utility is a type of function that occurs in
economics. When a consumer receives x units of a cer-
tain product, a certain amount of pleasure, or utility U, 
is derived. The following is a graph of a typical utility
function.

a) Find the average rate of change of U as x changes
from 0 to 1; from 1 to 2; from 2 to 3; from 3 to 4.

b) Why do you think the average rates of change are
decreasing as increases?x

N

a1
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2 3 4
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a) Find the average rate of change of N as a changes
from 0 to 1; from 1 to 2; from 2 to 3; from 3 to 4.

b) Why do you think the average rates of change are
decreasing as increases?

29. Baseball ticket prices. Based on data from Major League
Baseball, the average price of a ticket to a major league
game can be approximated by

where x is the number of years after 1991 and is in dol-
lars. (Source: Based on data from www.teammarketing.com.)

a) Find 
b) Find 
c) Find 

d) Find and interpret this result.

30. Compound interest. The amount of money, in a
savings account that pays 6% interest, compounded quar-
terly for years, when an initial investment of $2000 is
made, is given by

a) Find 
b) Find 
c) Find 

d) Find and interpret this result.

31. Credit card debt. When a balance of $5000 is owed on a
credit card and interest is being charged at a rate of 14% per
year, the total amount owed after years, is given by

Find and interpret this result.

32. Credit card debt. When a balance of $3000 is owed on a
credit card and interest is charged at a rate of 17% per year,
the total amount owed after years, is given by

Find and interpret this result.
A142 - A132

4 - 3
,

A1t2 = 300011.172t.

A1t2,t

A132 - A122

3 - 2
,

A1t2 = 500011.142t.

A1t2,t

A152 - A132

5 - 3
,

A152 - A132.
A152.
A132.

A1t2 = 200011.01524t.

t

A1t2,

p1172 - p142

17 - 4
,

p1172 - p142.
p1172.
p142.

p1x2

p1x2 = 0.03x2 + 0.56x + 8.63,

x



33. Total cost. Suppose that Sport Stylz Inc. determines that
the cost, in dollars, of producing cellphone-sunglasses
is given by

Find and interpret the significance of 

this result to the company.

C13012 - C13002

301 - 300
,

C1x2 = - 0.05x2 + 50x.

x
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c) The average growth rate of a boy during his first 
30 months. (Your answer should be in pounds per
month.)

d) Based on your answers in parts (a)…(c) and the graph,
estimate the growth rate of a typical boy at exactly 15
months, and explain how you arrived at this figure.

37. Home range. It has been shown that the home range, in
hectares, of a carnivorous mammal weighing grams
can be approximated by

(Source: Based on information in Emlen, J. M., Ecology:
An Evolutionary Approach, p. 200, Reading, MA: Addison-
Wesley, 1973; and Harestad, A. S., and Bunnel, F. L., •Home
Range and Body Weight„A Reevaluation,Ž Ecology, 
Vol. 60, No. 2, pp. 389…402.)

a) Find the average rate at which a carnivorous mammal•s
home range increases as the animal•s weight grows
from 500 g to 700 g.

b) Find and interpret this result.

38. Radar range.The function given by 
can be used to approximate the maximum range in
miles, of an ARSR-3 surveillance radar with a peak power
of watts (W). (Source: Introduction to RADAR
Techniques, Federal Aviation Administration, 1988.)

a) Find the rate at which the maximum radar range
changes as peak power increases from 40,000 W to
60,000 W.

b) Find and interpret this

result.

R160,0002 - R150,0002

60,000 - 50,000
,

x

R1x2,
R1x2 = 11.74x1/4

H13002 - H12002

300 - 200
,

H1w2 = 0.11w1.36.

w
34. Total revenue. Suppose that Sports Stylz Inc. determines

that the revenue, in dollars, from the sale of cellphone-
sunglasses is given by

Find and interpret the significance of 

this result to the company.

R13012 - R13002

301 - 300
,

R1x2 = - 0.01x2 + 1000x.

x

Life and Physical Sciences

35. Growth of a baby. The median weights of babies at age 
months are graphed below.

t
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(Source: Developed by the National Center for Health Statistics
in collaboration with the National Center for Chronic Disease
Prevention and Health Promotion, 2000.)
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Use the graph of girls• median weight to estimate:

a) The average growth rate of a girl during her first 
12 months. (Your answer should be in pounds per
month.)

b) The average growth rate of a girl during her second
12 months.

c) The average growth rate of a girl during her first 
24 months.

d) Based on your answers in parts (a)…(c) and the graph,
estimate the growth rate of a typical 12-month-old
girl. Use a straightedge.

e) When does the graph indicate that a baby girl•s
growth rate is greatest?

36. Growth of a baby. Use the graph of boys• median weight
in Exercise 35 to estimate:

a) The average growth rate of a boy during his first 
15 months. (Your answer should be in pounds per
month.)

b) The average growth rate of a boy during his second
15 months. (Your answer should be in pounds per
month.)

39. Memory. The total number of words, that a person
can memorize in t minutes is shown in the following graph.

M1t2,

M

t8
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(24, 25)
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16 24 32 4036

(36, 25)

0

a) Find the average rate of change of M as t changes
from 0 to 8; from 8 to 16; from 16 to 24; from 24 to
32; from 32 to 36.

b) Why do the average rates of change become 0 after 
24 min?

40. Average velocity. Suppose that in hours, a truck travels
miles, where

s1t2 = 10t2.

s1t2
t



a) Find What does this represent?
b) Find the average rate of change of distance with

respect to time as t changes from to 
This is known as average velocity,or speed.

41. Average velocity. In seconds, an object dropped from a
certain height will fall feet, where

a) Find 
b) What is the average rate of change of distance with

respect to time during the period from 3 to 5 sec?
This is also average velocity.

42. Gas mileage.At the beginning of a trip, the odometer on
a car reads 30,680, and the car has a full tank of gas. At
the end of the trip, the odometer reads 31,077. It takes
13.5 gal of gas to refill the tank.

a) What is the average rate at which the car was travel-
ing, in miles per gallon?

b) What is the average rate of gas consumption in
gallons per mile?

Social Sciences

43. Population growth. The two curves below describe the
numbers of people in two countries at time t, in years.

s152 - s132.

s1t2 = 16t2.

s1t2
t

t2 = 5.t1 = 2

s152 - s122.
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Explain the difference between these graphs in as many
ways as you can. Be sure to mention average rates of
change.

45. Rising cost of college.Like the cost of most things, the
cost of a college education has gone up over the past
35 years. The graphs below display the yearly costs of 
4-year colleges in 2008 dollars„indicating that the costs
prior to 2008 have been adjusted for inflation.
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a) Find the average rate of change of each population
with respect to time t as t changes from 0 to 4. This is
often called the average growth rate.

b) If the calculation in part (a) were the only one made,
would we detect the fact that the populations were
growing differently? Explain.

c) Find the average rates of change of each population
as t changes from 0 to 1; from 1 to 2; from 2 to 3;
from 3 to 4.

d) For which population does the statement •the popu-
lation grew consistently at a rate of 125 million per
yearŽ convey accurate information? Why?

SYNTHESIS

44. Business: comparing rates of change.The following two
graphs show the number of federally insured banks and
the Nasdaq Composite Stock Index over a 6-month period.

a) In what school year did the cost of a private 4-year
college increase the most?

b) In what school year(s) did the cost of a public 4-year
college increase the most?

c) Assuming an annual inflation rate of 3%, calculate
the cost of a year at a public and at a private 4-year
college in 1975. Express the costs in 1975 dollars.



The slope of the secant lineconnecting two points and on
the graph of a function represents the average rate of changeof over the
interval This rate is given by the difference quotient

In Section 1.3, we worked out difference quotients for several functions, simplify-
ing them as much as possible. These simplified difference quotients contain the vari-
ables x and h, and we can calculate the slope of a secant line by evaluating the difference
quotient for a given x-value and a given h-value. Recall that h represents the horizontal
distance between x and Although h cannot equal zero, we can consider the case
where h approaches zero as a limit. In this section, we explore this possibility.

Tangent Lines
A line that touches a circle at exactly one point is called a tangent line. The word •tangentŽ
derives from the Latin tangentem, meaning •touch,Ž whereas the word •secantŽ derives
from the Latin secantem, meaning •cut.Ž In the figure below, the secant line cuts through
the circle, while the tangent line touches, but does not cut through, the circle.

x + h.

f1x + h2 - f1x2

h
, h Z 0.

3x, x + h4.
f1x2y = f1x2

1x + h, f1x + h221x, f1x22

132 C H A P T E R  1€ Differentiation

1.4
OBJECTIVES

Differentiation Using Limits 
of Difference Quotients

€ Find derivatives and values
of derivatives.

€ Find equations of tangent
lines.

Secant line

Tangent line

Find the simplified difference quotient for each function listed.

46. 47. f1x2 = ax2 + bx + cf1x2 = mx + b
c)

d)

e)

For Exercises 55 and 56, find the simplified difference quotient.

55. 56. f1x2 =
1

2 x
f1x2 = 2 2x + 1

=
1

2 x + h + 2 x

=
h

hA2 x + h + 2 xB

=
x + h - x

hA2 x + h + 2 xB
48. 49. f1x2 = x4f1x2 = ax3 + bx2

50. 51. f1x2 = ax5 + bx4f1x2 = x5

52. 53. f1x2 =
1

1 - x
f1x2 =

1

x2

54. Below are shown all of the steps in the simplification of 
the difference quotient for (see Example 8).
Provide a brief justification for each step.

a)

b) =
x + h + 2 x2 x + h - 2 x2 x + h - x

hA2 x + h + 2 xB

=
2 x + h - 2 x

h
#a

2 x + h + 2 x

2 x + h + 2 x
b

f1x + h2 - f1x2

h
=

2 x + h - 2 x
h

f1x2 = 2 x

Answers to Quick Checks
1. (a) It rained inch per hour. (b) Your car gets 
12.5 miles per gallon. (c) The temperature dropped 
2 degrees per hour. 2. (a) 21; (b) 7; (c) 3.64
3. 12.61, 12.0601, 12.006001

1>2
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The power lines run tangent to the
tower brackets at the turn.

x

T1

L1

L2

T2

T3

T4 T5

y

FIGURE 3 

y

x

P

M

M is not a tangent line.

FIGURE 2

y

x

P
L

FIGURE 1 

In Figure 2, line M crosses the curve only at point P, but is not tangent to the
curve; it does not touch the curve in the desired manner.

These notions can be extended to any smooth curve: a tangent line touches a curve
at a single point only, in the same way as the tangent line touches the circle in the 
figure at the bottom of p. 132. In Fig. 1, the line L touches the curve exactly once in
the small interval containing P, the point of tangency. We are not concerned with the
behavior of the line far from the point of tangency. We see that L does pass through the
curve elsewhere, but it is still considered a tangent line to the curve at point P.

In Figure 3, all of the lines except for and are tangent lines.L2L1

One more observation: if a curve is smooth (has no corners), then each point on
the curve will have a uniquetangent line; that is, exactly one tangent line is possible at
any given point.

Exploratory
Graph with the
viewing window 
with and 
Then also graph the lines

and Which line
appears to be tangent to the graph
of at If necessary,
zoom in near to refine
your guess.

11, - 172
11, - 172?y1

y4 = - 45x + 28.
y3 = - 30x + 13,y2 = - 7x - 10,

Yscl = 10.Xscl = 1
3- 3, 3, - 80, 804,

y1 = 3x5 - 20x3

TECHNOLOGY CONNECTION
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Q2

P

Slope m4

Tangent line

Q1

Q3

Q4

Slope m3

Slope m2

Slope m1

Secant lines

Slope m =
instantaneous rate 
of change at P

T

Differentiation Using Limits
We now define tangent lineso that it makes sense for anycurve. To do this, we use the
notion of limit.

To obtain the line tangent to the curve at point consider secant lines through 
and neighboring points and so on. As the Q•s approach the secant lines
approach line Each secant line has a slope. The slopes and so on, of the
secant lines approach the slope of line We defineline as the tangent line, the line
that contains point and has slope where is the limit of the slopes of the secant
lines as the points Q approach P.

mm,P
TT.m

m3,m2,m1,T.
P,Q2,Q1,

PP,

f(x)

f(x + h)

x + hx

P(x, f(x))

Q(x + h,  f(x + h))

Slope = f(x + h) … f(x)
h

FIGURE 4 

P

Q1

x + h4

x + h1

x + h2

x + h3

x

T

Q2
Q3

Q4

Slope m = f(x + h) … f(x)
h

lim
h�0

FIGURE 5 

The slope of the tangent line at 

This limit is also the instantaneous rate of changeof at x.f1x2

1x, f1x22 = m = lim
h : 0

 
f1x + h2 - f1x2

h
.

Think of the sequence of secant lines as an animation: as the points Q move closer
to the fixed point P, the resulting secant lines •lie downŽ on the tangent line.

How might we calculate the limit Suppose that has coordinates 
Then the first coordinate of Q is x plus some number or The coordinates of Q
are as shown in Fig. 4.1x + h, f1x + h22,

x + h.h,
1x, f1x22.Pm?

From Section 1.3, we know that the slope of the secant line is given by

Now, as we see in Fig. 5, as the Q•s approach the values of approach That is,
h approaches 0. Thus, we have the following.

x.x + hP,

f1x + h2 - f1x2

h
.

Í
PQ

!



•Nothing in this world is so powerful as
an idea whose time has come.Ž

Victor Hugo
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The formal definition of the derivative of a function fcan now be given. We will
designate the derivative at x as rather than m. The notation is read •the
derivative of f at x,Ž •f prime at x,Ž or •f prime of x.Ž

f ¿1x2f ¿1x2,

DEFINITION
For a function its derivative at x is the function defined by

provided that the limit exists. If exists, then we say that f is differentiable
at We sometimes call the derived function.f ¿x.

f ¿1x2

f ¿1x2 = lim
h : 0

 
f1x + h2 - f1x2

h
,

f ¿y = f1x2,

Let•s now calculate some for-
mulas for derivatives. That is, given
a formula for a function we will
attempt to find a formula for f ¿.

f,

x

f(x)

f '(x) = slope at (x,  f(x))

(x,  f(x))

There are three steps in calculating a derivative.

1. Write the difference quotient, 

2. Simplify the difference quotient.

3. Find the limit as h approaches 0.

1f1x + h2 - f1x22>h.

EXAMPLE 1For find Then find and 

Solution We have

1.

2. Evaluating and 

Simplifying

3. We want to find

Recall that in Section 1.3, we calculated the slope of a secant line by evaluating the dif-
ference quotient at a particular x-value and a series of h-values that grew closer to zero:

and so on. If we allow h to approach 0 as close as we desire, we
have the derivative. That is, for

lim
h: 0

 12x + h2 = 2x,

h = 0.1, h = 0.01,

lim
h : 0

 
f1x + h2 - f1x2

h
= lim

h : 0 
12x + h2.

 = 2x + h, h Z 0

 =
2xh + h2

h
=

h12x + h2

h

f1x2f1x + h2 
f1x + h2 - f1x2

h
=

x2 + 2xh + h2 - x2

h

f1x + h2 - f1x2

h
=

1x + h22 - x2

h

f ¿142.f ¿1- 32f ¿1x2.f1x2 = x2,�

s
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we have

Using the fact that it follows that

This tells us that at the curve has a tangent line whose slope is

and at the tangent line has slope

We can also say:

€ The tangent line to the curve at the point has slope 

€ The tangent line to the curve at the point has slope 8.

€ The instantaneous rate of change at is 

€ The instantaneous rate of change at is 8.x = 4

- 6.x = - 3

14, 162

- 6.1- 3, 92

f ¿142 = 8.

x = 4,

f ¿1- 32 = - 6,

x = - 3,

f ¿1- 32 = 2 #1- 32 = - 6, and f ¿142 = 2 #4 = 8.

f ¿1x2 = 2x,

f ¿1x2 = 2x.

x

y

54321Š5 Š4 Š3 Š2 Š1

2

4

6

8

10

12

14

16

18

20

f(x) = x2

m = Š6 m = 8

(Š3, 9)

(4, 16)

TECHNOLOGY CONNECTION

Exploratory
To see exactly how the definition
of derivative works and to check
the results of Example 1, let

and note that we are using x in
place of h. Use the TABLEfeature
and enter smaller and smaller
values for x. Then repeat the
procedure for 

How do these results
confirm those in Example 1?
422>x.

y2 = 114 + x22 -

y1 = 11- 3 + x22 - 1- 3222>x

EXAMPLE 2 For find Then find and 

Solution
1. We have

2. In Example 6 of Section 1.3 (on p. 126), we showed how this difference quotient
can be simplified to

3. We then have

Thus,

f ¿1- 12 = 31- 122 = 3 and f ¿11.52 = 311.522 = 6.75.

f ¿1x2 = lim
h: 0

 
f1x + h2 - f1x2

h
= lim

h: 0 
13x2 + 3xh + h22 = 3x2.

f1x + h2 - f1x2

h
= 3x2 + 3xh + h2, h Z 0.

f1x + h2 - f1x2

h
=

1x + h23 - x3

h
.

f ¿11.52.f ¿1- 12f ¿1x2.f1x2 = x3,�
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Quick Check 1

A common error in simplifying a difference quotient is to write which is
incorrect! The expression must remain a unit when substituting for x in the
function. For example, if we write Once we have set
up the expression for the difference quotient correctly, we can thensimplify it using
normal algebraic techniques.

EXAMPLE 3For find and 

Solution We follow the three steps given above.

1. The parentheses are important.

2. Using the distributive law

Simplifying

3. since 3 is a constant.

Thus, if then and 

The result of Example 3 suggests that, for a straight line, the slope of a tangent line
is the slope of the straight line itself. That is, a general formula for the derivative of a
linear function

is

The formula can be verified in a manner similar to that used in Example 3.
Examples 1…3 and Example 4, which follows, involve a somewhat lengthy process,

but in Section 1.5 we will develop some faster techniques. It is very important in this
section, however, to fully understand the concept of a derivative.

EXAMPLE 4 For 

a) Find b) Find 

c) Find an equation of the tangent line to the curve at x = 2.

f ¿122.f ¿1x2.

f1x2 =
1
x

:

 f ¿1x2 = m.

 f1x2 = mx + b

f ¿122 = 3.f ¿1x2 = 3f1x2 = 3x - 4,

lim
h : 0

 
f1x + h2 - f1x2

h
= lim

h : 0 
3 = 3,

 =
3h
h

= 3,   h Z 0;

 
f1x + h2 - f1x2

h
=

3x + 3h - 4 - 3x + 4
h

f1x + h2 - f1x2

h
=

31x + h2 - 4 - 13x - 42

h

f ¿122.f ¿1x2f1x2 = 3x - 4,

f1x + h2 = 1x + h22.f1x2 = x2,
x + h

f1x2 + h,

f(x) = x3

m = 3

m = 6.75

x

y

21Š2 Š1

Š5

Š4

Š3

Š2

Š1

1

2

3

4

5

(Š1, Š1)

(1.5, 3.375)

O

Quick Check 1

Use the results from
Examples 1 and 2 to find the
derivative of 
and then calculate 
and Interpret these
results.

f ¿142.
f ¿1- 22

f1x2 = x3 + x2,

m = 3

x

y

4321Š2 Š1

Š3

Š2

Š1

1

2

3

4

5

6

7

f(x) = 3x Š 4

�

�

O
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Solution
a) 1. We have

2. In Example 7 of Section 1.3 (on p. 127), we showed
that this difference quotient simplifies to

3. We want to find

As we have Thus,

f ¿1x2 = lim
h : 0

 
- 1

x1x + h2
=

- 1
x #x =

- 1

x2 .

x + h : x.h : 0,

lim
h : 0

 
f1x + h2 - f1x2

h
= lim

h : 0
 

- 1
x 1x + h2

.

f1x + h2 - f1x2

h
=

- 1
x1x + h2

, h Z 0.

f1x + h2 - f1x2

h
=

31>1x + h24 - 11>x2

h
.

TECHNOLOGY CONNECTION

Curves and Tangent Lines

EXERCISES
1. For find and 

2. Find an equation of the tangent line to the graph of
at and an equation of the 

tangent line to the curve at Then graph
the curve and both tangent lines. Use
ZOOM to view the graphs near the points of tangency.

3. To check your equations of tangent lines, first graph
Select Tangent from the DRAWmenu,

and enter first and then x = - 1
2.x = - 2

f1x2 = 3>x.

f1x2 = 3>x
A- 1

2, - 6B.
A- 2, - 1

2Bf1x2 = 3>x

f ¿A- 1
2B.f ¿1- 22,f ¿1x2,f1x2 = 3>x,

b) Since we have

This is the slope of the tangent line at 

c) We can find an equation of the tangent line at if we know the line•s slope
and a point that is on the line. In part (b), we found that the slope at is 
To find a point on the line, we compute 

CAUTION! Be careful to use f when computing 
y-values and when computing slope.

We have

This is 

This is 

We substitute into the point…slope equation (see Section R.4):

Rewriting in
slope…intercept form

The equation of the tangent line to 
the curve at is

y = - 1
4x + 1.

x = 2

 = - 1
4x + 1.

 y = - 1
4x + 1

2 + 1
2

 y - 1
2 = - 1

41x - 22

 y - y1 = m1x - x12

f ¿1x12.Slope: - 1
4.

1x1, f1x122.Point: A2, 12B,

f ¿f122 =
1
2

.

f122:
- 1

4.x = 2
x = 2

x = 2.f ¿122 =
- 1

22 = -
1
4

.

f ¿1x2 = - 1>x2,

1
2

y = Š Šx + 11
4 (2, Š)

x

y

21

� 2

� 1

1

2

� 2 � 1

f(x) = Š1x

Quick Check 2

O

Quick Check 2

Repeat Example 4a for 

What are the 

similarities in your method?

f1x2 = -
2
x
.

O

s
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In Example 4, note that since does not exist for we cannot evalu-
ate the difference quotient

Thus, does not exist. We say that •f is not differentiable at 0.Žf ¿102

f10 + h2 - f102

h
.

f1x2 = 1>x,f102

When a function is not defined at a point, it is not differentiable at that point. In
general, if a function is discontinuous at a point, it is not differentiable at that point.

Sometimes a function f is continuous at a point, but its derivative is not defined
at this point. The function is an example. It is continuous at since it
meets all the requirements for continuity there. But what about a tangent line at this
point?

x = 0f1x2 = †x†
f ¿

y

x(0, 0)

f(x) = |x|

Suppose that we try to draw a tangent line at A function like this with a corner (not
smooth) would seem to have many tangent lines at and thus many slopes. The
derivative at such a point would not be unique. Let•s try to calculate the derivative at 0.

Since

it follows from our earlier work with lines that

Then, since

it follows that does not exist.
In general, if a function has a •corner,Ž it will not have a derivative at that point.

The following graphs show examples of •corners.Ž

f ¿102

lim
x : 0+

 f ¿1x2 Z lim
x : 0-

 f ¿1x2,

f ¿1x2 = e
1,
- 1,

for x 7 0,
for x 6 0.

f1x2 = †x†= e
x,
- x,

for x Ú 0,
for x 6 0,

10, 02,
10, 02.

y

xa

y

xa

y

xa1 a2
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The function given by illustrates the fact that although a function may be
continuous at each point in an interval I, it may not be differentiable at each point in I.
That is, continuity does not imply differentiability. However, differentiability doesguaran-
tee continuity. That is, if exists, then f is continuous at a. The function is
an example of a function that is differentiable over the interval and is therefore
continuous everywhere. Thus, when a function is differentiable over an interval, it is not
just continuous, but is also smoothin the sense that there are no •cornersŽ in its graph.

EXAMPLE 5Below is the graph of a function List the points in the graph
at which the function t is not differentiable.

y = t1x2.

1- q , q 2
f1x2 = x2f ¿1a2

f1x2 = †x†

y = t(x)
y

xa b c d e f g h i j

Solution A function is not differentiable at a point if there is (1) a discontinuity, 
(2) a corner, or (3) a vertical tangent at that point. Therefore, the function is
not differentiable at and since the function is discontinuous at these
points; it is not differentiable at and since there are corners at these points;
and it is not differentiable at as there is a vertical tangent line at this point (the
slope is undefined). The function is differentiable at and 

Quick Check 3

x = h.x = a, x = e, x = g,
x = j

x = ix = d
x = fx = b, x = c,

y = t1x2

O

Quick Check 3

Where is not
differentiable? Why?

f1x2 = †x + 6†

TECHNOLOGY CONNECTION

(continued)

Calculus Apps for the iPhone or iPod Touch

A Technology Connection in Section R.5 introduced two
apps for the iPhone and iPod Touch: iPlot and Graphicus
(both available from the iTunes Store). Here we begin to
cover uses of Graphicus in calculus.

Graphicus

This app can graph most of the functions we encounter in
this book and draw tangent lines at points on a curve. Let•s
consider the function 

To graph a function and examine its tangent lines, first
open Graphicus. Touch the blank rectangle at the top of the
screen and enter the function as y(x)=x^4-2x^2. Press 
at the upper right. You will see the graph, as shown in Fig. 1.

f1x2 = x4 - 2x2.

+

�

O

A function will also fail to be differ-
entiable at a point if it has a vertical
tangent at that point. For example, the
function shown to the right has a vertical
tangent at point a. Recall that since the
slope of a vertical line is undefined, there
is no derivative at such a point.

y

xa

Vertical tangent

Notice the seven icons at the bottom of the screen.
The first one is for zooming. Touch it to zoom in and
zoom out. Touch the screen with two fingers and move
vertically or horizontally to adjust the windows and
scaling. The second icon is for visualizing tangent lines.
Touch it and then touch the graph at a point, and you will
see a highlighted point on the graph and a tangent line to
the curve at that point (Fig. 2). Move your finger left to
right along the graph and you will see highlighted various
other points on the curve and tangent lines at those points
(Figs. 3 and 4). Think about the slopes of the tangent
lines as you move from left to right. When are they positive,
negative, or 0? Note where the slope changes from positive
to 0 to negative.
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EXERCISES
Use Graphicus to graph each function. You may need to
use the zoom function to alter the window. Visualize
tangent lines, noting where they are positive, negative,
and 0. Then try to determine where the slope changes from
positive to 0 to negative.

1. 2.

3. f1x2 = x3 - 6x2

f1x2 = x1200 - x2f1x2 = 2x3 - x4

4.

5.

6. 7.

8. What happens to the tangent line
at the point 1- 2, - 32?
f1x2 = †x + 2†- 3.

f1x2 =
x2 - 3x
x - 1

g1x2 =
4x

x2 + 1

g1x2 = x2 4 - x2

f1x2 = - 4.32 + 1.44x + 3x2 - x3

FIGURE 3 FIGURE 4

Section Summary
€ A tangent lineis a line that touches a (smooth) curve at a

single point, the point of tangency. See Fig. 3 (on p. 133)
for examples of tangent lines (and lines that are not con-
sidered tangent lines).

€ The derivativeof a function is defined by

€ The slopeof the tangent line to the graph of at
is the value of the derivative at that is, the

slope of the tangent line at is 
€ Slopes of tangent lines are interpreted as instantaneous

rates of change.

f ¿1a2.x = a
x = a;x = a

y = f1x2

f ¿1x2 = lim
h: 0

 
f1x + h2 - f1x2

h
.

f1x2

€ The equation of a tangent line at is found by
simplifying 

€ If a function is differentiable at a point then it is con-
tinuousat That is, differentiability implies continuity.

€ However, continuity at a point does not imply dif-
ferentiability at A good example is the absolute-
value function, or any function whose graph
has a corner. Continuity alone is not sufficient to guaran-
tee differentiability.

€ A function is not differentiable at a point if:
(1) there is a discontinuity at 
(2) there is a corner at or
(3) there is a vertical tangent at x = a.

x = a,
x = a,

x = a

f1x2 = †x†,
x = a.

x = a
x = a.

x = a,
f ¿1a21x - a2.y - f1a2 =

x = a

EXERCISE SET

1.4 

In Exercises 1…16:

a) Graph the function.
b) Draw tangent lines to the graph at points whose 

x-coordinates are , and1.

c) Find by determininglim
h: 0

 
f1x � h2 � f1x2

h
.fœ1x2

� 2, 0

d) Find and These slopes should match
those of the lines you drew in part (b).

1. 2.

3. 4.

5. 6. f1x2 = - x3f1x2 = x3

f1x2 = - 3x2f1x2 = - 2x2

f1x2 = 1
2x2f1x2 = 3

2x2

fœ112.fœ102,fœ1� 22,

FIGURE 1 FIGURE 2



142 C H A P T E R  1€ Differentiation

7. 8.

9. 10.

11. 12.

13. 14.

15. 16.

17. Find an equation of the tangent line to the graph of 
at (a) (b) (c) See Example 1.

18. Find an equation of the tangent line to the graph of
at (a) (b) (c) See

Example 2.

19. Find an equation of the tangent line to the graph of
at (a) (b) (c)

See Exercise 16.

20. Find an equation of the tangent line to the graph of 
at (a) (b) (c)

21. Find an equation of the tangent line to the graph of
at (a) (b) (c)

22. Find an equation of the tangent line to the graph of
at (a) (b) (c)

23. Find for 

24. Find for 

For Exercises 25…28, list the points in the graph at which each
function is not differentiable.

25.

f1x2 = ax2 + bx.f ¿1x2

f1x2 = mx + b.f ¿1x2

14, 82.11, - 12;1- 2, 82;f1x2 = x2 - 2x

15, - 212.10, 42;1- 1, 32;f1x2 = 4 - x2

A- 5, 15B.A2, - 1
2B;1- 1, 12;f1x2 = - 1>x

1100, 0.022.1- 1, - 22;11, 22;f1x2 = 2>x

14, 642.10, 02;1- 2, - 82;f1x2 = x3

110, 1002.1- 1, 12;13, 92;x2
f1x2 =

f1x2 =
2
x

f1x2 =
1
x

f1x2 = 5x2 - 2x + 7f1x2 = 2x2 + 3x - 2

f1x2 = x2 - xf1x2 = x2 + x

f1x2 = 3
4x - 2f1x2 = 1

2x - 3

f1x2 = - 2x + 5f1x2 = 2x + 3 28.

29. Draw a graph that is continuous, but not differentiable,
at 

30. Draw a graph that has a horizontal tangent line at 

31. Draw a graph that is differentiable and has horizontal
tangent lines at , and 

32. Draw a graph that has horizontal tangent lines at 
and and is continuous, but not differentiable, 
at 

33. Draw a graph that is smooth, but not differentiable, 
at 

34. Draw a graph that is smooth for all x, but not differen-
tiable at and 

APPLICATIONS

Business and Economics

35. The postage function. Consider the postage function
defined in Exercises 84…88 of Exercise Set 1.1, on p. 108.
At what values in the domain is the function not differen-
tiable?

36. The taxicab fare function. Consider the taxicab fare func-
tion defined in Exercises 81…83 of Exercise Set 1.1, on
p. 108. At what values is the function not differentiable?

37. Baseball ticket prices. Consider the model for average
Major League Baseball ticket prices in Exercise 29 of
Exercise Set 1.3, on p. 129. At what values is the function
not differentiable?

The values of the Dow Jones Industrial Average for the week of
January 4…11, 2010, are graphed below, where x is the day of
the month.

x = 2.x = - 1

x = 1.

x = 3.
x = 5

x = 2

x = 4.x = 2,x = 0

x = 5.

x = 3.

x0 x1 x2 x3 x4 x5 x6 x7 x8

f

x0 x1 x2 x12x3 x4 x5 x6 x7 x8 x11x10x9

f

x5x0 x1 x2 x4x3

f

f

x5 x10x6 x7 x8 x9x0 x1 x2 x4x3

26.

27.

Day of the month

D
ow

 J
on

es
 In

du
st

ria
l A

ve
ra

ge

4 5 6 7 9 108 11

10,640

10,600

10,560

10,680

10,720

10,760

x

y

(Source: www.moneycentral.msn.com.)

38. On what day did the Dow Jones Industrial Average show
the greatest rate of increase? On what day did it show the
greatest rate of decrease? Give the rates.
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39. Is the function differentiable at the given x-values? Why
or why not?

SYNTHESIS

40. Which of the lines in the following graph appear to be
tangent lines? Try to explain why or why not.

a) For what x-value(s) is this function not differentiable?
b) Describe the simplest way to find 

50. Consider the function g given by

a) For what x-value(s) is this function not
differentiable?

b) What is ? Describe the simplest way to
determine this.

51. Consider the function h given by

a) For what x-value(s) is the function not differentiable?
b) Evaluate and Is there a

shortcut you can use to find these slopes?

52. Consider the function k given by

a) For what x-value(s) is this function not
differentiable?

b) Evaluate and Is
there a shortcut you can use to find these slopes?

53. Let A student recognizes that this 

function can be simplified as follows:

Since is a line with slope 1, the student makes
the following conclusions: 

Where did the student make an
error?

54. Let A student graphed this function, and the
graph appeared to be smooth and continuous for all real
numbers x. The student concluded that is differen-
tiable for all x, which is false. Identify the error, and
explain why the conclusion is false. What is the correct
conclusion regarding the differentiability of 

55. Let F be a piecewise-defined function given by

a) Verify that F is continuous at 
b) Is F differentiable at Explain why or why not.

56. Let G be a piecewise-defined function given by

a) Verify that G is continuous at 
b) Is G differentiable at Explain why or why not.

57. Let H be a piecewise-defined function given by

Determine the values of m and b that make H
differentiable at x = 3.

H1x2 = e
2x2 - x,
mx + b,

for x ƒ 3,
for x 7 3.

x = 1?
x = 1.

G1x2 = e
x3,
3x - 2,

for x ƒ 1,
for x 7 1.

x = 2?
x = 2.

F1x2 = e
x2 + 1,
2x + 1,

for x ƒ 2,
for x 7 2.

g1x2?

g1x2

g1x2 = 23 x.

f ¿102 = 1, f ¿112 = 1.
f ¿1- 22 = 1, f ¿1- 12 = 1,

y = x + 3

f1x2 =
x2 + 4x + 3

x + 1
=

1x + 121x + 32

x + 1
= x + 3.

f1x2 =
x2 + 4x + 3

x + 1
.

k¿102.k¿1- 102, k¿1- 72, k¿1- 22,

k1x2 = 2†x + 5†.

h¿1102.h¿102, h¿112, h¿142,

h1x2 = †x - 3†+ 2.

g¿132

g1x2 =
x2 + x

2x
.

f ¿142.

y

x

L1 L2

L3

L4

L6

L5

y

x

Q1

Q5

Q4

P

Q2

Q3

41. On the following graph, use a blue colored pencil to draw
each secant line from point Pto the points Q. Then use a
red colored pencil to draw a tangent line to the curve at P.
Describe what happens.

For Exercises 42…48, find for the given function.

42. (See Exercise 49 in Section 1.3.)

43. (See Exercise 53 in Section 1.3.)

44. (See Exercise 50 in Section 1.3.)

45. (See Exercise 52 in Section 1.3.)

46. (See Example 8 in Section 1.3.)

47. (See Exercise 55 in Section 1.3.)

48. (See Exercise 56 in Section 1.3.)

49. Consider the function f given by

f1x2 =
x2 - 9
x + 3

.

f1x2 =
1

2 x

f1x2 = 2 2x + 1

f1x2 = 2 x

f1x2 =
1

x2

f1x2 = x5

f1x2 =
1

1 - x

f1x2 = x4

fœ1x2



Leibniz Notation
Let y be a function of x. A common way to express •the derivative of y with respect 
to xŽ is the notation

This notation was invented by the German mathematician Leibniz. Using this notation,
we can write the following sentence:

In practice, we often use prime notation, such as or to represent a derivative
when there is no confusion as to which variables are involved. The notation is a
little more formal than the prime notation but has the same meaning. We will use both
types of notation often.

When we wish to evaluate a derivative at a number, we write

The vertical line is interpreted as •evaluated at,Ž so the above expression is read as •the
derivative of y with respect to x evaluated at is the value Ž

We can also write

This is identical in meaning to and is another way to denote the derivative of the
function. When placed next to a function, is treated as a command to find the
function•s derivative. Using functions from previous sections, we can write

d
dx

 x2 = 2x, d
dx

 x3 = 3x2, d
dx

 a
1
x

b = -
1

x2, and so on.

d>dx
dy>dx

d
dx

 f1x2.

f ¿122.x = 2

dy

dx
`
x=2

= f ¿122.

dy>dx
f ¿1x2,y¿

If y = f1x2, then the derivative of y with respect to x is 
dy

dx
= f ¿1x2.

dy

dx
.
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1.5
OBJECTIVES

Differentiation Techniques:The Power 
and Sum…Difference Rules

€ Differentiate using the
Power Rule or the Sum…
Difference Rule.

€ Differentiate a constant or a
constant times a function.

€ Determine points at which a
tangent line has a specified
slope.

Historical Note: The German mathe-
matician and philosopher Gottfried
Wilhelm von Leibniz (1646…1716)
and the English mathematician,
philosopher, and physicist Sir Isaac
Newton (1642…1727) are both cred-
ited with the invention of calculus,
though each performed his work
independently. Newton used the dot
notation for where is a
function of time; this notation is still
used, though it is not as common as
Leibniz notation.

ydy>dt,y
#

d) Repeat parts (b) and (c) for the following pairs of
points: and and

and 
e) What appearsto be the slope of the tangent line to the

graph at the point 
f) Approximate the rate at which the value of the invest-

ment is changing after 1 yr.

65. Use a calculator to determine where does not exist,
if f1x2 = 23 x - 5.

f ¿1x2

11, V1122?

11.5, V11.522.11, V112213, V1322;
11, V112214, V1422;11, V1122

TECHNOLOGY CONNECTION

58…63.Use a calculator to check your answers to Exercises
17…22.

64. Business: growth of an investment.A company determines
that the value of an investment is V, in millions of dollars,
after time t, in years, where V is given by

Note: Calculators often use only the variables y and x, so
you may need to change the variables when entering this
function.

a) Graph V over the interval 
b) Find the equation of the secant line passing through

the points and Then graph this
secant line using the same axes as in part (a).

c) Find the average rate of change of the investment
between year 1 and year 5.

15, V1522.11, V1122

30, 54.

V1t2 = 5t3 - 30t2 + 45t + 52 t.

Answers to Quick Checks
1. 

2. 3. At the graph has a corner.x = - 6,f ¿1x2 =
2

x2

f ¿1x2 = 3x2 + 2x; f ¿1- 22 = 8, f ¿142 = 56
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THEOREM 1 The Power Rule

For any real number k, if then

d
dx

 xk = k #xk- 1.

y = xk,

We will use all of these derivative forms often, and with practice, their use will
become natural. In Chapter 2, we will discuss specific meanings of dy and dx.

The Power Rule
In Section 1.4, we calculated the derivative for some simple power functions. Look at
the following table and see if you can identify a pattern:

The pattern can be described as follows: •To find the derivative of a power function, bring
the exponent to the front of the variable as a coefficient and reduce the exponent by 1.Ž

d
dx

 xk = k #xk- 1

Function Derivative

x2 2x1

x3 3x2

x4 4x3

1
x

= x- 1 - 1 #x- 2 =
- 1

x2

1

x2
= x- 2 - 2 #x- 3 =

- 2

x3

2 x = x1>2 1
2

x- 1>2 =
1

22 x

Example 1 in Section 1.4
Example 2 in Section 1.4
Exercise 42 in Section 1.4

Example 4 in Section 1.4

Exercise 45 in Section 1.4

Exercise 46 in Section 1.4

1. Write the exponent as the coefficient.

2. Subtract 1 from the exponent.

This rule is summarized as the following theorem.

We proved this theorem for the cases where 3, and in Examples 1, 2, and 4
in Section 1.4 and for other cases as exercises at the end of that section. The proof of
this theorem for the case where k is any positive integer is very elegant.

Proof. Let We need to find the expanded form for so
that we can set up the difference quotient. When is multiplied (expanded), a
pattern becomes evident, as the following shows:

The first term is and the second term is The terms in the shaded triangle all
contain h to the power of 2 or greater. Calling these •shaded terms,Ž we can summarize
the above expansion as follows:

1x + h2k = xk + kxk- 1h + 1shaded terms2.

kxk- 1h.xk,

 1x + h24 = x4 + 4x3h + 6x2h2 + 4xh3 + h4.

 1x + h23 = x3 + 3x2h + 3xh2 + h3,

 1x + h22 = x2 + 2xh + h2,

 1x + h21 = x + h,

1x + h2k
f1x + h2 = 1x + h2kf1x2 = xk.

- 1k = 2,



O

Quick Check 2

Differentiate:

a)

b) y = x- 1.25.

y = 24 x;

O

Quick Check 1

a) Differentiate:

b) Explain why 

not 2p .

d
dx

1p 22 = 0,

1ii2 y = x- 7.1i2 y = x15;

We now substitute for in the difference quotient:

The terms in the numerator sum to 0, and h is factored out. The •shaded termsŽ now
contain h to the power of 1 or greater, and we refer to them as the •reduced shaded
terms.Ž The h•s in the numerator and the denominator cancel, and we have

When we take the limit as the •reduced shaded termsŽ become 0:

�

Although we have proved the Power Rule only for the case where k is a positive inte-
ger, it is valid for all real numbers k. However, a complete proof of this fact is outside
the scope of this book.

EXAMPLE 1Differentiate each of the following:

a) b) c)

Solution

a) Using the Power Rule

b)

c) or or

Quick Check 1

The Power Rule also allows us to differentiate expressions with rational exponents.

EXAMPLE 2 Differentiate:

a) b)

Solution

a)

b)

Quick Check 2

d
dx

 x0.7 = 0.7x10.72- 1 = 0.7x- 0.3

 =
1
5

 x- 4>5, or 
1
5
#1

x4>5, or 
1
5
# 1

25 x4
, or 

1

525 x4

 
d
dx

 25 x =
d
dx

x1>5 =
1
5
#x11>52- 1

y = x0.7.y = 25 x;

-
4

x5- 4 #1

x5,
d
dx

x- 4 = - 4 #x- 4- 1 = - 4x- 5,

d
dx

x = 1 #x1- 1 = 1 #x0 = 1

d
dx

x5 = 5 #x5- 1 = 5x4

y = x- 4.y = x;y = x5;

f ¿1x2 = lim
h: 0 

kxk- 1 + 1reduced shaded terms2 = kxk- 1.

h : 0,

h3kxk- 1 + 1reduced shaded terms24

h
= kxk- 1 + 1reduced shaded terms2.

xk

f1x + h2 - f1x2

h
=

1x + h2k - xk

h
=

xk + kxk- 1h + 1shaded terms2 - xk

h
.

1x + h2k
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TECHNOLOGY CONNECTION

Numerical Differentiation 
and Tangent Lines

Consider graphed below.f1x2 = x2 4 - x2,

We can also use the Tangent feature from the DRAW
menu to draw the tangent line at the point where the deriva-
tive was found. Both the line and its equation will appear on
the calculator screen.

4

…3 3

…4

X = 1.0212766
Y = 1.11304782385X+.61944_

4

…3 3

…4

X = 1.0212766 Y = 1.7561783

Y1=X   (4…X2)

4

…3 3

…4

X = 0 Y = 0

Y1=X   (4…X2)

4

…3 3

…4

y = x  4 … x2

To find the value of at a point, we select dy/dx
from the CALCmenu.

dy>dx

Next we key in the desired x-value or use the arrow keys to
move the cursor to the desired point. We then press [
to obtain the value of the derivative at the given x-value.

4

…3 3

…4

dy/dx = 1.1130478

EXERCISES
For each of the following functions, use dy/dx to find the
derivative, and then draw the tangent line at the given point.
When selecting the viewing window, be sure to include the
specified x-values.

1.

2.

3.
x = - 0.5, x = 0.5, x = 2.1
f1x2 = - 4.32 + 1.44x + 3x2 - x3;

x = - 2, x = 0, x = 2, x = 4, x = 6.3
f1x2 = x3 - 6x2;

x = 190x = 150,x = 138,x = 24,
f1x2 = x1200 - x2;

In Section 1.3, we found the simplified difference quotient for two common func-
tions: and By taking the limit of each difference quotient as

we find the derivative of the function as follows:

€ For we have

(See Example 7 in Section 1.3.)

€ For we have

(See Example 8 in Section 1.3.)

These two functions are very common in calculus, so it may be helpful to memorize
their derivative forms. The Power Rule can be used to confirm these results.

€ For we rewrite the function as a power: The Power Rule
then gives

f ¿1x2 = 1- 12x1- 12- 1 = 1- 12x- 2 = -
1

x2.

f1x2 = x- 1.f1x2 = 1>x,

f ¿1x2 = lim
h: 0

 a
1

2 x + 2 x + h
b =

1

22 x
.

f1x2 = 2 x,

f ¿1x2 = lim
h: 0

 
- 1

x1x + h2
= -

1

x2.

f1x2 = 1>x,

h : 0,
f1x2 = 2 x.f1x2 = 1>x



€ For we rewrite the function as a power: The Power Rule
then gives

The Derivative of a Constant Function
Consider the constant function given by Note that the slope at each point on
its graph is 0.

F1x2 = c.

f ¿1x2 =
1
2

x11>22- 1 =
1
2

x- 1>2 =
1

2x1>2 =
1

22 x
.

f1x2 = x1>2.f1x2 = 2 x,
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y

x

F(x) = c

x x + h

F(x + h) = c

Function Derivative

5x2 10x

3x- 1 - 3x- 2

3
2x2 3x

1 #x3 3x2

TECHNOLOGY CONNECTION

Exploratory
Graph the constant function

Then find the derivative
of this function at 
and What do you conclude
about the derivative of a constant
function?

x = 8.
x = 0,x = - 6,

y = - 3.

THEOREM 2

The derivative of a constant function is 0. That is, 
d
dx

c = 0.

This suggests the following theorem.

Proof. Let F be the function given by Then

The difference quotient for this function is always 0. Thus, as h approaches 0, the limit
of the difference quotient is 0, so �

The Derivative of a Constant Times a Function
Now let•s consider differentiating functions such as

Note that we already know how to differentiate and Let•s look for a pattern in the
results of Section 1.4 and its exercise set.

x4.x2

f1x2 = 5x2 and g1x2 = - 7x4.

F¿1x2 = 0.

 =
0
h

= 0.

 
F1x + h2 - F1x2

h
=

c - c
h

F1x2 = c.



O

Quick Check 3

Differentiate each of the
following:

a)

b)

c) y =
2

3x4 .

y = p x3;

y = 10x9;
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Perhaps you have discovered the following theorem.

THEOREM 3

The derivative of a constant times a function is the constant times the derivative
of the function. Using derivative notation, we can write this as

d
dx

3c#f1x24 = c#d
dx

 f1x2.

Proof. Let Then

Using the definition of a derivative

Substituting

Factoring and using the Limit Properties

Using the definition of a derivative �

Combining this rule with the Power Rule allows us to find many derivatives.

EXAMPLE 3Find each of the following derivatives:

a) b) c)

Solution

a) With practice, this may be done in one step.

b)

c)

Quick Check 3

A common mistake is to write an expression such as as which is
incorrect. The exponent 2 applies only to the x; the 5 is part of the coefficient Care-
fully examine Example 3c, noting how the final answer is simplified.

Recall from Section 1.4 that a function•s derivative at x is also its instantaneous rate
of change at x.

EXAMPLE 4 Life Science: Volume of a Tumor. The volume V of a spherical tumor
can be approximated by

where r is the radius of the tumor, in centimeters.

V1r2 = 4
3p r 3,

1
5.

15x2- 2,1>15x22

 = -
2
5

x- 3, or -
2

5x3

 =
1
5

1- 22x- 2- 1

 
d
dx

a
1

5x2 b =
d
dx

a
1
5

 x- 2b =
1
5
#d
dx

 x- 2

d
dx

1- 9x2 = - 9 
d
dx

x = - 9 #1 = - 9

d
dx

7x4 = 7
d
dx

 x4 = 7 #4 #x4- 1 = 28x3

d
dx

 a
1

5x2 b.
d
dx

 1- 9x2;
d
dx

 7x4;

 = c#f ¿1x2.

 = c#lim
h: 0

 c
f1x + h2 - f1x2

h
d

 = lim
h: 0

 
cf1x + h2 - cf1x2

h

 F¿1x2 = lim
h: 0

 
F1x + h2 - F1x2

h

F1x2 = cf1x2.

�

�

O



a) Find the rate of change of the volume with respect to the radius.

b) Find the rate of change of the volume at cm.

Solution

a)

(This expression turns out to be equal to the tumor•s surface area.)

b)

When the radius is 1.2 cm, the volume is changing at the rate of 18 for every
change of 1 cm in the radius.

The Derivative of a Sum or a Difference
In Exercise 11 of Exercise Set 1.4, you found that the derivative of

is

Note that the derivative of is the derivative of is 1, and the sum of these deriva-
tives is This illustrates the following.f ¿1x2.

x2x,x2

f ¿1x2 = 2x + 1.

f1x2 = x2 + x

cm3

V¿11.22 = 4p 11.222 = 5.76p L 18
cm3

cm
= 18 cm2

dV
dr

= V¿1r2 = 3 #4
3
#p r 2 = 4p r 2

r = 1.2
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THEOREM 4 The Sum…Difference Rule

Sum. The derivative of a sum is the sum of the derivatives:

Difference. The derivative of a difference is the difference of the derivatives:

d
dx

3f1x2 - g1x24 =
d
dx

 f1x2 -
d
dx

g1x2.

d
dx

3f1x2 + g1x24 =
d
dx

 f1x2 +
d
dx

g1x2.

Proof. The proof of the Sum Rule relies on the fact that the limit of a sum is the sum
of the limits. Let Then

To prove the Difference Rule, we note that

�

Any function that is a sum or difference of several terms can be differentiated term
by term.

 = f ¿1x2 + 1- 12 
d
dx

g1x2 = f ¿1x2 - g¿1x2.

 
d
dx

1f1x2 - g1x22 =
d
dx

1f1x2 + 1- 12g1x22 =
d
dx

 f1x2 +
d
dx

1- 12g1x2

 = lim
h: 0

 c
f1x + h2 - f1x2

h
+

g1x + h2 - g1x2

h
d = f ¿1x2 + g¿1x2.

 lim
h: 0

 
F1x + h2 - F1x2

h
= lim

h: 0
 
3f1x + h2 + g1x + h24 - 3f1x2 + g1x24

h

F1x2 = f1x2 + g1x2.

TECHNOLOGY CONNECTION

Exploratory
Let and 

Using the 
Y-VARSoption from the VARS
menu, enter Y3 as Y1 Y2. Find 
the derivative of each of the
three functions at using the
numerical differentiation feature.

Compare your answers. How
do you think you can find the
derivative of a sum?

x = 8

+

y2 = x2 100 - x2.

y1 = x1100 - x2,
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EXAMPLE 5Find each of the following derivatives:

a) b)

Solution

a)

b)

Quick Check 4

 = 24 -
1

22 x
-

5

x2

 = 24 -
1
2

x- 1>2 - 5x- 2

 = 24 #1 -
1
2

x11>22- 1 + 51- 12x- 1- 1

 = 24 #d
dx

x -
d
dx

x1>2 + 5 #d
dx

x- 1

 
d
dx

a24x - 2 x +
5
x

b =
d
dx

124x2 -
d
dx

12 x2 +
d
dx

a
5
x

b

 = 15x2

 = 5 #3x2

 = 5
d
dx

x3 - 0

 
d
dx

15x3 - 72 =
d
dx

15x32 -
d
dx

172

d
dx

a24x - 2 x +
5
x

b.
d
dx

15x3 - 72;

O

Quick Check 4

Differentiate: 

223 x +
1

3x2
+ 2 5.y = 3x5 +

A word of caution!The derivative of

a function plus a constant, is just the derivative of the function,

The derivative of

a function times a constant, is the constant times the derivative

That is, the constant is retained for a product, but not for a sum.

c#f ¿1x2.

c#f1x2,

f ¿1x2.

f1x2 + c,

Slopes of Tangent Lines
It is important to be able to determine points at which the tangent line to a curve has a
certain slope, that is, points at which the derivative attains a certain value.

�

O



EXAMPLE 6 Find the points on the graph of at which the tan-
gent line is horizontal.

Solution The derivative is used to find the slope of a tangent line, and a horizontal
tangent line has slope 0. Therefore, we are seeking all for which 

Setting the derivative equal to 0

Differentiating

We factor and solve:

We are to find the points on the graph, so we must determine the second coordinates
from the original equation, 

Thus, the points we are seeking are and as shown on the graph.14, 322,10, 02

 f142 = - 43 + 6 #42 = - 64 + 96 = 32.

 f102 = - 03 + 6 #02 = 0.

f1x2 = - x3 + 6x2.

x = 0 or x = 4.

- 3x = 0 or x - 4 = 0

- 3x1x - 42 = 0

 - 3x2 + 12x = 0.

 
d
dx

1- x3 + 6x22 = 0

 f ¿1x2 = 0

f ¿1x2 = 0:x

f1x2 = - x3 + 6x2
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y

x1

30

f(x) = …x3 + 6x2

m = 0

m = 0

…1

40

50

…10

…20

3 5 7…3

(4, 32)

(0, 0)

…2 4 62

20

10

EXAMPLE 7Find the points on the graph of at which the tan-
gent line has slope 9.

Solution We want to find values of x for which That is, we want to find x
such that

As in Example 6, note that 

To solve, we add on both sides and get

We then multiply both sides of the equation by giving

which is factored as follows:

1x - 321x - 12 = 0.

x2 - 4x + 3 = 0,

- 1
3,

- 3x2 + 12x - 9 = 0.

- 9

d
dx

1- x3 + 6x22 = - 3x2 + 12x.- 3x2 + 12x = 9.

f ¿1x2 = 9.

f1x2 = - x3 + 6x2

�

�
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We have two solutions: or We need the actual coordinates: when we
have Therefore, at the point on the graph of 
the tangent line has a slope of 9. In a similar way, we can state that the tangent line at the
point has a slope of 9 as well. All of this is illustrated in the following graph.13, 272

f1x2,11, 52f112 = - 1123 + 61122 = 5.
x = 1,x = 3.x = 1

O

Quick Check 5

For the function in Example 7,
find the x-values for which
f ¿1x2 = - 15.

x

10

20

30

y

40

1…1 2 73 4 5 6

f(x) = Šx3 + 6x2
m = 9

m = 9

(3, 27)

(1, 5)

…2…3

Quick Check 5

Analyzing a Function by Its Derivative
Some functions are always increasing or always decreasing. For example, the function

is always increasing. That is, at no time does the graph of this function
run •downhillŽ or lie flat. It is steadily increasing: all tangent lines have positive slopes.
How can we use the function•s derivative to demonstrate this fact?

f1x2 = x3 + 2x

TECHNOLOGY CONNECTION

EXERCISE
1. Graph 

and draw tangent lines at var-
ious points. Estimate points at
which the tangent line is hori-
zontal. Then use calculus, as
in Examples 6 and 7, to find
the exact results.

y = 1
3x3 - 2x2 + 4x,

x

y

Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

21

f(x) = x3 + 2x

The derivative of this function is For any x-value, will
be nonnegative; the expression is thus positive for all x. It is impossible to set
this derivative equal to any negative quantity and solve for x (try it). The graph of the
function shows the always increasing trend that the derivative proves has to be true.

EXAMPLE 8 Let Is this function always increasing or
always decreasing? Use its derivative to support your conjecture.

Solution The graph of f is shown at the right.

f1x2 = - x3 - 5x + 1.

3x2 + 2
x2dy>dx = f ¿1x2 = 3x2 + 2.

x

y

Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

21

f(x) = Šx3 Š 5x + 1

Based on the graph alone, the function appears to be always decreasing, but how do we
know we aren•t missing something, since we are looking at only a small portion of the
graph? The graph alone is not enough to •proveŽ our observation. We need to use the
derivative:

f ¿1x2 = - 3x2 - 5.

�

O



Since is always 0 or positive, is always negative or 0. Subtracting 5 from 
will always give a negative result. Therefore, the derivative is always negative for all real
numbers x. This means all tangent lines to this graph have a negative (•downhillŽ)
slope. Thus, the graph is always decreasing.

Examples 6, 7, and 8 illustrate ways to use the derivative to analyze the behavior
of a function much more accurately than can be done by observation alone. In fact, our
eyes can deceive us! For example, the graph of appears to be always
increasing if viewed on the standard window of the TI-83. However, it does have a
small interval where it is decreasing, which will be shown in Exercise 133.

f1x2 = x3 - x2

- 3x2- 3x2x2
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Section Summary
€ Common forms of notation for the derivative of a 

function are and 

€ The Power Rulefor differentiation is 

for all real numbers k.

€ The derivative of a constant is zero: 
d
dx

 c = 0.

d
dx

3xk4 = kxk- 1,

d
dx f1x2.f ¿1x2, 

dy

dx
,y¿,

€ The derivative of a constant times a function is the
constant times the derivative of the function: 

€ The derivative of a sum (or difference) is the sum (or
difference) of the derivatives of the terms: 
d
dx

3f1x2 ; g1x24 =
d
dx f1x2 ;

d
dx g1x2.

d
dx

3c#f1x24 = c#d
dx f1x2.

EXERCISE SET

1.5 

Find 

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

11. 12.

13. 14.

15. 16.

17. 18.

19. 20.

21. 22.

23. 24.

Find each derivative.

25. 26.

27. 28.
d
dx

a23 x +
4

2 x
b

d
dx

a2 x -
2

2 x
b

d
dx

a25 x -
2
x

b
d
dx

a24 x -
3
x

b

y =
3x
4

y =
4x
5

y =
6

x4
y =

7

x3

y = - 4.8x1>3y = 1
2x4>5

y = x0.7y = x0.9

y = 42 xy = 82 x

y = x4 - 7xy = x3 + 3x2

y = 3x- 5y = 4x- 2

y = x- 8y = x- 6

y = 3x10y = 2x15

y = 7y = 12

y = - 0.5xy = - 3x

y = x8y = x7

dy

dx
. 29. 30.

31. 32.

Find

33. 34.

35. 36.

37. 38.

39. 40.

41. 42.

43. 44.

45.

46.

Find 

47.

48. y = x- 3>4 - 3x2>3 + x5>4 +
2

x4

y = 3x- 2>3 + x3>4 + x6>5 +
8

x3

yœ.

f1x2 = - 0.01x2 + 0.4x + 50

f1x2 = - 0.01x2 - 0.5x + 70

f1x2 =
x3>2

3
f1x2 =

x4>3

4

f1x2 = 7x - 14f1x2 = 4x - 7

f1x2 =
4
x

- x3>5f1x2 =
5
x

- x2>3

f1x2 =
2

5x6
f1x2 =

4

7x3

f1x2 =
3x
4

f1x2 =
2x
3

f1x2 = 0.3x1.2f1x2 = 0.6x1.5

fœ1x2.

d
dx

16x2 - 5x + 92
d
dx

15x2 - 7x + 32

d
dx

A- 24 x3B
d
dx

A- 223 x5B



49. 50.

51. If find 

52. If find 

53. If find 

54. If find 

55. If find 

56. If find 

57. If find 

58. If find 

59. Find an equation (in form) of the tangent
line to the graph of 

a) at b) at c) at 

60. Find an equation of the tangent line to the graph of

a) at b) at c) at 

61. Find an equation of the tangent line to the graph of 

a) at b) at c) at 

62. Find the equation of the tangent line to the graph of 

a) at b) at c) at 

For each function, find the points on the graph at which the
tangent line is horizontal. If none exist, state that fact.

63. 64.

65. 66.

67. 68.

69.

70.

71. 72.

73. 74.

75.

76.

77. 78.

79.

80. f1x2 = 1
3x3 - 3x2 + 9x - 9

f1x2 = 1
3x3 + 1

2x2 - 2

y = x3 - 6x + 1y = 1
3x3 - 3x + 2

y = - 1
3x3 + 6x2 - 11x - 50

y = - x3 + x2 + 5x - 1

y = - 3y = 4

y = - 2x + 5y = 2x + 4

y = - 0.01x2 + 0.4x + 50

y = - 0.01x2 - 0.5x + 70

y = 5x2 - 3x + 8y = 3x2 - 5x + 4

y = x3 - 2y = - x3 + 1

y = - x2 + 4y = x2 - 3

18, 42.11, 12;1- 1, 12;

g1x2 = 23 x2

A- 2, 14B.A3, 19B;11, 12;

f1x2 =
1

x2

19, 782.14, 142;11, 02;

f1x2 = x2 - 2 x

10, 12.1- 1, 22;12, 52;

f1x2 = x3 - 2x + 1
y = mx + b

dy

dx
`
x=4

y =
2

5x3
,

dy

dx
`
x= - 1

y =
1

3x4
,

dy

dx
`
x=64

y = 23 x + 2 x,

dy

dx
`
x= - 2

y = x3 + 2x - 5,

dy

dx
`
x=1

y = x +
2

x3
,

dy

dx
`
x= - 2

y =
4

x2
,

f ¿142.f1x2 = 2 x,

f ¿1102.f1x2 = x2 + 4x - 5,

y =
x
7

+
7
x

y =
2
x

-
x
2
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For each function, find the points on the graph at which the
tangent line has slope 1.

81. 82.

83. 84.

85.

86.

APPLICATIONS

Life Sciences

87. Healing wound. The circular area A, in square
centimeters, of a healing wound is approximated by

where r is the wound•s radius, in centimeters.

a) Find the rate of change of the area with respect to
the radius.

b) Explain the meaning of your answer to part (a).

88. Healing wound. The circumference C, in centimeters,
of a healing wound is approximated by

where r is the wound•s radius, in centimeters.

a) Find the rate of change of the circumference with
respect to the radius.

b) Explain the meaning of your answer to part (a).

89. Growth of a baby. The median weight of a boy whose
age is between 0 and 36 months can be approximated
by the function

where t is measured in months and w is measured in
pounds.

w1t2 = 8.15 + 1.82t - 0.0596t2 + 0.000758t3,

C1r2 = 6.28r,

A1r2 = 3.14r 2,

y = 1
3x3 - x2 - 4x + 1

y = 1
3x3 + 2x2 + 2x

y = - 0.01x2 + 2xy = - 0.025x2 + 4x

y = 6x - x2y = 20x - x2

(Source: Centers for Disease Control. Developed by the National
Center for Health Statistics in collaboration with the National Center
for Chronic Disease Prevention and Health Promotion, 2000.)

Age (in months)

M
ed

ia
n 

w
ei

gh
t (

in
 p

ou
nd

s)

t

w

5 10 15 20 25 30 35

5

10

15

20

25

30

0

Use this approximation to find the following for a boy
with median weight:

a) The rate of change of weight with respect to time.
b) The weight of the baby at age 10 months.
c) The rate of change of the baby•s weight with respect

to time at age 10 months.



90. Temperature during an illness. The temperature T of a
person during an illness is given by

where T is the temperature, in degrees Fahrenheit, at
time t, in days.

a) Find the rate of change of the temperature with
respect to time.

b) Find the temperature at 
c) Find the rate of change at 

91. Heart rate. The equation

can be used to determine the heart rate, of a person
whose heart pumps 6000 milliliters (mL) of blood per
minute and milliliters of blood per beat. (Source:
Mathematics Teacher, Vol. 99, No. 4, November 2005.)

v

R,

R1v2 =
6000

v

t = 1.5 days.
t = 1.5 days.

T1t2 = - 0.1t2 + 1.2t + 98.6,
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Output per beat (in milliliters)

H
ea

rt
 r

at
e 

(in
 b

ea
ts

 p
er

 m
in

ut
e)

R( v)

v60

40

R( v) =
6000

v

70 80 90 100 110 120 130

60

80

100

120

a) Find the rate of change of heart rate with respect
to the output per beat.

b) Find the heart rate at per beat.
c) Find the rate of change at per beat.

92. Blood flow resistance. The equation

can be used to determine the resistance to blood flow, 
of a blood vessel that has radius in millimeters (mm).
(Source: Mathematics Teacher, Vol. 99, No. 4, November
2005.)

r,
S,

S1r2 =
1

r 4

v = 80 mL
v = 80 mL

v,

Radius of blood vessel
(in millimeters)

R
es

is
ta

nc
e 

to
 b

lo
od

 fl
ow

S(r)

r1

1

2

3

S(r) �
1
r 4

2 3 4

a) Find the rate of change of resistance with respect
to the radius of the blood vessel.

b) Find the resistance at 
c) Find the rate of change of with respect to when

Social Sciences

93. Population growth rate.The population of a city grows
from an initial size of 100,000 to a size Pgiven by

where t is in years.

a) Find the growth rate, 
b) Find the population after 10 yr.
c) Find the growth rate at 
d) Explain the meaning of your answer to part (c).

94. Median age of women at first marriage.The median
age of women at first marriage can be approximated by
the linear function

where is the median age of women marrying for
the first time at years after 1950.

a) Find the rate of change of the median age A with
respect to time t.

b) Explain the meaning of your answer to part (a).

General Interest

95. View to the horizon. The view V, or distance in miles,
that one can see to the horizon from a height h, in feet,
is given by

V = 1.222 h.

t
A1t2

A1t2 = 0.08t + 19.7,

t = 10.

dP>dt.

P1t2 = 100,000 + 2000t2,

r = 0.8 mm.
rS

r = 1.2 mm.
r,

a) Find the rate of change of V with respect to h.
b) How far can one see to the horizon from an airplane

window at a height of 40,000 ft?
c) Find the rate of change at 
d) Explain the meaning of your answers to parts (a)

and (c).

h = 40,000.



96. Baseball ticket prices. The average price, in dollars, of
a ticket for a Major League baseball game x years after
1990 can be estimated by

a) Find the rate of change of the average ticket price
with respect to the year, 

b) What is the average ticket price in 2010?
c) What is the rate of change of the average ticket price

in 2010?

SYNTHESIS

For each function, find the interval(s) for which is positive.

97.

98.

99.

100. Find the points on the graph of

at which the tangent line is horizontal.

101. Find the points on the graph of

at which the tangent line is horizontal.

Use the derivative to help show whether each function is
always increasing, always decreasing, or neither.

102. 103.

104. 105.

106. The function is always increasing if
but not if Use the derivative of f to

explain why this observation is true.

Find Each function can be differentiated using the rules
developed in this section, but some algebra may be required
beforehand.

107. 108.

109. 110.

111.

112.

113. 114.

115. 116.

117. 118. y = 12 x + 23 x22y = a2 x -
1

2 x
b

2

y = 1x - 322y = 23 8x

y = 2 7xy = 1- 4x23

y =
x5 - 3x4 + 2x + 4

x2

y =
x5 + x

x2

y =
5x2 - 8x + 3

8
y =

x5 - x3

x2

y = 1x - 121x + 12y = 1x + 321x - 22

dy/ dx.

a 6 0.a 7 0,
f1x2 = x3 + ax

f1x2 = 2 x, x Ú 0f1x2 =
1
x
, x Z 0

f1x2 = x3 + 2xf1x2 = x5 + x3

y = 2x6 - x4 - 2

y = x4 - 4
3x2 - 4

f1x2 = 1
3x3 - x2 - 3x + 5

f1x2 = x2 + 7x + 2

f1x2 = x2 - 4x + 1

fœ1x2

dp>dx.

p1x2 = 9.41 - 0.19x + 0.09x2.
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119.

120. Use Theorem 1 to prove that the derivative of 1 is 0.

121. When might Leibniz notation be more convenient than
function notation?

122. Write a short biographical paper on Leibniz and/or
Newton. Emphasize the contributions each man made
to many areas of science and society.

y = 1x + 123

TECHNOLOGY CONNECTION 

Graph each of the following. Then estimate the x-values at
which tangent lines are horizontal.

123.

124.

125.

126.

For each of the following, graph f and and then determine
For Exercises 131 and 132, use nDeriv on the TI-83.

127. 128.

129. 130.

131. 132.

133. The function (mentioned after Exam-
ple 8) appears to be always increasing, or possibly flat,
on the default viewing window of the TI-83.

a) Graph the function in the default window; then
zoom in until you see a small interval in which f is
decreasing.

b) Use the derivative to determine the point(s) at
which the graph has horizontal tangent lines.

c) Use your result from part (b) to infer the interval for
which f is decreasing. Does this agree with your
calculator•s image of the graph?

d) Is it possible there are other intervals for which f is
decreasing? Explain why or why not.

f1x2 = x3 - x2

f1x2 =
5x2 + 8x - 3

3x2 + 2
f1x2 =

4x

x2 + 1

f1x2 = x4 - x3f1x2 = x3 - 2x - 2

f1x2 = x4 - 3x2 + 1f1x2 = 20x3 - 3x5

fœ112.
fœ

f1x2 =
5x2 + 8x - 3

3x2 + 2

f1x2 = 10.2x4 - 6.9x3

f1x2 = 1.6x3 - 2.3x - 3.7

f1x2 = x4 - 3x2 + 1

Answers to Quick Checks
1. (a) (i) (ii) 
(b) because is a constant

2. (a) ; (b)

3. (a) (b) (c) 

4. 

5. and x = 5x = - 1

2

323 x2
-

2

3x3y¿ =15x4 +

y¿ = -
8

3x5y¿ =3p x2;y¿ =90x8;

y¿ = -1.25x- 2.25y¿ =1
4x- 3>4 =

1

424 x3

p 2
y¿ = -7x- 8;y¿ =15x14,



The Product Rule
A function can be written as the product of two other functions. For example, the
function can be viewed as the product of the two functions 
and yielding Is the derivative of the product of the
derivatives of its factors, and ? The answer is no. To see this, note that the
product of and is and the derivative of this product is However, the deriv-
atives of the two functions are and and the product of these derivatives is 
This example shows that, in general, the derivative of a product isnot the product of the
derivatives.The following is a rule for finding the derivative of a product.

12x5.4x3,3x2
7x6.x7,x4x3

g1x2f1x2
F1x2F1x2 = f1x2#g1x2.g1x2 = x4,

f1x2 = x3F1x2 = x3 #x4
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1.6
OBJECTIVES

Differentiation Techniques:The Product
and Quotient Rules

€ Differentiate using the
Product and Quotient Rules.

€ Use the Quotient Rule to
differentiate the average
cost, revenue, and profit
functions.

1 2 3 4
x2 · 5x4 + x5 ·2x

= 5x6 + 2x6

= 7x6
5

d
dx

=

(x2 � x5)

THEOREM 5 The Product Rule

Let Then

The derivative of a product is the first factor times the derivative of the second
factor, plus the second factor times the derivative of the first factor.

F¿1x2 =
d
dx

 3f1x2#g1x24 = f1x2#c
d
dx

g1x2 d + g1x2#c
d
dx

 f1x2 d.

F1x2 = f1x2#g1x2.

The proof of the Product Rule is outlined in Exercise 123 at the end of this section.
Let•s check the Product Rule for There are five steps:

1. Write down the first factor.

2. Multiply it by the derivative of the second factor.

3. Write down the second factor.

4. Multiply it by the derivative of the first factor.

5. Add the result of steps (1) and (2) to the result of steps (3) and (4).

Usually we try to write the results in simplified form. In Examples 1 and 2, we do not
simplify in order to better emphasize the steps being performed.

EXAMPLE 1Find Do not simplify.

Solution We let and We differentiate each
of these, obtaining and By the Product Rule, the
derivative of the given function is then

f ¿1x2#g1x2+g¿1x2#f1x2g1x2#f1x2

g¿1x2 = 6x - 5.f ¿1x2 = 4x3 - 6x2
g1x2 = 3x2 - 5x.f1x2 = x4 - 2x3 - 7

d
dx

31x4 - 2x3 - 7213x2 - 5x24.

x2 #x5.

d
dx

31x4 - 2x3 - 7213x2 - 5x24 = 1x4 - 2x3 - 7216x - 52 + 13x2 - 5x214x3 - 6x22

In this example, we could have first multiplied the polynomials and then differentiated.
Both methods give the same solution after simplification.

It makes no difference which factor of the given function is called and which is
called We usually let the first function listed be and the second function be

but if we switch the names, the process still gives the same answer. Try it by
repeating Example 1 with and f1x2 = 3x2 - 5x.g1x2 = x4 - 2x3 - 7
g1x2,

f1x2g1x2.
f1x2

�



O

Quick Check 1

Use the Product Rule to
differentiate each of the
following functions. Do not
simplify.

a)

b) A25 x - xBy = A2 x + 1B
13x - 2212x5 + x - 12y =
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1 2 3 4

D(x) · N'(x)  …  N(x) · D'(x)„„„„„„„„„„„„„
[D(x)] 2

5

6

d
dx

N(x)
D(x)

=� �

THEOREM 6 The Quotient Rule

If then

The derivative of a quotient is the denominator times the derivative of the
numerator, minus the numerator times the derivative of the denominator, all
divided by the square of the denominator.

(If we think of the function in the numerator as the first function and
the function in the denominator as the second function, then we can reword the
Quotient Rule as •the derivative of a quotient is the second function times the
derivative of the first function minus the first function times the derivative of
the second function, all divided by the square of the second function.Ž)

Q¿1x2 =
D1x2#N¿1x2 - N1x2#D¿1x2

3D1x242
.Q1x2 =

N1x2

D1x2
,

EXAMPLE 2 For find Do not simplify.

Solution We rewrite this as

Then, using the Product Rule, we have

Quick Check 1

The Quotient Rule
The derivative of a quotient is not the quotient of the derivatives. To see why, consider

and The quotient is and the derivative of this quotient is The indi-
vidual derivatives are and and the quotient of these derivatives, is

which is not 
The rule for differentiating quotients is as follows.

3x2.15>22x3,
5x4>12x2,2x,5x4

3x2.x3,x5>x2x2.x5

F¿1x2 = 1x2 + 4x - 112A21x2 - 1
2x- 1>2B + 17x3 - x1>2212x + 42.

F1x2 = 1x2 + 4x - 11217x3 - x1>22.

F¿1x2.F1x2 = 1x2 + 4x - 112A7x3 - 2 xB,

A proof of this result is outlined in Exercise 101 of Section 1.7 (on p. 176).
The Quotient Rule is illustrated below.

There are six steps:

1. Write the denominator.

2. Multiply the denominator by the derivative of the numerator.

3. Write a minus sign.

4. Write the numerator.

5. Multiply it by the derivative of the denominator.

6. Divide by the square of the denominator.

�

O



O

Quick Check 2

a) Differentiate: 

Simplify your result.

b) Show that

d
dx

c
ax + 1
bx + 1

d =
a - b

1bx + 122 .

f1x2 =
1 - 3x

x2 + 2
.
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EXAMPLE 3For find 

Solution We have already seen that and but we wish to

practice using the Quotient Rule. We have and 

This checks with the result above.

EXAMPLE 4 Differentiate: 

Solution

Using the Quotient Rule

Factoring

Removing a factor equal to 1: 

EXAMPLE 5Differentiate: 

Solution We have

Using the Quotient Rule

Using the distributive law

Simplifying

It is not necessary to multiply out 

Quick Check 2

1x - 122.

 =
x2 - 2x + 3

1x - 122 .

 =
2x2 - 5x + 3 - x2 + 3x

1x - 122

 f ¿1x2 =
1x - 1212x - 32 - 1x2 - 3x2#1

1x - 122

f1x2 =
x2 - 3x
x - 1

.

x2

x2 = 1 =
- x2 - 3

x4

 =
x21- x2 - 32

x2 #x4

 =
2x4 - 3x2 - 3x4

x6 =
- x4 - 3x2

x6

 f ¿1x2 =
x3 #2x - 11 + x22#3x2

1x322

f1x2 =
1 + x2

x3 .

 =
5x6 - 2x6

x4 =
3x6

x4 = 3x2.

3D1x242

 Q¿1x2 =
x2   #   5x4   -    x5   #   2x

1x222

D¿1x2#N1x2-N¿1x2#D1x2

N1x2 = x5:D1x2 = x2

d
dx

 x3 = 3x2,x5>x2 = x3

Q¿1x2.Q1x2 = x5>x2,�

�

�

O
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TECHNOLOGY CONNECTION

Checking Derivatives Graphically

To check Example 5, we first enter the function:

Then we enter the possible derivative:

For the third function, we enter

Next, we deselect and graph and We use differ-
ent graph styles and the Sequential mode to see each graph
as it appears on the screen.

y3.y2y1

y3 = nDeriv1y1, x, x2.

y2 =
x2 - 2x + 3

1x - 122
.

y1 =
x2 - 3x
x - 1

.

You should verify that had we miscalculated the deriva-
tive as, say, neither the tables
nor the graphs of and would agree.y3y2

y2 = 1x2 - 2x - 82>1x - 122,

X = 5.97

X Y2 Y3

5.97
5.98
5.99
6
6.01
6.02
6.03

1.081
1.0806
1.0803
1.08
1.0797
1.0794
1.079 

1.081
1.0806
1.0803
1.08
1.0797
1.0794
1.079 

10

…10 10

…10

y2 = ,  y3 = nDeriv(y1, x, x) x2 … 2x + 3
(x … 1)2

10

…10

y3

y2

10

…10

y2 =
x2 … 2x … 8

(x … 1)2

Since the graphs appear to coincide, it appears that
and we have a check. This is considered a partial

check, however, because the graphs might not coincide at 
a point not in the viewing window.

We can also use a table to check that y2 = y3.

y2 = y3

EXERCISES
1. For the function

use graphs and tables to determine which of the follow-
ing seems to be the correct derivative.

a)

b)

c)

2…5.Check the results of Examples 1…4 in this section.

f ¿1x2 =
x2 + 4x - 8

1x + 222

f ¿1x2 =
x2 - 4x + 8

1x + 222

f ¿1x2 =
- x2 - 4x - 8

1x + 222

f1x2 =
x2 - 4x
x + 2

,

Application of the Quotient Rule
The total cost, total revenue, and total profit functions, discussed in Section R.4, per-
tain to the accumulated cost, revenue, and profit when x items are produced. Because
of economies of scale and other factors, it is common for the cost, revenue (price), and
profit for, say, the 10th item to differ from those for the 1000th item. For this reason, a
business is often interested in the averagecost, revenue, and profit associated with the
production and sale of x items.
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EXAMPLE 6 Business.Paulsen•s Greenhouse finds that the cost, in dollars, of
growing x hundred geraniums is modeled by

If the revenue from the sale of x hundred geraniums is modeled by

find each of the following.

a) The average cost, the average revenue, and the average profit when x hundred
geraniums are grown and sold.

b) The rate at which average profit is changing when 300 geraniums are being grown
and sold.

Solution
a) We let and represent average cost, average revenue, and average profit,

respectively. Then

b) To find the rate at which average profit is changing when 300 geraniums are being
grown, we calculate (remember that x is in hundreds):

When 300 geraniums are being grown, the average profit is increasing by $11.20
per hundred plants, or about 11.2 cents per plant.

 AP¿132 =
7524 3 - 452 3 + 80

32 L 11.20.

 =
45x1>2 - 25x1>4 + 80 - 90x1>2 + 100x1>4

x2 =
75x1>4 - 45x1>2 + 80

x2 ;

 =
xA1

2
#90x1>2- 1 - 1

4
#100x1>4- 1B - 1- 80 + 90x1>2 - 100x1>42#1

x2

 AP¿1x2 =
d
dx

B
- 80 + 90x1>2 - 100x1>4

x R

AP¿132

 AP1x2 =
P1x2

x
=

R1x2 - C1x2
x

=
- 80 + 902 x - 10024 x

x
.

 AR1x2 =
R1x2

x
=

120 + 902 x
x

;

 AC1x2 =
C1x2

x
=

200 + 10024 x
x

;

APAC, AR,

R1x2 = 120 + 902 x,

C1x2 = 200 + 10024 x.

DEFINITION
If is the cost of producing x items, then the average costof producing

x items is 

if is the revenue from the sale of x items, then the average revenue

from selling x items is 

if is the profit from the sale of x items, then the average profitfrom selling 

x items is 
P1x2

x
.

P1x2

R1x2
x

;

R1x2

C1x2
x

;

C1x2

�
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TECHNOLOGY CONNECTION

Using Y-VARS

One way to save keystrokes on most calculators is to use the
Y-VARSoption on the VARSmenu.

To check Example 6, we let and
To express the profit function as wey3,y2 = 120 + 90x0.5.

y1 = 200 + 100x0.25

EXERCISES
1. Use the Y-VARSoption to enter 

and and explain what each of the functions
represents.

2. Use nDeriv from the MATH menu or dy/dx from the
CALCmenu to check part (b)of Example 6.

y6 = y3>x,
y4 = y1>x, y5 = y2>x,

press E and move the cursor to enter Next we pressy3.
O and select Y-VARSand then FUNCTION. From the
FUNCTION menu we select Y2, which then appears on the
E screen. After pressing c , we repeat the procedure
to get Y1 on the E screen.

   Y1 = 200 + 100X0.25

   Y2 = 120 + 90X0.5

   Y3 = Y2 Š Y1
   Y4 =
   Y5 =
   Y6 =

Plot 1   Plot 2   Plot 3

Section Summary
€ The Product Ruleis

€ The Quotient Ruleis

d
dx

c
f1x2

g1x2
d =

g1x2#d
dx

3f1x24 - f1x2#d
dx

3g1x24

3g1x242
.

d
dx

3f1x2#g1x24 = f1x2#d
dx

3g1x24 + g1x2#d
dx

3f1x24.

€ Be careful to note the order in which you write out the fac-
tors when using the Quotient Rule. Because the Quotient
Rule involves subtraction and division, the order in which
you perform the operations is important.

EXERCISE SET

1.6 

Differentiate two ways: first, by using the Product Rule; then,
by multiplying the expressions before differentiating. Compare
your results as a check.

1.

2.

3.

4.

5.

6.

7.

8. y = A42 x + 3Bx3

y = A32 x + 2Bx2

F1x2 = 3x41x2 - 4x2

G1x2 = 4x21x3 + 5x2

g1x2 = 13x - 2214x + 12

f1x2 = 12x + 5213x - 42

y = x9 #x4

y = x5 #x6

9.

10.

11.

12.

Differentiate two ways: first, by using the Quotient Rule; then,
by dividing the expressions before differentiating. Compare
your results as a check.

13. 14.

15. 16. g1x2 =
3x7 - x3

x
f1x2 =

2x5 + x2

x

y =
x6

x4
y =

x7

x3

G1t2 = A2t + 32 t + 5B A2 t + 4B

F1t2 = A2 t + 2B A3t - 42 t + 7B

f1x2 = 12x + 5213x2 - 4x + 12

g1x2 = 14x - 3212x2 + 3x + 52



17. 18.

19. 20.

Differentiate each function.

21.

22.

23. 24.

25.

26.

27. 28.

29.

[Hint: ]

30.

31.

32.

33.

34.

35.

36.

37. 38.

39. 40.

41. 42.

43. 44.

45. 46.

47. 48.

49…96.Use a graphing calculator to check the results of
Exercises 1…48.

97. Find an equation of the tangent line to the graph of
at (a) (b)

98. Find an equation of the tangent line to the graph of 
at (a) (b) x = 1

4.x = 1;y = 2 x>1x + 12

1- 2, 12.10, 22;y = 8>1x2 + 42

f1t2 =
3t2 + 2t - 1

- t2 + 4t + 1
g1t2 =

- t2 + 3t + 5

t2 - 2t + 4

f1x2 =
3x2 - 5x

x2 - 1
f1x2 =

3x2 + 2x

x2 + 1

G1t2 =
1

t + 2
F1t2 =

1
t - 4

f1x2 =
x - 1

x + x - 1
f1x2 =

x

x - 1 + 1

y =
2 x + 4

23 x - 5
y =

23 x - 7

2 x + 3

y =
x3 - 1

x2 + 1
+ 4x3y =

x2 + 1

x3 - 1
- 5x2

G1t2 = 13t5 - t 22at -
5
t

b

F1t2 = at +
2
t

b1t2 - 32

f1x2 = 6x - 416x3 + 10x2 - 8x + 32

g1x2 = 5x - 31x4 - 5x3 + 10x - 22

y = 13x2 - 4x + 522

y = 1x3 - 4x22

G1x2 = 15x - 422

1x + 322 = 1x + 321x + 32.

F1x2 = 1x + 322

f1t2 =
t

5 + 2t
- 2t4g1t2 =

t
3 - t

+ 5t3

F1x2 = 1- 3x2 + 4x2A72 x + 1B

G1x2 = A8x + 2 xB15x2 + 32

y =
3x4 + 2x

x3 - 1
y =

5x2 - 1

2x3 + 3

g1x2 = 15x2 + 4x - 3212x2 - 3x + 12

f1x2 = 13x2 - 2x + 5214x2 + 3x - 12

y =
t2 - 25
t - 5

y =
t2 - 16
t + 4

F1x2 =
x3 + 27
x + 3

G1x2 =
8x3 - 1
2x - 1
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99. Find an equation of the tangent line to the graph of
at (a) (b)

100. Find an equation of the tangent line to the graph of
at (a) (b)

APPLICATIONS

Business and Economics

101. Average cost.Summertime Fabrics finds that the
cost, in dollars, of producing jackets is given by 

Find the rate at which the 
average cost is changing when 400 jackets have 
been produced.

102. Average cost.Tongue-Tied Sauces, Inc., finds that the
cost, in dollars, of producing bottles of barbecue sauce
is given by Find the rate at
which the average cost is changing when 81 bottles of
barbecue sauce have been produced.

103. Average revenue.Summertime Fabrics finds that the
revenue, in dollars, from the sale of jackets is given by

Find the rate at which average revenue
is changing when 400 jackets have been produced.

104. Average revenue.Tongue-Tied Sauces, Inc., finds that
the revenue, in dollars, from the sale of bottles of bar-
becue sauce is given by Find the rate at
which average revenue is changing when 81 bottles of
barbecue sauce have been produced.

105. Average profit. Use the information in Exercises 101 and
103 to determine the rate at which Summertime Fabrics•
average profit per jacket is changing when 400 jackets
have been produced and sold.

106. Average profit. Use the information in Exercises 102
and 104 to determine the rate at which Tongue-Tied
Sauces• average profit per bottle of barbecue sauce is
changing when 81 bottles have been produced and sold.

107. Average profit. Sparkle Pottery has determined that the
cost, in dollars, of producing vases is given by

If the revenue from the sale of vases is given by
find the rate at which the average profit

per vase is changing when 50 vases have been made and
sold.

108. Average profit. Cruzin• Boards has found that the cost,
in dollars, of producing skateboards is given by

If the revenue from the sale of skateboards is given by
find the rate at which the average profit

per skateboard is changing when 20 skateboards have
been built and sold.

109. Gross domestic product. The U.S. gross domestic
product (in billions of dollars) can be approximated
using the function

where t is the number of the years since 1960.

P1t2 = 567 + t136t0.6 - 1042,

R1x2 = 75x0.8,
x

C1x2 = 900 + 18x0.7.

x

R1x2 = 65x0.9,
x

C1x2 = 4300 + 2.1x0.6.

x

R1x2 = 7.5x0.7.
x

R1x2 = 852 x.
x

C1x2 = 375 + 0.75x3>4.
x

C1x2 = 950 + 152 x.
x

1- 1, - 22.10, 02;y = 4x>11 + x22

x = 3.x = 2;y = x2 + 3>1x - 12

 



a) Find 
b) Find 
c) In words, explain what means.

Social Sciences

110. Population growth. The population P, in thousands, of
a small city is given by

where t is the time, in years.

P1t2 =
500t

2t2 + 9
,

P¿1452
P¿1452.
P¿1t2.
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a) Find the rate of change of the temperature with
respect to time.

b) Find the temperature at hr.
c) Find the rate of change of the temperature at hr.

SYNTHESIS

Differentiate each function.

112. (Hint: Simplify before differentiating.)

113.

114.

115.

116.

117.

118. Let and 

a) Compute 
b) Compute 
c) What can you conclude about and g on the basis of

your results from parts (a) and (b)?

119. Let and 

a) Compute 
b) Compute 
c) What can you conclude about the graphs of and 

on the basis of your results from parts (a) and (b)?

120. Write a rule for finding the derivative of
Describe the rule in words.

121. Is the derivative of the reciprocal of the reciprocal
of the derivative of Why or why not?

122. Sensitivity. The reaction Rof the body to a dose Q of
medication is often represented by the general function

where k is a constant and Ris in millimeters of mercury
(mmHg) if the reaction is a change in blood pressure or
in degrees Fahrenheit ( F) if the reaction is a change in
temperature. The rate of change is defined to be
the body•s sensitivityto the medication.

a) Find a formula for the sensitivity.
b) Explain the meaning of your answer to part (a).

dR>dQ
°

R1Q2 = Q2a
k
2

-
Q

3
b,

f ¿1x2?
f1x2

f1x2#g1x2#h1x2.

gf
g¿1x2.
f ¿1x2.

g1x2 =
1

x2 - 1
.f1x2 =

x2

x2 - 1

f
g¿1x2.
f ¿1x2.

g1x2 =
- 1

x + 1
.f1x2 =

x
x + 1

f1x2 =
1x - 121x2 + x + 12

x4 - 3x3 - 5

f1t2 = 1t5 + 32#t3 - 1

t3 + 1

g1x2 = 1x3 - 82#x2 + 1

x2 - 1

f1x2 = x13x3 + 6x - 2213x4 + 72

y1t2 = 5t1t - 1212t + 32

f1x2 =
7 -

3
2x

4

x2
+ 5

t = 2
t = 2

(Source: U.S. Bureau of Economic Analysis.)

Number of years since 1960

G
ro

ss
 d

om
es

tic
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ro
du

ct
(in
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ns
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f d

ol
la

rs
)

t

P(t)

20 30 40 5010

2000

4000

6000

8000

10,000

12,000

0

P(t) = 567 + t (36t0.6 … 104)

P

t

10

2

20

30

40

4 6 8 10 12

50

60              500t P(t) = „  „„
            2t2 + 9

a) Find the growth rate.
b) Find the population after 12 yr.
c) Find the growth rate at yr.

Life and Physical Sciences

111. Temperature during an illness. The temperature T of a
person during an illness is given by

where T is the temperature, in degrees Fahrenheit, at
time t, in hours.

T1t2 =
4t

t2 + 1
+ 98.6,

t = 12

T

t

98.5

5

99

99.5

100

100.5

10 15 20 25

            4tT(t) = „  „ + 98.6
            t2+1     



The Extended Power Rule
Some functions are considered simple. Simpleis a subjective concept, and it may be
best to illustrate what it means with examples. The following functions are considered
simple and are similar to those we have seen in Sections 1.5 and 1.6:

On the other hand, these functions are not considered simple:

f1x2 = 1x3 + 2x25, g1x2 = 2 2x + 5, h1x2 = a
3x - 7

4x2 + 1
b

3

.

f1x2 = 2x, g1x2 = 3x2 - 5x, h1x2 = 22 x, j1x2 =
2x - 1

x2 - 3
.
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1.7
OBJECTIVES

The Chain Rule

€ Find the composition of
two functions.

€ Differentiate using the
Extended Power Rule or
the Chain Rule.

123. A proof of the Product Rule appears below. Provide a justification for each step.

a)

b)

c)

d)  = lim
h: 0

 cf1x + h2#g1x + h2 - g1x2

h
d + lim

h: 0
 cg1x2#f1x + h2 - f1x2

h
d

 = lim
h: 0

 
f1x + h2g1x + h2 - f1x + h2g1x2

h
+ lim

h: 0
 
f1x + h2g1x2 - f1x2g1x2

h

 = lim
h: 0

 
f1x + h2g1x + h2 - f1x + h2g1x2 + f1x + h2g1x2 - f1x2g1x2

h

d
dx

 3f1x2#g1x24 = lim
h: 0

 
f1x + h2g1x + h2 - f1x2g1x2

h

TECHNOLOGY CONNECTION

124. Business. Refer to Exercises 102, 104, and 106. At
what rate is Tongue-Tied Sauces• profit changing at the
break-even point? At what rate is the average profit per
bottle of barbecue sauce changing at that point?

125. Business. Refer to Exercises 101, 103, and 105. At
what rate is Summertime Fabrics• profit changing at the
break-even point? At what rate is the average profit per
jacket changing at that point?

For the function in each of Exercises 126…131, graph f and
Then estimate points at which the tangent line to f is horizon-
tal. If no such point exists, state that fact.

126.

127.

128. 129.

130. 131. f1x2 =
4x

x2 + 1
f1x2 =

0.01x2

x4 + 0.0256

f1x2 =
0.3x

0.04 + x2
f1x2 =

x3 - 1

x2 + 1

f1x2 = ax +
2
x

b1x2 - 32

f1x2 = x21x - 221x + 22

f ¿.

132. Use a graph to decide which of the following seems to
be the correct derivative of the function in Exercise 131.

 y4 =
4x2 - 4

1x2 + 122

 y3 =
4 - 4x2

1x2 + 122

 y2 =
4 - 4x

x2 + 1

 y1 =
2
x

Answers to Quick Checks
1. (a)

(b)

2. (a)

(b)

=
a - b

1bx + 122

1bx + 121a2 - 1ax + 121b2

1bx + 122 =
abx + a - abx - b

1bx + 122

y¿ =
3x2 - 2x - 6

1x2 + 222

y¿ = A2 x + 1Ba
1

525 x4
- 1b + A25 x - xBa

1

22 x
b

y¿ =12x5 + x - 12132 + 13x - 22110x4 + 12

e)

f)

g)  = f1x2#c
d
dx

g1x2 d + g1x2#c
d
dx

f1x2 d

 = f1x2#g¿1x2 + g1x2#f ¿1x2

 = f1x2#lim
h: 0

 
g1x + h2 - g1x2

h
+ g1x2#lim

h: 0
 
f1x + h2 - f1x2

h
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THEOREM 7 The Extended Power Rule

Suppose that is a differentiable function of x. Then, for any real number k,

d
dx

3g1x24k = k3g1x24k- 1 #d
dx

g1x2.

g1x2

In these cases, we see that the variable x is part of one or more expressions that are
raised to some power. How can we use the concepts of differentiation from Sections 1.5
and 1.6 to differentiate functions of this form? In this section, we will introduce and
discuss the Chain Rule,but we begin our discussion with a special case of the Chain
Rule called the Extended Power Rule.

The Extended Power Rule
The function is considered simple, and its derivative can be found directly
from the Power Rule. However, if we nest this function in some manner, for example,

we now have a more complicated form. How do we determine the
derivative? We might guess the following:

Remember, this is a guess.

To check this, we expand the function 

Multiplying the first two factors

Multiplying by the third factor

Taking the derivative of this function, we have

Now we can factor out 6x:

We rewrite 6x as and factor the expression within the parentheses:

Thus, it seems our original guesswas close: it lacked only the extra factor, 2x, which is
the derivative of the expression inside the parentheses. The correct derivative of

is which suggests a general pattern for differenti-
ating functions of this form, in which an expression is raised to a power k.

y¿ =311 + x222 #2x,y = 11 + x223

y¿ =311 + x222 #2x

3 #2x

y¿ =6x11 + 2x2 + x42.

y¿ =6x + 12x3 + 6x5.

 = 1 + 3x2 + 3x4 + x6.

 = 11 + 2x2 + x42#11 + x22

 = 11 + x22#11 + x22#11 + x22

 y = 11 + x223

y = 11 + x223:

d
dx

 311 + x2234 =? 311 + x222.

y = 11 + x223,

y = 1 + x2

The Extended Power Rule allows us to differentiate functions such as
without having to expand the expression to the 89th power

(very time-consuming) and functions such as for which •expandingŽ
to the power is impractical.

Let•s differentiate There are three steps to carry out.

1. Mentally block out the •insideŽ function, 

2. Differentiate the •outsideŽ function, 

3. Multiply by the derivative of the •insideŽ function.

Simplified

Step (3) is quite commonly overlooked. Do not forget it!

= 15x211 + x324

 511 + x324 #3x2

11 + x325.      511 + x324

1 + x3.  11 + x325

11 + x325.

1
3

y = 11 + x221>3,
1 + x2y = 11 + x2289



O

Quick Check 2

Differentiate:

f1x2 =
12x2 - 12

13x4 + 222 .

O

Quick Check 1

a) Use the Extended Power
Rule to differentiate

b) Explain why 

is incorrect.
41x2 + 4x + 123 #2x + 4

d
dx

 31x2 + 4x + 1244 =

y = 1x4 + 2x2 + 123.
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The Extended Power Rule is best illustrated by examples. Carefully examine each
of the following examples, noting the three-step process for applying the rule.

EXAMPLE 1Differentiate: 

Solution

EXAMPLE 2 Differentiate: 

Solution Here we combine the Sum…Difference Rule and the Extended Power Rule:

We differentiate each term using
the Extended Power Rule.

Since it follows that

Quick Check 1

EXAMPLE 3Differentiate: 

Solution Here we combine the Product Rule and the Extended Power Rule:

We factor out

EXAMPLE 4 Differentiate: 

Solution Here we use the Quotient Rule to differentiate the inside function:

f1x2 =
A
4 x + 3

x - 2
.

 = 213x - 52317 - x29167 - 21x2.

 = 213x - 52317 - x291- 15x + 25 + 42 - 6x2
213x - 52317 - x29.

 = 213x - 52317 - x293- 513x - 52 + 617 - x24

 = - 1013x - 52417 - x29 + 17 - x210 1213x - 523

 f ¿1x2 = 13x - 524 #1017 - x291- 12 + 17 - x210 413x - 523132

f1x2 = 13x - 52417 - x210.

 = 40 + 26x + 12x3 - 6x5.

 = - 6x + 12x3 - 6x5 + 40 + 32x

 = - 6x11 - 2x2 + x42 + 40 + 32x

 
dy

dx
= - 6x11 - x222 + 815 + 4x2

dy>dx = 311 - x2221- 2x2 + 215 + 4x2#4,

dy

dx
= 311 - x2221- 2x2 + 215 + 4x21 #4.

y = 11 - x223 + 15 + 4x22.

 =
3x2

22 1 + x3

 =
3x2

2
11 + x32- 1>2

 
d
dx

 11 + x321>2 =
1
2

11 + x321>2- 1 #3x2

f1x2 = 11 + x321>2.

TECHNOLOGY CONNECTION

Exploratory

One way to check your differentia-
tion of is to enter your derivative
as and see if the graph of 
coincides with the graph of

Use this
approach to check Example 1. Be
sure to use the Sequential mode
and different graph styles for the
two curves.

y3 = nDeriv1y1, x, x2.

y2y2

y1

Quick Check 2

 =
1
4

 a
x + 3
x - 2

b
- 3/4

c
- 5

1x - 222 d, or - 5

41x + 323/41x - 225/4.

 =
1
4

 a
x + 3
x - 2

b
- 3>4

c
x - 2 - x - 3

1x - 222 d

 
d
dx

 
A
4 x + 3

x - 2
=

d
dx

a
x + 3
x - 2

b
1>4

=
1
4

 a
x + 3
x - 2

b
1>4- 1

c
1x - 221 - 11x + 32

1x - 222 d

�

�

�

�

O

O
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Composition of Functions and the Chain Rule
Before discussing the Chain Rule, let•s consider composition of functions.

One author of this text exercises three times a week at a local YMCA. When he re-
cently bought a pair of running shoes, he found a label on which the numbers at the
bottom indicate equivalent shoe sizes in five countries.

Author Marv Bittinger and his size-
running shoes

111
2

1CA RUNNING SHOES

11D 11GB 46F 11 295J

072177UPC 0615060001 11 (T1)

RWH I /BLACK/SILVER39781 023056 14

This label suggests that there are functions that convert one country•s shoe sizes to
those used in another country. There is, indeed, a function that gives a correspon-
dence between shoe sizes in the United States and those in France:

where x is the U.S. size and is the French size. Thus, a U.S. size corresponds
to a French size

There is also a function f that gives a correspondence between shoe sizes in France
and those in Japan. The function is given by

where x is the French size and is the corresponding Japanese size. Thus, a French
size 46 corresponds to a Japanese size

It seems reasonable to conclude that a shoe size of in the United States corre-
sponds to a size of 295 in Japan and that some function h describes this correspon-
dence. Can we find a formula for h?

111
2

f1462 =
15 #46 - 100

2
, or 295.

f1x2

f1x2 =
15x - 100

2
,

g1111
22 =

4 #111
2 + 92

3
, or 46.

111
2g1x2

g1x2 =
4x + 92

3
,

g

U.S.

8
9

10
11
111

2

France

411
3

422
3

44
451

3

46

Japan

260
270
280
290
295

g f

f1x2 =
15x - 100

2
g1x2 =

4x + 92
3

h
h1x2 = ?
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A shoe size x in the United States corresponds to a shoe size in France, where

Thus, represents a shoe size in France. If we replace in with
we can find the corresponding shoe size in Japan:

This gives a formula for As a check, a shoe size of in the
United States corresponds to a shoe size of in Japan.
The function h is the compositionof f and g, symbolized by and read as •f com-
posed with g,Ž or simply •f circle g.Ž

f � g
hA111

2B = 10A111
2B + 180 = 295

111
2h1x2 = 10x + 180.h:

 =
20x + 360

2
= 10x + 180.

 =
514x + 922 - 100

2
=

20x + 460 - 100
2

 f1g1x22 =

15a
4x + 92

3
b - 100

2

14x + 922>3,
f1x2x14x + 922>3

g1x2 =
4x + 92

3
.

g1x2

We can visualize the composition of functions as shown below.

DEFINITION
The composedfunction the composition of f and g, is defined as

1f � g21x2 = f1g1x22.

f � g,

A composition machine for functions f and g

Outputs, f(g(x))
or ( f  ° g)( x)

f  ° g
g

Inputs, x

g(x)

 f

x

f( g(x))

To find we substitute for x in The function is nested
within 

EXAMPLE 5For and find and 

Solution Consider each function separately:

This function cubes each input.

and

This function adds 1 to the square of each input.g1x2 = 1 + x2.

f1x2 = x3

1g � f21x2.1f � g21x2g1x2 = 1 + x2,f1x2 = x3

f1x2.
g1x2f1x2.g1x21f � g21x2,

�
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a) The function first does what g does (adds 1 to the square) and then does
what f does (cubes). We find by substituting for x:

Using as an input

b) The function first does what f does (cubes) and then does what g does (adds
1 to the square). We find by substituting for x:

Using as an input

EXAMPLE 6 For and find and 

Solution

Quick Check 3

Keep in mind that, in general, We see this fact demon-
strated in Examples 5 and 6.

How do we differentiate a composition of functions? The following theorem tells us.

1f � g21x2 Z 1g � f21x2.

1g � f21x2 = g1f1x22 = gA2 xB = 2 x - 1

1f � g21x2 = f1g1x22 = f1x - 12 = 2 x - 1

1g � f21x2.1f � g21x2g1x2 = x - 1,f1x2 = 2 x

 = 1 + 1x322 = 1 + x6.

f1x2 1g � f21x2 = g1f1x22 = g1x32

f1x2g1f1x22
g � f

 = 1 + 3x2 + 3x4 + x6.

 = 11 + x223

g1x2 1f � g21x2 = f1g1x22 = f11 + x22

g1x2f1g1x22
f � g

O

Quick Check 3

For the functions in
Example 6, find:

a)

b) 1g � g21x2.

1f � f21x2;

THEOREM 8 The Chain Rule

The derivative of the composition is given by

d
dx

 31f � g21x24 =
d
dx

 3f1g1x224= f ¿1g1x22#g¿1x2.

f � g

As we noted earlier, the Extended Power Rule is a special case of the Chain Rule.
Consider For any other function we have and
the derivative of the composition is

The Chain Rule often appears in another form. Suppose that and
Then

To better understand the Chain Rule, suppose that a video game manufacturer
wished to determine its rate of profit, in dollarsper minute. One way to find this rate
would be to multiply the rate of profit, in dollarsper item, by the production rate, in
itemsper minute. That is,

dy

dx
=

dy

du
#du
dx

.

u = g1x2.
y = f1u2

d
dx

 3g1x24k = k3g1x24k- 1 #g¿1x2.

1f � g21x2 = 3g1x24k,g1x2,f1x2 = xk.

B
Change in profits
with respect to timeR = B

Change in profits with respect
to number of games producedR

#B
Change in number of games
produced with respect to time.R

�

O
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Quick Check 4

If and

find 
dy

dx
.u = x2 + x,

y = u2 + u

EXAMPLE 7For and find and 

Solution First we find and 

Then

Substituting for u

Quick Check 4

EXAMPLE 8 Business. A new product is placed on the market and becomes very
popular. Its quantity sold N is given as a function of time t, where t is measured in
weeks:

Differentiate this function. Then use the derivative to evaluate and 
and interpret these results.

Solution To determine we use the Quotient Rule along with the Extended
Power Rule:

N¿1t2,

N¿12082,N¿1522

N1t2 =
250,000t2

12t + 122, t 7 0.

x3 + 1 =
3x2

22 x3 + 1
.

 =
1

22 u
#3x2

 
dy

dx
=

dy

du
#du
dx

dy

du
=

1
2

u- 1/2 and du
dx

= 3x2.

du>dx:dy>du

dy>dx.du>dx,dy>du,u = x3 + 1,y = 2 + 2 u

172 C H A P T E R  1€ Differentiation

The Extended 
Power Rule is 
used here.

 =
500,000t12t + 12312t + 12 - 2t4

12t + 124 .

 =
12t + 1221500,000t2 - 1,000,000t212t + 12

12t + 124

 =
12t + 122 #1500,000t2 - 250,000t2 #212t + 121 #2

12t + 124

 N¿1t2 =
d
dt

 B
250,000t2

12t + 122 R =
12t + 122 #d

dt
 3250,000t24 - 250,000t2 #d

dt
 312t + 1224

312t + 12242

The expression 
is factored out in the numerator;
the 2t terms inside the square
brackets sum to 0.

500,000t12t + 12

Therefore, The factor in the numerator 
cancels in the denominator.12t + 12

12t + 12N¿1t2 =
500,000t

12t + 123.

We evaluate at 

Thus, after 52 weeks (1 yr), the quantity sold is increasing by about 22.5 units per
week.

For weeks (4 yr), we get

N¿12082 =
500,00012082

1212082 + 123 L 1.4.

t = 208

N¿1522 =
500,0001522

121522 + 123 L 22.5.

t = 52:N¿1t2

�

�

O
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After 4 yr, the quantity sold is increasing at about 1.4 units per week. What is happen-
ing here? Consider the graph of N1t2:

Time (in weeks)

Q
ua

nt
ity

 s
ol

d

N(t)

t50

N(52) = 61,315
units sold

N•(52) = 22.5
units sold per week

N(208) = 62,201
units sold

N•(208) = 1.4
units sold per weekN

100 150 200

62,500

We see that the slopes of the tangent lines, representing the change in numbers of units
sold per week, are leveling off as t increases. Perhaps the market is becoming saturated
with this product: while sales continue to increase, the rate of the sales increase per
week is leveling off.

Section Summary
€ The Extended Power Ruletells us that if then

€ The compositionof with is written and
is defined as 

€ In general, 1f � g21x2 Z 1g � f21x2.
1f � g21x2 = f1g1x22.

1f � g21x2g1x2f1x2

y¿ =
d
dx

3f1x24k = k3f1x24k- 1 #f ¿1x2.

y = 3f1x24k, € The Chain Ruleis used to differentiate a composition of
functions. If

then

F¿1x2 =
d
dx 31f � g21x24 = f ¿1g1x22#g¿1x2.

F1x2 = 1f � g21x2 = f1g1x22,

EXERCISE SET

1.7 

Differentiate each function.

1.

2. y = 13 - 2x22

y = 12x + 122 15. 16.

17.

18.

19.

20.

21.

22.

23.

24. f1x2 = - 3x15x + 426

f1x2 = - 5x12x - 324

G1x2 = 23 2x - 1 + 14 - x22

g1x2 = 2 x + 1x - 323

f1x2 = x2 + 1100 - x22

f1x2 = x2 + 1200 - x22

f1x2 = 13 + x325 - 11 + x724

f1x2 = 11 + x323 - 12 + x824

y =
7x3

14 - 9x25
y =

4x2

17 - 5x23
Check by expanding and 
then differentiating.

s

3. 4.

5. 6.

7. 8.

9. 10.

11.

12.

13. 14. y =
1

14x + 522
y =

1

13x + 822

y = 1x + 52714x - 1210

y = 1x - 42812x + 326

y = 14x2 + 12- 50y = 18x2 - 62- 40

y = 2 4x2 + 1y = 2 3x2 - 4

y = 2 1 - xy = 2 1 + 8x

y = 18 - x2100y = 17 - x255



25.

26.

27.

28.

29.

30.

31. 32.

33. 34.

35.

36.

37. 38.

39. 40.

41. 42.

43.

44.

Find 

45. and 

46. and 

47. and 

48. and 

49. and 

50. and 

Find for each pair of functions.

51. and 

52. and 

53. and 

54. and 

55. Find if and .

56. Find if and .u = 7t2 + 1y =
1

3u5 - 7

dy

dt

u = 5 + 3ty =
1

u2 + u

dy

dt

u = x2 - 9y = 2 7 - 3u

u = x2 - xy = 23 2u + 5

u = x2 + 3y = u3 - 7u2

u = x3 + 1y = 5u2 + 3u

dy

dx

u = x3 + 1y = 1u + 121u - 12

u = x3 - 2xy = u1u + 12

u = 1 + 2 xy =
u + 1
u - 1

u = 4x3 - 2x2y = u50

u = 2x + 1y =
15

u3

u = x2 - 1y = 2 u

dy

du
, 

du
dx

, and 
dy

dx
.

y = 623 x2 + x1x4 - 6x23

f1x2 = 1212x + 122/313x - 425/4

f1x2 =
15x - 427

16x + 123
f1x2 =

12x + 324

13x - 225

f1x2 =
A
3 4 - x3

x - x2
f1x2 =

B
x2 + x

x2 - x

h1x2 = a
1 - 3x
2 - 7x

b
- 5

g1x2 = a
2x + 3
5x - 1

b
- 4

f1x2 = 17x4 + 6x3 - x2204

f1x2 = 12x3 - 3x2 + 4x + 12100

g1x2 =
A

3 + 2x
5 - x

g1x2 =
A

4 - x
3 + x

f1x2 = a
2x

x2 + 1
b

3

f1x2 = a
3x - 1
5x + 2

b
4

F1x2 = 24 x2 - 5x + 2

G1x2 = 23 x5 + 6x

f1x2 = x32 5x + 2

f1x2 = x22 4x - 1

F1x2 = 15x + 22412x - 328

g1x2 = 13x - 12712x + 125 57. Find an equation for the tangent line to the graph of 
at the point 

58. Find an equation for the tangent line to the graph of
at the point 

59. Find an equation for the tangent line to the graph of 
at the point 

60. Find an equation for the tangent line to the graph of 

at the point 

61. Consider

a) Find using the Quotient Rule and the
Extended Power Rule.

b) Note that Find using the
Product Rule and the Extended Power Rule.

c) Compare your answers to parts (a) and (b).

62. Consider

a) Find using the Extended Power Rule.
b) Note that

Find using the Quotient Rule.
c) Compare your answers to parts (a) and (b). Which

approach was easier, and why?

In Exercises 63…66, find and such that
Answers may vary.

63. 64.

65. 66.

Do Exercises 67…70 in two ways. First, use the Chain Rule to
find the answer. Next, check your answer by finding
taking the derivative, and substituting.

67.
Find 

68.

Find 

69.
Find 

70.

Find 1f � g2¿1- 102.

f1u2 = 2u5, g1x2 = u =
3 - x
4 + x

1f � g2¿122.
f1u2 = 23 u, g1x2 = u = 1 + 3x2

1f � g2¿142.

f1u2 =
u + 1
u - 1

, g1x2 = u = 2 x

1f � g2¿1- 12.
f1u2 = u3, g1x2 = u = 2x4 + 1

f1g1x22,

h1x2 = A2 x + 5B4h1x2 =
x3 + 1

x3 - 1

h1x2 =
1

2 7x + 2
h1x2 = 13x2 - 725

h1x2 � 1f � g21x2.
g1x2f1x2

g¿1x2

g1x2 =
36x2 + 12x + 1

4x2 - 20x + 25
.

g¿1x2

g1x2 = a
6x + 1
2x - 5

b
2

.

f ¿1x2f1x2 = x211 + x2- 5.

f ¿1x2

f1x2 =
x2

11 + x25
.

12, 3432.y = a
2x + 3
x - 1

b
3

13, 92.y = x2 2x + 3

12, 02.y = 1x3 - 4x210

11, 22.y = 2 x2 + 3x
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For Exercises 71…74, use the Chain Rule to differentiate each
function. You may need to apply the rule more than once.

71.

72.

73.

74.

APPLICATIONS

Business and Economics

75. Total revenue. A total-revenue function is given by

where is the total revenue, in thousands of dollars,
from the sale of items. Find the rate at which total
revenue is changing when 20 items have been sold.

76. Total cost. A total-cost function is given by

where is the total cost, in thousands of dollars, of
producing items. Find the rate at which total cost is
changing when 20 items have been produced.

77. Total profit. Use the total-cost and total-revenue func-
tions in Exercises 75 and 76 to find the rate at which to-
tal profit is changing when items have been produced
and sold.

78. Total cost. A company determines that its total cost, in
thousands of dollars, for producing items is

and it plans to boost production t months from now
according to the function

How fast will costs be rising 4 months from now?

79. Consumer credit. The total outstanding consumer
credit of the United States (in billions of dollars) can be
modeled by the function

C1x2 = 0.21x4 - 5.92x3 + 50.53x2 - 18.92x + 1114.93,

x1t2 = 20t + 40.

C1x2 = 2 5x2 + 60,

x

x

x
C1x2

C1x2 = 20001x2 + 221/3 + 700,

x
R1x2

R1x2 = 10002 x2 - 0.1x,

f1x2 = 23 2x + 1x2 + x24

f1x2 = 3 x2 + 2 1 - 3x

f1x2 = A- x5 + 4x + 2 2x + 1B3

f1x2 = 12x3 + 14x - 52226
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a) Find 
b) Interpret the meaning of 
c) Using this model, estimate how quickly outstanding

consumer credit was rising in 2010.

80. Utility. Utility is a type of function that occurs in eco-
nomics. When a consumer receives x units of a product,
a certain amount of pleasure, or utility, U, is derived.
Suppose that the utility related to the number of tickets
x for a ride at a county fair is

Find the rate at which the utility changes with respect
to the number of tickets bought.

81. Compound interest. If $1000 is invested at interest
rate i, compounded annually, in 3 yr it will grow to an
amount A given by (see Section R.1)

a) Find the rate of change, 
b) Interpret the meaning of 

82. Compound interest. If $1000 is invested at interest
rate i, compounded quarterly, in 5 yr it will grow to an
amount, A, given by

a) Find the rate of change, 
b) Interpret the meaning of 

83. Consumer demand.Suppose that the demand function
for a product is given by

and that price p is a function of time given by
where t is in days.

a) Find the demand as a function of time t.
b) Find the rate of change of the quantity demanded

when 

84. Business profit. A company is selling laptop computers.
It determines that its total profit, in dollars, is given by

where x is the number of units produced and sold.
Suppose that x is a function of time, in months, where

a) Find the total profit as a function of time t.
b) Find the rate of change of total profit when

Life and Physical Sciences

85. Chemotherapy. The dosage for Carboplatin chemo-
therapy drugs depends on several parameters of the par-
ticular drug as well as the age, weight, and sex of the
patient. For female patients, the formulas giving the
dosage for such drugs are

and c = 1140 - y2
w

72x
,D = 0.85A1c + 252

t = 48 months.

x = 5t + 1.

P1x2 = 0.08x2 + 80x,

t = 100 days.

p = 1.6t + 9,

D1p2 =
80,000

p
,

dA>di.
dA>di.

A = $1000a1 +
i
4

b
20

.

dA>di.
dA>di.

A = $100011 + i23.

U1x2 = 80
A

2x + 1
3x + 4

.

dC>dx.
dC>dx.

C(x) = 0.21x4 Š 5.92x3 + 50.53x2 Š 18.92x + 1114.93

( Source: Federal Reserve Board.)
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where A and x depend on which drug is used, D is the
dosage in milligrams (mg), c is called the creatine clear-
ance, y is the patient•s age in years, and w is the patient•s
weight in kilograms (kg). (Source: U.S. Oncology.)

a) Suppose that a patient is a 45-year-old woman and
the drug has parameters and Use
this information to write formulas for D and c that
give D as a function of c and c as a function of w.

b) Use your formulas from part (a) to compute 
c) Use your formulas from part (a) to compute 
d) Compute 
e) Interpret the meaning of the derivative 

SYNTHESIS

If is a function, then is the com-
position of f with itself. This is called an iterated function, and
the composition can be repeated many times. For example,

Iterated functions are very use-
ful in many areas, including finance (compound interest is a
simple case) and the sciences (in weather forecasting, for
example). For the each function, use the Chain Rule to find
the derivative.

86. If 

87. If 

88. If 

89. If 

Do you see a shortcut?

Differentiate.

90.

91.

92.

93. 94.

95. 96.

97. 98.

99.

100.

101. The following is the beginning of an alternative proof
of the Quotient Rule that uses the Product Rule and

F1x2 = 36x13 - x25 + 244

f1t2 = 3 3t + 2 t

g1x2 =
B

x2 - 4x
2x + 1

y = a
x2 - x - 1

x2 + 1
b

3

w =
u

2 1 + u2
y =

2 1 - x2

1 - x

y = Ax2 1 + x2B3y = a
x

2 x - 1
b

3

s = 24 t4 + 3t2 + 8 #3t

y = 23 x3 + 6x + 1 #x5

y = 2 12x - 322 + 1

f1x2 = 23 x, find 
d
dx

 31f � f � f21x24.

f1x2 = x2 + 1, find 
d
dx

 31f � f � f21x24

f1x2 = x + 2 x, find 
d
dx

 31f � f21x24.

f1x2 = x2 + 1, find 
d
dx

 31f � f21x24.

1f � f � f21x2 � f1f1f1x222.

1f � f21x2 � f1f1x22f1x2

dD>dw.
dD>dw.

dc>dw.
dD>dc.

x = 0.6.A = 5

the Power Rule. Complete the proof, giving reasons
for each step.

Proof. Let

Then

Therefore, . . . .

102. The Extended Power Rule (for positive integer powers)
can be verified using the Product Rule. For example,
if then the Product Rule is applied by
recognizing that Therefore, 

a) Use the Product Rule to show that 

[Hint:

b) Use the Product Rule to show that 

43f1x243 #f ¿1x2.

d
dx

 3f1x244 =

3f1x243 = 3f1x242 #f1x2.433f1x242 #f ¿1x2.

d
dx

 3f1x243 =

= 2f1x2#f ¿1x2.

d
dx

13f1x24#3f1x242= f1x2#f ¿1x2 + f ¿1x2#f1x2

3f1x242 = 3f1x24#3f1x24.
y = 3f1x242,

Q1x2 = N1x2#3D1x24- 1.

Q1x2 =
N1x2

D1x2
.
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TECHNOLOGY CONNECTION

For the function in each of Exercises 103 and 104, graph f and
over the given interval. Then estimate points at which the

tangent line is horizontal.

103.

104.

Find the derivative of each of the following functions
analytically. Then use a calculator to check the results.

105.

106.

107. f1x2 = A2 2x - 1 + x3B5

g1x2 =
4x

2 x - 10

f1x2 = x2 4 - x2

f1x2 = 2 6x3 - 3x2 - 48x + 45; 3- 5, 54

f1x2 = 1.68x2 9.2 - x2; 3- 3, 34

f ¿

Answers to Quick Checks
1. (a)
(b) The result lacks parentheses around It should be
written: 

2. 

3. (a) 
(b)

4.

121x2 + x2 + 1212x + 12 = 12x2 + 2x + 1212x + 12

12u + 1212x + 12 =
dy

dx
=

dy

du
#du
dx

=

g1g1x22 = 1x - 12 - 1 = x - 2
f1f1x22 = 32 x = 24 x;

y¿ =
- 36x5 + 24x3 + 8x

13x4 + 223

y¿ =41x2 + 4x + 12312x + 42.
2x + 4.

y¿ =31x4 + 2x2 + 12214x3 + 4x2
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Consider the function given by

Its derivative is given by

The derivative function can also be differentiated. We can think of the derivative of
as the rate of change of the slope of the tangent lines of It can also be regarded as

the rate at which is changing. We use the notation for the derivative 
That is,

We call the second derivativeof For the second derivative is
given by

Continuing in this manner, we have

The third derivative of f

The fourth derivative of f

The fifth derivative of f

When notation like gets lengthy, we abbreviate it using a number or n in paren-
theses. Thus, is the th derivative. For the function above,

Leibniz notation for the second derivative of a function given by is

read •the second derivative of with respect to Ž The 2•s in this notation are not ex-
ponents. If then

Leibniz notation for the third derivative is for the fourth derivative,
and so on:

d5y

dx5 = 120.

d4y

dx4 = 120x - 72,

d3y

dx3 = 60x2 - 72x,

d4y>dx4;
d3y>dx3;

d2y

dx2 = 20x3 - 36x2.

y = x5 - 3x4 + x,
x.y

d2y

dx2 , or d
dx

a
dy

dx
b,

y = f1x2

f 1n21x2 = 0, for any integer n Ú 6.

f 1621x2 = 0, and

f 1521x2 = 120,

f 1421x2 = 120x - 72,

nf 1n21x2
f ‚ 1x2

f ¿�1x2 = 120.

f � 1x2 = 120x - 72,

f ‚ 1x2 = 60x2 - 72x,

y… =f …1x2 = 20x3 - 36x2.

f1x2 = x5 - 3x4 + x,f.f …

f …1x2 =
d
dx

f ¿1x2.

1f ¿2¿.f …f ¿1x2
f.f ¿

f ¿

y¿ =f ¿1x2 = 5x4 - 12x3 + 1.

f ¿

y = f1x2 = x5 - 3x4 + x.
1.8

OBJECTIVES

Higher-Order Derivatives

€ Find derivatives of higher
order.

€ Given a formula for
distance, find velocity and
acceleration.
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EXAMPLE 1For find 

Solution We have so

Then

EXAMPLE 2 For find and 

Solution To find we use the Extended Power Rule:

Factor out a 2.

To find we use the Product Rule and the Extended Power Rule:

Factoring

Quick Check 1

Velocity and Acceleration
We have already seen that a function•s derivative represents its instantaneous rate of
change. When the function relates a change in distance to a change in time, the instan-
taneous rate of change is called speed, or velocity.* The letter is generally used to
stand for velocity.

v

 = 401x2 + 10x218139x2 + 390x + 9502.

 = 401x2 + 10x2183x2 + 10x + 381x2 + 10x + 2524

 = 401x2 + 10x21831x2 + 10x2 + 381x + 5224

760 * 2 = 1520 = 401x2 + 10x219 + 15201x + 5221x2 + 10x218

19 * 40 = 760 = 401x2 + 10x219 + 7601x + 52 1x2 + 10x218 21x + 52

 y… =401x2 + 10x219112 + 1x + 5219 #401x2 + 10x21812x + 102

y…,

20 * 2 = 40 = 401x2 + 10x2191x + 52.

 = 201x2 + 10x219 #21x + 52

 y¿ =201x2 + 10x21912x + 102

y¿,

y….y¿y = 1x2 + 10x220,

d2y

dx2 = 1- 22 1- 12x- 2- 1 = 2x- 3, or 2

x3 .

dy

dx
= - 1 #x- 1- 1 = - x- 2, or -

1

x2 .

y = x- 1,

d2y>dx2.y = 1>x,

O

Quick Check 1

a) Find 
(i)

(ii)

(iii)

b) Find 
d4

dx4 c
1
x

d.

y = 13x2 + 122.

y =
2

x3 ;

y = - 6x4 + 3x2;
y…:

*In this text, the words •speedŽ and •velocityŽ are used interchangeably. In physics and engineering, this is
not done, since velocity requires direction and speed does not.

DEFINITION
The velocity of an object that is units from a starting point at time is
given by

Velocity = v1t2 = s¿1t2 = lim
h: 0

 
s1t + h2 - s1t2

h
.

ts1t2

O

�

�
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EXAMPLE 3Physical Science: Velocity. Suppose that an object travels so that its
distance in miles, from its starting point is a function of time , in hours, as follows:

a) Find the average velocity between the times hr and hr.

b) Find the (instantaneous) velocity when hr.

Solution
a) From hr to hr, we have

b) The instantaneous velocity is given by

We know how to find this limit quickly from the special techniques learned in Sec-
tion 1.5. Thus, and

Often velocity itself is a function of time. When a jet takes off or a vehicle comes to
a sudden stop, the change in velocity is easily felt by passengers. The rate at which ve-
locity changes is called acceleration. Suppose that Car A reaches a speed of 65 mi/hr in
8.4 sec and Car B reaches a speed of 65 mi/hr in 8 sec; then B has a faster acceleration
than A. We generally use the letter for acceleration. It is useful to think of accelera-
tion as the rate at which velocity is changing.

a

s¿142 = 20 #4 = 80 
mi
hr

.

s¿1t2 = 20t,

lim
h : 0

 
s1t + h2 - s1t2

h
= s¿1t2.

 =
10 #52 mi - 10 #22 mi

3 hr
= 70 

mi
hr

.

 
Difference in miles
Difference in hours

=
s152 - s122

3

t = 5t = 2

t = 4

t = 5t = 2

s1t2 = 10t2.

ts,

DEFINITION
Acceleration = a1t2 = v¿1t2 = s…1t2.

EXAMPLE 4 Physical Science: Distance, Velocity, and Acceleration.For 
find and where is the distance from the starting point, in miles, and 

is in hours. Then find the distance, velocity, and acceleration when hr.

Solution We have Thus,

It follows that

and

If this distance function applies to motion of a vehicle, then at time hr, the vehi-
cle has traveled 160 mi, the velocity is 80 and the acceleration is 20 miles per
hour per hour, which we abbreviate as 20 mi>hr2.

mi>hr,
t = 4

 a142 = 20 mi>hr2.

 v142 = 20142 = 80 mi>hr,

 s142 = 101422 = 160 mi,

v1t2 = s¿1t2 = 20t and a1t2 = v¿1t2 = s…1t2 = 20.

s1t2 = 10t2.

t = 4
tsa1t2,v1t210t2,

s1t2 =

�

�
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Note from Example 4 that since acceleration represents the rateat which velocity
is changing, the units in which it is measured involve a unit of time squared:

EXAMPLE 5 Free Fall. When an object is dropped, the distance it falls in sec-
onds, assuming that air resistance is negligible, is given by

where is in meters (m). If a stone is dropped from a cliff, find each of the follow-
ing, assuming that air resistance is negligible: (a) how far it has traveled 5 sec after be-
ing dropped, (b) how fast it is traveling 5 sec after being dropped, and (c) the stone•s
acceleration after it has been falling for 5 sec.

Solution
a) After 5 sec, the stone has traveled

b) The speed at which the stone falls is given by

Thus,

c) The stone•s acceleration after sec is constant:

Thus, 

Quick Check 2

In Example 8 in Section 1.7, represented the quantity sold N of a product after t
weeks on the market. Its first derivative was always positive (always increasing) indicating
that sales were always increasing. But sales were leveling off toward zero. In the following
example, we see how the second derivative can help us understand this observation.

EXAMPLE 6 Business. In Example 8 in Section 1.7, the function 

represented the quantity sold N of a product after t weeks on the market. Its
derivative is

Recall that represented the rate of changein number of units sold per week. Find
then use it to calculate and interpret these results.

Solution We use Quotient Rule along with the Extended Power Rule:

Factoring out
12t + 122 =

12t + 122312t + 121500,0002 - 61500,000t24

12t + 126 .

 =
12t + 1231500,0002 - 1500,000t213212t + 122 #2

312t + 12342

 
d
dt

 3N¿1t24 =
12t + 123 #d

dt
 3500,000t4 - 1500,000t2#d

dt
 312t + 1234

312t + 12342

N…1522 and N…12082N…1t2;
N¿1t2

N¿1t2 =
500,000t

12t + 123.

t 7 0,

N1t2 =
250,000t2

12t + 122
,

N1t2

s…152 = 9.81 m>sec2.

a1t2 = v¿1t2 = s…1t2 = 9.81 m>sec2.

t

v152 = 9.81#5 = 49.05 m>sec.

v1t2 = s¿1t2 = 9.81t.

s152 = 4.9051522 = 4.9051252 = 122.625 m.

s1t2

s1t2 = 4.905t2,

t

Change in velocity

Change in time
=

mi>hr

hr
=

mi
hr

#1
hr

= mi>hr2.

O

Quick Check 2

A pebble is dropped from a
hot-air balloon. Find how far
it has fallen, how fast it is
falling, and its acceleration
after 3.5 sec. Let 
where t is in seconds and s is
in feet. 

s1t2 = 16t2,

O

�

�

Extended 
Power Rule
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After simplification, we have

At , we have

Thus, after 52 weeks (1 yr), the rate of the rate of sales is decreasing at units
per week per week. In other words, although sales are increasing during the 52nd week
(remember, the rate at which sales are increasing is decreasing. To put it
in most basic terms: sales are increasing but not as fast as before.

This is more evident when :

After 208 weeks (4 yr), sales have nearly leveled off. Remember, sales are increasing at
the 208th week (recall that ), but since the market is nearly saturated
with this product, the rate at which sales are increasing has slowed to near 0.

N¿12082 7 0

N…12082 =
- 2,000,00012082 + 500,000

3212082 + 144 L - 0.014.

t = 208

N¿1522 7 02,

- 0.852

N…1522 =
- 2,000,0001522 + 500,000

321522 + 144 L - 0.852.

t = 52

N…1t2 =
- 2,000,000t + 500,000

12t + 124 .

The change in the slopes of
these tangent lines is indicated
by the second derivative NŽ(t).

Time (in weeks)

Q
ua

nt
ity

 s
ol

d

N(t)

t50 100 150 200

62,500

N(t) = , t > 0
250,000t2

(2t + 1)2

There are many important real-world applications that make use of the second de-
rivative. In Chapter 2, we will examine a number of these, including applications in the
fields of economics, health care, and the natural and physical sciences.

Section Summary
€ The second derivativeis the derivative of the first deriva-

tive of a function. In symbols, 
€ The second derivative describes the rate of change of the

rate of change. In other words, it describes the rate of
change of the first derivative.

f …1x2 = 3f ¿1x24¿.
€ A real-life example of a second derivative is acceleration. If

represents distance as a function of time of a moving
object, then describes the speed (velocity) of
the object. Any change in the speed of the object is the
acceleration: 

€ The common notation for the nth derivative of a function 

is f 1n21x2 or 
dn

dxn f1x2.

a1t2 = v¿1t2 = s…1t2.

v1t2 = s¿1t2
s1t2
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TECHNOLOGY CONNECTION

Exploratory

Many calculators have a tangent-drawing feature. This feature
can be used to explore the behavior of the second derivative.
Graph the function in the standard window. Select
DRAWand then select Tangent. Choose an x-value by typing it
in or using the arrow keys to trace along the graph. Press
[ , and a tangent line will be drawn at the selected 
x-value. In the lower-left corner of the screen, the equation
of the tangent line is given. The slope of the line is the coeffi-
cient of x. You can create a table of slope values at various 
x-values, and from this table, infer how the second derivative
helps describe the shape of a graph. (This activity can be
easily adapted for Graphicus and iPlot.)

EXERCISES
1. Let Use the tangent-drawing feature to com-

plete the following table:
f1x2 = x2.

f1x2 = x2

2. The x-values in the table are increasing. What is the
corresponding behavior of the slopes (increasing or
decreasing)?

3. How is the graph •turningŽ? What conclusion can you
make about the behavior of the slopes as x increases in
value?

4. Make a table of slopes for Analyze their
behavior relative to the •turningŽ of this function•s
graph.

5. What general conclusion can you make about the
second derivative and the •turningŽ of a graph?

This •turningŽ behavior of a graph is known as concavity,
and it is a very useful concept in the analysis of functions.
We will develop more about the second derivative and
concavity in Chapter 2.

f1x2 = - x2.

x Slope at x

- 4

- 2

0

2

4

EXERCISE SET

1.8 

Find

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

11. 12.

Find

13. 14.

15. 16.

17. 18. f1x2 = 2x - 2f1x2 = 4x - 3

f1x2 = x1>3f1x2 = x1>5

f1x2 = x3 -
5
x

f1x2 = x4 +
3
x

f” 1x2.

y = 24 xy = 2 x

y =
1

x3
y =

1

x2

y = 6x - 3y = 7x + 2

y = 4x2 - 5x + 7y = 4x2 + 3x - 1

y = 5x3 + 4xy = 2x4 - 5x

y = x4 - 7y = x5 + 9

d2y/ dx2. 19. 20.

21.

22.

23. 24.

Find

25. 26.

27. 28.

29. 30.

31. 32.

33. 34.

35. 36. y =
2x + 3
5x - 1

y =
3x + 1
2x - 3

y = 1x3 - 2215x + 12y = 1x2 + 3214x - 12

y =
3

x4
-

1
x

y =
2

x3
+

1

x2

y = 3x4>3 - x1>2y = 2x5>4 + x1>2

y = 1x4 + x22>3y = 1x3 - x23>4

y = x3>2 - 5xy = x2>3 + 4x

y….

f1x2 = 23 1x2 - 122f1x2 = 24 1x2 + 123

f1x2 = 13x2 + 2x + 125

f1x2 = 12x2 - 3x + 1210

f1x2 = 1x3 + 2x26f1x2 = 1x2 + 3x27
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37. For find 

38. For find 

39. For find 

40. For find 

41. For find 

42. For find 

43. For find 

44. For find

APPLICATIONS

Life and Physical Sciences

45. Given

where s is in feet and t is in seconds, find each of the
following.

a) b)
c) The velocity and acceleration when t = 4 sec

a1t2v1t2

s1t2 = t3 + t,

g1721x2.
g1x2 = 6x5 + 2x4 - 4x3 + 7x2 - 8x + 3,

g1621x2.g1x2 = x4 - 3x3 - 7x2 - 6x + 9,

f 1521x2.f1x2 = x - 3 + 2x1>3,

f 1421x2.f1x2 = x - 2 - x1>2,

d6y>dx6.y = x7 - 8x2 + 2,

d5y>dx5.y = x6 - x3 + 2x,

d4y>dx4.y = x5,

d4y>dx4.y = x4, 50. Free fall. (See Exercise 49.) Suppose a worker drops a
bolt from a scaffold high above a work site. Assuming that
air resistance is negligible, find (a) how far the bolt falls in
2 sec, (b) how fast the bolt is traveling 2 sec after being
dropped, and (c) the bolt•s acceleration after it has been
falling for 2 sec.

51. Free fall. Find the velocity and acceleration of the stone
in Example 5 after it has been falling for 2 sec.

52. Free fall. Find the velocity and acceleration of the stone
in Example 5 after it has been falling for 3 sec.

53. The following graph describes an airplane•s distance from
its last point of rest.

46. Given

where s is in meters and t is in seconds, find each of the
following.

a) b)
c) The velocity and acceleration when t = 1 sec

a1t2v1t2

s1t2 = - 10t2 + 2t + 5,

47. Given

where s is in miles and t is in hours, find each of the
following.

a) b)
c) The velocity and acceleration when 
d) When the distance function is given by a linear 

function, we have uniform motion. What does uniform
motion mean in terms of velocity and acceleration?

48. Given

where s is in meters and t is in seconds, find each of the
following.

a) b)
c) The velocity and acceleration when 

49. Free fall. When an object is dropped, the distance it falls
in seconds, assuming that air resistance is negligible, is
given by

where is in feet. Suppose that a medic•s reflex hammer
is dropped from a hovering helicopter. Find (a) how far
the hammer falls in 3 sec, (b) how fast the hammer is
traveling 3 sec after being dropped, and (c) the hammer•s
acceleration after it has been falling for 3 sec.

s1t2

s1t2 = 16t2,

t

t = 1 sec
a1t2v1t2

s1t2 = t2 -
1
2

t + 3,

t = 2 hr
a1t2v1t2

s1t2 = 3t + 10,

D
is

ta
nc

e 
(in

 m
et

er
s)

Time (in seconds)
2 4 6 8 10 12 14 16 18 200

2000

4000

6000

8000

10,000

t

s(t)

(6, 1000)

(20, 10,000)

a) Is the plane•s velocity greater at sec or
How can you tell?

b) Is the plane•s acceleration positive or negative? How
can you tell?

54. The following graph describes a bicycle racer•s distance
from a roadside television camera.

t = 20 sec?
t = 6

D
is

ta
nc

e 
(in

 m
et

er
s)

Time (in seconds)
10 20 30 40 50 60 70 80 90 100 110 1200

200

400

600

800

1000

t

s(t)

(10, 280)

(100, 1000)

a) When is the bicyclist•s velocity the greatest? How can
you tell?

b) Is the bicyclist•s acceleration positive or negative?
How can you tell?

55. Sales. A company determines that monthly sales in
thousands of dollars, after months of marketing a prod-
uct is given by

a) Find and 
b) Find and 
c) Interpret the meaning of your answers to parts (a)

and (b).

S…142.S…122,S…112,
S¿142.S¿122,S¿112,

S1t2 = 2t3 - 40t2 + 220t + 160.

t
S,



56. Sales. A business discovers that the number of items
sold days after launching a new sales promotion is
given by

a) Find and 
b) Find and 
c) Interpret the meaning of your answers to parts (a)

and (b).

57. Population. The function models the 

population p of deer in an area after t months.

a) Find 
b) Find 
c) Interpret the meaning of your answers to parts (a)

and (b). What is happening to this population of
deer in the long term?

58. Medicine. A medication is injected into the bloodstream,
where it is quickly metabolized. The percent concentra-
tion p of the medication after t minutes in the blood-

stream is modeled by the function 

a) Find 
b) Find 
c) Interpret the meaning of your answers to parts (a)

and (b). What is happening to the concentration of
medication in the bloodstream in the long term?

SYNTHESIS

Find for each function.

59. 60.

61. 62.

Find for each function.

63. 64.

65. For , find .

66. For , find .

Find the first through the fourth derivatives. Be sure to
simplify at each stage before continuing.

67. 68.

69. Baseball. A baseball is dropping from a height of 180 ft.
For how many seconds must it fall to reach a speed of 
50 mi hr? (Hint: See Exercise 49.)

70. Free fall. All free-fall distance functions follow this form
on Earth: , where t is in seconds and s is in
meters. The second derivative always has the same value.
What does that value represent?

s1t2 = 4.905t2

>

f1x2 =
x + 3
x - 2

f1x2 =
x - 1
x + 2

d3y>dx3y = ax3 + bx2 + cx + d

d5y>dx5y = xk

y =
x

2 x - 1
y =

2 x + 1

2 x - 1

y”

y =
3x - 1
2x + 3

y =
1

2 2x + 1

y = x2 1 + x2y =
1

1 - x

yÔ

p…10.52, p…112, p…152, and p…1302.
p¿10.52, p¿112, p¿152, and p¿1302.

p1t2 =
2.5t

t 2 + 1
.

p…1102, p…1502, and p…11002.
p¿1102, p¿1502, and p¿11002.

p1t2 =
2000t

4t + 75

N…142.N…122,N…112,
N¿142.N¿122,N¿112,

N1t2 = 2t3 - 3t2 + 2t.

t
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71. Free fall. On the moon, all free-fall distance functions
are of the form , where t is in seconds and 
s is in meters. An object is dropped from a height of 
200 meters above the moon. After sec,

a) How far has the object fallen?
b) How fast is it traveling?
c) What is its acceleration?
d) Explain the meaning of the second derivative of this

free-fall function.

72. Hang time. On Earth, an object will have traveled 4.905 m
after 1 sec of free fall. Thus, by symmetry, a jumper 
requires 1 sec to leap 4.905 m high, then another second to
come back to the ground. Assume a jumper starts on level
ground. Explain why it is impossible for a human being,
even Michael Jordan, to stay in the air for (have a •hang
timeŽ of) 2 sec. Can a human have a hang time of 1.5 sec?
1 sec? What do you think is the longest possible hang time
achievable by humans jumping from level ground?

73. Free fall. Skateboarder Danny Way free-fell 28 ft from the
Fender Stratocaster Guitar atop the Hard Rock Hotel &
Casino in Las Vegas onto a ramp below. The distance 
in feet, traveled by a body falling freely from rest in 
t seconds is approximated by . Estimate Way•s
velocity at the moment he touched down onto the ramp.
(Note: You will need the result from Exercise 26 in 
Section R.1.)

s1t2 = 16t2

s1t2,

t = 2

s1t2 = 0.81t2

TECHNOLOGY CONNECTION

For the distance function in each of Exercises 74…77, graph s,
v, and a over the given interval. Then use the graphs to deter-
mine the point(s) at which the velocity will switch from
increasing to decreasing or from decreasing to increasing.

74.

75.

76.

77. s1t2 = t3 - 3t2 + 2;  3- 2, 44

s1t2 = t4 + t3 - 4t2 - 2t + 4;  3- 3, 34

s1t2 = - t3 + 3t; 3- 3, 34

s1t2 = 0.1t4 - t 2 + 0.4; 3- 5, 54

Answers to Quick Checks

1. (a) (i) (ii)

(iii) (b)

2.

acceleration= s…13.52 = 32 ft>sec2.
velocity = s¿13.52 = 112 ft>sec;

Distance= s13.52 = 196 ft;

y142 =
24

x5y… =108x2 + 12;

y… =
24

x5 ,y… = -72x2 + 6,
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CHAPTER 1
SUMMARY

KEY TERMS AND CONCEPTS EXAMPLES

SECTION 1.1

As x approaches (but is not equal to) a, the
limit of is L, written as

lim
x: a

 f1x2 = L.

f1x2

Limit Numerically Limit Graphically

lim
x: 1

 
x2 - 1
x - 1

= 2lim
x: 4

 12x + 32 = 11

If x approaches a from the left we
have a left-hand limit, written as

If x approaches a from the right 
we have a right-hand limit, written as

If the left-hand and right-hand limits are
equal, then the limit as x approaches a
exists.

If the left-hand and right-hand limits are
notequal, then the limit as x approaches a
does notexist.

lim
x: a+

 f1x2.

1x 7 a2,

lim
x: a-

 f1x2.

1x 6 a2, Consider the function G given by

Graph the function and find each limit, if it exists.

a) b)

We check the limits from the left and from the right, both
numerically and graphically.

a) Limit Numerically Limit Graphically

Both the tables and the graph show that as x gets closer to 1, the outputs
get closer to 3. Thus, lim

x: 1
 G1x2 = 3.G1x2

lim
x: 3

 G1x2lim
x: 1

 G1x2

G1x2 = e
4 - x, for x 6 3,
2 x - 2 + 1, for x Ú 3.

x 2x + 3

3.9 10.8

3.99 10.98

3.999 10.998

4.1 11.2

4.01 11.02

4.001 11.002

x : 1-  1x 6 12 G1x2

0.9 3.1

0.99 3.01

0.999 3.001

x : 1+ 1x 7 12 G1x2

1.1 2.9

1.01 2.99

1.001 2.999

x

y

431 5 6
� 1

1

5

6

� 1

3
G

These choices 
can vary. 

(continued) 

x

y

431
� 1

2

4

3

1

� 2 � 1

ex 7 4

ex 6 4
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SECTION 1.1 (continued ) 

b) Limit Numerically Limit Graphically

Both the tables and the graph indicate that Since

the left-hand and right-hand limits differ, does not exist.lim
x: 3

G1x2

lim
x: 3-

G1x2 Z lim
x: 3+

G1x2.

SECTION 1.2

For any rational function F (see
Section R.5) with a in its domain, 
we have

lim
x: a

F1x2 = F1a2.

Let , and let We have

13.

Let , and let We have

2.lim
x: 6

g1x2 =
1622 - 16

162 + 4
=

20
10

=

a = 6.g1x2 =
x2 - 16
x + 4

lim
x: 2

f1x2 = f122 = 21222 + 3122 - 1 =

a = 2.f1x2 = 2x2 + 3x - 1

A function f is continuous at if the
following three conditions are met:

1. exists. (The output at a exists.)
2. exists. (The limit as 

exists.)
3. (The limit is the 

same as the output.)

If any one of these conditions is not fulfilled,
the function is discontinuous at x = a.

lim
x: a

f1x2 = f1a2.

x : alim
x: a

f1x2
f1a2

x = a Is the function g given by continuous over 

For g to be continuous over , it must be continuous at each
point in . Note that

Since is not in the domain of g, it
follows that does not exist. 
Thus,g is not continuous over 
3- 3, 34.

g1- 12
- 1

= x - 4, providedx Z - 1.

=
1x + 121x - 42

x + 1

g1x2 =
x2 - 3x - 4

x + 1

3- 3, 34
3- 3, 34

3- 3, 34?g1x2 =
x2 - 3x - 4

x + 1

G

x

y

1 3 5 6
� 1

1

5

4

3

2

6

� 1

x : 3-  1x 6 32 G1x2

2.5 1.5

2.9 1.1

2.99 1.01

2.999 1.001

g(x) = x2 Š 3x Š 4
x + 1

x

y

5Š3 Š2 Š1

Š4

Š7
Š6

Š3
Š2
Š1

1
2
3

4 76321

Š5

x : 3+ 1x 7 32 G1x2

3.5 2.2247

3.1 2.0488

3.01 2.0050

3.001 2.0005

does not exist.lim
x: 3

G1x2
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SECTION 1.3

The average rate of changeof y with
respect to x between two points and

is the slope of the line connecting
the points:

y2 - y1

x2 - x1
.

1x2, y22
1x1, y12

Business. At 1 P.M., a bookstore had revenue of $570 for the day, and at 
4 P.M., it had revenue of $900 for the day. Therefore, the average rate of
revenue with respect to time is or $110 dollars per
hour for the period of time between 1 P.M. and 4 P.M.

900 - 570
4 - 1 = 330

3 = 110,

Let f be a function. Any line connecting
two points on the graph of f is called a
secant line.Its slope is the average rate of
change of f, which is given by the
difference quotient:

where h is the difference between the two
input x-values.

f1x + h2 - f1x2

h
,

Let Then

The difference quotient for this function simplifies to

Therefore, if and the slope of the secant line is
6122 + 310.052 = 12.15.

h = 0.05,x = 2

f1x + h2 - f1x2

h
=

3x2 + 6xh + 3h2 - 3x2

h
= 6x + 3h.

f1x + h2 = 31x + h22 = 3x2 + 6xh + 3h2.

f1x2 = 3x2.

SECTION 1.4

The derivative of a function f is defined by

.

The derivative gives the slope of the tangent
line to f at and that slope is inter-
preted as the instantaneous rate of change.
The process of finding a derivative is called
differentiation .

x = a,

f ¿1x2 = lim
h: 0

 
f1x + h2 - f1x2

h

Let Its simplified difference quotient is Therefore, the
derivative is

The slope of the tangent line at is

For find and 

We have

Since

we have

It follows that f ¿122 = - 2 #2 = - 4.

f ¿1x2 = - 2x.

f ¿1x2 = lim
h: 0

 
f1x + h2 - f1x2

h
= lim

h: 0
 1- 2x - h2,

 = - 2x - h, h Z 0.

 =
- 2xh - h2

h

 =
- 1x2 + 2xh + h22 + 5 + x2 - 5

h

 
f1x + h2 - f1x2

h
=

- 1x + h22 + 5 - 1- x2 + 52

h

f ¿122.f ¿1x2f1x2 = - x2 + 5,

f ¿122 = 6122 = 12.

x = 2

f ¿1x2 = lim
h: 0

 16x + 3h2 = 6x.

6x + 3h.f1x2 = 3x2.

(continued)

f '(2) = slope
at (2, 1) = Š4

f(x) = Š x2 + 5

x

y

Š4 Š3 Š2 Š1

Š2

Š1

6

2

1

3

4

5

4321



KEY TERMS AND CONCEPTS EXAMPLES 

SECTION 1.4 (continued) 

Continuity:
1. If a function f is differentiable at 

then it is continuous at 
(Differentiability implies continuity.)

2. Continuity of a function f at 
does notnecessarily mean that f is
differentiable at Any function
whose graph has a corner is continuous
but not differentiable at the corner.

3. If a function f is discontinuous at
then it is not differentiable at

x = a.
x = a,

x = a.

x = a

x = a.
x = a,

1. Let Since we know the derivative is and the
derivative at exists, we can conclude that is continuous at

2. The absolute-value function is continuous at but not differen-
tiable at since there is a corner at 

3. The function is discontinuous at therefore, 

the derivative is not defined at (Note that the derivative
is defined at other values of x.)

x = - 4.g¿1x2

x = - 4;g1x2 =
x2 - 16
x + 4

x = 0.x = 0,
x = 0

x = 2.
f1x2x = 2
f ¿1x2 = 6xf1x2 = 3x2.

SECTION 1.5

If the derivative in Leibniz 

notation is written or Each has

the same meaning as f ¿1x2.

d
dx

f1x2.
dy

dx

y = f1x2,
Let Then, in Leibniz notation,

dy

dx
= 3x2.y = x3.

The Power Rule:
For any real number k,

d
dx

xk = k #xk- 1.

 
d
dx

 a
1
x

b =
d
dx

x- 1 = - 1 #x- 2 = -
1

x2

d
dx

2 x =
d
dx

x1>2 =
1
2

x- 1>2 =
1

22 x

d
dx

x7 = 7x6

The derivative of a constant is

d
dx

c = 0.
 
d
dx

2 2 = 0

d
dx

34 = 0

188 C H A P T E R  1€ Differentiation

f

f '(2) exists, so
f  is continuous
at x = 2.

y

x

12

18

24

6

2 3 41Š1

g is not continuous
at x = Š4, so g'(Š4)
is not defined.

x

Š8

Š4

y

y

f is continuous at x = 0,
but f '(0) does not exist.

x

f(x) = |x|
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The derivative of a constant times a
function is

d
dx

3c#f1x24 = c#d
dx

f1x2.
d
dx

a
2

3x2
b =

2
3
#d
dx

a
1

x2
b =

2
3
#1- 2x- 32 = -

4

3x3

d
dx

3x8 = 3 #d
dx

x8 = 3 #8x7 = 24x7

The Sum…Difference Rule:

d
dx

3f1x2 ; g1x24 =
d
dx

f1x2 ;
d
dx

g1x2 d
dx

15x - x42 = 5 - 4x3

d
dx

1x7 + 3x2 = 7x6 + 3

SECTION 1.6

The Product Rule:

= f1x2#g¿1x2 + g1x2#f ¿1x2.

d
dx

3f1x2#g1x24
=

2x + 3

22 x
+ 22 x

d
dx

C12x + 322 xD= 12x + 32
1
2

x- 1>2 + 2 x #2

The Quotient Rule:

d
dx

c
f1x2

g1x2
d =

g1x2#f ¿1x2 - f1x2#g¿1x2

3g1x242
.

d
dx

a
3x - 1
2x + 5

b =
12x + 523 - 13x - 122

12x + 522
=

17

12x + 522

SECTION 1.7

The Extended Power Rule:

d
dx

3g1x24k = k3g1x24k- 1 #d
dx

g1x2.

If then

The parentheses are required if the derivative of the •insideŽ function con-
sists of more than one term.

f ¿1x2 = 712x5 + 4x26110x4 + 42.

f1x2 = 12x5 + 4x27,

The Chain Rule:

= f ¿1g1x22#g¿1x2.

d
dx

31f � g21x24 =
d
dx

3f1g1x224
Let where Find 

We have and Since 

Note that the Extended Power Rule is a special case of the Chain Rule.

dy

dx
= 3u2 #8x3 = 24x312x4 + 722.

dy

dx
=

dy

du
#du
dx

,
dy

du
= 3u2.

du
dx

= 8x3

dy

dx
.u = 2x4 + 7.y = u3,

SECTION 1.8

The second derivativeis the derivative of
the first derivative.

The second derivative describes the rate of
change of the derivative.

d
dx

3f ¿1x24 = 3f ¿1x24¿ =f …1x2.

Let Then

and therefore,

d2

dx2
f1x2 = f …1x2 = 210x5.

d
dx

f1x2 = f ¿1x2 = 35x6 + 20,

f1x2 = 5x7 + 20x.
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SECTION 1.8 (continued)

Higher-order derivativesinclude second,
third, fourth, and so on, derivatives of a
function. The nth derivative of a function 
is written as

dny

dxn = f 1n21x2.

For we have the following:

 
d5y

dx5
= f 1521x2 = 12,600x2, and so on.

 
d4y

dx4
= f 1421x2 = 4200x3,

 
d3y

dx3
= f 1321x2 = 1050x4,

y = 5x7 + 20x,

A real-life application of the second deriva-
tive is acceleration.If represents
distance as a function of time, then velocity
is and acceleration is the
change in velocity: a1t2 = v¿1t2 = s…1t2.

v1t2 = s¿1t2

s1t2
Physical Sciences. A particle moves according to the distance function

where t is in seconds and s in feet. Therefore, its velocity
function is and its acceleration function is

At sec, the particle is ft 
from the starting point, traveling at and accelerating at

(it•s speeding up).a122 = 60 ft>sec2
v122 = 60 ft>sec

s122 = 40t = 2a1t2 = v¿1t2 = s…1t2 = 30t.
v1t2 = s¿1t2 = 15t2

s1t2 = 5t3,
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CHAPTER 1
REVIEW EXERCISES

These review exercises are for test preparation. They can also
be used as a practice test. Answers are at the back of the book.
The blue bracketed section references tell you what part(s) of
the chapter to restudy if your answer is incorrect.

CONCEPT REINFORCEMENT

Classify each statement as either true or false.

1. If exists, then must exist. [1.1]

2. If then [1.1]

3. If f is continuous at then [1.2]

4. A function•s average rate of change over the interval 
is the same as its instantaneous rate of change at
[1.3, 1.4]

5. A function•s derivative at a point, if it exists, can be found
as the limit of a difference quotient. [1.4]

6. For to exist, must be continuous at 5. [1.4]ff ¿152

x = 5.
32, 84

lim
x: 3

 f1x2 = f132.x = 3,

L = f122.lim
x: 2

 f1x2 = L,

f152lim
x: 5

 f1x2

7. If is continuous at 5, then must exist. [1.4]

8. The acceleration function is the derivative of the velocity
function. [1.8]

Match each function in column A with the rule in column B
that would be the most appropriate to use for differentiating
the function.[1.5, 1.6]

f ¿152f

Column A Column B

9. f1x2 = x7 a) Extended Power Rule

b) Product Rule

c) Sum Rule

d) Difference Rule

e) Power Rule

f) Quotient Rule

10. g1x2 = x + 9

11. F1x2 = 15x - 324

12. G1x2 =
2x + 1
3x - 4

13. H1x2 = f1x2#g1x2

14. f1x2 = 2x - 7



For Exercises 15…17, consider

where

15. Limit numerically. [1.1]

a) Complete the following input…output tables.

f1x2 =
x2 + 4x - 21

x + 7
.lim

x: - 7
 f1x2,
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29. Is g continuous at Why or why not? [1.2]

30. For find the average rate of
change as x changes from to 2. [1.3]

31. Find a simplified difference quotient for
[1.3]

32. Find a simplified difference quotient for 
[1.3]

33. Find an equation of the tangent line to the graph of
at the point [1.4]

34. Find the points on the graph of at
which the tangent line is horizontal. [1.5]

35. Find the points on the graph of at
which the tangent line has slope 1. [1.5]

Find

36. [1.5] 37. [1.5]

38. [1.5] 39. [1.5]

40. [1.5]

Differentiate.

41. [1.5]

42. [1.5, 1.6] 43. [1.6]

44. [1.6]

45. [1.7]

46. [1.7]

47. For find [1.8]

48. For find [1.8]

49. For with t in seconds and in feet, find
each of the following. [1.8]

a)
b)
c) The velocity and the acceleration when sec

50. Business: average revenue, cost, and profit.Given
revenue and cost functions and 

find each of the following. Assume 
and are in dollars and x is the number of items
produced. [1.6]

a) The average cost, the average revenue, and the aver-
age profit when items are produced and sold

b) The rate at which average cost is changing when 9
items are produced

x

C1x2
R1x252 x + 100,

C1x2 =R1x2 = 40x

t = 2
a1t2
v1t2

s1t2s1t2 = t + t4,

y….y =
3
42

x7 - 10x3 + 13x2 + 28x - 2,

d4y

dx4
.y = x3 -

2
x
,

f1x2 = x214x + 223>4

f1x2 = 1x5 - 327

g1x2 = 15 - x2212x - 125

y =
x2 + 8
8 - x

y =
x3 + x

x

f1x2 =
5
12

x6 + 8x4 - 2x

y = 0.1x7 - 3x4 - x3 + 6

y = 15x2>5y =
- 3

x8

y = 823 xy = 9x5

dy/ dx.

y = 5x2 - 49x + 12

y = - x2 + 8x - 11

1- 1, - 22.y = x2 + 3x

f1x2 = 2x2 - 3.

g1x2 = - 3x + 2.

- 1
f1x2 = x3 + x2 - 2x,

- 2?

x : - 7- f1x2

- 8

- 7.5

- 7.1

- 7.01

- 7.001

- 7.0001

x : - 7+ f1x2

- 6

- 6.5

- 6.9

- 6.99

- 6.999

- 6.9999

b) Find and if each

exists.

16. Limit graphically. Graph the function, and use the graph
to find the limit. [1.1]

17. Limit algebraically. Find the limit algebraically. Show
your work. [1.2]

Find each limit, if it exists. If a limit does not exist, state that
fact. [1.1, 1.2]

18. 19.

20. 21. [1.1]

From the graphs in Exercises 22 and 23, determine whether
each function is continuous and explain why or why not.[1.2]

22. 23.

lim
x: q

 
1
x

+ 3lim
x: - 7

 
x2 + 2x - 35

x + 7

lim
x: 1

 14x3 - x2 + 7x2lim
x: - 2

 
8
x

lim
x: - 7

 f1x2,lim
x: - 7+

 f1x2,lim
x: - 7-

 f1x2,

y = g(x)

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

y

x1…1…2…3…4…5
…1

2 4 5

…3
…4
…5

1
2
3
4
5

y = f(x)

3

…2

For the function graphed in Exercise 22, answer the following.

24. Find [1.2] 25. Find [1.2]

26. Is continuous at 1? Why or why not? [1.2]

27. Find [1.2]

28. Find [1.2]g1- 22.

lim
x: - 2

 g1x2.

g

g112.lim
x: 1

 g1x2.



51. Social science: growth rate.The population of a city
grows from an initial size of 10,000 to a size given by

where is in years. [1.5]

a) Find the growth rate.
b) Find the number of people in the city after 20 yr 

at .
c) Find the growth rate at 

52. Find and given that 
and [1.7]

SYNTHESIS

53. Differentiate [1.7]y =
x2 1 + 3x

1 + x3
.

g1x2 = 1 - 2x.
f1x2 = x2 + 51g � f21x2,1f � g21x2

t = 20.
t = 2021

tP = 10,000 + 50t2,
P,
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TECHNOLOGY CONNECTION

Create an input…output table that includes each of the follow-
ing limits. Start with and then go to0.01, 0.001,
and0.0001. When you think you know the limit, graph the
functions, and use theTRACEfeature to verify your assertion.

54. [1.1, 1.5]

55. [1.1, 1.5]

56. Graph and over the given interval. Then estimate
points at which the tangent line to is horizontal. [1.5]

3- 3, 34f1x2 = 3.8x5 - 18.6x3;

f
f ¿f

lim
x: 11

 
2 x - 2 - 3

x - 11

lim
x: 1

 
2 - 2 x + 3

x - 1

� Tbl � 0.1

CHAPTER 1
TEST 

For Exercises 1…3, consider

where

1. Numerical limits.

a) Complete the following input…output tables.

f1x2 =
x2 - 36
x - 6

.lim
x: 6

 f1x2,

Graphical limits. Consider the following graph of function f
for Exercises 4…11.

x : 6- f1x2

5

5.7

5.9

5.99

5.999

5.9999

x : 6+ f1x2

7

6.5

6.1

6.01

6.001

6.0001

b) Find and if each exists.

2. Graphical limits. Graph the function, and use the graph
to find the limit.

3. Algebraic limits. Find the limit algebraically. Show 
your work.

lim
x: 6

 f1x2,lim
x: 6+

 f1x2,lim
x: 6-

 f1x2,

…4 …3…5…6 1 2 3 4 5 6 7
…1

…2

3

4

5

f

…2

y

x

2

…1

1

Find each limit, if it exists. If a limit does not exist, state that
fact.

4. 5.

6. 7.

8. 9.

10. 11. lim
x: 3

 f1x2lim
x: 2

 f1x2

lim
x: 1

 f1x2lim
x: - 1

 f1x2

lim
x: - 2

 f1x2lim
x: - 3

 f1x2

lim
x: - 4

 f1x2lim
x: - 5

 f1x2



Determine whether each function is continuous. If a function is
not continuous, state why.
12. 13.
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36.

37. For find 

38. Business: average revenue, cost, and profit.Given
revenue and cost functions 

and

where is the number of items produced and and
are in dollars, find the following:

a) The average revenue, the average cost, and the aver-
age profit when x items are produced

b) The rate at which average cost is changing when 8
items are produced

39. Social sciences: memory.In a certain memory experiment,
a person is able to memorize M words after t minutes,
where 

a) Find the rate of change of the number of words memo-
rized with respect to time.

b) How many words are memorized during the first 10 min
(at )?

c) At what rate are words being memorized after 10 min
(at )?

40. Find and for 
and 

SYNTHESIS

41. Differentiate 

42. Find lim
x: 3

 
x3 - 27
x - 3

.

y = 2 11 - 3x22>311 + 3x21>3.

g1x2 = 2x3.
f1x2 = x2 - x1g � f21x21f � g21x2

t = 10

t = 10

M = - 0.001t3 + 0.1t2.

C1x2
R1x2x

750,C1x2 = x2>3 +R1x2 = 50x

d3y

dx3
.y = x4 - 3x2,

f1x2 = x2 x2 + 5

y

x1…1…2…3…4…5
…1

2 3 4 5

…2
…3

…5

1
2
3
4
5

y = f(x)
…4

y

x1…1…2…3…4…5
…1

2 3 5

…2
…3
…4
…5

1

3
4
5

y = g(x)

4

2

Consider the function shown in Exercise 13.

14. Find 15. Find 

16. Is f continuous at 3? 17. Find 

18. Find 19. Is f continuous at 4?

Find each limit, if it exists. If a limit does not exist, state why.

20. 21.

22.

23. Find a simplified difference quotient for

24. Find an equation of the tangent line to the graph of
at the point 

25. Find the point(s) on the graph of at which
the tangent line is horizontal.

Find

26. 27.

28. 29.

30.

Differentiate.

31.

32. 33.

34.

35. y = 1x5 - 4x3 + x2- 5

f1x2 = 1x + 32417 - x25

f1x2 =
x

5 - x
y =

3x - 4

x3

y =
1
3

x3 - x2 + 2x + 4

y = - 0.5x2 + 0.61x + 90

y = x5>4y =
- 10

x

y = 423 x + 52 xy = x23

dy/ dx.

y = x3 - 3x2

14, 52.y = x + 14>x2

f1x2 = 2x2 + 3x - 9.

lim
x: 0

 
7
x

lim
x: 2 +

 
x - 2

x1x2 - 42
lim
x: 1

 13x4 - 2x2 + 52

f142.

lim
x: 4

 f1x2.

f132.lim
x: 3

 f1x2.

TECHNOLOGY CONNECTION

43. Graph f and over the interval Then estimate
points at which the tangent line to f is horizontal.

44. Find the following limit by creating a table of values:

Start with and then go to 0.01 and 0.001.
When you think you know the limit, graph

and use the TRACEfeature to verify your assertion.

y =
2 5x + 25 - 5

x
,

¢ Tbl = 0.1

lim
x: 0

 
2 5x + 25 - 5

x
.

f1x2 = 5x3 - 30x2 + 45x + 52 x; 30, 54

30, 54.f ¿



194 C H A P T E R  1€ Differentiation

Path of a Baseball:The Tale of the Tape

Extended Technology Application

Have you ever watched a base-
ball game and seen a home 
run ball hit an obstruction 
after it has cleared the fence?
Suppose the ball hits a sign at 
a location that is 60 ft above
the ground at a distance of
400 ft from home plate. An
announcer or a message on
the scoreboard might
proclaim, •According to the
tale of the tape, the ball would
have traveled 442 ft.Ž How is
such a calculation made?
The answer is related to the
curve formed by the path of
a baseball.

Whatever the path of a
well-hit baseball is, it is not
the graph of a parabola,

A well-hit baseball follows the
path of a •skewedŽ parabola,
as shown at the lower right.
One reason that the ball•s
flight is not parabolic is that a
well-hit ball has backspin. 
This fact, combined with the
frictional effect of the ball•s
stitches with the air, skews the
path of the ball in the
direction of its landing.

f1x2 = ax2 + bx + c.

Parabola

50 100 150 200 250 300 350 400 450 500

50

100

150

200

250

Not the path of a well-hit baseball!

50

100

150

200

250

…100 50…50 100 150 200 250 300 350 400 450 500
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Assume for the given data that is the point at
home plate at which the ball is hit, roughly 4.5 ft off
the ground. Also, assume that the ball has hit a
billboard 60 ft above the ground and 400 ft from 
home plate.

EXERCISES
1. Plot the points and connect them with line

segments. This can be done on many calculators by
pressing STAT PLOT, turning on PLOT, and selecting
the appropriate type.

2. a) Use REGRESSIONto find a cubic function

that fits the data.
b) Graph the function over the interval 
c) Does the function closely model the given data?
d) Predict the horizontal distance from home plate

at which the ball would have hit the ground had
it not hit the billboard.

30, 5004.

y = ax3 + bx2 + cx + d

10, 4.52

Let•s see if we can model the path of a baseball.
Consider the following data.

0

50

100

200

285

300

360

400

  4.5

43   

82   

130   

142   

134   

100   

60   

HORIZONTAL
DISTANCE, x

(IN FEET)

VERTICAL
DISTANCE, y

(IN FEET)

c) Does the function closely model the given 
data?

d) Predict the horizontal distance from home plate
at which the ball would have hit the ground had
it not hit the billboard.

e) Find the rate of change of the ball•s height with
respect to its horizontal distance from home
plate.

f) Find the point(s) at which the graph has a hori-
zontal tangent line. Explain the significance of
the point(s).

4. a) Although most calculators cannot fit such a func-
tion to the data, assume that the equation

has been found using some type of curve-fitting
technique. Graph the function over the interval

b) Predict the horizontal distance from home plate
at which the ball would have hit the ground had
it not hit the billboard.

c) Find the rate of change of the ball•s height with
respect to its horizontal distance from home
plate.

d) Find the point(s) at which the graph has a
horizontal tangent line. Explain the significance 
of the point(s).

5. Compare the answers in Exercises 2(d), 3(d), and
4(b). Discuss the relative merits of using the quartic
model in Exercise 3 with the model in Exercise 4 to
make the prediction.

30, 5004.

y = 0.0015x 2 202,500 - x2

e) Find the rate of change of the ball•s height with
respect to its horizontal distance from home
plate.

f ) Find the point(s) at which the graph has a
horizontal tangent line. Explain the significance
of the point(s).

3. a) Use REGRESSIONto find a quartic function

that fits the data.
b) Graph the function over the interval 30, 5004.

y = ax4 + bx3 + cx2 + dx + e
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8. Use the appropriate formula to estimate the distance D
for each the following famous long home runs.

a) Ted Williams (Boston Red Sox, June 9, 1946):
Purportedly the longest home run ball ever hit 
to right field at Boston•s Fenway Park, Williams•s
ball landed in the stands 502 feet from home
plate, 30 feet above the ground. Assume a
medium trajectory.

b) Reggie Jackson (Oakland Athletics, July 13,
1971): Jackson•s mighty blast hit an electrical
transformer on top of the right-field roof at old
Tiger Stadium in the 1971 All-Star Game. 
The transformer was 380 feet from home plate,
100 feet up. Assume a towering trajectory. 
Jackson•s home run was reported to still be on
the upward arc when it hit the transformer.

c) Richie Sexson (Arizona Diamondbacks, April 26,
2004): Sexson hit a drive that caromed off the
center-field scoreboard at Bank One Ballpark in
Phoenix. The scoreboard is 414 feet from home
plate and 75 feet high. Assume a medium trajectory.

The reported distances these balls would have
traveled are 527 feet for Williams•s home run,
530 feet for Jackson•s, and 469 feet for Sexson•s
(Source:www.hittrackeronline.com). How close
are your estimates? 

Many thanks to Robert K. Adair, professor of physics at Yale University, 
for many of the ideas presented in this application.

100

50

100

150

200

H
ei

gh
t(

in
fe

et
)

Distance (in feet)

250
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200 300 400 500

Obstruction

28° above horizontal 
35° above horizontal
42° above horizontal

Home Run Trajectories

Towering

Suppose that a ball hits an obstruction feet
horizontally from home plate at a height of feet. Then
the estimated horizontal distance that the ball would
have traveled, depending on its trajectory type, is

6. For a ball striking an obstacle at 
ft and ft, estimate 

how far the ball would have 
traveled if it were following a 
low trajectory, or a medium 
trajectory, or a towering trajectory.

7. In 1953, Hall-of-Famer Mickey 
Mantle hit a towering home run 
in old Griffith Stadium in 
Washington, D.C., that hit an 
obstruction 60 ft high and 460 ft 
from home plate. Reporters 
asserted at the time that the ball 
would have traveled 565 ft. 
Is this estimate valid?

H = 60d = 400

Towering trajectory:  D = 0.5H + d.

Medium trajectory:  D = 0.7H + d,

Low trajectory:  D = 1.1H + d,

D
H
d

Tale of the tape. Actually, scoreboard operators in the
major leagues use different models to predict the distance
that a home run ball would have traveled. The models are
linear and are related to the trajectory of the ball, that is,
how high the ball is hit. See the following graph.
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2
Applications of
Differentiation

Chapter Snapshot
What You•ll Learn
2.1 Using First Derivatives to Find Maximum 

and Minimum Values and Sketch Graphs
2.2 Using Second Derivatives to Find Maximum 

and Minimum Values and Sketch Graphs
2.3 Graph Sketching: Asymptotes and 

Rational Functions
2.4 Using Derivatives to Find Absolute Maximum 

and Minimum Values
2.5 Maximum…Minimum Problems;

Business and Economics Applications
2.6 Marginals and Differentials
2.7 Implicit Differentiation and Related Rates

Why It•s Important
In this chapter, we explore many applications of differen-
tiation.We learn to find maximum and minimum values
of functions, and that skill allows us to solve many kinds
of problems in which we need to find the largest and/or
smallest value in a real-world situation.We also apply our
differentiation skills to graphing and to approximating
function values.

Where It•s Used

RELATING THE RADIUS OF A CAN TO ITS SURFACE AREA

MINIMIZING MATERIAL USED

197

Minimizing the amount of material used is a common
goal in manufacturing, as it reduces overall costs as well
as increases efficiency. For example, cylindrical food cans
come in a variety of sizes. Suppose a can is to have a
volume of 500 milliliters. Are there optimal dimensions
for the can•s height and radius that will minimize the
material needed to produce each can? Can you see how
minimizing the material used per can translates into
minimized costs and conservation of resources?

This problem appears as Example 3 in Section 2.5.

(4.3, 348.73)
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The graph below shows a typical life cycle of a retail product and is similar to graphs
we will consider in this chapter. Note that the number of items sold varies with
respect to time. Sales begin at a small level and increase to a point of maximum sales,
after which they taper off to a low level, where the decline is probably due to the 
effect of new competitive products. The company then rejuvenates the product by
making improvements. Think about versions of certain products: televisions can be
traditional, flat-screen, or high-definition; music recordings have been produced as
phonograph (vinyl) records, audiotapes, compact discs, and MP3 files. Where might
each of these products be in a typical product life cycle? Does the curve seem appro-
priate for each product?
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2.1
OBJECTIVES

Using First Derivatives to Find Maximum 
and Minimum Values and Sketch Graphs

€ Find relative extrema of a
continuous function using
the First-Derivative Test.

€ Sketch graphs of continuous
functions.

PRODUCT LIFE CYCLE
� � � � �

Introduction Growth

� � � � � � � � � �

Maturity

� � � � �

Decline

� � � � � � � � � � �

Rejuvenation

S

t

Time
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 o
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Finding the largest and smallest values of a function„that is, the maximum and
minimum values„has extensive applications. The first and second derivatives of a
function are calculus tools that provide information we can use in graphing
functions and finding minimum and maximum values. Throughout this section we
will assume, unless otherwise noted, that all functions are continuous. However,
continuity of a function does not guarantee that its first and second derivatives are
continuous.

Increasing and Decreasing Functions
If the graph of a function rises from left to right over an interval I, the function is said
to be increasingon, or over, I.

y

xa

f is an increasing function overI:
for all a, b in I, if a < b, then f(a) < f(b).

b

Increasing
f(a)

f(b)
f
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DEFINITIONS
A function f is increasingover I if, for every a and b in I,

if then 

(If the input a is less than the input b, then the out-
put for a is less than the output for b.)

A function f is decreasingover I if, for every a and b
in I,

if then 

(If the input a is less than the input b, then the out-
put for a is greater than the output for b.)

f1a2 7 f1b2.a 6 b,

f1a2 6 f1b2.a 6 b,

If the graph drops from left to right, the function is said to be
decreasingon, or over, I.

y

xa

g

b

Decreasing

g(b)

g(a)

g is a decreasing function over I:
for all a, b in I, if  a < b, then g(a) > g(b). 

TECHNOLOGY CONNECTION

Exploratory
Graph the function

and its derivative

using the window with and
Then TRACEfrom left to right along each graph. As

you move the cursor from left to right, note that the x-coordinate
always increases. If a function is increasing over an interval, the
y-coordinate will increase as well. If a function is decreasing over
an interval, the y-coordinate will decrease.

Over what intervals is the function increasing?
Over what intervals is the function decreasing?
Over what intervals is the derivative positive?
Over what intervals is the derivative negative?

What rules can you propose relating the sign of to the
behavior of y?

y¿

Yscl = 25.
Xscl = 53- 10, 25, - 100, 1504,

y¿ = -x2 + 12x - 11

y = - 1
3x

3 + 6x 
2 - 11x - 50

We can describe these phenomena mathematically as follows.

The above definitions can be restated in terms of secant lines. If a graph is increas-
ing over an interval I, then, for all a and b in I such that the slope of the secant
line between and is positive. Similarly, if a graph is decreasing over an
interval I, then, for all a and b in I such that the slope of the secant line between

and is negative:

Increasing: Decreasing:
f1b2 - f1a2

b - a
6 0.

f1b2 - f1a2

b - a
7 0.

x = bx = a
a 6 b,

x = bx = a
a 6 b,

f(b)

a x

y

f

Slope of secant
line is positive.

f(a)

b

f(a)

a x

y

f

Slope of secant
line is negative.

f(b)

b

The following theorem shows how we can use the derivative (the slope of a tan-
gent line) to determine whether a function is increasing or decreasing.
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Theorem 1 is illustrated in the following graph.

For determining increasing or decreasing behavior using a derivative, the interval I
is an open interval; that is, it does not include its endpoints. Note how the intervals on
which f is increasing and decreasing are written in the preceding graph: and

are not included in any interval over which the function is increasing or decreas-
ing. These values are examples of critical values.

Critical Values
Consider the graph of a continuous function f in Fig. 1.

x = 1
x = - 1

THEOREM 1
If for all x in an open interval I, then f is increasing over I.
If for all x in an open interval I, then f is decreasing over I.f ¿1x2 6 0

f ¿1x2 7 0

…2

y

x(1, 0)

f(x) =    x3 … x + 

Increasing
f '(x) > 0

Decreasing
f '(x) < 0

…1

Increasing
f '(x) > 0

f is increasing over the intervals (…� , …1) and (1, � );
slopes of tangent lines are positive.

1 …
3

2 …
3

…1, 4 …
3

1

f is decreasing over the interval (…1, 1);
slopes of tangent lines are negative.

c1 c2

y

xc3 c4 c5 c6 c7 c8

f

FIGURE 1

Note the following:

1. at and That is, the tangent line to the graph is hori-
zontal for these values.

2. does not exist at and The tangent line is vertical at and there
are corner points at both and (See also the discussion at the end of Section 1.4.)c6.c5

c3,c6.x = c3, c5,f ¿1c2

c8.x = c1, c2, c4, c7,f ¿1c2 = 0
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DEFINITIONS
Let I be the domain of f.

is a relative minimum if there exists within I an open interval containing c
such that for all x in 

and

is a relative maximum if there exists within I an open interval containing
c such that for all x in I2.f1c2 Ú f1x2,

I2f1c2

I1;f1c2 ƒ f1x2,
I1f1c2

Also note that a continuous function can change from increasing to decreasing or from
decreasing to increasing only at a critical value. In the graph in Fig. 1, 
and separate the intervals over which the function changes from increasing to de-
creasing or from decreasing to increasing. Although and are critical values, they
do not separate intervals over which the function changes from increasing to decreas-
ing or from decreasing to increasing.

Finding Relative Maximum and Minimum Values
Now consider the graph in Fig. 2. Note the •peaksŽ and •valleysŽ at the interior points

and c3.c1, c2,

c8c3

c7

c1, c2, c4, c5, c6,

Here is an example of a relative maximum (plural: maxima). Each of and
is called a relative minimum (plural: minima). The terms local maximum and

local minimum are also used.
f1c32

f1c12f1c22

DEFINITION
A critical value of a function f is any number c in the domain of f for which the
tangent line at is horizontal or for which the derivative does not exist.
That is, c is a critical value if exists and

or does not exist.

Thus, in the graph of f in Fig. 1:

1. and are critical values because for each value.

2. and are critical values because does not exist for each value.f ¿1c2c6c3, c5,

f ¿1c2 = 0c8c1, c2, c4, c7,

f ¿1c2f ¿1c2 = 0

f1c2
1c, f1c22

f

Absolute
minimum

Minima

Maxima

Absolute
maximumRelative

maximum

Relative
minimum

xa bc1

f(c1)

c3c2

y

f(c3)

f (c2)

f (b)

f (a)

FIGURE 2

A relative maximum can be thought of loosely as the second coordinate of a •peakŽ
that may or may not be the highest point over all of I. Similarly, a relative minimum can
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be thought of as the second coordinate of a •valleyŽ that may or may not be the lowest
point on I. The second coordinates of the points that are the highest and the lowest on
the interval are, respectively, the absolute maximumand the absolute minimum. For
now, we focus on finding relative maximum or minimum values, collectively referred
to as relative extrema(singular: extremum).

Look again at the graph in Fig. 2. The x-values at which a continuous function has
relative extrema are those values for which the derivative is 0 or for which the deriva-
tive does not exist„the critical values.

THEOREM 2
If a function f has a relative extreme value on an open interval, then c is a
critical value, so

or does not exist.f ¿1c2f ¿1c2 = 0

f1c2

A relative extreme point, is higher or lower than all other points over some
open interval containing c. A relative minimum point will have a y-value that is lower
than that of points both to the left and to the right of it, and, similarly, a relative maxi-
mum point will have a y-value that is higher than that of points to the left and right of it.
Thus, relative extrema cannot be located at the endpoints of a closed interval, since an
endpoint lacks •both sidesŽ with which to make the necessary comparisons. However,
as we will see in Section 2.4, endpoints canbe absolute extrema. Note that the right
endpoint of the curve in Fig. 2 is the absolute maximum point.

Theorem 2 is very useful, but it is important to understand it precisely. What it says
is that to find relative extrema, we need only consider those inputs for which the deriva-
tive is 0 or for which it does not exist.We can think of a critical value as a candidatefor
a value where a relative extremum mightoccur.
That is, Theorem 2 does not say that every criti-
cal value will yield a relative maximum or mini-
mum. Consider, for example, the graph of

shown at the right. Note that

and

The function has as a critical value, but
has no relative maximum or minimum at that
value.

Theorem 2 does say that if a relative maximum or minimum occurs, then the first
coordinate of that extremum will be a critical value. How can we tell when the existence
of a critical value leads us to a relative extremum? The following graph leads us to a test.

c = 1

f ¿112 = 311 - 122 = 0.

f ¿1x2 = 31x - 122,

f1x2 = 1x - 123 + 2,

1c, f1c22,

y

x…1 1 2 3 4
…1
…2
…3
…4

2
1

3
4
5
6
7

f(x) = (x … 1)3 + 2

8
9

10

(1, 2)
f '(1) = 0

y

x
Decreasing Increasing Decreasing Increasing Decreasing

Relative 
maximum

Relative 
minimum

Relative 
minimum

Relative 
maximum
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THEOREM 3 The First-Derivative Test for Relative Extrema

For any continuous function f that has exactly one critical value c in an open
interval 

F1. f has a relative minimum at c if on and on .
That is, f is decreasing to the left of c and increasing to the right of c.

F2. f has a relative maximum at c if on and on .
That is, f is increasing to the left of c and decreasing to the right of c.

F3. f has neither a relative maximum nor a relative minimum at c if has the
same sign on as on .1c, b21a, c2

f ¿1x2

1c, b2f ¿1x2 6 01a, c2f ¿1x2 7 0

1c, b2f ¿1x2 7 01a, c2f ¿1x2 6 0

1a, b2:

Note that at a critical value where there is a relative minimum, the function is decreas-
ing to the left of the critical value and increasing to the right. At a critical value where
there is a relative maximum, the function is increasing to the left of the critical value
and decreasing to the right. In both cases, the derivative changes signs on either side of
the critical value.

Derivatives tell us when a function is increasing or decreasing. This leads us to the
First-Derivative Test.

Graph over the 
interval a, b21 f1c2

Sign of
for x in a, c21

f ¿1x2 Sign of
for x in c, b21

f ¿1x2 Increasing or 
decreasing

Relative 
minimum

- + Decreasing on ; 
increasing on 1c, b2

1a, c2

Relative 
maximum

+ - Increasing on ; 
decreasing on 1c, b2

1a, c2

No relative 
maxima or 
minima

- - Decreasing on 1a, b2

No relative 
maxima or 
minima

+ + Increasing on 1a, b2

a c b

+

+

+

a c b

…

a c b

…+

a c b

…
…

Now let•s see how we can use the First-Derivative Test to find relative extrema and
create accurate graphs.
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EXAMPLE 1Graph the function f given by

and find the relative extrema.

Solution Suppose that we are trying to graph this function but don•t know any cal-
culus. What can we do? We could plot several points to determine in which direction
the graph seems to be turning. Let•s pick some x-values and see what happens.

f1x2 = 2x3 - 3x2 - 12x + 12,

x f1x2

- 3 - 33

- 2 8

- 1 19

0 12

1 - 1

2 - 8

3 3

4 44

…1
…10

…20

…30

20

10

30

40

y

(1, …1)

(0, 12)

x…2…3…4…5 2 4 53 6

(4, 44)

(…3, …33)

(…2, 8)

(…1, 19)

(3, 3)

(2, …8)
m = 0?

m = 0?

We plot the points and use them to sketch a •best guessŽ of the graph, shown as the
dashed line in the figure above. According to this rough sketch, it appears that the
graph has a tangent line with slope 0 somewhere around and But how
do we know for sure? We use calculus to support our observations. We begin by find-
ing a general expression for the derivative:

We next determine where does not exist or where Since we can evalu-
ate for any real number, there is no value for which does
not exist. So the only possibilities for critical values are those where locations
at which there are horizontal tangents. To find such values, we solve 

Dividing both sides by 6

Factoring

Using the Principle of Zero Products

The critical values are and 2. Since it is at these values that a relative maximum or
minimum might exist, we examine the intervals on each side of the critical values:

and as shown below.C is 12, q 2,A is 1- q , - 12, B is 1- 1, 22,

- 1

x = - 1 or x = 2.

 x + 1 = 0  or x - 2 = 0

 1x + 121x - 22 = 0

 x2 - x - 2 = 0

 6x2 - 6x - 12 = 0

f ¿1x2 = 0:
f ¿1x2 = 0,

f ¿1x2f ¿1x2 = 6x2 - 6x - 12
f ¿1x2 = 0.f ¿1x2

f ¿1x2 = 6x2 - 6x - 12.

x = 2.x = - 1

…1

A B C

2
x

Next, we analyze the sign of the derivative on each interval. If is positive for
one value in the interval, then it will be positive for all values in the interval. Similarly,
if it is negative for one value, it will be negative for all values in the interval. Thus, we
choose a test value in each interval and make a substitution. The test values we choose
are 0, and 4.- 2,

f ¿1x2

�
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TECHNOLOGY CONNECTION

A: Test 

B: Test 0,

C: Test 4,

= 96 - 24 - 12 = 60 7 0.

f ¿142 = 61422 - 6142 - 12

f ¿102 = 61022 - 6102 - 12 = - 12 6 0;

= 24 + 12 - 12 = 24 7 0;

f ¿1- 22 = 61- 222 - 61- 22 - 12- 2,

x…1…2…3…4 1 2 3 4
…10

…20

…30

20

10

30

40

(2, …8)

(…1, 19)

y

Relative maximum

Increasing
f'(x) > 0

Decreasing
f'(x) < 0

Increasing
f'(x) > 0

Relative minimum

f'(x) = 6x2 … 6x … 12 f(x) = 2x3 … 3x2 … 12x + 12

Exploratory
Consider the function f given by

Graph both f and using the same
set of axes. Examine the graphs
using the TABLEand TRACEfeatures.
Where do you think the relative
extrema of occur? Where is the
derivative equal to 0? Where does

have critical values?f1x2

f1x2

f ¿

f1x2 = x3 - 3x + 2.

������� ��������� �������  

Test Value x = - 2 x = 0 x = 4

Sign off ¿1x2 f ¿1- 22 7 0 f ¿102 6 0 f ¿142 7 0

Result f is increasing 
on 1- q , - 12

f is decreasing 
on 1- 1, 22

f is increasing 
on 12, q 2

Change 
indicates a 

relative 
maximum.

Change 
indicates a 

relative 
minimum.

Therefore, by the First-Derivative Test,

f has a relative maximum at given by

Substituting into the 
original function

This is a relative maximum.

and f has a relative minimum at given by

This is a relative minimum.

Thus, there is a relative maximum at and a relative minimum at , as
we suspected from the sketch of the graph.

The information we have obtained from the first derivative can be very useful in
sketching a graph of the function. We know that this polynomial is continuous, and
we know where the function is increasing, where it is decreasing, and where it has rela-
tive extrema. We complete the graph by using a calculator to generate some additional
function values. The graph of the function, shown below in red, has been scaled to
clearly show its curving nature.

12, - 821- 1, 192

f122 = 21223 - 31222 - 12122 + 12 = - 8.

x = 2

 = 19

 f1- 12 = 21- 123 - 31- 122 - 121- 12 + 12

x = - 1

A B C
Interval

2 x- 1
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For reference, the graph of the derivative is shown in blue. Note that where
has relative extrema. We summarize the behavior of this function as follows, by

noting where it is increasing or decreasing, and by characterizing its critical points:

€ The function f is increasing over the interval 

€ The function f has a relative maximum at the point 

€ The function f is decreasing over the interval 

€ The function f has a relative minimum at the point 

€ The function f is increasing over the interval 

Quick Check 1

12, q 2.

12, - 82.

1- 1, 22.

1- 1, 192.

1- q , - 12.

f1x2
f ¿1x2 = 0

Interval notation and point notation look alike. Be clear when stating your answers
whether you are identifying an interval or a point.

To use the first derivative for graphing a function f:

1. Find all critical values by determining where is 0 and where is un-
defined (but is defined). Find for each critical value.

2. Use the critical values to divide the x-axis into intervals and choose a test value in
each interval.

3. Find the sign of for each test value chosen in step 2, and use this information
to determine where is increasing or decreasing and to classify any extrema as
relative maxima or minima.

4. Plot some additional points and sketch the graph.

f1x2
f ¿1x2

f1x2f1x2
f ¿1x2f ¿1x2

O

Quick Check 1

Graph the function g given by
and

find the relative extrema.
g1x2 = x3 - 27x - 6,

The derivative is used to find the critical values of f. The test values are
substituted into the derivative and the function values are found using the
original function f.

f ¿,
f ¿

EXAMPLE 2 Find the relative extrema of the function f given by

Then sketch the graph.

Solution First, we must determine the critical values. To do so, we find 

Next, we find where does not exist or where Since is
a polynomial, it exists for all real numbers x. Therefore, the only candidates for critical val-
ues are where that is, where the tangent line is horizontal:

Setting equal to 0

Factoring

The critical values are 0 and We use these values to divide the x-axis into three inter-
vals as shown below: A is B is and C is A3

2, q B.A0, 32B;1- q , 02;

3
2.

 x = 0 or x = 3
2.

 x2 = 0 or 3 = 2x

 2x2 = 0 or 3 - 2x = 0

 2x213 - 2x2 = 0

f ¿1x2 6x2 - 4x3 = 0

f ¿1x2 = 0,

f ¿1x2 = 6x2 - 4x3f ¿1x2 = 0.f ¿1x2

f ¿1x2 = 6x2 - 4x3.

f ¿1x2:

f1x2 = 2x3 - x4.

0

A B

3 ……
2

C

x

�

O

Note that and are possible extrema.f102 = 2 #03 - 04 = 0f A3
2B = 2 A3

2B3 - A3
2B4 = 27

16
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x approximately
f1x2,

- 1 - 3

0.5- 0.31-

0 0

0.5 0.19

1 1

1.25 1.46

2 0

We now determine the sign of the derivative on each interval by choosing a test
value in each interval and substituting. We generally choose test values for which it is
easy to compute 

A: Test 

B: Test 1,

C: Test 2,

= 24 - 32 = - 8 6 0.

f ¿122 = 61222 - 41223

= 6 - 4 = 2 7 0;

f ¿112 = 61122 - 41123

= 6 + 4 = 10 7 0;

f ¿1- 12 = 61- 122 - 41- 123- 1,

f ¿1x2.

Test Value x = - 1 x = 1 x = 2

Sign off ¿1x2 f ¿1- 12 7 0 f ¿112 7 0 f ¿122 6 0

Result f is increasing 
on 1- q , 02

f is increasing 
on A0, 32B

f is decreasing 
on A3

2, q B

������� ��������� �������  

No change Change 
indicates a 

relative 
maximum.

Therefore, by the First-Derivative Test, f has no extremum at (since is 
increasing on both sides of 0) and has a relative maximum at Thus, or 
is a relative maximum.

We use the information obtained to sketch the graph below. Other function values
are listed in the table.

27
16,f A3

2B,x = 3
2.

f1x2x = 0

y

x1 2

2

f(x) = 2x3 … x4
…1

…3

(0, 0)

Increasing
f '(x) > 0

Decreasing
f '(x) < 0

…2

1

…1

Relative 
maximum

Not a 
relative
extremum

3 
……
2
, 27 

„
16

Increasing
f '(x) > 0

We summarize the behavior of f:

€ The function f is increasing over the interval 

€ The function f has a critical point at , which is neither a minimum 
nor a maximum.

10, 02

1- q , 02.

A B C
Interval

0 x3
2
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€ The function f is increasing over the interval 

€ The function f has relative maximum at the point 

€ The function f is decreasing over the interval 

Since f is increasing over the intervals and we can say that f is increas-
ing over despite the fact that within this interval. In this case, we
can observe that any secant line connecting two points within this interval will have a
positive slope.

Quick Check 2

EXAMPLE 3Find the relative extrema of the function f given by

Then sketch the graph.

Solution First, we determine the critical values. To do so, we find 

Next, we find where does not exist or where Note that does not
exist at 2, although does. Thus, 2 is a critical value. Since the only way for a frac-
tion to be 0 is if its numerator is 0, we see that has no solution. Thus, 2 is
the only critical value. We use 2 to divide the x-axis into the intervals A, which is

and B, which is Note that f122 = 12 - 222>3 + 1 = 1.12, q 2.1- q , 22,

f ¿1x2 = 0
f1x2

f ¿1x2f ¿1x2 = 0.f ¿1x2

 =
2

323 x - 2
.

 f ¿1x2 =
2
3

1x - 22- 1>3

f ¿1x2:

f1x2 = 1x - 222>3 + 1.

f ¿102 = 0A- q , 32B
A0, 32B,1- q , 02

A3
2, q B.

A3
2, 

27
16B.

A0, 32B.

To determine the sign of the derivative, we choose a test value in each interval and
substitute each value into the derivative. We choose test values 0 and 3. It is not neces-
sary to find an exact value of the derivative; we need only determine the sign. Some-
times we can do this by just examining the formula for the derivative:

A: Test 0,

B: Test 3, f ¿132 =
2

323 3 - 2
7 0.

f ¿102 =
2

323 0 - 2
6 0;

A B

2
x

Quick Check 2

Find the relative extrema 
of the function h given by

Then
sketch the graph.
h1x2 = x4 - 8

3x3.

O

Test Value x = 0 x = 3

Sign off ¿1x2 f ¿102 6 0 f ¿132 7 0

Result f is decreasing 
on 1- q , 22

f is increasing 
on 12, q 2

������� �������

Interval
2 x

Change 
indicates a 

relative minimum.

TECHNOLOGY CONNECTION

EXERCISES
In Exercises 1 and 2, consider
the function f given by

1. Graph the function using the
viewing window 

2. Graph the first derivative.
What happens to the graph of
the derivative at the critical
values?

3- 4, 6, - 2, 44.

f1x2 = 2 - 1x - 122>3.

O

�



O

Quick Check 3

Find the relative extrema 
of the function g given by

Then sketch
the graph.
g1x2 = 3 - x1>3.
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x
,

approximately
f1x2

- 1 3.08

0.5- 2.84

0 2.59

0.5 2.31

1 2

1.5 1.63

2 1

2.5 1.63

3 2

3.5 2.31

4 2.59

Since we have a change from decreasing to increasing, we conclude from the First-
Derivative Test that a relative minimum occurs at or . The graph has no
tangent line at since does not exist.

We use the information obtained to sketch the graph. Other function values are
listed in the table.

f ¿12212, 12
12, 1212, f1222,

TECHNOLOGY CONNECTION

Finding Relative Extrema

To explore some methods for approximating relative
extrema, let•s find the relative extrema of

We first graph the function, using a window that reveals the
curvature.

f1x2 = - 0.4x3 + 6.2x2 - 11.3x - 54.8.

Method 1:TRACE

Beginning with the window shown at left, we press TRACE
and move the cursor along the curve, noting where relative
extrema might occur.

y

x1

1

Increasing
f '(x) > 0

2 3 4

� � � � � � � � � �

2

…1
��������������

Decreasing
f '(x) < 0

3

(2, 1)

f(x) = (x … 2)2/3 + 1

Relative 
minimum

We summarize the behavior of f:

€ The function f is decreasing over the interval 

€ The function f has a relative minimum at the point 

€ The function f is increasing over the interval 

Quick Check 3

12, q 2.

12, 12.

1- q , 22.

Y1=….4X^3+6.2X^2…11.3X…54.8

X = 9.4680851 Y = 54.502163

150

…10 20

…100

y = …0.4x3 + 6.2x2 … 11.3x … 54.8

A relative maximum seems to be about at
We can refine the approximation by zooming in to

obtain the following window. We press TRACEand move 
x = 9.47.

y = 54.5

(continued)

O
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TECHNOLOGY CONNECTION

Finding Relative Extrema with iPlot

We can use iPlot to graph a function and its derivative and
then find relative extrema.

iPlot has the capability of graphing a function and its
derivative on the same set of axes, though it does not give 
a formula for the derivative but merely draws the graph. 
As an example, let•s consider the function given by
f1x2 = x3 - 3x + 4.

To graph a function and its derivative, first open the
iPlot app on your iPhone or iPad. You will get a screen like
the one in Fig. 1. Notice the four icons at the bottom. The
Functions icon is highlighted. Press in the upper 
right; then enter using the notation
x^3…3*x+4.Press Done at the upper right and then Plot at 
the lower right (Fig. 2).

f1x2 = x3 - 3x + 4

Finding Relative Extrema (continued )

the cursor along the curve, again noting where the y-value is
largest. The approximation is about at x = 9.31.y = 54.61

We can continue in this manner until the desired accu-
racy is achieved.

Method 2:TABLE

We can also use the TABLEfeature, adjusting starting points
and step values to improve accuracy:

TblStart 9.3 Tbl = .01¢=

The approximation seems to be nearly at an 
x-value between 9.32 and 9.33. We could next set up a new
table showing function values between and 
to refine the approximation.

Method 3:MAXIMUM, MINIMUM

Using the MAXIMUM option from the CALCmenu, we find
that a relative maximum of about 54.61 occurs at x L 9.32.

f19.332f19.322

y = 54.61

Method 4: fMax or fMin

This feature calculates a relative maximum or minimum
value over any specified closed interval. We see from the
initial graph that a relative maximum occurs in the interval

Using the fMax option from the MATH menu,
we see that a relative maximum occurs on when
x L 9.32.

3- 10, 204
3- 10, 204.

To obtain the maximum value, we evaluate the function at
the given x-value, obtaining the following.

The approximation is about at .
Using any of these methods, we find the relative mini-

mum to be about at x = 1.01.y = - 60.30

x = 9.32y = 54.61

fMax(Y1,X,…10,20)
9.323324165

        54.60790781
Y1(Ans)

fMax(Y1,X,…10,20)
       9.323324165

Maximum
X = 9.3233222Y = 54.607908

X = 9.32

X Y1

54.605
54.607
54.608
54.608
54.607
54.604
54.601

9.32

9.3
9.31

9.33
9.34
9.35
9.36

X = 9.4680851Y = 54.502163 X = 9.3085106Y = 54.606815

Y1=….4X^3+6.2X^2…11.3X…54.8 Y1=….4X^3+6.2X^2…11.3X…54.8

Minimum
X = 1.0100107 Y = …60.3005

EXERCISE
1. Using one of the methods just described, approximate

the relative extrema of the function in Example 1.

+

(continued)
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FIGURE 1 FIGURE 2 FIGURE 3

values of the original function? Examining the graphs in this
wayreveals that the graph of has a
relativemaximum point at and a relativeminimum
point at .

iPlot has an additional feature that allows us to be more
certain about these relative extrema. Go back to the original
plot of (Fig. 3), and pressSettings.
Change the window to to better see the
graph. Press the MinMax button at the bottom. Touch the
screen as closely as possible to what might be a relative
extremum. See Figs. 6 and 7 for the relativemaximum.
The relativeminimum can be found similarly.

3- 3, 3, 12, - 104
f1x2 = x3 - 3x + 4

11, 22
1- 1, 62

f1x2 = x3 - 3x + 4
The graph of is shown in red

in Fig. 3. To graph the derivative of f, first click on the
Functions icon again, and then press . You will get the
screen shown in Fig. 4.

Next, slide the Derivate button to the left. (•DerivateŽ
means •Differentiate.Ž) Then enter the same function as
before, x^3…3*x+4, and pressDone. D(x^3…3*x+4)will
appear in the second line. PressPlot, and you will see both
functions plotted, as shown in Fig. 5. Look over the two
graphs, and use Traceto find various function values. Press
Prevto jump between the function and its derivative. Look
for x-values where the derivative is 0. What happens at these

f1x2 = x3 - 3x + 4

+

FIGURE 4 FIGURE 5

FIGURE 6 FIGURE 7

(continued)
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EXERCISES
For each function, use iPlot to create the graph and find
the derivative. Then explore each graph to look for possi-
ble relative extrema. Use MinMax to determine the relative 
extrema.

1.

2.

3. f1x2 = x3 - 6x2

f1x2 = x1200 - x2

f1x2 = 2x3 - x4

4.

5.

6.

7.

8. f1x2 = †x + 2†- 3

f1x2 =
x2 - 3x
x - 1

g1x2 =
4x

x2 + 1

g1x2 = x2 4 - x2

f1x2 = - 4.32 + 1.44x + 3x2 - x3

Section Summary
€ A function f is increasingover an interval I if, for all a and

b in I such that Equivalently, the
slope of the secant line connecting a and b is positive: 

€ A function f is decreasingover an interval I if, for all a and
b in I such that Equivalently, the
slope of the secant line connecting a and b is negative:

€ Using the first derivative, a function is increasingover an
open interval I if, for all x in I, the slope of the tangent
line at x is positive; that is, Similarly, a function
is decreasingover an open interval I if, for all x in I, the
slope of the tangent line is negative; that is, f ¿1x2 6 0.

f ¿1x2 7 0.

f1b2 - f1a2

b - a
6 0.

f1a2 7 f1b2.a 6 b,

f1b2 - f1a2

b - a
7 0.

f1a2 6 f1b2.a 6 b,
€ A critical valueis a number c in the domain of f such that

or does not exist. The point is
called a critical point.

€ A relative maximum point is higher than all other points
in some interval containing it. Similarly, a relative
minimum point is lower than all other points in some
interval containing it. The y-value of such a point is called
a relative maximum (or minimum) valueof the function.

€ Minimum and maximum points are collectively called 
extrema.

€ Critical values are candidates for possible relative extrema.
The First-Derivative Testis used to classify a critical value
as a relative minimum, a relative maximum, or neither.

1c, f1c22f ¿1c2f ¿1c2 = 0

EXERCISE SET

2.1 

Find the relative extrema of each function, if they exist. List
each extremum along with the x-value at which it occurs. Then
sketch a graph of the function.

1. 2.

3. 4.

5.

6.

7.

8.

9. 10.

11. 12.

13. 14.

15. G1x2 = x3 - 6x2 + 10

F1x2 = 1 - x3g1x2 = 2x3 - 16

f1x2 = x3 + 3xf1x2 = 3x2 + 2x3

f1x2 = x3 - 3x2f1x2 = x3 - 3x + 6

g1x2 = x3 + 1
2x2 - 2x + 5

G1x2 = x3 - x2 - x + 2

F1x2 = 0.5x2 + 2x - 11

g1x2 = 1 + 6x + 3x2

f1x2 = 2 - 3x - 2x2f1x2 = 5 - x - x2

f1x2 = x2 + 6x - 3f1x2 = x2 + 4x + 5

16.

17. 18.

19.

20.

21.

22.

23. 24.

25. 26.

27. 28.

29. 30. g1x2 =
x2

x2 + 1
g1x2 =

4x

x2 + 1

F1x2 =
5

x2 + 1
G1x2 =

- 8

x2 + 1

f1x2 = 1x + 322>3 - 5f1x2 = 1 - x2>3

G1x2 = 23 x + 2F1x2 = 23 x - 1

f1x2 = 3x4 - 15x2 + 12

g1x2 = 2x4 - 20x2 + 18

F1x2 = - 1
3x3 + 3x2 - 9x + 2

f1x2 = 1
3x3 - 2x2 + 4x - 1

f1x2 = x4 - 2x3g1x2 = x3 - x4

f1x2 = 12 + 9x - 3x2 - x3



31. 32.

33. 34.

35…68.Check the results of Exercises 1…34 using a
calculator.

For Exercises 69…84, draw a graph to match the description
given. Answers will vary.

69. is increasing over and decreasing over

70. is decreasing over and increasing over

71. is decreasing over and and
increasing over .

72. is increasing over and and
decreasing over .

73. has a positive derivative over and a
negative derivative over 

74. has a negative derivative over and a posi-
tive derivative over 

75. has a negative derivative over and 
and a positive derivative over and 

76. has a positive derivative over and
and a negative derivative over and

77. has a positive derivative over and ,
a negative derivative over and a derivative
equal to 0 at 

78. has a negative derivative over and ,
a positive derivative over and a derivative equal
to 0 at 

79. has a negative derivative over and a
positive derivative over and does
not exist.

80. has a positive derivative over and 
and a negative derivative over but neither 
nor exists.

81. has a negative derivative over and
and a positive derivative over and

, but does not exist.

82. has a positive derivative over and
a negative derivative over and 

and a derivative equal to 0 at and but
does not exist.

83. is increasing over but the derivative
does not exist at 

84. is decreasing over but the derivative
does not exist at and x = 2.x = 0

1- q , q 2,K1x2

x = 1.
1- q , q 2,H1x2

g¿102
x = 3,x = - 3

13, q 2,1- 3, 0210, 32,
1- q , - 32g1x2

f ¿112f ¿1- 22 = 0
1- 2, 12,11, q 2

1- q , - 22f1x2

G¿132
G¿10210, 32,
13, q 21- q , 02G1x2

F¿1- 121- 1, q 2,
1- q , - 12F1x2

x = 5.
18, q 2,

15, 821- q , 52g1x2

x = 3.
19, q 2,

13, 921- q , 32f1x2

17, q 2.
1- 2, 4214, 72

1- q , - 22G1x2

19, q 2.12, 52
15, 921- q , 22F1x2

11, q 2.
1- q , 12f1x2

1- 3, q 2.
1- q , - 32g1x2

15, 122
112, q 21- q , 52F1x2

14, 92
19, q 21- q , 42G1x2

1- 3, q 2.
1- q , - 32g1x2

12, q 2.
1- q , 22f1x2

F1x2 =
1

2 x2 + 1
g1x2 = 2 x2 + 2x + 5

f1x2 = 1x + 121>3f1x2 = 23 x
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85. Consider this graph.

x10

y

xx1 x2 x3 x4 x5 x6 x7 x8x9

y

xd ea b c

Using the graph and the intervals noted, explain how to
relate the concept of the function being increasing or
decreasing to the first derivative.

APPLICATIONS

Business and Economics

87. Employment. According to the U.S. Bureau of Labor
Statistics, the number of professional services employees
fluctuated during the period 2000…2009, as modeled by

where t is the number of years since 2000 (
corresponds to 2000) and E is thousands of employees.
(Source: www.data.bls.gov.) Find the relative extrema
of this function, and sketch the graph. Interpret the
meaning of the relative extrema.

88. Advertising. Brody Electronics estimates that it will sell
N units of a new toy after spending a thousands of dol-
lars on advertising, where

Find the relative extrema and sketch a graph of the
function.

Life and Physical Sciences

89. Temperature during an illness. The temperature of a
person during an intestinal illness is given by

where T is the temperature at time t, in days. Find
the relative extrema and sketch a graph of the function.

1°F2

T1t2 = - 0.1t2 + 1.2t + 98.6, 0 ƒ t ƒ 12,

N1a2 = - a2 + 300a + 6, 0 ƒ a ƒ 300.

t = 0

+ 16,905.87,E1t2 = - 28.31t3 + 381.86t2 - 1162.07t

Explain the idea of a critical value. Then determine
which x-values are critical values, and state why.

86. Consider this graph.



90. Solar eclipse. On January 15, 2010, the longest
annular solar eclipse until 3040 occurred over Africa
and the Indian Ocean (in an annular eclipse, the sun
is partially obscured by the moon and looks like a
ring). The path of the full eclipse on the earth•s
surface is modeled by

where x is the number of degrees of longitude east of 
the prime meridian and is the number of degrees 
of latitude north (positive) or south (negative) of the
equator. (Source: NASA.) Find the longitude and latitude
of the southernmost point at which the full eclipse could
be viewed.

f1x2

f1x2 = 0.0125x2 - 1.157x + 22.864, 15 6 x 6 90,
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SYNTHESIS

In Exercises 91…96, the graph of a derivative is shown. Use
the information in each graph to determine where f is increas-
ing or decreasing and the x-values of any extrema. Then sketch
a possible graph of f.

91. 92.

f ¿

f�

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

f �

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

f �

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

f �

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

93. 94.

95. 96.

f �

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

f �

x

y

5Š5 Š4 Š3 Š2 Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321

TECHNOLOGY CONNECTION 

Graph each function. Then estimate any relative extrema.

97.

98.

99. 100.

Use your calculator•s absolute-value feature to graph the follow-
ing functions and determine relative extrema and intervals over
which the function is increasing or decreasing. State the x-values
at which the derivative does not exist.

101.

102.

103.

104.

105.

106.

107.

108. f1x2 = †x4 - 2x2 †

f1x2 = †x3 - 1†

f1x2 = †- x2 + 4x - 4†

f1x2 = †9 - x2 †

f1x2 = †x2 - 3x + 2†

f1x2 = †x2 - 1†

f1x2 = †2x - 5†

f1x2 = †x - 2†

f1x2 = x2 9 - x2f1x2 = 23 †4 - x2 †+ 1

f1x2 = x4 + 4x3 - 36x2 - 160x + 400

- 828x + 1200
f1x2 = - x6 - 4x5 + 54x4 + 160x3 - 641x2
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Life science: caloric intake and life expectancy.The data in the following table give, for various countries, daily caloric intake, 
projected life expectancy, and infant mortality. Use the data for Exercises 109 and 110.

Country
Daily Caloric 

Intake

Life Expectancy 
at Birth 

(in years)

Infant Mortality 
(number of deaths before 

age 1 per 1000 births)

Argentina 3004 77 13

Australia 3057 82 5

Bolivia 2175 67 46

Canada 3557 81 5

Dominican
Republic

2298 74 30

Germany 3491 79 4

Haiti 1835 61 62

Mexico 3265 76 17

United States 3826 78 6

Venezuela 2453 74 17

(Source: U.N. FAO Statistical Yearbook, 2009.)

109. Life expectancy and daily caloric intake.

a) Use the regression procedures of Section R.6 to fit a
cubic function to the data in the table,
where x is daily caloric intake and y is life
expectancy. Then fit a quartic function and decide
which fits best. Explain.

b) What is the domain of the function?
c) Does the function have any relative extrema?

Explain.

110. Infant mortality and daily caloric intake.

a) Use the regression procedures of Section R.6 to fit 
a cubic function to the data in the table,
where x is daily caloric intake and y is infant mortal-
ity. Then fit a quartic function and decide which fits
best. Explain.

b) What is the domain of the function?
c) Does the function have any relative extrema?

Explain.

111. Describe a procedure that can be used to select an
appropriate viewing window for the functions given in
(a) Exercises 1…16 and (b) Exercises 97…100.

y = f1x2

y = f1x2

Answers to Quick Checks
1. Relative maximum at 
relative minimum at 

2. Relative minimum at 

3. There are no extrema.

4

6

y

x2 4Š2
Š2

Š4

2
g(x) �  3 � x 1/3

8
3

2

4

y

x21 3Š1
Š2

Š4

h(x) �  x4 � � x 3

A2, - 16
3 B

13, - 602
50

100

y

x2 4Š2
Š50

Š100

Š4

g(x) �  x3 � 27x � 6

1- 3, 482,



The •turningŽ behavior of a graph is called its concavity. The second derivative plays a
pivotal role in analyzing the concavity of a function•s graph.

Concavity: Increasing and Decreasing Derivatives
The graphs of two functions are shown below. The graph of f is turning up and the
graph of g is turning down. Let•s see if we can relate these observations to the functions•
derivatives.

Consider first the graph of f. Take a ruler, or straightedge, and draw tangent lines
as you move along the curve from left to right. What happens to the slopes of the tan-
gent lines? Do the same for the graph of g. Look at the curvature and decide whether
you see a pattern.
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2.2
OBJECTIVES

Using Second Derivatives to Find Maximum 
and Minimum Values and Sketch Graphs

€ Classify the relative extrema 
of a function using the
Second-Derivative Test.

€ Sketch the graph of a
continuous function.

y

xa b

f

f '(x) increasing

f ''(x) > 0

y

xa b

g

g'(x) decreasing

g''(x) < 0

THEOREM 4 A Test for Concavity

1. If on an interval I, then the graph of f is concave up. 
( is increasing, so f is turning up on I.)

2. If on an interval I, then the graph of f is concave down. 
( is decreasing, so f is turning down on I.)f ¿

f …1x2 6 0
f ¿
f …1x2 7 0

DEFINITION
Suppose that f is a function whose derivative exists at every point in an open
interval I. Then

f ¿

f is concave up on I if
f � is increasing over I.

f is concave down on I if
f � is decreasing over I.

For the graph of f, the slopes of the tangent lines are increasing. That is, is in-
creasing over the interval. This can be determined by noting that is positive,
since the relationship between and is like the relationship between f and Note
also that all the tangent lines for f are below the graph. For the graph of g, the slopes
are decreasing. This can be determined by noting that is decreasing whenever 
is negative. For g, all tangent lines are above the graph.

g…1x2g¿

f ¿.f …f ¿
f …1x2

f ¿

The following theorem states how the concavity of a function•s graph and the sec-
ond derivative of the function are related.
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Keep in mind that a function can be decreasing and concave up, decreasing and
concave down, increasing and concave up, or increasing and concave down. That is,
concavityand increasing/decreasingare independent concepts. It is the increasing or
decreasing aspect of the derivativethat tells us about the function•s concavity.

f ¿1x2 6 0 f ¿1x2 7 0

Concave down,
Decreasing

Concave down,
Increasing

Concave up,
Decreasing

Concave up,
Increasing

TECHNOLOGY CONNECTION

Exploratory

Graph the function

and its second derivative,

using the viewing window with
and 

Over what intervals is the graph of f concave up?
Over what intervals is the graph of f concave down?
Over what intervals is the graph of positive?
Over what intervals is the graph of negative?

What can you conjecture?

f…
f…

Yscl = 25.Xscl = 5
3- 10, 25, - 100, 1504,

f …1x2 = - 2x + 12,

f1x2 = - 1
3x3 + 6x2 - 11x - 50

Now graph the first derivative

and the second derivative

using the viewing window with
and 

Over what intervals is the first derivative increasing?
Over what intervals is the first derivative decreasing?
Over what intervals is the graph of positive?
Over what intervals is the graph of negative?

What can you conjecture?

f…
f…

f ¿
f ¿

Yscl = 25.Xscl = 5
3- 10, 25, - 200, 504,

f …1x2 = - 2x + 12

f ¿1x2 = - x2 + 12x - 11

Classifying Relative Extrema Using Second Derivatives
Let•s see how we can use second derivatives to determine whether a function has a rela-
tive extremum on an open interval.

The following graphs show both types of concavity at a critical value (where
). When the second derivative is positive (graph is concave up) at the critical

value, the critical point is a relative minimum point, and when the second derivative is
negative (graph is concave down), the critical point is a relative maximum point.

f ¿1c2 = 0

f …1x2 6 0

f …1x2 7 0
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THEOREM 5 The Second-Derivative Test for Relative Extrema

Suppose that f is differentiable for every x in an open interval a, b and that
there is a critical value c in a, b for which Then:

1. is a relative minimum if 
2. is a relative maximum if 

For the First-Derivative Test can be used to determine whether 
is a relative extremum.

f1x2f …1c2 = 0,

f …1c2 6 0.f1c2
f …1c2 7 0.f1c2

f ¿1c2 = 0.21
21

This analysis is summarized in Theorem 5:

y

x

2
1

3
4
5
6
7

f(x) = (x … 2)3 + 1

4c = 2
…1

8
9

10

…1

y

x

2
1

3
4
5
6
7

f(x) = (x … 2)4 + 1

4c = 2
…1

8
9

10

…1

  f(x) = (x … 2)4 + 1
 f '(x) = 4(x … 2)3

 f ''(x) = 12(x … 2)2

 f '(2) = 0
 f ''(2) = 0
Relative minimum at c = 2

31 31

  f(x) = (x … 2)3 + 1
 f '(x) = 3(x … 2)2

 f ''(x) = 6(x … 2)
 f '(2) = 0
 f ''(2) = 0
No relative extremum

y

xa bc

f '(c) = 0,
f ''(c) > 0,
The graph is concave
up around c.
Therefore, f(c) is a
relative minimum.

f(c)

� 
� 
� 
� 
�

y

xa bc

f '(c) = 0,
f ''(c) < 0,
The graph is concave
down around c.
Therefore, f(c) is a
relative maximum.

f(c)

� 
� 
� 
� 
� 
� 
� 
� 
� 
� 
� 
� 
�

Consider the following graphs. In each one, and are both 0 at but the
first function has an extremum and the second function does not. When c is a critical
value and an extremum may or may not exist at c. Note too that if does
not exist and c is a critical value, then also does not exist. Again, an approach
other than the Second-Derivative Test must be used to determine whether is an
extremum.

f1c2
f …1c2

f ¿1c2f …1c2 = 0,

c = 2,f …f ¿

The second derivative is used to help identify extrema and determine the overall
behavior of a graph, as we see in the following examples.



2.2 € Using Second Derivatives to Find Maximum and Minimum Values and Sketch Graphs 219

EXAMPLE 1Find the relative extrema of the function f given by

and sketch the graph.

Solution To find any critical values, we determine To determine whether any
critical values lead to extrema, we also find 

Then we solve 

Dividing both sides by 3

Factoring

Using the Principle of Zero Products

We next find second coordinates by substituting the critical values in the original
function:

Are the points and relative extrema? Let•s look at the second deriva-
tive. We use the Second-Derivative Test with the critical values and 1:

Relative maximum

Relative minimum

Thus, is a relative maximum and is a relative minimum. We
plot both and including short arcs at each point to indicate the
graph•s concavity. Then, by calculating and plotting a few more points, we can make a
sketch, as shown below.

11, - 182,1- 3, 142
f112 = - 18f1- 32 = 14

 f …112 = 6112 + 6 = 12 7 0.

 f …1- 32 = 61- 32 + 6 = - 12 6 0;

- 3
11, - 1821- 3, 142

 f112 = 1123 + 31122 - 9112 - 13 = - 18.

 f1- 32 = 1- 323 + 31- 322 - 91- 32 - 13 = 14;

 x = - 3 or x = 1.

 x + 3 = 0  or x - 1 = 0

 1x + 321x - 12 = 0

 x2 + 2x - 3 = 0

 3x2 + 6x - 9 = 0

f ¿1x2 = 0:

 f …1x2 = 6x + 6.

 f ¿1x2 = 3x2 + 6x - 9,

f …1x2:
f ¿1x2.

f1x2 = x3 + 3x2 - 9x - 13,

x4321

10

Š10

Š1Š2Š3

(Š3, 14)

Relative
maximum

Š4Š5

y

20

30

40

Š20 (1, Š18)

Relative
minimum

Exploratory
Consider the function given by

Use a graph to estimate the
relative extrema. Then find the
first and second derivatives.
Graph both in the same window.
Use the ZEROfeature to determine
where the first derivative is zero.
Verify that relative extrema occur
at those x-values by checking the
sign of the second derivative. Then
check your work using the
approach of Example 1.

y = x3 - 3x2 - 9x - 1.

TECHNOLOGY CONNECTION

(Š3, 14)

Relative
maximum

x4321

10

Š2Š3

(Š2, 9)(Š4, 7)

(Š5, Š18)

(Š1, Š2)

(0, Š13)

(2, Š11)

(3, 14)

f

Š4Š5

y

20

30

40

Š20 (1, Š18)

Relative
minimum

EXAMPLE 2 Find the relative extrema of the function f given by

and sketch the graph.

f1x2 = 3x5 - 20x3,

�

�



O

Quick Check 1

Find the relative extrema of
the function g given by

and
sketch the graph.
g1x2 = 10x3 - 6x5,
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Solution We find both the first and second derivatives:

Then we solve to find any critical values:

Factoring

Using the Principle of Zero
Products

We next find second coordinates by substituting in the original function:

All three of these y-values are candidates for relative extrema.
We now use the Second-Derivative Test with the numbers and 0:

Relative maximum

The Second-Derivative Test
fails. Use the First-Derivative
Test.
Relative minimum

Thus, is a relative
maximum, and is
a relative minimum. Since

and 
we know that f is decreasing
on both and 
Thus, we know by the First-
Derivative Test that f has no
relative extremum at .
We complete the graph, plot-
ting other points as needed.
The extrema are shown in the
graph at right.

10, 02

10, 22.1- 2, 02

f ¿112 6 0,f ¿1- 12 6 0

f122 = - 64
f1- 22 = 64

 f …122 = 601223 - 120122 = 240 7 0;

 f …102 = 601023 - 120102 = 0.

 f …1- 22 = 601- 223 - 1201- 22 = - 240 6 0;

- 2, 2,

 f122 = 31225 - 201223 = - 64;

 f102 = 31025 - 201023 = 0.

 f1- 22 = 31- 225 - 201- 223 = 64;

 x = 0 or x = - 2 or x = 2.

 15x2 = 0 or x + 2 = 0  or x - 2 = 0

 15x21x + 221x - 22 = 0

 15x21x2 - 42 = 0

 15x4 - 60x2 = 0

f ¿1x2 = 0

 f …1x2 = 60x3 - 120x.

 f ¿1x2 = 15x4 - 60x2,

x321Š3 Š2 Š1

y

80

60

40

20

Š80

Š60

Š40

Š20

(Š2, 64)

(2, Š64)

(0, 0)

Increasing IncreasingDecreasing

f(x) = 3x5 Š 20x3

x1

10

2 3Š2Š3Š4

(Š3, 14)
(Š1, Š2)

(1, Š18)

Concave
down

Concave
up

f

y

20

30

Š20

Š10

f(x) = x3 + 3x2 Š 9x Š 13

Quick Check 1

Points of Inflection
Look again at the graphs in Examples 1 and 2. The concavity changes from down to up
at the point in Example 1, and the concavity changes from up to down at the
point (0, 0) in Example 2. (In fact, the graph in Example 2 has other points where the
concavity changes direction. This is addressed in Example 3.)

1- 1, - 22

O
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A point of inflection, or an inflection point, is a point across which the direction
of concavity changes. For example, in Figs. 1…3, point P is an inflection point. The fig-
ures display the sign of to indicate the concavity on either side of P.f …1x2

y

xx0

f ''(x0) = 0

P
+

…

FIGURE 1

y

xx0

f ''(x0) = 0

P
+

…

FIGURE 3

y

xx0

f ''(x0) does not exist.

P
+

…

FIGURE 2

As we move to the right along each curve, the concavity changes at P. Since, as we
move through P, the sign of changes, either the value of at Pmust be 0, as
in Figs. 1 and 3, or must not exist, as in Fig. 2.f …1x02

f …1x02f …1x2

THEOREM 6 Finding Points of Inflection

If a function f has a point of inflection, it must occur at a point where

does not exist.f …1x02 = 0 or f …1x02

x0,

The converse of Theorem 6 is not necessarily true. That is, if is 0 or does
not exist, then there is not necessarily a point of inflection at There must be a
change in the direction of concavity on either side of for to be a point of
inflection. For example, for (see the graph on p. 218), we have

but is not a point of inflection since the graph of f is concave up
to the left and to the right of 

To find candidates for points of inflection, we look for numbers for which
or for which does not exist. Then, if changes sign as x moves

through (see Figs. 1…3), we have a point of inflection at 
Theorem 6, about points of inflection, is completely analogous to Theorem 2 about

relative extrema. Theorem 2 tells us that relative extrema occur when or
does not exist. Theorem 6 tells us that points of inflection occur when 

or does not exist.

EXAMPLE 3Use the second derivative to determine the point(s) of inflection for
the function in Example 2.

Solution The function is and its second derivative is
We set the second derivative equal to 0 and solve for x:

Factoring out 60x

Factoring as a difference of squares

Using the Principle of Zero Products

Next, we check the sign of over the intervals bounded by these three x-values.
We are looking for a change in sign from one interval to the next:

f …1x2

 x = 0 or x = - 2 2 or x = 2 2.

x2 - 2 60xAx + 2 2B Ax - 2 2B = 0

 60x1x2 - 22 = 0

 60x3 - 120x = 0

f …1x2 = 60x3 - 120x.
f1x2 = 3x5 - 20x3,

f …1x2
f …1x2 = 0f ¿1x2

f ¿1x2 = 0

x0.x0

f …1x2f …1x02f …1x02 = 0
x0

x = 2.
12, f1222f …122 = 0,

f1x2 = 1x - 224 + 1
1x0, f1x022x0

x0.
f …1x02

�
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Interval
0 x2 2- 2 2

The graph changes from concave down to concave up at from concave up 
to concave down at and from concave down to concave up at There-
fore, and are points of inflection. Since

and

these points are , and shown in the graph
below.

A2 2, - 282 2B,10, 02A- 2 2, 282 2B,

 f A2 2B = 3 A2 2B5 - 20A2 2B3 = - 282 2,

 f102 = 31025 - 201023 = 0,

 f A- 2 2B = 3A- 2 2B5 - 20A- 2 2B3 = 282 2,

A2 2, f A2 2B BA- 2 2, f A- 2 2B B, 10, f1022,
x = 2 2.x = 0,

x = - 2 2,

Test Value x = - 2 x = - 1 x = 1 x = 2

Sign of f …1x2 f …1- 22 6 0 f …1- 12 7 0 f …112 6 0 f …122 7 0

Result Concave down Concave up Concave down Concave up

Quick Check 2

Curve Sketching
The first and second derivatives enhance our ability to sketch curves. We use the fol-
lowing strategy:

1 2 3

f

x

y

(0, 0)

Concave
down

Concave
up

Concave
down

Concave
up

(Š� 2, 28� 2)

(� 2, Š28� 2)

Š40
Š60

Š20

Š80

40
60

20

80

Š1Š2Š3

O
Quick Check 2

Determine the points of
inflection for the function
given by g1x2 = 10x3 - 6x5.

Strategy for Sketching Graphs*
a) Derivatives and domain.Find and Note the domain of f.
b) Critical values of f.Find the critical values by solving and finding

where does not exist. These numbers yield candidates for relative maxima
or minima. Find the function values at these points.

c) Increasing and/or decreasing; relative extrema.Substitute each critical value, 
from step (b) into If then is a relative maximum and f is
increasing to the left of and decreasing to the right. If then is
a relative minimum and f is decreasing to the left of and increasing to the right.

d) Inflection points.Determine candidates for inflection points by finding where
or where does not exist. Find the function values at these points.

e) Concavity.Use the candidates for inflection points from step (d) to define inter-
vals. Substitute test values into to determine where the graph is concave
up and where it is concave down 

f) Sketch the graph.Sketch the graph using the information from steps (a)…(e),
calculating and plotting extra points as needed.

1f …1x2 6 02.1f …1x2 7 02
f …1x2

f …1x2f …1x2 = 0

x0

f1x02f …1x02 7 0,x0

f1x02f …1x02 6 0,f …1x2.
x0,

f ¿1x2
f ¿1x2 = 0

f …1x2.f ¿1x2

*This strategy is refined further, for rational functions, in Section 2.3.

O

������� ������� ������� �������
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The examples that follow apply this step-by-step strategy to sketch the graphs of
several functions.

EXAMPLE 4 Find the relative extrema of the function f given by

and sketch the graph.

Solution
a) Derivatives and domain.Find and 

The domain of f (and of any polynomial function) is or the set of all
real numbers, which is also written as � .

b) Critical values of f. Find the critical values by determining where does not
exist and by solving We know that exists for all values
of x, so the only critical values are where is 0:

Setting equal to 0

We have and so and 
are on the graph.

c) Increasing and/or decreasing; relative extrema.Substitute the critical values into

so is a relative maximum, with f
increasing on and decreasing on 

so is a relative minimum, with f decreasing 
on and increasing on 

d) Inflection points.Find possible inflection points by
finding where does not exist and by solving

We know that exists for all
values of x, so we try to solve 

Setting equal to 0

Dividing both sides by 6

We have which gives us another point,
, that lies on the graph.10, 22

f102 = 2,

x = 0.

f …1x26x = 0

f …1x2 = 0:
f …1x2 = 6xf …1x2 = 0.

f …1x2

11, q 2.1- 1, 12
f112 = 0

f …112 = 6 #1 = 6 7 0,

1- 1, 12.1- q , - 12
f1- 12 = 4

f …1- 12 = 61- 12 = - 6 6 0,

f …1x2:

11, 02
1- 1, 42f112 = 0,f1- 12 = 4

x = ; 1.

x2 = 1

3x2 = 3

f ¿1x23x2 - 3 = 0

f ¿1x2
f ¿1x2 = 3x2 - 3f ¿1x2 = 0.

f ¿1x2

1- q , q 2,

f …1x2 = 6x.

f ¿1x2 = 3x2 - 3,

f …1x2:f ¿1x2

f1x2 = x3 - 3x + 2,

(Š1, 4)

(1, 0)

x

y

5Š5Š4Š3Š2Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321Š6 6

Š6

6

(1, 0)

x

y

5Š5Š4Š3Š2Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321Š6 6

Š6

6
(Š1, 4)

(1, 0)
(0, 2)

x

y

5Š5Š4Š3Š2Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321Š6 6

Š6

6
(Š1, 4)

�
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0 x
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Test Value x = - 1 x = 1

Sign off …1x2 f …1- 12 6 0 f …112 7 0

Result is decreasing; 
f is concave down.
f ¿ is increasing; 

f is concave up.
f ¿

Change 
indicates a point 

of inflection.

Point of
inflection,

(0, 2)

x

y

5Š5Š4Š3Š2Š1

Š5
Š4
Š3
Š2
Š1

1
2
3
4
5

4321Š6 6

Š6

6

(1, 0)

(Š1, 4)

f ) Sketch the graph.Sketch the graph using the information in steps (a)…(e). Calculate
some extra function values if desired. The graph follows.

x f1x2

- 3 - 16

- 2 0

- 1 4

0 2

1 0

2 4

3 20

y

x…1…2…3…4…5…6 1 2 3 4 5 6
…1

…2

…3

…4

…5

…6

2

1

3

4

5

6
f(x) = x3 … 3x + 2

Relative 
maximum 
at (…1, 4)

Relative 
minimum
at (1, 0)

Point of 
inflection
at (0, 2)

Increasing IncreasingDecreasing

Concave down Concave up

����������   

��������

TECHNOLOGY CONNECTION

Check the results of Example 4
using a calculator.

EXAMPLE 5Find the relative maxima and minima of the function f given by

and sketch the graph.

Solution
a) Derivatives and domain.Find and 

The domain of f is � .

 f …1x2 = 12x2 - 4.

 f ¿1x2 = 4x3 - 4x,

f …1x2:f ¿1x2

f1x2 = x4 - 2x2,

�

e) Concavity.Find the intervals on which f is concave up or concave down, using the
point from step (d). From step (c), we can conclude that f is concave down
over the interval and concave up over 10, q 2.1- q , 02

10, 22
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We have and which gives the points ,
and on the graph.

c) Increasing and/or decreasing; relative extrema.Substitute the critical values into

so is a relative maximum, with f increasing on and decreasing on
.

so is a relative minimum, with f decreasing on and
increasing on 

so is also a relative minimum, with f decreasing on and increas-
ing on 

d) Inflection points.Find where does not exist and where Since 
exists for all real numbers, we just solve 

Setting equal to 0

We have

and

These values give

as possible inflection points.

a -
1

2 3
, -

5
9

b and a
1

2 3
, -

5
9

b

f a -
1

2 3
b = -

5
9

.

=
1
9

-
2
3

= -
5
9

f a
1

2 3
b = a

1

2 3
b

4

- 2a
1

2 3
b

2

= ;
1

2 3
.

x = ;
A

1
3

x2 =
1
3

3x2 = 1

3x2 - 1 = 0

413x2 - 12 = 0

f …1x212x2 - 4 = 0

f …1x2 = 0:
f …1x2f …1x2 = 0.f …1x2

11, q 2.
10, 12f112 = - 1

f …112 = 12 #12 - 4 = 8 7 0,

1- 1, 02.
1- q , - 12f1- 12 = - 1

f …1- 12 = 121- 122 - 4 = 8 7 0,

10, 12
1- 1, 02f102 = 0

f …102 = 12 #02 - 4 = - 4 6 0,

f …1x2:

11, - 121- 1, - 12,
10, 02f112 = - 1,f102 = 0, f1- 12 = - 1,

x

y

Š2 Š1

Š2

Š1

1

2

21

(Š1, Š1)

(0, 0)

(1, Š1)

(0, 0)

(Š1, Š1) (1, Š1)

x

y

Š2 Š1

Š2

Š1

1

2

21

x

y

Š2 Š1

Š2

Š1

1

2

21

1
3

5
9

Š , Š( ) 1
3

5
9

, Š( )

b) Critical values.Since exists for all values of x, the only critical
values are where 

Setting equal to 0

x = ; 1.

x = 0 or x2 = 1

4x = 0 or x2 - 1 = 0

4x1x2 - 12 = 0

f ¿1x24x3 - 4x = 0

f ¿1x2 = 0:
f ¿1x2 = 4x3 - 4x



e) Concavity.Find the intervals on which f is concave up or concave down, using the 

points and from step (d). From step (c), we can 

conclude that f is concave up over the intervals and 

and concave down over the interval A- 1>2 3, 1>2 3B.
A1>2 3, q BA- q , - 1>2 3B

a
1

2 3
, -

5
9

b,a -
1

2 3
, -

5
9

b
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f) Sketch the graph.Sketch the graph using the information in steps (a)…(e). By solv-
ing we can find the x-intercepts easily. They are , 
and This also aids with graphing. Extra function values can be calculated
if desired. The graph is shown below.

A2 2, 0B.
10, 02A- 2 2, 0B,x4 - 2x2 = 0,

Quick Check 3

EXAMPLE 6 Graph the function f given by

List the coordinates of any extrema and points of inflection. State where the function is
increasing or decreasing, as well as where it is concave up or concave down.

f1x2 = 12x - 521>3 + 1.

Test Value x = - 1 x = 0 x = 1

Sign off …1x2 f …1- 12 7 0 f …102 6 0 f …112 7 0

Result is increasing; 
f is concave up.
f ¿ is decreasing; 

f is concave down.
f ¿ is increasing; 

f is concave up.
f ¿

Interval
x1>2 3- 1>2 3

Change 
indicates a 
point of 

inflection.

Change 
indicates a 
point of 

inflection.

��������� ������� �������

y

x1 2…1

f(x) = x4 … 2x2

IncreasingDecreasing

Concave up Concave 
down

…2

(1, …1)

Concave up

(…1, …1)

5 …
9
� 
�

�
�

,

Decreasing Increasing

(0, 0)

…1

1

2

�

�

1
3

…… 5 …
9

,
�
1
3

…

2, 0…(           ) � 2, 0(         )

TECHNOLOGY CONNECTION

EXERCISE
1. Consider 

How many relative extrema do
you anticipate finding? Where
do you think they will be?

Graph f, and using
as a viewing

window. Estimate the relative
extrema and the inflection
points of f. Then check your
work using the analytic meth-
ods of Examples 4 and 5.

3- 1, 3, - 2, 64
f …f ¿,

f1x2 = x31x - 223.

x
,

approximately
f1x2

- 2 8

1.5- 0.56

1- 1-

0.5- 0.44-

0 0

0.5 0.44-

1 1-

1.5 0.56

2 8

O

Quick Check 3

Find the relative maxima and
minima of the function f given
by and
sketch the graph.

f1x2 = 1 + 8x2 - x4,

�

O

Point of
inflection

Point of
inflection

x

y

Š2 Š1

Š2

Š1

1

2

21
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Solution
a) Derivatives and domain.Find and 

or

or

The domain of f is � .

b) Critical values. Since

is never 0 (a fraction equals 0 only when its numerator is 0), the only critical value
is when does not exist. The only time does not exist is when its denom-
inator is 0:

Dividing both sides by 3

Cubing both sides

We now have so the point is on
the graph.

c) Increasing and/or decreasing; relative extrema. Substitute the critical value into

Since does not exist, the Second-Derivative Test cannot be used at 
Instead, we use the First-Derivative Test, selecting 2 and 3 as test values on either
side of 

and

Since on either side of we know that f is increasing on both 
and thus, is not an extremum.

d) Inflection points. Find where does not exist and where Since 
is never 0 (why?), we only need to find where does not exist. Since 
cannot exist where does not exist, we know from step (b) that a possible 
inflection point is 

e) Concavity. We check the concavity on either side of We choose and
as our test values.

f …122 =
- 8

912 #2 - 525>3 =
- 8

91- 12
7 0,

x = 3
x = 2x = 5

2.

A5
2, 1B.
f ¿1x2

f …1x2f …1x2
f …1x2f …1x2 = 0.f …1x2

f A5
2B = 1A5

2, q B;A- q , 5
2B

x = 5
2,f ¿1x2 7 0

f ¿132 =
2

312 #3 - 522>3 =
2

3 #12>3 =
2

3 #1 =
2
3

.

f ¿122 =
2

312 #2 - 522>3 =
2

31- 122>3 =
2

3 #1 =
2
3

,

5
2:

x = 5
2.f …A5

2B

f …A5
2B =

- 8

9A2 #5
2 - 5B5>3

=
- 8
9 #0 =

- 8
0

.

f …1x2:

A5
2, 1Bf A5

2B = A2 #5
2 - 5B1>3 + 1 = 0 + 1 = 1,

x = 5
2

2x = 5

2x - 5 = 0

12x - 522 = 0

12x - 522>3 = 0

312x - 522>3 = 0

f ¿1x2f ¿1x2

f ¿1x2 =
2

312x - 522>3

- 8

912x - 525>3.f …1x2 = - 4
912x - 52- 5>3 #2 = - 8

912x - 52- 5>3,

2

312x - 522>3;f ¿1x2 = 1
312x - 52- 2>3 #2 = 2

312x - 52- 2>3,

f …1x2:f ¿1x2

, 1)( 5
2

x

y

Š1

Š1

1

2

3

2 31
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so f is concave down on A5
2, q B.

f) Sketch the graph. Sketch the graph using the information in steps (a)…(e). By solv-
ing we can find the x-intercept„it is (2, 0). Extra function
values can be calculated, if desired. The graph is shown below.

12x - 521>3 + 1 = 0,

Interval
x5

2

Point of
inflection

, 1)( 5
2

x

y

Š1

Š1

1

2

3

2 31

Test Value x = 2 x = 3

Sign off …1x2 f …122 7 0 f …132 6 0

Result is increasing; 
f is concave up.
f ¿ is decreasing; 

f is concave down.
f ¿

��������� ���������  

Change 
indicates a 
point of 

inflection.

, 1)( 5
2

x

y

Š1

Š1

1

2

3

2 31Š2 4 5

f(x) = (2x Š 5)1/3 + 1

(2, 0)

(3, 2)

Increasing

Concave up Concave down

x
,

approximately
f1x2

0 0.71-

1 0.44-

2 0

5
2 1

3 2

4 2.44

5 2.71

The following figures illustrate some information concerning the function in
Example 1 that can be found from the first and second derivatives of f. The relative
extrema are shown in Figs. 4 and 5. In Fig. 5, we see that the x-coordinates of the 
x-intercepts of are the critical values of f. Note that the intervals over which f
is increasing or decreasing are those intervals for which is positive or negative,
respectively.

f ¿
f ¿

so f is concave up on 

f …132 =
- 8

912 #3 - 525>3 =
- 8
9 #1 6 0,

A- q , 52B.
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x4321

10

Š2 Š1Š3

(1, Š18)

Š4Š5

y

20

30

40

Š20

Š10

f(x) = x3 + 3x2 Š 9x Š 13

Concave up

Concave down

(Š3, 14)

Relative
maximum

Relative
minimum

FIGURE 4

x4321

10

Š2 Š1Š3Š4Š5

y

20

30

40

Š20

Š10

f �(x) = 3x2 + 6x Š 9

f

f �(x) > 0
f is

increasing

f �(x) > 0
f is

increasing

f �(x) < 0
f is

decreasing

f �(Š3) = 0 f �(1) = 0

(1, Š18)

(Š3, 14)

Relative
maximum

Relative minimum

FIGURE 5

x4321

10

Š2 Š1Š3Š4Š5

y

20

30

40

Š20

Š10

f �

f � (x) = 6x + 6

f � is decreasing f � is increasing

f � (Š1) = 0

FIGURE 6

(Š1, Š2)

f

f � (x) < 0
f is concave down

f� (x) > 0
f is concave up

x4321

10

Š2Š3Š4Š5

y

20

30

40

Š20

Š10

f �

f � (Š1) = 0

FIGURE 7

TECHNOLOGY CONNECTION

Using Graphicus to Find Roots, Extrema,
and Inflection Points

Graphicus has the capability of finding roots, relative
extrema, and points of inflection. Let•s consider the function
of Example 5, given by f1x2 = x4 - 2x2.

Graphing a Function and Finding Its Roots,
Relative Extrema, and Points of Inflection

After opening Graphicus, touch the blank rectangle at the top
of the screen and enter the function as y(x)=x^4-2x^2 .
Press       in the upper right. You will see the graph (Fig. 1). 

(continued)

+

In Fig. 6, the intervals over which is increasing or decreasing are, respectively,
those intervals over which is positive or negative. And finally, in Fig. 7, we note that
when the graph of f is concave down, and when the graph of f is
concave up.

f …1x2 7 0,f …1x2 6 0,
f …

f ¿
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Graphing a Function and Finding Its Roots, Relative
Extrema, and Points of Inflection (continued )

FIGURE 7FIGURE 6FIGURE 5FIGURE 4

FIGURE 3FIGURE 2FIGURE 1

EXERCISES
Use Graphicus to graph each function and its first and 
second derivatives. Then find approximations for roots, 
relative extrema, and points of inflection.

1.

2.

3.

4.

5.

6.

7.

8. f1x2 = †x + 2†- 3

f1x2 =
x2 - 3x
x - 1

g1x2 =
4x

x2 + 1

g1x2 = x2 4 - x2

f1x2 = - 4.32 + 1.44x + 3x2 - x3

f1x2 = x3 - 6x2

f1x2 = x1200 - x2

f1x2 = 2x3 - x4

Then touch the fourth icon from the left at the bottom, and
you will see the roots highlighted on the graph (Fig. 2). Touch
the left-hand root symbol, and a value for one root, in this
case, an approximation, is displayed (Fig. 3).

To find the relative extrema, touch the fifth icon from
the left; the relative extrema will be highlighted on the graph
in a different color. Touch each point to identify the relative
minima at and and a relative maximum
at (Fig. 4).

To find points of inflection, touch the sixth icon
from the left, and the points of inflection will be high-
lighted as shown in Fig. 5. Touch these points and the
approximations and 
will be displayed.

Graphing a Function and Its Derivatives

Graphicus can graph derivatives. Go back to the original
graph of f (Fig. 1). Touch ; then press Add derivative,
and you will see the original graph and the graph of the
first derivative as a dashed line of a different color (Fig. 6).
Touch and Add derivative again, and you will see the
graph of the original function, with dashed graphs of the
first and second derivatives in different colors (Fig. 7). You
can toggle between the derivatives by pressing the colored
squares above the graphs.

10.577, - 0.55621- 0.577, - 0.5562

10, 02
11, - 12,1- 1, - 12,

- 1.414214,

+

+
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TECHNOLOGY CONNECTION

EXERCISES
Graph the following:

and

using the window 3- 3, 3, - 10, 104.

f …1x2 = 60x3 - 30x,

f1x2 = 3x5 - 5x3, f ¿1x2 = 15x4 - 15x2,

1. From the graph of estimate the critical values of f.

2. From the graph of estimate the x-values of any
inflection points of f.

f …,

f ¿,

Section Summary
€ The second derivative determines the concavityof the

graph of function f.
€ If for all x in an open interval I, then the graph

of f is concave upover I.
€ If for all x in an open interval I, then the graph

of f is concave downover I.
€ If c is a critical value and then is a relative

minimum.
€ If c is a critical value and then is a relative

maximum.
f1c2f …1c2 6 0,

f1c2f …1c2 7 0,

f …1x2 6 0

f …1x2 7 0

f … € If c is a critical value and the First-Derivative
Test must be used to classify .

€ If or does not exist, and there is a
change in concavity to the left and to the right of then
the point is called a point of inflection.

€ Finding relative extrema, intervals over which a function
is increasing or decreasing, intervals of upward or down-
ward concavity, and points of inflection is all part of a
strategy for accurate curve sketching.

1x0, f1x022
x0,

f …1x02f …1x02 = 0
f1c2

f …1c2 = 0,

EXERCISE SET

2.2 

For each function, find all relative extrema and classify each as
a maximum or minimum. Use the Second-Derivative Test
where possible.

1. 2.

3. 4.

5. 6.

7. 8.

Sketch the graph of each function. List the coordinates of
where extrema or points of inflection occur. State where the
function is increasing or decreasing, as well as where it is
concave up or concave down.

9. 10.

11.

12.

13.

14.

15. f1x2 = - x3 + 3x2 - 4

f1x2 = 80 - 9x2 - x3

f1x2 = 8
3x3 - 2x + 1

3

f1x2 = 2x3 - 3x2 - 36x + 28

f1x2 = 3x3 - 36x - 3

f1x2 = x3 - 27xf1x2 = x3 - 12x

f1x2 = x3 - 12x - 1f1x2 = 8x3 - 6x + 1

f1x2 = - 4x2 + 3x - 1f1x2 = - 5x2 + 8x - 7

f1x2 = x2 + x - 1f1x2 = x2 - x

f1x2 = 4 - x2f1x2 = 5 - x2

16.

17.
(Round results to three decimal places.)

18.
(Round results to three decimal places.)

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29. f1x2 = x3 - 6x2 + 12x - 6

f1x2 = 4
3x3 - 2x2 + x

f1x2 = x4 - 4x3 + 10

f1x2 = x3 - 3x2 - 144x - 140

f1x2 = x3 - 6x2 - 135x

f1x2 = x4 - 2x3

f1x2 = 3x4 + 4x3

f1x2 = x3 - 6x2 + 9x + 1

f1x2 = x3 - 2x2 - 4x + 3

f1x2 = 2x2 - x4

f1x2 = x4 - 6x2

f1x2 = 3x4 + 4x3 - 12x2 + 5

f1x2 = 3x4 - 16x3 + 18x2

f1x2 = - x3 + 3x - 2



30.

31.

32.
(Round results to three decimal places.)

33.
(Round results to three decimal places.)

34.
(Round results to three decimal places.)

35.

36.

37.

38.

39.

40.

41. 42.

43. 44.

45. 46.

For Exercises 47…56, sketch a graph that possesses the
characteristics listed. Answers may vary.

47. f is increasing and concave up on 
f is increasing and concave down on 

48. f is decreasing and concave up on 
f is decreasing and concave down on

49. f is increasing and concave down on 
f is increasing and concave up on 

50. f is decreasing and concave down on 
f is decreasing and concave up on 

51. f is concave down at concave up at 
and has an inflection point at .

52. f is concave up at concave down at , 
and has an inflection point at .

53.
and

54.
and 

55.

56.

57…102.Check the results of Exercises 1…46 with a graphing
calculator.

f ¿142 = 0, f …142 6 0, and f142 = 3f122 = 2;
f …122 7 0,f ¿122 = 0,f102 = 5;f ¿102 = 0, f …102 6 0,

and f102 = 0
f …102 6 0,f ¿102 = 0,f112 = - 2;f …112 7 0,

f ¿112 = 0,f1- 12 = - 2;f ¿1- 12 = 0, f …1- 12 7 0,

f122 = 1f …192 7 0, f192 = - 6; f …122 = 0,
f ¿1- 32 = 0, f …1- 32 6 0, f1- 32 = 8; f ¿192 = 0,

f132 = 2
f ¿172 = 0, f …172 6 0, f172 = 10; f …132 = 0,
f ¿1- 12 = 0, f …1- 12 7 0, f1- 12 = - 5;

15, 42
18, 7211, - 32,

14, 12
17, - 22,11, 52,

13, q 2.
1- q , 32,

11, q 2.
1- q , 12,

12, q 2.
1- q , 22,

14, q 2.
1- q , 42,

f1x2 =
- 4

x2 + 1
f1x2 =

3

x2 + 1

f1x2 =
8x

x2 + 1
f1x2 =

x

x2 + 1

f1x2 = - x2 1 - x2f1x2 = x2 4 - x2

f1x2 = - 31x - 222>3 + 3

f1x2 = - 21x - 422>3 + 5

f1x2 = 1x - 221>3 + 3

f1x2 = 1x - 321>3 - 1

f1x2 = 1x - 122>3

f1x2 = 1x + 122>3

f1x2 = x211 - x22

f1x2 = x213 - x22

f1x2 = 20x3 - 3x5

f1x2 = 5x3 - 3x5

f1x2 = x3 + 3x + 1
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APPLICATIONS

Business and Economics

Total revenue, cost, and profit. Using the same set of axes,
sketch the graphs of the total-revenue, total-cost, and total-
profit functions.

103.

104.

105. Small business.The percentage of the U.S. national
income generated by nonfarm proprietors may be mod-
eled by the function

where x is the number of years since 1970. Sketch the
graph of this function for

106. Labor force. The percentage of the U.S. civilian labor
force aged 45…54 may be modeled by the function

where x is the number of years after 1970. Sketch the
graph of this function for 

Life and Physical Sciences

107. Coughing velocity. A person coughs when a foreign
object is in the windpipe. The velocity of the cough
depends on the size of the object. Suppose a person has
a windpipe with a 20-mm radius. If a foreign object 
has a radius r, in millimeters, then the velocity V, in
millimeters per second, needed to remove the object by
a cough is given by

where k is some positive constant. For what size 
object is the maximum velocity required to remove 
the object?

V1r2 = k120r 2 - r 32, 0 ƒ r ƒ 20,

0 ƒ x ƒ 30.

f1x2 = 0.025x2 - 0.71x + 20.44,

0 ƒ x ƒ 40.

p1x2 =
13x3 - 240x2 - 2460x + 585,000

75,000
,

R1x2 = 50x - 0.5x2, C1x2 = 10x + 3

R1x2 = 50x - 0.5x2, C1x2 = 4x + 10

108. New York temperatures. The average temperature in
New York can be approximated by the function

where T represents the temperature, in degrees Fahren-
heit, represents the middle of January, 
represents the middle of February, and so on.
(Source: www.WorldClimate.com.)

x = 2x =  1

- 0.996x3 + 0.0338x4, T1x2 = 43.5 - 18.4x + 8.57x2



a) Based on the graph, when would you expect the
highest temperature to occur in New York?

b) Based on the graph, when would you expect the low-
est temperature to occur?

c) Use the Second-Derivative Test to estimate the
points of inflection for the function What is
the significance of these points?

109. Hours of daylight. The number of hours of daylight in
Chicago is represented in the graph below. On what
dates is the number of hours of daylight changing most
rapidly? How can you tell?

T1x2.
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112. Social sciences: three aspects of love.Researchers at
Yale University have suggested that the following
graphs may represent three different aspects of love.

Month
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12108642

50

40

30

60

70

80

0
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( Source: Astronomical Applications Dept., U.S. Naval
Observatory.)

60 120 180 240 300 360

SYNTHESIS

In each of Exercises 110 and 111, determine which graph is
the derivative of the other and explain why.

110. 111.y

x

…2

4

2

2 4…2…4

h

g

y

x

100

…100

1 2…1…2

h

g

(Source: From •A Triangular Theory of Love,Ž by R. J. Sternberg,
1986, Psychological Review, 93(2), 119…135. Copyright 1986 by the
American Psychological Association, Inc. Reprinted by permission.)

Time
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Time Time

Analyze each of these graphs in terms of the concepts
you have learned: relative extrema, concavity, increas-
ing, decreasing, and so on. Do you agree with the
researchers regarding the shapes of these graphs? 
Why or why not?

113. Use calculus to prove that the relative minimum or
maximum for any function f for which

occurs at 

114. Use calculus to prove that the point of inflection for any
function g given by

occurs at 

For Exercises 115…121, assume the function f is differentiable
over the interval that is, it is smooth and continu-
ous for all real numbers x and has no corners or vertical tan-
gents. Classify each of the following statements as either true
or false. If you choose false, explain why.

115. If f has exactly two critical values at and 
where then there must exist exactly one point of
inflection at such that In other words,
exactly one point of inflection must exist between any
two critical points.

116. If f has exactly two critical values at and 
where then there must exist at least one point of
inflection at such that In other words,
at least one point of inflection must exist between any
two critical points.

117. The function f can have no extrema but can have at
least one point of inflection.

118. If the function f has two points of inflection, then there
must be a critical value located between those points of
inflection.

119. The function f can have a point of inflection at a critical
value.

120. The function f can have a point of inflection at an
extreme value.

121. The function f can have exactly one extreme value but
no points of inflection.

a 6 c 6 b.x = c
a 6 b,

x = b,x = a

a 6 c 6 b.x = c
a 6 b,

x = b,x = a

1� � , � 2;

x = - b>13a2.

g1x2 = ax3 + bx2 + cx + d, a Z 0,

x = - b>12a2.

f1x2 = ax2 + bx + c, a Z 0,



Thus far we have considered a strategy for graphing a continuous function using the
tools of calculus. We now want to consider some discontinuous functions, most of
which are rational functions. Our graphing skills must now allow for discontinuities as
well as certain lines called asymptotes.

Let•s review the definition of a rational function.

Rational Functions
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2.3
OBJECTIVES

Graph Sketching: Asymptotes 
and Rational Functions

€ Find limits involving infinity.

€ Determine the asymptotes
of a function•s graph.

€ Graph rational functions.

DEFINITION
A rational function is a function f that can be described by

where and are polynomials, with not the zero polynomial. The
domain of f consists of all inputs x for which Q1x2 Z 0.

Q1x2Q1x2P1x2

f1x2 =
P1x2

Q1x2
,

a) Use the regression procedures of Section R.6 to fit
linear, cubic, and quartic functions to the
data, where x is age and y is average use per month.
Decide which function best fits the data. Explain.

b) What is the domain of the function?
c) Does the function have any relative extrema? Explain.

y = f1x2
TECHNOLOGY CONNECTION

Graph each function. Then estimate any relative extrema.
Where appropriate, round to three decimal places.

122. 123.

124. 125.

126.

127.

128. Social sciences: time spent on home computer.The
following data relate the average number of minutes
spent per month on a home computer to a person•s age.

f1x2 = 1x - 122>3 - 1x + 122>3

f1x2 = x - 2 x

f1x2 = x211 - x23f1x2 = x21x - 223

f1x2 = 4x - 6x2>3f1x2 = 3x2>3 - 2x

Age 
(in years)

Average Use 
(in minutes 
per month)

6.5 363
14.5 645
21 1377
29.5 1727
39.5 1696
49.5 2052
55 and up 2299

(Source: Media Matrix; The PC Meter
Company.)

Answers to Quick Checks
1. Relative minimum: 
relative maximum: 4 at 

2. , and 
3. Relative maxima: 17 at and 
relative minimum: 1 at 

f(x) �  1 � 8x2 � x4

10

y

x1 2Š1

Š30

Š2

Š20

Š10

x = 0
x = 2;x = - 2

A- 2 2
2 , - 2.475BA2 2

2 , 2.475B,10, 02

2

4

y

x0.5 1.0Š0.5
Š2

Š4

Š1.0

g(x) �  10x3 � 6x5

x = 1
- 4 at x = - 1;
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Vertical and Horizontal Asymptotes
Figure 1 shows the graph of the rational function

f1x2 =
x2 - 1

x2 + x - 6
=

1x - 121x + 12

1x - 221x + 32
.

Polynomials are themselves a special kind of rational function, since can be 1.
Here we are considering graphs of rational functions in which the denominator is not
a constant. Before we do so, however, we need to reconsider limits.

Q1x2

y

x

(…1, 0)

f(x) = 

…1
3…2…3

x = 2x = …3

4 5…4…5

x2 … 1„„…„„
x2 + x … 6

…2

…3

…4

…5

…6

6 7 8 9…6 (1, 0)…1

1 
……
6

0,� 
�

�
� y = 1 Horizontal

asymptote

V
er

tic
al

as
ym

pt
ot

e

V
er

tic
al

as
ym

pt
ot

e

10 11

6

5

4

3

2

FIGURE 1

Note that as x gets closer to 2 from the left, the function values get smaller and smaller
negatively, approaching As x gets closer to 2 from the right, the function values
get larger and larger positively. Thus,

For this graph, we can think of the line as a •limiting lineŽ called a vertical
asymptote.Similarly, the line is another vertical asymptote.x = - 3

x = 2

lim
x: 2-

 f1x2 = - q  and lim
x: 2+

 f1x2 = q .

- q .

DEFINITION
The line is a vertical asymptoteif any of the following limit statements is
true:

The graph of a rational function nevercrosses a vertical asymptote. If the
expression that defines the rational function f is simplified, meaning that it has
no common factor other than or 1, then if a is an input that makes the
denominator 0, the line is a vertical asymptote.x = a

- 1

lim
x: a-

 f1x2 = q , lim
x: a-

 f1x2 = - q , lim
x: a+

 f1x2 = q , or lim
x: a+

 f1x2 = - q .

x = a
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does not have a vertical asymptote at even though 3 is an input that makes the
denominator 0. This is because when is simplified, it has as a
common factor of the numerator and the denominator. In contrast,

is simplified and has and as vertical asymptotes.
Figure 2 shows the four ways in which a vertical asymptote can occur. The dashed

lines represent the asymptotes. They are sketched in for visual assistance only; they are
not part of the graphs of the functions.

x = - 4x = 3

g1x2 =
x2 - 4

x2 + x - 12
=

1x + 221x - 22

1x - 321x + 42

x - 31x2 - 92>1x - 32
x = 3,

EXAMPLE 1Determine the vertical asymptotes: 

Solution The expression is in simplified form. The vertical asymptotes are the lines
and 

Quick Check 1

EXAMPLE 2 Determine the vertical asymptotes of the function given by

Solution We write the expression in simplified form:

The expression is now in simplified form. The vertical asymptotes are the lines 
and 

Quick Check 2

x = 1.
x = - 1

 =
x - 2

1x - 121x + 12
, x Z 0.

 f1x2 =
x2 - 2x

x3 - x
=

x1x - 22

x1x - 121x + 12

f1x2 =
x2 - 2x

x3 - x
.

x = - 3.x = 5,x = 0,

f1x2 =
3x - 2

x1x - 521x + 32
.

y

x

(a)

y = f(x)

x = a
lim    f(x) = �

x �  a…

y

x

(b)

y = f(x)

x = a
lim    f(x) = …�

x �  a…

y

x

(c)

y = f(x)

x = a
lim    f(x) = �

x �  a+

y

x

(d)

y = f(x)

x = a
lim    f(x) = …�

x �  a+

FIGURE 2
O

Quick Check 1

Determine the vertical
asymptotes:

f1x2 =
1

x1x2 - 162
.

O

Quick Check 2

For the function in Example 2,
explain why does not
correspond to a vertical
asymptote. What kind of dis-
continuity occurs at x = 0?

x = 0

For example,

f1x2 =
x2 - 9
x - 3

=
1x - 321x + 32

x - 3

�

�

O

O
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DEFINITION
The line is a horizontal asymptoteif either or
both of the following limit statements is true:

The graph of a rational function may or may not
cross a horizontal asymptote. Horizontal asymptotes
occur when the degree of the numerator is less than
or equal to the degree of the denominator. (The
degree of a polynomial in one variable is the highest
power of that variable.)

lim
x: - q

 f1x2 = b or lim
x: q

 f1x2 = b.

y = b

y

x

y = f(x)

y = b

lim  f(x) = b
x �  �

FIGURE 3

Inputs, x 1 10 50 100 2000

Outputs, 
3x - 4

x - 1 2.6 2.92 2.96 2.998

y

x

y = f(x)

y = b
lim  f(x) = b

x �  …�

FIGURE 4

In Figs. 3…5, we see three ways in which horizontal
asymptotes can occur.

y

x

y = f(x)

y = b

lim  f(x) = b
x �  �

FIGURE 5

TECHNOLOGY CONNECTION

Asymptotes
Our discussion here allows us to attach the term •vertical
asymptoteŽ to those mysterious vertical lines that appear
when graphing rational functions in the CONNECTEDmode.
For example, consider the graph of using
the window Vertical asymptotes occur at

and These lines are not part of the graph.x = 2.x = - 2
3- 6, 6, - 8, 84.

f1x2 = 8>1x2 - 42,

y = 8
x2 … 4

8

…6 6

…8
Not part of the graph!

EXERCISES
Graph each of the following in both DOT and CONNECTED
modes. Try to locate the vertical asymptotes visually. Then
verify your results using the method of Examples 1 and 2.
You may need to try different viewing windows.

1. 2. f1x2 =
x2 + 5

x3 - x2 - 6x
f1x2 =

x2 + 7x + 10

x2 + 3x - 28

Look again at the graph in Fig. 1. Note that function val-
ues get closer and closer to 1 as x approaches meaning
that as Also, function values get closer
and closer to 1 as x approaches meaning that as

Thus,

The line is called a horizontal asymptote.y = 1

lim
x: - q

 f1x2 = 1 and lim
x: q

 f1x2 = 1.

x : q .
f1x2 : 1q ,

x : - q .f1x2 : 1
- q ,

Horizontal asymptotes are found by determining the limit of a rational function as in-
puts approach or 

EXAMPLE 3Determine the horizontal asymptote of the function given by

Solution To find the horizontal asymptote, we consider

One way to find such a limit is to use an input…output table, as follows, using progres-
sively larger x-values.

lim
x: q

 f1x2 = lim
x: q

 
3x - 4

x
.

f1x2 =
3x - 4

x
.

q .- q

�
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Quick Check 3

Determine the horizontal
asymptote of the function
given by 

f1x2 =
12x - 121x + 12

13x + 2215x + 62
.
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As the inputs get larger and larger without bound, the outputs get closer and closer
to 3. Thus,

Another way to find this limit is to use some algebra and the fact that 

as we have and more generally, 

for any positive integer n and any constants a and b, We multiply by 1, using
This amounts to dividing both the numerator and the denominator

by x:

In a similar manner, it can be shown that

The horizontal asymptote is the line 

EXAMPLE 4 Determine the horizontal asymptote of the function given by

Solution As in Example 3, the degree of the numerator is the same as the degree of
the denominator. Let•s adapt the algebraic approach used in that example.

To do so, we divide the numerator and the denominator by and find the limit as
gets larger and larger:

As gets very large, the numerator approaches 3 and the denominator approaches 2.
Therefore, the value of the function gets very close to Thus,

The line is a horizontal asymptote.

Quick Check 3

y = 3
2

lim
x: - q

 f1x2 =
3
2
 and lim

x: q
 f1x2 =

3
2

.

3
2.

†x†

f1x2 =
3x2 + 2x - 4

2x2 - x + 1
=

3 +
2
x

-
4

x2

2 -
1
x

+
1

x2

.

†x†
x2

f1x2 =
3x2 + 2x - 4

2x2 - x + 1
.

y = 3.

lim
x: - q

 f1x2 = 3.

 = 3 - 0 = 3.

 = lim
x: q

 a3 -
4
x

b

 = lim
x: q

 

3 -
4
x

1

 = lim
x: q

 

3x
x

-
4
x

x
x

 lim
x: q

 
3x - 4

x
= lim

x: q
 
3x - 4

x
#11>x2

11>x2

11>x2 , 11>x2.
a Z 0.

b
axn : 0,

1
x

: 0,x : q ,

lim
x: q

 
3x - 4

x
= 3.

TECHNOLOGY CONNECTION

EXERCISES
1. Verify the limit

by using the TABLEfeature
with larger and larger x-values.

lim
x: q

 
3x - 4

x
= 3

X = 500

X Y1

1500
2500
3500
4500
5500
6500

2.992
2.9973
2.9984
2.9989
2.9991
2.9993
2.9994

500

X = 50

X Y1

2.92
2.9733
2.984
2.9886
2.9911
2.9927
2.9938

150
250
350
450
550
650

50

2. Graph the function

in DOT mode. Then use TRACE,
moving the cursor along the
graph from left to right, and
observe the behavior of the 
y-coordinates.

For Exercises 3 and 4, consider 

3. Use the TABLEfeature to find
the limit.

4. Graph the function in DOT
mode, and use TRACEto find
the limit.

lim
x: q

 
2x + 5

x
.

f1x2 =
3x - 4

x

�

O
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When the degree of the numerator is the same as the degree of the denominator,
the line is a horizontal asymptote, where a is the leading coefficient of the
numerator and b is the leading coefficient of the denominator.

y = a>b

EXAMPLE 5Determine the horizontal asymptote:

Solution Since the degree of the numerator is less than the degree of the denomina-
tor, there is a horizontal asymptote. To identify that asymptote, we divide both the
numerator and denominator by the highest power of x in the denominator, just as in
Examples 3 and 4, and find the limits as 

As x gets smaller and smaller negatively, gets larger and larger. Similarly, as x gets
larger and larger positively, gets larger and larger. Thus, as becomes very large,
every expression with a denominator that is a power of x gets ever closer to 0. Thus,
the numerator of approaches 0 as its denominator approaches 1; hence, the entire
expression takes on values ever closer to 0. That is, for or we have

so and

and the x-axis, the line is a horizontal asymptote.y = 0,

lim
x: q

 f1x2 = 0,lim
x: - q

 f1x2 = 0

f1x2 L
0 + 0

1 - 0 + 0
,

x : q ,x : - q
f1x2

†x††x†
†x†

f1x2 =
2x + 3

x3 - 2x2 + 4
=

2

x2 +
3

x3

1 -
2
x

+
4

x3

.

†x†: q :

f1x2 =
2x + 3

x3 - 2x2 + 4
.

TECHNOLOGY CONNECTION Examples 3 and 4 lead to the following result.

When the degree of the numerator is less than the degree of the denominator, the 
x-axis, or the line is a horizontal asymptote.y = 0,

Slant Asymptotes
Some asymptotes are neither vertical nor horizontal.
For example, in the graph of

shown at right, as gets larger and larger, the curve
gets closer and closer to The line

is called a slant asymptote, or oblique
asymptote.In Example 6, we will see how the line

was determined.y = x + 1

y = x + 1
y = x + 1.

†x†

f1x2 =
x2 - 4
x - 1

,

3

y

x

…5

1…1

x = 1

10

y = x +
1

Ve
rt

ic
al

as
ym

pt
ot

e

…10

2…2…3

Oblique asymptote

5
f(x) = x

2 … 4 „„…
x … 1

To see why a horizontal asymptote
is determined by the leading terms
in the expression•s numerator and
denominator, consider the terms

and in Example 4. If
and 

a table reveals that as x gets larger,
the difference between and 
becomes less significant. This is
because grows far more
rapidly than does 2x - 4.

3x2

y1y2

y2 = 3x2 + 2x - 4,y1 = 3x2
- 43x2, 2x,

X

 X = 20

Y1 Y2
20
120
220
320
420
520
620

1200
43200
145200
307200
529200
811200
1.15 E6

1236
43436
145636
307836
530036
812236
1.15 E6

EXERCISES
1. Let and

Use a
table to show that as x gets
large, 

2. Let and 

Show that for
large x, we have y1 L y2.
12x2 - x + 12.
y2 = 13x2 + 2x - 12>

y1 = 13x22>12x22

y1 L y2.

y2 = 2x2 - x + 1.
y1 = 2x2

TECHNOLOGY CONNECTION

EXERCISES
Graph each of the following.
Try to locate the horizontal
asymptotes using the TABLEand
TRACEfeatures. Verify your
results using the methods of
Examples 3…5.

1.

2.

3.

4. f1x2 =
3x2 - 4x + 3

6x2 + 2x - 5

f1x2 =
135x5 - x2

x7

f1x2 =
9x4 - 7x2 - 9

3x4 + 7x2 + 9

f1x2 =
x2 + 5

x3 - x2 - 6x

�
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Quick Check 4

Find the slant asymptote: 

g1x2 =
2x2 + x - 1

x - 3
.

240 C H A P T E R  2 € Applications of Differentiation

How can we find a slant asymptote? One way is by division.

EXAMPLE 6 Find the slant asymptote:

Solution When we divide the numerator by the denominator, we obtain a quotient
of and a remainder of 

Now we can see that when gets very large, approaches 0. Thus, for
very large the expression is the dominant part of

Thus, is a slant asymptote.

Quick Check 4

Intercepts
If they exist, the x-intercepts of a function occur at those values of x for which

and they give us points at which the graph crosses the x-axis. If it exists,
the y-intercept of a function occurs at the value of y for which and it gives us
the point at which the graph crosses the y-axis.

EXAMPLE 7Find the intercepts of the function given by

Solution We factor the numerator and the denominator:

To find the x-intercepts, we solve the equation Such values occur when the
numerator is 0 and the denominator is not. Thus, we solve the equation

The x-values that make the numerator 0 are 0, and 3. Since none of these make the
denominator 0, they yield the x-intercepts , and .13, 021- 2, 02,10, 02

- 2,

x1x + 221x - 32 = 0.

f1x2 = 0.

f1x2 =
x1x + 221x - 32

1x - 121x - 22
.

f1x2 =
x3 - x2 - 6x

x2 - 3x + 2
.

x = 0,
y = f1x2 = 0,

y = x + 1

1x + 12 +
- 3

x - 1
.

x + 1†x†,
- 3>1x - 12†x†

f1x2 =
x2 - 4
x - 1

= 1x + 12 +
- 3

x - 1
. 

x + 1
x - 1�x2 - 4

x2 - x
x - 4
x - 1

- 3

- 3:x + 1

f1x2 =
x2 - 4
x - 1

.

DEFINITION
A linear asymptote that is neither vertical nor horizontal is called a slant
asymptote,or an oblique asymptote.For any rational function of the form

a slant asymptote occurs when the degree of is exactly
1 more than the degree of . A graph can cross a slant asymptote.q1x2

p1x2f1x2 = p1x2>q1x2,

TECHNOLOGY CONNECTION

EXERCISES
Graph each of the following. Try
to visually locate the slant asymp-
totes. Then use the method in
Example 6 to find each slant
asymptote and graph it along
with the original function.

1.

2. f1x2 =
5x3 + 2x + 1

x2 - 4

f1x2 =
3x2 - 7x + 8

x - 2

TECHNOLOGY CONNECTION

EXERCISES
Graph each of the following. 
Use the ZEROfeature and a table
in ASKmode to find the x- and 
y-intercepts.

1.

2. f1x2 =
x3 + 2x2 - 3x

x2 + 5

f1x2 =
x1x - 321x + 52

1x + 221x - 42

�

�

O
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Quick Check 5

Find the intercepts of the
function given by 

h1x2 =
x3 - x

x2 - 4
.
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To find the y-intercept, we let 

In this case, the y-intercept is also an x-intercept, .

Quick Check 5

Sketching Graphs
We can now refine our analytic strategy for graphing.

10, 02

f102 =
03 - 02 - 6102

 02 - 3102 + 2
= 0.

x = 0:

Strategy for Sketching Graphs
a) Intercepts.Find the x-intercept(s) and the y-intercept of the graph.
b) Asymptotes.Find any vertical, horizontal, or slant asymptotes.
c) Derivatives and domain.Find and Find the domain of f.
d) Critical values of f.Find any inputs for which is not defined or for which

e) Increasing and/or decreasing; relative extrema.Substitute each critical value, 
from step (d) into If then yields a relative maximum and 
f is increasing to the left of and decreasing to the right. If then 
yields a relative minimum and f is decreasing to the left of and increasing to
the right. On intervals where no critical value exists, use and test values to
find where f is increasing or decreasing.

f) Inflection points.Determine candidates for inflection points by finding x-values
for which does not exist or for which Find the function values
at these points. If a function value does not exist, then the function does
not have an inflection point at x.

g) Concavity.Use the values from step (f) as endpoints of intervals. Determine the con-
cavity over each interval by checking to see where is increasing„that is, where

„and where is decreasing„that is, where Do this by sub-
stituting a test value from each interval into Use the results of step (d).

h) Sketch the graph.Use the information from steps (a)…(g) to sketch the graph,
plotting extra points as needed.

f …1x2.
f …1x2 6 0.f ¿f …1x2 7 0

f ¿

f1x2
f …1x2 = 0.f …1x2

f ¿
x0

x0f …1x02 7 0,x0

x0f …1x02 6 0,f …1x2.
x0,

f ¿1x2 = 0.
f ¿1x2

f …1x2.f ¿1x2

EXAMPLE 8 Sketch the graph of 

Solution
a) Intercepts.The x-intercepts occur at values for which the numerator is 0 but the

denominator is not. Since in this case the numerator is the constant 8, there are no
x-intercepts. To find they-intercept, we compute :

This gives us one point on the graph, 

b) Asymptotes.

Vertical:The denominator, is 0 for x-values of and
2. Thus, the graph has the lines and as vertical asymptotes. We draw
them using dashed lines (they are notpart of the actual graph, just guidelines).

x = 2x = - 2
- 2x2 - 4 = 1x + 221x - 22,

10, - 22.

f102 =
8

02 - 4
=

8
- 4

= - 2.

f102

f1x2 =
8

x2 - 4
.�

O
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Horizontal:The degree of the numerator is less than the degree of the denominator,
so the x-axis, is the horizontal asymptote.

Slant:There is no slant asymptote since the degree of the numerator is not 1 more
than the degree of the denominator.

c) Derivatives and domain.We find and using the Quotient Rule:

and

The domain of f is as determined in step (b).

d) Critical values of f. We look for values of x for which or for which 
does not exist. From step (c), we see that for values of x for which

but the denominator is not 0. The only such number is 0 itself. The
derivative does not exist at and 2, but neither value is in the domain of f.
Thus, the only critical value is 0.

e) Increasing and/or decreasing; relative extrema.We use the undefined values and 
the critical values to determine the intervals over which f is increasing and the
intervals over which f is decreasing. The values to consider are and 2.

Since

we know that a relative maximum exists at or Thus, f is
increasing on the interval and decreasing on 

Since does not exist for the x-values and 2, we use and test val-
ues to see if f is increasing or decreasing on and 

Test so f is increasing on 

Test 3, so f is decreasing on 

f) Inflection points.We determine candidates for inflection points by finding where
does not exist and where The only values for which does

not exist are where or and 2. Neither value is in the domain of f,
so we focus solely on where or

Since for all real numbers x, there are no points of inflection.

g) Concavity.Since no values were found in step (f ), the only place where concavity
could change is on either side of the vertical asymptotes, and To
determine the concavity, we check to see where is positive or negative. The
numbers and 2 divide the x-axis into three intervals. We choose test values in
each interval and make a substitution into 

Test 

Test 0, We already knew this from step (e).

Test 3, f …132 =
16331322 + 44

31322 - 443 7 0.

f …102 =
16331022 + 44

31022 - 443 6 0;

f …1- 32 =
16331- 322 + 44

31- 322 - 443 7 0;- 3,

f …:
- 2

f …1x2
x = 2.x = - 2

1613x2 + 42 7 0

1613x2 + 42 = 0.

f …1x2 = 0,
- 2x2 - 4 = 0,

f …1x2f …1x2 = 0.f …1x2

12, q 2.f ¿132 =
- 16132

31322 - 442 =
- 48
25

6 0,

1- q , - 22;f ¿1- 32 =
- 161- 32

31- 322 - 442 =
48
25

7 0,- 3,

12, q 2:1- q , - 22
f ¿1x2- 2f …1x2

10, 22.1- 2, 02
10, - 22.10, f1022,

f …102 =
1613 #02 + 42

102 - 423 =
64

- 64
6 0,

- 2, 0,

- 2f ¿1x2
- 16x = 0,

f ¿1x2 = 0
f ¿1x2f ¿1x2 = 0

1- q , - 22 ´ 1- 2, 22 ´ 12, q 2

f …1x2 =
1613x2 + 42

1x2 - 423 .f ¿1x2 =
- 16x

1x2 - 422

f …1x2f ¿1x2

y = 0,
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Interval
2 x- 2

Test Value x = - 3 x = 0 x = 3

Sign off …1x2 f …1- 32 7 0 f …102 6 0 f …132 7 0

Result is increasing; 
f is concave up.
f ¿ is decreasing; 

f is concave down.
f ¿ is increasing; 

f is concave up.
f ¿

Change does not
indicate a point 

of inflection since 
does not exist.f1- 22

Change does not 
indicate a point 

of inflection since 
does not exist.f122

������� ��������� ��������  

The function is concave up over the intervals and The
function is concave down over the interval 

h) Sketch the graph.We sketch the graph using the information in the following table,
plotting extra points as needed. The graph is shown below.

1- 2, 22.
12, q 2.1- q , - 22

y

x1 2…1

f(x) = 

…1

Increasing DecreasingDecreasing

Concave up

3…2…3

Concave upConcave down

x = 2x = …2

1

…8

4 5…4…5

8 „„…
x2 … 4

Increasing

2
3
4
5
6
7
8

…2
…3
…4
…5
…6
…7

Relative maximum 

(0, …2)

x approximately
f1x2

- 5 0.38

4- 0.67

3- 1.6

1- 2.67-

0 2-

1 2.67-

3 1.6

4 0.67

5 0.38

EXAMPLE 9 Sketch the graph of the function given by 

Solution
a) Intercepts.The equation has no real-number solution. Thus, there are no

x-intercepts. The number 0 is not in the domain of the function. Thus, there is no
y-intercept.

b) Asymptotes.

Vertical:Since replacing x with 0 makes the denominator 0, the line is a ver-
tical asymptote.

Horizontal:The degree of the numerator is greater than the degree of the denomi-
nator, so there is no horizontal asymptote.

x = 0

f1x2 = 0

f1x2 =
x2 + 4

x
.�
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Slant:The degree of the numerator is 1 greater than the degree of the denominator,
so there is a slant asymptote. We do the division

and express the function in the form

As gets larger, approaches 0, so the line is a slant asymptote.

c) Derivatives and domain.We find and 

The domain of f is or all real numbers except 0.

d) Critical values of f. We see from step (c) that is undefined at but 0 is
not in the domain of f. Thus, to find critical values, we solve looking for
solutions other than 0:

Setting equal to 0

Multiplying both sides by 

Thus, and 2 are critical values.

e) Increasing and/or decreasing; relative extrema.We use the points found in step (d) to
find intervals over which f is increasing and intervals over which f is decreasing.
The points to consider are 0, and 2.

Since

we know that a relative maximum exists at Thus, f is
increasing on and decreasing on 

Since

we know that a relative minimum exists at or . Thus, f is decreasing
on and increasing on 

f) Inflection points.We determine candidates for inflection points by finding where
does not exist or where The only value for which does not

exist is 0, but 0 is not in the domain of f. Thus, the only place an inflection point
could occur is where 

But this equation has no solution. Thus, there are no points of inflection.

8

x3 = 0.

f …1x2 = 0:

f …1x2f …1x2 = 0.f …1x2

12, q 2.10, 22
12, 4212, f1222,

f …122 =
8

1223 = 1 7 0,

1- 2, 02.1- q , - 22
1- 2, f1- 222, or 1- 2, - 42.

f …1- 22 =
8

1- 223 = - 1 6 0,

- 2,

- 2

x = ; 2.

x2x2 = 4

1 =
4

x2

f ¿1x21 -
4

x2 = 0

f ¿1x2 = 0,
x = 0,f ¿1x2

1- q , 02 ´ 10, q 2,

f …1x2 = 8x- 3 =
8

x3.

f ¿1x2 = 1 - 4x- 2 = 1 -
4

x2;

f …1x2:f ¿1x2

y = x4>x†x†

f1x2 = x +
4
x
.

x
x�x2 + 4

x2

 4
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g) Concavity.Since no values were found in step (f ), the only place where concavity
could change would be on either side of the vertical asymptote In step (e),
we used the Second-Derivative Test to determine relative extrema. From that work,
we know that f is concave down over the interval and concave up over
10, q 2.

1- q , 02

x = 0.

Interval 
0 x����������   

��������
Test Value x = - 2 x = 2

Sign off …1x2 f …1- 22 6 0 f …122 7 0

Result is decreasing; 
f is concave down.
f ¿ is increasing; 

f is concave up.
f ¿

Change does not
indicate a point of

inflection since 
does not exist.

f102

h) Sketch the graph.We sketch the graph using the preceding information and
additional computed values of f, as needed. The graph follows.

y

x…1…2…3…4…5…6…7 1 3 5
…1
…2
…3
…4
…5

…6
…7

2
1

3
4
5
6
7

…8
…9

…8…9 8

8
9

Increasing IncreasingDecreasing

Concave upConcave down

Decreasing

f(x) = x
2 + 4„„…x

y = x

(…2, …4)

(2, 4)

2 4 6 7 9

Relative 
maximum 

Relative
minimum 

Quick Check 6

We can apply our analytic strategy for graphing to •buildingŽ a rational function
that meets certain initial conditions.

O

Quick Check 6

Sketch the graph of the
function given by

f1x2 =
x2 - 9
x - 1

.

x
,

approximately
f1x2

- 6 6.67-

5- 5.8-

4- 5-

3- 4.3-

2- 4-

1- 5-

0.5- 8.5-

0.5 8.5

1 5

2 4

3 4.3

4 5

5 5.8

6 6.67

O



O

Quick Check 7

Determine a rational function
g that has vertical asymptotes
at and and a
horizontal asymptote at 
and for which g112 = - 3.

y = 3,
x = 2x = - 2
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EXAMPLE 10Determine a rational function f (in lowest terms) whose graph has
vertical asymptotes at and and a horizontal asymptote at and for
which 

Solution We know that the graph of f has vertical asymptotes at and 
so we can conclude that the denominator must contain the factors and 
Writing these as a product, we see that the denominator will have degree 2 (although
we do not carry out the multiplication). Since the graph has a horizontal asymptote,
the function must have a polynomial of degree 2 in the numerator, and the leading
coefficients must form a ratio of 2. Therefore, a reasonable first guess for f is given by

This is a first guess.

However, this does not satisfy the requirement that We can add a constant in
the numerator and then use the fact that to solve for this constant:

Setting and 

Multiplying both sides by we have Therefore, The
rational function is given by

A sketch of its graph serves as a visual check that all of the initial conditions are met.

f1x2 =
2x2 - 20

1x + 521x - 22
.

B = - 20.- 18 = 2 + B.- 6,

 3 =
2 + B

- 6

f1x2 = 3x = 1 3 =
21122 + B

11 + 521 1 - 22

 f1x2 =
2x2 + B

1x + 521x - 22

f112 = 3
f112 = 3.

f1x2 =
2x2

1x + 521x - 22
.

x - 2.x + 5
x = 2,x = - 5

f112 = 3.
y = 2x = 2x = - 5

x5Š5

y

Š5

(1, 3)

x = Š5 x = 2

y = 2

5

f(x) = 2x2 Š 20
(x + 5)(x Š 2)

Quick Check 7

Section Summary
€ A line is a vertical asymptoteif or

€ A line is a horizontal asymptoteif or

€ A graph may cross a horizontal asymptote but never a
vertical asymptote.

lim
x: - q

 f1x2 = b.
lim

x: q
 f1x2 = by = b

lim
x: a+

 f1x2 = ; q .
f1x2 = ; qlim

x: a-
x = a € A slant asymptoteoccurs when the degree of the numera-

tor is 1 greater than the degree of the denominator. Long
division of polynomials can be used to determine the
equation of the slant asymptote.

€ Vertical, horizontal, and slant asymptotes can be used as
guides for accurate curve sketching. Asymptotes are not 
a part of a graph but are visual guides only.

�

O
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EXERCISE SET

2.3 

Determine the vertical asymptote(s) of each function. If none
exists, state that fact.

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

Determine the horizontal asymptote of each function. If none
exists, state that fact.

11. 12.

13. 14.

15. 16.

17. 18.

19. 20.

21. 22.

Sketch the graph of each function. Indicate where each function
is increasing or decreasing, where any relative extrema occur,
where asymptotes occur, where the graph is concave up or con-
cave down, where any points of inflection occur, and where any
intercepts occur.

23. 24.

25. 26.

27. 28.

29. 30. f1x2 =
- 2

x + 5
f1x2 =

- 3
x - 3

f1x2 =
1

x - 3
f1x2 =

1
x + 2

f1x2 =
- 2

x - 5
f1x2 =

1
x - 5

f1x2 =
4
x

f1x2 = -
5
x

f1x2 =
5x4 - 2x3 + x

x5 - x3 + 8
f1x2 =

2x3 - 4x + 1

4x3 + 2x - 3

f1x2 =
4x3 - 3x + 2

x3 + 2x - 4
f1x2 =

6x4 + 4x2 - 7

2x5 - x + 3

f1x2 =
6x3 + 4x

3x2 - x
f1x2 =

8x4 - 5x2

2x3 + x2

f1x2 = 4 +
2
x

f1x2 = 5 -
3
x

f1x2 =
2x

3x3 - x2
f1x2 =

4x

x2 - 3x

f1x2 =
3x2

6x2 + x
f1x2 =

6x
8x + 3

f1x2 =
7

x2 + 49
f1x2 =

6

x2 + 36

f1x2 =
x + 2

x2 + 6x + 8
f1x2 =

x + 6

x2 + 7x + 6

f1x2 =
x + 3

x3 - x
f1x2 =

x + 2

x3 - 6x2 + 8x

f1x2 =
5x

x2 - 25
f1x2 =

3x

x2 - 9

f1x2 =
x + 4
x - 2

f1x2 =
2x - 3
x - 5

31. 32.

33. 34.

35. 36.

37. 38.

39. 40.

41. (Hint: 
Simplify.)

42.

43. 44.

45. 46.

47. 48.

49. 50.

51. 52.

53. 54.

55. 56.

In Exercises 57…62, determine a rational function that meets
the given conditions, and sketch its graph.

57. The function f has a vertical asymptote at a
horizontal asymptote at and 

58. The function f has a vertical asymptote at a
horizontal asymptote at and 

59. The function g has vertical asymptotes at and
a horizontal asymptote at and 

60. The function g has vertical asymptotes at and
a horizontal asymptote at and 

61. The function h has vertical asymptotes at and
a horizontal asymptote at and 

62. The function h has vertical asymptotes at and
, a horizontal asymptote at and h102 = - 3.y = 0,x = 1

2

x = - 1
2

h112 = 2.y = 0,x = 2,
x = - 3

g112 = 4.y = - 3,x = 0,
x = - 2

g102 = 2.y = 1,x = 1,
x = - 1

f112 = 2.y = 3,
x = 0,

f102 = 0.y = - 2,
x = 2,

f1x2 =
x2 - 16
x + 4

f1x2 =
x2 - 9
x - 3

f1x2 =
x3

x2 - 1
f1x2 =

x2 + 1
x

f1x2 =
10

x2 + 4
f1x2 =

1

x2 - 1

f1x2 =
x2 + x - 2

2x2 - 2
f1x2 =

2x2

x2 - 16

f1x2 =
x - 3

x2 + 2x - 15
f1x2 =

x + 1

x2 - 2x - 3

f1x2 =
x2 - 9
x + 1

f1x2 =
x2 - 4
x + 3

f1x2 =
x - 2
x + 1

f1x2 =
x - 1
x + 2

f1x2 =
x - 1

x2 - 1
f1x2 =

x + 3

x2 - 9

f1x2 =
1

x2 + 3
f1x2 =

- 1

x2 + 2

f1x2 =
x

x - 3
f1x2 =

x
x + 2

f1x2 =
2

x2
f1x2 =

- 1

x2

f1x2 = x +
9
x

f1x2 = x +
2
x

f1x2 =
2x + 1

x
f1x2 =

3x - 1
x



APPLICATIONS

Business and Economics

63. Depreciation. Suppose that the value V of the inventory
at Fido•s Pet Supply decreases, or depreciates, with time t,
in months, where

a) Find and .
b) Find the maximum value of the inventory over the

interval 
c) Sketch a graph of V.
d) Does there seem to be a value below which will

never fall? Explain.

64. Average cost.The total-cost function for Acme, Inc., to
produce x units of a product is given by

a) The average costis given by Find .
b) Graph the average cost.
c) Find the slant asymptote for the graph of 

and interpret its significance.

65. Cost of pollution control. Cities and companies find
that the cost of pollution control increases along with the
percentage of pollutants to be removed in a situation.
Suppose that the cost C, in dollars, of removing p% of 
the pollutants from a chemical spill is given by

a) Find and .
b) Find the domain of C.
c) Sketch a graph of C.
d) Can the company or city afford to remove 100% of

the pollutants due to this spill? Explain.

66. Total cost and revenue.The total cost and total revenue,
in dollars, from producing x couches are given by

and

a) Find the total-profit function, .
b) The average profitis given by Find

.
c) Graph the average profit.
d) Find the slant asymptote for the graph of 

67. Purchasing power. Since 1970, the purchasing power of
the dollar, as measured by consumer prices, can be mod-
eled by the function

where x is the number of years since 1970. (Source: U.S.
Bureau of Economic Analysis.)

a) Find , and .P1402P1102, P1202

P1x2 =
2.632

1 + 0.116x
,

y = A1x2.

A1x2
A1x2 = P1x2>x.
P1x2

R1x2 = - 1
2x2 + 1000x.C1x2 = 5000 + 600x

C1902C102, C1202, C1802,

C1p2 =
48,000

100 - p
.

y = A1x2,

A1x2A1x2 = C1x2>x.

C1x2 = 3x2 + 80.

V1t2

30, q 2.

V1702V102, V152, V1102,

V1t2 = 50 -
25t2

1t + 222
.
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b) When was the purchasing power $0.50?
c) Find lim

x: q
 P1x2.

Years since 1970

P
ur

ch
as

in
g 

po
w

er
(in

 d
ol

la
rs

)

x

y

30252015105

0.5

1.0

1.5

2.0

2.5

3.0

0

P(x) = 2.632„„„ „„
1 + 0.116x

Life and Physical Sciences

68. Medication in the bloodstream. After an injection, the
amount of a medication A, in cubic centimeters (cc), in
the bloodstream decreases with time t, in hours. Suppose
that under certain conditions A is given by

where is the initial amount of the medication. Assume
that an initial amount of 100 cc is injected.

a) Find and .
b) Find the maximum amount of medication in the

bloodstream over the interval 
c) Sketch a graph of the function.
d) According to this function, does the medication ever

completely leave the bloodstream? Explain your answer.

General Interest

69. Baseball: earned-run average.A pitcher•s earned-run
average(the average number of runs given up every 
9 innings, or 1 game) is given by

where r is the number of earned runs allowed in n innings.
Suppose that we fix the number of earned runs allowed at
4 and let n vary. We get a function given by

a) Complete the following table, rounding to two 
decimal places:

E1n2 = 9 #4
n

.

E = 9 #r
n
,

30, q 2.

A1102A102, A112, A122, A172,

A0

A1t2 =
A0

t2 + 1
,

Innings
Pitched,n 9 6 3 1 2

3
1
3

Earned-Run
Average, E



b) The number of innings pitched n is equivalent to the
number of outs that a pitcher is able to get while
pitching, divided by 3. For example, if the pitcher
gets just 1 out, he is credited with pitching of an
inning. Find Under what circumstances 

might this limit be plausible?
c) Suppose a pitcher gives up 4 earned runs over two

complete games, or 18 innings. Calculate the pitcher•s
earned-run average, and interpret this result.

lim
n: 0

 E1n2.

1
3
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87. Graph the function given by

a) Estimate and using the graph 

and input…output tables as needed to refine your
estimates.

b) Describe the outputs of the function over the interval

c) What appears to be the domain of the function?
Explain.

d) Find and 

88. Not all asymptotes are linear. Use long division to find an
equation for the nonlinear asymptote that is approached
by the graph of

Then graph the function and its asymptote.

89. Refer to Fig. 1 on p. 235. The function is given by 

a) Inspect the graph and estimate the coordinates of any
extrema.

b) Find and use it to determine the critical values.
(Hint: you will need the quadratic formula.) Round 
the x-values to the nearest hundredth.

c) Graph this function in the window 0, 0.2, 0.16,
0.17 . Use TRACEor MAXIMUM to confirm your
results from part (b).

d) Graph this function in the window 9.8, 10, 0.9519,
0.95195 . Use TRACEor MINIMUM to confirm your
results from part (b).

e) How close were your estimates of part (a)? Would
you have been able to identify the relative minimum
point without calculus techniques?

4
3

4
3

f ¿

f1x2 =
x2 - 1

x2 + x - 6
.

f1x2 =
x5 + x - 9

x3 + 6x
.

lim
x: - 1+

 f1x2.lim
x: - 2-

 f1x2

1- 2, - 12.

lim
x: - q

 f1x2lim
x: q

 f1x2

f1x2 =
2 x2 + 3x + 2

x - 3
.

While pitching for the St. Louis Cardinals
in 1968, Bob Gibson had an earned-run
average of 1.12, a record low.

SYNTHESIS

70. Explain why a vertical asymptote is only a guide and is
not part of the graph of a function.

71. Using graphs and limits, explain the idea of an asymptote to
the graph of a function. Describe three types of asymptotes.

Find each limit, if it exists.

72. 73.

74. 75.

76. 77.

78. 79. lim
x: - q

 
2x4 + x
x + 1

lim
x: - q

 
7x5 + x - 9

6x + x3

lim
x: 1

 
x3 - 1

x2 - 1
lim

x: - q
 

- 6x3 + 7x

2x2 - 3x - 10

lim
x: q

 
- 6x3 + 7x

2x2 - 3x - 10
lim

x: - 2
 
x3 + 8

x2 - 4

lim
x: 0

 
†x†
x

lim
x: - q

 
- 3x2 + 5

2 - x

TECHNOLOGY CONNECTION

Graph each function using a calculator, iPlot, or Graphicus.

80. 81.

82. 83.

84. 85.

86. Graph the function

f1x2 =
x2 - 3
2x - 4

.

f1x2 = 21
x

- 2 2f1x2 =
x3 + 2x2 - 3x

x2 - 25

f1x2 =
x3 + 2x2 - 15x

x2 - 5x - 14
f1x2 =

x3 + 4x2 + x - 6

x2 - x - 2

f1x2 =
x

2 x2 + 1
f1x2 = x2 +

1

x2

Answers to Quick Checks
1. The lines and are vertical asymptotes.
2. The line is not a vertical asymptote because

There is a deleted point discontinuity at 

3. The line is a horizontal asymptote.
4. The line is a slant asymptote.
5. x-intercepts: ; y-intercept: 

6. 7. g1x2 =
3x2 + 6

x2 - 4

5 10Š5Š10

Š5

Š10

5

10

x

y

f(x) = x2 Š 9
x Š 1

y = x + 1

x = 1

10, 0211, 02, 1- 1, 02, 10, 02
y = 2x + 7
y = 2

15

x = 0.lim
x: 0

 f1x2 = 2.
x = 0

x = - 4x = 4,x = 0,

a) Find all the x-intercepts.
b) Find the y-intercept.
c) Find all the asymptotes.



An extremum may be at the highest or lowest point for a function•s entire graph, in
which case it is called an absolute extremum.For example, the parabola given by

has a relative minimum at . This is also the lowest point for the entire
graph of f, so it is also called the absolute minimum. Relative extrema are useful for
graph sketching and understanding the behavior of a function. In many applications,
however, we are more concerned with absolute extrema.

Absolute Maximum and Minimum Values
A relative minimum may or may not be an absolute minimum, meaning the smallest
value of the function over its entire domain. Similarly, a relative maximum may or may
not be an absolute maximum, meaning the greatest value of a function over its entire
domain.

The function in the following graph has relative minima at interior points and
of the closed interval a, b .43c3

c1

10, 02f1x2 = x2
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2.4
OBJECTIVES

Using Derivatives to Find Absolute 
Maximum and Minimum Values

€ Find absolute extrema using
Maximum…Minimum
Principle 1.

€ Find absolute extrema using
Maximum…Minimum
Principle 2.

x

y

a c1 c2 c3 b

Absolute
minimum
at c1

Relative maximum at c2

Minima

Maxima

Relative
minima
at c1 and c3

Absolute
maximum at b

DEFINITION
Suppose that f is a function with domain I.

is an absolute minimum if for all x in I.

is an absolute maximumif for all x in I.f1c2 Ú f1x2f1c2

f1c2 ƒ f1x2f1c2

The relative minimum at is also the absolute minimum. On the other hand, the rela-
tive maximum at is not the absolute maximum. The absolute maximum occurs at the
endpoint b.

c2

c1

Finding Absolute Maximum and Minimum Values 
over Closed Intervals
We first consider a continuous function for which the domain is a closed interval. Look
at the graphs in Figs. 1 and 2 and try to determine where the absolute maxima and
minima (extrema) occur for each interval.



2.4 € Using Derivatives to Find Absolute Maximum and Minimum Values 251

THEOREM 8 Maximum…Minimum Principle 1

Suppose that f is a continuous function defined over a closed interval . To
find the absolute maximum and minimum values over :

a) First find 
b) Then determine all critical values in . That is, find all c in for which

does not exist.

c) List the values from step (b) and the endpoints of the interval:

d) Evaluate for each value in step (c):

The largest of these is the absolute maximum of f over . The smallest of
these is the absolute minimum of f over .7a, b8

7a, b8

f1a2, f1c12, f1c22, Á , f1cn2, f1b2.

f1x2

a, c1, c2, Á , cn, b.

f ¿1c2 = 0 or f ¿1c2

3a, b43a, b4
f ¿1x2.

3a, b4
3a, b4

THEOREM The Extreme-Value Theorem

A continuous function f defined over a closed interval must have an
absolute maximum value and an absolute minimum value over .3a, b4

3a, b4

y

xa c1 c2 b

FIGURE 2

y

xa c1 c2 b

FIGURE 1

Note that each of the functions does indeed have an absolute maximum value and an
absolute minimum value. This leads us to the following theorem.

Look again at the graphs in Figs. 1 and 2 and consider the critical values and the
endpoints. In Fig. 1, the graph starts at and falls to . Then it rises from to

. From there, it falls to In Fig. 2, the graph starts at f(a) and rises to 
Then it falls from to From there, it rises to f(b). It seems reasonable that
whatever the maximum and minimum values are, they occur among the function values

, and This leads us to a procedure for determining absolute
extrema.

f1b2.f1c22,f1c12,f1a2

f1c22.f1c12
f1c12.f1b2.f1c22

f1c12f1c12f1a2

A reminder: endpoints of a closed interval can be absolute extrema but not relative
extrema.
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EXAMPLE 1Find the absolute maximum and minimum values of

over the interval 

Solution Keep in mind that we are considering only the interval 

a) Find 

b) Find the critical values. The derivative exists for all real numbers. Thus, we merely
solve 

c) List the critical values and the endpoints: 

d) Evaluate f for each value in step (c):

Minimum

Maximum

Minimum

The largest of these values, 4, is the maximum. It occurs at The smallest
of these values is 0. It occurs twice: at and Thus, over the interval

the 

absolute maximum

and the

absolute minimum and 

Note that an absolute maximum or minimum value can occur at more than one
point.

x = 1.= 0 at x = - 2

= 4 at x = - 1

C- 2, 32D,
x = 1.x = - 2

x = - 1.

 f A3
2B = A3

2B3 - 3A3
2B + 2 = 27

8 - 9
2 + 2 = 7

8

 f112 = 1123 - 3112 + 2 = 1- 3 + 2 = 0;

 f1- 12 = 1- 123 - 31- 12 + 2 = - 1 + 3 + 2 = 4;

 f1- 22 = 1- 223 - 31- 22 + 2 = - 8 + 6 + 2 = 0;

- 2, - 1, 1, and 32.

 x = ; 1.

 x2 = 1

 3x2 = 3

 3x2 - 3 = 0

f ¿1x2 = 0:

f ¿1x2 = 3x2 - 3.f ¿1x2:

C- 2, 32D.

C- 2, 32D.

f1x2 = x3 - 3x + 2

TECHNOLOGY CONNECTION

Finding Absolute Extrema

To find the absolute extrema of Example 1, we can use any
of the methods described in the Technology Connection on
pp. 209…210. In this case, we adapt Methods 3 and 4. 

Method 3

Method 3 is selected because there are relative extrema in
the interval This method gives us approximations
for the relative extrema.

C- 2, 32D.

Next, we check function values at these x-values and at
the endpoints, using Maximum…Minimum Principle 1 to
determine the absolute maximum and minimum values 
over C- 2, 32D.

Maximum = 4,
occurs at

x = Š1

Minimum = 0,
occurs at

x = Š2 and x = 1

x

y

Š1
Š1

1

1Š2Š3 2 3

Š2
Š3
Š4
Š5

2
3
4
5

f(x) = x3 Š 3x + 2

3
2

A visualization of Example 1

Minimum
X = .99999689 Y = 2.9E…11

y = x3 … 3x + 2 y = x3 … 3x + 2

Maximum
X = …1.000002 Y = 4

X =

X Y1
…2
…1
1
1.5

0
4
0
.875 

Min
Max
Min 

Method 4

Example 2 considers the same function as in Example 1, 
but over a different interval. Because there are no relative
extrema, we can use fMax and fMin features from the MATH
menu. The minimum and maximum values occur at the
endpoints, as the following graphs show.

(continued)

�
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Quick Check 1

Find the absolute maximum
and minimum values of the
function given in Example 2
over the interval 0, 3 .43
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EXAMPLE 2 Find the absolute maximum and minimum values of

over the interval 

Solution As in Example 1, the derivative is 0 at and 1. But neither nor 1 is
in the interval so there are no critical values in this interval. Thus, the maxi-
mum and minimum values occur at the endpoints:

Minimum

Maximum

Thus, the absolute maximum over the interval is which occurs at
and the absolute minimum over is , which occurs at 

Quick Check 1

Finding Absolute Maximum and Minimum 
Values over Other Intervals
When there is only one critical value c in I, we may not need to check endpoint values
to determine whether the function has an absolute maximum or minimum value at that
point.

x = - 3.- 16C- 3, - 3
2Dx = - 3

2,
31

8,C- 3, - 3
2D,

 = -
27
8

+
9
2

+ 2 =
25
8

= 3
1
8

.

 f a -
3
2

b = a -
3
2

b
3

- 3a -
3
2

b + 2

 = - 27 + 9 + 2 = - 16;

 f1- 32 = 1- 323 - 31- 32 + 2

C- 3, - 3
2D,

- 1- 1

C- 3, - 3
2D.

f1x2 = x3 - 3x + 2

EXERCISE
1. Use a graph to estimate the absolute maximum and

minimum values of first over
the interval and then over the interval 
Then check your work using the methods of Examples 1
and 2.

3- 1, 24.3- 2, 14
f1x2 = x3 - x2 - x + 2,

fMax(Y1,X,…3,…1.5)
       …1.500005458

       3.124979532

   Y1(Ans)

fMin(Y1,X,…3,…1.5)
       …2.999994692

       …15.99987261

Y1(Ans)

Minimum = Š16,
occurs at x = Š3

x

y

Š1
Š2

2

1Š2Š3 2 3

Š4
Š6
Š8

Š10
Š12
Š14
Š16
Š18

4

f(x) = x3 Š 3x + 2

Š 3
2

Maximum = 3Š,
occurs at
x = ŠŠ3

2

1
8

A visualization of Example 2

THEOREM 9 Maximum…Minimum Principle 2

Suppose that f is a function such that exists for every x in an interval I and
that there is exactly one(critical) value c in I, for which Then

is the absolute maximum value over I if 

or

is the absolute minimum value over I if f …1c2 7 0.f1c2

f …1c2 6 0f1c2

f ¿1c2 = 0.
f ¿1x2

Theorem 9 holds no matter what the interval I is„whether open, closed, or
infinite in length. If either we must use Maximum…Minimum Principle 1 or
we must know more about the behavior of the function over the given interval.

f …1c2 = 0,

�

O



O

Quick Check 2

Find the absolute maximum
and minimum values of

over each
interval:

a) 0, 6 ; b) 4, 10 .4343

f1x2 = x2 - 10x
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EXAMPLE 3Find the absolute maximum and minimum values of

Solution When no interval is specified, we consider the entire domain of the func-
tion. In this case, the domain is the set of all real numbers.

a) Find 

b) Find the critical values. The derivative exists for all real numbers. Thus, we merely
solve 

c) Since there is only one critical value, we can apply Maximum…Minimum Principle 2
using the second derivative:

The second derivative is constant. Thus, and since this is negative,
we have the absolute maximum:

The function has no minimum, as the graph, shown below, indicates.

 = 8 - 4 = 4 at x = 2.

 f122 = 4 #2 - 22,

f …122 = - 2,

f …1x2 = - 2.

 x = 2.

 - 2x = - 4

 4 - 2x = 0

f ¿1x2 = 0:

f ¿1x2 = 4 - 2x.

f ¿1x2:

f1x2 = 4x - x2.

TECHNOLOGY CONNECTION

Finding Absolute Extrema

Let•s do Example 3 graphically,
by adapting Methods 1 and 2 of
the Technology Connection on
pp. 209…210. Strictly speaking,
we cannot use the fMin or fMax
options of the MATH menu or the
MAXIMUM or MINIMUM options
from the CALCmenu since we do
not have a closed interval.

Methods 1 and 2
We create a graph, examine its
shape, and use TRACEand/or
TABLE. This procedure leads us to
see that there is indeed no absolute
minimum. We do find an absolute
maximum: 

EXERCISE
1. Use a graph to estimate

the absolute maximum 
and minimum values of

Then
check your work using the
method of Example 3.

f1x2 = x2 - 4x.

f1x2 = 4 at x = 2.

y

x…1…2…3…4…5 1 2 3 4 5
…1

2

1

3

Max = 4

5

f(x) = 4x … x2

EXAMPLE 4 Find the absolute maximum and minimum values of 
over the interval 1, 4 .

Solution By the reasoning in Example 3, we know that the absolute maximum of 
f on is , or 4. Since 2 is in the interval 1, 4 , we know that the absolute
maximum of f over 1, 4 will occur at 2. To find the absolute minimum, we need to
check the endpoints:

and

We see from the graph that the minimum 
is 0. It occurs at Thus, the 

absolute maximum ,

and the

absolute minimum .

Quick Check 2

= 0 at x = 4

= 4 at x = 2

x = 4.

f142 = 4 #4 - 42 = 0.

f112 = 4 #1 - 12 = 3

43
43f1221- q , q 2

43
f1x2 = 4x - x2

y

x0 1 2 3 4

2

1

3

4

f(x) = 4x … x2 over [1, 4]

Maximum = 4 at x = 2

Minimum = 0 at x = 4

�

�

O
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A Strategy for Finding Absolute Maximum 
and Minimum Values
The following general strategy can be used when finding absolute maximum and mini-
mum values of continuous functions.

A Strategy for Finding Absolute Maximum and Minimum Values

To find absolute maximum and minimum values of a continuous function over an
interval:

a) Find .
b) Find the critical values.
c) If the interval is closed and there is more than one critical value, use

Maximum…Minimum Principle 1.
d) If the interval is closed and there is exactly one critical value, use either

Maximum…Minimum Principle 1 or Maximum…Minimum Principle 2. If it is
easy to find use Maximum…Minimum Principle 2.

e) If the interval is not closed, such as or and the
function has only one critical value, use Maximum…Minimum Principle 2. In
such a case, if the function has a maximum, it will have no minimum; and if it
has a minimum, it will have no maximum.

1a, b2,10, q 2,1- q , q 2,
f …1x2,

f ¿1x2

Finding absolute maximum and minimum values when more than one critical
value occurs in an interval that is not closed, such as any of those listed in step (e)
above, requires a detailed graph or techniques beyond the scope of this book.

EXAMPLE 5Find the absolute maximum and minimum values of

Solution
a) Find .

b) Find the critical values. The derivative exists for all real numbers. Thus, we solve

c) Since there is only one critical value and there are no endpoints, we can try to
apply Maximum…Minimum Principle 2 using the second derivative:

We have

so Maximum…Minimum Principle 2 does not apply. We cannot use Maximum…
Minimum Principle 1 because there are no endpoints. But note that 

is never negative. Thus, f(x) is increasing everywhere except at 
so there is no maximum and no minimum. For say we have

For say we have Thus, at 
the function has a point of inflection.

Quick Check 3

x = 2,f …132 = 6 7 0.x = 3,x 7 2,f …112 = - 6 6 0.
x = 1,x 6 2,

x = 2,31x - 222
f ¿1x2 =

f …122 = 612 - 22 = 0,

f …1x2 = 61x - 22.

 x = 2.

 x - 2 = 0

 1x - 222 = 0

 31x - 222 = 0

f ¿1x2 = 0:

f ¿1x2 = 31x - 222.

f ¿1x2

f1x2 = 1x - 223 + 1.

O

Quick Check 3

Let where n is a
positive odd integer. Explain
why functions of this form
never have an absolute
minimum or maximum.

f1x2 = xn,

y

x

2
1

3
4
5
6
7

f(x) = (x … 2)3 + 1

4x = 2
…1

8
9

10

…1

A visualization of Example 5

�
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EXAMPLE 6 Find the absolute maximum and minimum values of

over the interval 

Solution
a) Find We first express as

Then

b) Find the critical values. Since exists for all values of in the only
critical values are those for which 

Multiplying both sides by , since 

 x = ; 2 7 L ; 2.646.

 x2 = 7

x Z 0x2 5x2 = 35

 5 =
35

x2

 5 -
35

x2 = 0

f ¿1x2 = 0:
10, q 2,xf ¿1x2

 = 5 -
35

x2.

 f ¿1x2 = 5 - 35x- 2

f1x2 = 5x + 35x- 1.

f1x2f ¿1x2.

10, q 2.

f1x2 = 5x +
35
x

TECHNOLOGY CONNECTION

Finding Absolute Extrema

Let•s do Example 6 using MAXIMUM and MINIMUM from the
CALCmenu. The shape of the graph leads us to see that there
is no absolute maximum, but there is an absolute minimum.

Note that

which confirms the analytic solution.

EXERCISE
1. Use a graph to estimate the absolute maximum and mini-

mum values of over the interval
. Then check your work using the analytic method

of Example 6.
10, q 2

f1x2 = 10x + 1>x

2 7 L 2.6458 and 102 7 L 26.458,

c) The interval is not closed and is The only 
critical value is Therefore, we can apply
Maximum…Minimum Principle 2 using the second
derivative,

to determine whether we have a maximum or a
minimum. Since

an absolute minimum occurs at 

Absolute minimum

 = 102 7 L 26.458 at x = 2 7.

 = 52 7 + 52 7

 = 52 7 +
352 7

7

 = 52 7 +
35

2 7
#2 7

2 7

 = 5 #2 7 +
35

2 7

= f A2 7B

x = 2 7:

f …A2 7B =
70

A2 7B3
7 0,

f …1x2 = 70x- 3 =
70

x3,

2 7.
10, q 2.

�

X = 2.6457515

Y1=5X+(35/X)

     Y = 26.457513  
Minimum

[0, 10, 0, 50]
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The function has no maximum value, which can happen since the interval
is notclosed.10, q 2

O

Quick Check 4

Find the absolute maximum
and minimum values of 

over the interval 10, q 2.

g1x2 =
2x2 + 18

x

y

x

5

f(x) = 5x + 35 „x

10

10

15

20

30

35

40

4 5 6

Min = 10� 7

� 7

Quick Check 4

Section Summary
€ An absolute minimumof a function f is a value such

that for all x in the domain of f.
€ An absolute maximumof a function f is a value such

that for all x in the domain of f.
€ If the domain of f is a closed interval and f is continuous

over that domain, then the Extreme…Value Theorem
guarantees the existence of both an absolute minimum
and an absolute maximum.

f1c2 Ú f1x2
f1c2

f1c2 ƒ f1x2
f1c2 € Endpoints of a closed interval may be absolute extrema,

but not relative extrema.
€ If there is exactly one critical value c such that 

in the domain of f, then Maximum…Minimum Principle 2
may be used. Otherwise, Maximum…Minimum Principle 1
has to be used.

f ¿1c2 = 0

EXERCISE SET

2.4

1. Fuel economy. According to the U.S. Department of
Energy, a vehicle•s fuel economy, in miles per gallon
(mpg), decreases rapidly for speeds over 60 mph.

2. Fuel economy. Using the graph in Exercise 1, estimate
the absolute maximum and the absolute minimum fuel
economy over the interval 30, 70 .

Find the absolute maximum and minimum values of each
function over the indicated interval, and indicate the x-values
at which they occur.

3. f1x2 = 5 + x - x2; 30, 24

43

Speed (mph)

F
ue

l e
co

no
m

y 
(m

pg
)

0
5

10

15

20

25

30

( Sources: U.S. Dept. of Energy and a study by West, B.H.,
McGill, R.N., Hodgson, J.W., Sluder, S.S., and Smith, D.E.,
Oak Ridge National Laboratory, 1999.)

15 25 355 45 55 65 75

35

a) Estimate the speed at which the absolute maximum
gasoline mileage is obtained.

b) Estimate the speed at which the absolute minimum
gasoline mileage is obtained.

c) What is the mileage obtained at 70 mph?

x

y

2 41 3…2…3 …1

2

…1

4

6

1

3

5

O



4. f1x2 = 4 + x - x2; 30, 24
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35. f1x2 =
x2

x2 + 1
; 3- 2, 24

f1x2 = x +
4
x
; 3- 8, - 14

f1x2 = x +
1
x
; 31, 204

f1x2 = 1 - x2>3; 3- 8, 84

f1x2 = 1x + 322>3 - 5; 3- 4, 54

f1x2 = x4 - 8x2 + 3; 3- 3, 34

f1x2 = x4 - 2x2 + 5; 3- 2, 24

f1x2 = x3 - x4; 3- 1, 14

f1x2 = x4 - 2x3; 3- 2, 24

f1x2 = x3 - 6x2 + 10; 30, 44

f1x2 = 12 + 9x - 3x2 - x3; 3- 3, 14

f1x2 = 2x3; 3- 10, 104

f1x2 = 1 - x3; 3- 8, 84

f1x2 = 3x2 - 2x3; 3- 5, 14

f1x2 = x3 - 3x; 3- 5, 14

f1x2 = x3 - 3x + 6; 3- 1, 34

f1x2 = x3 - 3x2; 30, 54

f1x2 = 1 + 6x - 3x2; 30, 44

x

y

21 4…2…3 3…1

2

1

…2

…1

4

3

5

x

y

Š2 Š1

Š2

Š1

1

2

21Š3 3

3

4

5

x

y

Š2 Š1
Š1

1

2

21

3

4

5

6

7

y

x

0.2

0.4

1

0.6

…1…2 2

y

x

0.2

0.4

1

0.6

…1…2 2

5. f1x2 = x3 - x2 - x + 2; 3- 1, 24

6. f1x2 = x3 - 1
2x2 - 2x + 5; 3- 2, 14

7.

8.

9.

10.

11.

12.

13.

14.

15.

16.

17. f1x2 = 3 - 2x - 5x2; 3- 3, 34

f1x2 = x2 - 4x + 5; 3- 1, 34

f1x2 = x2 - 6x - 3; 3- 1, 54

g1x2 = 24; 34, 134

f1x2 = - 5; 3- 1, 14

f1x2 = - 2 - 3x; 3- 10, 104

f1x2 = 7 - 4x; 3- 2, 54

f1x2 = 2x + 4; 3- 1, 14

f1x2 = 5x - 7; 3- 2, 34

f1x2 = x3 + 1
2x2 - 2x + 4; 3- 2, 04

f1x2 = x3 - x2 - x + 3; 3- 1, 04
36. f1x2 =

4x

x2 + 1
, 3- 3, 34

y

x

1

2

1…1…2 2
…1

…2

…3 3

37.

38.

39…48.Check Exercises 3, 5, 9, 13, 19, 23, 33, 35, 37, and
38 with a graphing calculator.

f1x2 = 23 x; 38, 644

f1x2 = 1x + 121>3; 3- 2, 264
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Find the absolute maximum and minimum values of each
function, if they exist, over the indicated interval. Also indicate
the x-value at which each extremum occurs. When no interval
is specified, use the real line,

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67. f1x2 = x2 +
432
x

; 10, q 2

f1x2 = x +
3600

x
; 10, q 2

f1x2 = 2x +
72
x

; 10, q 2

f1x2 = 4x2 - 1
2x3; 30, 84

f1x2 = 15x2 - 1
2x3; 30, 304

f1x2 = - x3 + x2 + 5x - 1; 10, q 2

f1x2 = - 1
3x3 + 6x2 - 11x - 50; 10, 32

f1x2 = - 0.01x2 + 1.4x - 30

f1x2 = - 0.001x2 + 4.8x - 60

f1x2 = 1
3x3 - 5x; 3- 3, 34

f1x2 = 1
3x3 - 3x; 3- 2, 24

f1x2 = x125 - x2

f1x2 = x160 - x2

f1x2 = 16x - 4
3x3; 10, q 2

f1x2 = x - 4
3x3; 10, q 2

f1x2 = 2x2 - 20x + 340

f1x2 = 2x2 - 40x + 270

f1x2 = 30x - x2

f1x2 = 12x - x2

1� � , � 2.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85. t1x2 = x4 - 2x2

g1x2 = 1
3x3 + 2x2 + x; 3- 4, 04

f1x2 = 1
3x3 - 2x2 + x; 30, 44

f1x2 = 1
3x3 - 1

2x2 - 2x + 1

f1x2 = 1
3x3 - x + 2

3

g1x2 = x2>3

f1x2 = x2>3; 3- 1, 14

f1x2 = 9 - 5x; 3- 2, 32

f1x2 = 2x - 3; 3- 1, 52

f1x2 = 9 - 5x; 3- 10, 104

f1x2 = 2x - 3; 3- 1, 14

f1x2 = 1x - 123

f1x2 = 1x + 123

f1x2 = 2 x; 30, 44

f1x2 = 23 x; 30, 84

f1x2 = 2x4 + x; 3- 1, 14

f1x2 = 2x4 - x; 3- 1, 14

y

x

100

200

5 10 15 20 25 30

300

400

500

600

700

y

x

200

400

5 10 15 20 25 30

600

800

68. f1x2 = x2 +
250
x

; 10, q 2

y

x

1

2

1…1…2 2

…1

…2

y

x

1

2

1…1…2 2

3

4

86. f1x2 = 2x4 - 4x2 + 2

87…96. Check Exercises 49, 51, 53, 57, 61, 65, 67, 69, 73,
and 85 with a graphing calculator.

APPLICATIONS

Business and Economics

97. Monthly productivity. An employee•s monthly produc-
tivity M, in number of units produced, is found to be a
function of t, the number of years of service. For a
certain product, a productivity function is given by

Find the maximum productivity and the year in which
it is achieved.

M1t2 = - 2t2 + 100t + 180, 0 ƒ t ƒ 40.



98. Advertising. Sound Software estimates that it will sell
N units of a program after spending a dollars on
advertising, where

and a is in thousands of dollars. Find the maximum num-
ber of units that can be sold and the amount that must be
spent on advertising in order to achieve that maximum.

99. Small business.The percentage of the U.S. national
income generated by nonfarm proprietors may be
modeled by

where x is the number of years since 1970. (Source: U.S.
Census Bureau.)According to this model, in what year
from 1970 through 2000 was this percentage a minimum?
Calculate the answer, and then check it on the graph.

p1x2 =
13x3 - 240x2 - 2460x + 585,000

75,000
,

N1a2 = - a2 + 300a + 6, 0 ƒ a ƒ 300,
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where P(t) is the number of barrels, in billions,
produced in a year, t years after 1950. (Source: Beyond
Oil, by Kenneth S. Deffeyes, p. xii, Hill and Wang, New
York, 2005.) According to this model, in what year 
did worldwide oil production achieve an absolute
maximum? What was that maximum? (Hint: Do not
solve algebraically.)P¿1t2 = 0

Number of years since 1970

x

y

p(x) = 13x3 … 240x2 … 2460x + 585,000„„„„„„„„„„„„„„
75,000

30252015105
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100. The percentage of the U.S. civilian labor force aged
35…44 may be modeled by

where x is the number of years since 1980. (Source: U.S.
Census Bureau.) According to this model, in what year
from 1980 through 2010 was this percentage a maximum?
Calculate the answer, and then check it on the graph. 

f1x2 = - 0.029x2 + 0.928x + 19.103,

Number of years since 1980

x

y

f(x) = …0.029x2 + 0.928x + 19.10321

20
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102. Maximizing profit. Corner Stone Electronics
determines that its total weekly profit, in dollars, from
the production and sale of x amplifiers is given by

Find the number of amplifiers, x, for which the total
weekly profit is a maximum.

Maximizing profit. The total-cost and total-revenue functions
for producing x items are

where Use these functions for Exercises 103 
and 104.

103. a) Find the total-profit function .
b) Find the number of items, x, for which the total

profit is a maximum.

104. a) The average profitis given by Find
A(x).

b) Find the number of items, x, for which the average
profit is a maximum.

Life and Physical Sciences

105. Blood pressure. For a dosage of x cubic centimeters
(cc) of a certain drug, the resulting blood pressure B is
approximated by

Find the maximum blood pressure and the dosage at
which it occurs.

SYNTHESIS

106. Explain the usefulness of the second derivative in find-
ing the absolute extrema of a function.

B1x2 = 305x2 - 1830x3, 0 ƒ x ƒ 0.16.

A1x2 = P1x2>x.

P1x2

0 � x � 600.

C1x2 � 5000 � 600x and R1x2 � �
1
2

 x2 � 1000x,

P1x2 =
1500

x2 - 6x + 10
.

101. Worldwide oil production. One model of worldwide
oil production is the function given by

- 0.687t + 4.00, 0 ƒ t ƒ 90,
P1t2 = 0.000008533t4 - 0.001685t3 + 0.090t2



For Exercises 107…110, find the absolute maximum and mini-
mum values of each function, and sketch the graph.

107.

108.

109.

110.

111. Consider the piecewise-defined function f defined by:

a) Sketch its graph.
b) Identify the absolute maximum.
c) How would you describe the absolute minimum?

112. Physical science: dry lake elevation.Dry lakes are
common in the Western deserts of the United States.
These beds of ancient lakes are notable for having per-
fectly flat terrain. Rogers Dry Lake in California has
been used as a landing site for space shuttle missions in
recent years. The graph shows the elevation E, in feet,
as a function of the distance x, in miles, from a point
west of Rogers Dry Lake to a point east of the
dry lake. (Source: www.mytopo.com.)

1x = 02

f1x2 = c
x2 + 2,
2,
x - 2,

 
for - 2 ƒ x ƒ 0,
for 0 6 x 6 4,
for 4 ƒ x ƒ 6.

F1x2 = c
x2 + 4,
4 - x,
2 x - 2,

 
for - 2 ƒ x 6 0,
for 0 ƒ x 6 3,
for 3 ƒ x ƒ 67

h1x2 = c
1 - x2,
1 - x,
x - 1,

 
for - 4 ƒ x 6 0,
for 0 ƒ x 6 1,
for 1 ƒ x ƒ 2

g1x2 = b
x2,
5x,

 for - 2 ƒ x ƒ 0,
for 0 6 x ƒ 2

f1x2 = b
2x + 1
4 - x2,

 for - 3 ƒ x ƒ 1,
for 1 6 x ƒ 2
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Find the absolute maximum and minimum values of the func-
tion, if they exist, over the indicated interval.

113.

114.

115. Business: total cost.Certain costs in a business
environment can be separated into two components:
those that increase with volume and those that decrease
with volume. For example, customer service becomes
more expensive as its quality increases, but part of the
increased cost is offset by fewer customer complaints. 
A firm has determined that its cost of service, in
thousands of dollars, is modeled by 

where x represents the number of •quality units.Ž Find
the number of •quality unitsŽ that the firm should use
in order to minimize its total cost of service. 

116. Let

For what value of x is y a minimum?

117. Explain the usefulness of the first derivative in finding
the absolute extrema of a function.

y = 1x - a22 + 1x - b22.

C1x2 = 12x + 42 + a
2

x - 6
b, x 7 6,

C1x2,

h1x2 = x2 1 - x; 30, 14

g1x2 = x2 x + 3; 3- 3, 34
E

le
va

tio
n 

(in
 fe

et
)

Distance (in miles)

x

E

1

2275

2270

2265

2295

0

2280

2285

2290

2 3 4 5 6

a) What is the maximum elevation?
b) How would you describe the minimum elevation?

TECHNOLOGY CONNECTION

118. Business: worldwide oil production. Refer to
Exercise 101. In what year was worldwide oil pro-
duction increasing most rapidly and at what rate 
was it increasing?

119. Business: U.S. oil production. One model of oil
production in the United States is given by

where P(t) is the number of barrels of oil, in billions,
produced in a year, t years after 1910. (Source: Beyond
Oil, by Kenneth S. Deffeyes, p. 41, Hill and Wang, New
York, 2005.)

a) According to this model, what is the absolute maxi-
mum amount of oil produced in the United States
and in what year did that production occur?

b) According to this model, at what rate was United
States oil production declining in 2004 and in
2010?

Graph each function over the given interval. Visually estimate
where absolute maximum and minimum values occur. Then use
the TABLEfeature to refine your estimate.

120.

121.

122. �f1x2 = xa
x
2

- 5b
4

;

f1x2 =
3
4

1x2 - 122>3; C12, q B

f1x2 = x2>31x - 52;   31, 44

+ 0.002t + 0.22, 0 ƒ t ƒ 110,
P1t2 = 0.0000000219t4 - 0.0000167t3 + 0.00155t2
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An important use of calculus is the solving of maximum…minimum problems, that is,
finding the absolute maximum or minimum value of some varying quantity Q and the
point at which that maximum or minimum occurs.

EXAMPLE 1Maximizing Area. A hobby store has 20 ft of fencing to fence off a
rectangular area for an electric train in one corner of its display room. The two sides
up against the wall require no fence. What dimensions of the rectangle will maximize
the area? What is the maximum area?

Solution At first glance, we might think that it does not matter what dimensions we
use: They will all yield the same area. This is not the case. Let•s first make a drawing
and express the area in terms of one variable. If we let the length, in feet, of one
side and the length, in feet, of the other, then, since the sum of the lengths must
be 20 ft, we have

and

Thus, the area is given by

 = 20x - x2.

 = x120 - x2

 A = xy

y = 20 - x.x + y = 20

y =
x =
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2.5
OBJECTIVE

Maximum…Minimum Problems;
Business and Economics Applications

€ Solve maximum…minimum
problems using calculus. �

123. Life and physical sciences: contractions during preg-
nancy. The following table and graph give the pressure
of a pregnant woman•s contractions as a function of
time.

Use a calculator that has the REGRESSIONoption.

a) Fit a linear equation to the data. Predict the pressure
of the contractions after 7 min.

b) Fit a quartic polynomial to the data. Predict the
pressure of the contractions after 7 min. Find the
smallest contraction over the interval .30, 104Time, t

(in minutes)
Pressure 

(in millimeters of mercury)

0 10
1 8
2 9.5
3 15
4 12
5 14
6 14.5

Answers to Quick Checks
1. Absolute maximum is 20 at absolute minimum 
is 0 at 2. (a) Absolute maximum is 0 at 
absolute minimum is at (b) Absolute maximum
is 0 at absolute minimum is at 
3. The derivative is If n is odd, is even.
Thus, is always positive or zero, never negative.
4. No absolute maximum; absolute minimum is 12 at x = 3.

nxn- 1
n - 1f ¿1x2 = nxn- 1.

x = 5.- 25x = 10;
x = 5.- 25

x = 0;x = 1.
x = 3;
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Quick Check 1

Repeat Example 1 starting
with 50 ft of fencing, and
again starting with 100 ft of
fencing. Do you detect a
pattern? If you had n feet of
fencing, what would be the
dimensions of the maximum
area (in terms of n)?
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We are trying to find the 
maximum value of

over the interval . We
consider the interval 
because x is a length and
cannot be negative or 0.
Since there is only 20 ft of
fencing, x cannot be greater than 20. Also, x cannot be 20
because then the length of y would be 0.

a) We first find 

b) This derivative exists for all values of x in . Thus,
the only critical values are where

Since there is only one critical value, we can use the
second derivative to determine whether we have a maxi-
mum. Note that

which is a constant. Thus, is negative, so 
is a maximum. Now

 = 100.

 = 10 #10

 A1102 = 10120 - 102

A1102A…1102

A…1x2 = - 2,

 x = 10.

 - 2x = - 20

 A¿1x2 = 20 - 2x = 0

10, 202

A¿1x2: A¿1x2 = 20 - 2x.

10, 202
10, 202

A1x2 = 20x - x2

A Strategy for Solving Maximum…Minimum Problems
1. Read the problem carefully. If relevant, make a drawing.
2. Make a list of appropriate variables and constants, noting what varies, what

stays fixed, and what units are used. Label the measurements on your
drawing, if one exists.

3. Translate the problem to an equation involving a quantity Q to be maxi-
mized or minimized. Try to represent Q in terms of the variables of step 2.

4. Try to express Q as a function of one variable. Use the procedures devel-
oped in Sections 2.1…2.4 to determine the maximum or minimum values
and the points at which they occur.

80

100

60

40

20

5 10 15 20 x

A A(x) = 20x … x2

Length (in feet)

A
re

a 
(in

 s
qu

ar
e 

fe
et

)TECHNOLOGY CONNECTION

EXERCISES
1. Complete this table, using a calculator as needed.

2. Graph over the interval .

3. Estimate the maximum value, and state where it occurs.

30, 204A1x2 = x120 - x2

x y = 20 - x A = x120 - x2

0

4

6.5

8

10

12

13.2

20

Thus, the maximum area of is obtained using 10 ft for the length of one
side and or 10 ft for the other. Note that and

so length does affect area.

Quick Check1

Here is a general strategy for solving maximum…minimum problems. Although it
may not guarantee success, it should certainly improve your chances.

A1122 = 96;
A1162 = 64,A152 = 75,20 - 10,

100 ft2

O



264 C H A P T E R  2 € Applications of Differentiation

EXAMPLE 2 Maximizing Volume. From a thin piece of cardboard 8 in. by 8 in.,
square corners are cut out so that the sides can be folded up to make a box. What
dimensions will yield a box of maximum volume? What is the maximum volume?

Solution We might again think at first that it does not matter what the dimensions
are, but our experience with Example 1 suggests otherwise. We make a drawing in
which x is the length, in inches, of each square to be cut. It is important to note that
since the original square is 8 in. by 8 in., after the smaller squares are removed, the
lengths of the sides of the box will be in. by in.18 - 2x218 - 2x2

8 Š 2x

8 Š 2x

8 Š 2x
8 Š 2x

8 in.

8 in.

x

x

x

x

x

x

x x

x

TECHNOLOGY CONNECTION

EXERCISES
1. Complete this table to help visualize Example 2.

2. Graph over the interval .

3. Estimate a maximum value, and state where it occurs.

10, 42V1x2 = 4x3 - 32x2 + 64x

x 8 - 2x 4x3 - 32x2 + 64x

0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

After the four small squares are removed and the sides are
folded up, the volume V of the resulting box is

or

Since this means that Thus, we need
to maximize

over the interval 

To do so, we first find 

Since exists for all x in the interval , we can set it
equal to 0 to find the critical values:

The only critical value in is Thus, we can use the
second derivative,

to determine whether we have a maximum. Since

V…A4
3B = 24 #4

3 - 64 = 32 - 64 6 0,

V…1x2 = 24x - 64,

4
3.10, 42

 x = 4
3   or x = 4.

 3x = 4 or x = 4

 3x - 4 = 0 or x - 4 = 0

 413x - 421x - 42 = 0

 413x2 - 16x + 162 = 0

 V¿1x2 = 12x2 - 64x + 64 = 0

10, 42V¿1x2

V¿1x2 = 12x2 - 64x + 64.

V¿1x2:

10, 42.V1x2 = 4x3 - 32x2 + 64x

x 6 4.8 - 2x 7 0,

V1x2 = 164 - 32x + 4x22x = 4x3 - 32x2 + 64x.

V = l #w #h = 18 - 2x2#18 - 2x2#x,

we know that is a maximum.V A4
3B

�
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l = 2p r
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h

2.5 € Maximum…Minimum Problems; Business and Economics Applications 265

Thus, to maximize the box•s volume, small squares with edges measuring in., or
in., should be cut from each corner of the original 8 in. by 8 in. piece of cardboard.

When the sides are folded up, the resulting box will have sides of length

and a height of The maximum volume is

Quick Check 2

In manufacturing, minimizing the amount of material used is always preferred,
both from a cost standpoint and in terms of efficiency.

EXAMPLE 3 Minimizing Material: Surface Area. A manufacturer of food-storage
containers makes a cylindrical can with a volume of 500 milliliters 
What dimensions (height and radius) will minimize the material needed to produce each
can, that is, minimize the surface area?

Solution We let height of the can and radius, both meas-
ured in centimeters. The formula for volume of a cylinder is

Since we know the volume is this formula allows us to 
relate h and r, expressing one in terms of the other. It is easier to solve
for h in terms of r:

 h =
500

p r 2.

 p r 2h = 500

500 cm3,

V = p r 2h.

r =h =

1mL; 1 mL = 1 cm32.

Va
4
3

b = 4a
4
3

b
3

- 32a
4
3

b
2

+ 64 a
4
3

b =
1024
27

= 37 
25
27

 in3.

11
3 in.

8 - 2x = 8 - 2 #4
3

=
24
3

-
8
3

=
16
3

= 5 
1
3

 in.

11
3

4
3

h

r

O

Quick Check 2

Repeat Example 2 starting
with a sheet of cardboard
measuring 8.5 in. by 11 in.
(the size of a typical sheet of
paper). Will this box hold 
1 liter (L) of liquid? (Hint: 
1 and

)1 in3 = 16.38 cm3.
L = 1000 cm3

The can is composed of two circular ends, each with an area equal to and a side
wall that, when laid out flat, is a rectangle with a height h and a length the same as the
circumference of the circular ends, or Thus, the area of this rectangle is 2p rh.2p r.

p r 2,

�

O
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Quick Check 3

Repeat Example 3 for a
cylindrical can with a volume
of What do you
notice about the relationship
between the cylinder•s radius
and height? Repeat the
example again for any other
volume. Does the relationship
between radius and height still
hold? State this relationship.

1000 cm3.
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The total surface area A is the sum of the areas of the two circular ends and the side
wall:

Substituting for h.

Simplifying, we have area A as a function of radius r:

The nature of this problem situation requires that We differentiate:

Note that 

We set the derivative equal to 0 and solve for r to determine the critical values:

The critical value is the only critical
value in the interval The second
derivative is

Evaluating at the critical value, we
get a positive value:

The graph is concave up at the critical value, so the critical value indicates a minimum

point. Thus, the radius should be or approximately 4.3 cm. The height is 

approximately and the minimum total surface area is approxi-

mately Assuming that the material used for the side and the ends costs the
same, minimizing the surface area will also minimize the cost to produce each can.

Quick Check 3

348.73 cm2.

h =
500

p 14.322 L 8.6 cm,

A
3 250

p
,

A…14.32 = 4p +
2000

14.323 7 0.

A…1x2

A…1r2 = 4p +
2000

r 3 .

10, q 2.
r L 4.3

 r =
A
3 250

p
L 4.3 cm.

 r 3 =
1000
4p

=
250
p

 4p r 3 = 1000

 4p r =
1000

r 2

 4p r -
1000

r 2 = 0

d
dr

 a
1000

r
b =

d
dr

 11000r - 12 = - 1000r - 2 = -
1000

r 2 .A¿1r2 = 4p r -
1000

r 2

r 7 0.

A1r2 = 2p r 2 +
1000

r
.

 = 2p r 2 + 2p r a
500

p r 2 b.

 A = 21p r 22 + 12p rh2

A(r)

S
ur

fa
ce

 a
re

a
(in

 s
qu

ar
e 

ce
nt

im
et

er
s)

Radius (in centimeters)

r

y

86420

400

300

200

100

(4.3, 348.73)

O
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EXAMPLE 4 Business: Maximizing Revenue. A stereo manufacturer deter-
mines that in order to sell x units of a new stereo, the price per unit, in dollars, must be

The manufacturer also determines that the total cost of producing x units is given by

a) Find the total revenue .

b) Find the total profit .

c) How many units must the company produce and sell in order to maximize profit?

d) What is the maximum profit?

e) What price per unit must be charged in order to make this maximum profit?

Solution
a)

b)

c) To find the maximum value of , we first find 

This is defined for all real numbers, so the only critical values will come from solv-
ing 

There is only one critical value. We can therefore try to use the second derivative
to determine whether we have an absolute maximum. Note that

a constant.

Thus, is negative, and so profit is maximized when 490 units are
produced and sold.

d) The maximum profit is given by

Thus, the stereo manufacturer makes a maximum profit of $237,100 by producing
and selling 490 stereos.

e) The price per unit needed to make the maximum profit is

Quick Check 4

p = 1000 - 490 =  $510.

 = $237,100.

 P14902 = - 149022 + 980#490 - 3000

P…14902

P…1x2 = - 2,

 x = 490.

 - 2x = - 980

 P¿1x2 = - 2x + 980 = 0

P¿1x2 = 0:

P¿1x2 = - 2x + 980.

P¿1x2:P1x2

 = - x2 + 980x - 3000

 = 11000x - x22 - 13000 + 20x2

 = R1x2 - C1x2

 P1x2 = Total revenue- Total cost

 = x11000 - x2 = 1000x - x2

p#x =

 = 1Number of units2#1Price per unit2

 R1x2 = Total revenue

P1x2

R1x2

C1x2 = 3000 + 20x.

p1x2 = 1000 - x.

O

Quick Check 4

Repeat Example 4 with the
price function

and the cost function 

Round your answers when
necessary.

C1x2 = 2250 + 15x.

2xp1x2 = 1750 -

�

O
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Let•s take a general look at the total-profit function and its related functions.
Figure 1 shows an example of total-cost and total-revenue functions. We

can estimate what the maximum profit might be by looking for the widest gap
between and , when Points and are break-even
points.

Figure 2 shows the related total-profit function. Note that when production
is too low there is a loss, perhaps due to high fixed or initial costs and
low revenue. When production is too high there is also a loss, perhaps
due to the increased cost of overtime pay or expansion.

The business operates at a profit everywhere between and Note that
maximum profit occurs at a critical value of P(x). If we assume that 
exists for all x in some interval, usually this critical value occurs at some
number x such that

and

Since it follows that

and

Thus, the maximum profit occurs at some number x such that

and

or

and

In summary, we have the following theorem.

R…1x2 6 C…1x2.R¿1x2 = C¿1x2

P…1x2 = R…1x2 - C…1x2 6 0,P¿1x2 = R¿1x2 - C¿1x2 = 0

P…1x2 = R…1x2 - C…1x2.P¿1x2 = R¿1x2 - C¿1x2

P1x2 = R1x2 - C1x2,

P…1x2 6 0.P¿1x2 = 0

[0, q 2,
P¿1x2x1

x2.x0

17  x22,
16  x02,

B2B0R1x2 7 C1x2.C1x2R1x2

xx1 x2x0

y Maximum
profit

P(x) = R(x) Š C(x)M

FIGURE 2

xx2x1x0

B0 B1

A
B2

y
Maximum

profit

Loss

Loss
C(x)

R(x)

FIGURE 1

THEOREM 10
Maximum profit occurs at those x-values for which

and *R…1x2 6 C…1x2.R¿1x2 = C¿1x2

*In Section 2.6, the concepts of marginal revenueand marginal costare introduced, allowing 
to be regarded as Marginal revenue Marginal cost.=

R¿1x2 = C¿1x2

You can check that the results in parts (c) and (d) of Example 4 can be easily found
using Theorem 10.

EXAMPLE 5 Business: Determining a Ticket Price. Promoters of international
fund-raising concerts must walk a fine line between profit and loss, especially when
determining the price to charge for admission to closed-circuit TV showings in local
theaters. By keeping records, a theater determines that at an admission price of $26, it
averages 1000 people in attendance. For every drop in price of $1, it gains 50 cus-
tomers. Each customer spends an average of $4 on concessions. What admission price
should the theater charge in order to maximize total revenue?

Solution Let x be the number of dollars by which the price of $26 should be
decreased. (If x is negative, the price is increased.) We first express the total revenue 
Ras a function of x. Note that the increase in ticket sales is 50x when the price drops
x dollars:

or R1x2 = - 50x2 + 500x + 30,000.

 = 26,000 - 1000x + 1300x - 50x2 + 4000 + 200x,

 = 11000 + 50x2126 - x2 + 11000 + 50x2#4
 = 1Number of people2#1Ticket price2 + 1Number of people2#4

 R1x2 = 1Revenue from tickets2 + 1Revenue from concessions2

�
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To find x such that is a maximum, we first find 

This derivative exists for all real numbers x. Thus, the only critical values are where
so we solve that equation:

This corresponds to lowering the price by $5.

Since this is the only critical value, we can use the second derivative,

to determine whether we have a maximum. Since is negative, is a maximum.
Therefore, in order to maximize revenue, the theater should charge

or $21 per ticket.

Quick Check 5

Minimizing Inventory Costs
A retail business outlet needs to be concerned about inventory costs. Suppose,
for example, that an appliance store sells 2500 television sets per year. It could
operate by ordering all the sets at once. But then the owners would face the
carrying costs (insurance, building space, and so on) of storing them all. Thus,
they might make several, say 5, smaller orders, so that the largest number they
would ever have to store is 500. However, each time they reorder, there are
costs for paperwork, delivery charges, labor, and so on. It seems, therefore,
that there must be some balance between carrying costs and reorder costs.
Let•s see how calculus can help determine what that balance might be. We are
trying to minimize the following function:

The lot size xis the largest number ordered each reordering period. If x units are
ordered each period, then during that time somewhere between 0 and x units are
in stock. To have a representative expression for the amount in stock at any one time in
the period, we can use the average, This represents the average amount held in
stock over the course of each time period.

Refer to the graphs shown below and on the next page. If the lot size is 2500, then
during the period between orders, there are somewhere between 0 and 2500 units
in stock. On average, there are or 1250 units in stock. If the lot size is 1250,
then during the period between orders, there are somewhere between 0 and 1250 units
in stock. On average, there are or 625 units in stock. In general, if the lot size
is x, the average inventory is x>2.

1250>2,

2500>2,

x>2.

Total inventory costs= 1Yearly carrying costs2 + 1Yearly reorder costs2.

$26 - $5,

R152R…152

R…1x2 = - 100,

x = 5

- 100x = - 500

- 100x + 500 = 0

R¿1x2 = 0;

R¿1x2 = - 100x + 500.

R¿1x2:R1x2

O

Quick Check 5

A baseball team charges $30
per ticket and averages 20,000
people in attendance per game.
Each person spends an average
of $8 on concessions. For
every drop of $1 in the ticket
price, the attendance rises by
800 people. What ticket price
should the team charge to
maximize total revenue?

2500

Time (in months)

Lot size 
(inventory)

� 
� 
� 
� 
� 
� 
� 
� 
� 
� 
�

120

Average lot size
(average inventory)
1250

O



270 C H A P T E R  2 € Applications of Differentiation

EXAMPLE 6 Business: Minimizing Inventory Costs. A retail appliance store
sells 2500 television sets per year. It costs $10 to store one set for a year. To reorder,
there is a fixed cost of $20, plus a fee of $9 per set. How many times per year should
the store reorder, and in what lot size, to minimize inventory costs?

Solution Let the lot size. Inventory costs are given by

We consider each component of inventory costs separately.

a) Yearly carrying costs.The average amount held in stock is and it costs $10 per
set for storage. Thus,

b) Yearly reorder costs.We know that x is the lot size, and we let N be the number of
reorders each year. Then and Thus,

c) Thus, we have

d) To find a minimum value of C over 1, 2500 , we first find 

C¿1x2 = 5 -
50,000

x2 .

C¿1x2:43

= 5x +
50,000

x
+ 22,500 = 5x + 50,000x- 1 + 22,500.

C1x2 = 10 #x
2

+ 120 + 9x2
2500

x

= 120 + 9x2
2500

x
.

Yearly reorder costs= a
Cost of each

order
b #a

Number of
reorders

b

N = 2500>x.Nx = 2500,

= 10 #x
2

.

Yearly carrying costs= a
Yearly cost
per item

b #a
Average number

of items
b

x>2,

C1x2 = 1Yearly carrying costs2 + 1Yearly reorder costs2.

x =

1250

Time (in months)

Average lot size
(average inventory)
625Lot size 

(inventory)

� 
� 
� 
� 
� 
� 
�

120 6

625

12
Time (in months)

0

Average lot size
(average inventory)
312.5� 313

Lot size 
(inventory)

� 
� 
�

63 9

x

Time (in months)0

Average lot size
(average
      inventory)

Lot size 
(inventory)

� 
� 
� 
� 
� 
� 
�

x……
2

�
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e) exists for all x in 1, 2500 , so the only critical values are those x-values
such that We solve 

Since there is only one critical value in 1, 2500 , that is, we can use the
second derivative to see whether it yields a maximum or a minimum:

is positive for all x in 1, 2500 , so we have a minimum at Thus, to
minimize inventory costs, the store should order or 25, times per year.
The lot size is 100 sets.

2500>100,
x = 100.43C…1x2

C…1x2 =
100,000

x3 .

x = 100,43

 x = ; 100.

 x2 = 10,000

 5x2 = 50,000

 5 =
50,000

x2

 5 -
50,000

x2 = 0

C¿1x2 = 0:C¿1x2 = 0.
43C¿1x2

y

x100

C(x) = 5x +              + 22,50050,000 ……„„…x

Lot 
Size,

x

Number 
of 

Reorders,
2500

x

Average 
Inventory,

x
2

Carrying 
Costs,

10 #x
2

Cost of 
Each Order,

20 + 9x

Reorder 
Costs,

120 + 9x2
2500

x

Total Inventory Costs,

C1x2 = 10 #x
2

+ 120 + 9x2
2500

x

2500 1 1250 $12,500 $22,520 $22,520 $35,020

1250 2 625 6,250 11,270 22,540

500 5 250 2,500 4,520

250 10 125

167 15 84

125 20

100 25

90 28

50 50

TECHNOLOGY CONNECTION

Exploratory

Many calculators can make tables and/or spreadsheets of func-
tion values. In reference to Example 6, without using calculus,
one might make an estimate of the lot size that will minimize
total inventory costs by using a table like the one below. Com-
plete the table, and estimate the solution of Example 6.

EXERCISES
1. Graph over the interval 1, 2500 .

2. Graphically estimate the minimum value, and note
where it occurs. Does the table confirm the graph?

43C1x2
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What happens in problems like Example 6 if the answer is not a whole number?
For those cases, we consider the two whole numbers closest to the answer and substi-
tute them into C(x). The value that yields the smaller C(x) is the lot size.

EXAMPLE 7 Business: Minimizing Inventory Costs. Reconsider Example 6,
but change the $10 storage cost to $20. How many times per year should the store re-
order television sets, and in what lot size, in order to minimize inventory costs?

Solution Comparing this situation with that in Example 6, we find that the inven-
tory cost function becomes

Then we find set it equal to 0, and solve for x:

It is impossible to reorder 70.7 sets each time, so we consider the two numbers clos-
est to 70.7, which are 70 and 71. Since

and

it follows that the lot size that will minimize cost is 71, although the difference, $0.06,
is not much. (Note: Such a procedure will not work for all functions but will work for
the type we are considering here.) The number of times an order should be placed is

with a remainder of 15, indicating that 35 orders should be placed. Of those,
will be for 71 items and 15 will be for 72 items.

Quick Check 6

The lot size that minimizes total inventory costs is often referred to as the economic
ordering quantity.Three assumptions are made in using the preceding method to deter-
mine the economic ordering quantity. First, the demand for the product is the same year
round. For television sets, this may be reasonable, but for seasonal items such as clothing
or skis, this assumption is unrealistic. Second, the time between the placing of an order
and its receipt remains consistent throughout the year. Finally, the various costs involved,
such as storage, shipping charges, and so on, do not vary. This assumption may not be
reasonable in a time of inflation, although variation in these costs can be allowed for by
anticipating what they might be and using average costs. Regardless, the model described
above is useful, allowing us to analyze a seemingly difficult problem using calculus.

35 - 15 = 20
2500>71

C1712 L $23,914.23,C1702 L $23,914.29

 L 70.7.

 x = 2 5000

 x2 = 5000

 10x2 = 50,000

 10 =
50,000

x2

 C¿1x2 = 10 -
50,000

x2 = 0

C¿1x2,

 = 10x +
50,000

x
+ 22,500 = 10x + 50,000x- 1 + 22,500.

 C1x2 = 20 #x
2

+ 120 + 9x2
2500

x

O

Quick Check 6

Repeat Example 7 with a
storage cost of $30 per set
and assuming that the store
sells 3000 sets per year.

Section Summary
€ In many real-life applications, we wish to determine the

minimum or maximum value of some function modeling
a situation.

€ Identify a realistic interval for the domain of the input
variable. If it is a closed interval, its endpoints should be
considered as possible critical values.

�

O
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EXERCISE SET

2.5 

1. Of all numbers whose sum is 50, find the two that have
the maximum product. That is, maximize where

2. Of all numbers whose sum is 70, find the two that have
the maximum product. That is, maximize where

3. In Exercise 1, can there be a minimum product? Why or
why not?

4. In Exercise 2, can there be a minimum product? Why or
why not?

5. Of all numbers whose difference is 4, find the two that
have the minimum product.

6. Of all numbers whose difference is 6, find the two that
have the minimum product.

7. Maximize where x and y are positive numbers
such that 

8. Maximize where x and y are positive numbers
such that 

9. Minimize where 

10. Minimize where 

11. Maximize where x and y are positive numbers
such that 

12. Maximize where x and y are positive numbers
such that 

13. Maximizing area. A lifeguard needs to rope off a rec-
tangular swimming area in front of Long Lake Beach,
using 180 yd of rope and floats. What dimensions of
the rectangle will maximize the area? What is the
maximum area? (Note that the shoreline is one side 
of the rectangle.)

x + 4
3y2 = 1.

Q = xy,

4
3x2 + y = 16.
Q = xy,

x + y = 3.Q = x2 + 2y2,

x + y = 5.Q = 2x2 + 3y2,

x + y2 = 4.
Q = xy2,

x + y2 = 1.
Q = xy2,

x + y = 70.
Q = xy,

x + y = 50.
Q = xy,

14. Maximizing area. A rancher wants to enclose two
rectangular areas near a river, one for sheep and one for
cattle. There are 240 yd of fencing available. What is the
largest total area that can be enclosed?

x

x

x

x

x

15. Maximizing area. A carpenter is building a rectangular
shed with a fixed perimeter of 54 ft. What are the dimen-
sions of the largest shed that can be built? What is its area?

16. Maximizing area. Of all rectangles that have a perimeter
of 42 ft, find the dimensions of the one with the largest
area. What is its area?

17. Maximizing volume. From a 50-cm-by-50-cm sheet of
aluminum, square corners are cut out so that the sides
can be folded up to make a box. What dimensions will
yield a box of maximum volume? What is the maximum
volume?

18. Maximizing volume. From a thin piece of cardboard
20 in. by 20 in., square corners are cut out so that the
sides can be folded up to make a box. What dimensions
will yield a box of maximum volume? What is the maxi-
mum volume?

19. Minimizing surface area. Drum Tight Containers is
designing an open-top, square-based, rectangular box
that will have a volume of What dimensions 
will minimize surface area? What is the minimum 
surface area?

20. Minimizing surface area. A soup company is construct-
ing an open-top, square-based, rectangular metal tank
that will have a volume of What dimensions will
minimize surface area? What is the minimum surface
area?

32 ft3.

62.5 in3.



debris. Find the dimensions of the dumpster that will
minimize its surface area.
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It also determines that the total cost of producing 
x refrigerators is given by

a) Find the total revenue, .
b) Find the total profit, .
c) How many refrigerators must the company produce

and sell in order to maximize profit?
d) What is the maximum profit?
e) What price per refrigerator must be charged in order

to maximize profit?

31. Maximizing revenue. A university is trying to determine
what price to charge for tickets to football games. At a
price of $18 per ticket, attendance averages 40,000 peo-
ple per game. Every decrease of $3 adds 10,000 people to
the average number. Every person at the game spends an
average of $4.50 on concessions. What price per ticket
should be charged in order to maximize revenue? How
many people will attend at that price?

32. Maximizing profit. Gritz-Charlston is a 300-unit luxury
hotel. All rooms are occupied when the hotel charges 
$80 per day for a room. For every increase of x dollars in
the daily room rate, there are x rooms vacant. Each occupied
room costs $22 per day to service and maintain. What
should the hotel charge per day in order to maximize profit?

33. Maximizing yield. An apple farm yields an average of 
30 bushels of apples per tree when 20 trees are planted
on an acre of ground. Each time 1 more tree is planted
per acre, the yield decreases by 1 bushel (bu) per tree as
a result of crowding. How many trees should be planted
on an acre in order to get the highest yield?

34. Nitrogen prices. During 2001, nitrogen prices fell by
41%. Over the same period of time, nitrogen demand
went up by 12%. (Source: Chemical Week.)

a) Assuming a linear change in demand, find the
demand function, q x , by finding the equation of the
line that passes through the points 1, 1 and 0.59,
1.12 . Here x is the price as a fraction of the January
2001 price, and q x is the demand as a fraction of
the demand in January.

b) As a percentage of the January 2001 price, what
should the price of nitrogen be to maximize revenue?

35. Vanity license plates. According to a pricing model, in-
creasing the fee for vanity license plates by $1 decreases
the percentage of a state•s population that will request
them by 0.04%. (Source: E. D. Craft, •The demand for
vanity (plates): Elasticities, net revenue maximization,
and deadweight loss,Ž Contemporary Economic Policy,
Vol. 20, 133…144 (2002).)

a) Recently, the fee for vanity license plates in Maryland
was $25, and the percentage of the state•s population
that had vanity plates was 2.13%. Use this infor-
mation to construct the demand function, q x , for
the percentage of Maryland•s population that will
request vanity license plates for a fee of x dollars.

b) Find the fee, x, that will maximize revenue from
vanity plates.

21

21
2

121
21

P1x2
R1x2

C1x2 = 5000 + 0.6x2.

x?

?

22. Minimizing surface area. Ever Green Gardening is
designing a rectangular compost container that will 
be twice as tall as it is wide and must hold of com-
posted food scraps. Find the dimensions of the compost
container with minimal surface area (include the bottom
and top).

APPLICATIONS

Business and Economics

Maximizing profit. Find the maximum profit and the number
of units that must be produced and sold in order to yield the
maximum profit. Assume that revenue, R(x), and cost, C(x),
are in dollars for Exercises 23…26.

23.

24.

25.

26.

27. assume
that and are in thousands of dollars, and x is
in thousands of units.

28.

assume that and are in thousands of dollars,
and x is in thousands of units.

29. Maximizing profit. Raggs, Ltd., a clothing firm,
determines that in order to sell x suits, the price per suit
must be

It also determines that the total cost of producing x suits
is given by

a) Find the total revenue, .
b) Find the total profit, .
c) How many suits must the company produce and sell

in order to maximize profit?
d) What is the maximum profit?
e) What price per suit must be charged in order to maxi-

mize profit?

30. Maximizing profit. Riverside Appliances is marketing 
a new refrigerator. It determines that in order to sell 

P1x2
R1x2

C1x2 = 4000 + 0.25x2.

p = 150 - 0.5x.

C1x2R1x2
C1x2 = 1

3x3 - 6x2 + 89x + 100;

R1x2 = 100x - x2,

C1x2R1x2
R1x2 = 9x - 2x2, C1x2 = x3 - 3x2 + 4x + 1;

R1x2 = 5x, C1x2 = 0.001x2 + 1.2x + 60

R1x2 = 2x, C1x2 = 0.01x2 + 0.6x + 30

R1x2 = 50x - 0.5x2, C1x2 = 10x + 3

R1x2 = 50x - 0.5x2, C1x2 = 4x + 10

18 ft3

21. Minimizing surface area. Open Air Waste Management
is designing a rectangular construction dumpster that
will be twice as long as it is wide and must hold of12 yd3

x refrigerators, the price per refrigerator must be

p = 280 - 0.4x.
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44. Minimizing inventory costs. Repeat Exercise 42 using
the same data, but change the reorder costs from an
additional $5 per surfboard to $6 per surfboard.

45. Minimizing surface area. A closed-top cylindrical con-
tainer is to have a volume of What dimensions
(radius and height) will minimize the surface area?

46. Minimizing surface area. An open-top cylindrical con-
tainer is to have a volume of What dimensions
(radius and height) will minimize the surface area?

47. Minimizing cost. Assume that the costs of the materials
for making the cylindrical container described in Exer-
cise 45 are for the circular base and top and

for the wall. What dimensions will minimize
the cost of materials?

48. Minimizing cost. Assume that the costs of the materials
for making the cylindrical container described in Exer-
cise 46 are for the base and for
the wall. What dimensions will minimize the cost of
materials?

General Interest

49. Maximizing volume. The postal service places a limit of
84 in. on the combined length and girth of (distance
around) a package to be sent parcel post. What dimensions
of a rectangular box with square cross-section will contain
the largest volume that can be mailed? (Hint: There are two
different girths.)

$0.008>cm2$0.0015>cm2

$0.003>in2
$0.005>in2

400 cm2.

250 in2.

36. Maximizing revenue. When a theater owner charges $5
for admission, there is an average attendance of 180 peo-
ple. For every $0.10 increase in admission, there is a loss
of 1 customer from the average number. What admission
should be charged in order to maximize revenue?

37. Minimizing costs. A rectangular box with a volume of
is to be constructed with a square base and top.

The cost per square foot for the bottom is for the
top is and for the sides is What dimensions
will minimize the cost?

2.5¢.10¢,
15¢,

320 ft3

x

y

x
x

x

38. Maximizing area. A publisher decides that each page in
a new book must have an area of a 0.75-in.
margin at the top and at the bottom of each page, and a
0.5-in. margin on each of the sides. What should the
outside dimensions of each page be so that the printed
area is a maximum?

39. Minimizing inventory costs. A sporting goods store sells
100 pool tables per year. It costs $20 to store one pool
table for a year. To reorder, there is a fixed cost of $40 per
shipment plus $16 for each pool table. How many times
per year should the store order pool tables, and in what
lot size, in order to minimize inventory costs?

40. Minimizing inventory costs. A pro shop in a bowling
center sells 200 bowling balls per year. It costs $4 to store
one bowling ball for a year. To reorder, there is a fixed
cost of $1, plus $0.50 for each bowling ball. How many
times per year should the shop order bowling balls, and
in what lot size, in order to minimize inventory costs?

41. Minimizing inventory costs. A retail outlet for Boxowitz
Calculators sells 720 calculators per year. It costs $2 to
store one calculator for a year. To reorder, there is a fixed
cost of $5, plus $2.50 for each calculator. How many
times per year should the store order calculators, and in
what lot size, in order to minimize inventory costs?

42. Minimizing inventory costs. Bon Temps Surf and Scuba
Shop sells 360 surfboards per year. It costs $8 to store one
surfboard for a year. Each reorder costs $10, plus an addi-
tional $5 for each surfboard ordered. How many times per
year should the store order surfboards, and in what lot
size, in order to minimize inventory costs?

43. Minimizing inventory costs. Repeat Exercise 41 using
the same data, but assume yearly sales of 256 calculators
with the fixed cost of each reorder set at $4.

73.125 in2,

x

x

y

50. Minimizing cost. A rectangular play area is to be
fenced off in a person•s yard and is to contain 
The next-door neighbor agrees to pay half the cost of
the fence on the side of the play area that lies along
the property line. What dimensions will minimize the
cost of the fence?

48 yd2.

y

Half the cost

x x

51. Maximizing light. A Norman window is a rectangle with
a semicircle on top. Suppose that the perimeter of a par-
ticular Norman window is to be 24 ft. What should its



dimensions be in order to allow the maximum amount of
light to enter through the window?
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should the line come to the shore in order to minimize
cost? Note that Scould very well be B or A. (Hint: The
length of CSis )2 1 + x2.

x

y

52. Maximizing light. Repeat Exercise 51, but assume that
the semicircle is to be stained glass, which transmits only
half as much light as clear glass does.

SYNTHESIS

53. For what positive number is the sum of its reciprocal and
five times its square a minimum?

54. For what positive number is the sum of its reciprocal and
four times its square a minimum?

55. Business: maximizing profit. The amount of money
that customers deposit in a bank in savings accounts is
directly proportional to the interest rate that the bank
pays on that money. Suppose that a bank was able to
turn around and loan out all the money deposited in its
savings accounts at an interest rate of 18%. What inter-
est rate should it pay on its savings accounts in order to
maximize profit?

56. A 24-in. piece of wire is cut in two pieces. One piece is
used to form a circle and the other to form a square. How
should the wire be cut so that the sum of the areas is a
minimum? A maximum?

24

24 … xx

57. Business: minimizing costs.A power line is to be con-
structed from a power station at point A to an island
at point C, which is 1 mi directly out in the water from
a point B on the shore. Point B is 4 mi downshore from
the power station at A. It costs $5000 per mile to lay the
power line under water and $3000 per mile to lay the
line under ground. At what point Sdownshore from A

Island

C

B S A

4

4 … xx

1

Island

C

B S A

8

8 … xx

3

Home 
loft

58. Life science: flights of homing pigeons.It is known that
homing pigeons tend to avoid flying over water in the
daytime, perhaps because the downdrafts of air over
water make flying difficult. Suppose that a homing
pigeon is released on an island at point C, which is 3 mi
directly out in the water from a point B on shore. Point B
is 8 mi downshore from the pigeon•s home loft at point A.
Assume that a pigeon flying over water uses energy at a
rate 1.28 times the rate over land. Toward what point S
downshore from A should the pigeon fly in order to
minimize the total energy required to get to the home 
loft at A? Assume that

+ 1Energy rate over land2#1Distance over land2.
1Energy rate over water2#1Distance over water2
Total energy=

59. Business: minimizing distance.A road is to be built be-
tween two cities and which are on opposite sides
of a river of uniform width r. is a units from the river,
and is b units from the river, with A bridge will
carry the traffic across the river. Where should the bridge
be located in order to minimize the total distance 

a ƒ b.C2

C1

C2,C1
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In this section, we consider ways of using calculus to make linear approximations. Sup-
pose, for example, that a company is considering an increase in production. Usually
the company wants at least an approximation of what the resulting changes in cost,
revenue, and profit will be.

Marginal Cost, Revenue, and Profit
Suppose that a band is producing its own CD and considering an increase in monthly
production from 12 cartons to 13. To estimate the resulting increase in cost, it would
be reasonable to find the rate at which cost is increasing when 12 cartons are produced
and add that to the cost of producing 12 cartons. That is,

C1132 L C1122 + C¿1122.

2.6
OBJECTIVES

Marginals and Differentials

€ Find marginal cost, revenue,
and profit.

€ Find y and dy.

€ Use differentials for
approximations.

¢

between the cities? Give a general solution using the
constants a, b, p, and r as shown in the figure.

62. Minimize where x and y are positive
numbers, such that 

63. Minimize where 

64. Business: minimizing inventory costs„a general solu-
tion. A store sells Q units of a product per year. It costs 
a dollars to store one unit for a year. To reorder, there is a
fixed cost of b dollars, plus c dollars for each unit. How
many times per year should the store reorder, and in
what lot size, in order to minimize inventory costs?

65. Business: minimizing inventory costs.Use the general
solution found in Exercise 64 to find how many times
per year a store should reorder, and in what lot size,
when and c = $9.b = $20,a = $10,Q = 2500,

x2 + y2 = 2.Q = 3x + y3,

x + y = 1.
Q = x3 + 2y3,

Answers to Quick Checks
1. With 50 ft of fencing, the dimensions are 25 ft by 25 ft

with 100 ft of fencing, they are 50 ft by 50 ft
in general, n feet of fencing gives by

2. The dimensions are approximately 1.585 in. by 5.33 in. by
7.83 in.; the volume is or slightly more
than 1 L.
3. the
relationship is (height equals diameter).
4. (a)
(b) (c)
(d)
(e)
5. $23.50 6. the store should place 8 orders for 63
sets and 39 orders for 64 sets.

x L 63;
Price per unit = $882.00
Maximum profit = $374,028

x = 434 unitsP1x2 = - 2x2 + 1735x - 2250
R1x2 = 1750x - 2x2

h = 2r
surface area L 553.58 cm2;r L 5.42 cm, h L 10.84 cm,

1083.5 cm3,66.15 in3,

1n2>4 ft2 area2.n>2 ft
n>2 ft12500 ft2 area2;

1625 ft2 area2;

p

b

p … x

a

x
rBridge River

C1

C2

� 
� 
� 
� 
�

60. Business: minimizing cost. The total cost, in dollars, of
producing x units of a certain product is given by

a) Find the average cost, 
b) Find and 
c) Find the minimum of A(x) and the value at which

it occurs. Find 
d) Compare and 

61. Business: minimizing cost. Consider

a) Find in terms of and .
b) Show that if A(x) has a minimum, then it will occur

at that value of for which

This result shows that if average cost can be minimized,
such a minimum will occur when marginal cost equals
average cost.

 =
C1x02

x0
.

 C¿1x02 = A1x02

x0

C1x2C¿1x2A¿1x2

A1x2 = C1x2>x.

C¿1x02.A1x02
C¿1x02.

x0

A¿1x2.C¿1x2
A1x2 = C1x2>x.

C1x2 = 8x + 20 +
x3

100
.



The number is called the marginal cost at 12. Remember that
is the slope of the tangent line at the point If, for

example, this slope is we can regard it as a vertical change of 3 with a
horizontal change of 4, or a vertical change of with a horizontal change
of 1. It is this latter interpretation that we use for estimating. Graphically,
this interpretation can be viewed as shown at the left. Note in the figure
that is slightly more than the difference between and ,
or For other curves, may be slightly less than

Almost always, however, it is simpler to compute 
than it is to compute 

Generalizing, we have the following.
C1132 - C1122.

C¿1122C1132 - C1122.
C¿1122C1132 - C1122.

C1122C1132C¿1122

3
4

3
4,

112, C11222.C¿1122
C¿1122
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x
Number of cartons produced

C
os

t o
f p

ro
du

ct
io

n

C(x)

12 13

1
C(12)

C(13)

C(12) + C�(12)

C�(12)

DEFINITIONS
Let C(x), R(x), and P(x) represent, respectively, the total cost, revenue, and profit
from the production and sale of x items.

The marginal cost* at x, given by is the approximate cost of the
item:

The marginal revenueat x, given by is the approximate revenue from the
item:

The marginal profit at x, given by is the approximate profit from the
item:

P¿1x2 L P1x + 12 - P1x2, or P1x + 12 L P1x2 + P¿1x2.

1x + 12st
P¿1x2,

R¿1x2 L R1x + 12 - R1x2, or R1x + 12 L R1x2 + R¿1x2.

1x + 12st
R¿1x2,

C¿1x2 L C1x + 12 - C1x2, or C1x + 12 L C1x2 + C¿1x2.

1x + 12st
C¿1x2,

*The term •marginalŽ comes from the Marginalist School of Economic Thought, which originated in Austria
for the purpose of applying mathematics and statistics to the study of economics.

You can confirm that 

EXAMPLE 1Business: Marginal Cost, Revenue, and Profit.Given

find each of the following.

a) Total profit, 

b) Total cost, revenue, and profit from the production and sale of 50 units of the
product

c) The marginal cost, revenue, and profit when 50 units are produced and sold

Solution
a)

 = x3 - 74x2 + 40x - 27,490

 = x3 - 12x2 + 40x + 10 - 162x2 + 27,5002

 Total profit = P1x2 = R1x2 - C1x2

P1x2

R1x2 = x3 - 12x2 + 40x + 10,

C1x2 = 62x2 + 27,500 and

P¿1x2 = R¿1x2 - C¿1x2.

�
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b) (the total cost of producing the first 
50 units);

(the total revenue from the
sale of the first 50 units);

We could also use from part (a).

There is a lossof $85,490 when 50 units are
produced and sold.

c) so Once 50 units have been made, the
approximate cost of the 51st unit (marginal cost) is $6200.

so 

Once 50 units have been sold, the approximate revenue from the 51st unit
(marginal revenue) is $6340.

so 

Once 50 units have been produced and sold, the approximate profit from the sale
of the 51st item (marginal profit) is $140.

Often, in business, formulas for are not known, but informa-
tion may exist about the cost, revenue, and profit trends at a particular value For
example, and may be known, allowing a reasonable prediction to be made
about In a similar manner, predictions can be made for and

In Example 1, formulas doexist, so it is possible to see how accurate our pre-
dictions were. We check and leave the checks of and

for you (see the Technology Connection below, at left):

whereas

In this case, provides an approximation of that is within 1% of
the actual value.

Note that marginal cost is different from averagecost:

 =
182,500

50
= $3650,

 Average cost per unit  for 50 units =
C1502

50

C1512 - C1502C¿1502

C¿1502 = 6200.

 = 6262,

 C1512 - C1502 = 62 #512 + 27,500 - 162 #502 + 27,5002

P1512 - P1502
R1512 - R1502C1512 - C1502

P1a + 12.
R1a + 12C1a + 12.

C¿1a2C1a2
x = a.

C1x2, R1x2, and P1x2

P¿1502 = 3 #502 - 148#50 + 40 = $140.P¿1x2 = 3x2 - 148x + 40,

R¿1502 = 3 #502 - 24 #50 + 40 = $6340.R¿1x2 = 3x2 - 24x + 40,

C¿1502 = 124#50 = $6200.C¿1x2 = 124x,

 = - $85,490

P1x2 = $97,010 - $182,500

 P1502 = R1502 - C1502

R1502 = 503 - 12 #502 + 40 #50 + 10 = $97,010

C1502 = 62 #502 + 27,500 = $182,500TECHNOLOGY CONNECTION

Business: Marginal
Revenue, Cost, and Profit

EXERCISE
1. Using the viewing window 

0, 100, 0, 2000 , graph these
total-revenue and total-cost
functions:

and

Then find and graph it
using the same viewing win-
dow. Find and

and graph them using 
0, 60, 0, 60 . Then find

and 
Which marginal function 
is constant?

P¿1402.R¿1402, C¿1402,
R1402, C1402, P1402,

43
P¿1x2,

R¿1x2, C¿1x2,

P1x2

C1x2 = 10x + 3.

R1x2 = 50x - 0.5x2

43

Total cost of 50 units

The number of units, 50

whereas

Differentials and Delta Notation
Just as the marginal cost can be used to estimate the value of the
derivative of any continuous function, can be used to estimate values of for
x-values near Before we do so, however, we need to develop some notation.

Recall the difference quotient

f1x + h2 - f1x2

h
,

x0.
f1x2f ¿1x02,

C1x0 + 12,C¿1x02

 L cost of the 51st unit .

 Marginal cost when 50 units are produced = $6200

TECHNOLOGY CONNECTION

To check the accuracy of as
an estimate of let

and
By using

TABLEwith Indpnt: Ask, we can
display a table in which (the
difference between and

can be compared with
y1¿1x2.
y11x22

y11x + 12
y2

y3 = nDeriv 1y1, x, x2.
y2 = y11x + 12 - y11x2,
y1 = x3 - 12x2 + 40x + 10,

R1512 - R1502,
R¿1502

X

 X =

Y2 Y3
3989
5933
6479

3880
5800
6340

40
48
50

EXERCISE
1. Create a table to check the

effectiveness of using to
approximate P1512 - P1502.

P¿1502



O

Quick Check 1

For , and
find ¢ y.¢ x = - 0.05,

x = 2y = 2x4 + x,
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illustrated in the graph at the right. The
difference quotient is used to define the
derivative of a function at x. The number h
is considered to be a changein x. Another
notation for such a change is read
•delta xŽ and called delta notation. The
expression is not the product of and
x; it is a new type of variable that repre-
sents the changein the value of x from a
first value to a second. Thus,

If subscripts are used for the first and second values of x, we have

or

Note that the value of can be positive or negative. For example,

if and then 

and if and then 

We generally omit the subscripts and use x and Now suppose that we
have a function given by A change in x from x to yields a change in 
y from f(x) to The change in y is given by

EXAMPLE 2 For and find 

Solution We have

EXAMPLE 3For and find 

Solution We have

Quick Check 1

Let•s now use calculus to predict function values. If delta notation is used, the dif-
ference quotient

becomes.

We can then express the derivative as

dy

dx
= lim

¢x: 0
 
¢ y

¢ x
.

f1x + ¢ x2 - f1x2

¢ x
=

¢ y

¢ x
.

f1x + h2 - f1x2

h

 = 11.923 - 23 = 6.859 - 8 = - 1.141.

 ¢ y = 32 + 1- 0.1243 - 23

¢ y.¢ x = - 0.1,x = 2,y = x3,

 = 14.122 - 42 = 16.81 - 16 = 0.81.

 ¢ y = 14 + 0.122 - 42

¢ y.¢ x = 0.1,y = x2, x = 4,

¢ y = f1x + ¢ x2 - f1x2.

f1x + ¢ x2.
x + ¢ xy = f1x2.

x + ¢ x.

x2 = 3.3.¢ x = - 0.7,x1 = 4

x2 = 4.7,¢ x = 0.7,x1 = 4

¢ x

x2 = x1 + ¢ x.¢ x = x2 - x1,

¢ x = 1x + h2 - x = h.

¢¢ x

¢ x,

y

   x + h 
= x + � x

f(x)

� y = f(x + h) … f(x)

� 
� 
� 
� 
�

x2 =x

� x = h

�������
x1 =  x

�

�

O
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Note that the delta notation resembles Leibniz notation (see Section 1.5).
For values of close to 0, we have the approximation

Multiplying both sides of the second
expression by gives us

We can see this in the graph at the right.
From this graph, it seems reason-

able to assume that, for small values of
the y-values on the tangent line

can be used to estimate function val-
ues on the curve.

¢ x,

¢ y L f ¿1x2 ¢ x.

¢ x

dy

dx
L

¢ y

¢ x
, or f ¿1x2 L

¢ y

¢ x
.

¢ x

y

x

� y

x

m = f '(x)

f

� x

� 
� 
� 
� 
������

Actual value

Value from the
tangent line

For f, a continuous, differentiable function, and small 

and ¢ y L f ¿1x2#¢ x.f ¿1x2 L
¢ y

¢ x

¢ x,

Let•s illustrate this idea by considering the square-root function, We
know how to approximate using a calculator. But suppose we didn•t. We could

begin with and use as a change in input We would use the corresponding

change in y, that is, to estimate 

EXAMPLE 4 Approximate using 

Solution We first think of the number closest to 27 that is a perfect square. This is 25. 
What we will do is approximate how changes when x changes from 25 to 27.

From the box above, we have

Using 

We are interested in as x changes from 25 to 27, so

Replacing x with 25 and with 2

We can now approximate 

To five decimal places, Thus, our approximation is fairly accurate.

Quick Check 2

Up to now, we have not defined the symbols dy and dx as separate entities, but
have treated as one symbol. We now define dy and dx. These symbols are called
differentials.

dy>dx

2 27 = 5.19615.

 L 5.2.

 L 5 + 0.2

 = 5 + ¢ y

 2 27 = 2 25 + ¢ y

2 27:

 L
1
5

= 0.2.

¢ x ¢ y L
1

22 25
#2

¢ y

y = 2 x = x1>2 as f1x2
 L 1

2x- 1>2 #¢ x

 ¢ y L f ¿1x2#¢ x

y = 2 x

¢ y L f ¿1x2¢ x.2 27

2 27.¢ y L f ¿1x2¢ x,

¢ x = 2.2 25

2 27
f1x2 = 2 x.

f

O

Quick Check 2

Approximate using
To five decimal

places, How
close is your approximation?

2 98 = 9.89949.

¢ y L f ¿1x2 ¢ x.
2 98

�

O
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We can illustrate dx and dy as
shown at the right. Note that 
but though for
small values of dx.

EXAMPLE 5For 

a) Find dy.

b) Find dy when and 

c) Compare dy to 

Solution
a) First, we find 

Using the Product and Chain Rules

Factoring out 

Factoring out 

Then we solve for dy:

b) When and 

c) The value is the approximate change in y between and
(that is, ). The actual change in y is

determined by evaluating the function for and and subtracting:

 = - 0.16180801.

 = 35.011- 1.03030124 - 351- 124

 = 35.011- 1.01234 - 351- 1234

 ¢ y = 35.0114 - 5.01234 - 3514 - 5234

x1x2

x2 = x1 + dx = 5 + 0.01x2 = 5.01
x1 = 5dy = - 0.16

dy = - 414 - 52215 - 1210.012 = - 41- 12214210.012 = - 0.16.

dx = 0.01,x = 5

dy = - 414 - x221x - 12 dx.

- 4 = - 414 - x221x - 12.

 = 14 - x223- 4x + 44

14 - x22 = 14 - x223- 3x + 14 - x24

 = - 3x14 - x22 + 14 - x23

 
dy

dx
= x3314 - x221- 124 + 14 - x23

dy>dx:

¢ y.

dx = 0.01.x = 5

y = x14 - x23:

dy L ¢ y,dy Z ¢ y,
dx = ¢ x,

DEFINITION
For we define

dx, called the differential of x, by 

and

dy, called the differential of y, by dy = f ¿1x2 dx.

dx = ¢ x

y = f1x2,

y

x

� y

x

m = f '(x)

f

dy

� x = dx

� 
� 
� 
� 
�

� 
� 
�

�����

�
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We see that the approximation dy and the actual change are reasonably close. It is
easier to calculate the approximation since that involves fewer steps, but the trade-off
is some loss in accuracy. As long as dx is small, this loss in accuracy is acceptable for
many applications.

Differentials are often used in applications involving measurements and tolerance.
When we measure an object, we accept that our measurements are not exact, and we
allow for a small tolerance in our measurements. If x represents a measurement 
(a length, a weight, a volume, etc.), then dx represents the tolerance. Even a small
tolerance for the input can have a significant effect on the output, as the following
example shows.

EXAMPLE 6 Business: Cost and Tolerance. In preparation for laying new tile,
Michelle measures the floor of a large conference room and finds it to be square, mea-
suring 100 ft by 100 ft. Suppose her measurements are accurate to (the tolerance).

a) Use a differential to estimate the difference in area (dA) due to the tolerance.

b) Compare the result from part (a) with the actual difference in area 

c) If each tile covers and a box of 12 tiles costs $24, how much extra cost should
Michelle allot for the potential overage in floor area?

Solution
a) The floor is a square, with a presumed measurement of 100 ft per side and a toler-

ance of The area A in square feet for a square of side length
x ft is

The derivative is and solving for dAgives the differential of A:

To find dA, we substitute and 

The value of dA is interpreted as the approximate difference in area due to the
inexactness in measuring. Therefore, if Michelle•s measurements are off by half a
foot, the total area can differ by approximately A small •errorŽ in
measurement can lead to quite a large difference in the resulting area.

b) The actual difference in area is calculated directly. We set the
presumed length measurement and let represent the length plus or minus the
tolerance.

If the true length is at the low end, we have that is, 100 ft minus
the tolerance of 0.5 ft. The floor•s area is then The actual dif-
ference in area is

Thus, the actual difference in area is which compares well with
the approximate value of dA = - 100 ft2.

¢ A = - 99.75 ft2,

= - 99.75 ft2.

= 9900.25 - 10,000

= 99.52 - 1002

= A199.52 - A11002

¢ A = A1x22 - A1x12

99.52 = 9900.25 ft2.
x2 = 99.5 ft,

x2

x1 = 100 ft,1¢ A2

; 100 ft2.

dA = 2110021; 0.52 = ; 100.

dx = ; 0.5:x = 100

dA = 2x dx.

dA>dx = 2x,

A1x2 = x2.

1ft22; 6 in. = ; 0.5 ft .

1 ft2
1¢ A2.

; 6 in.

¢ y

�
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If the true length is at the high end, we have The floor•s area is
then The actual difference in area is

In this case, the actual difference in area is which again compares
well with the approximate value of 

c) The tiles (each measuring ) come 12 to a box. Thus, if the room were exactly 
100 ft by 100 ft (an area of ), Michelle would need 

or 834 boxes to cover the floor. To take into account the possibility
that the room is larger by she needs a total of or
842 boxes of tiles. Therefore, she should buy 8 extra boxes of tiles, meaning an 
extra cost of 

Quick Check 3

We see that there is an advantage to using a differential to calculate an approxi-
mate difference in an output variable. There is less actual calculating, and the result
is often quite accurate. Compare the arithmetic steps needed in parts (a) and (b) of
Example 6. Even though dA is an approximation, it is accurate enough for Michelle•s
needs: it is sufficient for her to know that the area can be off by as much as •aboutŽ

Historically, differentials were quite valuable when used to make approximations.
However, with the advent of computers and graphing calculators, such use has dimin-
ished considerably. The use of marginals remains important in the study of business
and economics.

100 ft2.

1821242 = $192.

10,100>12 = 841.67Á ,100 ft2,
833.33Á ,

10,000>12 =10,000 ft2
1 ft2

dA = +100 ft2.
¢ A = 100.25 ft2,

 = 100.25 ft2.

 = 10,100.25 - 10,000

 = 100.52 - 1002

 = A1100.52 - A11002

 ¢ A = A1x22 - A1x12

100.52 = 10,100.25 ft2.
x2 = 100.5 ft.

O

Quick Check 3

The four walls of a room
measure 10 ft by 10 ft each,
with a tolerance of 

a) Calculate the approximate
difference in area, dA, for
the four walls.

b) Workers will be texturing
the four walls using •knock-
downŽ spray. Each bottle of
knockdown spray costs $9
and covers How
much extra cost for knock-
down spray should the
workers allot for the poten-
tial overage in wall area?

12 ft2.

; 0.25 ft.

Section Summary
€ If represents the cost for producing x items, 

then marginal cost is its derivative, and
Thus, the cost to 

produce the item can be approximated 
by 

€ If represents the revenue from selling x items, 
then marginal revenue is its derivative, and

Thus, the revenue 
from the item can be approximated by

€ If P(x) represents profit from selling x items, 
then marginal profit is its derivative, and

Thus, the profit from 
the item can be approximated by 

P1x2 + P¿1x2.P1x + 12 L
1x + 12st

P¿1x2 L P1x + 12 - P1x2.
P¿1x2

R1x + 12 L R1x2 + R¿1x2.
1x + 12st

R¿1x2 L R1x + 12 - R1x2.
R¿1x2

R1x2
C1x + 12 L C1x2 + C¿1x2.

1x + 12st
C¿1x2 L C1x + 12 - C1x2.

C¿1x2
C1x2 € In general, or

€ In delta notation, and
For small values of we have 

which is equivalent to 

€ The differentialof x is Since we 

have In general, and the
approximation can be very close for sufficiently small dx.

dy L ¢ y,dy = f ¿1x2 dx.

dy

dx
= f ¿1x2,dx = ¢ x.

¢ y L f ¿1x2 ¢ x.
¢ y

¢ x
L f ¿1x2,

¢ x,¢ y = f1x + h2 - f1x2.
¢ x = 1x + h2 - x = h,

P1x2 = R1x2 - C1x2.
profit = revenue- cost,

O
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EXERCISE SET

2.6

APPLICATIONS

Business and Economics

1. Marginal revenue, cost, and profit. Let and
be, respectively, the revenue, cost, and profit, in

dollars, from the production and sale of x items. If

and

find each of the following.

a)
b) and 
c) and 
d) and 
e) Describe in words the meaning of each quantity in

parts (b) and (d).

2. Marginal revenue, cost, and profit. Let 
and be, respectively, the revenue, cost, and profit,
in dollars, from the production and sale of x items. If 

and

find each of the following.

a)
b) , and 
c) and 
d) and 

3. Marginal cost. Suppose that the monthly cost, in dollars,
of producing x chairs is

and currently 25 chairs are produced monthly.

a) What is the current monthly cost?
b) What would be the additional cost of increasing

production to 26 chairs monthly?
c) What is the marginal cost when 
d) Use marginal cost to estimate the difference in cost

between producing 25 and 27 chairs per month.
e) Use the answer from part (d) to predict C(27).

4. Marginal cost. Suppose that the daily cost, in dollars,
of producing x radios is 

and currently 40 radios are produced daily.

a) What is the current daily cost?
b) What would be the additional daily cost of increasing

production to 41 radios daily?
c) What is the marginal cost when 
d) Use marginal cost to estimate the daily cost of

increasing production to 42 radios daily.

5. Marginal revenue. Pierce Manufacturing determines that
the daily revenue, in dollars, from the sale of x lawn chairs is

R1x2 = 0.005x3 + 0.01x2 + 0.5x.

x = 40?

C1x2 = 0.002x3 + 0.1x2 + 42x + 300,

x = 25?

C1x2 = 0.001x3 + 0.07x2 + 19x + 700,

P¿1202C¿1202,R¿1202,
P¿1x2R¿1x2, C¿1x2,
P1202R1202, C1202

P1x2

C1x2 = 4x + 10,R1x2 = 50x - 0.5x2

P1x2
R1x2, C1x2,

P¿11002C¿11002,R¿11002,
P¿1x2R¿1x2, C¿1x2,

P11002R11002, C11002,
P1x2

C1x2 = 0.001x2 + 1.2x + 60,R1x2 = 5x

P1x2
C1x2,R1x2,

Currently, Pierce sells 70 lawn chairs daily.

a) What is the current daily revenue?
b) How much would revenue increase if 73 lawn chairs

were sold each day?
c) What is the marginal revenue when 70 lawn chairs

are sold daily?
d) Use the answer from part (c) to estimate 

and 

6. Marginal profit. For Sunshine Motors, the weekly profit,
in dollars, of selling x cars is

and currently 60 cars are sold weekly.

a) What is the current weekly profit?
b) How much profit would be lost if the dealership were

able to sell only 59 cars weekly?
c) What is the marginal profit when 
d) Use marginal profit to estimate the weekly profit if

sales increase to 61 cars weekly.

7. Marginal profit. Crawford Computing finds that its
weekly profit, in dollars, from the production and sale of
x laptop computers is

Currently Crawford builds and sells 9 laptops weekly.

a) What is the current weekly profit?
b) How much profit would be lost if production and

sales dropped to 8 laptops weekly?
c) What is the marginal profit when 
d) Use the answers from parts to estimate the

profit resulting from the production and sale of 
10 laptops weekly.

8. Marginal revenue. Solano Carriers finds that its
monthly revenue, in dollars, from the sale of x carry-on
suitcases is

Currently Solano is selling 26 carry-on suitcases monthly.

a) What is the current monthly revenue?
b) How much would revenue increase if sales increased

from 26 to 28 suitcases?
c) What is the marginal revenue when 26 suitcases are

sold?
d) Use the answers from parts (a)…(c) to estimate the

revenue resulting from selling 27 suitcases per month.

9. Sales. Let be the number of computers sold
annually when the price is x dollars per computer.
Explain in words what occurs if 
and 

10. Sales. Estimate the number of computers sold in Exer-
cise 9 if the price is raised to $1025.

N¿110002 = - 100.
N110002 = 500,000

N1x2

R1x2 = 0.007x3 - 0.5x2 + 150x.

1a2…1c2
x = 9?

P1x2 = - 0.004x3 - 0.3x2 + 600x - 800.

x = 60?

P1x2 = - 0.006x3 - 0.2x2 + 900x - 1200,

R1732.R1722,
R1712,
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For Exercises 11…16, assume that and are in dollars
and x is the number of units produced and sold.

11. For the total-cost function

find and When and 

12. For the total-cost function

find and when and 

13. For the total-revenue function

find and when and 

14. For the total-revenue function

find and when and 

15. a) Using from Exercise 11 and from Exercise
13, find the total profit, 

b) Find and when and 

16. a) Using from Exercise 12 and from Exercise 14,
find the total profit, 

b) Find and when and 

17. Marginal demand. The demand, D, for a new rollerball
pen is given by

where p is the price in dollars.

a) Find the rate of change of quantity with respect to
price, 

b) How many units will consumers want to buy when
the price is $25 per unit?

c) Find the rate of change at and interpret this
result.

d) Would you expect to be positive or negative?
Why?

18. Marginal productivity. An employee•s monthly produc-
tivity, M, in number of units produced, is found to be 
a function of the number of years of service, t. For a
certain product, the productivity function is given by

a) Find the productivity of an employee after 5 yr, 10 yr,
25 yr, and 45 yr of service.

b) Find the marginal productivity.
c) Find the marginal productivity at 

and interpret the results.
d) Explain how the employee•s marginal productivity

might be related to experience and to age.

19. Average cost.The average cost for a company to
produce x units of a product is given by the function

Use to estimate the change in average cost as pro-
duction goes from 100 units to 101 units.

A¿1x2

A1x2 =
13x + 100

x
.

t = 45;t = 25;
t = 10;t = 5;

M1t2 = - 2t2 + 100t + 180.

dD>dp

p = 25,

dD>dp.

D = 0.007p3 - 0.5p2 + 150p,

¢ x = 1.x = 80P¿1x2¢ P
P1x2.

R1x2C1x2

¢ x = 1.x = 70P¿1x2¢ P
P1x2.

R1x2C1x2

¢ x = 1.x = 80R¿1x2¢ R

R1x2 = 3x,

¢ x = 1.x = 70R¿1x2¢ R

R1x2 = 2x,

¢ x = 1.x = 80C¿1x2¢ C

C1x2 = 0.01x2 + 1.6x + 100,

¢ x = 1.x = 70C¿1x2¢ C

C1x2 = 0.01x2 + 0.6x + 30,

R1x2C1x2 20. Supply. A supply function for a certain product is given by

where is the number of items produced when the
price is p dollars. Use to estimate how many more
units a producer will supply when the price changes
from $18.00 per unit to $18.20 per unit.

21. Gross domestic product. The U.S. gross domestic
product, in billions of current dollars, may be modeled
by the function

where x is the number of years since 1960. (Source: U.S.
Bureau for Economic Analysis.) Use to estimate
how much the gross domestic product increased from
2009 to 2010.

22. Advertising. Norris Inc. finds that it sells N units of a
product after spending x thousands of dollars on adver-
tising, where

Use to estimate how many more units Norris will
sell by increasing its advertising expenditure from
$100,000 to $101,000.

Marginal tax rate. Businesses and individuals are frequently
concerned about their marginal tax rate, or the rate at which
the next dollar earned is taxed. In progressive taxation, the
80,001st dollar earned is taxed at a higher rate than the
25,001st dollar earned and at a lower rate than the 140,001st
dollar earned. Use the graph below, showing the marginal tax
rate for 2005, to answer Exercises 23…26.

N¿1x2

N1x2 = - x2 + 300x + 6.

P¿1x2

P1x2 = 567 + x136x0.6 - 1042,

S¿1p2
S1p2

S1p2 = 0.08p3 + 2p2 + 10p + 11,
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23. Was the taxation in 2005 progressive? Why or why not?

24. Marcy and Tyrone work for the same marketing agency.
Because she is not yet a partner, Marcy•s year-end income
is approximately $95,000; Tyrone•s year-end income is
approximately $150,000. Suppose that one of them is to
receive another $5000 in income for the year. Which one
would keep more of that $5000 after taxes? Why?

25. Alan earns $25,000 per year and is considering a second
job that would earn him another $2000 annually. At what
rate will his tax liability (the amount he must pay in
taxes) change if he takes the extra job? Express your
answer in tax dollars paid per dollar earned.



26. Iris earns $50,000 per year and is considering extra work
that would earn her an extra $3000 annually. At what
rate will her tax liability grow if she takes the extra work
(see Exercise 25)?

Find and Round to four and two decimal places,
respectively.

27. For and 

28. For and 

29. For and 

30. For and 

31. For and 

32. For and 

33. For and 

34. For and 

Use to find a decimal approximation of each
radical expression. Round to three decimal places.

35. 36.

37. 38.

39. 40.

Find dy.

41. 42.

43. 44.

45. 46.

47.

48.

49. In Exercise 47, find dy when and 

50. In Exercise 48, find dy when and 

51. For find dy when and 

52. For find dy when and

53. For use a differential to approximate

54. For use a differential to approximate
.

SYNTHESIS

Life and Physical Sciences

55. Body surface area.Certain chemotherapy dosages
depend on a patient•s surface area. According to the
Gehan and George model,

where h is the patient•s height in centimeters, w is his or her
weight in kilograms, and Sis the approximation to his or
her surface area in square meters. (Source: www.halls.md.)

S = 0.02235h0.42246w0.51456,

f13.22
f1x2 = x3 - 5x + 9,

f15.12.
f1x2 = x4 - x2 + 8,

dx = 0.02.
x = 3y = x5 - 2x3 - 7x,

dx = 0.03.x = 4y = 13x - 1025,

dx = 0.01.x = 1

dx = 0.1.x = 2

y = 17 - x28

y = x4 - 2x3 + 5x2 + 3x - 4

y =
x3 + x + 2

x2 + 3
y = 25 x + 27

y = x312x + 522y = 12x3 + 123>2

y = 2 3x - 2y = 2 x + 1

23 2823 1005

2 1032 102

2 102 26

¢ y « fœ1x2¢ x

¢ x = 0.5y = f1x2 = 2x - 3, x = 8,

¢ x = 2y = f1x2 = 3x - 1, x = 4,

¢ x = 0.2y = f1x2 = 1>x, x = 1,

¢ x = 0.5y = f1x2 = 1>x2, x = 1,

¢ x = 0.02y = f1x2 = x - x2, x = 3,

¢ x = 0.04y = f1x2 = x + x2, x = 3,

¢ x = 0.01y = f1x2 = x3, x = 2,

¢ x = 0.01y = f1x2 = x2, x = 2,

fœ1x2¢ x.¢ y
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Joanne is 160 cm tall and weighs 60 kg. Use a differential
to estimate how much her surface area changes after her
weight decreases by 1 kg.

56. Healing wound. The circular area of a healing wound is
given by where r is the radius, in centimeters. By
approximately how much does the area decrease when the
radius is decreased from 2 cm to 1.9 cm? Use 3.14 for 

57. Medical dosage.The function

gives the bodily concentration in parts per million, of
a dosage of medication after time t, in hours. Use differen-
tials to determine whether the concentration changes more
from 1.0 hr to 1.1 hr or from 2.8 hr to 2.9 hr.

General Interest

58. Major League ticket prices.The average ticket price of a
major league baseball game can be modeled by the function

where x is the number of years after 1990. (Source: Major
League Baseball.) Use differentials to predict whether
ticket price will increase more between 2010 and 2012 or
between 2030 and 2031.

59. Suppose that a rope surrounds the earth at the equator.
The rope is lengthened by 10 ft. By about how much is
the rope raised above the earth?

Business and Economics

60. Marginal average cost.In Section 1.6, we defined the
average cost of producing x units of a product in terms
of the total cost C(x) by Find a general
expression for marginal average cost,

61. Cost and tolerance.A painting firm contracts to paint the
exterior of a large water tank in the shape of a half-dome
(a hemisphere). The radius of the tank is measured to be
100 ft with a tolerance of in. ( 0.5 ft). (The formula
for the surface area of a hemisphere is use 3.14
as an approximation for ) Each can of paint costs $30
and covers 

a) Calculate dA,the approximate difference in the
surface area due to the tolerance.

b) Assuming the painters cannot bring partial cans of paint
to the job, how many extra cans should they bring to
cover the extra area they may encounter?

c) How much extra should the painters plan to spend on
paint to account for the possible extra area?

62. Strategic oil supply. The U.S. Strategic Petroleum
Reserve (SPR) stores petroleum in large spherical cav-
erns built into salt deposits along the Gulf of Mexico.
(Source: U.S. Department of Energy.) These caverns can
be enlarged by filling the void with water, which
dissolves the surrounding salt, and then pumping brine
out. Suppose a cavern has a radius of 400 ft, which
engineers want to enlarge by 5 ft. Use a differential to
estimate how much volume will be added to form the
enlarged cavern. (The formula for the volume of a sphere
is use 3.14 as an approximation for )p .V = 4

3p r 3;

300 ft2.
p .

A = 2p r 2;
;; 6

A¿1x2.
A1x2 = C1x2>x.

p1x2 = 0.09x2 - 0.19x + 9.41,

N1t2,

N1t2 =
0.8t + 1000

5t + 4

p .

A = p r 2,



We often write a function with the output variable (usually y) isolated on one side of
the equation. For example, if we write we have expressed y as an explicit func-
tion of x. Sometimes, with an equation like it may be cumber-
some or nearly impossible to isolate the output variable; in such a case, we have an
implicit relationship between the variables x and y. Then, we can find the derivative 
of y with respect to x using a process called implicit differentiation.

Implicit Differentiation
Consider the equation

This equation impliesthat y is a function of x, for if we solve for y, we get

We know from our earlier work that

(1)

A method known as implicit differentiation allows us to find withoutsolving for y.
To do so, we use the Chain Rule, treating y as a function of x, and differentiate both sides of

with respect to x:

The derivative on the left side is found using the Extended Power Rule:

Remembering that the derivative of y with respect 
to x is written 

Finally, we solve for by dividing both sides by 

or

We can show that this indeed gives us the same answer as equation (1) by replacing 
y with 

dy

dx
=

1
3

 y- 2 =
1
3

 1x1>32- 2 =
1
3

 x- 2>3.

x1>3:

1
3

 y- 2.
dy

dx
=

1

3y2,

3y2:dy>dx

dy>dx3y2 
dy

dx
= 1.

d
dx

 y3 =
d
dx

 x.

y3 = x

dy>dx

dy

dx
=

1
3

 x- 2>3.

 = x1>3.

 y = 23 x

y3 = x.

y3 + x2y5 - x4 = 27,
y = x3,
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2.7
OBJECTIVES

Implicit Differentiation and Related Rates*

€ Differentiate implicitly.

€ Solve related-rate
problems.

y

x

y3 = x

1

2

5 10

y = x1/3

Š5

Š1

Š2

Š10

*This section can be omitted without loss of continuity.

Marginal revenue. In each of Exercises 63…67, a demand func-
tion, expresses price, in dollars, as a function of the
number of items produced and sold. Find the marginal revenue.

63. 64.

65. 66.

67. p =
3000

x
+ 5

p =
4000

x
+ 3p = 500 - x

p = 400 - xp = 100 - 2 x

p � D1x2,
68. Look up •differentialŽ in a book or Web site devoted to

math history. In a short paragraph, describe your findings.

69. Explain the uses of the differential.

Answers to Quick Checks
1. 2.
This is within 0.001 of the actual value of 
3. (a) (b) $18 (for 2 extra bottles); 20 ft2

2 98.
2 98 L 99

10, or 9.9.¢ y = - 3.1319875
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Often, it is difficult or impossible to solve for y and to express solely in terms 
of x. For example, the equation

determines y as a function of x, but it would be difficult to solve for y. We can neverthe-
less find a formula for the derivative of y withoutsolving for y. To do so usually involves

computing for various integers n, and hence involves the Extended Power Rule

in the form

EXAMPLE 1For 

a) Find using implicit differentiation.

b) Find the slope of the tangent line to the curve at the point 

Solution
a) We differentiate the term using the Product Rule. Because y is a function of x,

it is critical that is included as a factor in the result any time a term involving
y is differentiated. When an expression involving just x is differentiated, there is no
factor 

Differentiating both 
sides with respect to x

Using the Extended Power
Rule and the Product Rule

We next isolate those terms with as a factor on one side:

Adding to both sides

Factoring out 

Solving for and leaving the 
answer in terms of x and y

b) To find the slope of the tangent line to the curve at , we replace x with 0 and
y with 3:

dy

dx
=

4 #03 - 2 #0 #35

3 #32 + 5 #02 #34 = 0.

10, 32

dy>dx
 
dy

dx
=

4x3 - 2xy5

3y2 + 5x2y4.

dy>dx 13y2 + 5x2y42
dy

dx
= 4x3 - 2xy5

4x3 - 2xy5 3y2 #dy

dx
+ 5x2y4 #dy

dx
= 4x3 - 2xy5

dy>dx

 3y2 #dy

dx
+ x2 #5y4 #dy

dx
+ y5 #2x - 4x3 = 0.

 
d
dx

 y3 +
d
dx

 x2y5 -
d
dx

 x4 = 0

 
d
dx

 1y3 + x2y5 - x42 =
d
dx

 1272

dy>dx.

dy>dx
x2y5

10, 32.

dy>dx

y3 + x2y5 - x4 = 27:

d
dx

 yn = nyn- 1 #dy

dx
.

d
dx

 yn

y3 + x2y5 - x4 = 27

dy>dx

TECHNOLOGY CONNECTION

Exploratory
Graphicus can be used to graph
equations that relate x and y
implicity. Press and then 
g(x, y)=0 , and enter

as

-

EXERCISES
Graph each equation.

1.

2. y2x + 2x3y3 = y + 1

y3 + x2y3 - x4 = 27

x^4 =27y^3 +x^2 1y^32

y3 + x2y3 - x4 = 27

+

y

x

1

2

5…5…10 10

(0, 3)

y3 + x2y5 … x4 = 27

Quick Check 1

O

Quick Check 1

For 
find using implicit
differentiation.

dy>dx
y2x + 2x3y3 = y + 1,

�

O
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It is not uncommon for the expression for to contain bothvariablesx and y.
When using the derivative to calculate a slope, we must evaluate it at both the x-value
and the y-value of the point of tangency.

The steps in Example 1 are typical of those used when differentiating implicitly.

dy>dx

To differentiate implicitly:
a) Differentiate both sides of the equation with respect to x (or whatever variable

you are differentiating with respect to).
b) Apply the rules for differentiation (the Power, Product, Quotient, and Chain

Rules) as necessary. Any time an expression involving y is differentiated, 
will be a factor in the result.

c) Isolate all terms with as a factor on one side of the equation.
d) If necessary, factor out
e) If necessary, divide both sides of the equation to isolate dy>dx.

dy>dx.
dy>dx

dy>dx

The demand function for a product (see Section R.5) is often given implicitly.

EXAMPLE 2 For the demand equation differentiate implicitly
to find 

Solution

Using the Extended Power
Rule twice

Related Rates
Suppose that y is a function ofx, say

andx is a function of time, t. Since y depends on x andx depends on t, it follows that y
depends on t. The Chain Rule gives the following:

Thus, the rate of change of y is relatedto the rate of change of x. Let•s see how this
comes up in problems. It helps to keep in mind that any variable can be thought of as a
function of time t, even though a specific expression in terms of t may not be given or
its rate of change with respect to t may be 0.

EXAMPLE 3Business: Service Area. A restaurant supplier services the restau-
rants in a circular area in such a way that the radius r is increasing at the rate of 2 mi per
year at the moment when mi. At that moment, how fast is the area increasing?r = 5

dy

dt
=

dy

dx
#dx
dt

.

y = f1x2,

22 200 - p3

- 3p2 =
dp

dx

1 =
- 3p2

22 200 - p3
#dp

dx

1 =
1
2

1200 - p32- 1>2 #1- 3p22#dp

dx

d
dx

x =
d
dx

2 200 - p3

dp>dx.
x = 2 200 - p3,�

�
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Solution The area A and the radius r are always related by the equation for the area
of a circle:

We take the derivative of both sides with respect to t:

The factor results from the Chain Rule and the fact that r
is assumed to be a function of t.

At the moment in question, and so

square miles per year.

Quick Check 2

EXAMPLE 4 Business: Rates of Change of Revenue, Cost, and Profit.For Luce
Landscaping, the total revenue from the yard maintenance of x homes is given by

and the total cost is given by

Suppose that Luce is adding 10 homes per day at the moment when the 400th
customer is signed. At that moment, what is the rate of change of (a) total revenue, 
(b) total cost, and (c) total profit?

Solution

a) Differentiating both sides with respect to time

Substituting 10 for and 400 for x

b) Differentiating both sides with respect to time

per day

c) Since 

per day per day

per day.= $1800

- $200= $2000

dP
dt

=
dR
dt

-
dC
dt

P = R - C,

 = $200

 = 201102

 
dC
dt

= 20 #dx
dt

 = $2000 per day

dx>dt = 1000#10 - 21400210

 
dR
dt

= 1000#dx
dt

- 2x #dx
dt

C1x2 = 3000 + 20x.

R1x2 = 1000x - x2,

 = 20p  
mi2

yr
L 63

 
dA
dt

= 2p 15mi2a2 
mi
yr

b

r = 5 mi,dr>dt = 2 mi>yr

dr>dtdA
dt

= 2p r #dr
dt

.

A = p r 2.

465

465

465

65

65

70

74

70

7431

40

36

31

52

37

Clermont Indianapolis
5 mi Cumberland

Rocky
Ripple

Beech
Grove

Lawrence

O

Quick Check 2

A spherical balloon is deflat-
ing, losing 20 of air 
per minute. At the moment
when the radius of the
balloon is 8 cm, how fast 
is the radius decreasing?
1Hint: V = 4

3p r 3.2

cm3

�

O
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Section Summary
€ If variables x and y are related to one another by an

equation but neither variable is isolated on one side 
of the equation, we say that x and y have an implicit rela-
tionship. To find without solving such an equation
for y, we use implicit differentiation.

€ Whenever we implicitly differentiate y with respect to x,
the factor will appear as a result of the Chain Rule.dy>dx

dy>dx

€ To determine the slope of a tangent line at a point on the
graph of an implicit relationship, we may need to evaluate
the derivative by inserting both the x-value and the 
y-value of the point of tangency.

EXERCISE SET

2.7

Differentiate implicitly to find Then find the slope of the
curve at the given point.

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

13.

14.

Differentiate implicitly to find

15. 16.

17. 18.

19. 20.

21. 22.

For each demand equation in Exercises 23…30, differentiate
implicitly to find

23. 24.

25. 26.

27. (Hint: Clear the fraction first.)
xp

x + p
= 2

x3p2 = 108xp3 = 24

p2 + p + 2x = 40p3 + p - 3x = 50

dp/ dx.

x3y2 + x5y3 = - 19x2y3 + x3y4 = 11

y3 = x5y5 = x3

x2 + y2 = 25x2 - y2 = 16

x2 + 2xy = 3y22xy + 3 = 0

dy/ dx.

4x3 - y4 - 3y + 5x + 1 = 0; 11, - 22

x2y - 2x3 - y3 + 1 = 0; 12, - 32

xy + y2 - 2x = 0; 11, - 22

xy - x + 2y = 3; a - 5, 
2
3

b

x4 - x2y3 = 12; 1- 2, 12

x3 - x2y2 = - 9; 13, - 22

2x3y2 = - 18; 1- 1, 32

3x2y4 = 12; 12, - 12

x2 + y2 = 1; a
1
2

, 
2 3
2

b

x2 - y2 = 1; A2 3, 2 2B

2x3 + 4y2 = - 12; 1- 2, - 12

2x2 - 3y3 = 5; 1- 2, 12

3x3 - y2 = 8; 12, 42

x3 + 2y3 = 6; 12, - 12

dy/ dx.
28. (Hint: Clear the fraction first.)

29.

30.

31. Two variable quantities A and B are found to be related
by the equation

What is the rate of change at the moment when
and 

32. Two nonnegative variable quantities G and H are found
to be related by the equation

What is the rate of change when and

APPLICATIONS

Business and Economics

Rates of change of total revenue, cost, and profit.In Exercises
33…36, find the rates of change of total revenue, cost, and profit
with respect to time. Assume that R x and C x are in dollars.

33.

when and units per day

34.

when and units per day

35.

when and units per day

36.

when and units per daydx>dt = 300x = 200

C1x2 = 5000 + 0.6x2,

R1x2 = 280x - 0.4x2,

dx>dt = 8x = 20

C1x2 = 0.01x2 + 0.6x + 30,

R1x2 = 2x,

dx>dt = 5x = 10

C1x2 = 10x + 3,

R1x2 = 50x - 0.5x2,

dx>dt = 20x = 30

C1x2 = 4x + 10,

R1x2 = 50x - 0.5x2,

2121

G = 3?G = 1?G = 0?
dG>dt = 3dH>dt

G2 + H2 = 25.

dB>dt = 3?A = 2
dA>dt

A3 + B3 = 9.

1000 - 300p + 25p2 = x

1p + 421x + 32 = 48

x2p + xp + 1

2x + p
= 1



37. Change of sales.Suppose that the price p, in dollars, and
number of sales, x, of a certain item follow the equation

Suppose also that p and x are both functions of time, meas-
ured in days. Find the rate at which x is changing when

and 

38. Change of revenue.For x and p as described in Exer-
cise 37, find the rate at which the total revenue 
is changing when

and 

Life and Natural Sciences

39. Rate of change of the Arctic ice cap.In a trend that
scientists attribute, at least in part, to global warming,
the floating cap of sea ice on the Arctic Ocean has been
shrinking since 1950. The ice cap always shrinks in sum-
mer and grows in winter. Average minimum size of the
ice cap, in square miles, can be approximated by

In 2005, the radius of the ice cap was approximately 
808 mi and was shrinking at a rate of approximately

(Source: www.gsfc.nasa.gov and the New York
Times, 9/29/05.) How fast was the area changing at that
time?

4.3 mi>yr.

A = p r 2.

dp

dt
= 1.5.x = 3, p = 5,

R = xp

dp

dt
= 1.5.x = 3, p = 5,

5p + 4x + 2px = 60.

Exercise Set 2.7 293

40. Rate of change of a healing wound.The area of a healing
wound is given by

The radius is decreasing at the rate of 1 millimeter per
day at the moment when 
How fast is the area decreasing at that moment?

41. Body surface area.Certain chemotherapy dosages
depend on a patient•s surface area. According to the
Mosteller model,

S =
2 hw
60

,

r = 25 mm.1- 1 mm>day2

A = p r 2.

where h is the patient•s height in centimeters, w is the
patient•s weight in kilograms, and Sis the approximation
to the patient•s surface area in square meters. (Source:
www.halls.md.) Assume that Tom•s height is a constant
165 cm, but he is on a diet. If he loses 2 kg per month,
how fast is his surface area decreasing at the instant he
weighs 70 kg?

Poiseuille•s Law.The flow of blood in a blood vessel is faster
toward the center of the vessel and slower toward the outside.
The speed of the blood V, in millimeters per second
is given by

where R is the radius of the blood vessel, r is the distance of
the blood from the center of the vessel, and p, L, and v are
physical constants related to pressure, length, and viscosity of
the blood vessels, respectively. Assume that is measured
in millimeters per second squared Use this formula
for Exercises 42 and 43.

1mm/ sec22.
dV/ dt

V �
p

4Lv
 1R2 - r 22,

1mm/ sec2,

L

R

r

42. Assume that r is a constant as well as p, L, and v.

a) Find the rate of change in terms of Rand 
when and 

b) A person goes out into the cold to shovel snow. Cold
air has the effect of contracting blood vessels far from
the heart. Suppose that a blood vessel contracts at a
rate of

at a place in the blood vessel where the radius
Find the rate of change, at 

that location.
dV>dt,R = 0.075 mm.

dR
dt

= - 0.0002 mm>sec

v = 0.003.p = 500,L = 80 mm,
dR>dtdV>dt

The flow of blood in a blood vessel can be modeled by
Poiseuille•s Law.
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45. A ladder 26 ft long leans against a vertical wall. If the lower
end is being moved away from the wall at the rate of 
how fast is the height of the top changing (this will be a
negative rate) when the lower end is 10 ft from the wall?

5 ft>s,

43. Assume that r is a constant as well as p, L, and v.

a) Find the rate of change in terms of Rand 
when and 

b) When shoveling snow in cold air, a person with a his-
tory of heart trouble can develop angina (chest pains)
due to contracting blood vessels. To counteract this,
he or she may take a nitroglycerin tablet, which dilates
the blood vessels. Suppose that after a nitroglycerin
tablet is taken, a blood vessel dilates at a rate of

at a place in the blood vessel where the radius
Find the rate of change, 

General Interest

44. Two cars start from the same point at the same time.
One travels north at 25 mph, and the other travels east
at 60 mph. How fast is the distance between them
increasing at the end of 1 hr? (Hint: To
find D after 1 hr, solve )D2 = 252 + 602.

D2 = x2 + y2.

dV>dt.R = 0.1 mm.

dR
dt

= 0.00015 mm>sec

v = 0.003.L = 70 mm, p = 400,
dR>dtdV>dt

D

y

x

26 ft

26 ft

x

y

47. The volume of a cantaloupe is given by

The radius is growing at the rate of 0.7 at a
time when the radius is 7.5 cm. How fast is the volume
changing at that moment?

SYNTHESIS

Differentiate implicitly to find

48. 49.

50. 51.

52.

53.

Differentiate implicitly to find

54. 55.

56. 57.

58. Explain the usefulness of implicit differentiation.

59. Look up the word •implicitŽ in a dictionary. Explain how
that definition can be related to the concept of a function
that is defined •implicitly.Ž

x3 - y3 = 8x2 - y2 = 5

y2 - xy + x2 = 5xy + x - 2y = 4

d2y/ dx2.

1x - y23 + 1x + y23 = x5 + y5

x3>2 + y2>3 = 1

y2 =
x2 - 1

x2 + 1
y3 =

x - 1
x + 1

1

x2
+

1

y2
= 52 x + 2 y = 1

dy/ dx.

cm>week,

V = 4
3p r 3.

46. An inner city revitalization zone is a rectangle that is
twice as long as it is wide. A diagonal through the region
is growing at a rate of 90 m per year at a time when the
region is 440 m wide. How fast is the area changing at
that point in time?

Answers to Quick Checks

1. 2. Approximately - 0.025 cm>min
dy

dx
=

y2 + 6x2y3

1 - 2xy - 6x3y2

TECHNOLOGY CONNECTION

Graph each of the following equations. Equations must be
solved for y before they can be entered into most calculators.
Graphicus does not require that equations be solved for y.

60.
Note: You will probably need to sketch the graph in two 

parts: Then graph 

the tangent line to the graph at the point 

61.
Then graph the tangent line to the graph at the point

62.

63.

64. y2 = x3

x3 = y212 - x2

y4 = y2 - x2

1- 0.8, 0.3842.

x4 = y2 + x6

1- 1, 2 32.

y = 2 4 - x2 and y = - 2 4 - x2.

x2 + y2 = 4
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KEY TERMS AND CONCEPTS EXAMPLES

SECTION 2.1

A function is increasingover an open inter-
val I if, for all x in I, 

A function is decreasingover an open
interval I if, for all x in I, f ¿1x2 6 0.

f ¿1x2 7 0.

f is increasing over the interval and decreasing over 1x3, x62.1x0, x32

If f is a continuous function, then a critical
value is any number c for which 
or does not exist.

If does not exist, then the graph of f
may have a corner or a vertical tangent at

The ordered pair is called a critical
point.

1c, f1c22

1c, f1c22.

f ¿1c2

f ¿1c2
f ¿1c2 = 0

The values and are critical values of f.

€ does not exist (corner).
€
€ does not exist (vertical tangent).
€
€ f ¿1c52 = 0.

f ¿1c42 = 0.
f ¿1c32
f ¿1c22 = 0.
f ¿1c12

c5c1, c2, c3, c4,

If f is a continuous function, then a relative
extremum (maximum or minimum) always
occurs at a critical value.

The converse is not true: a critical value
may not correspond to an extremum.

€ The critical point is a relative maximum.
€ The critical point is a relative minimum.
€ The critical point is neither a relative maximum nor a

relative minimum.
€ The critical point is a relative maximum.
€ The critical point is neither a relative maximum nor a

relative minimum.
1c5, f1c522
1c4, f1c422

1c3, f1c322
1c2, f1c222
1c1, f1c122

(continued)

xx0

y

x1 x2 x3 x4 x5 x6

f �(x1) > 0

f �(x2) > 0 f �(x4) < 0

f �(x5) < 0

f

xc1 c2

y

c4 c5c3

f

xc1 c2

y

c4 c5c3

CHAPTER 2 
SUMMARY 
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KEY TERMS AND CONCEPTS EXAMPLES

SECTION 2.1 (continued)

The First-Derivative Testallows us to clas-
sify a critical value as a relative maximum, a
relative minimum, or neither.

Find the relative extrema of the function given by

Critical values occur where or does not exist. The
derivative exists for all real numbers, so the only
critical values occur when Setting and
solving, we have and as the critical values.

To apply the First-Derivative Test, we check the sign of to the left
and the right of each critical value, using test values:

Therefore, there is a relative maximum at There is
a relative minimum at f152 = - 63 

5
6.x = 5:

f1- 42 = 57 
2
3.x = - 4:

f ¿1x2
x = 5x = - 4

x2 - x - 20 = 0f ¿1x2 = 0.
f ¿1x2 = x2 - x - 20

f ¿1x2f ¿1x2 = 0

f1x2 = 1
3 x3 - 1

2 x2 - 20x + 7.

SECTION 2.2
If the graph of f is smooth and continuous,
then the second derivative, 
determines the concavityof the graph.

If for all x in an open interval I,
then the graph of f is concave upover I.

If for all x in an open interval I,
then the graph of f is concave downover I.

A point of inflection occurs at if
and there is a change in concav-

ity on either side of x0.
f …1x02 = 0

1x0, f1x022

f …1x2 6 0

f …1x2 7 0

f…1x2,
The function given by

has the second derivative Setting the second derivative
equal to 0, we have Using test values, we can check the concavity on
either side of 

Therefore, the function is concave down over the interval 
and concave up over the interval Since there is a change in concav-

ity on either side of we also conclude that the point is a 

point of inflection, where f A1
2B = - 3 1

12.

A1
2, - 3 1

12Bx0 = 1
2,

A1
2, q B.

A- q , 12B

x0 = 1
2:
x0 = 1

2.
f …1x2 = 2x - 1.

f1x2 = 1
3 x3 - 1

2 x2 - 20x + 7

The Second-Derivative Testcan also be
used to classify relative extrema:

If and then is a
relative minimum.

If and then is a
relative maximum.

If and then the 
First-Derivative Test must be used to
classify .f1c2

f …1c2 = 0,f ¿1c2 = 0

f1c2f …1c2 6 0,f ¿1c2 = 0

f1c2f …1c2 7 0,f ¿1c2 = 0

For the function

evaluating the second derivative, at the critical values
yields the following conclusions:

€ At we have Since and the graph is
concave down, we conclude that there is a relative maximum at 

€ At we have Since and the graph is
concave up, we conclude that there is a relative minimum at x = 5.

f ¿152 = 0f …152 7 0.x = 5,
x = - 4.

f ¿1- 42 = 0f …1- 42 6 0.x = - 4,

f …1x2 = 2x - 1,

f1x2 = 1
3 x3 - 1

2 x2 - 20x + 7,

Test Value x = 0 x = 1

Sign off …1x2 f …102 6 0 f …112 7 0

Result f is concave down f is concave up

Test Value x = - 5 x = 0 x = 6

Sign off ¿1x2 f ¿1- 52 7 0 f ¿102 6 0 f ¿162 7 0

Result f increasing f decreasing f increasing
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KEY TERMS AND CONCEPTS EXAMPLES

SECTION 2.3

A line is a vertical asymptoteif

or

The graph of a rational function never
crosses a vertical asymptote

A line is a horizontal asymptoteif

or

The graph of a function can cross a
horizontal asymptote. An asymptote is
usually sketched as a dashed line; it is 
not part of the graph itself.

lim
x: q

 f1x2 = b.

lim
x: - q

 f1x2 = b

y = b

lim
x: a+

 f1x2 = - q .

lim
x: a+

 f1x2 = q ,

lim
x: a-

 f1x2 = - q ,

lim
x: a-

 f1x2 = q ,

x = a Consider the function given by

Factoring, we have

This expression is simplified. Therefore, and are vertical
asymptotes since

and

and

and

Also, is a horizontal asymptote since

and lim
x: - q

 f1x2 = 1.lim
x: q

 f1x2 = 1

y = 1

lim
x: 2+

 f1x2 = q .lim
x: 2-

 f1x2 = - q

lim
x: - 3+

 f1x2 = - qlim
x: - 3-

 f1x2 = q

x = 2x = - 3

f1x2 =
1x + 121x - 12

1x + 321x - 22
.

f1x2 =
x2 - 1

x2 + x - 6
.

Let Long division yields As 

or the remainder Therefore, the slant asymptote is 

y = x - 3.

10
x + 3

: 0.x : - q ,

x : qf1x2 = x - 3 +
10

x + 3
.f1x2 =

x2 + 1
x + 3

.

Asymptotes, extrema, x- and y-intercepts,
points of inflection, concavity, and intervals
of increasing or decreasing are all used in
the strategy for accurate graph sketching.

Consider the function given by 

€ f has a relative maximum point at and a relative minimum
point at 

€ f has a point of inflection at A1
2, - 3 1

12B.
A5, - 635

6 B.
A- 4, 572

3 B

f1x2 = 1
3x3 - 1

2x2 - 20x + 7.

(continued)

f

Slant asymptote:
y = x Š 3

x

y

5 10

5

Š10

Š15

Š10 Š5

For a rational function of the form
a slant asymptote

occurs if the degree of the numerator is 1
greater than the degree of the denominator.

f1x2 = p1x2>q1x2,



f
(…4, 57.66...)

(5, …63.83

y

5 10

100

Š100

Š10 Š5

x = 2

y = 1

x = …3

f

x

y

5

5

Š5

Š5

KEY TERMS AND CONCEPTS EXAMPLES

SECTION 2.3 (continued)

€ f is increasing over the interval and over the inter-
val decreasing over the interval concave down over
the interval , and concave up over the interval 

€ f has a y-intercept at .

Consider the function given by 

€ f has vertical asymptotes and 
€ f has a horizontal asymptote given by 
€ f has a y-intercept at 
€ f has x-intercepts at and .11, 021- 1, 02

A0, 16B.
y = 1.
x = 2.x = - 3

f1x2 =
x2 - 1

x2 + x - 6
.

10, 72
A1
2, q B.A- q , 12B

1- 4, 52,15, q 2,
1- q , - 42

SECTION 2.4

If f is continuous over a closed interval
, then the Extreme-Value Theorem

tells us that f will have both an absolute
maximum value and an absolute minimum
value over this interval. One or both points
may occur at an endpoint of this interval.

Maximum…Minimum Principle 1can be
used to determine these absolute extrema:
We find all critical values 
in , then evaluate

The largest of these is the absolute
maximum, and the smallest is the absolute
minimum.

f1a2, f1c12, f1c22, f1c32, Á , f1cn2, f1b2.

3a, b4
c1, c2, c3, Á , cn,

3a, b4

Absolute
minimum at c1

Absolute
maximum at b

Relative
maximum

at c3

Relative
minima at c1 and c4

xa bc1 c3c2

y

c4

Minima

Maxima

298 C H A P T E R  2 € Applications of Differentiation



Chapter 2 Summary 299

f

x

y

4

2

2 4

(� 2, f(� 2))

KEY TERMS AND CONCEPTS EXAMPLES

SECTION 2.4 (continued)

If f is differentiable for all x in an interval I,
and there is exactly one critical value c in I
such that then, according to
Maximum…Minimum Principle 2, is an
absolute minimum if or an
absolute maximum if f …1c2 6 0.

f …1c2 7 0
f1c2

f ¿1c2 = 0,

Let for The derivative is We solve 

for the critical value:

The only critical value over the interval where is The

second derivative is We see that 

Therefore, is an absolute minimum.A2 2, f A2 2B B

f …A2 2B =
4

A2 2B3
7 0.f …1x2 =

4

x3
.

x = 2 2.x 7 0

 x = ; 2 2.
 x2 = 2

 1 -
2

x2
= 0

f ¿1x2 = 1 -
2

x2
.x 7 0.f1x2 = x +

2
x
,

SECTION 2.5

Many real-world applications involve 
maximum…minimum problems.

See Examples 1…7 in Section 2.5 and the problem-solving strategy 
on p. 263.

SECTION 2.6

Marginal cost, marginal revenue,and
marginal profit are estimates of the cost,
revenue, and profit for the item
produced:

€
so 

€
so 

€
so P1x + 12 L P1x2 + P¿1x2.
P¿1x2 L P1x + 12 - P1x2,

R1x + 12 L R1x2 + R¿1x2.
R¿1x2 L R1x + 12 - R1x2,

C1x + 12 L C1x2 + C¿1x2.
C¿1x2 L C1x + 12 - C1x2,

1x + 12st

Delta notation represents the change in a
variable:

and

If then 

If is small, then the derivative can be
used to approximate 

¢ y L f ¿1x2#¢ x.

¢ y:
¢ x

¢ x = h.x2 = x1 + h,

¢ y = f1x22 - f1x12.

¢ x = x2 - x1

For let and Then, 
Since and we have 

Since is small, we can approximate by

The derivative is Therefore,

This approximation, is very close to the actual difference, 0.41.0.4,

¢ y L f ¿122#10.12 = 2122#10.12 = 0.4.

f ¿1x2 = 2x.

¢ y L f ¿1x2 ¢ x.

¢ y¢ x = 0.1

¢ y = f1x22 - f1x12 = 4.41 - 4 = 0.41.

f1x22 = f12.12 = 4.41,f1x12 = f122 = 4
¢ x = 2.1 - 2 = 0.1.x2 = 2.1.x1 = 2f1x2 = x2,

(continued)

Quantity produced

C
os

t

C�(x) � C(x + 1) Š C(x)

y = C(x)

x

y

x x + 1



KEY TERMS AND CONCEPTS EXAMPLES

SECTION 2.6 (continued)

Differentials allow us to approximate
changes in the output variable y given a
change in the input variable x:

and

If is small, then 

In practice, it is often simpler to calculate
dy, and it will be very close to the true
value of ¢ y.

dy L ¢ y.¢ x

dy = f ¿1x2dx.

dx = ¢ x

For find dy when and 

Note that . Thus, Evaluating, we have

This result can be used to approximate the value of using the fact
that

Thus, the approximation is very close to the actual value, 

23 29 = 3.07231Á .

23 29 L 3.074

23 29 = 23 27 + dy L 3 +
2
27

L 3.074.

23 29 L 23 27 + dy:
23 29,

dy =
1

323 12722
122 =

2
27

L 0.074.

dy =
1

323 x2
dx.

dy

dx
=

1

323 x2

dx = 2.x = 27y = 23 x,

SECTION 2.7

If an equation has variables x andy andy
is not isolated on one side of the equation,
the derivative can be found without
solving for y by the method of implicit
differentiation.

dy>dx

Find if 

We differentiate both sides with respect to x, then solve for 

dy

dx
=

3x2

5y4
.

5y4
dy

dx
= 3x2

d
dx

y5 =
d
dx

x3 +
d
dx

7

dy

dx
.

y5 = x3 + 7.
dy

dx

A related rateoccurs when the rate of
change of one variable (with respect to
time) can be calculated in terms of the rate
of change (with respect to time) of another
variable of which it is a function.

A cube of ice is melting, losing of its volume (V) per minute. 
When the side length (x) of the cube is 20 cm, how fast is the side length
decreasing?

Since and both V andx are changing with time, we differenti-
ate each variable with respect to time:

We have and Evaluating gives

or

dx
dt

= -
30

312022
= - 0.025cm>min.

- 30 = 312022 dx
dt

dV
dt

= - 30.x = 20

dV
dt

= 3x2 dx
dt

.

V = x3

30 cm3
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CHAPTER 2 
REVIEW EXERCISES

These review exercises are for test preparation. They can also
be used as a practice test. Answers are at the back of the book.
The blue bracketed section references tell you what part(s) of
the chapter to restudy if your answer is incorrect.

CONCEPT REINFORCEMENT

Match each description in column A with the most appropriate
graph in column B.[2.1…2.4]

Column A Column B
1. A function with a

relative maximum but 
no absolute extrema

a)

2. A function with both a
vertical asymptote and
a horizontal asymptote

b)

3. A function that is 
concave up and 
decreasing

c)

4. A function that is
concave up and
increasing

d)

5. A function with three
critical values

e)

6. A function with one
critical value and a sec-
ond derivative that is
always positive

f)

7. A function with a first
derivative that is
always positive

g) 

x

y

x

y

x

y

x

y

x

y

x

y

In Exercises 8…13, classify each statement as either true 
or false.

8. Every continuous function has at least one critical value.
[2.1]

9. If a continuous function has extrema, they will
occur where [2.1]

10. If and then f(c) is a relative
minimum. [2.2]

11. If and then f(c) cannot be a relative
minimum. [2.2]

12. If the graph of has a horizontal asym-
ptote, then the degree of the polynomial must be
the same as that of the polynomial . [2.3]

13. Absolute extrema of a continuous function f always
occur at the endpoints of a closed interval. [2.4]

REVIEW EXERCISES

For each function given, find any extrema, along with the 
x-value at which they occur. Then sketch a graph of the
function. [2.1]

14. 15.

16. 17.

18. 19.

20.

21. f1x2 = x3 - 3x + 2

f1x2 = 2x3 - 3x2 - 12x + 10

f1x2 = 3x2>3f1x2 = x3 + x2 - x + 3

f1x2 = 4 + 1x - 123f1x2 =
- 8x

x2 + 1

f1x2 = x4 - 2x2 + 3f1x2 = 4 - 3x - x2

Q1x2
P1x2

f1x2 = P1x2>Q1x2

f …1c2 = 0,f ¿1c2 = 0

f …1c2 7 0,f ¿1c2 = 0

f ¿1x2 = 0.
y = f1x2
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Sketch the graph of each function. List any minimum or
maximum values and where they occur, as well as any 
points of inflection. State where the function is increasing 
or decreasing, as well as where it is concave up or concave
down. [2.2]

22.

23.

24.

25.

26. (Round to three decimal
places where appropriate.)

27. (Round to three decimal
places where appropriate.)

Sketch the graph of each function. Indicate where each
function is increasing or decreasing, the coordinates at 
which relative extrema occur, where any asymptotes occur,
where the graph is concave up or concave down, and where
any intercepts occur. [2.3]

28. 29.

30. 31.

32. 33.

Find the absolute maximum and minimum values of each 
function, if they exist, over the indicated interval. Indicate 
the x-value at which each extremum occurs. Where no 
interval is specified, use the real line. [2.4]

34.

35.

36.

37.

38. Of all numbers whose sum is 60, find the two that have
the maximum product. [2.5]

39. Find the minimum value of where
[2.5]

40. Business: maximizing profit. If 

and

find the maximum profit and the number of units 
that must be produced and sold in order to yield this
maximum profit. Assume that and are in
dollars. [2.5]

41. Business: minimizing cost. A rectangular box with a
square base and a cover is to have a volume of 2500 
If the cost per square foot for the bottom is $2, for the

ft3.

C1x2R1x2

C1x2 = 22x - 1,R1x2 = 52x - 0.5x2

x - 2y = 1.
Q = x2 - 2y2,

f1x2 = x4 - 2x2 + 1

f1x2 = x +
50
x

; 10, q 2

f1x2 = 8x2 - x3; 3- 1, 84

f1x2 = x4 - 2x2 + 3; 30, 34

f1x2 =
x2 + 3

x
f1x2 =

x2 - 2x + 2
x - 1

f1x2 = -
x + 1

x2 - x - 2
f1x2 =

5

x2 - 16

f1x2 =
x

x - 2
f1x2 =

2x + 5
x + 1

f1x2 = 1
5 x5 + 3

4 x4 - 4
3 x3 + 8

f1x2 = 3x4 + 2x3 - 3x2 + 1

f1x2 = x4 - 2x2

f1x2 = 4x3 - 6x2 - 24x + 5

f1x2 = x2 - 10x + 8

f1x2 =
1
3

 x3 + 3x2 + 9x + 2

top is $3, and for the sides is $1, what should the dimen-
sions be in order to minimize the cost? [2.5]

42. Business: minimizing inventory cost. A store in Califor-
nia sells 360 hybrid bicycles per year. It costs $8 to store
one bicycle for a year. To reorder, there is a fixed cost of
$10, plus $2 for each bicycle. How many times per year
should the store order bicycles, and in what lot size, in
order to minimize inventory costs? [2.5]

43. Business: marginal revenue.Crane Foods determines
that its daily revenue, R(x), in dollars, from the sale of 
x frozen dinners is 

a) What is Crane•s daily revenue when 81 frozen dinners
are sold?

b) What is Crane•s marginal revenue when 81 frozen
dinners are sold?

c) Use the answers from parts (a) and (b) to estimate
R(82). [2.6]

For Exercises 44 and 45, [2.6]

44. Find and given that and 

45. a) Find dy.

b) Find dy when and 

46. Approximate using [2.6]

47. Physical science: waste storage.The Waste Isolation 
Pilot Plant (WIPP) in New Mexico consists of large rooms
carved into a salt deposit and is used for long-term storage
of radioactive waste. (Source: www.wipp.energy.gov.) 
A new storage room in the shape of a cube with an edge
length of 200 ft is to be carved into the salt. Use a differen-
tial to estimate the potential difference in the volume of
this room if the edge measurements have a tolerance of

[2.6]

48. Differentiate the following implicitly to find Then
find the slope of the curve at the given point. [2.7]

49. A ladder 25 ft long leans against a vertical wall. If the
lower end is being moved away from the wall at the rate of
6 how fast is the height of the top decreasing when
the lower end is 7 ft from the wall? [2.7]

50. Business: total revenue, cost, and profit.Find the rates of
change, with respect to time, of total revenue, cost, and
profit for

and

when and units per day. Assume
that R(x) and C(x) are in dollars. [2.7]

SYNTHESIS

51. Find the absolute maximum and minimum values, if
they exist, over the indicated interval.[2.4]

f1x2 = 1x - 322>5; 1- q , q 2

dx>dt = 30x = 100

C1x2 = 15x + 6,R1x2 = 120x - 0.5x2

ft>sec,

2x3 + 2y3 = - 9xy; 1- 1, - 22

dy>dx.

; 2 ft.

¢ y L f ¿1x2 ¢ x.2 83

dx = 0.01.x = - 2

¢ x = - 0.05.x = 1dy,¢ y

y � f1x2 � 2x3 � x.

R1x2 = 4x3>4.
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52. Find the absolute maximum and minimum values of the
piecewise-defined function given by

[2.4]

53. Differentiate implicitly to find 

[2.7]

54. Find the relative maxima and minima of

[2.1 and 2.2]

55. Determine a rational function f whose graph has a
vertical asymptote at and a horizontal asymptote
at and includes the point [2.4]

TECHNOLOGY CONNECTION

Use a calculator to estimate the relative extrema of each
function. [2.1 and 2.2]

56.

57.

58. Life and physical sciences: incidence of breast cancer.
The following table provides data relating the incidence
of breast cancer per 100,000 women of various ages.

a) Use REGRESSIONto fit linear, quadratic, cubic, and
quartic functions to the data.

f1x2 = 23 †9 - x2 †- 1

f1x2 = 3.8x5 - 18.6x3

11, 22.y = 3
x = - 2

y = x4 - 8x3 - 270x2.

1x - y24 + 1x + y24 = x6 + y6.

dy>dx:

f1x2 = c
2 - x2, for - 2 ƒ x ƒ 1,
3x - 2, for    1 6 x 6 2,
1x - 422, for    2 ƒ x ƒ 6.

Age Incidence per 100,000

0 0
27 10
32 25
37 60
42 125
47 187
52 224
57 270
62 340
67 408
72 437
77 475
82 460
87 420

(Source: National Cancer Institute.)

b) Which function best fits the data?
c) Determine the domain of the function on the basis of

the function and the problem situation, and explain.
d) Determine the maximum value of the function on the

domain. At what age is the incidence of breast cancer
the greatest?[2.1 and 2.2]

Note: The function used in Exercise 28 of Section R.1 was
found in this manner.

CHAPTER 2
TEST

Find all relative minimum or maximum values as well as the 
x-values at which they occur. State where each function is
increasing or decreasing. Then sketch a graph of the function.

1. 2.

3. 4.

Sketch a graph of each function. List any extrema, and
indicate any asymptotes or points of inflection.

5. 6.

7. 8.

9. 10.

11. 12. f1x2 =
x - 3
x + 2

f1x2 =
x2 - 1

x

f1x2 =
- 8

x2 - 4
f1x2 =

2
x - 1

f1x2 = x2 9 - x2f1x2 = 1x - 223 + 3

f1x2 = 2x4 - 4x2 + 1f1x2 = x3 + x2 - x + 1

f1x2 =
16

x2 + 4
f1x2 = 1x - 222>3 - 4

f1x2 = 4 + 3x - x3f1x2 = x2 - 4x - 5

Find the absolute maximum and minimum values, if they exist,
of each function over the indicated interval. Where no interval
is specified, use the real line.

13.

14.

15.

16.

17.

18.

19.

20. Of all numbers whose difference is 8, find the two that
have the minimum product.

10, q 2f1x2 = x2 +
128
x

;

f1x2 = 3x2 - x - 1

f1x2 = - 2x + 5

3- 1, 14f1x2 = - 2x + 5;

f1x2 = - x2 + 8.6x + 10

C- 2, 12Df1x2 = x3 + x2 - x + 1;

f1x2 = x16 - x2
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21. Minimize where 

22. Business: maximum profit. Find the maximum profit
and the number of units, x, that must be produced and
sold in order to yield the maximum profit. Assume that
R(x) and C(x) are the revenue and cost, in dollars, when
x units are produced:

23. Business: minimizing cost. From a thin piece of
cardboard 60 in. by 60 in., square corners are cut out 
so that the sides can be folded up to make an open box.
What dimensions will yield a box of maximum volume?
What is the maximum volume?

24. Business: minimizing inventory costs. Ironside Sports
sells 1225 tennis rackets per year. It costs $2 to store one
tennis racket for a year. To reorder, there is a fixed cost of
$1, plus $0.50 for each tennis racket. How many times
per year should Ironside order tennis rackets, and in
what lot size, in order to minimize inventory costs?

25. For and , find 
and 

26. Approximate using 

27. For 

a) Find dy.
b) Find dy when and 

28. Differentiate the following implicitly to find Then
find the slope of the curve at 1, 2 :

29. A spherical balloon has a radius of 15 cm. Use a differen-
tial to find the approximate change in the volume of the
balloon if the radius is increased or decreased by 0.5 cm.
(The volume of a sphere is Use 3.14 for )

30. A pole 13 ft long leans against a vertical wall. If the lower
end is moving away from the wall at the rate of 
how fast is the upper end coming down when the lower
end is 12 ft from the wall?

SYNTHESIS

31. Find the absolute maximum and minimum values of the
following function, if they exist, over 

f1x2 =
x2

1 + x3
.

[0, q 2:

0.4 ft>sec,

p .V = 4
3 p r 3.

x3 + y3 = 9.

21
dy>dx.

dx = 0.01.x = 2

y = 2 x2 + 3:

¢ y L f ¿1x2 ¢ x.2 50

f ¿1x2 ¢ x.
¢ y¢ x = 0.1y = f1x2 = x2 - 3, x = 5,

 C1x2 = 1.1x2 + 10x + 80.
 R1x2 = x2 + 110x + 60,

x - y = 10.Q = x2 + y2, 32. Business: minimizing average cost.The total cost in
dollars of producing x units of a product is given by

How many units should be produced to minimize the av-
erage cost?

TECHNOLOGY CONNECTION

33. Use a calculator to estimate any extrema of this function:

34. Use a calculator to estimate any extrema of this function:

35. Business: advertising.The business of manufacturing
and selling bowling balls is one of frequent changes.
Companies introduce new models to the market about
every 3 to 4 months. Typically, a new model is created
because of advances in technology such as new surface
stock or a new way to place weight blocks in a ball. To
decide how to best use advertising dollars, companies
track the sales in relation to the amount spent on adver-
tising. Suppose that a company has the following data
from past sales.

g1x2 = x5 - x3.

f1x2 = 5x3 - 30x2 + 45x + 52 x.

C1x2 = 100x + 1002 x +
2 x3

100
.
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Amount Spent on 
Advertising 

(in thousands)
Number of Bowling 

Balls Sold, N

$ 0 8
50 13,115

100 19,780
150 22,612
200 20,083
250 12,430
300 4

a) Use REGRESSIONto fit linear, quadratic, cubic, and
quartic functions to the data.

b) Determine the domain of the function in part (a) that
best fits the data and the problem situation. Justify
your answer.

c) Determine the maximum value of the function on the
domain. How much should the company spend on
advertising its next new model in order to maximize
the number of bowling balls sold?
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Maximum Sustainable Harvest

Extended Technology Application

In certain situations, biologists are able to determine
what is called a reproduction curve. This is a function

such that if P is the population after Pyears, then 
is the population a year later, at time Such a curve
is shown below.

t + 1.
f1P2

y = f1P2

The line is significant because if it ever
coincides with the curve then we know that
the population stays the same from year to year. Here the
graph of f lies mostly above the line, indicating that the
population is increasing.

Too many deer in a forest can deplete the food supply
and eventually cause the population to decrease for lack
of food. In such cases, often with some controversy,
hunters are allowed to •harvestŽ some of the deer. Then
with a greater food supply, the remaining deer population
may prosper and increase.

We know that a population Pwill grow to a popu-
lation in a year. If this were a population of fur-bearing
animals and the population were increasing, then hunters
could •harvestŽ the amount

each year without shrinking the initial population P. If
the population were remaining the same or decreasing,
then such a harvest would deplete the population.

Suppose that we want to know the value of that
would allow the harvest to be the largest. If we could
determine that we could let the population grow until
it reached that level and then begin harvesting year after
year the amount f1P02 - P0.

P0,

P0

f1P2 - P

f1p2

y = f1P2,
y = P

Maximum sustainable
harvest, f (P0) Š P0

m = 1
Reproduction function,

y = f ( P)

PP0

y

Let the harvest function H be given by

Then

Now, if we assume that exists for all values of P
and that there is only one critical value, it follows that 
the maximum sustainable harvestoccurs at that value 
such that

and H…1P02 = f …1P02 6 0.

H¿1P02 = f ¿1P02 - 1 = 0

P0

H¿1P2

H¿1P2 = f ¿1P2 - 1.

H1P2 = f1P2 - P.

Population at time t

Population
1 year
later
(at t + 1)

Reproduction function,
y = f (P)

y = P

P f( P)

( P, f (P))

f(P)

y



Or, equivalently, we have the following.

THEOREM

The maximum sustainable harvestoccurs at 
such that

and

and is given by

H1P02 = f1P02 - P0.

f …1P02 6 0,f ¿1P02 = 1

P0

EXERCISES
For Exercises 1…3, do the following.

a) Graph the reproduction curve, the line and the
harvest function using the same viewing window.

b) Find the population at which the maximum
sustainable harvest occurs. Use both a graphical
solution and a calculus solution.

c) Find the maximum sustainable harvest.

1. where P is measured in
thousands.

2. , where Pis measured in
thousands. This is the reproduction curve in the
Hudson Bay area for the snowshoe hare, a fur-bearing
animal.

f1P2 = - 0.025P2 + 4P

f1P2 = P110 - P2,

y � P,

For Exercises 4 and 5, do the following.

a) Graph the reproduction curve, the line and the
harvest function using the same viewing window.

b) Graphically determine the population at which the
maximum sustainable harvest occurs.

c) Find the maximum sustainable harvest.

4. where Pis measured in thousands.
Assume that this is the reproduction curve for the
brown trout population in a large lake.

f1P2 = 402 P,

y � P,

10

20

30

40

50

9.7

23.1

37.4

46.2

42.6

POPULATION, P
(in thousands)

POPULATION, f (P),
1 YEAR LATER
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3. where P is meas-
ured in thousands. This is the reproduc-
tion curve in the Hudson Bay area for the
lynx, a fur-bearing animal.

f1P2 = - 0.01P2 + 2P,

5. where P is measured in
thousands.

6. The table below lists data regarding the reproduction
of a certain animal.

a) Use REGRESSIONto fit a cubic polynomial to these
data.

f1P2 = 0.237P2 2000 - P2,

b) Graph the reproduction
curve, the line and
the harvest function using
the same viewing window.

c) Graphically determine the
population at which the
maximum sustainable
harvest occurs.

y = P,
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3
Exponential and
Logarithmic 
Functions

Chapter Snapshot
What You•ll Learn
3.1 Exponential Functions
3.2 Logarithmic Functions
3.3 Applications: Uninhibited and 

Limited Growth Models
3.4 Applications: Decay
3.5 The Derivatives of and 
3.6 An Economics Application:

Elasticity of Demand

loga xax

Why It•s Important
In this chapter, we consider two types of functions that
are closely related:exponential functionsand logarithmic
functions. After learning to find derivatives of such
functions, we will study applications in the areas of
population growth and decay, continuously com-
pounded interest, spread of disease, and carbon dating.

Where It•s Used

COMIC BOOK VALUE BY YEAR

MILLION-DOLLAR COMIC BOOK

A 1939 comic book with the first
appearance of the •Caped Crusader,Ž
Batman, sold at auction in Dallas in
2010 for $1.075 million. The comic
book originally cost 10¢. What will
the value of the comic book be in
2020? After what time will the value
of the comic book be $30 million?

This problem appears as Example 7 in
Section 3.3.

Number of years since 1939

V(t) = 0.10e0.228t

V(t)

t81

$1.075
million

$0.10

Va
lu

e 
of

 c
om

ic
 b

oo
k



Graphs of Exponential Functions
Consider the following graph. The rapid rise of the graph indicates that it approximates
an exponential function. We now consider such functions and many of their applications.
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3.1
OBJECTIVES

Exponential Functions

€ Graph exponential
functions.

€ Differentiate exponential
functions.

TECHNOLOGY CONNECTION

We can approximate using the 
exponential key: 2 U [ .
We obtain 

EXERCISES
Approximate.

1. 2.

3. 4. 18- p7- 2 2

52 35p

2p L 8.824977827.

p
2p

(Source: U.S. Census Bureau.)

4 billion 1974

5 billion 1987

6 billion 1998

8 billion* 2020

*Projected

3 billion 1960

2 billion 1927

1 billion 1804

1800 1900 2000
Year

2100

WORLD POPULATION GROWTH

Let•s review definitions of expressions of the form where x is a rational number.
For example,

or

means •raise a to the 234th power and then take the 100th root .Ž

What about expressions with irrational exponents, such as and An
irrational numberis a number named by an infinite, nonrepeating decimal. Let•s
consider We know that is irrational with an infinite, nonrepeating decimal
expansion:

3.141592653

This means that is approached as a limit by the rational numbers

3, 3.1, 3.14, 3.141, 3.1415, ,

so it seems reasonable that should be approached as a limit by the rational powers

Estimating each power with a calculator, we get the following:

8, 8.574188, 8.815241, 8.821353, 8.824411,

In general, is approximated by the values of for rational numbers r near x; 
is the limit of as r approaches x through rational values. Thus, for the

usual laws of exponents, such as

and

can be applied to real number exponents. Moreover, the function so obtained,
is continuous.f1x2 = ax,

a- x =
1
ax,1ax2y = axy,ax , ay = ax- y,ax #ay = ax+y,

a 7 0,arax
arax

Á .

23, 23.1, 23.14, 23.141, 23.1415, Á .

2p

Á

p

Á .

p2p.

2- 2 3?22 2, 2p,

A2100a234B

a234>100a2.34

ax,
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Quick Check 1

For complete this
table of function values.

Graph f1x2 = 3x.

f1x2 = 3x,
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y

x…1…2 1 2

2

1

3

4

5

6

7

8

f(x) = 2x

3 4…3…4

9

…1
This part of the curve comes very
close to the x-axis, but does not
touch or cross it. The x-axis is a
horizontal asymptote.

This part of the curve increases
without bound.

DEFINITION
An exponential function f is given by

where x is any real number, and The number a is called the base.a Z 1.a 7 0,

f1x2 = ax,

The following are examples of exponential functions:

Note that in contrast to power functions like and an exponential func-
tion has the variable in the exponent, not as the base. Exponential functions have
countless applications. For now, however, let•s consider their graphs.

EXAMPLE 1Graph: 

Solution First, we find some function values. Note that is always positive:

 x = - 2, y = 2- 2 =
1

22 =
1
4

.

 x = - 1, y = 2- 1 =
1
2

;

 x = 3,  y = 23 = 8;

 x = 2, y = 22 = 4;

 x = 1, y = 21 = 2;

 x =
1
2

, y = 21>2 = 2 2 L 1.4;

 x = 0, y = 20 = 1;

2x

y = f1x2 = 2x.

y = x3,y = x2

f1x2 = 10.42x.f1x2 = A1
2Bx,f1x2 = 2x,

x f1x2 = 3x

0

1

2

3

- 1

- 2

- 3

�

�

O

x 0 1
2 1 2 3 - 1 - 2

= 2x
y = f1x2

1 1.4 2 4 8 1
2

1
4

Next, we plot the points and connect them with a smooth curve, as shown above. The
graph is continuous, increasing without bound, and concave up. We see too that the 
x-axis is a horizontal asymptote (see Section 2.3), that is,

and

Quick Check 1

EXAMPLE 2 Graph: 

Solution First, we note that

 = 2- x.

 = 12- 12x

 y = g1x2 = A1
2Bx

y = g1x2 = A1
2Bx.

lim
x: q

 f1x2 = q .lim
x: - q

 f1x2 = 0



O

Quick Check 2

For complete

this table of function values.

Graph g1x2 = a
1
3

b
x

.

g1x2 = a
1
3

b
x

,

This will ease our work in calculating function values:

 x = - 3, y = 2- 1- 32 = 8.

 x = - 2, y = 2- 1- 22 = 4;

 x = - 1, y = 2- 1- 12 = 2;

 x = 2, y = 2- 2 =
1
4

;

 x = 1, y = 2- 1 =
1
2

;

 =
1

2 2
L

1
1.4

L 0.7;

 x =
1
2

, y = 2- 1>2 =
1

21>2

 x = 0, y = 2- 0 = 1;
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TECHNOLOGY CONNECTION

Exploratory Exercise: Growth

Take a sheet of -in.-by-11-in. paper and cut it into two
equal pieces. Then cut these again to obtain four equal
pieces. Then cut these to get eight equal pieces, and so on,
performing five cutting steps.

81
2

c) Graph the function 

d) Compute the thickness of the stack (in miles) after
25 steps.

f1t2 = 0.004122t.

y

x…1…2 1 2

2

3

4

5

6

7

8

f(x) = 2x

3 4…3…4

9

…1

1

g(x) =       = 2…x1 …
2

� 
�

�
�

x

x g1x2 = a
1
3

b
x

0

1

2

3

- 1

- 2

- 3

Start Step 1 Step 2 Step 3

a) Place all the pieces in a stack and measure the thickness.

b) A piece of paper is typically 0.004 in. thick. Check the
measurement in part (a) by completing the table.

t 0.004#2t

0 0.004#20, or 0.004

1 0.004#21, or 0.008

2 0.004#22, or 0.016

3

4

5

x 0 1
2 1 2 - 1 - 2 - 3

= A1
2Bx

y = f1x2

1 0.7 1
2

1
4 2 4 8

Next, we plot these points and connect them with a smooth curve, as shown by the red
curve in the figure. The graph is continuous, decreasing, and concave up. We see too
that the x-axis is a horizontal asymptote, that is,

and

The graph of of Example 1 is shown as a blue curve, for comparison. Note
that the graph of is the reflection of the graph of across the y-axis.
Thus, we expectthe graphs of and to be symmetric with respect
to the y-axis.

Quick Check 2

y = 2xy = A1
2Bx = 2- x

y = f1x2y = g1x2
f1x2 = 2x

lim
x: - q

 g1x2 = q .lim
x: q

 g1x2 = 0

O

Start

Step 1

Step 2

Step 3

Step 4

Step 5
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1. The function given by with
is a positive, increasing, con-

tinuous function. As x gets smaller, 
approaches 0. The graph is concave up,
and the x-axis is the horizontal asymptote.

2. The function given by with
is a positive, decreasing,

continuous function. As x gets larger,
approaches 0. The graph is concave

up, and the x-axis is the horizontal
asymptote.

ax

0 6 a 6 1,
f1x2 = ax,

ax
a 7 1,

f1x2 = ax,

For we have so, in this case, f is a constant function.
This is why we do not allow 1 to be the base of an exponential function.

The Number eand the Derivative of 
Let•s consider finding the derivative of the exponential function

The derivative is given by

= ax #lim
h: 0

ah - 1
h

.

= lim
h: 0

aax #ah - 1
h

b

= lim
h: 0

ax #ah - ax #1
h

= lim
h: 0

ax+h - ax

h

f ¿1x2 = lim
h: 0

f1x + h2 - f1x2

h

f1x2 = ax.

ex

f1x2 = ax = 1x = 1;a = 1,

TECHNOLOGY CONNECTION

Exploratory
Use a calculator or iPlot or
Graphicus to check the graphs of
the functions in Examples 1 and 2.
Then graph

and

and look for patterns.

g1x2 = A1
3Bx

f1x2 = 3x

y

x

f(x) = ax,
a > 1

1 2 3 4…1…2…3…4

(2, a2)

(1, a1)

(0, 1)
(…1, a…1)

y

x

f(x) = ax,
0 < a < 1

1 2 3 4…1…2…3…4

(2, a2)

(1, a1)
(0, 1)(…1, a…1)

Definition of the derivative

Substituting for and for 

Using the laws for exponents

Factoring

is constant with respect to h, and the limit of
a constant times a function is the constant times
the limit of that function. (See Limit Property
L6 in Section 1.2.)

ax

f1x2axf1x + h2ax+h

We get

In particular, for 

Substituting 2 for ag¿1x2 = 2x #lim
h: 0

2h - 1
h

.

g1x2 = 2x,

f ¿1x2 = ax #lim
h: 0

ah - 1
h

.
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Note that the limit does not depend on the value of x at which we are evaluating the
derivative. In order for to exist, we must determine whether

exists.

Let•s investigate this question.
We choose a sequence of numbers h approaching 0 and compute 

listing the results in a table, as shown at left. It seems reasonable to assume that
has a limit as h approaches 0 and that its approximate value is 0.7; thus,

In other words, the derivative is a constant times Similarly, for 

Substituting 3 for a

Again, we can find an approximation for the limit that does not depend on the value of
x at which we are evaluating the derivative. Consider the table at left. Again, it seems
reasonable to conclude that has a limit as h approaches 0. This time, the
approximate value is 1.1; thus,

In other words, the derivative is a constant times 
Let•s now analyze what we have done. We proved that

if then 

Consider 

1. For 

2. For 

It seems reasonable to conclude that, for some choice of a between 2 and 3, we
have

To find that a, it suffices to look for a value such that

(1)

Multiplying both sides by h and then adding 1 to both sides, we have

Raising both sides to the power we have

(2)

Since equations (1) and (2) are equivalent, it follows that

lim
h: 0

 
ah - 1

h
= lim

h: 0
 1 and lim

h: 0
 a = lim

h: 0
 11 + h21>h

a = 11 + h21>h.

1>h,

ah = 1 + h.

ah - 1
h

= 1.

lim
h: 0

 
ah - 1

h
= 1.

lim
h: 0

 
ah - 1

h
= lim

h: 0
 
3h - 1

h
L 1.0986.

a = 3,

lim
h: 0

 
ah - 1

h
= lim

h: 0
 
2h - 1

h
L 0.6931.

a = 2,

lim
h: 0

 
ah - 1

h
.

f ¿1x2 = ax #lim
h: 0

 
ah - 1

h
.f1x2 = ax,

3x.

t¿1x2 L 11.123x.

13h - 12>h

t¿1x2 = 3x #lim
h: 0

 
3h - 1

h
.

t1x2 = 3x,2x.

g¿1x2 L 10.722x.

12h - 12>h

12h - 12>h,

lim
h: 0

 
2h - 1

h

g¿1x2h
2h - 1

h

0.5 0.8284
0.25 0.7568
0.175 0.7369
0.0625 0.7084
0.03125 0.7007
0.00111 0.6934
0.000001 0.6931

TECHNOLOGY CONNECTION

EXERCISE
Using TBLSETin Askmode, produce
the tables shown above.

h 11 + h21>h

0.5 2.25

0.1 2.5937

0.01 2.7048

0.001 2.7169

- 0.01 2.732

- 0.001 2.7196

0.0001 2.7181

h
3h - 1

h

0.5 1.4641
0.25 1.2643
0.175 1.2113
0.0625 1.1372
0.03125 1.1177
0.00111 1.0993
0.000001 1.0986
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are also equivalent. Thus,

and

are equivalent. We conclude that, for there to be a number a for which 

we must have This last equation gives us the special number we are 

searching for.* The number is named e, in honor of Leonhard Euler (pronounced
•OilerŽ), the great Swiss mathematician (1707…1783) who did groundbreaking work
with it.

a = lim
h: 0

 11 + h21>h.

lim
h: 0

 
ah - 1

h
= 1,

a = lim
h: 0

 11 + h21>hlim
h: 0

 
ah - 1

h
= 1

Theorem 1 says that for the function
the derivative at x (the slope

of the tangent line) is the same as the
function value at x. That is, on the graph
of at the point 0, 1 , the slope
is at the point 1, e , the slope is

at the point the slope 
is and so on. The function

is the onlyexponential function
for which this correlation between the
function and its derivative is true.

y = ex
m = e2,

12, e22,m = e;
21m = 1;
21y = ex,

f1x2 = ex,

*This derivation is based on one presented in Appendix 4 of e: The Story of a Number,by Eli Maor
(Princeton University Press, 1998).

TECHNOLOGY CONNECTION
DEFINITION

We call e the natural base.

e = lim
h: 0

 11 + h21>h L 2.718281828459

It follows that, for the exponential function 

That is, the derivative of is
We have shown that if it follows that f ¿1x2 = ex.f1x2 = ex,

ex.ex

 = ex.

 = ex #1

 f ¿1x2 = ex #lim
h: 0

 
eh - 1

h

f1x2 = ex,

THEOREM 1

The derivative of the function f given by is itself:

f ¿1x2 = f1x2, or d
dx

 ex = ex.

f1x2 = ex

f(0) = f �(0) = 1

f(1) = f �(1) � 2.72

f(2) = f �(2) � 7.39

f(x) = ex = f �(x)

x

y

1 3 52 4 6Š1Š2

6

7

8

5

4

3

2

1

Exploratory
Graph using the viewing
window Trace to
a point and note the y-value. Then
find at that point, using the 
m key, and compare y and

Repeat this process for three
other values of x. What do you
observe?

Using iPlot, graph 
as a first function in red. Do not
turn on Derivate. Graph 
as a second function in blue, and
turn on Derivate. What happens?
Explain. 

Using Graphicus, graph
Then use the tangent line

feature to move along the curve,
noting the x-values, the y-values,
and the values of which are
the same as in this case.
What happens? Explain.

dy>dx
0y>0x,

y = ex.

f1x2 = ex,

f1x2 = ex,

dy>dx.

dy>dx

3- 5, 5,  - 1, 104.
f1x2 = ex



O

Quick Check 3

Differentiate:

a) b)

c) y =
ex

x2 .

y = x3ex;y = 6ex;

314 C H A P T E R  3 € Exponential and Logarithmic Functions

In Section 3.5, we will develop a formula for the derivative of the more general
exponential function given by 

Finding Derivatives of Functions Involving e
We can use Theorem 1 in combination with other theorems derived earlier to differen-
tiate a variety of functions.

EXAMPLE 3Find a) b) c)

Solution

a) Recall that 

b) Using the Product Rule

Factoring

c) Using the Quotient Rule

Factoring

Simplifying =
ex1x - 32

x4

 =
x2ex1x - 32

x6

 
d
dx

a
ex

x3 b =
x3 #ex - ex #3x2

x6

 = ex1x2 + 2x2, or xex1x + 22

 
d
dx

 1x2ex2 = x2 #ex + ex #2x

 = 3ex

d
dx

 3c#f1x24 = c#f ¿1x2. 
d
dx

 13ex2 = 3 
d
dx

 ex

y =
ex

x3.y = x2ex;y = 3ex;dy>dx:

y = ax.
TECHNOLOGY CONNECTION

Exploratory 
Check the results of Example 3
by entering each function as 
and letting 
Then enter the derivatives from
Example 3 as and use graphs 
or a table to compare and 

Using iPlot, graph 
in red. Turn on Derivate. Now
suppose the derivative was mistak-
enly found to be 
Graph this incorrect function in
some other color. What happens?
Explain. Then describe a proce-
dure for checking the results of
Example 3 using iPlot.

Using Graphicus, graph 
as a first function.

Then touch and choose Add
derivative. Suppose the derivative
was mistakenly found to be

Graph this incorrect
function. What happens? Explain.
Then describe a procedure for
checking the results of Example 3
using Graphicus.

g¿1x2 = 2xex.

x2exg1x2 =

f ¿1x2 = 3ex- 1.

f1x2 = 3ex
y3.y2

y3

1y1, x, x2.y2 = nDeriv
y1

+

Suppose that we have a more complicated function in the exponent, as in

This is a composition of functions. For such a function, we have

where

Now Then by the Chain Rule (Section 1.7), we have

For the case above, so Then

The next theorem, which we have proven using the Chain Rule, allows us to find
derivatives of functions like the one above.

 = ex2- 5x12x - 52.

 = ef 1x2 #f ¿1x2

 h¿1x2 = g¿1f1x22#f ¿1x2

f ¿1x2 = 2x - 5.f1x2 = x2 - 5x,

 = ef 1x2 #f ¿1x2.

 h¿1x2 = g¿1f1x22#f ¿1x2

g¿1x2 = ex.

g1x2 = ex and f1x2 = x2 - 5x.h1x2 = g1f1x22 = ef1x2,

h1x2 = ex2- 5x.

Quick Check 3

�

O
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The following gives us a way to remember this rule.

Rewrite the original function.

Multiply by the derivative of the exponent.

EXAMPLE 4 Differentiate each of the following with respect to x:

a) b) c)

Solution

a)

b)

c)

Using the Chain Rule twice

Quick Check 4

Graphs of and 
Now that we know how to find the derivative of let•s look at the graph of

from the standpoint of calculus concepts and the curve-sketching techniques
discussed in Section 2.2.
f1x2 = ex

f1x2 = ex,

1 � e� kxex, e� x,

 =
e2 x2- 3 #x
2 x2 - 3

, or xe2 x2- 3

2 x2 - 3

 = e2 x2- 3 #x #1x2 - 32- 1>2

 = e1x2- 321>2 #1
2 1x2 - 32- 1>2 #2x

 
d
dx

 e2 x2- 3 =
d
dx

 e1x2- 321>2

d
dx

 e- x2+4x- 7 = e- x2+4x- 71- 2x + 42, or - 21x - 22e- x2+4x- 7

d
dx

 e8x = e8x #8, or 8e8x

e2 x2- 3.y = e- x2+4x- 7;y = e8x;

 h¿1x2 = ex2- 5x12x - 52

 h1x2 = ex2- 5x

THEOREM 2

The derivative of e to some power is the product of e to that power and the
derivative of the power:

or

d
dx

 eu = eu #du
dx

.

d
dx

 ef 1x2 = ef 1x2 #f ¿1x2

O

Quick Check 4

Differentiate:

a)

b)

c) h1x2 = e2 x2+5.

g1x2 = ex3+8x;

f1x2 = e- 4x;

�

O
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EXAMPLE 5Graph: Analyze the graph using calculus.

Solution We simply find some function values using a calculator, plot the points,
and sketch the graph as shown below.

f1x2 = ex.

y

x…1…2 1 2

2

1

3

4

5

6

7

8

f(x) = ex

0

x f1x2

- 2 0.135

- 1 0.368

0 1

1 2.718

2 7.389

We analyze the graph using calculus as follows.

a) Derivatives.Since it follows that 

b) Critical values of f.Since for all real numbers x, we know that the
derivative exists for all real numbers and there is no solution of the equation

There are no critical values and therefore no maximum or minimum
values.

c) Increasing.We have for all real numbers x, so the function f is
increasing over the entire real line, 

d) Inflection points.We have for all real numbers x, so the equation
has no solution and there are no points of inflection.

e) Concavity.Since for all real numbers x, the function is increas-
ing and the graph is concave up over the entire real line.

EXAMPLE 6 Graph: Analyze the graph using calculus.

Solution First, we find some function values, plot the points, and sketch the graph.

g1x2 = e- x.

f ¿f …1x2 = ex 7 0

f …1x2 = 0
f …1x2 = ex 7 0

1- q , q 2.
f ¿1x2 = ex 7 0

f ¿1x2 = 0.

f ¿1x2 = ex 7 0

f ¿1x2 = ex, so f …1x2 = ex.f1x2 = ex,

y

x…1…2 1 2

2

1

3

4

5

6

7

8

g(x) = e…x

0

x g1x2

- 2 7.389

- 1 2.718

0 1

1 0.368

2 0.135

We can then analyze the graph using calculus as follows.

a) Derivatives.Since we have

so

g…1x2 = - e- x1- 12 = e- x.

g¿1x2 = e- x1- 12 = - e- x,

g1x2 = e- x,

�

�
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b) Critical values of g.Since we have for all real
numbers x. Thus, the derivative exists for all real numbers, and the equation

has no solution. There are no critical values and therefore no maximum
or minimum values.

c) Decreasing.Since the derivative for all real numbers x, the
function g is decreasing over the entire real line.

d) Inflection points.We have so the equation has no
solution and there are no points of inflection.

e) Concavity.We also know that since for all real numbers x, the
function is increasing and the graph is concave up over the entire real line.

Functions of the type with have important applications.

EXAMPLE 7 Graph: with Analyze the graph using
calculus.

Solution First, we find some function values, plot the points, and sketch the graph.

x Ú 0.h1x2 = 1 - e- 2x,

x Ú 0,f1x2 = 1 - e- kx,

g¿
g…1x2 = e- x 7 0

g…1x2 = 0g…1x2 = e- x 7 0,

g¿1x2 = - e- x 6 0

g¿1x2 = 0

g¿1x2 = - e- x 6 0e- x = 1>ex 7 0,

We can analyze the graph using calculus as follows.

a) Derivatives.Since 

and

b) Critical values.Since we have Thus, has
no solution, and since exists for all it follows that there are no critical
values on the interval 

c) Increasing.Since for all real numbers x, we know that h is increasing
over the interval 

d) Inflection points.Since we know that the equation
has no solution; thus, there are no points of inflection.

e) Concavity.Since we know that is decreasing and the
graph is concave down over the interval 10, q 2.

h¿h…1x2 = - 4e- 2x 6 0,

h…1x2 = 0
h…1x2 = - 4e- 2x 6 0,

30, q 2.
2e- 2x 7 0

10, q 2
x 7 0,h¿1x2

h¿1x2 = 02e- 2x 7 0.e- 2x = 1>e2x 7 0,

h…1x2 = 2e- 2x1- 22 = - 4e- 2x.

h¿1x2 = - e- 2x1- 22 = 2e- 2x

h1x2 = 1 - e- 2x,

x h1x2

0 0

0.5 0.63212

1 0.86466

2 0.98168

3 0.99752

4 0.99966

5 0.99995

h(x) = 1 Š eŠ2x

x

y

1 2 3 40.5

0.5

1

0

�
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In general, for the graph of is increasing, which we
expect since is always positive. Note that approaches 1 as x
approaches 

A word of caution!Functions of the type (for example, and ) are differ-
ent from functions of the type (for example, ). For the variable is in the
exponent. For the variable is in the base. The derivative of is not In partic-
ular, we have the following:

Quick Check 5

EXAMPLE 8 Business: Worker Efficiency. It is reasonable for a manufacturer to
expect the daily output of a new worker to start out slow and continue to increase over
time, but then tend to level off, never exceeding a certain amount. A firm manufactures
5G smart phones and determines that after working t days, the efficiency, in number of
phones produced per day, of most workers can be modeled by the function

a) Find N 0 , N 1 , N 5 , N 10 , N 20 , and N 30 .

b) Graph N t .

c) Find and interpret this derivative in terms of rate of change.

d) What number of phones seems to determine where worker efficiency levels off?

Solution
a) We make a table of input…output values.

N¿1t2

21

212121212121

N1t2 = 80 - 70e- 0.13t.

d
dx

 ex Z xex- 1, but d
dx

 ex = ex.

xax- 1.axxa,
ax,x2, x3, x1>2xa

ex2x, 3x,ax
q .

h1x2h¿1x2 = ke- kx
h1x2 = 1 - e- kxk 7 0,

b) Using these values and/or a graphing calculator, we obtain the graph.

O

Quick Check 5

Graph each function. Then
determine critical values,
intervals over which the
function is increasing or
decreasing, inflection points,
and the concavity.

a)

b)

c) h1x2 = 1 - e- x.

g1x2 = 2ex;

f1x2 = 2e- x;

t 0 1 5 10 20 30

N1t2 10 18.5 43.5 60.9 74.8 78.6

t

N(t) = 80 … 70e…0.13t

N(t)

10 20 30 40

Time (in days)

80

N
um

be
r 

of
 p

ho
ne

s 
pr

od
uc

ed
 p

er
 d

ay

70

60

50

40

30

20

10

c) after t days, the rate of change of 
number of phones produced per day is given by 

d) Examining the graph and expanding the table of function values, it seems that
worker efficiency levels off at no more than 80 phones produced per day.

Quick Check 6

9.1e- 0.13t.
N¿1t2 = - 70e- 0.13t1- 0.132 = 9.1e- 0.13t;

O

Quick Check 6

Business. Repeat Example 8
for the efficiency function

N1t2 = 80 - 60e- 0.12t.

�

O

O
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Section Summary
€ The exponential function where 

has the derivative That is, the slope of a
tangent line to the graph of is the same as the
function value at x.

y = ex
f ¿1x2 = ex.

e L 2.71828,f1x2 = ex, € The graph of is an increasing function with no
critical values, no maximum or minimum values, and no
points of inflection. The graph is concave up, with

and

€ Calculus is rich in applications of exponential functions.

lim
x: - q

 f1x2 = 0.lim
x: q

  f1x2 = q

f1x2 = ex

EXERCISE SET

3.1 

Graph.

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

Differentiate.

11. 12.

13. 14.

15. 16.

17. 18.

19. 20.

21. 22.

23. 24.

25. 26.

27. 28.

29. 30.

31. 32.

33. 34.

35.

36.

37. 38.

39. 40.

41. 42.

43. 44. y = e2 x- 4y = e2 x- 7

f1x2 = ex2>2f1x2 = e- x2>2

f1x2 = e- x2+8xf1x2 = e- x2+7x

f1x2 =
ex

x5
f1x2 =

ex

x4

f1x2 = 1x2 - 2x + 22ex

f1x2 = 1x2 + 3x - 92ex

g1x2 =
e3x

x6
F1x2 =

e2x

x4

f1x2 = x7e4xg1x2 = x5e2x

G1x2 = x3 - 5e2xf1x2 = x5 - 2e6x

F1x2 = 4 - e2xG1x2 = 7 + 3e5x

g1x2 = - 4
5ex3

F1x2 = - 2
3ex2

f1x2 = 1
3e- 4xg1x2 = 1

2e- 5x

G1x2 = - 7e- xf1x2 = - 3e- x

g1x2 = 3e5xG1x2 = 2e4x

F1x2 = e- 4xF1x2 = e- 7x

f1x2 = 4exf1x2 = 6ex

g1x2 = e2xg1x2 = e3x

f1x2 = exf1x2 = e- x

f1x2 = 11.22xf1x2 = 12.52x

g1x2 = A3
4Bxg1x2 = A2

3Bx

f1x2 = A4
3Bxf1x2 = A3

2Bx

y = 10.22xy = 10.252x

y = 5xy = 4x

45. 46.

47. 48.

49. 50.

51. 52.

53.

54.

Graph each function. Then determine critical values, inflection
points, intervals over which the function is increasing or
decreasing, and the concavity.

55. 56.

57. 58.

59. 60.

61. 62.

63. for 

64. for 

65…74. For each function given in Exercises 55…64, graph
the function and its first and second derivatives using a
calculator, iPlot, or Graphicus.

75. Find the slope of the line tangent to the graph of
at the point 0, 1 .

76. Find the slope of the line tangent to the graph of
at the point 0, 2 .

77. Find an equation of the line tangent to the graph of
at the point 0, 1 .

78. Find an equation of the line tangent to the graph of 
at the point 0, 1 .

79. and 80. For each of Exercises 77 and 78, graph the
function and the tangent line using a calculator, iPlot, or
Graphicus.

21f1x2 = e2x

21G1x2 = e- x

21f1x2 = 2e- 3x

21f1x2 = ex

x Ú 0f1x2 = 3 - e- x,

x Ú 0g1x2 = 211 - e- x2,

G1x2 = - e11>22xF1x2 = - e11>32x

g1x2 = 1
3 e- xf1x2 = 1

2 e- x

f1x2 = e11>32xg1x2 = e11>22x

g1x2 = e- 2xf1x2 = e2x

g1x2 = 15x2 - 8x2ex2- 4x

g1x2 = 14x2 + 3x2ex2- 7x

y = 1 - e- mxy = 1 - e- kx

y = 1 - e- 3xy = 1 - e- x

y = ex + x3 - xexy = xe- 2x + e- x + x3

y = 2 ex + 1y = 2 ex - 1
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APPLICATIONS

Business and Economics

81. U.S. exports. U.S. exports of goods are increasing
exponentially. The value of the exports, t years after
2009, can be approximated by

where corresponds to 2009 and V is in billions of
dollars. (Source: U.S. Commerce Department.)

a) Estimate the value of U.S. exports in 2009 and 2020.
b) What is the doubling time for the value of U.S.

exports?

t = 0

V1t2 = 1.6e0.046t,

c) (Round to the nearest thousand.)
d) Find and Why do you think 

the company•s costs tend to level off as time passes?

84. Marginal cost. A company•s total cost, in millions of
dollars, is given by

where t is the time in years since the start-up date.

C1t2 = 200 - 40e- t,

lim
t : q

 C¿1t2.lim
t : q

 C1t2
C¿142

82. Organic food. More Americans are buying organic fruit
and vegetables and products made with organic ingredi-
ents. The amount , in billions of dollars, spent on
organic food and beverages t years after 1995 can be
approximated by

(Source: Nutrition Business Journal, 2004.)

a) Estimate the amount that Americans spent on
organic food and beverages in 2009.

b) Estimate the rate at which spending on organic food
and beverages was growing in 2006.

83. Marginal cost. A company•s total cost, in millions of
dollars, is given by

where t is the time in years since the start-up date.

C1t2 = 100 - 50e- t,

A1t2 = 2.43e0.18t.

A1t2

C(t) = 100 … 50e…t

C(t)

t

20

5 10 15

60

80

100

20

40

Find each of the following.

a) The marginal cost, 
b) C¿102

C¿1t2

C(t) = 200 … 40e…tC(t)

t

50

100

2 4 6

150

200

8 10…2

Find each of the following.

a) The marginal cost 
b)
c) (Round to the nearest thousand.)
d) Find and Why do you think 

the company•s costs tend to level off as time passes?

85. Marginal demand. At a price of x dollars, the demand,
in thousands of units, for a certain music player is given
by the demand function

a) How many music players will be bought at a price
of $250? Round to the nearest thousand.

b) Graph the demand function for 
c) Find the marginal demand, 
d) Interpret the meaning of the derivative.

86. Marginal supply. At a price of x dollars, the supply
function for the music player in Exercise 85 is given by

where q is in thousands of units.

a) How many music players will be supplied at a price
of $250? Round to the nearest thousand.

b) Graph the supply function for 
c) Find the marginal supply, 
d) Interpret the meaning of the derivative.

Life and Physical Sciences

87. Medication concentration. The concentration C, in
parts per million, of a medication in the body t hours
after ingestion is given by the function

a) Find the concentration after 0 hr, 1 hr, 2 hr, 3 hr,
and 10 hr.

b) Sketch a graph of the function for 
c) Find the rate of change of the concentration, 
d) Find the maximum value of the concentration and

the time at which it occurs.
e) Interpret the meaning of the derivative.

C¿1t2.
0 ƒ t ƒ 10.

C1t2 = 10t2e- t.

q¿1x2.
0 ƒ x ƒ 400.

q = 75e0.004x,

q¿1x2.
0 ƒ x ƒ 400.

q = 240e- 0.003x.

lim
t : q

 C¿1t2.lim
t : q

 C1t2
C¿152
C¿102

C¿1t2
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88. Ebbinghaus learning model.Suppose that you are
given the task of learning 100% of a block of knowledge.
Human nature is such that we retain only a percentage 
Pof knowledge t weeks after we have learned it. The
Ebbinghaus learning modelasserts that P is given by

where Q is the percentage that we would never forget
and k is a constant that depends on the knowledge
learned. Suppose that and 

a) Find the percentage retained after 0 weeks, 1 week,
2 weeks, 6 weeks, and 10 weeks.

b) Find 

c) Sketch a graph of P.
d) Find the rate of change of Pwith respect to time t.
e) Interpret the meaning of the derivative.

SYNTHESIS

Differentiate.

89. 90.

91. 92.

93. 94.

95. 96.

97. 98.

99. 100.

Exercises 101 and 102 each give an expression for e. Find the
function values that are approximations for e. Round to five
decimal places.

101. For , we have Find 

and .

102. For we have Find 

and .

103. Find the maximum value of over .

104. Find the minimum value of over 

105. A student made the following error on a test: 

Identify the error and explain how to correct it.

106. Describe the differences in the graphs of and
g1x2 = x3.

f1x2 = 3x

d
dx

 ex = xex- 1.

3- 2, 04.f1x2 = xex

30, 44f1x2 = x2e- x

g10.99982g10.92, g10.992, g10.9992,

g10.52,e = lim
t : 1

 g1t2.g1t2 = t1>1t - 12,

f10.0012f10.52, f10.22, f10.12,

f112,e = lim
t : 0

 f1t2.f1t2 = 11 + t21>t

f1x2 = eex
f1x2 =

ex - e- x

ex + e- x

f1x2 =
xe- x

1 + x2
f1x2 = ex>2 #2 x - 1

f1x2 =
1
ex + e1>xf1x2 = e2 x + 2 ex

y =
ex

1 - exy =
ex

x2 + 1

y = 23 e3t + ty =
e3t - e7t

e4t

y = 1ex2
- 224y = 1e3x + 125

lim
t : q

 P1t2.

k = 0.7.Q = 40

P1t2 = Q + 1100 - Q2e- kt,

For each of the functions in Exercises 109…112, graph f,
and

109. 110.

111. 112.

113. Graph

Use the TABLEfeature and very large values of x to
confirm that e is approached as a limit.

f1x2 = a1 +
1
x

b
x

.

f1x2 = 1000e- 0.08xf1x2 = 2e0.3x

f1x2 = e- xf1x2 = ex

f ….
f ¿,

TECHNOLOGY CONNECTION

Use a graphing calculator (or iPlot or Graphicus) to graph each
function in Exercises 107 and 108, and find all relative extrema.

107. 108. f1x2 = e- x2
f1x2 = x2e- x

Answers to Quick Checks

1. 1, 3, 9, 27, 2. 1, 3, 9, 27
1
3

, 
1
9

, 
1
27

,
1
3

, 
1
9

, 
1
27

1
3

g(x) �  (� )x

6

8

y

x1 2Š1Š2

2

4

6

8

y

x1 2Š1Š2

2

4

f(x) �  2e� x g(x) �  2ex

6

8

y

x1 2Š1Š2

2

4

N(t) �  80 � 60e� 0.12t

N(t)

t4010 20 30

80
70
60
50
40
30
20
10

3. (a) (b) (c) 

4. (a) (b) (c)

5. (a) 

xe2 x2+5

2 x2 + 5
ex3+8x 13x2 + 82;- 4e- 4x;

ex 1x - 22

x3x2ex 1x + 32;6ex;

No critical values
Decreasing on 
No inflection points
Concave up on 1- q , q 2

1- q , q 2

(b) 

No critical values
Increasing on 
No inflection points
Concave up on 1- q , q 2

1- q , q 2

(c) 

h(x) �  1 � e� x

y

x102 4 6 8

1

0.6

0.8

0.2

0.4

No critical values
Increasing on 
No inflection points
Concave down on 1- q , q 2

1- q , q 2

6. (a) 20, 26.8, 47.1, 61.9, 74.6, 78.4(b)
(c) after t days, 
the rate of change of number of 
phones produced per day is given 
by 
(d) 80 phones produced per day

7.2e- 0.12t.

N¿1t2 = 7.2e- 0.12t;

Social Sciences

f(x) �  3x

6

8

y

x1 2Š1Š2

2

4



Logarithmic Functions and Their Graphs
Suppose that we want to solve the equation

We are trying to find the power of 10 that will give 1000. Since the answer
is 3. The number 3 is called •the logarithm, base 10, of 1000.Ž

103 = 1000,

10y = 1000.
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3.2
OBJECTIVES

Logarithmic Functions

€ Convert between
exponential and 
logarithmic equations.

€ Solve exponential equations.

€ Solve problems involving
exponential and logarithmic
functions.

€ Differentiate functions
involving natural logarithms.

y

x1 2 3 4 5
…1

…2

2

1

3

6 7 8

y = log2 x (or x = 2y)

TECHNOLOGY CONNECTION

Exploratory
Graph Then use 
the TABLEfeature to find the
coordinates of points on the
graph. How can each ordered
pair help you make a hand draw-
ing of a graph of g1x2 = log2 x?

f1x2 = 2x.

DEFINITION
A logarithm is defined as follows:

means

The number is the power y to which we raise a to get x. The number a is
called the logarithmic base.We read as •the logarithm, base a, of x.Žloga x

loga x

ay = x, a 7 0, a Z 1.loga x = y

For logarithms with base 10, is the power y such that Therefore, a
logarithm can be thought of as an exponent. We can convert from a logarithmic equa-
tion to an exponential equation, and conversely, as follows.

10y = x.log10 x

Logarithmic Equation Exponential Equation

loga M = N aN = M

 log49 7 = 1
2

 log5 
1
25 = - 2

 log10 100 = 2

 491>2 = 7
 5- 2 = 1

25

 102 = 100

In order to graph a logarithmic equation, we can graph its equivalent exponen-
tial equation.

EXAMPLE 1Graph: 

Solution We first write the equivalent exponential equation:

We select values for y and find the corresponding values of Then we plot points,
remembering that x is still the first coordinate, and connect the points with a smooth curve.

2y.

2y = x.

y = log2 x.

x, or 2y y

1 0

2 1

4 2

8 3

1
2 - 1

1
4 - 2

1 Select y.
2 Compute x.

�



Graphing Logarithmic
Functions
To graph we first graph

We next select the
Drawlnv option from the DRAW
menu and then the Y-VARSoption
from the VARSmenu, followed by
1 , 1 , and [ to draw the
inverse of Both graphs are
drawn together.

y1.

y1 = 2x.
y = log2 x,

To use Graphicus to graph
press and New x(y) .

Then enter as 2^y and press
Done. The screen will display the
graph of the equation ,
which by the definition of
logarithms is also the graph of

EXERCISES
Graph.

1.

2.

3.

4. f1x2 = log10 x

f1x2 = loge x

y = log5 x

y = log3 x

y = log2 x.

x = 2y

2y
y = log2 x,
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y

x…1…2 1 2

2

3

4

5

6

7

g(x) = log2 x

0 3 4…3…4
…1

1

f(x) = 2x

…2

…3

…4

…5

…5…6 5 6 7

y = x

(2, 4)

(4, 2)

10

…10 10

…10

y1 = 2x, y2
 = log2 x

The graphs of and are shown below on the same set of
axes. Note that we can obtain the graph of g by reflecting the graph of f across the line

Functions whose graphs can be obtained in this manner are known as inverses
of each other.
y = x.

g1x2 = log2 xf1x2 = 2xTECHNOLOGY CONNECTION

+ Although we do not develop inverses in detail here, it is important to note that they
•undoŽ each other. For example,

The input 3 gives the output 8.

and The input 8 gets us back to 3.

Basic Properties of Logarithms
The following are some basic properties of logarithms. The proofs of P1…P3 follow
from properties of exponents and are outlined in Exercises 107…109 at the end of this
section. Properties P4…P6 follow directly from the definition of a logarithm, and a proof
of P7 is outlined in Exercise 110.

g182 = log2 8 = 3.

f132 = 23 = 8,

THEOREM 3 Properties of Logarithms

For any positive numbers M, N, a, and b, with a, and any real number k:

P1.

P2.

P3.

P4.

P5.

P6.

P7. (The change-of-base formula)logb M =
loga M

loga b

loga 1 = 0

loga 1ak2 = k

loga a = 1

loga 1Mk2 = k #loga M

loga 
M
N

= loga M - loga N

loga 1MN2 = loga M + loga N

b Z 1,

Let•s illustrate these properties.



O

Quick Check 1

Given and
find each of

the following:

a) b)

c) d) 

e) f) logb 2 b.logb 5b;

logb 16;logb 
5
2;

logb 
2
5;logb 10;

logb 5 = 0.827,
logb 2 = 0.356
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EXAMPLE 2 Given

and

find each of the following: a) b) c)

d) e) f) g) h)

Solution
a)

By P1

b) By P2

c)

By P3

d) By P2

By P6

e) By P5

f) By P1

By P4

g)

We simply divided and used none of the properties.

h) There is no way to find using the properties of logarithms

Quick Check 1

Common Logarithms
The number is the common logarithmof x and is abbreviated that is:log x;log10 x

1loga 5 Z loga 2 + loga 32.
loga 5

loga 3

loga 2
=

0.477
0.301

L 1.58

 = 1.301

 = 0.301 + 1

 loga 12a2 = loga 2 + loga a

loga 2 a = loga 1a1>22 = 1
2

 = - 0.477

 = 0 - 0.477

 loga 
1
3 = loga 1 - loga 3

 = 1.908

 = 410.4772

 = 4 loga 3

 loga 81 = loga 34

 = - 0.176

 = 0.301 - 0.477

 loga 
2
3 = loga 2 - loga 3

 = 0.778

 = 0.301 + 0.477

 = loga 2 + loga 3

 loga 6 = loga 12 #32

loga 5.
loga 3

loga 2
;loga 12a2;loga 2 a;loga 

1
3;

loga 81;loga 
2
3;loga 6;

loga 3 = 0.477,loga 2 = 0.301

DEFINITION
For any positive number x, log x = log10 x.

Thus, when we write • Ž with no base indicated, base 10 is understood. Note
the following comparison of common logarithms and powers of 10.

log x

�

O
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 0.001 = 10- 3

 0.01 = 10- 2

 0.1 = 10- 1

 1 = 100

 10 = 101

 100 = 102

 1000 = 103

DEFINITION
For any positive number x, ln x = loge x.

The common
logarithms at the
right follow from
the powers at the
left.

log 0.001 = - 3

log 0.01 = - 2

log 0.1 = - 1

 log 1 = 0

 log 10 = 1

 log 100 = 2

 log 1000 = 3

Since and it seems reasonable that is some-
where between 2 and 3. Tables of logarithms were originally used for such approxima-
tions, but since the advent of the calculator, such tables are rarely used. Using a
calculator with a W key, we find that 

Before calculators became so readily available, common logarithms were used
extensively to do certain computations. In fact, computation is the reason logarithms
were developed. Since standard notation for numbers is based on 10, it was logical to
use base-10, or common, logarithms for computations. Today, computations with com-
mon logarithms are mainly of historical interest; the logarithmic functions, base e, are
far more important.

Natural Logarithms
The number e, which is approximately 2.718282, was developed in Section 3.1, and
has extensive application in many fields. The number is the natural logarithm of
x and is abbreviated ln x.

loge x

log 500 L 2.6990.

log 500log 1000 = 3,log 100 = 2

The following basic properties of natural logarithms parallel those given earlier for
logarithms in general.

THEOREM 4 Properties of Natural Logarithms

P1. P5.

P2. P6.

P3. P7. and

P4. ln e = 1

ln M =
log M

log e
logb M =

ln M
ln b

ln 1ak2 = k #ln a

ln 1 = 0ln 
M
N

= ln M - ln N

ln 1ek2 = kln 1MN2 = ln M + ln N
To enter the key 
labeled W can be used.

EXERCISES
1. Graph and

using the same
set of axes. Then find , 

0.699 , , and g 1000 .

2. Use the W key and P7 
of Theorem 4 to graph
y = log2 x.

21g1522f1
f132

g1x2 = log10 x
y = x,f1x2 = 10x,

y = log10 x,

TECHNOLOGY CONNECTION

Let•s illustrate the properties of Theorem 4.
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Quick Check 2

Given and
find each of

the following:

a) ln 10; b) 

c) d)

e) f) log5 2.ln 5e2;

ln 32;ln 
2
5;

ln 
5
2;

ln 5 = 1.6094,
ln 2 = 0.6931

326 C H A P T E R  3 € Exponential and Logarithmic Functions

Solution
a) By P1

b)

By P3

c) By P2

By P6

d) By P1

By P5

e) By P7

Quick Check 2

Finding Natural Logarithms Using a Calculator
You should have a calculator with an X key. You can find natural logarithms directly
using this key.

EXAMPLE 4 Approximate each of the following to six decimal places:

a) ln 5.24; b) ln 0.001278.

Solution We use a calculator with an X key.

a) b)

Exponential Equations
If an equation contains a variable in an exponent, the equation is exponential. We can
use logarithms to manipulate or solve exponential equations.

EXAMPLE 5Solve for t.

Solution We have

Taking the natural logarithm on both sides

By P5; remember that means 

Using a calculator

Note that this is an approximation for t even though an equals sign is often used.

 t L 3.7

 t L 3.688879

loge e
t.ln et t = ln 40

 ln et = ln 40

et = 40

ln 0.001278 L - 6.662459ln 5.24 L 1.656321

log2 3 =
ln 3
ln 2

=
1.0986
0.6931

L 1.5851

 = 5.6931

 = 0.6931 + 5

 ln 12e52 = ln 2 + ln 1e52

 = - 1.0986

 = 0 - 1.0986

 ln 
1
3 = ln 1 - ln 3

 = 4.3944

 = 411.09862

 = 4  ln 3

 ln 81 = ln 1342

 = 1.7917

 = 0.6931 + 1.0986

 ln 6 = ln 12 #32 = ln 2 + ln 3

�

�

O

EXAMPLE 3Given

and

find each of the following: a) ln 6; b) ln 81; c) d) e) log2 3.ln 12e52;ln 
1
3;

ln 3 = 1.0986,ln 2 = 0.6931

�
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EXAMPLE 6 Solve for t.

Solution We have

Taking the natural logarithm on both sides

By P5

Using a calculator

In Example 6, we rounded ln 0.05 to in an intermediate step. When
using a calculator, you should find

by keying in

X.05)d: .04 ,

pressing [ , and rounding at the end. Answers at the back of this book have been
found in this manner. Remember, the number of places in a table or on a calculator
affects the accuracy of the answer. Usually, your answer should agree with that in the
Answers section to at least three digits.

Quick Check 3

 ln 0.05
- 0.04

- 2.995732

 t L 75.

 t L
- 2.995732

- 0.04

 t =
ln 0.05
- 0.04

 - 0.04t = ln 0.05

 ln e- 0.04t = ln 0.05

e- 0.04t = 0.05

O

Quick Check 3

Solve each equation for t:

a)

b) e- 0.08t = 0.25.

et = 80;

TECHNOLOGY CONNECTION

Solving Exponential Equations

Let•s solve the equation of Example 5, graphically.

Method 1: The INTERSECTFeature

We change the variable to x and consider the system of
equations and We graph the equations in
the window to see the curvature and point
of intersection.

3- 1, 8, - 10, 704
y2 = 40.y1 = ex

et = 40,

Method 2: The ZEROFeature

We change the variable to x and get a 0 on one side of the
equation: Then we graph in the
window 3- 1, 8, - 10, 104.

y = ex - 40ex - 40 = 0.

y1 = ex,       y2 = 40

Intersection
X = 3.6888795 Y = 40…1
…10

70

8

Then we use the INTERSECToption from the CALC
menu to find the point of intersection, about 3.7, 40 . 
The x-coordinate, 3.7, is the solution of et = 40.

21

Zero
X = 3.6888795 Y = 0

…1

…10

10

8

Using the ZEROoption from the CALCmenu, we see
that the x-intercept is about 3.7, 0 , so 3.7 is the solution of

EXERCISES
Solve graphically using a calculator, iPlot, or Graphicus.

1. 2.

3. 4.

5. 15e0.2x = 34,785.13

e0.23x = 41,378e- 0.04t = 0.05

e- x = 60et = 1000

et = 40.
21

�

O
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Graphs of Natural Logarithmic Functions
There are two ways in which we might graph One is to graph the
equivalent equation by selecting values for y and calculating the corresponding
values of We then plot points, remembering that x is still the first coordinate.ey.

x = ey
y = f1x2 =  ln x.

The graph above shows the graph of for comparison. Note again that the
functions are inverses of each other. That is, the graph of or is a
reflection, or mirror image, across the line of the graph of Any ordered pair
a, b on the graph of g yields an ordered pair b, a on f. Note too that 

and the y-axis is a vertical asymptote.
The second method of graphing is to

use a calculator to find function values. For example,
when then This
gives the pair 2, 0.7 shown on the graph.

The following properties can be observed from the graph.

21
y = ln 2 L 0.6931 L 0.7.x = 2,

y = ln x

lim
x: 0+

 ln x = - q2121
y = ex.y = x

x = ey,y =  ln x,
g1x2 = ex

y

x…1…2 1 2

2

3

4

5

6

7

3 4
…1

1 f(x) = ln x

…2

5 6 7

y = x

g(x) = ex

y

x1 2 3 4 5
…1

…2

2

1

6 7 8

f(x) = ln x

(2, 0.7)

x, or ey y

0.1 - 2

0.4 - 1

1.0 0

2.7 1

7.4 2

20.1 3

1 Select y.
2 Compute x.

TECHNOLOGY CONNECTION

Graphing Logarithmic
Functions
To graph you can use 
the X key and enter the func-
tion as y1 =  ln 1x2.

y =  ln x,

THEOREM 5

ln x exists only for positive numbers x. The domain is 

for 

when 

for 

The function given by is always increasing. The range is the entire
real line, or the set of real numbers, � .1- q , q 2,

f1x2 =  ln x

x 7 1.ln x 7 0

x = 1.ln x = 0

0 6 x 6 1.ln x 6 0

10, q 2.

Derivatives of Natural Logarithmic Functions
Let•s find the derivative of

(1)f1x2 = ln x.
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We first write its equivalent exponential equation:

so (2)
by the definition of logarithms.

Now we differentiate on both sides of this equation:

By the Chain Rule

Substituting x for from equation (2)

Thus, we have the following.

 f ¿1x2 =
1
x
.

ef 1x2 x #f ¿1x2 = 1

 ef 1x2 #f ¿1x2 = 1

 
d
dx

 ef 1x2 =
d
dx

 x

ef 1x2 = x,ln x = loge x = f1x2,ef 1x2 = x.

TECHNOLOGY CONNECTION

Exploratory
Use Graphicus to graph 
Then touch and choose Add
derivative. Using the tangent line
feature, move along the curve,
noting the x-values, the y-values,
and the values of to verify 

that 
dy

dx
=

1
x
.

dy>dx,

y = ln x.
+

To visualize the meaning of Theorem 6, look back at the graph of on 
p. 328. Take a small ruler or a credit card and place it as if its edge were a tangent line.
Start on the left and move the ruler or card along the curve toward the right, noting
how the tangent lines flatten out. Think about the slopes of these tangent lines. The
slopes approach 0 as a limit, though they never actually become 0. This is consistent
with the formula

Theorem 6 asserts that to find the slope of the tangent line at x for the function
we need only take the reciprocal of x. This is true only for positive values

of x, since ln x is defined only for positive numbers. (For negative numbers x, this
derivative formula becomes

but we will seldom consider such a case in this text.)
Let•s find some derivatives.

EXAMPLE 7Differentiate:

a) b) c)

Solution

a)

b) Using the Product Rule on ln x

Simplifying = x + 2x #ln x + 5

x2 
d
dx

 1x2 ln x + 5x2 =  x2 #1
x

+ ln x #2x + 5

 =
3
x

 
d
dx

 13 ln x2 = 3 
d
dx

 ln x

y =
ln x

x3 .y = x2 ln x + 5x;y = 3 ln x;

d
dx

 ln †x†=
1
x
,

f1x2 = ln x,

d
dx

 ln x =
1
x
, because lim

x: q
 
1
x

= 0.

f1x2 = ln x

�

THEOREM 6

For any positive number x,

d
dx

 ln x =
1
x
.



O

Quick Check 4

Differentiate:

a)

b)

c) y =
ln x

x2 .

y = x3 ln x + 4x;

y = 5 ln x;

c) By the Quotient Rule

Factoring

Simplifying

Quick Check 4

Suppose that we want to differentiate a more complicated function that is of the
form such as

This can be regarded as

where and

Now so by the Chain Rule (Section 1.7), we have

For the above case, so Then

The following rule, which we have proven using the Chain Rule, allows us to find
derivatives of functions like the one above.

h¿1x2 =
1

x2 - 8x
#12x - 82 =

2x - 8

x2 - 8x
.

f ¿1x2 = 2x - 8.f1x2 = x2 - 8x,

 =
1

f1x2
#f ¿1x2.

 h¿1x2 = g¿1f1x22#f ¿1x2

g¿1x2 = 1>x,

f1x2 = x2 - 8x.g1x2 = ln xh1x2 = g1f1x22,

h1x2 = ln 1x2 - 8x2.

h1x2 = ln f1x2,

 =
1 - 3 ln x

x4

 =
x211 - 3 ln x2

x6

 =
x2 - 3x2 ln x

x6

 
d
dx

 
ln x

x3 =
x3 #11>x2 - 1ln x213x22

x6
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The following gives us a way of remembering this rule.

 h¿1x2 =
2x - 8

 x2 - 8x

 h1x2 = ln 1x2 - 8x2

THEOREM 7

The derivative of the natural logarithm of a function is the derivative of the func-
tion divided by the function:

or

d
dx

 ln u =
1
u
#du
dx

.

d
dx

 ln f1x2 =
1

f1x2
#f ¿1x2 =

f ¿1x2

f1x2
,

1 Differentiate the •insideŽ function.

2 Divide by the •insideŽ function.

1 

2 

O

�����  

� � � � �  

�����  



Exploratory

To check part (a) of Example 
8, we let 

and
Either GRAPHor 

TABLEcan then be used to show
that Use this approach 
to check parts (b), (c), and 
(d) of Example 8. (Or use 
Graphicus to check those 
results.)

y2 = y3.

y3 = 1>x.
y2 = nDeriv1y1, x, x2,

y1 = ln 13x2,
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TECHNOLOGY CONNECTION

EXAMPLE 8 Differentiate:

a) b) c) d)

Solution
a) If then

Note that we could have done this using the fact that 

then, since ln 3 is a constant, we have

b) If then

c) If then

d) If then, since we have

 =
3x3 - x3 - 4

x1x3 + 42
=

2x3 - 4

x1x3 + 42
.

 =
13x22x - 1x3 + 42

x1x3 + 42

 =
3x2

x3 + 4
#x
x

-
1
x
#x3 + 4

x3 + 4

 =
3x2

x3 + 4
-

1
x

 f ¿1x2 =
d
dx

 3ln 1x3 + 42 - ln x4

ln 
M
N

= ln M - ln N,f1x2 = ln a
x3 + 4

x
b,

f ¿1x2 =
1

ln x
#d
dx

 ln x =
1

ln x
#1
x

=
1

x ln x
.

f1x2 = ln 1ln x2,

dy

dx
=

2x

x2 - 5
.

y = ln 1x2 - 52,

d
dx

 ln 13x2 =
d
dx

 ln 3 +
d
dx

 ln x = 0 +
1
x

=
1
x
.

ln 13x2 = ln 3 + ln x;

ln 1MN2 = ln M + ln N:

dy

dx
=

3
 3x

=
1
x
.

y = ln 13x2,

f1x2 = ln a
x3 + 4

x
b.f1x2 = ln 1ln x2;y = ln 1x2 - 52;y = ln 13x2;

By P2; this avoids use of the Quotient
Rule.

Finding a common denominator

Simplifying

O

Quick Check 5

Differentiate:

a)

b)

c)

d) y = ln a
x5 - 2

x
b.

y = ln 1ln 5x2;

y = ln 13x2 + 42;

y = ln 5x;
�
�
�
�
�
�
� 

Quick Check 5

Applications

EXAMPLE 9 Social Science: Forgetting. In a psychological experiment, stu-
dents were shown a set of nonsense syllables, such as POK, RIZ, DEQ, and so on, and
asked to recall them every minute thereafter. The percentage who retained the syl-
lables after t minutes was found to be given by the logarithmic learning model

for t Ú 1.R1t2 = 80 - 27 ln t,

R1t2

�

O

�



a) What percentage of students retained the syllables after 1 min?

b) Find and explain what it represents.

Solution
a)

b)

so

This result indicates that 2 min after students have been shown the syllables, the per-
centage of them who remember the syllables is shrinking at the rate of 13.5% per
minute.

EXAMPLE 10Business: An Advertising Model. A company begins a radio ad-
vertising campaign in New York City to market a new product. The percentage of the
•target marketŽ that buys a product is normally a function of the duration of the adver-
tising campaign. The radio station estimates this percentage, as a decimal, by using

for this type of product, where t is the number of days of the cam-
paign. The target market is approximately 1,000,000 people and the price per unit is
$0.50. If the campaign costs $1000 per day, how long should it last in order to maxi-
mize profit?

Solution Modeling the percentage of the target market that buys the product, ex-
pressed as a decimal, by using is justified if we graph f. The function
increases from 0 (0%) toward 1 (100%). The longer the advertising campaign, the
larger the percentage of the market that has bought the product.

f1t2 = 1 - e- 0.04t

f1t2 = 1 - e- 0.04t

R¿122 = -
27
2

= - 13.5.

d
dt

 180 - 27 ln t2 = 0 - 27 #1
t

= -
27
t

,

R112 = 80 - 27 # ln 1 = 80 - 27 #0 = 80%

R¿122,
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TECHNOLOGY CONNECTION

Exploratory
Graph from
Example 9, using the viewing
window Trace
along the graph. Describe the
meaning of each coordinate in an
ordered pair.

31, 14, - 1, 1004.

y = 80 - 27 ln x,

t

R(t)

1 2 3 4 5 6 7

Time (in minutes)

P
er

ce
nt

ag
e 

of
 s

tu
de

nt
s 

re
ta

in
in

g 
sy

lla
bl

es

8 9 100 11 12 13 14

10

20

30

40

50

60

70

80

90

100

y

t25

 0.5

50 75 100

   1.0

Number of days

The total-profit function, here expressed in terms of time t, is given by

 P1t2 = R1t2 - C1t2.

 Profit = Revenue- Cost

�



3.2 € Logarithmic Functions 333

We find and :

and

C1t2 = 1Advertising costs per day2#1Number of days2 = 1000t.

 = 11 - e- 0.04t211,000,000210.52 = 500,000 - 500,000e- 0.04t,

 R1t2 = 1Percentage buying2#1Target market2#1Price per unit2

C1t2R1t2

O

Quick Check 6

Business: An Advertising
Model. Repeat Example 10
using the function

and assuming that the cam-
paign costs $2000 per day.

f1t2 = 1 - e- 0.08t

100

� 75

200 300 400 500

50,000

100,000

150,000

200,000

250,000

300,000

350,000

$400,000

t

P(t) = 500,000 … 500,000e…0.04t … 1000t

P

Next, we find and take its derivative:

We then set the first derivative equal to 0 and solve:

 t L 75.

 t =
ln 0.05
- 0.04

 - 0.04t = ln 0.05

 ln e- 0.04t = ln 0.05

 e- 0.04t =
1000

20,000
= 0.05

 20,000e- 0.04t = 1000

 20,000e- 0.04t - 1000 = 0

 = 20,000e- 0.04t - 1000.

 P¿1t2 = - 500,000e- 0.04t1- 0.042 - 1000

 = 500,000 - 500,000e- 0.04t - 1000t,

 P1t2 = R1t2 - C1t2

P1t2

We have only one critical value, so we can use the second derivative to determine
whether we have a maximum:

Since exponential functions are positive, for all numbers t. Thus, since
for all t, we have and we have a maximum.

The advertising campaign should run for 75 days in order to maximize profit.

Quick Check 6

P…1752 6 0,- 800e- 0.04t 6 0
e- 0.04t 7 0

 = - 800e- 0.04t.

 P…1t2 = 20,000e- 0.04t1- 0.042

TECHNOLOGY CONNECTION

Exploratory
Graph the function Pin Example 10,
and verify that there is maximum
profit if the length of the advertising
campaign is about 75 days.

Section Summary
€ A logarithmic function is defined by 

for and 
€ The common logarithmic function g is defined by

for 
€ The natural logarithm function f is defined by 

where The derivative 

of f is for The slope of a tangent line to 

the graph of f at x is found by taking the reciprocal of the
input x.

x 7 0.f ¿1x2 =
1
x
,

e L 2.71828.loge x = ln x,
f1x2 =

x 7 0.g1x2 = log10 x = log x,

a Z 1.a 7 0
ay = x,y = loga x € The graph of is an increasing function with

no critical values, no maximum or minimum values, and
no points of inflection. The domain is The range
is or � . The graph is concave down, with

€ Properties of logarithms are described in Theorems 3 
and 4.

€ Calculus is rich in applications of natural logarithmic
functions.

lim
x: q

 f1x2 = q  and lim
x: 0

 f1x2 = - q .

1- q , q 2,
10, q 2.

f1x2 = ln x

O
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EXERCISE SET

3.2 

Write an equivalent exponential equation.

1. 2.

3. 4.

5. 6.

7. 8.

Write an equivalent logarithmic equation.

9. 10.

11. 12.

13. 14.

15. 16.

Given and find each value.

17. 18.

19. 20.

21. 22.

Given and find each value. 
Do not use a calculator.

23. 24.

25. 26.

27. 28.

29. 30.

31. 32.

33. 34.

Find each logarithm. Round to six decimal places.

35. 36.

37. 38.

39. 40.

Solve for t.

41. 42.

43. 44.

45. 46.

47. 48.

Differentiate.

49. 50.

51. 52.

53. 54.

55. 56. g1x2 = x5 ln 13x2g1x2 = x2 ln 17x2

f1x2 = ln 19x2f1x2 = ln 16x2

y = x6 ln x - 1
4 x4y = x4 ln x - 1

2 x2

y = - 9 ln xy = - 8 ln x

e0.07t = 2e- 0.02t = 0.06

e- t = 0.01e- t = 0.1

e3t = 900e2t = 1000

et = 10et = 80

ln 0.011ln 8100

ln 0.00087ln 0.0182

ln 99,999ln 5894

ln a
4
e

bln a
e
5

b

ln 
4
5ln 

1
4

ln 2 e8ln 2 e6

ln 14e2ln 15e2

ln 
1
5ln 

5
4

ln 80ln 20

ln 5 = 1.6094,ln 4 = 1.3863

logb 75logb 15b2

logb 2 b3logb 15

logb 
1
5logb 

5
3

logb 5 � 1.609,logb 3 � 1.099

Qn = TMp = V

10- 2 = 0.0110- 1 = 0.1

103 = 1000102 = 100

et = peM = b

- logb V = w- log10 h = p

loga J = Kloga K = J

log27 3 = 1
3log8 2 = 1

3

log3 81 = 4log2 8 = 3
57. 58.

59.

60.

61.

62.

63. 64.

65. 66.

67.

68.

69. (Hint: Use the Extended Power Rule.)

70. 71.

72.

73.

74.

75. Find the equation of the line tangent to the graph of
at 

76. Find the equation of the line tangent to the graph of
at 

77. Find the equation of the line tangent to the graph of
at 

78. Find the equation of the line tangent to the graph of
at 

APPLICATIONS

Business and Economics

79. Advertising. A model for consumers• response to
advertising is given by

where is the number of units sold and a is the
amount spent on advertising, in thousands of dollars.

a) How many units were sold after spending $1000 on
advertising?

b) Find and 
c) Find the maximum and minimum values, if they exist.
d) Find Discuss whether it makes sense to 

to continue to spend more and more dollars on
advertising.

lim
a: q

 N¿1a2.

N¿1102.N¿1a2

N1a2

N1a2 = 2000 + 500 ln a, a Ú 1,

x = 2.y = ln 14x2 - 72

x = 3.y = 1ln x22

x = 1.y = e3x #ln 14x2

x = 2.y = 1x2 - x2 ln 16x2

g1x2 = ln 12x2#ln 17x2

g1x2 = ln 15x2#ln 13x2

f1x2 = ln 1ln 13x22

f1x2 = ln 1ln 18x22g1x2 = 1ln x23

g1x2 = 1ln x24

f1x2 = ln 1ex - 22

f1x2 = ln 1ex + 12

g1x2 = e2x ln xg1x2 = ex ln x2

f1x2 = ln a
x2 + 5

x
bf1x2 = ln a

x2 - 7
x

b

y = ln 17x2 + 5x + 22

y = ln 13x2 + 2x - 12

y = ln 
x4

2

y = ln 
x2

4
 aHint: ln 

A
B

= ln A - ln B.b

y =
ln x

x5
y =

ln x

x4



80. Advertising. A model for consumers• response to
advertising is given by

where is the number of units sold and a is the
amount spent on advertising, in thousands of dollars.

a) How many units were sold after spending $1000 on
advertising?

b) Find and 
c) Find the maximum and minimum values of N, if

they exist.
d) Find Discuss Does it make sense 

to spend more and more dollars on advertising?
Why or why not?

81. An advertising model. Solve Example 10 given that the
advertising campaign costs $2000 per day.

82. An advertising model. Solve Example 10 given that the
advertising campaign costs $4000 per day.

83. Growth of a stock. The value, , in dollars, of a
stock t months after it is purchased is modeled by

V1t2 = 5811 - e- 1.1t2 + 20.

V1t2

lim
a: q

 N¿1a2.N¿1a2.

N¿1102.N¿1a2

N1a2

N1a2 = 1000 + 200 ln a, a Ú 1,
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b) Find and explain what this number
represents.

c) How many thousands of mechanical pencils should
be sold to maximize profit?

Life and Physical Sciences

86. Acceptance of a new medicine.The percentage Pof
doctors who prescribe a certain new medicine is

where t is the time, in months.

a) Find P(1) and P(6).
b) Find 
c) How many months will it take for 90% of doctors to

prescribe the new medicine?
d) Find and discuss its meaning.

Social Sciences

87. Forgetting. Students in a botany class took a final
exam. They took equivalent forms of the exam at
monthly intervals thereafter. After t months, the average
score , as a percentage, was found to be

a) What was the average score when the students
initially took the test?

b) What was the average score after 4 months?
c) What was the average score after 24 months?
d) What percentage of their original answers did the

students retain after 2 years (24 months)?
e) Find 
f) Find the maximum value, if one exists.
g) Find and discuss its meaning.

88. Forgetting. Students in a zoology class took a final
exam. They took equivalent forms of the exam at
monthly intervals thereafter. After t months, the average
score , as a percentage, was found to be given by

a) What was the average score when they initially took
the test, 

b) What was the average score after 4 months?
c) What was the average score after 24 months?
d) What percentage of their original answers did the

students retain after 2 years (24 months)?
e) Find 
f) Find the maximum and minimum values, if they exist.
g) Find and discuss its meaning.

89. Walking speed. Bornstein and Bornstein found in a study
that the average walking speed v, in feet per second, of a
person living in a city of population p, in thousands, is

(Source: M. H. Bornstein and H. G. Bornstein, •The
Pace of Life,Ž Nature, Vol. 259, pp. 557…559 (1976).)

a) The population of Seattle is 571,000 
What is the average walking speed of a person living
in Seattle?

b) The population of New York is 8,100,000. What is the
average walking speed of a person living in New York?

c) Find 
d) Interpret found in part (c).v¿1p2

v¿1p2.

1p = 5712.

v1p2 = 0.37 ln p + 0.05.

lim
t : q

 S1t2

S¿1t2.

t = 0?

S1t2 = 78 - 15 ln 1t + 12, t Ú 0.

S1t2

lim
t : q

 S1t2,

S¿1t2.

S1t2 = 68 - 20 ln 1t + 12, t Ú 0.

S1t2

lim
t : q

 P1t2,

P¿1t2.

P1t2 = 10011 - e- 0.2t2,

P¿11502,

V(t) = 58(1 … e…1.1t) + 20

t

10

20

5 10 15

30

40

50

60

70

V

a) Find and .
b) Find 
c) After how many months will the value of the stock

first reach $75?
d) Find Discuss the value of the stock over a 

long period of time. Is this trend typical?

84. Marginal revenue. The demand for a new computer
game can be modeled by

where is the price consumers will pay, in dollars,
and x is the number of games sold, in thousands. Recall
that total revenue is given by 

a) Find .
b) Find the marginal revenue, 
c) Is there any price at which revenue will be maxi-

mized? Why or why not?

85. Marginal profit. The profit, in thousands of dollars,
from the sale of x thousand mechanical pencils, can be
estimated by

a) Find the marginal profit, P¿1x2.

P1x2 = 2x - 0.3x ln x.

R¿1x2.
R1x2

R1x2 = x #p1x2.

p1x2

p1x2 = 53.5 - 8 ln x,

lim
t : q

 V1t2.

V¿1t2.
V1122V112



90. Hullian learning model. A keyboarder learns to type 
W words per minute after t weeks of practice, where W
is given by

W1t2 = 10011 - e- 0.3t2.
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109. Proof of P3 of Theorem 3.

so

Thus,

110. Proof of P7 of Theorem 3.
Let
Then
and
Thus,

and

It follows that

111. Find 

112. For any Use this fact to
show graphically why

d
dx

 ln 1kx2 =
d
dx

 ln x =
1
x
.

ln 1kx2 = ln k + ln x.k 7 0,

lim
h: 0

 
ln 11 + h2

h
.

logb M =
loga M

loga b
.

R =
loga M

loga b
.

R#loga b = loga M,
loga 1bR2 = loga M.

bR = M,
logb M = R.

= k #loga M.
loga Mk = Xk
= aXk.

Mk = 1aX2k
M = aX,

t

20

40

5 10 15

60

80

100

W(t)

W

a) Find and .
b) Find 
c) After how many weeks will the keyboarder•s speed

be 95 words per minute?
d) Find and discuss its meaning.

SYNTHESIS

91. Solve for t.

Differentiate.

92. 93.

94. 95.

96.

97. 98.

99. 100.

101. 102.

103.

104.

105. 106.

To prove Properties P1, P2, P3, and P7 of Theorem 3, let
and and give reasons for the steps

listed in Exercises 107…110.

107. Proof of P1 of Theorem 3.
and

so
Thus,

108. Proof of P2 of Theorem 3.
and

so

Thus, loga 
M
N

= X - Y

M
N

=
aX

aY
= aX- Y.

N = aY,M = aX

= loga M + loga N.
loga 1MN2 = X + Y

MN = aX #aY = aX+Y.
N = aY,M = aX

Y � loga N,X � loga M

f1x2 = ln 1ln x23f1x2 = ln 
1 + 2 x

1 - 2 x

y =
xn+1

n + 1
 aln x -

1
n + 1

b

f1x2 =
1
5

 x5 aln x -
1
5

b

f1t2 =
ln t 2

t 2
y = ln 2 5 + x2

f1x2 = log7 xf1x2 = log5 x

y = ln 
x5

18x + 522
f1t2 = ln 

1 - t
1 + t

f1t2 = ln 31t3 + 321t2 - 124

f1x2 = ln 3ln 1ln 13x224g1x2 = 3ln 1x + 5244

f1t2 = ln 1t2 - t27f1x2 = ln 1x3 + 125

P = P0e
kt

lim
t : q

 W1t2,

W¿1t2.
W182W112

TECHNOLOGY CONNECTION

113. Use natural logarithms to determine which is larger, 
or (Hint: is an increasing function.)

114. Find Compare it to other expressions of the type
with What can you conclude?

Use input…output tables to find each limit.

115. 116.

Graph each function f and its derivative Use a graphing
calculator, iPlot, or Graphicus.

117. 118.

119. 120.

Find the minimum value of each function. Use a graphing cal-
culator, iPlot, or Graphicus.

121. 122. f1x2 = x2 ln xf1x2 = x ln x

f1x2 =
ln x

x2
f1x2 = x2 ln x

f1x2 = x ln xf1x2 = ln x

fœ.

lim
x: q

 ln xlim
x: 1

 ln x

x 7 0.2x x,
2  

e e.

y = ln xp e.
ep

Answers to Quick Checks
1. (a) 1.183; (b) (c) 0.471; (d) 1.424;
(e) 1.827; (f ) 2. (a) 2.3025; (b) 0.9163; (c)
(d) 3.4655; (e) 3.6094; (f ) 0.4307 3. (a) 

(b) 4. (a) (b)

(c) 5. (a) (b) (c)

(d) 6. The advertising campaign should run for

about 37 days to maximize profit.

4x5 + 2

x1x5 - 22

1
x1ln 5x2

;
6x

3x2 + 4
;

1
x
;

1 - 2 ln x

x3

x2 + 3x2 ln x + 4;
5
x

;t L 17.329

t L 4.3820;
- 0.9163;1

2

- 0.471;

= loga M -  logaN.
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Exponential Growth
Consider the function

Differentiating, we get

Graphically, this says that the derivative, 
or slope of the tangent line, is simply the 
constant 3 times the function value.

 = f1x2#3.

 f ¿1x2 = 2e3x #3

f1x2 = 2e3x.

3.3
OBJECTIVES

Applications: Uninhibited and Limited 
Growth Models

€ Find functions that satisfy

€ Convert between growth
rate and doubling time.

€ Solve application problems
using exponential growth
and limited growth models.

dP>dt = kP.

THEOREM 8

A function satisfies the equation

or

if and only if

or

for some constant c.

f1x2 = cekxy = cekx

f ¿1x2 = k #f1x2
dy

dx
= ky

y = f1x2

O

Quick Check 1

Differentiate 
Then express in terms 
of .f1x2

f ¿1x2
f1x2 = 5e4x.

m = f �(x) = 3 � f(x)

f(x)

xx

y

Quick Check 1

Although we do not prove it here, the exponential function is the only
function for which the derivative is a constant times the function itself.

f1x2 = cekx

EXAMPLE 1Find the general form of the function that satisfies the equation

Solution The function is or where c is an arbitrary constant.
As a check, note that

EXAMPLE 2 Find the general form of the function that satisfies the equation

dP
dt

= kP.

A¿1t2 = ce5t #5 = 5 #A1t2.

A1t2 = ce5t,A = ce5t,

dA
dt

= 5A.

�

�

O



338 C H A P T E R  3 € Exponential and Logarithmic Functions

Solution The function is or where c is an arbitrary constant.
Check:

Quick Check 2

Whereas the solution of an algebraic equation is a number, the solutions of the
equations in Examples 1 and 2 are functions. For example, the solution of 
is the number 3, and the solution of the equation is the function 
An equation like which includes a derivative and which has a function as
a solution, is called a differential equation.

EXAMPLE 3Solve the differential equation

Solution The solution is Check: 

We will discuss differential equations in more depth in Section 5.7.

f ¿1z2 = cekz #k = f1z2#k.f1z2 = cekz.

f ¿1z2 = k #f1z2.

dP>dt = kP,
P1t2 = cekt.dP>dt = kP

2x + 5 = 11

dP
dt

= cekt #k = kP.

P1t2 = cekt,P = cekt,

y

t

P0

P(t) = P0e
kt, for k �  0

What will the world population be in
2020?

Uninhibited Population Growth

The equation

or with 

is the basic model of uninhibited (unrestrained) population growth, whether the
population is comprised of humans, bacteria in a culture, or dollars invested with
interest compounded continuously. In the absence of inhibiting or stimulating fac-
tors, a population normally reproduces at a rate proportional to its size, and this is
exactly what says. The only function that satisfies this differential equa-
tion is given by

where t is time and k is the rate expressed in decimal notation. Note that

so c represents the initial population, which we denote 

P1t2 = P0e
kt.

P0:

P102 = cek#0 = ce0 = c#1 = c,

P1t2 = cekt,

dP>dt = kP

k 7 0,P¿1t2 = kP1t2,
dP
dt

= kP

O

Quick Check 2

Find the general form of the
function that satisfies the
equation

dN
dt

= kN.

The graph of for 
shows how uninhibited growth produces 
a •population explosion.Ž

k 7 0,P1t2 = P0e
kt,

�

O
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Quick Check 3

Business: Interest 
Compounded Continuously.
Repeat Example 4 for interest
compounded continuously at
4% per year.

The constant k is called the rate of exponential growth,or simply the growth rate.
This is not the rate of change of the population size, which varies according to

but the constant by which P must be multiplied in order to get the instantaneous rate
of change at any point in time. It is similar to the daily interest rate paid by a bank. If
the daily interest rate is then any given balance P is growing at the rate of

dollars per day. Because of the compounding, after 1 year, the interest
earned will exceed 7% of P. When interest is compounded continuously, the interest
rate is a true exponential growth rate. A detailed explanation of this is presented at the
end of this section.

EXAMPLE 4 Business: Interest Compounded Continuously. Suppose that an
amount in dollars, is invested in the Von Neumann Hi-Yield Fund, with interest com-
pounded continuously at 7% per year. That is, the balance Pgrows at the rate given by

a) Find the function that satisfies the equation. Write it in terms of and 0.07.

b) Suppose that $100 is invested. What is the balance after 1 yr?

c) In what period of time will an investment of $100 double itself?

Solution

a) Note that 

b)

It is best to skip this step when 
using a calculator.

c) We are looking for a number T such that The number T is called the
doubling time. To find T, we solve the equation

We use natural logarithms to solve this equation:

Finding the natural logarithm of both sides

By P5: 

Thus, $100 will double itself in approximately 9.9 yr.

Quick Check 3

To find a general expression relating growth rate k and doubling time T, we solve
the following:

Dividing by 

Note that this relationship between k and T does not depend on We now have the
following theorem.

P0.

ln 2 = kT.

ln 2 = ln ekT

P02 = ekT

2P0 = P0e
kT

9.9 L T.

ln 2
0.07

= T

ln ek = kln 2 = 0.07T

ln 2 = ln e0.07T

2 = e0.07T.

200 = 100e0.07#T

P1T2 = $200.

L $107.25

L 10011.0725082

P112 = 100e0.07112 = 100e0.07

P102 = P0.P1t2 = P0e
0.07t

P0

dP
dt

= 0.07P.

P0,

0.07>365#P
0.07>365,

dP
dt

= kP,

�

O
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Quick Check 4

Business: Internet Use.
Worldwide use of the Internet
is increasing at an exponential
rate, with traffic doubling
every 100 days. What is the
exponential growth rate of 
Internet use?
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THEOREM 9

The growth rate kand the doubling time Tare related by

or

and T =
ln 2
k

L
0.693147

k
.

k =
ln 2
T

L
0.693147

T
,

kT = ln 2 L 0.693147,

EXAMPLE 5 Business: Facebook Membership. The social-networking Web site
Facebook connects people with other members they designate as friends. Membership
in Facebook has been doubling every 6 months. What is the exponential growth rate of
Facebook membership, as a percentage?

Solution We have

 k =
ln 2
T

L
0.693147
6 months

If possible, enter the calculation as without
approximating the logarithmic value.

1ln 22>6

The exponential growth rate of Facebook membership is 11.6% per month.

Quick Check 4

The Rule of 70
The relationship between doubling time T and interest rate k is the basis of a rule often
used in business, called the Rule of 70.To estimate how long it takes to double your
money, divide 70 by the rate of return:

 L
69.3147

100k
L

70
100k

.

 T =
ln 2
k

L
0.693147

k
=

100
100

#0.693147
k

 L 0.116# 1
month

.

Remember that k is the interest rate 
written as a decimal.

EXAMPLE 6 Life Science: World Population Growth. The world population
was approximately 6.0400 billion at the beginning of 2000. It has been estimated that
the population is growing exponentially at the rate of 0.016, or 1.6% per year. (How
was this estimate determined? The answer is in the model we develop in the following
Technology Connection.) Thus,

where t is the time, in years, after 2000. (Source: U.S. Census Bureau.)

a) Find the function that satisfies the equation. Assume that and

b) Estimate the world population at the beginning of 2020 

c) After what period of time will the population be double that in 2000?

1t = 202.

k = 0.016.
P0 = 6.0400

dP
dt

= 0.016P,

�

�

O
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TECHNOLOGY CONNECTION

Exponential Models Using Regression

Projecting World Population Growth

The table below shows data regarding world population
growth. A graph illustrating these data, along with the
projected population in 2020, appeared in Section 3.1.

Note that this gives us an exponential model of the type
where y is the population, in billions, in year x.

(1)

The base here is not e, but we can make a conversion to an
exponential function, base e, using the fact that and
then multiplying exponents:

We can now write equation (1) as

(2)

The advantage of this form is that we see the growth rate. Here
the world population growth rate is about 0.016, or 1.6%. To
find world population in 2008, we can substitute 2008 for x in
either equation (1) or (2). We choose equation (2):

EXERCISES
Use equation (1) or equation (2) to estimate world popula-
tion in each year.

1. 2020 2. 2050 3. 2060 4. 2080

 L 6.8465 billion.

 y = 11.488241#10- 132e0.0156672059120082

y = 11.488241#10- 132e0.0156672059x.

 L e0.0156672059x.

 = e1ln 1.015790582x

 bx = 11.015790582x = 1eln 1.015790582x

b = eln b

y = 11.488241#10- 13211.015790582x.

y = a #bx,

Solution

a)

b)

c)

Thus, according to this model, the population in 2000 will double itself by 2043.
(No wonder environmentalists are alarmed!)

T =
ln 2
k

=
ln 2

0.016
= 43.3 yr

P1202 = 6.0400e0.0161202 = 6.0400e0.32 L 8.3179 billion

P1t2 = 6.0400e0.016t

EDI T  CALC  TESTS
7  QuartReg
8:LinReg(a+bx)
9:LnReg
0:ExpReg
A:PwrReg
B:Logistic
C:SinReg

ExpReg
y = a*bx

a = 1.488241E …13
b = 1.01579058

Under ideal conditions, the growth rate of this
rapidly growing population of rabbits might be
11.7% per day.When will this population of
rabbits double?

Quick Check 5

O

Quick Check 5

Life Science: Population
Growth in China. In 2006,
the population of China was
1.314 billion, and the expo-
nential growth rate was 
0.6% per year. Thus,

where t is the time, in years,
after 2006. (Source: Time
Almanac,2007.)

a) Find the function that
satisfies the equation.
Assume that 
and 

b) Estimate the population of
China at the beginning of
2020.

c) After what period of time
will the population be
double that in 2006?

k = 0.006.
P0 = 1.314

dP
dt

= 0.006P,

Year
World Population 

(in billions)

1927 2
1960 3
1974 4
1987 5
1998 6

How was the population projected for 2020? The graph
shows a rapidly growing population that can be modeled
with an exponential function. We carry out the regression
procedure very much as we did in Section R.6, but here we
choose ExpRegrather than LinReg.

(continued)

O
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In the preceding Technology Connection, we used regressionto create an exponen-
tial model. There is another way to create such a model if regression is not an option.
As shown in Example 7, two representative data points are sufficient to determine 
and k in 

EXAMPLE 7 Business: Batman Comic Book. A 1939 comic book with the first
appearance of the •Caped Crusader,Ž Batman, sold at auction in Dallas in 2010 for a
record $1.075 million. The comic book originally cost 10¢ (or $0.10). Using two rep-
resentative data points (0, $0.10) and (71, $1,075,000), we can find an exponential
function that models the increasing value of the comic book. The modeling assump-
tion is that the value V of the comic book has grown exponentially, as given by

(Source: Heritage Auction Galleries.)

a) Find the function that satisfies this equation. Assume that 

b) Estimate the value of the comic book in 2020.

c) What is the doubling time for the value of the comic book?

d) In what year will the value of the comic book be $30 million, assuming there is no
change in the growth rate?

Solution
a) Because of the modeling assumption, we have Since it

follows that

V1t2 = 0.10ekt.

V0 = $0.10,V1t2 = V0e
kt.

V0 = $0.10.

dV
dt

= kV.

P1t2 = P0e
kt.

P0

Exponential Models Using Regression (continued )

Projecting College Costs

For Exercises 5 and 6, use the data regarding projected college
costs (tuition and room and board) listed in the table below.

EXERCISES
5. Use REGRESSIONto fit an exponential function

to the data. Let 1998…1999 be represented by
and let the cost, in dollars. Then convert

that formula to an exponential function, base e,and
determine the exponential growth rate.

6. Use either of the exponential functions found in
Exercise 5 to estimate college costs in the 2014…2015,
2017…2018, and 2039…2040 school years.

y =x = 0
y = a #bx

School Year, x

Costs of Attending a Public 4-year 
College or University 
(2006…2007 dollars)

1998…1999, 0 9,959

1999…2000, 1 9,978

2000…2001, 2 10,089

2001…2002, 3 10,535

2002…2003, 4 10,971

2003…2004, 5 11,709

2004…2005, 6 12,168

2005…2006, 7 12,421

2006…2007, 8 12,797

2007…2008, 9 12,944

(Source: National Center for Education Statistics, Annual Digest 
of Education Statistics: 2008.)

�
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Quick Check 6

Business: Batman Comic
Book. In Example 7, the con-
signer had bought the comic
book in the late 1960s for
$100. (Source: Heritage Auc-
tion Galleries.) Assume that
the year of purchase was 1969
and that the value V of the
comic book has since grown
exponentially, as given by

where t is the number of years
since 1969.

a) Use the data points 
(0, $100) and (41,
$1,075,000) to find the
function that satisfies the
equation.

b) Estimate the value of the
comic book in 2020, and
compare your answer to
that of Example 7.

c) What is the doubling time
for the value of the comic
book?

d) In what year will the 
value of the comic book 
be $30 million? Compare
your answer to that of
Example 7.

dV
dt

= kV,

We have made use of the data point (0, $0.10). Next, we use the data point 
(71, $1,075,000) to determine k. We solve

or

for k, using natural logarithms:

Dividing to simplify

Finding the logarithm of both sides

By P5:

Skip this step when using a calculator.

Rounding to the nearest thousandth

The desired function is where V is in dollars and t is the
number of years since 1939.

b) To estimate the value of the comic book in 2020, which is 
after 1939, we substitute 81 for t in the equation:

Not a bad resale value for a 10¢ comic book, presuming someone will pay the price!

c) The doubling time T is given by

d) We substitute $30,000,000 for and solve for t:

Skip this step when using a calculator.

Rounding to the nearest year

We add 86 to 1939 to get 2025 as the year in which the value of the comic
book will reach $30 million.

Note that in part (a) of this example, we find and divide by 71,
obtaining approximately 0.228. We then use that value for k in part (b). Answers
are found this way in the exercises. You may note some variation in the last one or
two decimal places of your answers if you round as you go.

Quick Check 6

ln 10,750,000

 86 L t.

 
19.519293

0.228
L t

 
ln 300,000,000

0.228
= t

 ln 300,000,000= 0.228t

 ln 300,000,000= ln e0.228t

 300,000,000= e0.228t

 
30,000,000

0.10
= e0.228t

 30,000,000= 0.10e0.228t

 V1t2 = 0.10e0.228t

V1t2

T =
ln 2
k

=
ln 2

0.228
L 3.04 yr.

 V1812 = 0.10e0.2281812 L $10,484,567.

 V1t2 = 0.10e0.228t

2020 - 1939 = 81 years

V1t2 = 0.10e0.228t,

 0.228 L k.

 
16.190416

71
L k

ln ek = k ln 10,750,000 = 71k

 ln 10,750,000 = ln e71k

 10,750,000= e71k

 
1,075,000

0.10
= e71k

 1,075,000 = 0.10ek1712 = 0.10e71k

1,075,000 = 0.10k1712V1t2 = 0.10ekt,

O
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t

P(t)
L

P0

P(t) =

for k > 0

L
1 + beŠkt ,

Models of Limited Growth
The growth model has many applications to unlimited population growth,
as we have seen in this section. However, there are often factors that prevent a popula-
tion from exceeding some limiting value L„perhaps a limitation on food, living space,
or other natural resources. One model of such growth is

for

which is called the logistic equation, 
or logistic function.

k 7 0,P1t2 =
L

1 + be- kt,

P1t2 = P0e
kt

EXAMPLE 8 Business: Satellite Radio Subscribers. Satellite radio companies
provide subscribers with clear signals of hundreds of radio stations, including music,
talk, and sports. The provider XM started up in 2001, followed by Sirius in 2002. Both
companies did well, experiencing what seemed like exponential growth, but the slow-
ing of this growth led Sirius to buy out XM in 2008, forming Sirius XM. The combined
number of subscribers N, in millions, after time t, in years since 2000, with cor-
responding to 2001, can be modeled by the logistic equation

(Source: Sirius XM Radio, Inc.)

a) Find the combined number of subscribers after 1 yr (in 2001), 3 yr, 5 yr, and 8 yr.

b) Find the rate at which the number of subscribers was growing after 8 yr.

c) Graph the equation.

d) Explain why an uninhibited growth model is inappropriate but a logistic equation
is appropriate to model this growth.

Solution
a) We use a calculator to find the function values:

After 1 yr, there were about 197,000 subscribers.
After 3 yr, there were about 1,673,000 subscribers.
After 5 yr, there were about 9,013,000 subscribers.
After 8 yr, there were about 18,598,000 subscribers.

b) We find the rate of change using the Quotient Rule:

=
6348.533e- 1.11t

11 + 295.393e- 1.11t22 .

N¿1t2 =
11 + 295.393e- 1.11t2#0 - 19.3621295.393e- 1.11t21- 1.112

11 + 295.393e- 1.11t22

N1t2 =
19.362

1 + 295.393e- 1.11t ,

N182 = 18.598 million.

N152 = 9.013 million,

N132 = 1.673 million,

N112 = 0.197 million,

N1t2 =
19.362

1 + 295.393e- 1.11t .

t = 1

�
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Quick Check 7

Life Science: Spread of an
Epidemic. In a town whose
population is 3500, an
epidemic of a disease occurs.
The number of people N
infected t days after the disease
first appears is given by

a) How many people are
initially infected with the
disease 

b) Find the number infected
after 2 days, 5 days, 8 days,
12 days, and 18 days.

c) Graph the equation.

d) Find the rate at which the
disease is spreading after
16 days.

e) Using this model,
determine whether all
3500 residents will ever be
infected.

1t = 02?

N1t2 =
3500

1 + 19.9e- 0.6t.

Next, we use a calculator to evaluate the derivative at 

After 8 yr, the number of subscribers was growing at a rate of 0.815 million, or
815,000, per year.

c) The graph follows.

N¿182 = 0.815.

t = 8:

t

N(t)

10

Number of years since 2000

N
um

be
r 

of
 s

ub
sc

rib
er

s
(in

 m
ill

io
ns

)

20

10
N(t) = 19.362

1 + 295.393e…1.11t

t

L

0

P(t) = L(1 … e …kt), for k �  0

P(t)

d) An uninhibited growth model is inappropriate because as more and more
subscribers are added, the population contains fewer who have not subscribed,
perhaps because of the cost or a lack of awareness or interest, or simply because
the population is finite. The logistic equation, graphed in part (c), displays the
rapid rise in the number of subscribers over the early years of the business as well
as the slower growth in later years. It would appear that the limiting value of
subscribers is between 19 and 20 million.

Quick Check 7

Another model of limited growth is provided by the function

for 

which is shown graphed below. This function also increases over the entire interval
but increases most rapidly at the beginning, unlike the logistic equation.30, q 2,

k 7 0,P1t2 = L11 - e- kt2,

Business Application: An Alternative Derivation 
of eand 
The number ecan also be found using the compound-interest formula(which was devel-
oped in Chapter R),

A = Pa1 +
i
n

b
nt

,

P1t2 � P0ekt

O
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n A = a1 +
1
n

b
n

1 $2.00000
2 $2.25000
3 $2.37037
4 $2.44141

12 $2.61304
52 $2.69260

365 $2.71457
8,760 $2.71813

525,600 $2.71828

where A is the amount that an initial investment Pwill be worth after t years at interest
rate i, expressed as a decimal, compounded n times per year.

Suppose that $1 is invested at 100% interest for 1 yr (though ob-
viously no bank would pay this). The formula becomes

Suppose that the number of compounding periods, n, increases indefinitely. Let•s inves-
tigate the behavior of the function. We obtain the following table of values and graph.

A = a1 +
1
n

b
n

.

1i = 100% = 12

A

A =  1 +     
n

0.5

10 40

3.0

1 …n

e �  2.71828

1.0

1.5

2.0

2.5

20 30 50

� 
�

�
�

n

If interest is compounded continuously, we have or 
equivalently,

or

Recall from Section 3.1 that Thus,

This result is confirmed by the graph and table above. For $1, invested at an interest
rate of 100% with increasingly frequent compounding periods, the greatest value it
could grow to in 1 yr is about $2.7183.

To develop the formula

we again start with the compound-interest formula,

and assume that interest will be compounded continuously. Let and to
obtain

We are interested in what happens as n approaches To find this limit, we first let

so that qk = n.
k
n

=
1
q
,

q .

P1t2 = P0a1 +
k
n

b
nt

.

i = kP = P0

A = Pa1 +
i
n

b
nt

,

P1t2 = P0e
kt,

lim
n: q

 a1 +
1
n

b
n

= e.

lim
h: 0

 11 + h21>h = e.

A = lim
h: 0

 11 + h21>h.A = lim
h: 0

 a1 +
1

1>h
b

1>h

,

A = lim
n: q

 a1 +
1
n

b
n

,
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Note that since k is a positive constant, as n gets large, so must q. Thus,

 = P03e4
kt.

 = P0 c lim
q: q

 a1 +
1
q

b
q

d
kt

 = P0 lim
q: q

 c a1 +
1
q

b
qkt

d

 P1t2 = lim
n: q

 cP0a1 +
k
n

b
nt

d
Letting the number of compounding 
periods become infinite

The limit of a constant times a function is the
constant times the limit. We also substitute 
for and qk for n. Also, because

The limit of a power is the power of the limit: 
a form of Limit Property L2 in Section 1.2.

n : q .
q : qk>n

1>q

Section Summary
€ Uninhibited growth can be modeled by a differential

equationof the type whose solutions are

€ The rate of exponential growth kand the doubling time T

are related by the equation T =
ln 2
k

, or k =
ln 2
T

.

P1t2 = P0e
kt.

dP
dt

= kP,

€ Certain kinds of limited growth can be modeled by equa-

tions such as and 

for k 7 0.

P1t2 = L11 - e- kt2,P1t2 =
L

1 + be- kt

EXERCISE SET

3.3 

1. Find the general form of f if 

2. Find the general form of g if 

3. Find the general form of the function that satisfies

4. Find the general form of the function that satisfies

5. Find the general form of the function that satisfies

6. Find the general form of the function that satisfies

APPLICATIONS

Business and Economics

7. U.S. patents. The number of applications for patents, N,
grew dramatically in recent years, with growth averaging
about 4.6% per year. That is,

(Source: New York Times, 11/13/05, p. C1.)

N¿1t2 = 0.046N1t2.

dR>dt = kR.

dQ>dt = kQ.

dP>dt = - 3P1t2.

dA>dt = - 9A.

g¿1x2 = 6g1x2.

f ¿1x2 = 4f1x2. a) Find the function that satisfies this equation. Assume
that corresponds to 1980, when approximately
112,000 patent applications were received.

b) Estimate the number of patent applications in 2020.
c) Estimate the doubling time for N(t).

8. Franchise expansion.Pete Zah•s, Inc., is selling franchises
for pizza shops throughout the country. The marketing
manager estimates that the number of franchises, N, will
increase at the rate of 10% per year, that is,

a) Find the function that satisfies this equation. Assume
that the number of franchises at is 50.

b) How many franchises will there be in 20 yr?
c) In what period of time will the initial number of 

50 franchises double?

9. Compound interest. Suppose that is invested in the
Mandelbrot Bond Fund for which interest is compounded
continuously at 5.9% per year. That is, the balance P
grows at the rate given by

dP
dt

= 0.059P.

P0

t = 0

dN
dt

= 0.10N.

t = 0

TECHNOLOGY CONNECTION

Exploratory
Graph

using the viewing window 0, 5000,
0, 5 , with Xscl and
Yscl Trace along the graph.
Why does the graph appear to be
horizontal? As you trace to the right,
note the value of the y-coordinate. 
Is it approaching a constant? What
seems to be its limiting value?

= 1.
= 10004

3

y = a1 +
1
x

b
x
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a) Find the function that satisfies the equation. Write it
in terms of and 0.059.

b) Suppose that $1000 is invested. What is the balance
after 1 yr? After 2 yr?

c) When will an investment of $1000 double itself?

10. Compound interest. Suppose that is invested in a
savings account for which interest is compounded
continuously at 4.3% per year. That is, the balance P
grows at the rate given by

a) Find the function that satisfies the equation. Write it
in terms of and 0.043.

b) Suppose that $20,000 is invested. What is the balance
after 1 yr? After 2 yr?

c) When will an investment of $20,000 double itself?

11. Bottled water sales.Since 2000, sales of bottled water
have increased at the rate of approximately 9.3% per year.
That is, the volume of bottled water sold, G, in billions of
gallons, t years after 2000 is growing at the rate given by

(Source: The Beverage Marketing Corporation.)

dG
dt

= 0.093G.

P0

dP
dt

= 0.043P.

P0

P0

14. Annual interest rate. Hardy Bank advertises that it com-
pounds interest continuously and that it will double your
money in 12 yr. What is its annual interest rate?

15. Oil demand. The growth rate of the demand for oil in
the United States is 10% per year. When will the demand
be double that of 2006?

16. Coal demand. The growth rate of the demand for coal in
the world is 4% per year. When will the demand be dou-
ble that of 2006?

Interest compounded continuously. For Exercises 17…20,
complete the following.

Initial 
Investment 
at t � 0, P0

Interest 
Rate,k

Doubling 
Time, T
(in years)

Amount
after 5 yr

17. $75,000 6.2%

18. $5,000 $7,130.90

19. 8.4% $11,414.71

20. 11 $17,539.32

21. Art masterpieces. In 2004, a collector paid $104,168,000
for Pablo Picasso•s •Garcon à la Pipe.Ž The same painting
sold for $30,000 in 1950. (Source: BBC News, 5/6/04.)

a) Find the function that satisfies the equation, given
that approximately 4.7 billion gallons of bottled water
were sold in 2000.

b) Predict the number of gallons of water sold in 2025.
c) What is the doubling time for G(t)?

12. Annual net sales. Green Mountain Coffee Roasters
produces many varieties of flavored coffees, teas, and
K-cups. The net sales Sof the company have grown
exponentially at the rate of 36.1% per year, and the
growth can be approximated by

where t is the number of years since 2004. (Source: Green
Mountain Coffee Roasters financial statements.)

a) Find the function that satisfies the equation, given that
net sales in 2004 were approximately $120,400.

b) Estimate net sales in 2006, 2008, and 2015.
c) What is the doubling time for S(t)?

13. Annual interest rate. Euler Bank advertises that it com-
pounds interest continuously and that it will double
your money in 15 yr. What is its annual interest rate?

1t = 02

dS
dt

= 0.361S,

a) Find the exponential growth rate k, to three decimal
places, and determine the exponential growth
function V, for which V(t) is the painting•s value, in
dollars, t years after 1950.

b) Predict the value of the painting in 2015.
c) What is the doubling time for the value of the

painting?
d) How long after 1950 will the value of the painting be

$1 billion?

22. Per capita income.In 2000, U.S. per capita personal
income I was $29,849. In 2008, it was $39,742. (Source:
U.S. Bureau of Economic Analysis.) Assume that the
growth of U.S. per capita personal income follows an
exponential model.

a) Letting be 2000, write the function.
b) Predict what U.S. per capita income will be in 2020.
c) In what year will U.S. per capita income be double

that of 2000?

t = 0
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d) What is the doubling time for sales of shredders?
e) Compare your answers to parts (a)…(d) with those

from Exercise 25. Decide which exponential function
seems better to you, and explain why.

27. Value of Manhattan Island. Peter Minuit of the Dutch
West India Company purchased Manhattan Island from
the natives living there in 1626 for $24 worth of
merchandise. Assuming an exponential rate of inflation
of 5%, how much will Manhattan be worth in 2020?

28. Total revenue. Intel, a computer chip manufacturer,
reported $1265 million in total revenue in 1986. In 2005,
the total revenue was $38.8 billion. (Source: U.S. Securities
and Exchange Commission.) Assuming an exponential
model, find the growth rate k, to four decimal places, and
write the revenue function R, with R(t) in billions of dol-
lars. Then predict the company•s total revenue for 2012.

2000 200420032002
Year

S
al

es
 (

in
 m

ill
io

ns
 o

f d
ol

la
rs

)

2001 2005

$280
million

275

300

325

350

375

400

425

$350
million

$324
million$309

million$294
million

$406
million

y

x

(Source: www.sfgate.com.) 

SHREDDER BOOM:
ESTIMATED PAPER SHREDDER SALES

23. Federal receipts. In 1990, U.S. federal receipts (money
taken in), E, were $1.031 billion. In 2009, federal
receipts were $2.523 billion. (Source: National Center for
Education Statistics.) Assume that the growth of federal
receipts follows an exponential model and use 1990 as
the base year 

a) Find the value of k to six decimal places, and write
the function, with in billions of dollars.

b) Estimate federal receipts in 2015.
c) When will federal receipts be $10 billion?

24. Consumer price index. The consumer price index
compares the costs, c, of goods and services over various
years, where 1983 is used as a base The same
goods and services that cost $100 in 1983 cost $216 in
2010. Assuming an exponential model:

a) Write the function, rounding k to five decimal places.
b) Estimate what the goods and services costing $100 in

1983 will cost in 2020.
c) In what year did the same goods and services cost

twice the 1983 price?

Sales of paper shredders.Data in the following bar graph
show paper shredder sales in recent years. Use these data for
Exercises 25 and 26.

1t = 02.

E1t2

1t = 02.

25. a) Use REGRESSIONto fit an exponential function
to the data. Let y be in millions of dollars.

Then convert that formula to an exponential
function, base e, where x is the number of years after
1990, and determine the exponential growth rate.
(See the Technology Connection on p. 341.)

b) Estimate the total sales of paper shredders in 2007
and in 2012.

c) After what amount of time will sales be $500 million?
d) What is the doubling time for sales of shredders?

26. a) To find an exponential function, base e, that fits the
data, find k using the points (10, 280) and (15, 406).
Then write the function. (Assume that x is the num-
ber of years after 1990.)

b) Estimate the total sales of paper shredders in 2007
and in 2012.

c) After what amount of time will total sales be $500
million?

y = a #bx

29. The U.S. Forever Stamp.On May 12, 2008, the U.S.
Postal Service reissued the Forever Stamp (which features
an image of the Liberty Bell). The Forever Stamp is always
valid as first-class postage on standard envelopes weigh-
ing 1 ounce or less, regardless of any subsequent increases
in the first-class rate. (Source: U.S. Postal Service.)

a) The cost of first-class postage stamp was 4¢ in 1962
and 44¢ in 2010. This increase represents exponential
growth. Write the function Sfor the cost of a stamp 
t years after 1962 

b) What was the growth rate in the cost?
c) Predict the cost of a first-class postage stamp in 2013,

2016, and 2019.
d) An advertising firm spent $4400 on 10,000 first-class

postage stamps in 2009. Knowing it will need 10,000
first-class stamps in each of the years 2010…2020, it
decides at the beginning of 2010 to try to save money
by spending $4400 on 10,000 Forever Stamps, but
also buying enough of the stamps to cover the years
2011 through 2020. Assuming there is a postage
increase in each of the years 2013, 2016, and 2019, to
the cost predicted in part (c), how much money will
the firm save by buying Forever Stamps?

e) Discuss the pros and cons of the purchase decision
described in part (d).

30. Average salary of Major League baseball players.In
1970, the average salary of Major League baseball players
was $29,303. In 2005, the average salary was $2,632,655.
(Source: Baseball Almanac.)Assuming exponential growth
occurred, what was the growth rate to the nearest
hundredth of a percent? What will the average salary be
in 2015? In 2020?

1t = 02.



350 C H A P T E R  3 € Exponential and Logarithmic Functions

31. Effect of advertising. Suppose that SpryBorg Inc.
introduces a new computer game in Houston using televi-
sion advertisements. Surveys show that P% of the target
audience buy the game after x ads are broadcast, satisfying

a) What percentage buy the game without seeing a 
TV ad 

b) What percentage buy the game after the ad is run 
5 times? 10 times? 20 times? 30 times? 50 times? 
60 times?

c) Find the rate of change, 
d) Sketch a graph of the function.

32. Cost of a Hershey bar.The cost of a Hershey bar was
$0.05 in 1962 and $0.75 in 2010 (in a supermarket, not
in a movie theater).

a) Find an exponential function that fits the data.
b) Predict the cost of a Hershey bar in 2015 and 2025.

33. Superman comic book.
Three days before the
sale of the Batman comic
book (Example 7) in
2010, a 1938 comic
book with the first
appearance of Superman
sold at auction in Dallas
for a record $1.0 million.
The comic book origi-
nally cost 10¢ ($0.10).
(Source: Heritage Auction
Galleries.) Using two
representative data
points, (0, $0.10) and
(72, $1,000,000), we can
approximate the data with an exponential function. The
modeling assumption is that the value V of the comic book
has grown exponentially, as given by

(In the summer of 2010, a family in the southern United
States was facing foreclosure on their mortgage and loss
of their home. Then, as they were packing, an amazing
twist of fate occurred; they came across some old comic
books in the basement and one of them was this first
superman comic. They sold it and saved their house.)

dV
dt

= kV.

P¿1x2.

1x = 02?

P1x2 =
100

1 + 49e- 0.13x
.

a) Find the function that satisfies this equation. Assume
that 

b) Estimate the value of the comic book in 2020.
c) What is the doubling time for the value of the comic

book?
d) After what time will the value of the comic book be $30

million, assuming there is no change in the growth rate?

34. Batman comic book.Refer to Example 7. In what year
will the value of the comic book be $5 million?

35. Batman comic book.Refer to Example 7. In what year
will the value of the comic book be $10 million?

V0 = $0.10.

Population
Exponential 
Growth Rate, k

Doubling Time, T
(in years)

36. Mexico 3.5%>yr

37. Europe 69.31

38. Oil reserves 6.931

39. Coal reserves 17.3

40. Alaska 2.794%>yr

41. Yellowstone grizzly bears. In 1972, the population 
of grizzly bears in Yellowstone National Park had 
shrunk to approximately 190. In 2005, the number 
of Yellowstone grizzlies had grown to about 610. 
(Source: New York Times, 9/26/05.) Find an exponential
function that fits the data, and then predict Yellowstone•s
grizzly bear population in 2016. Round 
k to three decimal places.

Life and Physical Sciences

Population growth. For Exercises 36…40, complete the 
following.

42. Bicentennial growth of the United States.The popula-
tion of the United States in 1776 was about 2,508,000.
In the country•s bicentennial year, the population was
about 216,000,000.

a) Assuming an exponential model, what was the
growth rate of the United States through its
bicentennial year?

b) Is exponential growth a reasonable assumption?
Explain.

43. Limited population growth. A ship carrying 1000
passengers has the misfortune to be wrecked on a small
island from which the passengers are never rescued. The
natural resources of the island restrict the growth of the
population to a limiting valueof 5780, to which the pop-
ulation gets closer and closer but which it never reaches.
The population of the island after time t, in years, is
approximated by the logistic equation

P1t2 =
5780

1 + 4.78e- 0.4t
.
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a) Find the population after 0 yr, 1 yr, 2 yr, 5 yr, 10 yr,
and 20 yr.

b) Find the rate of change, 
c) Sketch a graph of the function.

P¿1t2.

This island may have achieved its limited population growth.

44. Limited population growth. A lake is stocked with 
400 rainbow trout. The size of the lake, the availability of
food, and the number of other fish restrict growth in the
lake to a limiting valueof 2500. (See Exercise 43.) The
population of trout in the lake after time t, in months, is
approximated by

a) Find the population after 0 months, 1 month, 
5 months, 10 months, 15 months, and 20 months.

b) Find the rate of change, 
c) Sketch a graph of the function.

Social Sciences

45. Women college graduates.The number of women grad-
uating from 4-yr colleges in the United States grew from
1930, when 48,869 women earned a bachelor•s degree, to
2005, when approximately 832,000 women received
such a degree. (Source: National Center for Education
Statistics.) Find an exponential function that fits the
data, and the exponential growth rate, rounded to the
nearest hundredth of a percent.

46. Hullian learning model. The Hullian learning model
asserts that the probability p of mastering a task after t
learning trials is approximated by

where k is a constant that depends on the task to be learned.
Suppose that a new dance is taught to an aerobics class. For
this particular dance, the constant 

a) What is the probability of mastering the dance•s steps in
1 trial? 2 trials? 5 trials? 11 trials? 16 trials? 20 trials?

b) Find the rate of change, 
c) Sketch a graph of the function.

47. Diffusion of information. Pharmaceutical firms invest
significantly in testing new medications. After a drug is
approved by the Federal Drug Administration, it still
takes time for physicians to fully accept and start
prescribing the medication. The acceptance by physicians
approaches a limiting valueof 100%, or 1, after time t, in

p¿1t2.

k = 0.28.

p1t2 = 1 - e- kt,

P¿1t2.

P1t2 =
2500

1 + 5.25e- 0.32t
.

months. Suppose that the percentage Pof physicians
prescribing a new cancer medication after t months is
approximated by

a) What percentage of doctors are prescribing the
medication after 0 months? 1 month? 2 months? 
3 months? 5 months? 12 months? 16 months?

b) Find and interpret its meaning.
c) Sketch a graph of the function.

48. Spread of infection. Spread by skin-to-skin contact or
via shared towels or clothing, methicillin-resistant
Staphylococcus aureus (MRSA) can easily infect growing
numbers of students at a university. Left unchecked, 
the number of cases of MRSA on a university campus 
t weeks after the first 9 cases occur can be modeled by

(Source: Vermont Department of Health, Epidemiology
Division.)

a) Find the number of infected students beyond the
first 9 cases after 3 weeks, 40 weeks, and 80 weeks.

b) Find the rate at which the disease is spreading after
20 weeks.

c) Explain why an unrestricted growth model is inappro-
priate but a logistic equation is appropriate for this sit-
uation. Then use a calculator to graph the equation.

49. Spread of a rumor. The rumor •People who study math
all get scholarshipsŽ spreads across a college campus.
Data in the following table show the number of students
N who have heard the rumor after time t, in days.

a) Use REGRESSIONto fit a logistic equation,

to the data.
b) Estimate the limiting value of the function. At most,

how many students will hear the rumor?

N1t2 =
c

1 + ae- bt
,

N1t2 =
568.803

1 + 62.200e- 0.092t
.

P¿172,

P1t2 = 10011 - e- 0.4t2.

Time, t
(in days)

Number, N, Who 
Have Heard the Rumor

1 1
2 2
3 4
4 7
5 12
6 18
7 24
8 26
9 28

10 28
11 29
12 30

c) Graph the function.
d) Find the rate of change, 
e) Find and explain its meaning.lim

t : q
 N¿1t2,

N¿1t2.
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SYNTHESIS

We have now studied models for linear, quadratic, exponential,
and logistic growth. In the real world, understanding which is
the most appropriate type of model for a given situation is an
important skill. For each situation in Exercises 50…56, identify
the most appropriate type of model and explain why you chose
that model. List any restrictions you would place on the
domain of the function.

50. The growth in value of a U.S. savings bond

51. The growth in the length of Zachary•s hair following a
haircut

52. The growth in sales of cellphones

53. The drop and rise of a lake•s water level during and after
a drought

54. The rapidly growing sales of organic foods

55. The number of manufacturing jobs that have left the
United States since 1995

56. The life expectancy of the average American

57. Find an expression relating the exponential growth rate k
and the quadrupling time

58. Find an expression relating the exponential growth rate k
and the tripling time

59. A quantity grows exponentially with a doubling time of
1 yr. A quantity grows exponentially with a doubling
time of 2 yr. If the initial amounts of and are the
same, how long will it take for to be twice the size of 

60. To what exponential growth rate per hour does a growth
rate of 100% per day correspond?

Business: effective annual yield.Suppose that $100 is
invested at 7%, compounded continuously, for 1 yr. We know
from Example 4 that the ending balance will be $107.25. This
would also be the ending balance if $100 were invested at
7.25%, compounded once a year (simple interest). The rate of
7.25% is called theeffective annual yield. In general, if is
invested at interest rate k, compounded continuously, then the
effective annual yield is that number i satisfying

Then, or

Effective annual yield

61. An amount is invested at 7.3% per year compounded
continuously. What is the effective annual yield?

62. An amount is invested at 8% per year compounded con-
tinuously. What is the effective annual yield?

63. The effective annual yield on an investment compounded
continuously is 9.42%. At what rate was it invested?

64. The effective annual yield on an investment compounded
continuously is 6.61%. At what rate was it invested?

65. To show that the exponential growth rate can be determined
using any two points, let

and

Solve this system of equations for k to show that k can be
calculated directly, using and 1t2, y22.1t1, y12

y2 = Cekt2.y1 = Cekt1,

� i � ek � 1.

1 � i � ek,P011 � i2 � P0e
k.

P0

Q2?Q1

Q2Q1

Q2

Q1

T3.

T4.

66. Complete the table below, which relates growth rate k
and doubling time T.

Growth Rate, k
(per year) 1% 2% 14%

Doubling Time, T
(in years) 15 10

Graph Is this a linear relationship?
Explain.

67. Describe the differences in the graphs of an exponential
function and a logistic function.

68. Explain how the Rule of 70 could be useful to someone
studying inflation.

69. Business: total revenue.The revenue of Red Rocks, Inc.,
in millions of dollars, is given by the function

where t is measured in years.

a) What is R(0), and what does it represent?
b) Find Call this value and explain what 

it means.
c) Find the value of t (to the nearest integer) for which

R1t2 = 0.99Rmax.

Rmax,lim
t : q

 R1t2.

R1t2 =
4000

1 + 1999e- 0.5t
,

T = 1ln 22>k.

Answers to Quick Checks
1.
2. where c is an arbitrary constant
3. (a) (b) $104.08; (c) 17.3 yr
4. 0.69% per day
5. (a) (b) 1.429 billion; (c) 115.5 yr
6. (a) which is almost the same as the
growth rate found in Example 7;(b) $10,131,604, which is
quite close to the estimate found in Example 7;(c) 3.07 yr;
(d) after 55.8 yr, or in 2025, again about the same as was
found in Example 7
7. (a) 167; (b) 500, 1758, 3007, 3449, 3499
(c)

V1t2 = 100e0.226t,
P1t2 = 1.314e0.006t;

P1t2 = P0e
0.04t;

N1t2 = cekt,
f ¿1x2 = 20e4x; f ¿1x2 = 4f1x2

3000

N(t)

t155 10

N(t) = 3500
1 + 19.9eŠ0.6t

2000

1000

(d) After 16 days, the number of people infected is growing at
the rate of about 2.8 people per day.(e) According to the
model, so virtually all of the town•s 

residents will be affected.

lim
t : q

 N1t2 = 3500,
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In the equation of population growth, the constant k is actually given by

Thus, a population •growsŽ only when the birth rateis greater than the death rate.When
the birth rate is less than the death rate, k will be negative, and the population will be
decreasing, or •decaying,Ž at a rate proportional to its size. For convenience in our com-
putations, we will express such a negative value as where The equation

where 

shows P to be decreasingas a function of time, and the solution

shows it to be decreasing exponentially. This is called exponential decay.The amount
present initially at is again P0.t = 0

P1t2 = P0e
- kt

k 7 0,
dP
dt

= - kP,

k 7 0.- k,

k = 1Birth rate2 - 1Death rate2.

dP>dt = kP,3.4
OBJECTIVES

Applications: Decay

€ Find a function that satisfies

€ Convert between decay rate
and half-life.

€ Solve applied problems
involving exponential decay.

dP>dt = - kP.

TECHNOLOGY CONNECTION

Exploratory
Using the same set of axes, 
graph and 
Compare the graphs.

Then, using the same set of
axes, graph and

Compare each pair
of graphs.
y2 = 100e0.06x.

y1 = 100e- 0.06x

y2 = e- 2x.y1 = e2x

y

t

P0

y

t

P0

Growth
P = P0e

kt, for k �  0
Decay
P = P0e

…kt, for k �  0

Radioactive Decay
Radioactive elements decay exponentially; that is, they disintegrate at a rate that is pro-
portional to the amount present.

EXAMPLE 1Life Science: Decay. Strontium-90 has a decay rate of 2.8% per year.
The rate of change of an amount N of this radioactive isotope is given by

a) Find the function that satisfies the equation. Let represent the amount present
at 

b) Suppose that 1000 grams (g) of strontium-90 is present at How much will
remain after 70 yr?

c) After how long will half of the 1000 g remain?

Solution
a)

b)

After 70 yr, about 140.9 g of the strontium-90 remains.

 L 140.8584209.

 L 100010.14085842092

 = 1000e- 1.96

 N1702 = 1000e- 0.0281702

N1t2 = N0e
- 0.028t

t = 0.

t = 0.
N0

dN
dt

= - 0.028N.

�
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Quick Check 1

Life Science: Decay.Xenon-
133 has a decay rate of 14%
per day. The rate of change of
an amount N of this radioac-
tive isotope is given by

a) Find the function that sat-
isfies the equation. Let 
represent the amount pres-
ent at 

b) Suppose 1000 g of xenon-
133 is present at 
How much will remain
after 10 days?

c) After how long will half of
the 1000 g remain?

t = 0.

t = 0.

N0

dN
dt

= - 0.14N.
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c) We are asking, •At what time T will be half of or Ž The number
T is called the half-life. To find T, we solve the equation

We use 500 because 

Dividing both sides by 1000

Taking the natural logarithm of both sides

Using the properties of logarithms

Dividing both sides by 

Thus, the half-life of strontium-90 is about 25 yr.

 25 L T.

 
0.693147

0.028
L T

 
ln 2

0.028
= T

- 0.028 
- ln 2

- 0.028
= T

 0 - ln 2 = - 0.028T

 ln 1 - ln 2 = - 0.028T

 ln 1
2 = ln e- 0.028T

 12 = e- 0.028T

500 = 1
2
#1000.  500 =  1000e- 0.028T

1
2
#1000?N0,N1T2

How can scientists determine that
the remains of an animal or plant
have lost 30% of the carbon-14? The
assumption is that the percentage of
carbon-14 in the atmosphere and in
living plants and animals is the
same. When a plant or animal dies,
the amount of carbon-14 decays ex-
ponentially. The scientist burns the
remains and uses a Geiger counter
to determine the percentage of
carbon-14 in the smoke. The
amount by which this varies from
the percentage in the atmosphere
indicates how much carbon-14 has
been lost through decay.

The process of carbon-14 dating
was developed by the American
chemist Willard F. Libby in 1952. It
is known that the radioactivity of a
living plant measures 16 disintegra-
tions per gram per minute. Since the
half-life of carbon-14 is 5730 years,
a dead plant with an activity of 8
disintegrations per gram per minute
is 5730 years old, one with an activ-
ity of 4 disintegrations per gram per
minute is about 11,500 years old,
and so on. Carbon-14 dating can be
used to determine the age of organic
objects from 30,000 to 40,000 years
old. Beyond such an age, it is too dif-
ficult to measure the radioactivity,
and other methods are used.

Quick Check 1O

We can find a general expression relating the decay rate k and the half-life T by
solving the equation

Again, we have the following.

 ln 2 = kT.

 - ln 2 = - kT

 0 - ln 2 = - kT

 ln 1 - ln 2 = - kT

 ln 
1
2 = ln e- kT

 12 = e- kT

 12 P0 = P0e
- kT

THEOREM 10

The decay rate, k,and the half-life, T, are related by

or

and T =
ln 2
k

.k =
ln 2
T

kT = ln 2 = 0.693147,

Thus, the half-life, T, depends only on the decay rate, k. In particular, it is inde-
pendent of the initial population size.
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Quick Check 2

Life Science: Half-life.

a) The decay rate of cesium-
137 is 2.3% per year. 
What is its half-life?

b) The half-life of barium-140
is 13 days. What is its
decay rate?

EXAMPLE 2 Life Science: Half-life. Plutonium-239, a common product of a
functioning nuclear reactor, can be deadly to people exposed to it. Its decay rate is
about 0.0028% per year. What is its half-life?

Solution We have

Converting the percentage to decimal notation

Thus, the half-life of plutonium-239 is about 24,755 yr.

 L 24,755.

 =
ln 2

0.000028

 T =
ln 2
k

TimeT

Radioactive Decay Curve

2T 3T

P0

P0

1 …
8

P0
1 …
4

P0
1 …
2

Exponential decayP
op

ul
at

io
n

Quick Check 2

EXAMPLE 3 Life Science: Carbon Dating. The radioactive element carbon-14
has a half-life of 5730 yr. The percentage of carbon-14 present in the remains of plants
and animals can be used to determine age. Archaeologists found that the linen wrap-
ping from one of the Dead Sea Scrolls had lost 22.3% of its carbon-14. How old was the
linen wrapping?

Solution Our plan is to find the exponential equation of the form 
replace with and solve for t. First, however, we must find the
decay rate, k:

or 0.012097% per year.

Thus, the amount that remains from an initial amount after t years is given by:

. Remember: k is positive, so is negative.

(Note:This equation can be used for all subsequent carbon-dating problems.) 

- kN1t2 = N0e
- 0.00012097t

N0N1t2

k =
ln 2
T

=
0.693147

5730
L 0.00012097,

11 - 0.2232N0,N1t2
N1t2 = N0e

- kt,

O

In 1947, a Bedouin youth looking for a
stray goat climbed into a cave at Kirbet
Qumran on the shores of the Dead Sea
near Jericho and came upon earthen-
ware jars containing an incalculable
treasure of ancient manuscripts, which
concern the Jewish books of the Bible.
Shown here are fragments of those 
so-called Dead Sea Scrolls, a portion of
some 600 or so texts found so far.
Officials date them before A.D. 70,
making them the oldest biblical
manuscripts by 1000 years.

The effect of half-life is shown in the radioactive decay curve below. Note that the
exponential function gets close to, but never reaches, 0 as t gets larger. Thus, in theory,
a radioactive substance never completely decays.

�

�
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Quick Check 3

Life Science: Carbon Dating.
How old is a skeleton found
at an archaeological site if
tests show that it has lost 60%
of its carbon-14?
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If the linen wrapping of a Dead Sea Scroll lost 22.3% of its carbon-14 from an initial
amount then remains. To find the age t of the wrapping, we solve the fol-
lowing equation for t:

Thus, the linen wrapping of the Dead Sea Scroll is about 2086 yr old.

 2086 L t.

 
ln 0.777

- 0.00012097
= t

 ln 0.777 = - 0.00012097t

 ln 0.777 = ln e- 0.00012097t

 0.777 = e- 0.00012097t

 77.7% N0 = N0e
- 0.00012097t

77.7%#P0P0,

Quick Check 3

A Business Application: Present Value
A representative of a financial institution is often asked to solve a problem like the
following.

EXAMPLE 4 Business: Present Value. Following the birth of their granddaugh-
ter, two grandparents want to make an initial investment of that will grow to
$10,000 by the child•s 20th birthday. Interest is compounded continuously at 6%. What
should the initial investment be?

Solution Using the equation we find such that

or

Now

or

and, using a calculator, we have

Thus, the grandparents must deposit $3011.94, which will grow to $10,000 by the
child•s 20th birthday.

Economists call $3011.94 the present valueof $10,000 due 20 yr from now at 6%, com-
pounded continuously. The process of computing present value is called discounting.
Another way to pose this problem is to ask •What must I invest now, at 6%, compounded
continuously, in order to have $10,000 in 20 years?Ž The answer is $3011.94, and it is the
present value of $10,000.

 L $3011.94

 P0 = 10,000e- 1.2

10,000e- 1.2 = P0,

10,000

e1.2 = P0,

10,000 = P0e
1.2.

10,000 = P0e
0.06#20,

P0P = P0e
kt,

P0

O

�
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Quick Check 4

Business: Present Value.
Repeat Example 4 for an
interest rate of 4%.

t

P

20

$3011.94

$10,000

Present value

Future value

*Assume throughout this section that all temperatures are in degrees Fahrenheit unless noted otherwise.

Computing present value can be interpreted as exponential decay from the future
back to the present.

Quick Check 4

In general, the present value of an amount P due t years later is found by solv-
ing the following equation for 

 P0 =
P

ekt = Pe- kt.

 P0e
kt = P

P0:
P0

THEOREM 11

The present value of an amount Pdue t years later, at interest rate k,
compounded continuously, is given by

P0 = Pe- kt.

P0

Newton•s Law of Cooling
Consider the following situation. A hot cup of soup, at a temperature of is placed
in a room.* The temperature of the soup decreases over time t, in minutes, accord-
ing to the model known as Newton•s Law of Cooling.

70°
200°,

Newton•s Law of Cooling

The temperature T of a cooling object drops at a rate that is proportional to the differ-
ence , where C is the constant temperature of the surrounding medium. Thus,

(1)

The function that satisfies equation (1) is

(2)T = T1t2 = ae- kt + C.

dT
dt

= - k1T - C2.

T - C

To check that is the solution, find and substitute 
and T(t) into equation (1). This check is left to the student.

dT>dtdT>dtT1t2 = ae- kt + C

O



EXAMPLE 5 Life Science: Scalding Coffee. McDivett•s Pie Shoppes, a national
restaurant firm, finds that the temperature of its freshly brewed coffee is The
company fears that if customers spill hot coffee on themselves, lawsuits might result.
Room temperature in the restaurants is generally The temperature of the coffee
cools to after 4.3 min. The company determines that it is safer to serve the coffee
at a temperature of How long does it take a cup of coffee to cool to 

Solution Note that C, the surrounding air temperature, is To find the value of a
in equation (2) for Newton•s Law of Cooling, we observe that at we have

We solve for a as follows:

Note that the difference between the original temperatures.

Next, we find k using the fact that 

We now have To see how long it will take the coffee to cool to 
we set and solve for t:

Thus, to cool to the coffee should be allowed to cool for about 13 min.105°,

 t L 12.8 min.

 - 0.5639354L - 0.044t

 ln 
33
58

= ln e- 0.044t

 
33
58

= e- 0.044t

 33 = 58e- 0.044t

 105 = 58e- 0.044t + 72

T1t2 = 105
105°,T1t2 = 58e- 0.044t.

 k L 0.044.

 - 0.1892420L - 4.3k

 ln 
48
58

= ln e- 4.3k

 
48
58

= e- 4.3k

 48 = 58e- 4.3k

 120 = 58e- k#14.32 + 72

T14.32 = 120:

a = 130 - 72, 58 = a.

 130 = a + 72

 130 = ae- k#0 + 72

T102 = 130°.
t = 0,

72°.

105°?105°.
120°

72°.

130°.
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Quick Check 5

The graph of shows that The 

temperature of the object decreases toward the temperature of the sur-
rounding medium.

Mathematically, this model tells us that the object•s temperature
never quite reaches C. In practice, the temperature of the cooling object
will get so close to that of the surrounding medium that no device could
detect a difference. Let•s now see how Newton•s Law of Cooling can be
used in solving a crime.

lim
t: q

 T1t2 = C.T1t2 = ae- kt + C

O

O

Quick Check 5

Life Science: Scalding
Coffee. Repeat Example 5,
but assume that the coffee is
sold in an ice cream shop,
where the room temperature
is , and it cools to a
temperature of in 4 min.120°

70°

T

t

C

a + C

T(t) = ae …kt + C

0

�
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EXAMPLE 6 Forensics: When Was the Murder Committed? Found stabbed by
a collection of number 2 pencils, Prof. Cal Kulice•s body was slumped over a stack of
exams with plenty of red marks on them. A coroner arrives at noon, immediately takes
the temperature of the body, and finds it to be She waits 1 hr, takes the tempera-
ture again, and finds it to be She also notes that the temperature of the room is

When was the murder committed?

Solution Note that C, the surrounding air temperature, is To find a in
we assume that the temperature of the body was normal when the

murder occurred. Thus, at 

This gives 
To find the number of hours N since the murder was committed, we must first

determine k. From the two temperature readings the coroner made, we have

or (3)
or (4)

Dividing equation (3) by equation (4), we get

We solve this equation for k:

Taking the natural logarithm on both sides

Next, we substitute back into equation (3) and solve for N:

Since the coroner arrived at noon, or 12 o•clock, the murder occurred at about 
9:00 A.M.

Quick Check 6

 3 L N.

 - 0.150660 L - 0.05N

 ln 
24.6
28.6

= ln e- 0.05N

 
24.6
28.6

= e- 0.05N

 24.6 = 28.6e- 0.05N

 0.05 L k.

 ln 
24.6
23.4

= ln ek

 = e- kN+kN+k = ek.

 = e- kN+k1N+12

 
24.6
23.4

=
28.6e- kN

28.6e- k1N+12

23.4 = 28.6e- k1N+12.93.4 = 28.6e- k1N+12 + 70,

24.6 = 28.6e- kN;94.6 = 28.6e- kN + 70,

T1t2 = 28.6e- kt + 70.

 a = 28.6.

 98.6 = ae- k#0 + 70,

t = 0:T = 98.6°
T1t2 = ae- kt + C,

70°.

70°.
93.4°.

94.6°.

O

Quick Check 6

Forensics. Repeat Example 6,
assuming that the coroner
arrives at 2 A.M., immediately
takes the temperature of the
body, and finds it to be 
She waits 1 hr, takes the tem-
perature again, and finds it to
be She also notes that
the temperature of the room
is When was the murder
committed?

72°.

90.6°.

92.8°.

�

O
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Section Summary
€ Several types of functions are additional candidates for curve fitting and applications:

x

y

x

x

y y

Exponential:
f(x) = abx, or aekx

a, b, k > 0, b �  1

Exponential:
f(x) = ab…x, or ae…kx

a, b, k > 0, b �  1

Logarithmic:
f(x) = a + b ln x, b > 0

a a

t

P(t)
L

P0

P(t) = for k > 0L
1 + beŠkt ,

Logistic Growth:

t

P(t)
L

Inhibited Growth (not Logistic):
P(t) = L(1 Š eŠkt), for k > 0

When we analyze a set of data, we can consider these models, as well as linear, quadratic, polynomial, and rational functions.

EXERCISE SET

3.4

APPLICATIONS

Life and Physical Sciences

1. Radioactive decay.Iodine-131 has a decay rate of 9.6%
per day. The rate of change of an amount N of iodine-131
is given by

where t is the number of days since the decay began.

a) Let represent the amount of iodine-131 present at
Find the exponential function that models the

situation.
b) Suppose that 500 g of iodine-131 is present at 

How much will remain after 4 days?
c) After how many days will half of the 500 g of 

iodine-131 remain?

t = 0.

t = 0.
N0

dN
dt

= - 0.096 N,

2. Radioactive decay.Carbon-14 has a decay rate of
0.012097% per year. The rate of change of an amount N
of carbon-14 is given by

where t is the number of years since the decay began.

a) Let represent the amount of carbon-14 present at
Find the exponential function that models the

situation.
b) Suppose 200 g of carbon-14 is present at How

much will remain after 800 yr?
c) After how many years will half of the 200 g of carbon-

14 remain?

t = 0.

t = 0.
N0

dN
dt

= - 0.00012097N,
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Business and Economics

16. Present value.Following the birth of a child, a parent
wants to make an initial investment that will grow 
to $30,000 by the child•s 20th birthday. Interest is 
compounded continuously at 6%. What should the 
initial investment be?

P0

3. Chemistry. Substance A decomposes at a rate proportional
to the amount of A present.

a) Write an equation relating A to the amount left of an
initial amount after time t.

b) It is found that 10 lb of A will reduce to 5 lb in 3.3 hr.
After how long will there be only 1 lb left?

4. Chemistry. Substance A decomposes at a rate
proportional to the amount of A present.

a) Write an equation relating A to the amount left of an
initial amount after time t.

b) It is found that 8 g of A will reduce to 4 g in 3 hr.
After how long will there be only 1 g left?

Radioactive decay.For Exercises 5…8, complete the following.

A0

A0

Radioactive 
Substance Decay Rate, k Half-life, T

5. Polonium-218 3 min

6. Radium-226 1600 yr

7. Lead-210

8. Strontium-90 2.77%>yr

3.15%>yr

9. Half-life. Of an initial amount of 1000 g of lead-210,
how much will remain after 100 yr? See Exercise 7 for
the value of k.

10. Half-life. Of an initial amount of 1000 g of polonium-
218, how much will remain after 20 min? See Exercise 5
for the value of k.

11. Carbon dating. How old is an ivory tusk that has lost
40% of its carbon-14?

12. Carbon dating. How old is a piece of wood that has lost
90% of its carbon-14?

13. Cancer treatment. Iodine-125 is often used to treat
cancer and has a half-life of 60.1 days. In a sample, the
amount of iodine-125 decreased by 25% while in storage.
How long was the sample sitting on the shelf?

14. Carbon dating. How old is a Chinese artifact that has
lost 60% of its carbon-14?

15. Carbon dating. Recently, while digging in Chaco Canyon,
New Mexico, archaeologists found corn pollen that had lost
38.1% of its carbon-14. The age of this corn pollen was evi-
dence that Indians had been cultivating crops in the South-
west centuries earlier than scientists had thought. (Source:
American Anthropologist.) What was the age of the pollen?

Chaco Canyon, New Mexico

t

P

20

?

$30,000

Present value

Future value

17. Present value.Following the birth of a child, a parent
wants to make an initial investment that will grow 
to $40,000 by the child•s 20th birthday. Interest is
compounded continuously at 5.3%. What should the 
initial investment be?

18. Present value.A homeowner wants to have $15,000
available in 5 yr to pay for new siding. Interest is 4.3%,
compounded continuously. How much money should
be invested?

19. Sports salaries.An athlete signs a contract that guar-
antees a $9-million salary 6 yr from now. Assuming 
that money can be invested at 5.7%, with interest
compounded continuously, what is the present value 
of that year•s salary?

20. Actors• salaries.An actor signs a film contract that will
pay $12 million when the film is completed 3 yr from
now. Assuming that money can be invested at 6.2%, with
interest compounded continuously, what is the present
value of that payment?

21. Estate planning. A person has a trust fund that will yield
$80,000 in 13 yr. A CPA is preparing a financial statement
for this client and wants to take into account the present
value of the trust fund in computing the client•s net
worth. Interest is compounded continuously at 4.8%.
What is the present value of the trust fund?

22. Supply and demand.The supply and demand for stereos
produced by a sound company are given by

and

where is the number of stereos that the company is
willing to sell at price x and is the quantity that the
public is willing to buy at price x. Find the equilibrium
point. (See Section R.5.)

23. Salvage value.A business estimates that the salvage
value , in dollars, of a piece of machinery after t
years is given by

a) What did the machinery cost initially?
b) What is the salvage value after 2 yr?

V1t2 = 40,000e- t.

V1t2

D1x2
S1x2

D1x2 = ln 
163,000

x
,S1x2 = ln x

P0
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c) Find the rate of change of the salvage value, and
explain its meaning.

26. Actuarial science. Use the formula from Exercise 25.

a) Suppose the initial actual mortality rate of a group of
males aged 25 is 0.023 (23 deaths per 1000). What is
the future expected mortality rate of this group of
males 3, 5, and 10 yr in the future?

b) Sketch the graph of the mortality function Q(t) for
the group in part (a) for 

c) What is the ratio of the mortality rate for 25-year-old
males 10 yr in the future to that for 25-year-old
females 10 yr in the future (Exercise 25a)?

27. U.S. farms. The number N of farms in the United States
has declined continually since 1950. In 1950, there were
5,650,000 farms, and in 2005, that number had decreased
to 2,100,990. (Sources: U.S. Department of Agriculture;
National Agricultural Statistics Service.)

0 ƒ t ƒ 10.

2 4 6

10,000

15,000

20,000

25,000

30,000

35,000

40,000

5,000

Years

S
al
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ge

 v
al

ue
 (in
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ol
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)

V(t)

t

V(t) = 40,000e…t 

24. Salvage value.A company tracks the value of a particu-
lar photocopier over a period of years. The data in the
table below show the value of the copier at time t, in
years, after the date of purchase.

Time, t (in years) Salvage Value

0 $34,000
1 22,791
2 15,277
3 10,241
4 6,865
5 4,600
6 3,084

(Source: International Data Corporation.)

a) Use REGRESSIONto fit an exponential function
to the data. Then convert that formula to

where is the value when the copier is
purchased and t is the time, in years, from the date of
purchase. (See the Technology Connection on p. 341.)

b) Estimate the salvage value of the copier after 7 yr; 10 yr.
c) After what amount of time will the salvage value be

$1000?
d) After how long will the copier be worth half of its

original value?
e) Find the rate of change of the salvage value, and

interpret its meaning.

25. Actuarial science. An actuary works for an insurance
company and calculates insurance premiums. Given an
actual mortality rate (probability of death) for a given
age, actuaries sometimes need to project future expected
mortality rates of people of that age. An example of a for-
mula that is used to project future mortality rates is

where t is the number of years into the future and is
the mortality rate when 

a) Suppose the initial actual mortality rate of a group of
females aged 25 is 0.014 (14 deaths per 1000). What
is the future expected mortality rate of this group of
females 3, 5, and 10 yr in the future?

b) Sketch the graph of the mortality function Q(t) for
the group in part (a) for 0 ƒ t ƒ 10.

t = 0.
Q0

Q1t2 = 1Q0 - 0.000552e0.163t + 0.00055,

V0V1t2 = V0e
- kt,

y = a #bx

10 20 30 40 50 60

y

x

2,100,990

5,650,000

Number of years since 1950

N
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6

5

4

3

2

1

Assuming the number of farms decreased according to
the exponential decay model:

a) Find the value of k, and write an exponential function
that describes the number of farms after time t, where
t is the number of years since 1950.

b) Estimate the number of farms in 2009 and in 2015.
c) At this decay rate, when will only 1,000,000 farms

remain?

Social Sciences

28. Forgetting. In an art history class, students took a 
final exam. They were subsequently retested with an
equivalent test at monthly intervals. Their average retest
scores t months later are given in the following table.

Time, t (in months) Score, y

1 84.9%
2 84.6%
3 84.4%
4 84.2%
5 84.1%
6 83.9%

a) Use REGRESSIONto fit a logarithmic function
to the data.

b) Use the function to predict the average test score after
8 months, 10 months, 24 months, and 36 months.

c) After how long will the test scores fall below 82%?
d) Find the rate of change of the scores, and interpret its

meaning.

y = a + b ln x
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29. Decline in beef consumption. The annual consumption
of beef per person was about 64.6 lb in 2000 and about
61.2 lb in 2008. Assuming that , the annual beef con-
sumption t years after 2000, is decreasing according to
the exponential decay model:

a) Find the value of k, and write the equation.
b) Estimate the consumption of beef in 2015.
c) In what year (theoretically) will the consumption of

beef be 20 lb per person?

30. Population decrease of Russia.The population of
Russia dropped from 150 million in 1995 to 140 million
in 2009. (Source: CIA…The World Factbook.) Assume that

, the population, in millions, t years after 1995, is
decreasing according to the exponential decay model.

a) Find the value of k, and write the equation.
b) Estimate the population of Russia in 2016.
c) When will the population of Russia be 100 million?

31. Population decrease of Ukraine.The population of
Ukraine dropped from 51.9 million in 1995 to 45.7
million in 2009. (Source: CIA…The World Factbook.)
Assume that , the population, in millions, t years
after 1995, is decreasing according to the exponential
decay model.

a) Find the value of k, and write the equation.
b) Estimate the population of Ukraine in 2015.
c) After how many years will the population of Ukraine

be 1 million, according to this model?

Life and Natural Sciences

32. Cooling. After warming the water in a hot tub to 
the heating element fails. The surrounding air tempera-
ture is and in 5 min the water temperature drops 
to 

a) Find the value of the constant a in Newton•s Law of
Cooling.

b) Find the value of the constant k. Round to five deci-
mal places.

c) What is the water temperature after 10 min?
d) How long does it take the water to cool to 
e) Find the rate of change of the water temperature, and

interpret its meaning.

33. Cooling. The temperature in a whirlpool bath is 
and the room temperature is The water cools to 
in 10 min.

a) Find the value of the constant a in Newton•s Law of
Cooling.

b) Find the value of the constant k. Round to five
decimal places.

c) What is the water temperature after 20 min?
d) How long does it take the water to cool to 
e) Find the rate of change of the water temperature, and

interpret its meaning.

34. Forensics. A coroner arrives at a murder scene at 2 A.M.
He takes the temperature of the body and finds it to be

He waits 1 hr, takes the temperature again, and61.6°.

80°?

90°75°.
102°,

41°?

95°.
40°,

100°,

P1t2

P1t2

B1t2

finds it to be The body is in a meat freezer, 
where the temperature is When was the murder
committed?

35. Forensics. A coroner arrives at a murder scene at 11 P.M.
She finds the temperature of the body to be She
waits 1 hr, takes the temperature again, and finds it to be

She notes that the room temperature is When
was the murder committed?

36. Prisoner-of-war protest. The initial weight of a prisoner
of war is 140 lb. To protest the conditions of her impris-
onment, she begins a fast. Her weight t days after her last
meal is approximated by

a) How much does the prisoner weigh after 25 days?
b) At what rate is the prisoner•s weight changing after 

25 days?

37. Political protest. A monk weighing 170 lb begins a fast
to protest a war. His weight after t days is given by

a) When the war ends 20 days later, how much does the
monk weigh?

b) At what rate is the monk losing weight after 20 days
(before any food is consumed)?

38. Atmospheric pressure. Atmospheric pressure Pat
altitude a is given by

where is the pressure at sea level. Assume that
(pounds per square inch).

a) Find the pressure at an altitude of 1000 ft.
b) Find the pressure at an altitude of 20,000 ft.
c) At what altitude is the pressure 
d) Find the rate of change of the pressure, and interpret

its meaning.

39. Satellite power. The power supply of a satellite is a radio-
isotope (radioactive substance). The power output P, in
watts (W), decreases at a rate proportional to the amount
present; P is given by

where t is the time, in days.

a) How much power will be available after 375 days?
b) What is the half-life of the power supply?
c) The satellite•s equipment cannot operate on fewer

than 10 W of power. How long can the satellite stay
in operation?

d) How much power did the satellite have to begin with?
e) Find the rate of change of the power output, and

interpret its meaning.

40. Cases of tuberculosis.The number of cases N of tuber-
culosis in the United States has decreased continually
since 1956, as shown in the following graph. In 1956

there were 69,895 cases. By 2006 this
number had decreased by over 80%, to 13,767 cases.

1t = 502,1t = 02,

P = 50e- 0.004t,

14.7 lb>in2?

P0 = 14.7 lb>in2
P0

P = P0e
- 0.00005a,

W = 170e- 0.008t.

W = 140e- 0.009t.

60°.83.4°.

85.9°.

10°.
57.2°.
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a) Find the value of k, and write an exponential function
that describes the number of tuberculosis cases after
time t, where t is the number of years since 1956.

b) Estimate the number of cases in 2012 and in 2020.
c) At this decay rate, in what year will there be 5000

cases?

Modeling

For each of the scatterplots in Exercises 41…50, determine
which, if any, of these functions might be used as a model for
the data:

a) Quadratic: 
b) Polynomial, not quadratic
c) Exponential: 
d) Exponential: 
e) Logarithmic: 

f ) Logistic: 
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45.

46.

47. 48.

49. 50.

SYNTHESIS

51. Economics: supply and demand.The demand, ,
and supply, , functions for a certain type of multi-
purpose printer are as follows:

and

Find the equilibrium point. Assume that x is the price in
dollars.

The Beer…Lambert Law.A beam of light enters a medium
such as water or smoky air with initial intensity Its intensity
is decreased depending on the thickness (or concentration) of
the medium. The intensity I at a depth (or concentration) of 
x units is given by

The constant (•muŽ), called the coefficient of absorption,
varies with the medium. Use this law for Exercises 52 and 53.

52. Light through smog. Concentrations of particulates in
the air due to pollution reduce sunlight. In a smoggy
area, and x is the concentration of particulates
measured in micrograms per cubic meter 1mcg>m32.

m = 0.01

m

I � I0e
� Mx.

I0.

S1x2 = q = 150e0.004x.

D1x2 = q = 480e- 0.003x
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What change is more significant„dropping pollution
levels from 100 to or dropping them
from 60 to 50 Why?

53. Light through sea water. Sea water has and x
is measured in meters. What would increase cloudiness
more„dropping x from 2 m to 5 m or dropping x from 
7 m to 10 m? Explain.

m = 1.4

mcg>m3?mcg>m3
90 mcg>m3mcg>m3

a) What was the temperature of the water when you
began?

b) At what temperature does there seem to be a leveling
off of the graph?

c) What is the difference between your answers to parts
(a) and (b)?

d) How does the water temperature in part (b) compare
with the room temperature?

e) Find an equation that fits the data. Use this equation
to check values of other data points. How do they
compare?

f) Is it ever •theoreticallyŽ possible for the temperature
of the water to be the same as the room temperature?
Explain.

g) Find the rate of change of the temperature, and
interpret its meaning.

55. An interest rate decreases from 8% to 7.2%. Explain why
this increases the present value of an amount due 10 yr
later.

54. Newton•s Law of Cooling.Consider the following
exploratory situation. Fill a glass with hot tap water.
Place a thermometer in the glass and measure the
temperature. Check the temperature every 30 min
thereafter. Plot your data on this graph, and connect 
the points with a smooth curve.
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Answers to Quick Checks
1. (a) (b) 246.6 g; (c) 4.95 days
2. (a) 30.1 yr; (b) 5.3% per day 3. 7574 yr
4. $4493.29 5. 11.7 min 6. so the murder was
committed 2 hr and 12 min before the coroner arrived, at
about 11:48 P.M. on the previous day.

N = 2.2 hr,

N1t2 = N0e
- 0.14t;



The Derivative of 
To find the derivative of for any base a, we first express as a power of e. To do
this, we recall that is the power to which b is raised in order to get x. Thus,

In particular, it follows that

or 

If we replace A with we have

or (1)

To find the derivative of we differentiate both sides:

Using a property of logarithms

Differentiating with respect to x

Using a property of logarithms

Using equation (1)

Thus, we have the following theorem.

 = ax #ln a.

 = eln ax #ln a

ekx = e1ln a2x #ln a

 =
d
dx

 e1ln a2x

 =
d
dx

 ex ln a

 
d
dx

 ax =
d
dx

 e ln ax

ax,

ax = eln ax
.eln ax

= ax,

ax,

eln A = A.eloge A = A,

blogb x = x.

logb x
axax,

ax
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3.5
OBJECTIVES

The Derivatives of and loga xax

€ Differentiate functions
involving 

€ Differentiate functions
involving loga x.

ax.

THEOREM 12
d
dx

 ax = 1ln a2ax

EXAMPLE 1Differentiate: a) b) c)

Solution

a) Using Theorem 12

Note that so this equation verifies our earlier approximation of the deriva-
tive of as in Section 3.1.

b)

c) Since is of the form the Chain Rule applies:

Quick Check 1

 = ln 3 #32x #2 = 2 ln 3 #32x.

 f ¿1x2 = 1ln 3232x #d
dx

 12x2

f1x2 = 3g1x2,f1x2 = 32x

d
dx

 11.42x = 1ln 1.4211.42x

10.722x2x
 ln 2 L 0.7,

d
dx

 2x = 1ln 222x

f1x2 = 32x.y = 11.42x;y = 2x;

O

Quick Check 1

Differentiate:

a)

b)

c) y = 14.32x.

f1x2 = 4x;

y = 5x;

�

O
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Compare these formulas:

and

The simplicity of the latter formula is a reason for the use of base e in calculus. The
many applications of e in natural phenomena provide additional reasons.

One other result also follows from what we have done. If

we now know that

Alternatively, in Section 3.1, we showed that if then

Thus,

Dividing both sides by we have the following.ax,

ax1ln a2 = ax #lim
h: 0

 
ah - 1

h
.

f ¿1x2 = ax #lim
h: 0

 
ah - 1

h
.

f1x2 = ax,

f ¿1x2 = ax1ln a2.

f1x2 = ax,

d
dx

 ex = ex.
d
dx

 ax = 1ln a2ax

THEOREM 14

Comparing this equation with

we see another reason for the use of base e in calculus: we avoid obtaining the con-
stant when taking the derivative.1>1ln a2

d
dx

 ln x =
1
x
,

d
dx

 loga x =
1

ln a
#1
x

THEOREM 13

ln a = lim
h: 0

 
ah - 1

h

The Derivative of 
Just as the derivative of is expressed in terms of ln a, so too is the derivative of 
To find this derivative, we first express in terms of ln a using the change-of-base
formula (P7 of Theorem 3) from Section 3.2:

Using the change-of-base formula

is a constant.

 =
1

ln a
#1
x
.

1
ln a

 =
1

ln a
#d
dx

 1ln x2

 =
d
dx

 a
ln x
ln a

b

 
d
dx

 loga x =
d
dx

 a
loge x

loge a
b

loga x
loga x.ax

loga x
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EXAMPLE 2 Differentiate: a) b)

c) d)

Solution

a) Using Theorem 14

b) log x means 

c) Note that is of the form so the Chain
Rule is required:

Using the Chain Rule

d) Since is of the form the Product Rule is
applied:

Using the Product Rule

or

Quick Check 2

x2a
1

ln 5
+ 3 log5 xb. =

x2

ln 5
+ 3x2 log5 x,

 = x3 #1
ln 5

#1
x

+ log5 x #3x2

 f ¿1x2 = x3 #d
dx

 log5 x + log5 x #3x2

f1x2 = g1x2#h1x2,f1x2 = x3 log5 x

 =
2x

1ln 321x2 + 12
.

 =
1

ln 3
# 1

x2 + 1
#2x

 f ¿1x2 =
1

ln 3
# 1

x2 + 1
#d
dx

 1x2 + 12

f1x2 = log3 1g1x22,f1x2 = log3 1x2 + 12

 =
1

ln 10
#1
x

log10 x.
d
dx

 log x = log10 x

d
dx

 log8 x =
1

 ln 8
#1
x

f1x2 = x3 log5 x.f1x2 = log3 1x2 + 12;

y = log x;y = log8 x;

TECHNOLOGY CONNECTION

Exploratory
Using the nDeriv feature, check 
the results of Examples 1 and 2
graphically. Then differentiate

and check the result
with your calculator.
y = log2 x,

O

Quick Check 2

Differentiate:

a)

b)

c)

d) y = log8 1x3 - 72.

g1x2 = x6 log x;

f1x2 = - 7 log x;

y = log2 x;

Section Summary
€ The following rules apply when we differentiate exponential and logarithmic functions whose bases are positive but not the

number e:

and
d
dx

 loga x =
1

ln a
#1
x
.

d
dx

 ax = 1ln a2ax,

EXERCISE SET

3.5 

Differentiate.

1. 2.

3. 4.

5. 6. g1x2 = x513.72xg1x2 = x315.42x

f1x2 = 15xf1x2 = 8x

y = 6xy = 7x 7. 8.

9. 10.

11. 12. f1x2 = 127x- 4f1x2 = 3x4+1

y = ex2
y = e8x

y = 4x2+5y = 7x4+2

�

O
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13. 14.

15. 16.

17. 18.

19. 20.

21. 22.

23. 24.

25. 26.

27. 28.

29. 30.

31.

32.

33.

34.

35.

36.

APPLICATIONS

Business and Economics

37. Double declining balance depreciation.An office
machine is purchased for $5200. Under certain assump-
tions, its salvage value, V, in dollars, is depreciated
according to a method called double declining balance, 
by basically 80% each year, and is given by

where t is the time, in years, after purchase.

a) Find 
b) Interpret the meaning of 

38. Recycling aluminum cans.It is known that 45% of all
aluminum cans distributed will be recycled each year. 
A beverage company uses 250,000 lb of aluminum cans.
After recycling, the amount of aluminum, in pounds, still
in use after t years is given by

(Source: The Container Recycling Institute.)

a) Find 
b) Interpret the meaning of 

39. Household liability. The total financial liability, in
billions of dollars, of U.S. households can be modeled by
the function

where t is the number of years after 1980. The graph of
this function follows.

L1t2 = 154711.0832t,

N¿1t2.
N¿1t2.

N1t2 = 250,00010.452t.

V¿1t2.
V¿1t2.

V1t2 = 520010.802t,

g1x2 = 2 x3 - x 1log5 x2

f1x2 = 13x5 + x25 log3 x

G1x2 = log9 x #14x26

F1x2 = 7x #1log4 x29

y = log 17x + 32#42x4+8

y = 52x3- 1 # log 16x + 52

f1x2 =
6x

5x - 1
g1x2 =

7x

4x + 1

F1x2 = 1log9 x27G1x2 = 1log12 x25

y = 5x #log2 xy = 6x #log7 x

g1x2 = - log6 A23 x + 5Bf1x2 = 4 log7 A2 x - 2B

y = log9 1x4 - x2y = log8 1x3 + x2

G1x2 = log 15x + 42F1x2 = log 16x - 72

g1x2 = log32 19x - 22g1x2 = log6 15x + 12

y = log23 xy = log17 x

y = log8 xy = log4 x

a) Using this model, predict the total financial liability
of U.S. households in 2012.

b) Find 
c) Interpret the meaning of 

40. Small business.The number of nonfarm proprietorships,
in thousands, in the United States can be modeled by the
function

where t is the number of years after 1970. The graph of
this function is given below.

N1t2 = 8400 ln t - 10,500.

L¿1252.
L¿1252.
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a) Using this model, predict the number of nonfarm
proprietorships in the United States in 2014.

b) Find 
c) Interpret the meaning of 

Life and Physical Sciences

41. Agriculture. Farmers wishing to avoid the use of geneti-
cally modified (GMO) seeds are increasingly concerned
about inadvertently growing GMO plants as a result of
pollen drifting from nearby farms. Assuming that these
farmers raise their own seeds, the fractional portion of
their crop that remains free of GMO plants t years later
can be approximated by

P1t2 = 10.982t.

N¿1452.
N¿1452.
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Chile

Santiago
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America
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The location of the February 2010 earthquake in Chile.
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a) Using this model, predict the fractional portion of the
crop that will be GMO-free 10 yr after a neighboring
farm begins to use GMO seeds.

b) Find 
c) Interpret the meaning of 

Earthquake magnitude.The magnitude R (measured on the
Richter scale) of an earthquake of intensity I is defined as

where is a minimum intensity used for comparison. When one
earthquake is 10 times as intense as another, its magnitude on the
Richter scale is 1 higher. If one earthquake is 100 times as intense
as another, its magnitude on the Richter scale is 2 higher, and so
on. Thus, an earthquake whose magnitude is 6 on the Richter scale
is 10 times as intense as an earthquake whose magnitude is 5.
Earthquake intensities can be interpreted as multiples of the mini-
mum intensity Use this information for Exercises 42 and 43.

42. On January 12, 2010, a devastating earthquake struck the
Caribbean nation of Haiti. It had an intensity of 
What was its magnitude on the Richter scale?

I0107.

I0.

I0

R � log 
I
I0

,

P¿1152.
P¿1152.

44. Earthquake intensity. The intensity of an earthquake is
given by

where R is the magnitude on the Richter scale and 
is the minimum intensity, at which used for
comparison.

a) Find I, in terms of for an earthquake of magnitude
7 on the Richter scale.

b) Find I, in terms of for an earthquake of magnitude
8 on the Richter scale.

c) Compare your answers to parts (a) and (b).
d) Find the rate of change 
e) Interpret the meaning of 

45. Intensity of sound. The intensity of a sound is given by

where L is the loudness of the sound as measured in
decibels and is the minimum intensity detectable by
the human ear.

a) Find I, in terms of for the loudness of a power
mower, which is 100 decibels.

b) Find I, in terms of for the loudness of a just audi-
ble sound, which is 10 decibels.

c) Compare your answers to parts (a) and (b).
d) Find the rate of change 
e) Interpret the meaning of 

46. Earthquake magnitude.The magnitude R(measured 
on the Richter scale) of an earthquake of intensity I is
defined as

where is the minimum intensity (used for comparison).
(The exponential form of this definition is given in
Exercise 44.)

a) Find the rate of change 
b) Interpret the meaning of 

47. Loudness of sound.The loudness L of a sound of
intensity I is defined as

where is the minimum intensity detectable by the
human ear and L is the loudness measured in decibels.
(The exponential form of this definition is given in
Exercise 45.)

a) Find the rate of change 
b) Interpret the meaning of 

48. Response to drug dosage.The response y to a dosage x
of a drug is given by

where m and b are constants. The response may be hard
to measure with a number. The patient might perspire
more, have an increase in temperature, or faint.

a) Find the rate of change 
b) Interpret the meaning of dy>dx.

dy>dx.

y = m log x + b,

dL>dI.
dL>dI.

I0

L = 10 log 
I
I0

,

dR>dI.
dR>dI.

I0

R = log 
I
I0

,

dI>dL.
dI>dL.

I0,

I0,

I0

I = I0100.1L,

dI>dR.
dI>dR.

I0,

I0,

R = 0,
I0

I = I010R,

This photograph shows part of the damage in Haiti due to
the earthquake of January 2010.

43. On February 27, 2010, an earthquake more intense than
the one in Haiti struck the nation of Chile in South
America. It had an intensity of What was its mag-
nitude on the Richter scale?

I0108.8.
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Retailers and manufacturers often need to know how a small change in price will affect
the demand for a product. If a small increase in price produces no change in demand, a
price increase may make sense; if a small increase in price creates a large drop in de-
mand, the increase is probably ill advised. To measure the sensitivity of demand to a
small percent increase in price, economists calculate the elasticity of demand.

Suppose that q represents a quantity of goods purchased and x is the price per unit
of the goods. Recall that q and x are related by the demand function

Suppose that there is a change in the price per unit. The percent change in price is
given by

A change in the price produces a change in the quantity sold. The percent change
in quantity is given by

The ratio of the percent change in quantity to the percent change in price is

which can be expressed as

(1)

Note that for differentiable functions,

so the limit as approaches 0 of the expression in equation (1) becomes

This result is the basis of the following definition.

lim
¢x: 0

 
x
q
#¢ q

¢ x
=

x
q
#dq

dx
=

x
q
#D¿1x2 =

x
D1x2

#D¿1x2.

¢ x

lim
¢x: 0

 
¢ q

¢ x
=

dq

dx
,

x
q
#¢ q

¢ x
.

¢ q>q

¢ x>x
,

¢ q
q

=
¢ q#100

q
%.

¢ q

¢ x
x

=
¢ x
x

#100
100

=
¢ x #100

x
%.

¢ x

q = D1x2.

3.6
OBJECTIVES

An Economics Application: Elasticity of Demand

€ Find the elasticity of a
demand function.

€ Find the maximum of a
total-revenue function.

€ Characterize demand in
terms of elasticity.

SYNTHESIS

49. Find (Hint: See p. 367.)

Use the Chain Rule, implicit differentiation, and other techniques
to differentiate each function given in Exercises 50…57.

50. 51.

52. for 53.

54. for 55.

56. for positive

57. for positivef1x2y = 3f1x24g1x2,

f1x2y = loga f1x2,

y = af 1x2x 7 0f1x2 = xex
,

y = log3 1log x2x 7 0y = xx,

y = 2x4
f1x2 = 312x2

lim
h: 0

 
3h - 1

h
.

58. In your own words, derive the formula for finding the
derivative of 

59. In your own words, derive the formula for finding the
derivative of f1x2 = loga x.

f1x2 = ax.

Answers to Quick Checks
1. (a) (b) (c) 

2. (a) (b) 

(c) (d) 
3x2

1ln 821x3 - 72
x5a

1
ln 10

+ 6 log xb;

- 7
ln 10

#1
x
;

1
ln 2

#1
x
;

1ln 4.3214.32x1ln 424x;1ln 525x;
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DEFINITION
The elasticity of demandE is given as a function of price x by

E1x2 = -
x #D¿1x2

D1x2
.

To understand the purpose of the negative sign in the preceding definition, note that
the price, x, and the demand, , are both nonnegative. Since is normally
decreasing, is usually negative. By inserting a negative sign in the definition,
economists make nonnegative and easier to work with.

EXAMPLE 1Economics: Demand for DVD Rentals. Klix Video has found that
demand for rentals of its DVDs is given by

where q is the number of DVDs rented per day at x dollars per rental. Find each of the
following.

a) The quantity demanded when the price is $2 per rental

b) The elasticity as a function of x

c) The elasticity at and at Interpret the meaning of these values of the
elasticity.

d) The value of x for which Interpret the meaning of this price.

e) The total-revenue function, 

f ) The price x at which total revenue is a maximum

Solution
a) For we have Thus, 80 DVDs per day will be

rented at a price of $2 per rental.

b) To find the elasticity, we first find the derivative 

Then we substitute for and for in the expression for
elasticity:

c)

At the elasticity is which is less than 1. Thus, the ratio of the percent
change in quantity to the percent change in price is less than 1. A small percent-
age increase in price will cause an even smaller percentage decrease in the
quantity sold.

At the elasticity is 2, which is greater than 1. Thus, the ratio of the
percent change in quantity to the percent change in price is greater than 1. 
A small percentage increase in price will cause a larger percentage decrease in 
the quantity sold.

x = 4,

E142 =
4

6 - 4
= 2

1
2,x = 2,

E122 =
2

6 - 2
=

1
2

E1x2 = -
x #D¿1x2

D1x2
= -

x #1- 202

120 - 20x
=

20x
120 - 20x

=
x

6 - x
.

D1x2120 - 20xD¿1x2- 20

D¿1x2 = - 20.

D¿1x2:

D122 = 120 - 20122 = 80.x = 2,

R1x2 = x #D1x2

E1x2 = 1.

x = 4.x = 2

q = D1x2 = 120 - 20x,

E1x2
D¿1x2

D1x2D1x2

�



d) We set and solve for p:

We multiply both sides by assuming that 

Thus, when the price is $3 per rental, the ratio of the percent change in quantity to
the percent change in price is 1.

e) Recall that the total revenue R(x) is given by Then

f) To find the price x that maximizes total revenue, we find 

We see that exists for all x in the interval Thus, we solve:

Since there is only one critical value, we can try to use the second derivative to see
if we have a maximum:

Thus, is negative, so R(3) is a maximum. That is, total revenue is a
maximum at $3 per rental.

Note in parts (d) and (f ) of Example 1 that the value of x for which is
the same as the value of x for which total revenue is a maximum. The following
theorem states that this is always the case.

E1x2 = 1

R…132

R…1x2 = - 40 6 0.

 x = 3.

 - 40x = - 120

 R¿1x2 = 120 - 40x = 0

30, q 2.R¿1x2

R¿1x2 = 120 - 40x.

R¿1x2:

R1x2 = x #D1x2 = x1120 - 20x2 = 120x - 20x2.

x #D1x2.

 x = 3.

 2x = 6

x Z 6. 6 - x,  x = 6 - x

 
x

6 - x
= 1

E1x2 = 1
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Economics: Demand 
for In-Ear Radios
A company determines that the
demand function for in-ear 
radios is

where q is the number sold per
day when the price is x dollars 
per radio.

EXERCISES
1. Find the elasticity E and the

total revenue R.

2. Using only the first quadrant,
graph the demand, elasticity,
and total-revenue functions on
the same set of axes.

3. Find the price x for which the
total revenue is a maximum.
Use the method of Example 1.
Check the answer graphically.

q = D1x2 = 300 - x,

TECHNOLOGY CONNECTION

THEOREM 15

Total revenue is increasing at those x-values for which 

Total revenue is decreasing at those x-values for which 

Total revenue is maximized at the value(s) of x for which E1x2 = 1.

E1x2 7 1.

E1x2 6 1.

Proof. We know that

so Using the Product Rule

Check this by multiplying.

 = D1x231 - E1x24.

 = D1x23- E1x2 + 14

 = D1x2c
x #D¿1x2

D1x2
+ 1d

 R¿1x2 = x #D¿1x2 + D1x2#1
 R1x2 = x #D1x2,

(continued)
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In summary, suppose that Klix Video in Example 1 raises the price per rental and
that the total revenue increases. Then we say the demand is inelastic. If the total rev-
enue decreases, we say the demand is elastic.Some price elasticities in the U.S. econ-
omy are listed in the following table.

Elasticity and Revenue

For a particular value of the price x:

1. The demand is inelasticif An increase in price will bring an increase
in revenue. If demand is inelastic, then revenue is increasing.

2. The demand has unit elasticityif The demand has unit elasticity
when revenue is at a maximum.

3. The demand is elastic if An increase in price will bring a
decrease in revenue. If demand is elastic, then revenue is decreasing.

E1x2 7 1.

E1x2 = 1.

E1x2 6 1.

x

R(x)

Inelastic demand Elastic demand

Price

E = 1

Increasing revenue

T
ot

al
 r

ev
en

ue

Decreasing revenue

x1

x

q

Inelastic Elastic

Price

E = 1

E > 1

E < 1

Demand
function,
q = D(x)

x1

Unit elasticity

Since we can assume that it follows that is positive for is
negative for and is 0 when Thus, total revenue is increasing for

is decreasing for and is maximized when �E1x2 = 1.E1x2 7 1,E1x2 6 1,
E1x2 = 1.E1x2 7 1,

E1x2 6 1,R¿1x2D1x2 7 0,
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Quick Check 1

Industry Elasticity

Elastic Demands
Metals 1.52
Electrical engineering products 1.39
Mechanical engineering products 1.30
Furniture 1.26
Motor vehicles 1.14
Instrument engineering products 1.10
Professional services 1.09
Transportation services 1.03

Inelastic Demands
Gas, electricity, and water 0.92
Oil 0.91
Chemicals 0.89
Beverages (all types) 0.78
Tobacco 0.61
Food 0.58
Banking and insurance services 0.56
Housing services 0.55
Clothing 0.49
Agricultural and fish products 0.42
Books, magazines, and newspapers 0.34
Coal 0.32

(Source: Ahsan Mansur and John Whalley, •Numerical specification
of applied general equilibrium models: Estimation, calibration, and
data.Ž In H. E. Scarf and J. B. Shoven (eds.), Applied General 
Equilibrium Analysis.(New York: Cambridge University Press,
1984), p. 109.)

Price Elasticities in the U.S. Economy

O

Quick Check 1

Economics: Demand for
DVD Rentals. Internet rentals
affect Klix Video in such a way
that the demand for rentals of
its DVDs changes to

a) Find the quantity
demanded when the price
is $2 per rental, $3 per
rental, and $5 per rental.

b) Find the elasticity of
demand as a function of x.

c) Find the elasticity at
and 

Interpret the meaning of
these values.

d) Find the value of x for
which Interpret
the meaning of this price.

e) Find the total-revenue
function, 

f ) Find the price x at which
total revenue is a
maximum.

R1x2 = x #D1x2.

E1x2 = 1.

x = 5.x = 3,x = 2,

q = D1x2 = 30 - 5x.

Section Summary
€ The elasticity of demand Eis given as a function of price 

x by

E1x2 = -
x #D¿1x2

D1x2
.

Elasticity provides a means of evaluating the change in
revenue that results from an increase in price.

O
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EXERCISE SET

3.6

For the demand function given in each of Exercises 1…12, find
the following.

a) The elasticity
b) The elasticity at the given price, stating whether the

demand is elastic or inelastic
c) The value(s) of x for which total revenue is a

maximum (assume that x is in dollars)

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

APPLICATIONS

Business and Economics

13. Demand for chocolate chip cookies.Good Times Bakers
works out a demand function for its chocolate chip cook-
ies and finds it to be

where q is the quantity of cookies sold when the price
per cookie, in cents, is x.

a) Find the elasticity.
b) At what price is the elasticity of demand equal to 1?
c) At what prices is the elasticity of demand elastic?
d) At what prices is the elasticity of demand inelastic?
e) At what price is the revenue a maximum?
f) At a price of 20¢ per cookie, will a small increase in

price cause the total revenue to increase or decrease?

14. Demand for oil. Suppose that you have been hired as an
economic consultant concerning the world demand for
oil. The demand function is

q = D1x2 = 63,000 + 50x - 25x2, 0 ƒ x ƒ 50,

q = D1x2 = 967 - 25x,

q = D1x2 =
500

12x + 1222
; x = 8

q = D1x2 =
100

1x + 322
; x = 1

q = D1x2 = 200e- 0.05x; x = 80

q = D1x2 = 100e- 0.25x; x = 10

q = D1x2 = 2 300 - x; x = 250

q = D1x2 = 2 600 - x; x = 100

q = D1x2 =
3000

x
; x = 60

q = D1x2 =
400
x

; x = 50

q = D1x2 = 500 - 2x; x = 57

q = D1x2 = 200 - 4x; x = 46

q = D1x2 = 500 - x; x = 38

q = D1x2 = 400 - x; x = 125

where q is measured in millions of barrels of oil per day
at a price of x dollars per barrel.

a) Find the elasticity.
b) Find the elasticity at a price of $10 per barrel, stating

whether the demand is elastic or inelastic at that price.
c) Find the elasticity at a price of $20 per barrel, stating

whether the demand is elastic or inelastic at that
price.

d) Find the elasticity at a price of $30 per barrel, stating
whether the demand is elastic or inelastic at that price.

e) At what price is the revenue a maximum?
f) What quantity of oil will be sold at the price that

maximizes revenue? Compare the current world price
to  your answer.

g) At a price of $30 per barrel, will a small increase in
price cause the total revenue to increase or decrease?

15. Demand for computer games.High Wire Electronics de-
termines the following demand function for a new game:

where q is the number of games sold per day when the
price is x dollars per game.

q = D1x2 = 2 200 - x3,

x

y

Price (in dollars)
1 6

15

1

N
um

be
r 

of
 g

am
es

so
ld

 p
er

 d
ay

D(x) = � 200 Š x3

a) Find the elasticity.
b) Find the elasticity when 
c) At will a small increase in price cause the total

revenue to increase or decrease?

16. Demand for tomato plants. Sunshine Gardens deter-
mines the following demand function during early
summer for tomato plants:

where q is the number of plants sold per day when the
price is x dollars per plant.

q = D1x2 =
2x + 300
10x + 11

,

x = 3,
x = 3.

q

x1 20

D(x) =
2x + 300
„„„„
10x + 11

5

30

N
um

be
r 

of
 p

la
nt

s
so

ld
 p

er
 d

ay

Price (in dollars)



a) Find the elasticity.
b) Find the elasticity when 
c) At $3 per plant, will a small increase in price cause

the total revenue to increase or decrease?

SYNTHESIS

17. Economics: constant elasticity curve.

a) Find the elasticity of the demand function

where k is a positive constant and n is an integer
greater than 0.

b) Is the value of the elasticity dependent on the price
per unit?

c) Does the total revenue have a maximum? When?

18. Economics: exponential demand curve.

a) Find the elasticity of the demand function

where A and k are positive constants.

q = D1x2 = Ae- kx,

q = D1x2 =
k
xn,

x = 3.
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b) Is the value of the elasticity dependent on the price
per unit?

c) Does the total revenue have a maximum? At what
value of x?

19. Let

Describe the elasticity in terms of 

20. Explain in your own words the concept of elasticity and
its usefulness to economists. Do some library or online
research or consult an economist in order to determine
when and how this concept was first developed.

21. Explain how the elasticity of demand for a product can be
affected by the availability of substitutes for the product.

L¿1x2.

L1x2 = ln D1x2.

Answers to Quick Check

1. (a) 20, 15, 5; (b)

(c) 0.5, 1, 5 (see Example 1 for the interpretations);
(d) $3; (e) (f ) $3R1x2 = 30x - 5x2;

E1x2 =
x

6 - x
;



CHAPTER 3 
SUMMARY 

f(x) = (Š)x1
2 g(x) = 3x

� 5� 4 � 2 2 4

2

4

� 3 � 1 1 3 5

1

3

5
6

8
7

9
10

x

y

� 5� 4 � 2 2 4

2

4

� 3 � 1 1 3 5

1

3

5
6

8
7

9
10

x

y

KEY TERMS AND CONCEPTS EXAMPLES

SECTION 3.1

An exponential function f is a function 
of the form , where is any real
number and a, the base,is any positive
number other than 1.

xf1x2 = ax

The natural base e is such that

where and 

and 
d
dx

 ef1x2 = f ¿1x2ex.

e = lim
h: 0

 11 + h21>he L 2.718

d
dx

 ex = ex,

To differentiate a function like both the Product Rule
and the Chain Rule are needed:

d
dx

 315x2 + 32e7x4 = 15x2 + 32e7x #7 + e7x #10x.

f1x2 = 15x2 + 32e7x,

SECTION 3.2

A logarithmic function g is any function of
the form where a, the base,
is a positive number other than 1:

means

Logarithmic functions are inverses of
exponential functions.

x = ay.y = loga x

g1x2 = loga x,

Remember that is the exponent to
which b is raised to get c.The notation 
for common logarithms and natural
logarithms is

and ln c = loge c.log c = log10 c

logb c and ln e1 5 = loge e
1 5 = 2 5log 1000 = log10 103 = 3

The following important properties of
logarithms allow us to manipulate
expressions. We assume that M, N,and a
are positive, with and k is a real
number:

logb M =
loga M

loga b

loga 1 = 0
loga a

k = k
loga a = 1
loga 1Mk2 = k loga M

loga 
M
N

= loga M - loga N

 loga 1MN2 =  loga M + loga N

a Z 1,

log10 1 = 0

loga t =
ln t
ln a

ln e7 = 7

log2 
2
Q

= log2 2 - log2 Q = 1 - log2 Q

log2 5x = log2 5 + log2 x

y =  log3 x

� 4

� 2

� 5

� 3

� 1 2 4

2

4

� 1 1 3 5

1

3

5

6 87 9 x

y
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Logarithms are used to solve certain
exponential equations.

Solve:

We have

Dividing both sides by 5
Taking the natural log of both sides
Using a property of logarithms

t L 1.386

t =
ln 16

2

2t = ln 16
ln e2t = ln 16

e2t = 16
5e2t = 80

5e2t = 80.

The derivative of the natural logarithm
function of x, where x is any positive
number, is the reciprocal of x:

and

Differentiating a natural logarithmic
function may require applying the 
Product, Quotient, and Chain Rules.

d
dx

 ln f1x2 =
f ¿1x2

f1x2
.

d
dx

 ln x =
1
x

, = ln 15x2#13x2 - 72 + 1x2 - 72

= ln 15x2#13x2 - 72 + x #1x2 - 72#1
5x

#5

d
dx

3ln 15x2#1x3 - 7x24 = ln 15x2#13x2 - 72 + 1x3 - 7x2#1
5x

#5

SECTION 3.3

Because exponential functions are the only
functions for which the derivative (rate of
change) is directly proportional to the
function value at any point in time, they 
can be used to model many real-world situ-
ations involving uninhibited growth.

If then 

where is the initial population at t = 0.P0

P1t2 = P0e
kt,

dP
dt

= kP, with k 7 0,

Business. The balance P in an account with Turing Mutual Funds grows at
a rate given by

where t is time, in years. Find the function that satisfies the equation
After what period of time will an initial investment, 

double itself?

The function is

Check:

To find the time for the amount to double, we set and solve 
for t:

Dividing both sides by 

Taking the natural log of both sides

ln 2
0.04

= t, or t L 17.3 yr.

ln 2 = 0.04t
ln 2 = ln 1e0.04t2

P02 = e0.04t
2P0 = P0e

0.04t

P1t2 = 2P0

= 0.04P1t2
= 0.04P0e

0.04t

d
dt

P0e
0.04t = P0e

0.04t #0.04

P1t2 = P0e
0.04t.

P0,1let P102 = P02.

dP
dt

= 0.04P,
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Logistic Growth

L

P(t) = , for k > 0L
1 + beŠkt

Inhibited Growth
(not Logistic)

P(t) = L(1 Š eŠkt), for k > 0P0

t

P(t) P(t)

L

t

Decay

P = P0eŠkt,
for k > 0

Growth

P = P0ekt,
for k > 0

t

P

P0 P0

t

P

KEY TERMS AND CONCEPTS EXAMPLES

SECTION 3.3 (continued)

The exponential growth rate k and the
doubling time T are related by

and

The Rule of 70expresses the doubling time
for a sum of money in terms of the interest
rate k expressed as a decimal:

T L
70

100k
.

T =
ln 2
k

.k =
ln 2
T

If the exponential growth rate is 4% per year, then the doubling time is

or using the Rule of 70, 

The doubling time for the number of downloads per day from iTunes is
614 days. The exponential growth rate is

per day.k =
ln 2
T

L
0.693147

614
L 0.0011289 = 0.11%

T L
70

10010.042
L 17.5 yr.

T =
ln 2
4%

L
0.693147

0.04
L 17.3 yr,

Two models for limited or inhibited growth
are

and

where and L is the limiting value.k 7 0

P1t2 = L11 - e- kt2,

P1t2 =
L

1 + be- kt
,

SECTION 3.4

Exponential growth is modeled by
and exponential decay

is modeled by P1t2 = P0e
- kt, k 7 0.

P1t2 = P0e
kt, k 7 0,

Exponential decay characterizes many 
real-world phenomena. One of the most
common is radioactive decay.

Physical Science.Lead-210 has a decay rate of 3.15% per year. The rate of
change of an amount N of lead-210 is given by

Find the function that satisfies the equation. How much of an 80-g sample
of lead-210 will remain after 20 yr?

The function is 

Check:

Then the amount remaining after 20 yr is, N1202 = 80e- 0.03151202 L 42.6 g.

 = - 0.0315 #N1t2.

 
d
dt

 1N0e
- 0.0315t2 = N0e

- 0.0315t1- 0.03152

N1t2 = N0e
- 0.0315t.

dN
dt

= - 0.0315N.
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Half-life, T, and decay rate, k,are related by

and

The decay equation, can also be
used to calculate present value.

P0 = Pe- kt,

T =
ln 2
k

.k =
ln 2
T

The half-life of a radioactive isotope is 38 days. The decay rate is

T =
ln 2
38

=
0.693147

38
L 0.0182 = 1.82% per day.

The present value of an amount Pdue
t years later, at interest rate k, compounded 
continuously, is given by

P0 = Pe- kt.

P0 The present value of $200,000 due 8 yr from now, at 4.6% interest,
compounded continuously, is given by

P0 = Pe- kt = 200,000e- 0.046#8 = $138,423.44.

SECTION 3.5

The following formulas can be used to
differentiate exponential and logarithmic
functions for any base a, other than e:

and
d
dx

 loga x =
1

ln a
#1
x
.

d
dx

ax = 1ln a2ax

d
dx

 log6 x =
1

ln 6
#1
x

d
dx

 70.3x = ln 7 #70.3x #0.3

SECTION 3.6

The elasticity of demandE is a function 
of x, the price:

When total revenue is decreasing;
when total revenue is increasing;
and
when total revenue is maximized.E1x2 = 1,

E1x2 6 1,
E1x2 7 1,

E1x2 = -
x #D¿1x2

D1x2
.

Business. The Leslie Davis Band finds that demand for its CD at perform-
ances is given by

where x is the price, in dollars, of each CD sold and q is the number 
of CDs sold at a performance. Find the elasticity when the price is 
$10 per CD, and interpret the result. Then, find the price at which 
revenue is maximized.

Elasticity at is given by

Thus,

SinceE(10) is less than 1, the demand for the CD is inelastic, and an
increase in price will increase revenue.

Revenue is maximized when 

At a price of $12.50 per CD, revenue will be maximized.

x = 12.5.
2x = 25
x = 25 - x

x
25 - x

= 1

E1x2 = 1:

E1102 =
10

25 - 10
=

2
3

.

= -
- 2x

50 - 2x
=

x
25 - x

.

= -
x1- 22

50 - 2x

E1x2 = -
x #D¿1x2

D1x2

x

q = D1x2 = 50 - 2x,
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CHAPTER 3
REVIEW EXERCISES

These review exercises are for test preparation. They can also
be used as a practice test. Answers are at the back of the book.
The blue bracketed section references tell you what part(s) of
the chapter to restudy if your answer is incorrect.

CONCEPT REINFORCEMENT

Match each equation in column A with the most appropriate
graph in column B.[3.1…3.4]

Column A Column B

1. a)P1t2 = 50e0.03t

6. f )P1t2 = 50 + ln t

50

t

P(t)

P(t)

50

t

2. b)P1t2 =
50

1 + 2e- 0.02t

3. c)P1t2 = 50e- 0.20t P(t)

1 t

P(t)

50

t

P(t)

50

t1

P(t)

50

t

4. d)P1t2 = ln t

5. e)P1t2 = 5011 - e- 0.04t2

Classify each statement as either true or false.

7. The base a in the exponential function given by
must be greater than 1. [3.1]

8. The base a in the logarithmic function given by
must be greater than 0. [3.2]

9. If for and then f must be
an exponential function. [3.3]

10. With exponential growth, the doubling time depends on
the size of the original population. [3.3]

11. A radioactive isotope•s half-life determines the value of its
decay constant. [3.4]

12. A radioactive isotope•s half-life depends on how much of
the substance is initially present. [3.4]

13. For any exponential function of the form it
follows that [3.5]

14. For any logarithmic function of the form 

it follows that [3.5]

15. Revenue is maximized when the elasticity of demand 
is 1. [3.6]

REVIEW EXERCISES

Differentiate each function.

16. [3.2] 17. [3.1]

18. [3.2] 19. [3.1]

20. [3.2] 21. [3.1]

22. [3.2]

23. [3.1, 3.2]

24. [3.1, 3.2]

25. [3.2]g1x2 = x8 - 8 ln x

f1x2 = e4x - ln 
x
4

f1x2 = ex2 #ln 4x

f1x2 =
ln x

x3

f1x2 = x4e3xf1x2 = ln 2 x

y = e22 xy = ln 1x4 + 52

y = exy = ln x

g¿1x2 =
1
a
#1
x
.

g1x2 = loga x,

f ¿1x2 =  ln a #ax.
f1x2 = ax,

f1x2 Z 0,c Z 0f ¿1x2 = c#f1x2

g1x2 = loga x

f1x2 = ax
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26. [3.1, 3.2]

27. [3.5]

28. [3.5]

29. [3.5]

Graph each function.[3.1]

30. 31.

Given and find each loga-
rithm. [3.2]

32. 33. 34.

35. 36. 37.

38. Find the function that satisfies given that
[3.3]

39. Life science: population growth. The population of
Boomtown doubled in 16 yr. What was the growth rate of
the city? Round to the nearest tenth of a percent. [3.3]

40. Business: interest compounded continuously.Suppose
that $8300 is invested in Noether Bond Fund, where the
interest rate is 6.8%, compounded continuously. How
long will it take for the $8300 to double itself? Round to
the nearest tenth of a year. [3.3]

41. Business: cost of a prime-rib dinner.The average cost
C of a prime-rib dinner was $15.81 in 1986. In 2010, it
was $27.95. Assuming that the exponential growth
model applies: [3.3]

a) Find the exponential growth rate to three decimal
places, and write the function that models the
situation.

b) What will the cost of such a dinner be in 2012? 
In 2020?

42. Business: franchise growth.A clothing firm is selling
franchises throughout the United States and Canada. It is
estimated that the number of franchises N will increase at
the rate of 12% per year, that is,

where t is the time, in years. [3.3]

a) Find the function that satisfies the equation,
assuming that the number of franchises in 2007

is 60.
b) How many franchises will there be in 2013?
c) After how long will the number of franchises be 

120? Round to the nearest tenth of a year.

43. Life science: decay rate.The decay rate of a certain
radioactive substance is 13% per year. What is its 
half-life? Round to the nearest tenth of a year.[3.4]

44. Life science: half-life. The half-life of radon-222 is 
3.8 days. What is its decay rate? Round to the nearest
tenth of a percent. [3.4]

1t = 02 

dN
dt

= 0.12N,

Q102 = 25.
dQ>dt = 7Q,

loga 
1
4loga 2 7loga 3.5

loga 28loga 
2
7loga 14

loga 7 � 5.0999,loga 2 � 1.8301

g1x2 = A1
3Bxf1x2 = 4x

y = 3x #log412x + 12

g1x2 = log2 x

F1x2 = 9x

y =
ln ex

ex
45. Life science: decay rate.A certain radioactive isotope

has a decay rate of 7% per day, that is,

where A is the amount of the isotope present at time t, 
in days. [3.4]

a) Find a function that satisfies the equation if the
amount of the isotope present at is 800 g.

b) After 20 days, how much of the 800 g will remain?
Round to the nearest gram.

c) After how long will half of the original amount remain?

46. Social science: Hullian learning model.The proba-
bility of mastering a certain assembly-line task after 
t learning trials is given by

[3.3]

a) What is the probability of learning the task after 
1 trial? 2 trials? 5 trials? 10 trials? 14 trials?

b) Find the rate of change, 
c) Interpret the meaning of 
d) Sketch a graph of the function.

47. Business: present value.Find the present value of
$1,000,000 due 40 yr later at 4.2%, compounded
continuously. [3.4]

48. Economics: elasticity of demand.Consider the demand
function

[3.6]

a) Find the elasticity.
b) Find the elasticity at stating whether the

demand is elastic or inelastic.
c) Find the elasticity at stating whether the

demand is elastic or inelastic.
d) At a price of $12, will a small increase in price cause

the total revenue to increase or decrease?
e) Find the value of for which the total revenue is a

maximum.

SYNTHESIS

49. Differentiate: [3.1]

50. Find the minimum value of [3.2]

TECHNOLOGY CONNECTION

51. Graph: [3.1]

52. Find [3.1]

53. Business: shopping on the Internet.Online sales of all
types of consumer products increased at an exponential
rate in the last decade or so. Data in the following table
show online retail sales, in billions of dollars. [3.3]

lim
x: 0

 
e1>x

11 + e1>x22
.

f1x2 =
e1>x

11 + e1>x22
.

f1x2 = x4 ln 14x2.

y =
e2x + e- 2x

e2x - e- 2x
.

x

x = $12,

x = $1,

q = D1x2 =
600

1x + 422
.

p¿1t2.
p¿1t2.

p1t2 = 1 - e- 0.7t.

p

t = 0

dA
dt

= - 0.07A,
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a) Use REGRESSIONto fit an exponential function
to the data. Then convert that formula 

to an exponential function, base e, where t is the
number of years after 1998, and determine the
exponential growth rate.

b) Estimate online sales in 2010; in 2020.
c) After what amount of time will online sales be $400

billion?
d) What is the doubling time of online sales?

y = a #bxYears, t, 
after 1998

U.S. Online Retail Sales 
(in billions)

0 $ 4.9
1 14.7
2 28.0
3 34.3
4 44.7
5 55.7
6 69.2
7 86.3

(Source: U.S. Census Bureau.)

CHAPTER 3
TEST

Differentiate.

1. 2.

3. 4.

5. 6.

7. 8.

Given and find each 
of the following.

9. 10. 11.

12. Find the function that satisfies with

13. The doubling time for a certain bacteria population is 
3 hr. What is the growth rate? Round to the nearest tenth
of a percent.

APPLICATIONS

14. Business: interest compounded continuously.An
investment is made at 6.931% per year, compounded
continuously. What is the doubling time? Round to the
nearest tenth of a year.

15. Business: cost of milk. The cost C of a gallon of 
milk was $3.22 in 2006. In 2010, it was $3.50. 
(Source: U.S. Department of Labor, Bureau of Labor
Statistics.) Assuming that the exponential growth
model applies:

a) Find the exponential growth rate to the nearest tenth
of a percent, and write the equation.

b) Find the cost of a gallon of milk in 2012 and 
2018.

M102 = 2.
dM>dt =  6M,

logb 3logb 4.5logb 18

logb 9 � 0.8114,logb 2 � 0.2560

y = log14 xy = 7x + 3x

f1x2 = 3ex ln xf1x2 = ex - 5x3

f1x2 = ln 
x
7

f1x2 = e- x2

y = 1ln x24y = 2e3x

16. Life science: drug dosage.A dose of a drug is injected
into the body of a patient. The drug amount in the body
decreases at the rate of 10% per hour, that is,

where A is the amount in the body and t is the time, in
hours.

a) A dose of 3 cubic centimeters (cc) is administered.
Assuming find the function that satisfies the
equation.

b) How much of the initial dose of 3 cc will remain after
10 hr?

c) After how long does half of the original dose remain?

17. Life science: decay rate.The decay rate of radium-226 is
4.209% per century. What is its half-life?

18. Life science: half-life. The half-life of bohrium-267 is 
17 sec. What is its decay rate? Express the rate as a per-
centage rounded to four decimal places.

19. Business: effect of advertising.Twin City Roasters intro-
duced a new coffee in a trial run. The firm advertised the
coffee on television and found that the percentage Pof
people who bought the coffee after t ads had been run
satisfied the function

a) What percentage of people bought the coffee before
seeing the ad ?

b) What percentage bought the coffee after the ad had
been run 1 time? 5 times? 10 times? 15 times? 
20 times? 30 times? 35 times?

c) Find the rate of change, 
d) Interpret the meaning of 
e) Sketch a graph of the function.

P¿1t2.
P¿1t2.

1t = 02

P1t2 =
100

1 + 24e- 0.28t
.

A0 = 3,

dA
dt

= - 0.1A,



20. In 2010, a professional athlete signed a contract paying
him $13 million in 2016. Find the present value of that
amount in 2010, assuming 4.3% interest, compounded
continuously.

21. Economics: elasticity of demand.Consider the demand
function

a) Find the elasticity.
b) Find the elasticity at and state whether the

demand is elastic or inelastic.
c) Find the elasticity at and state whether the

demand is elastic or inelastic.
d) At a price of $3, will a small increase in price cause

the total revenue to increase or decrease?
e) Find the price for which the total revenue is a

maximum.

SYNTHESIS

22. Differentiate: 

23. Find the maximum and minimum values of

TECHNOLOGY CONNECTION 

24. Graph: 

25. Find 

26. Business: average price of a television commercial.
The cost of a 30-sec television commercial that runs
during the Super Bowl was increasing exponentially 

lim
x: 0

 
ex - e- x

ex + e- x .

f1x2 =
ex - e- x

ex + e- x .

f1x2 = x4e- x over 30, 104.

y = x 1ln x22 - 2x ln x + 2x.

x = 18,

x = 3,

q = D1x2 = 400e- 0.2x.

from 1991 to 2006. Data in the table below show costs
for those years.

Years, t, 
after 1990

Cost of 
commercial

1 $ 800,000
3 850,000
5 1,000,000
8 1,300,000

13 2,100,000
16 2,600,000

(Source: National Football League.)

a) Use REGRESSIONto fit an exponential function
to the data. Then convert that formula to

an exponential function, base , where t is the
number of years after 1990.

b) Estimate the cost of a commercial run during the Super
Bowl in 2012 and 2015.

c) After what amount of time will the cost be $1 billion?
d) What is the doubling time of the cost of a commercial

run during the Super Bowl?
e) The cost of a Super Bowl commercial in 2009 turned

out to be $3 million, and in 2010 it dropped to about
$2.8 million, possibly due to the decline in the world
economy. Expand the table of costs, and make a scat-
terplot of the data. Does the cost still seem to follow
an exponential function? Explain. What kind of 
curve seems to fit the data best? Fit that curve using
REGRESSION, and predict the cost of a Super Bowl
commercial in 2012 and in 2015. Compare your
answers to those of part (b).

e
y = a #bx

The Business of Motion Picture Revenue and DVD Release

Extended Technology Application

There has been increasing pressure by motion picture 
executives to narrow the gap between the theater release
of a movie and the release to DVD. The executives want
to reduce marketing expenses, adapt to audiences•
increasing consumption of on-demand movies, and 
boost decreasing DVD sales. Theater owners, on the 
other hand, want to protect declining ticket sales; 

the number of people attending movies in the United
States and Canada decreased from 1.57 billion in 2002
to 1.42 billion in 2009. The owners are fearful that if
movie executives shorten the time between theater
release and DVD release, the number of ticket buyers
will drop even more, as many people will be willing to
wait for the DVD.

Extended Technology Application 385
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The following table presents the number of days between theater release and DVD release for 10 movies. Note that
average gap in time is about 4 months.

Theater:
DVD:

Dec. 18, 2009
Apr. 22, 2010

Theater:
DVD:

Nov. 27, 2009
Mar. 26, 2010

Theater:
DVD:

Nov. 20, 2009
Mar. 22, 2010

Theater:
DVD:

Jan. 23, 2009
Mar. 31, 2009

Theater:
DVD:

Dec. 25, 2009
Mar. 30, 2010

Theater:
DVD:

May 29, 2009
Nov. 10, 2009

Theater:
DVD:

Aug. 7, 2009
Dec. 8, 2009

Theater:
DVD:

Nov. 6, 2009
Mar. 9, 2010

Theater:
DVD:

Dec. 25, 2007
Apr. 15, 2008

Theater:
DVD:

May 2, 2008
Sept. 30, 2008

Avatar

The Blind Side

The Twili ght Saga: New Moon

Slumdog Milli onaire

Sherlock Holmes

UP

Julie & Julia

Precious

Juno

Iron Man

126

119

121

67

94

164

122

121

112

151

MOVIE RELEASE DATES
NUMBER OF DAYS SEPARATING

RELEASE DATES

Average = 120 days, or about 4 months
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Let•s examine the data for The Blind Side,for which Sandra Bullock won the 2010 Oscar for best actress. The movie
was based on a true story about a family that takes in a destitute young man and nurtures him into adulthood, when he
becomes a player for the Baltimore Ravens in the National Football League. The following table presents weekly
estimates of gross revenue, G, for the movie. The total revenue, R, is approximated by adding each week•s gross revenue
to the preceding week•s total revenue. (Occasionally, other revenues, such as from permission fees, are added to box
office revenue, so total revenue might be more than this sum.)

1, Nov. 27, 2009

2, Dec. 4

3, Dec. 11

4, Dec. 18

5, Dec. 25

6, Jan. 1, 2010

7, Jan. 8

8, Jan. 15

9, Jan. 22

10, Jan. 29

11, Feb. 5

12, Feb. 12

13, Feb. 19

14, Feb. 26

15, Mar. 5

16, Mar. 12

17, Mar. 19

18, Mar. 26, week
of DVD release

$60.12

$48.71

$25.94

$19.94

$17.95

$23.75

$15.04

$  9.76

$  8.30

$  5.38

?        

?        

?        

?        

?        

?        

?        

?        

$  60.12

$108.83

$134.77

$154.71

$172.66

$196.41

$211.45

$221.21

$229.51

$234.89

?         

?         

?         

?         

?         

?         

?         

?         

        

Revenue for The Blind Side
TOTAL REVENUE, R

(or cumulative box office
revenue, in millions)

GROSS REVENUE, G
(current week estimates,

in millions)

WEEK IN RELEASE, t
(week 1 = Nov. 20 to

Nov. 26, 2009)



388 C H A P T E R  3 € Exponential and Logarithmic Functions

1, Dec. 25

2, Jan. 1, 2010

3, Jan. 8

4, Jan. 15

5, Jan. 22

6, Jan. 29

7, Feb. 5

8, Feb. 12

9, Feb. 19

10, Feb. 26

11, Mar. 5

12, Mar. 12

13, Mar. 19

14, Mar. 26

15, Apr. 2

16, Apr. 9, week
of DVD release

$137.27

$146.54

$  96.73

$  69.93

$  66.33

$  47.67

$  42.02

$  31.11

$  34.12

$  21.18

?      

?      

?      

?      

?      

?      

$137.27

$283.81

$380.54

$450.47

$516.80

$564.47

$606.49

$637.60

$671.72

$692.90

?      

?      

?      

?      

?      

?      

Revenue for Avatar
TOTAL REVENUE, R

(or cumulative box office
revenue, in millions)

GROSS REVENUE, G
(current week estimates,

in millions)

WEEK IN RELEASE, t
(week 1 = Dec. 18 to

Dec. 24, 2009)

EXERCISES
1. Assume that you are a movie executive and you want

to select a function that seems to fit the data best.
First, make a scatterplot of the data points (t, G).
Then use REGRESSIONto fit linear, quadratic, cubic,
and exponential functions to the data, and graph
each equation with the scatterplot. Then decide
which function seems to fit best and give your
reasons.

2. Presuming you have selected the exponential
function, use it to predict gross revenue, G, for week
11 through week 18, the week in which the DVD is
released.

3. Compute the values of total revenue, R, by
successively adding the values of G for weeks 
11 through 18 to each week•s total revenue, R.

Discuss why you think the time selected for DVD
release is appropriate.

4. Use REGRESSIONto fit a logistic function of the form

to the data, and graph it with the scatterplot of Exer-
cise 1. Based on these results, what dollar amount
would seem to be a limiting value for the total
revenue from The Blind Side?

5. Find the rate of change and explain its mean-
ing. Find and explain its meaning.

6. Now, consider the data for the movie Avatar. Using
the procedures in Exercises 1…5, what dollar amount
would seem to be a limiting value on the gross
revenue for Avatar?

lim
t : q

 R¿1t2,
R¿1t2,

R1t2 =
c

1 + ae- bt
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Chapter Snapshot

389

What You•ll Learn
4.1 Antidifferentiation
4.2 Antiderivatives as Areas
4.3 Area and Definite Integrals
4.4 Properties of Definite Integrals
4.5 Integration Techniques: Substitution
4.6 Integration Techniques: Integration by Parts
4.7 Integration Techniques:Tables

Why It•s Important
Is it possible to determine the distance a vehicle has
traveled if we know its velocity function? Can we
determine a company•s total profit if we know its
marginal-profit function? We can, using a process called
integration, which is one of the two main branches of
calculus, the other being differentiation.We will see that
we can use integration to find the area under a curve,
which has many practical applications in science,
business, and statistics.

Where It•s Used

NATIONAL CREDIT MARKET DEBT

For the years 2005 through 2009,
the annual rate of change in the
national credit market debt, in
billions of dollars per year, could be
modeled by the function

D (t ) = - 810.3t 2 + 1730.3t + 3648,

where t is the number of years since
2005. (Source: Federal Reserve
System.) Find the national credit
market debt in 2009, given that
D(0) = 41,267.

¿

This problem appears as Exercise 60 in
Exercise Set4.1.

CHANGING RATE OF CREDIT MARKET DEBT

D�(t) = Š810.3t2 + 1730.3t + 3648

Year

y

t20092008200720062005

C
re

di
t m

ar
ke

t d
eb

t

389
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THEOREM 1

The antiderivative of is the set of functions such that

The constant is called the constant of integration.C

d
dx

3F1x2 + C4 = f1x2.

F1x2 + Cf1x2

Suppose we do the reverse of differentiation: given a function, we find another func-
tion whose derivative is the given function. This is called antidifferentiation, and it is a
part of the larger process of integration. Integration, the main topic of this chapter, is
the second main branch of calculus, the first being differentiation. We will see that in-
tegration can be used to find the area under a curve over a closed interval, which has
many important applications.

Antidifferentiation is the process of differentiation in reverse. Given a function
we determine another function such that the derivative of is that

is, 

For example, let The function is an antiderivative of 

since However, other functions also have a derivative of For example,

and also differentiate to the term
differentiates to and the constant term differentiates to zero. Therefore, an anti-
derivative of is any function that can be written in the form 
where is a constant. This leads us to the following theorem.C

F1x2 = x2 + C,f1x2 = 2x
2x,

x22x;y = x2 + 250y = x2 + 1,  y = x2 - 10,

2x.
d
dx

x2 = 2x.

f1x2F1x2 = x2f1x2 = 2x.

d
dx

F1x2 = f1x2.

f1x2;F1x2F1x2f1x2,

4.1
OBJECTIVES

Antidifferentiation

€ Find an antiderivative 
of a function.

€ Evaluate indefinite integrals
using basic rules of
antidifferentiation.

€ Use initial conditions to
determine an antiderivative.

Theorem 1 can be restated as follows: if two functions and have the same de-
rivative then and differ by at most a constant: 

If is an antiderivative of a function we write

This equation is read as •the antiderivative of with respect to is the set of func-
tions .Ž The expression on the left side is called an indefinite integral. The sym-
bol is the integral signand is a command for antidifferentiation. The function is
called the integrand,and the meaning of will be made clear when we develop the
geometry of integration in Section 4.2.

EXAMPLE 1Determine these indefinite integrals. That is, find the antiderivative
of each integrand:

a) b) c) d)

Solution You have seen these integrands before as derivatives of other functions.

a) Check: 

b) Check: 

c) Check: 

d) Check: 

Always check each antiderivative you determine by differentiating it.

d
dx

1ln x + C2 =
1
x

.
L

1
x
 dx = ln x + C

d
dx

1ex + C2 = ex.1 ex dx = ex + C

d
dx

1x3 + C2 = 3x2.1 3x2 dx = x3 + C

d
dx

18x + C2 = 8.1 8 dx = 8x + C

L

1
x

 dx.1 ex dx;1 3x2 dx;1 8 dx;

dx
f1x21  

F1x2 + C
x,f1x2,

L
f1x2 dx = F1x2 + C.

f1x2,F1x2
F1x2 = G1x2 + C.G1x2F1x2f1x2,

G1x2F1x2

�
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Let•s use these rules in the following examples.

EXAMPLE 2 Find the antiderivative of . That is, determine .

Solution We know that the derivative of a power function has an exponent decreased
by 1, so we might guess that is an antiderivative of . However, 

, so our guess is not correct. It is close, however: including a coefficient of 

gives us the desired antiderivative:

Check: 

Note that times 5 gives the coefficient 1.

Using the Power Rule of Antidifferentiation can be viewed as a two-step process:

L
xn dx =

1
n + 1

 xn+1 + C

1
5

d
dx

 a
1
5

x5 + Cb =
1
5

15x42 = x4.
L

x4 dx =
1
5

 x5 + C.

1
5

d
dx x

5 = 5x4

f1x2 = x4F1x2 = x5 + C

1 x4 dxf1x2 = x4

THEOREM 2 Rules of Antidifferentiation

A1. Constant Rule:

A2. Power Rule (where ):

A3. Natural Logarithm Rule:

A4. Exponential Rule (base e):

L
eax

 dx =
1
a

 eax + C, a Z 0.

L

1
x

 dx = ln x + C, x 7 0.

L
xn

 dx =
1

n + 1
 xn+1 + C, n Z - 1.

n Z - 1

L
k dx = kx + C.

1. Raise the power by 1.
2. Divide the term by the new power.

EXAMPLE 3Use the Power Rule of Antidifferentiation to determine these indefi-
nite integrals:

a) b) c) d)

Be sure to check each answer by differentiation.

Solution

a) Check:
d
dx

 a
1
8

x8 + Cb =
1
8

18x72 = x7.
L

x7
 dx =

x7+1

7 + 1
+ C =

1
8

x8 + C

L

1

x3 dx.1 1 x dx;1 x99 dx;1 x7 dx;

�

�

The results of Example 1 suggest several useful rules of antidifferentiation, which
are summarized in Theorem 2.

1

2
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d) We note that Therefore,

Check: 

Quick Check 1

The Power Rule of Antidifferentiation is valid for all real numbers , except for
. Attempting to use the Power Rule when will result in a 0 in the

denominator of the coefficient. However, as we saw in Example 1(d), if , we have

, which is the derivative of the natural logarithm function, . Therefore, 

Caution! Note the key difference between the indefinite integrals and

Although they look similar, the first of these integrals is determined by the

Power Rule, while the second is determined by the Natural Logarithm Rule.

The exponential function has the property that therefore, we

can conclude that . In Example 4, we explore the case of 

EXAMPLE 4 Determine the indefinite integral .

Solution Since we know that , it is reasonable to make this initial guess:

But this is (slightly) wrong, since , with the coefficient 4 in the deriva-

tive resulting from application of the Chain Rule. We modify our guess by inserting to
obtain the correct antiderivative:

This checks: multiplying and 4 gives 1.

Quick Check 2

1
4

d
dx

 a
1
4

 e4x + Cb =
1
4

 14e4x2 = e4x;

L
e4x dx =

1
4

 e4x + C.

1
4

d
dx

 1e4x + C2 = 4e4x

L
e4x dx = e4x + C.

d
dx

 ex = ex

1 e4x
 dx

f1x2 = eax.1 ex
 dx = ex + C

d
dx

 ex = ex;f1x2 = ex

L

1
x
 dx.

L

1

x3 dx

L

1
x

 dx = ln x + C,  for x 7 0.

y = ln xx- 1 =
1
x

n = - 1
n = - 1n = - 1

n

d
dx

¢ -
1
2

x- 2 + C� = -
1
2

 1- 2x- 32 = x- 3 =
1

x3. = -
1

2x2 + C.

 
L

1

x3 dx =
L

x- 3 dx =
x- 3+1

- 3 + 1
+ C = -

1
2

 x- 2 + C

1

x3 = x- 3.
Quick Check 1

Determine these indefinite
integrals:

a)

b)

c)

d)
L

1

x4 dx.

1 26 x dx;
1 x200 dx;
1 x10 dx;

O

Quick Check 2

Find each antiderivative:

a)

b) 1 e11>22x
 dx.

1 e- 3x
 dx;

O

�

O

O

b)

Check: 

c) We note that Therefore,

Check: 
d
dx

 a
2
3

 x3>2 + Cb =
2
3

 a
3
2

 x1>2b = x1>2 = 2 x. =
2
3

 x3>2 + C.

 
L

2 x dx =
L

x1>2 dx =
x11>22+1

A1
2B + 1

+ C =
x3>2

3
2

+ C

2 x = x1>2.

d
dx

a
1

100
 x100 + Cb =

1
100

 1100x992 = x99.=
1

100
 x100 + C

L
x99dx =

x99+1

99 + 1
+ C
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In Example 5, we use the rules of antidifferentiation in conjunction with the prop-
erties of antidifferentiation. In part (b), we algebraically simplify the integrand before
performing the antidifferentiation steps.

EXAMPLE 5Determine these indefinite integrals. Assume 

a) b)

Solution
a) We antidifferentiate each term separately:

By Antidifferentiation
Property P2

By Antidifferentiation
Property P1 and
Rules A1 and A2

Note the simplification of coefficients and the inclusion of just one constant of
integration.

b) We algebraically simplify the integrand by noting that x is a common denominator
and then reducing each ratio as much as possible:

Therefore,

By Antidifferentiation
Properties P1 and P2 and
Rules A1, A2, and A3

Quick Check 3

Initial Conditions
The constant of integration C may be of interest in some applications. In such cases,
we may specify a point that is a solution of the antiderivative, thereby allowing us to
solve for C. This point is called an initial condition.

 = 4 ln x + 3x + 1
2x4 + C.

 
L

4 + 3x + 2x4

x
 dx =

L
¢

4
x

+ 3 + 2x3�
 

dx

=
4
x

+ 3 + 2x3 + C.
4 + 3x + 2x4

x
=

4
x

+
3x
x

+
2x4

x

 = 1
2x6 + 7

3x3 + 8x + C.

 = 3A1
6x6B + 7A1

3x3B + 8x

 
L

13x5 + 7x2 + 82 dx =
L

3x5 dx +
L

7x2 dx +
L

8 dx

L

4 + 3x + 2x4

x
 dx.1 13x5 + 7x2 + 82 dx;

x 7 0.

Quick Check 3

Determine these indefinite
integrals:

a)

b) ;

c)
L

x2 - 7x + 2

x2  dx.

1 1x - 522 dx

+ x - 52 dx;
1 12x4 + 3x3 - 7x2

O

THEOREM 3 Properties of Antidifferentiation

P1. A constant factor can be moved to the front of an indefinite integral:

P2. The antiderivative of a sum or a difference is the sum or the difference of
the antiderivatives:

L
3f1x2 ; g1x24 dx =

L
f1x2 dx ;

L
g1x2 dx.

L
3c#f1x24 dx = c#

L
f1x2 dx.

�

O

Two useful properties of antidifferentiation are presented in Theorem 3.
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Quick Check 4

The antiderivative of a function has many applications. For example, in Section 1.8,
we saw that velocity is the derivative of a distance function, and, therefore, distance is
the antiderivative of a velocity function. If information about the distance of an object
at some time t is known, it provides us with an initial condition.

EXAMPLE 7 Physical Sciences: Height of a Thrown Object. A rock is thrown
directly upward with an initial velocity of 50 ft sec from an initial height of 10 ft. The
velocity of this rock is modeled by the function where t is in sec-
onds, v is in feet per second, and represents the moment the rock is released.

a) Determine a distance function h as a function of t (in this case, •distanceŽ is the same as
•heightŽ). Be sure to consider the fact that at the rock is 10 ft above the ground.

b) Determine the height and the velocity of the rock after 3 sec.

Solution
a) Since distance (height) is the antiderivative of velocity, we have the following:

The constant of integration C can be determined since we know the initial height
of the rock, which gives us the ordered pair (0, 10) as an initial condition. We sub-
stitute 0 for t and 10 for h(t), and solve for C:

Therefore, the distance function is 

b) To determine the height of the rock after 3 sec, we substitute 3 for t in our distance
function:

h132 = - 161322 + 50132 + 10 = 16 ft.

h1t2 = - 16t2 + 50t + 10.

 10 = C.

 10 = - 161022 + 50102 + C

 = - 16t2 + 50t + C.

 h1t2 =
L

1- 32t + 502 dt

t = 0,

t = 0
v1t2 = - 32t + 50,

>

f(x) = x2 + 3x Š 2
f(x) = x2 + 3x Š 4
f(x) = x2 + 3x Š 6
f(x) = x2 + 3x Š 8
f(x) = x2 + 3x Š 10

y

x� 1 1� 2� 3

� 5

� 2

� 10

10

5

(1, � 2)Quick Check 4

Find an antiderivative of
such that the 

point 0, 3 is a solution of
the antiderivative.

21
g1x2 = e2x

O
�

O

EXAMPLE 6 Find a function f such that and 

Solution The antiderivative of is

Since we let and and solve for C:

Simplifying, we have which gives Therefore, the specific anti-
derivative of that satisfies the initial condition is

f1x2 = x2 + 3x - 6.

f ¿1x2 = 2x + 3
C = - 6.- 2 = 4 + C,

- 2 = 1122 + 3112 + C.

f112 = - 2,x = 1f112 = - 2,

f1x2 =
L

12x + 32 dx = x2 + 3x + C.

f ¿1x2 = 2x + 3

f112 = - 2.f ¿1x2 = 2x + 3�



4.1 € Antidifferentiation 395

EXAMPLE 8 Life Sciences: Change in Population. The rate of change of the pop-
ulation of Phoenix, Arizona, is modeled by the exponential function 
where is the number of years since 1960 and is in thousands of people per year.
In 1980, Phoenix had a population of 790,000. (Source: U.S. Census Bureau.)

a) Find the population model P(t).

b) Estimate the population of Phoenix in 2012.

Solution
a) We antidifferentiate the rate-of-change model:

By Antidifferentiation Property P1 and Rule A4

The population in 1980 is treated as the initial condition: (20, 790). We make the
substitutions and solve for C:

Therefore, the population model is 

b) The year 2012 corresponds to so we make the substitution:

According to this model, the population of Phoenix in 2012 should be about
1,772,000. Given that Phoenix had a population of 1,567,000 in 2008, this
prediction is reasonable.

Quick Check 5

 = 1772.

 P1522 = 450e0.0261522 + 33.1

t = 52,

P1t2 = 450e0.026t + 33.1.

 C = 33.1.

 790 = 756.9 + C

 790 = 450e0.0261202 + C

 = 450e0.026t + C

 =
11.7
0.026

 e0.026t + C

 P1t2 =
L

11.7e0.026t dt

P¿1t2t
P¿1t2 = 11.7e0.026t ,

Quick Check 5

A town•s rate of population
change is modeled by

where 
is the number of years since
1990 and is in people
per year.

a) Find the population model
for this town if it is known
that in 2000, the town had
a population of 2500.

b) Forecast the town•s
population in 2015.

P¿1t2

tP¿1t2 = 34t + 16,

O

Base, x Height, f1x2 Area of region, A1x2

1 2 1

2 4 4

3

4

5

6

7

TECHNOLOGY CONNECTION

Antiderivatives and Area

A graphing calculator can calculate the area under the graph
of a function. In the Y= window, enter the function

and graph it in Press30, 10, 0, 204.f1x2 = 2x, for x Ú 0,

(continued)

�

O

The velocity after 3 sec is 

Thus, the rock is 16 ft above the ground, but the negative velocity indicates that it
is moving downward.

v132 = - 32132 + 50 = - 46 ft>sec.

F andm and then select from the list. For  1 f1x2 dx
•Lower Limit,Ž type in 0, and press [ . For •Upper
Limit,Ž let and press [ . The calculator will shade
in the region and report the area in the lower-left corner.

Do this for a series of x-values, and put the information
in a table like that to the right.

x = 1,
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Antiderivatives and Area ( continued )

EXERCISES
1. a) Fill in the entire table.

b) If what is the area under the graph of ?
c) What is the relationship between the value of in the

first column and the area in the third column?
d) Form your observation from part (c) into an area

function 
e) What is the relationship between the area function 

from part (d) and the given function ?f
A

A1x2.

x
fx = 20,

2. Repeat parts (a) through (e) of Exercise 1 for 
and look for a pattern in an relationship between the
area function and the given function .

3. Repeat parts (a) through (e) of Exercise 1 for 
and look for a pattern in the relationship between the
area function and the given function .fA

f1x2 = 3x2,

fA

f1x2 = 3,

Section Summary
€ The antiderivativeof a function is a set of functions

such that

where the constant is called the constant of integration.
€ An antiderivative is denoted by an indefinite integralusing

the integral sign, If is an antiderivative of 
we write

We check the correctness of an antiderivative we have
found by differentiating it.

L
f1x2 dx = F1x2 + C.

f1x2,F1x21 .

C

d
dx 3F1x2 + C4 = f1x2,

F1x2 + C
f1x2 € The Constant Rule of Antidifferentiationis 

€ The Power Rule of Antidifferentiationis

€ The Natural Logarithm Rule of Antidifferentiationis

€ The Exponential Rule (base e) of Antidifferentiationis

€ An initial conditionis an ordered pair that is a solution of
a particular antiderivative of an integrand.

L
eax dx =

1
a

 eax + C, for a Z 0.

L

1
x

 dx = ln x + C, for x 7 0.

L
xn dx =

1
n + 1

 xn+1 + C, for n Z - 1.

1 k dx = kx + C.

EXERCISE SET

4.1 

Determine these indefinite integrals.

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

11. 12.

13. 14.

15. 16.
L

23 x2 dx
L

2 x5 dx

L
2 x dx

L
23 x dx

L

1

x5
 dx

L

1

x3
 dx

L
13t2 - 4t + 72 dt

L
12t2 + 5t - 32 dt

L
1x2 - x + 22 dx

L
1x2 + x - 12 dx

L
x1>3 dx

L
x1>4 dx

L
4 dx

L
2 dx

L
x7 dx

L
x6 dx

17. 18.

19. 20.

21. 22.

23. 24.

25. 26.

27. 28.

29. 30.

31. 32.
L

2e5x dx
L

5e3x dx

L
e6x dx

L
e7x dx

L
e5x dx

L
e3x dx

L
4e4x dx

L
2e2x dx

L

5

24 x3
 dx

L

- 7

23 x2
 dx

L
a

4

x3
+

7
x

b dx
L

a
3
x

+
5

x2
b dx

L

2
x

 dx
L

1
x

 dx

L

dx

x2L

dx

x4



33. 34.

35. 36.

37. 38.

39.

40.

41. (Hint: Expand first.)

42.

43.

44.

45.

46.

Find f such that:

47.

48.

49.

50.

51.

52.

53.

54.

55. 56.

57.

58.

APPLICATIONS

Business and Economics

Credit market debt. From 2005 to 2009, the annual rate of
change in the national credit market debt, in billions of dollars
per year, could be modeled by the function

Dœ1t2 � � 810.3t 2 � 1730.3t � 3648,

f ¿1x2 =
2

23 x
, f112 = 1

f ¿1x2 =
4

2 x
, f112 = - 5

f ¿1x2 = 3e4x, f102 = 7
4f ¿1x2 = 5e2x, f102 = 1

2

f ¿1x2 = 6x2 - 4x + 2, f112 = 9

f ¿1x2 = 3x2 - 5x + 1, f112 = 7
2

f ¿1x2 = 8x2 + 4x - 2, f102 = 6

f ¿1x2 = 5x2 + 3x - 7, f102 = 9

f ¿1x2 = x2 + 1, f102 = 8

f ¿1x2 = x2 - 4, f102 = 7

f ¿1x2 = x - 5, f112 = 6

f ¿1x2 = x - 3, f122 = 9

L
a

4

25 x
+

3
4

 e6x -
7
x

b dx

L
a

7

2 x
-

2
3

 e5x -
8
x

b dx

L
a2e6x -

3
x

+ 23 x4b dx

L
a

3
x

- 5e2x + 2 x7b dx

L
1x + 422 dx

L
13x + 222 dx

L
ax4 +

1

82 x
-

4
5

 x- 2>5b dx

L
ax2 -

3
2

2 x + x- 4>3b dx

L
12x5 - 4e3x2 dx

L
15x2 - 2e7x2 dx

L
4
5e- 10x dx

L
2
3e- 9x dx

L
12e3x dx

L
6e8x dx

Exercise Set 4.1 397

where t is the number of years since 2005. (Source: Federal
Reserve System.) Use the preceding information for Exercises
59 and 60.

59. Find the national credit market debt, during the
years 2005 through 2009 given that 

60. What was the national credit market debt in 2009, given
that ?

61. Total cost from marginal cost. A company determines
that the marginal cost, of producing the xth unit of a
product is given by

Find the total-cost function, assuming that is in
dollars and that fixed costs are $7000.

62. Total cost from marginal cost. A company determines
that the marginal cost, of producing the xth unit of a
product is given by

Find the total-cost function, assuming that is in
dollars and that fixed costs are $6500.

63. Total revenue from marginal revenue.A company
determines that the marginal revenue, in dollars, 
from selling the xth unit of a product is given by

a) Find the total-revenue function, assuming that

b) Why is a reasonable assumption?

64. Total revenue from marginal revenue.A company
determines that the marginal revenue, in dollars, 
from selling the xth unit of a product is given by

a) Find the total-revenue function, assuming that

b) Why is a reasonable assumption?

65. Demand from marginal demand.A company finds 
that the rate at which the quantity of a product that
consumers demand changes with respect to price is 
given by the marginal-demand function

where is the price per unit, in dollars. Find the demand
function if it is known that 1003 units of the product are
demanded by consumers when the price is $4 per unit.

66. Supply from marginal supply. A company finds that the
rate at which a seller•s quantity supplied changes with
respect to price is given by the marginal-supply function

S¿1x2 = 0.24x2 + 4x + 10,

x

D¿1x2 = -
4000

x2
,

R102 = 0
R102 = 0.

R,

R¿1x2 = x2 - 1.

R¿,

R102 = 0
R102 = 0.

R,

R¿1x2 = x2 - 3.

R¿,

C1x2C,

C¿1x2 = x3 - x.

C¿,

C1x2C,

C¿1x2 = x3 - 2x.

C¿,

D102 = 41,267

D102 = 41,267.
D1t2,



where is the price per unit, in dollars. Find the supply
function if it is known that the seller will sell 121 units
of the product when the price is $5 per unit.

67. Efficiency of a machine operator.The rate at which a
machine operator•s efficiency, E (expressed as a percent-
age), changes with respect to time is given by

where is the number of hours the operator has been at
work.

t

dE
dt

= 30 - 10t,

t

x 70. Memory. In a memory experiment, the rate at which
students memorize Spanish vocabulary is found to be
given by

where is the number of words memorized in
minutes.

a) Find if it is known that
b) How many words are memorized in 8 min?

Physical Sciences

71. Physics: height of a thrown baseball.A baseball is
thrown directly upward with an initial velocity of 
75 ft/sec from an initial height of 30 ft. The velocity 
of the baseball is given by the function

where is the number of seconds since the ball was released
and is in feet per second.

a) Find the function that gives the height (in feet) of
the baseball after seconds, using the fact that at

, the ball is 30 ft above the ground.
b) What are the height and the velocity of the baseball

after 2 sec of flight?
c) After how many seconds does the ball reach its high-

est point? (Hint: The ball •stopsŽ for a moment before
starting its downward fall.)

d) How high does the ball get at its highest point?
e) After how many seconds will the ball hit the ground?
f) What is the ball•s velocity at the moment it hits 

the ground?

General Interest

72. Population growth. The rates of change in population
for two cities are as follows:

where is the number of years since 1990, and both 
and are measured in people per year. In 1990,
Alphaville had a population of 5000, and Betaburgh 
had a population of 3500.

a) Determine the population models for both cities.
b) What were the populations of Alphaville and

Betaburgh, to the nearest hundred, in 2000?
c) Sketch the graph of each city•s population model and

estimate the year in which the two cities have the
same population.

SYNTHESIS

Find f.

73.

74.

Evaluate. Each of the following can be determined using the
rules developed in this section, but some algebra may be
required beforehand.

75. 76.
L

1x - 122 x3 dx
L

15t + 422 t 4 dt

f ¿1t2 = t 2 3, f102 = 8

f ¿1t2 = 2 t +
1

2 t
, f142 = 0

Q¿
P¿t

Betaburgh: Q¿1t2 = 105e0.03t,
Alphaville: P¿1t2 = 45,

t = 0
t
h

v
t

v1t2 = - 32t + 75,

M102 = 0.M1t2

tM1t2

M¿1t2 = 0.2t - 0.003t2,
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A machine operator•s efficiency changes with respect to time.

a) Find given that the operator•s efficiency after
working 2 hr is 72%; that is, 

b) Use the answer to part (a) to find the operator•s
efficiency after 3 hr; after 5 hr.

68. Efficiency of a machine operator.The rate at which a
machine operator•s efficiency, E (expressed as a percent-
age), changes with respect to time t is given by

where t is the number of hours the operator has been at
work.

a) Find given that the operator•s efficiency after
working 2 hr is 72%; that is, 

b) Use the answer to part (a) to find the operator•s
efficiency after 4 hr; after 8 hr.

Social and Life Sciences

69. Spread of an influenza.During 18 weeks from November
2009 to February 2010, the rate at which the number of
cases of swine flu changed could be approximated by

where is the total number of people who have contracted
swine flu and is time measured in weeks. (Source: Centers
for Disease Control and Prevention.)

a) Estimate the total number who have contracted
influenza by time . Assume that 

b) Approximately how many people contracted
influenza during the first 8 weeks?

c) Approximately how many people contracted
influenza during the whole 18 weeks?

d) Approximately how many people per 100,000 con-
tracted influenza during the last 7 of the 18 weeks?

I102 = 1408.t
I1t2,

t
I

I¿1t2 = - 6.34t + 141.6,

E122 = 72.
E1t2,

dE
dt

= 40 - 10t,

E122 = 72.
E1t2,
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SupersetV

Integral calculus is primarily concerned with the areabelow the graph of a function
(specifically, the area between the graph of a function and the x-axis). There are many
situations where the area can be interpreted in a meaningful way. In this section, we
assume that all functions are nonnegative; that is, Consider the following
examples.

EXAMPLE 1Physical Sciences: Distance as Area.A vehicle travels at 50 mi/hr
for 2 hr. How far has the vehicle traveled?

Solution The answer is 100 mi. We treat the vehicle•s veloc-
ity as a function, We graph this function, sketch a
vertical line at and obtain a rectangle.This rectangle
measures 2 units horizontally and 50 units vertically. Its area
is the distance the vehicle has traveled:

Note that the units of hours cancel.

2 hr
1 hr

= 22 hr #50 mi
1 hr

= 100 mi.

x = 2,
v1x2 = 50.

f1x2 Ú 0.

4.2
OBJECTIVES

Antiderivatives as Areas

€ Find the area under a 
graph to solve real-world
problems.

€ Use rectangles to
approximate the area 
under a graph.

EXAMPLE 2 Business: Total Cost as Area. Green Leaf Skateboards determines
that for the first 50 skateboards produced, its cost is $40 per skateboard. What is the
total cost to produce 50 skateboards?

�

�

77. 78.

79. 80.

81. 82.

83. 84.

85. 86.

87. On a test, a student makes this statement: •The function
has a unique antiderivative.Ž Is this a true

statement? Why or why not?

88. Describe the graphical interpretation of an antiderivative.

f1x2 = x2

L

t3 + 8
t + 2

 dt
L

x2 - 1
x + 1

 dx

L
23 64x4 dx

L
13x - 5212x + 122 dx

L
beax dx

L

1
In 10

 
dx
x

L
1t + 123 dt

L

x4 - 6x2 - 7

x3
 dx

L

1t + 322

2 t
 dt

L
11 - t22 t dt Answers to Quick Checks

1. (a) (b) 

(c) (d) 

2. (a) (b) 

3. (a) 

(b) (c) 

4. 5. (a) 

(b) peopleP1252 = 11,665

P1t2 = 17t2 + 16t + 640;G1x2 =
1
2

 e2x +
5
2

x - 7 ln x -
2
x

+ C
1
3

 x3 - 5x2 + 25x + C;

2
5

 x5 +
3
4

 x4 -
7
3

 x3 +
1
2

 x2 - 5x + C;

2e11>22x + C-
1
3

 e- 3x + C;

-
1

3x3 + C
6
7

26 x7 + C;

1
201

 x201 + C;
1
11

 x11 + C;

v(x) = 50

Area = 2·50
         = 100

x

y

1

Time (in hours)
0 2

50

V
el

oc
ity

 (
in

 m
ile

s/
ho

ur
)

Solution The marginal-cost function is 
Its graph is a horizontal line. If we mark off 50

units along the x-axis, we get a rectangle, as in Example 1.
The area of this rectangle is Therefore, the
total cost to produce 50 skateboards is $2000:

a50 skateboards#40 
dollars

skateboard
= 2000 dollarsb.

40 #50 = 2000.

0 ƒ x ƒ 50.
C¿1x2 = 40,

C�(x) = 40

Area = 40·50
         = 2000

x

y

Number of skateboards
0 50

40

C
os

t (
in

 d
ol

la
rs

)
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O

Quick Check 1

An object moves with a
velocity of where t
is in minutes and v is in feet
per minute.

a) How far does the object
travel during the first 
30 min?

b) How far does the object
travel between the first
hour and the second hour?

v1t2 = 1
2t,

b) The region corresponding to the time interval
is a trapezoid. It can be decomposed

into a rectangle and a triangle as indicated in the
figure to the right. The rectangle has base 2 and
height 9, and thus an area 
the triangle has base 2 and height 6, for an area

Summing these, we get 24.
Therefore, the object traveled 24 mi between the
third hour and the fifth hour.

A = 1
2122162 = 6.

A = 122192 = 18;

3 ƒ x ƒ 5

Geometry and Areas
For the time being, we will deal with linear functions. In these cases, we can use geom-
etry to find the area formed by the graph of a function. The following two formulas,
where b base and h height, will be useful. 

Examples 3 and 4 continue to explore the themes of Example 1 (distance as area)
and Example 2 (total cost as area), respectively. In these cases, the graph of the func-
tion is linear with a nonzero slope.

Area of a triangle: A = 1
2bhArea of a rectangle: A = bh

==

b

h

b

h

Quick Check 1

�

O

EXAMPLE 3Physical Sciences: Distance as Area.The velocity of a moving object
is given by the function where x is in hours and v is in miles per hour. Use
geometry to find the area under the graph, which is the distance the object has traveled:

a) during the first 3 hr 

b) between the third hour and the fifth hour 

Solution

13 ƒ x ƒ 52.

10 ƒ x ƒ 32;

v1x2 = 3x,

a) The graph of the velocity function is shown at the
right. We see the region corresponding to the time
interval is a triangle with base 3 and
height 9 (since ). Therefore, the area of
this region is The object
traveled 13.5 mi during the first 3 hr.

A = 1
2132192 = 27

2 = 13.5.
v132 = 9

0 ƒ x ƒ 3

y

v(x) = 3x

Time (in hours)

V
el

oc
ity

 (
in

 m
ile

s/
ho

ur
)

x10 2 3 4 5

5

10

15

y

v(x) = 3x

9

2

6

Time (in hours)

V
el

oc
ity

 (
in

 m
ile

s/
ho

ur
)

x10 2 3 4 5

5

10

15
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y

Time (in months)
x0 42 6 8 1210

1.8

1.4

1

0.6

0

P
ro

fit
 (

in
 th

ou
sa

nd
s 

of
do

lla
rs

 p
er

 m
on

th
)

P�(x) = 0.15x

For the 12-month period, the area is calculated by using the formula for a triangle:

Cousland, Inc.,

earned a total profit of $10,800 in a year.

Quick Check 2

In each of the Examples 1 through 4, the function was a rate function; its output
units formed a rate (miles per hour in Examples 1 and 3, dollars per skateboard in
Example 2, thousands of dollars per month in Example 4). The units of the area were
derived by multiplying input units by output units.

1
2112 months2 a1.8  

thousands of dollars
month

b = 10.8 thousand dollars.A =

O

Quick Check 2

Calculate the total profit of
Cousland, Inc., between the
fifth and the twelfth month.

�

O

EXAMPLE 4 Business: Total Profit as Area. Cousland, Inc., has a marginal-
profit function modeled by the linear function where is in months
and is in thousands of dollars per month. Sketch this graph and use it to determine
the total profit earned by Cousland, Inc., in a year

Solution The graph of is shown below:P¿

10 ƒ x ƒ 122.
P¿

xP¿1x2 = 0.15x,

Riemann Summation
How does an antiderivative of a function translate into the area below that function•s
graph? The Technology Connection on p. 395 and Examples 1 through 4 in this section
suggest a pattern:

€ If where is a constant, its graph
is a horizontal line of height The region
under this graph over the interval is
a rectangle, and its area is (height
times base).

A = k #x
30, x4

k.
kf1x2 = k,

€ If its graph is a line of slope
, passing through the origin. The re-

gion under this graph over an interval
is a triangle, and its area is 

A = 1
21x21mx2 = 1

2mx2.
30, x4

m
f1x2 = mx,

x
x

k

k A(x) = kx

x0

y

A(x)

(x, k)f(x) = k

f(x) = mx

x x0

y

mx A(x) = Š mx21
2

x

mx

A(x)

(x, mx)

In these two cases, the area function is an antiderivative of the function that generated
the graph. Is this always true? Is the formula for the area under the graph of any
function that function•s antiderivative? How do we handle curved graphs for which
area formulas may not be known? We investigate these questions using geometry, in a
procedure called Riemann summation(pronounced •Ree-mahnŽ) in honor of the great
German mathematician G. F. Bernhard Riemann (1826…1866).

Before we consider areas under curves, let•s revisit Green Leaf Skateboards.
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Solution We are extending Example 2. We calculate the areas of the rectangles
formed by the horizontal lines of the graph of the marginal-cost function:

EXAMPLE 5 Business: Total Cost. Green Leaf Skateboards has the following
marginal-cost function for producing skateboards: For up to 50 skateboards, the cost is
$40 per skateboard. For quantities from 51 through 125 skateboards, the cost drops to
$30 per skateboard. After 125 skateboards, it drops to $25 per skateboard. If repre-
sents the number of skateboards produced, the marginal-cost function is 

Find the total cost to produce 150 skateboards.

C¿1x2 = c
40, for 0 ƒ x ƒ 50,
30, for 50 6 x ƒ 125,
25, for 125 6 x ƒ 150.

C¿
x

25

Number of skateboards produced

C
os

t p
er

 s
ka

te
bo

ar
d 

(in
 d

ol
la

rs
)

0 50 75 100 125 150

10

5

20

15

30

25

40

35
C�(x) =

40,  for 0 �  x �  50,
30,  for 50 < x �  125,
25,  for 125 < x �  150

x

The total cost to produce 150 skateboards is found by summing those areas:

Total cost = 14021502 + 13021752 + 12521252 = $4875.

The area under a curve can be
approximated by a sum of 
rectangular areas.

x1 b

� x

x2 x3 x4

f(x2)
f(x1) f(x2)

f(x3)
f(x4)

y

xa =

f

�

Example 5 illustrates the first steps of Riemann summation,a method that allows us
to determine the area under curved graphs. We use rectangles to approximate the area
under a curve given by a continuous function, over an interval . Riemann
summation is accomplished with the use of summation notation, introduced below.

In the following figure, is divided into four subintervals, each having width
¢ x = 1b - a2>4.

3a, b4

3a, b4y = f1x2,

The heights of the rectangles shown are

The area of the region under the curve is approximately the sum of the areas of the four
rectangles:

f1x12 ¢ x + f1x22 ¢ x + f1x32 ¢ x + f1x42 ¢ x.

f1x12, f1x22, f1x32, and f1x42.
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We can denote this sum with summation notation, or sigma notation, which uses the
Greek capital letter sigma, :

This is read •the sum of the product from to .Ž To recover the orig-
inal expression, we substitute the numbers 1 through 4 successively for in 
and write plus signs between the results.

Before we continue, let•s consider some examples involving summation notation.

f1xi2 ¢ xi
i = 4i = 1f1xi2 ¢ x

a
4

i =1
 f1xi2 ¢ x.

©

EXAMPLE 6 Write summation notation for 

Solution Note that we are adding consecutive multiples of 2:

Quick Check 3

EXAMPLE 7Write summation notation for

Solution

EXAMPLE 8 Express without using summation notation.

Solution

Quick Check 4

EXAMPLE 9 Express without using summation notation.

Solution

a
30

i =1
 h1xi2 ¢ x = h1x12 ¢ x + h1x22 ¢ x + Á + h1x302 ¢ x

a
30

i =1
 h1xi2 ¢ x

a
4

i =1
 3i = 31 + 32 + 33 + 34, or 120

a
4

i =1
 3i

g1x12 ¢ x + g1x22 ¢ x + Á + g1x192 ¢ x = a
19

i =1
 g1xi2 ¢ x

g1x12 ¢ x + g1x22 ¢ x + Á + g1x192 ¢ x.

2 + 4 + 6 + 8 + 10 = a
5

i =1
 2i.

2 + 4 + 6 + 8 + 10.O

Quick Check 3

Write summation notation for
each expression:

a)

b) 33 + 44 + 55 + 66.

5 + 10 + 15 + 20 + 25;

O

Quick Check 4

Express without

using summation notation.

a
6

i =1
 1i 2 + i2

�

�

�

�

O

O

y

xa = x1 b

8 subintervals

f

x2 x3 x4

f(x3)

x5 x6 x7 x8

y

xa = x1 b

24 subintervals

f

ƒ x24

Approximation of area by rectangles becomes more accurate as we use smaller
subintervals and hence more rectangles, as shown in the following figures.
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In general, suppose that the interval is divided into equally sized subinter-
vals, each of width . We construct rectangles with heights

The width of each rectangle is , so the first rectangle has an area of , the sec-
ond rectangle has an area of , and so on. The area of the region under the curve
is approximated by the sum of the areas of the rectangles:

EXAMPLE 10Consider the graph of

over the interval .

a) Approximate the area by dividing the interval into 6 subintervals.

b) Approximate the area by dividing the interval into 12 subintervals.

Solution
a) We divide into 6 subintervals of size

with ranging from to Thus, the area under the curve is
approximately

.

b) We divide into 12 subintervals of size 
with ranging from to . Thus, we have another approximation
of the area under the curve:

.

Note that in Example 10 the approximation using is closer to the exact value
than the one using .

The sums used in Example 10 to approximate the area under a curve are called
Riemann sums. Riemann sums can be calculated using any x-value within each subin-
terval. For simplicity, in this text we will always use the left endpoint of each subinterval.

EXAMPLE 11Use 5 subintervals to approximate the area under the graph of
over the interval .31, 164f1x2 = 0.1x3 - 2.3x2 + 12x + 25

n = 6
n = 12

= 35,750,000

+ 80,000#50 + 67,500#50 + 50,000#50 + 27,500#50

+ 80,000#50 + 87,500#50 + 90,000#50 + 87,500#50

= 0 #50 + 27,500#50 + 50,000#50 + 67,500#50

+ f14002#50 + f14502#50 + f15002#50 + f15502#50

+ f12002#50 + f12502#50 + f13002#50 + f13502#50
a
12

i =1
f1xi2 ¢ x = f102#50 + f1502#50 + f11002#50 + f11502#50

x12 = 550x1 = 0xi

12 = 50,¢ x = 1600 - 02>30, 6004

= 35,000,000

+ 90,000#100 + 80,000#100 + 50,000#100

= 0 #100 + 50,000#100 + 80,000#100

+ f13002#100 + f14002#100 + f15002#100
a
6

i =1
f1xi2 ¢ x = f102#100 + f11002#100 + f12002#100

x6 = 500.x1 = 0xi

¢ x =
600 - 0

6
= 100,

30, 6004

30, 6004

f1x2 = 600x - x2

a
n

i =1
f1xi 2¢ x.

f1x22¢ x
f1x12¢ x¢ x

f1x12, f1x22, Á , f1xn2.

¢ x = 1b - a2>n
n3a, b4

x

y

a = x1 b

f

x2 x3 x4 x5 ƒ

ƒ

xn

y

x100

10,000

90,000

0 200 300 400 500 600

Total area =
35,000,000

y

x100

10,000

90,000

0 200 300 400 500 600

Total area =
35,750,000

�

�
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x

y

10 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

20

10

40

30

60

50

f(x) = 0.1x3 Š 2.3x2 + 12x + 25

The area under the curve from 1 to 16 is approximately

Quick Check 5

 = 405.

 = 34.8#3 + 42.6#3 + 30.6#3 + 15 #3 + 12 #3
 a

5

i =1
 f1xi2 ¢ x = f112#3 + f142#3 + f172#3 + f1102#3 + f1132#3

O

Quick Check 5

Use 6 subintervals to approxi-
mate the area under the graph
of the function in Example 11
over the interval 30, 124.

Steps for the Process of Riemann Summation
1. Draw the graph of 
2. Subdivide the interval into subintervals of equal width. Calculate 

the width of each rectangle by using the formula 

3. Construct rectangles above the subintervals such that the top left corner 
of each rectangle touches the graph.

4. Determine the area of each rectangle.
5. Sum these areas to arrive at an approximation for the total area 

under the curve.

¢ x =
b - a

n
.

n3a, b4
f1x2.

Definite Integrals
The key concept being developed in this section is that the more subintervals we use, the
more accurate the approximation of area becomes. As the number of subdivisions in-
creases, the width of each rectangle decreases. If is allowed to approach infinity, then

approaches 0; these are limits, and the approximations of area become more and more
exact to the true area under the graph. The exactarea underneath the graph of a continu-
ous function over an interval is, by definition, given by a definite integral. 3a, b4y = f1x2

¢ x
n¢ x

n

O

DEFINITION
Let be continuous and nonnegative, over an interval 
A definite integral is the limit as (equivalently, ) of the Riemann
sum of the areas of rectangles under the graph of the function over the
interval 

Exact area = lim
¢x: 0

 a
n

i =1
 f1xi2#¢ x =

L

b

a
f1x2 dx.

3a, b4.
y = f1x2

¢ x : 0n : q
3a, b4.f1x2 Ú 0,y = f1x2

Solution We divide into 5 subintervals of size , with 
ranging from to . Although a drawing is not required, we can make one
to help visualize the area.

x5 = 13x1 = 1
xi¢ x = 116 - 12>5 = 331, 164
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Notice that the summation symbol becomes an integral sign (the elongated •sŽ is Leib-
niz notation representing •sumŽ) and becomes The interval endpoints and 
are placed at the bottom right and top right, respectively, of the integral sign.

If over an interval the definite integral represents area.The definite
integral is also defined for We will discuss its interpretation in Section 4.3.

We can use geometry to determine the value of some definite integrals, as the fol-
lowing example suggests.

EXAMPLE 12Determine the value of 

Solution This definite integral is a command to
calculate the exact area underneath the graph of the
function over the interval We
sketch the graph and note that the region is a trape-
zoid. Thus, we can use geometry to determine this
area (a Riemann sum is not needed here). 

30, 24.f1x2 = 3x + 2

L

2

0
13x + 22 dx.

f1x2 6 0.
3a, b4,f1x2 Ú 0

badx.¢ x

Using a method similar to that in Example 3(b), we find that the area is 10. Therefore,

Quick Check 6

L

2

0
13x + 22 dx = 10.

O

Quick Check 6

Use geometry to determine
the values of these definite
integrals:

a)

b)
L

7

4
115 - 2x2 dx.

L

3

0
1x + 12 dx;

�

O

Section Summary
€ The area under a curve can often be interpreted in a

meaningful way.
€ The units of the area are found by multiplying the units of

the input variable by the units of the output variable. It is
crucial that the units are consistent.

€ Geometry can be used to find areas of regions formed by
graphs of linear functions.

€ A Riemann sumuses rectangles to approximate the area
under a curve. The more rectangles, the better the approx-
imation.

€ The definite integral, is a representation of the
exact area under the graph of a continuous function

over an interval 3a, b4.y = f1x2, where f1x2 Ú 0,

1
b

a  f1x2 dx,

f(x) = 3x + 2

21

4

6

8

0

(0, 2)

(2, 8)

y

x
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12. Total cost from marginal cost. Mangianello Paving, Inc.,
has found that the marginal cost, in dollars, of paving a
road surface with asphalt is given by

where x is measured in hundreds of feet. Use 4 subinter-
vals over 0, 40 and the left endpoint of each subinterval
to approximate the total cost of paving 4000 ft of road
surface.

In Exercises 13…18, write summation notation for each
expression.

13.

14.

15.

16.

17.

18.

19. Express without using summation notation.a
4

i =1
 2i

F1x12 + F1x22 + Á + F1x172

G1x12 + G1x22 + Á + G1x152

g1x12 + g1x22 + g1x32 + g1x42 + g1x52

f1x12 + f1x22 + f1x32 + f1x42

5 + 10 + 15 + 20 + 25 + 30 + 35

3 + 6 + 9 + 12 + 15 + 18

43

C¿1x2 =
1
6

 x2 - 20x + 1800, for x ƒ 80,

EXERCISE SET

4.2

APPLICATIONS

Business and Economics

In Exercises 1…8, calculate total cost, disregarding any fixed costs.

1. Total cost from marginal cost. Redline Roasting has found
that the cost, in dollars per pound, of the coffee it roasts is

where is the number of pounds of coffee roasted. 
Find the total cost of roasting 200 lb of coffee.

2. Total cost from marginal cost.Sylvie•s Old World
Cheeses has found that the cost, in dollars per kilogram,
of the cheese it produces is

where is the number of kilograms of cheese produced.
Find the total cost of producing 400 kg of cheese.

3. Total cost from marginal cost.Photos from Nature has
found that the cost per card of producing note cards is
given by

where is the cost, in cents, per card. Find the total
cost of producing 650 cards.

4. Total cost from marginal cost.Cleo•s Custom Fabrics has
found that the cost per yard of producing yards of a
particular fabric is given by

where is the cost in dollars. Find the total cost of
producing 200 yd of this material.

5. Total revenue from marginal profit.A concert promoter
sells tickets and has a marginal-profit function given by

where is in dollars per ticket. This means that the
rate of change of total profit with respect to the number
of tickets sold, is Find the total profit from the
sale of the first 300 tickets.

6. Total profit from marginal profit. Poyse Inc. has a
marginal-profit function given by

where is in dollars per unit. This means that the
rate of change of total profit with respect to the number
of units produced, is Find the total profit from
the production and sale of the first 40 units.

7. Total cost from marginal costs.Raggs, Ltd., determines
that its marginal cost, in dollars per dress, is given by

Find the total cost of producing the first 200 dresses.

C¿1x2 = -
2
25

 x + 50, for x ƒ 450.

P¿1x2.x,

P¿1x2

P¿1x2 = - 2x + 80,

P¿1x2.x,

P¿1x2

P¿1x2 = 2x - 1150,

x

C¿1x2

C¿1x2 = - 0.007x + 12, for x ƒ 350,

x

C¿1x2

C¿1x2 = - 0.04x + 85, for x ƒ 1000,

x

x

C¿1x2 = - 0.003x + 4.25, for x ƒ 500,

x

C¿1x2 = - 0.012x + 6.50, for x ƒ 300,

8. Total cost from marginal cost.Using the information
and answer from Exercise 7, find the cost of producing
the 201st dress through the 400th dress.

9. Total cost from marginal cost.Ship Shape Woodworkers
has found that the marginal cost of producing feet of
custom molding is given by

where is in cents. Approximate the total cost of man-
ufacturing 800 ft of molding, using 5 subintervals over

and the left endpoint of each subinterval.

10. Total cost from marginal cost.Soulful Scents has found
that the marginal cost of producing x ounces of a new
fragrance is given by

where is in dollars. Use 5 subintervals over 
[0, 100] and the left endpoint of each subinterval to
approximate the total cost of producing 100 oz of 
the fragrance.

11. Total cost from marginal cost. Shelly•s Roadside Fruit
has found that the marginal cost of producing x pints of
fresh-squeezed orange juice is given by

where is in dollars. Approximate the total cost of
producing 270 pt of juice, using 3 subintervals over

and the left endpoint of each subinterval.30, 2704

C¿1x2

C¿1x2 = 0.000008x2 - 0.004x + 2, for x ƒ 350,

C¿1x2

C¿1x2 = 0.0005x2 - 0.1x + 30, for x ƒ 125,

30, 8004

C¿1x2

C¿1x2 = - 0.00002x2 - 0.04x + 45, for x ƒ 800,

x



408 C H A P T E R  4 € Integration

24. a) Approximate the area under the graph of
over the interval by computing

the area of each rectangle and then adding.
30, 54f1x2 = x2 + 1

y

1

f(1)

0 2 3 4 5 6 7 x

b) Approximate the area under the graph of 

over the interval by computing the area
of each rectangle to four decimal places and then
adding. Compare your answer to that for part (a). 

31, 74

f1x2 =
1

x2

y

1

f(1)

0 2 3 4 5 6 7 x1.5 2.5 3.5 4.5 6.55.5

1

f(4)

0 2 3 4 5 x

y

10.5 1.5 2.5 3.5 4.5

f(4)

0 2 3 4 5 x

y

the area of each rectangle and then adding. Compare
your answer to that for part (a).

25. Total profit from marginal profit. Holcomb Hill Fitness has
found that the marginal profit, in cents, is given by

where is the number of members currently enrolled at
the health club.

x

P¿1x2 = - 0.0006x3 + 0.28x2 + 55.6x, for x ƒ 500,

P¿1x2,

x

y

0 100 200 300 400 500

12,000

6000

24,000

18,000

30,000
P�

Number of members

M
ar

gi
na

l p
ro

fit
 (

in
 c

en
ts

)

Approximate the total profit when 300 members are
enrolled by computing the sum

with ¢ x = 50.

a
6

i =1
 P¿1xi2 ¢ x,

20. Express without using summation notation.

21. Express without using summation notation.

22. Express without using summation notation.

23. a) Approximate the area under the following graph of 

over the interval by computing 

the area of each rectangle to four decimal places and
then adding.

31, 74f1x2 =
1

x2

a
4

i =1
 g1xi2

a
5

i =1
 f1xi2

a
5

i =0
 1- 22i

b) Approximate the area under the graph of
over the interval by computing30, 54f1x2 = x2 + 1

26. Total cost from marginal cost. Raggs, Ltd., has found
that the marginal cost, in dollars, for the xth jacket
produced is given by

C¿1x2 = 0.0003x2 - 0.2x + 50.

y

x100

10

200 300 400

20

30

40

50

0

Number of jackets

T
ot

al
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os
t (

in
 d

ol
la

rs
)

C'(x) 
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SYNTHESIS

40. Show that, for any function defined for all •s, and any
constant we have

Then show that, in general,

for any constant and any function defined for all •s.xifk

a
n

i =1
 kf1xi2 = k a

n

i =1
 f1xi2,

a
4

i =1
 kf1xi2 = k a

4

i =1
 f1xi2.

k,
xif

Approximate the total cost of producing 400 jackets by
computing the sum

with 

27. Approximate the area under the graph of

over the interval by dividing the interval into 
4 subintervals.

28. Approximate the area under the graph of

over the interval by dividing the interval into 
4 subintervals.

29. Approximate the area under the graph of

over the interval using 5 subintervals.

30. Approximate the area under the graph of

over the interval using 6 subintervals.

In Exercises 31…39, use geometry to evaluate each definite
integral.

31. 32.

33. 34.

35. 36.

37. 38.

39.
L

4

2
 110 - 2x2 dx

L

5

0
12x + 52 dx

L

10

0

1
2 x dx

L

5

0
4x dx

L

3

0
x dx

L

4

- 1
4 dx

L

6

2
3 dx

L

5

0
6 dx

L

2

0
2 dx

3- 10, - 44

G1x2 = 0.1x3 + 1.2x2 - 0.4x - 4.8

3- 8, - 34

F1x2 = 0.2x3 + 2x2 - 0.2x - 2

33, 124

g1x2 = - 0.02x4 + 0.28x3 - 0.3x2 + 20

32, 104

f1x2 = 0.01x4 - 1.44x2 + 60

¢ x = 100.

a
4

i =1
C¿1xi2 ¢ x,

bma

f(a)

f(m)

f(b)

bma

f(a)

f(m)

f(b)

FIGURE 1 FIGURE 2

For an interval subdivided into equal subintervals
of length we get the approximation

Area under over 

where and

This is called the Trapezoidal Rule.

41. Use the Trapezoidal Rule and the interval subdivision of
Exercise 23(a) to approximate the area under the graph
of over the interval .

42. Use the Trapezoidal Rule and the interval subdivision of
Exercise 24(a) to approximate the area under the graph
of over the interval .30, 54f1x2 = x2 + 1

31, 74f1x2 = 1>x2

xn � xn� 1 � ¢ x or xn � a � 1n - 12� x.

x1 � a

« � xc
f1a2

2
� f1x22 � f1x32 � Á � f1xn2 +

f1b2

2
d,

7a, b8f

¢ x � 1b � a2>n,
n7a, b8

Answers to Quick Checks
1. (a) (b) 2.

3. (a) (b) 4. 5. 6. (a) (b) 127.5;368112a
6

i =3
11ia

5

i =1
5i;

Total profit = $89252700 ft225 ft ;

TECHNOLOGY CONNECTION

The exact area of a semicircle of radius can be found using 
the formula Using this equation, compare the 
answers to Exercises 43 and 44 with the exact area. Note that
most calculators do not show entire semicircles.

43. Approximate the area under the graph of 
using 10 rectangles.

44. Approximate the area under the graph of 
using 14 rectangles.

g1x2 = 2 49 - x2

f1x2 = 2 25 - x2

A � 1
2Pr 2.

r

The Trapezoidal Rule.Another way to approximate an integral
is to replace each rectangle in the sum with a trapezoid (see
Figs. 1 and 2). The area of a trapezoid is where

and are the lengths of the parallel sides. Thus, in Fig. 2,

Area under over 

« � x c
f1a2

2
� f1m2 �

f1b2

2
d.

« � x 
f1a2 � f1m2

2
� ¢ x 

f1m2 � f1b2

2

7a, b8f

c2c1

h1c1 � c22/ 2,
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In Sections 4.1 and 4.2, we considered the relationship between the area under the
graph of a function f and the antiderivative of f. We have yet to establish the general
rule that the antiderivative of a function f does in fact lead to the exact area under the
graph of f. As we will see, we can use the antiderivative of a function to determine the
exact area under the graph of the function. This process is called integration.

The Fundamental Theorem of Calculus
The area under the graph of a nonnegative continuous function f over an interval 
is determined as an area function A, which is an antiderivative of f; that is,

We have established this fact for a few cases in which f was a constant 

or linear function by using geometry formulas for areas of a rectangle and a triangle.
When the graph of f is a curve, we can approximate the area underneath the graph
using a Riemann sum, which suggests a general method for calculating the area under-
neath the graph of anynonnegative continuous function f.

The following table summarizes some of the area functions we determined by
geometry.

d
dx A1x2 = f1x2.

3a, b4

4.3
OBJECTIVES

Area and Definite Integrals

€ Find the area under the
graph of a nonnegative
function over a given 
closed interval.

€ Evaluate a definite integral.

€ Interpret an area below the
horizontal axis.

€ Solve applied problems
involving definite integrals.

Function Area Function Text Reference

f1x2 = 2x A1x2 = x2 Technology Connection (p. 395)

f1x2 = 3 A1x2 = 3x Technology Connection (p. 395)

f1x2 = 3x2 A1x2 = x3 Technology Connection (p. 395)

f1x2 = k A1x2 = kx Section 4.2

f1x2 = mx A1x2 = 1
2mx2 Section 4.2

You may have noticed that each time the derivative of the area function, , is .
Is this always the case?

We answer this by letting represent the area under a nonnegative continuous
function f over the interval To find we use the definition of the derivative:A¿1x2,30, x4.

A1x2

f1x2A1x2
y or f (x)

y = f (x)

x x

A(x)

Since is the area under f over the interval it follows that
is the area under f between x and .x + hA1x + h2 - A1x2

30, x + h4,A1x + h2

A¿1x2 = lim
h: 0

 
A1x + h2 - A1x2

h
.

y or f (x)

y = f (x)

x xx + h

A(x + h) Š A(x)

y or f (x)

y = f (x)

x xx + h

A(x + h)
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THEOREM 4

Let f be a nonnegative continuous function over an interval and let 
be the area between the graph of f and the x-axis over the interval with

Then is a differentiable function of x and A¿1x2 = f1x2.A1x20 6 x 6 b.
30, x4,

A1x230, b4,

y

y = f (x)

a xb

A(b) Š A(a)A(a)

As h approaches zero, the area approaches the area of a rectangle
with width h and height . That is,

Thus, Dividing both sides by h

and

which demonstrates that We have proved the following remarkable
result.

A¿1x2 = f1x2.

lim
h: 0

 
A1x + h2 - A1x2

h
= lim

h: 0
 f1x2 = f1x2,

A1x + h2 - A1x2

h
L f1x2,

A1x + h2 - A1x2 L h #f1x2.

f1x2
A1x + h2 - A1x2

Theorem 4 resolves the question posed earlier: Yes, the derivative of the area
function is always the function under which the area is being calculated. However,
Theorem 4 holds only for the interval How can we adapt Theorem 4 to apply
when f is defined over any interval ? Referring to the graph below, we see that the
area over is the same as the area over minus the area over or
A1b2 - A1a2.

30, a430, b43a, b4
3a, b4

30, x4.

In Section 4.1, we also found that a function•s antiderivatives can differ only in
their constant terms. Thus, if is another antiderivative of , then

for some constant C, and

This result tells us that as long as an area is computed by substituting an interval•s end-
points into an antiderivative and then subtracting, anyantiderivative„and any choice
of C„can be used. It generally simplifies computations to choose 0 as the value of C.

EXAMPLE 1Find the area under the graph of over the interval

Solution Although making a drawing is not required, doing so helps us visualize the
problem.

Note that every antiderivative of is of the form

F1x2 = 1
15x3 + 3x + C.

f1x2 = 1
5x2 + 3

32, 54.
f1x2 = 1

5 x
2 + 3

Area = A1b2 - A1a2 = F1b2 + C - 1F1a2 + C2 = F1b2 - F1a2.

A1x2 = F1x2 + C,
f1x2F1x2

x

f(x)

10 2 3 4 5 6

2

1

4

3

6

5

8

7

10

9
f(x) = x2 + 31

5

�
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For simplicity, we set , so

Although it is possible to express the area under a curve as the limit of a
Riemann sum, as we did in Section 4.2, it is usually much easier to work with anti-
derivatives.

 = 16 
4
5.

 = 125
15 + 15 - A8

15 + 6B
 Area over 32, 54 = F152 - F122

C = 0

To find the area under the graph of a nonnegative
continuous function f over the interval 

1. Find any antiderivative of . Let
for simplicity.

2. Evaluate at and and com-
pute The result is the area
under the graph over the interval 3a, b4.

F1b2 - F1a2.
x = a,x = bF1x2

C = 0
f1x2F1x2

3a, b4:

y

a b x

y = f(x)

Area = F(b) … F(a)

EXAMPLE 2 Find the area under the graph of over the interval 

Solution In this case, with and 

1. Find any antiderivative of . We choose the simplest one:

2. Substitute 2 and , and find the difference 

We can make a partial check by counting the 
squares and parts of squares shaded on the graph 
to the right.

Quick Check 1

 = 6.

 =
8
3

+ 2 +
1
3

+ 1

 =
8
3

+ 2 - c
- 1
3

- 1d

 F122 - F1- 12 = c
23

3
+ 2d - c

1- 123

3
+ 1- 12 d

F122 - F1- 12:- 1

F1x2 =
x3

3
+ x.

f1x2F1x2

b = 2.a = - 1f1x2 = x2 + 1,

3- 1, 24.y = x2 + 1

y

x…1…2…3 1 2 3

2

1

3

4

5

6

O

Quick Check 1

Refer to the function and
graph in Example 2.

a) Calculate the area over the
interval 

b) Calculate the area over the
interval 

c) Can you suggest a shortcut
for part (b)?

3- 2, 24.

30, 54.

TECHNOLOGY CONNECTION

Using iPlot to Find the Area under a Graph

The iPlot app can be used on your iPhone or iPad to evaluate
definite integrals and find the area under a continuous non-
negative function over a closed interval. Let•s find the area

under the graph of the function considered in Example 2,
over the interval After opening

iPlot, touch the Functions icon at the bottom of the screen. 
Press in the upper right. Then enter the function 

3- 1, 24.f1x2 = x2 + 1,

+

�

O
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FIGURE 1

FIGURE 2

Using iPlot to Find the Area under a Graph
(continued )

as X^2+1. Press Done in the upper right and then Plot to
obtain the graph (Fig. 1).

To find the area under the curve over the interval
press Integ (second from the right at the bottom)

until it changes color. You may have to press it firmly. Then
touch the screen, and you will see a tracing cursor (Fig. 2).
Locate the cursor as close as you can to the lower bound of
the interval. Then firmly press Apply (in the lower right
corner). The screen will glow and then a display like that 
in Fig. 3 will appear. Touch the number at the top, and change
it to 1. Then touch the upper bound number, and change
it to 2; the screen will look like Fig. 4.

Next, press OK firmly. The complete curve with the
shaded area and the answer, 6, will be displayed (Fig. 5).

Caution!This app seems to crash frequently. You may
need to start over. Hopefully, an update will improve the
app•s stability.

iPlot will also evaluate definite integrals over intervals
where the function is not nonnegative. For example,

as seen in Fig. 6. As we
shall see later in this section, since there is more area below
the x-axis than above, the result is negative.

1
2

1 1x2 - 32dx = - 2
3 L - 0.666667,

-

3- 1, 24,

EXERCISES
Evaluate each definite integral.

1. 2.

3. 4.

5.
L

15

4
10.002x4 - 0.3x2 + 4x - 72 dx

L

2

- 8
 

4

11 + ex22
 dx

L

6

1

 ln x

x2
 dx

L

0

- 1
1x3 - 3x + 12 dx

L

2

- 2
14 - x22 dx

FIGURE 4FIGURE 3

FIGURE 5

FIGURE 6
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y

x

y = x3

5

125

0
Number of days since power

plant went on line

N
um

be
r 

of
 k

ilo
w

at
ts

ge
ne

ra
te

d 
pe

r 
da

y

EXAMPLE 3 Let represent the number of kilowatts (kW) generated by a
new power plant each day, x days after going on line. Find the area under the graph of

over the interval and interpret the significance of the area.

Solution In this case,

1. Find any antiderivative of We choose the simplest one:

2. Substitute 5 and 0, and find the difference 

The area represents the total number of kilowatts generated during the first 5 days.
Note that 

The difference has the same value for all antiderivatives F of a func-
tion f whether the function is nonnegative or not. It is called the definite integralof f
from a to b.

F1b2 - F1a2

kW/day#days = kW.

F152 - F102 =
54

4
-

04

4
=

625
4

= 156 14.

F152 - F102:

F1x2 =
x4

4
.

f1x2.F1x2

f1x2 = x3, a = 0, and b = 5.

30, 54y = x3

y = x3

DEFINITION
Let f be any continuous function over the interval andF be any antideriva-
tive of f. Then the definite integral of f from a to b is

L

b

a
f1x2 dx = F1b2 - F1a2.

3a, b4

Evaluating definite integrals is called integration.The numbers a and b are known as
the limits of integration. Note that this use of the word limit indicates an endpoint of
an interval, not a value that is being approached, as you learned in Chapter 1.

EXAMPLE 4 Evaluate: 

Solution Using the antiderivative we have

It is convenient to use an intermediate notation:

where is an antiderivative of 

EXAMPLE 5Evaluate each of the following:

a) b) c) (assume x 0).7
L

e

1
a1 + 2x -

1
x

b dx
L

3

0
ex dx;

L

4

- 1
1x2 - x2 dx;

f1x2.F1x2

L

b

a
f1x2 dx = 3F1x24ba = F1b2 - F1a2,

L

b

a
x2 dx =

b3

3
-

a3

3
.

F1x2 = x3>3,

L

b

a
x2 dx.

�

�

�
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O

Quick Check 2

Evaluate each of the following:

a)

b)

c)
L

5

1

x - 1
x

 dx.

L

ln 4

0
2ex dx;

L

4

2
12x3 - 3x2 dx;

Solution

a)

b)

c) We assume x 0.

Quick Check 2

The fact that we can express the integral of a function either as a limit of a sum or
in terms of an antiderivative is so important that it has a name: the Fundamental Theo-
rem of Integral Calculus.

= e + e2 - 3

= e + e2 - 1 - 1 - 1

= 1e + e2 - 12 - 11 + 1 - 02

= 1e + e2 - ln e2 - 11 + 12 - ln 12

7
L

e

1
a1 + 2x -

1
x

b dx = 3x + x2 -  ln x4e
1

L

3

0
ex dx = 3ex43

0 = e3 - e0 = e3 - 1

 =
64
3

- 8 +
1
3

+
1
2

= 14 
1
6

 = ¢
64
3

-
16
2

� - ¢
- 1
3

-
1
2

�

 
L

4

- 1
1x2 - x2 dx = c

x3

3
-

x2

2
d
4

- 1
= a

43

3
-

42

2
b - a

1- 123

3
-

1- 122

2
b

The Fundamental Theorem of Integral Calculus

If a continuous function f has an antiderivative F over , then

lim
n: q

 a
n

i =1
 f1xi2¢ x =

L

b

a
f1x2 dx = F1b2 - F1a2.

3a, b4

It is helpful to envision taking the limit as stretching the summation sign, , into
something resembling an S(the integral sign) and redefining as dx. Because is
used in the limit, dx appears in the integral notation.

More on Area
When we evaluate the definite integral of a nonnegative function, we get the area 
under the graph over an interval.

EXAMPLE 6 Suppose that y is the profit per mile traveled and x is the number of
miles traveled, in thousands. Find the area under over the interval and
interpret the significance of this area.

Solution

Considering the units, 
, we see that the area represents a total

profit of $1386.30 when the miles traveled
increase from 1000 to 4000 miles.

dollars
1dollars>mile2#miles =

 = ln 4 - 0 L 1.3863

 
L

4

1

dx
x

= 3ln x44
1 = ln 4 - ln 1

31, 44y = 1>x

¢ x¢ x
©

y

x4

y = 

1

1

1 ……
x

Number of miles traveled
(in thousands)

P
ro

fit
 p

er
 m

ile
(in

 d
ol

la
rs

)

�

O
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EXAMPLE 7Find the area under over the interval .

Solution

Now let•s compare the definite integrals of the functions and :

The graphs of the functions
and are reflections

of each other across the x-axis.
Thus, the shaded areas are the same,
. The evaluation procedure for

gave us This illustrates
that for negative-valued functions,
the definite integral gives us the op-
posite of the area between the curve
and the x-axis.

Now let•s consider over the interval . It has both positive and
negative values. We apply the preceding evaluation procedure, even though the func-
tion values are not all nonnegative. We do so in two ways.

First, let•s use the fact that for any then

The area from a to b plus the area 
from b to c is the area from a to c.

(We will consider this property of integrals again in Section 4.4.) Note that 1 is the 
x-intercept in .

This shows that the area above the x-axis exceeds the area below the x-axis by unit.2
3

=
2
3

.= -
2
3

+
4
3

c
8
3

- 2 -
1
3

+ 1d+c
1
3

- 1d=

= c a
13

3
- 1b - a

03

3
- 0b d + c a

23

3
- 2b - a

13

3
- 1b d

= c
x3

3
- xd

1

0
+ c

x3

3
- xd

2

1

L

2

0
1x2 - 12 dx =

L

1

0
1x2 - 12 dx +

L

2

1
1x2 - 12 dx

30, 24

L

c

a
f1x2 dx =

L

b

a
f1x2 dx +

L

c

b
f1x2 dx.

a, b, c, if a 6 b 6 c,

30, 24f1x2 = x2 - 1

8
3.-y = - x2

8
3

y = - x2y = x2

= -
23

3
+

03

3
= -

8
3

=
23

3
-

03

3
=

8
3

L

2

0
- x2 dx = c-

x3

3
d
2

0L

2

0
x2 dx = c

x3

3
d
2

0

y = - x2y = x2

 = 1 -
1
b

 = a -
1
b

b - a -
1
1

b

 = c
x - 1

- 1
d
b

1
= c-

1
x

d
b

1

 = c
x - 2+1

- 2 + 1
d
b

1

 
L

b

1
 
dx

x2 =
L

b

1
x - 2 dx

31, b4y = 1>x2

y

xb

y = 

1

1

1 ………
x2

y

x21

4
y = x2

3

2

1 A

0

y

x
21

…2

…1

…3

…4

A

0

y = …x2

x1Š1 2

y
f(x) = x2 Š 1

Š1

1

3

0

2

�

��������������� �� ��������������� ��
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Now let•s evaluate the original integral in another, more direct, way:

The definite integral of a continuous function over an interval is the sum of the areas above
the x-axis minus the sum of the areas below the x-axis.

 = a
8
3

- 2b - 0 =
2
3

.

 = a
23

3
- 2b - a

03

3
- 0b

 
L

2

0
1x2 - 12 dx = c

x3

3
- xd

2

0

y

y = Šx3 + 3x Š 1

x1Š1Š2 2

1

Š1

Š2

Š3

2

3

TECHNOLOGY CONNECTION

Approximating Definite Integrals

There are two methods for evaluating definite integrals with
a calculator. Let•s consider the function from Example 8:

Method 1:fnInt

First, we select fnInt from the MATH menu. Next, we enter
the function, the variable, and the endpoints of the inter-
val over which we are integrating. The calculator returns
the same value for the definite integral as we found in
Example 8.

f1x2 = - x3 + 3x - 1.

Method 2: � f (x) dx

We first graph . Then we select � f(x)dx
from the CALCmenu and enter the lower and upper limits
of integration. The calculator shades the area and returns

y1 = - x3 + 3x - 1

(continued)

…2.25
…1

(…X3 + 3X Š 1)dX
2

�

O

EXAMPLE 8 Consider . Predict the sign of the result
by examining the graph, and then evaluate the integral.

Solution From the graph, it appears that there is considerably more area below the
x-axis than above. Thus, we expect that

Evaluating the integral, we have

As a partial check, we note that the result is negative, as predicted.

Quick Check 3

 = - 2 
1
4.

 = 1- 4 + 6 - 22 - a -
1
4

+
3
2

+ 1b = 0 - 2 
1
4

 = a -
24

4
+

3
2
#22 - 2b - a -

1- 124

4
+

3
2

 1- 122 - 1- 12b

 
L

2

- 1
1- x3 + 3x - 12 dx = c-

x4

4
+

3
2

 x2 - xd
2

- 1

L

2

- 1
1- x3 + 3x - 12 dx 6 0.

1
2

- 11- x3 + 3x - 12 dx

O

Quick Check 3

Let 

a) Predict the sign of the 
value of by
examining the graph.

b) Evaluate this integral.

1
2

0  f1x2 dx

f1x2 = x4 - x2.
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6

…3 3

…6

Y1 = …X^3 + 3X … 1

Lower Limit?
X = …1

6

…3 3

…6

Y1 = …X^3 + 3X … 1

Upper Limit?
X = 2

6

…3 3

…6

f(x)dx = …2.25

the same value for the definite integral as found in Exam-
ple 8.

EXERCISES
Evaluate each definite integral.

1.

2.

3.

4.

5.
L

10

- 10
10.002x4 - 0.3x2 + 4x - 72 dx

L

2

- 8
 

4

11 + ex22
 dx

L

6

1

 ln x

x2
 dx

L

3

- 2
1x3 - 3x + 12 dx

L

2

- 1
1x2 - 12 dx

O

Quick Check 4

Business.Referring to
Example 9, find the total
profit of Northeast Airlines
when 140 seats are sold.

Applications Involving Definite Integrals
Determining Total Profit

EXAMPLE 9 Business: Total Profit from Marginal Profit. Northeast Airlines de-
termines that the marginal profit resulting from the sale of x seats on a jet traveling
from Atlanta to Kansas City, in hundreds of dollars, is given by

Find the total profit when 60 seats are sold.

Solution We integrate to find 

Using a calculator

When 60 seats are sold, Northeast•s profit is $5016.13. That is, the airline will lose
$5016.13 on the flight.

Quick Check 4

Finding Velocity and Distance from Acceleration

Recall that the position coordinate at time t of an object moving along a number line is
. Then

the velocity at time t,

the accelerationat time t.s…1t2 = v¿1t2 = a1t2 =

s¿1t2 = v1t2 =

s1t2

-

 L - 50.1613.

 = c
2
3

 x3>2 - 6xd
60

0

 =
L

60

0
A2 x - 6B dx

 P1602 =
L

60

0
P¿1x2 dx

P1602:

P¿1x2 = 1 x - 6.

x10 20 30 40

Number of seats sold

M
ar

gi
na

l p
ro

fit
(in

 h
un

dr
ed

s 
of

 d
ol

la
rs

 p
er

 s
ea

t)

50 60 70

y

x Š 6P�(x) =

x Š 6) dxP(60) = �
0

60
(

2

0

Š2

Š4

Š6

4

6

�
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EXAMPLE 10Physical Science: Distance. Suppose that and .
Find . Assume that is in feet and is in feet per second.

Solution We first find by integrating:

Next we determine C by using the initial condition , which is the starting
position for sat time :

.

Thus, .

EXAMPLE 11Physical Science: Distance. Suppose that with
Find and

graph , and 

Solution

1. We first find by integrating 

The condition allows us to find 

Thus, 

2. Next we find by integrating 

The condition allows us to find 

Thus, s1t2 = t4 - 3t2 + 5t + 10.

 C2 = 10.

 s102 = 04 - 3 #02 + 5 #0 + C2 = 10

C2:s102 = 10

= t4 - 3t2 + 5t + C2.

=
L

 14t3 - 6t + 52 dt

s1t2 =
L

v1t2 dt

v1t2:s1t2

v1t2 = 4t3 - 6t + 5.

 C1 = 5.

 v102 = 4 #03 - 6 #0 + C1 = 5

C1:v102 = 5

 = 4t3 - 6t + C1.

 =
L

112t2 - 62 dt

 v1t2 =
L

a1t2 dt

a1t2:v1t2

s1t2.a1t2, v1t2
s1t2,v102 = the initial velocity = 5, and s102 = the initial position = 10.

a1t2 = 12t2 - 6,

s1t2 = t5 + 9

 C = 9

 s102 = 05 + C = 9

t = 0
s102 = 9

s1t2 =
L

v1t2 dt =
L

5t4 dt = t5 + C.

s1t2

v1t2s1t2s1t2
s102 = 9v1t2 = 5t4

…2…4…6 2 4 6

10

…10

…20

…30

20

30

t

v
v(t) = 4t3 … 6t + 5

…2…4…6 2 4 6

10

…10

…20

…30

20

30

t

a
a(t) = 12t2 … 6

…2…4…6 2 4 6

10

…10

…20

…30

20

30

t

s
s(t) = t4 … 3t2 + 5t + 10

�

�
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EXAMPLE 12Physical Science: Total Distance Traveled.A particle starts out
from the origin. Its velocity, in miles per hour, is given by

where t is the number of hours since the particle left the origin. How far does the parti-
cle travel during the second, third, and fourth hours (from to )?

Solution Recall that velocity, or speed, is the rate of change of distance with respect
to time. In other words, velocity is the derivative of the distance function, and the dis-
tance function is an antiderivative of the velocity function. To find the total distance
traveled from to we evaluate the integral

We have

As a check, we can count shaded squares and parts of squares on the graph at the left.
As another partial check, we can observe that the units used are 

Quick Check 5

EXAMPLE 13Physical Science: Braking Distance. The driver of a vehicle
traveling at 40 mi hr (58.67 ft sec) applies the brakes, softly at first, then harder,
coming to a complete stop after 7 sec. The velocity as a function of time is modeled
by the function where v is in feet per second, t is in
seconds, and How far did the vehicle travel while the driver was
braking?

Solution The distance traveled is given by the definite integral of 

This is nearly the length of a football field! In the graph of v, the shaded area represents
the distance the vehicle traveled during the 7 sec. 

Quick Check 6

 = 273.83 ft.

 = -
1.197

3
 1723 + 58.67172 - 0

 
L

7

0
1- 1.197t2 + 58.672 dt = c-

1.197
3

 t3 + 58.67t d
7

0

v1t2:

0 ƒ t ƒ 7.
v1t2 = - 1.197t2 + 58.67,

>>

1mi>hr2#hr = mi.

 = 12 
1
6 mi.

 = 73
6

 = 14
3 + 15

2

 = 16
3 + 16

2 - 2
3 - 1

2

 = 2
3
#43>2 + 1

2
#42 - A2

3
#13>2 + 1

2
#12B

 = C23t3>2 + 1
2t2D41

 
L

4

1
A2 t + tB dt =

L

4

1
1t1>2 + t2 dt

L

4

1
A2 t + tB dt.

t = 4,t = 1

t = 4t = 1

v1t2 = 2 t + t,

O

Quick Check 5

Use the grid in the graph in
Example 12 to support the
claim that the particle travels
between 6 and 7 mi during
the fifth hour (from to

). Then calculate the
actual distance traveled
during that hour.

t = 5
t = 4

Time (in hours)

V
el

oc
ity

(in
 m

ile
s 

pe
r 

ho
ur

)

1 2 3 4 5 60

1

2

3

4

5

6

7

8

t

v(t)

v(t) = t + t

O

Quick Check 6

Suppose that the driver in
Example 13 braked to a stop
in 7 sec but did so •linearly,Ž
that is, slowed from 40 mi hr
to a stop at a constant rate 
of deceleration. Find the
braking distance in feet.

>

Time (in seconds)

V
el

oc
ity

 (
in

 fe
et

 p
er

 s
ec

on
d)

20

70

y

t

40

60
v(t) = Š1.197t2 + 58.67

�

�

O

O



Exercise Set 4.3 421

Section Summary
€ The exact area between the x-axis and the graph of the

nonnegative continuous function over the
interval is found by evaluating the definite integral

where F is an antiderivative of f.
€ If a function has areas both below and above the x-axis,

the definite integral gives the net total area, or the

L

b

a
f1x2 dx = F1b2 - F1a2,

3a, b4
y = f1x2

difference between the sum of the areas above the x-axis
and the sum of the areas below the x-axis.

If there is more area above the x-axis than below, the
definite integral will be positive.

If there is more area below the x-axis than above, the
definite integral will be negative.

If the areas above and below the x-axis are the same, 
the definite integral will be 0.

EXERCISE SET

4.3

Find the area under the given curve over the indicated
interval.

1. 2.

3. 4.

5. 6.

x321Š1Š2

y

10
15
20
25
30

5

y = x3

x3 60 2 541Š1Š2

y

5
10
15
20
25
30 y = x2

y = x3; 30, 24y = x2; 30, 54

x3 40 21Š1Š2Š3

y

1
2
3
4
5
6
7
8
9 y = x2y = 2x

0

1
2
3
4
5
6
7
8

1 2 3 4

y

x

y = x2; 30, 34y = 2x; 31, 34

y = 5

0

1
2
3
4
5
6

1 2 3 4

y

x

y = 4

0

1
2
3
4
5
6

1 2 3 4

y

x

y = 5; 31, 34y = 4; 31, 34

7. 8.

9. 10.

11. 12.

13.

14.

In each of Exercises 15…24, explain what the shaded area
represents.

15. 16.

17. 18.

tTime
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y = x2 - 4x; 3- 4, - 24

y =
3
x
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2
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y = ex; 30, 24y = 4 - x2; 3- 2, 24
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x

y

Š2 Š1
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Š1

1

2

21
x0.5Š0.5
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1

1

y = x3

y = 1 - x2; 3- 1, 14y = x3; 30, 14
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19. 20.

21. 22.

23. 24.

Find the area under the graph of each function over the given
interval.

25. 26.

27.

28.

29. 30.

31. 32.

In Exercises 33 and 34, determine visually whether is
positive, negative, or zero, and express in terms of
the area A. Explain your result.

33. a)

b)

34. a)

1
b

a  f1x2 dx
1

b
a  

f1x2 dx

y = 2x +
1

x2
; 31, 44y = ex; 3- 1, 54

y = ex; 3- 2, 34y = 5 - x2; 3- 1, 24

y = 2 - x - x2; 3- 2, 14

y = x2 + x + 1; 32, 34

y = x4; 30, 14y = x3; 30, 24
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b)

Evaluate. Then interpret the result in terms of the area above
and/or below the x-axis.

35. 36.

37. 38.

39…42.Check the results of each of Exercises 35…38 using a
graphing calculator.

Evaluate.

43. 44.

45. 46.

47. 48.

49. 50.

51. 52.

53.

54.
L

b

a
- et dt

L

b

a
e2t dt

L

b

a

1
5x3 dx

L

b

a

1
2x2 dx

L

3

- 2
e- t dt

L

2

- 5
et dt

L

3

- 2
1- x2 + 4x - 52 dx

L

5

- 2
12x2 - 3x + 72 dx

L

8

1
A23 x - 2B dx

L

4

1
A2 x - 1B dx

L

2

1
14t3 - 12 dt

L

3

1
13t2 + 72 dt

b
0

…2

y

x

y = …2e3x 

…2 …1

1

2

y

x

y = x3 … 3x

Š1

Š2

1

2

L

b

0
- 2e3x dx

L

1

- 1
1x3 - 3x2 dx

y

x
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…1

1

1 2

2
y

x

y = x … x2

…0.5

…0.5 0.5

0.5

1.0 1.5
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0
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0
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55. 56.

57. (Hint: Simplify first.)

58.

APPLICATIONS

Business and Economics

59. Business: total profit. Pure Water Enterprises finds
that the marginal profit, in dollars, from drilling a well
that is x feet deep is given by

Find the profit when a well 250 ft deep is drilled.

60. Business: total revenue.Sally•s Sweets finds that the
marginal revenue, in dollars, from the sale of x pounds
of maple-coated pecans is given by

Find the revenue when 300 lb of maple-coated pecans
are produced.

61. Business: increasing total cost.Kitchens-to-Please
Contracting determines that the marginal cost, in dollars
per foot, of installing x feet of kitchen countertop is
given by

Find the cost of installing an extra 14 ft of countertop
after 50 ft have already been ordered.

62. Business: increasing total profit. Laso Industries finds
that the marginal profit, in dollars, from the sale of x
digital control boards is given by

A customer orders 1200 digital control boards and later
increases the order to 1500. Find the extra profit result-
ing from the increase in order size.

63. Accumulated sales.A company estimates that its sales
will grow continuously at a rate given by the function

where is the rate at which sales are increasing, in
dollars per day, on day t.

a) Find the accumulated sales for the first 5 days.
b) Find the sales from the 2nd day through the 5th day.

(This is the integral from 1 to 5.)

64. Accumulated sales.Raggs, Ltd., estimates that its sales
will grow continuously at a rate given by the function

where is the rate at which sales are increasing, in
dollars per day, on day t.

a) Find the accumulated sales for the first 5 days.
b) Find the sales from the 2nd day through the 5th day.

(This is the integral from 1 to 5.)

S¿1t2

S¿1t2 = 10et,

S¿1t2

S¿1t2 = 20et,

P¿1x2 = 2.6x0.1.

C¿1x2 = 8x- 1>3.

R¿1x2 = 6x- 1>6.

P¿1x2 = 25 x.

L

27

0
2 3x dx

L

2

0
2 2x dx

L

e

1
ax -

1
x

b dx
L

e

1
ax +

1
x

b dx
Credit market debt. The annual rate of change in the
national credit market debt (in billions of dollars per year) can
be modeled by the function

where t is the number of years since 1995. (Source: Federal
Reserve System.) Use the preceding information for Exercises
65 and 66.

65. By how much did the credit market debt increase
between 1996 and 2000?

66. By how much did the credit market debt increase
between 1999 and 2005?

Industrial learning curve. A company is producing a new
product. Due to the nature of the product, the time required to
produce each unit decreases as workers become more familiar
with the production procedure. It is determined that the
function for the learning process is

where T(x) is the time, in hours, required to produce the xth
unit. Use this information for Exercises 67 and 68.

67. Find the total time required for a new worker to
produce units 1 through 10; units 20 through 30.

68. Find the total time required for a new worker to
produce units 1 through 20; units 20 through 40.

Social Sciences

Memorizing. The rate of memorizing information initially
increases. Eventually, however, a maximum rate is reached,
after which it begins to decrease.

69. Suppose that in a memory experiment the rate of mem-
orizing is given by

where is the memory rate, in words per minute.
How many words are memorized in the first 10 min
(from t 0 to t 10)?

70. Suppose that in another memory experiment the rate of
memorizing is given by

where is the memory rate, in words per minute.
How many words are memorized in the first 10 min
(from t 0 to t 10)?

71. See Exercise 69. How many words are memorized
during minutes 10…15?

72. See Exercise 70. How many words are memorized
during minutes 10…17?

==

M¿1t2

M¿1t2 = - 0.003t2 + 0.2t,

==

M¿1t2

M¿1t2 = - 0.009t2 + 0.2t,

t10

M
em

or
y

ra
te

(in
 w

or
ds

pe
r 

m
in

ut
e)

Time (in minutes)
0

T1x2 � 2 � 0.3a
1
x

b,

D¿1t2 � 857.98 � 829.66t � 197.34t 2 � 15.36t 3,



424 C H A P T E R  4 € Integration

Life and Physical Sciences

Find s(t).

73.

74.

Find v(t).

75.

76.

Find s(t).

77.

78.

79. Physics. A particle is released as part of an experi-
ment. Its speed t seconds after release is given by

where is in meters per second.

a) How far does the particle travel during the first 5 sec?
b) How far does it travel during the second 5 sec?

80. Physics. A particle is released during an experiment. 
Its speed t minutes after release is given by

where is in kilometers 
per minute.

a) How far does the particle travel during the first 
10 min?

b) How far does it travel during the second 10 min?

81. Distance and speed.A motorcycle accelerates at a con-
stant rate from 0 mph to 60 mph in 15 sec.

a) How fast is it traveling after 15 sec?
b) How far has it traveled after 15 sec? (Hint: Convert

seconds to hours.)

82. Distance and speed.A car accelerates at a constant rate
from 0 mph to 60 mph in 30 sec.

a) How fast is it traveling after 30 sec?
b) How far has it traveled after 30 sec?

83. Distance and speed.A bicyclist decelerates at a
constant rate from 30 km/hr to a standstill in 45 sec.

a) How fast is the bicyclist traveling after 20 sec?
b) How far has the bicyclist traveled after 45 sec?

84. Distance and speed.A cheetah decelerates at a constant
rate from 50 km hr to a complete stop in 20 sec.

a) How fast is the cheetah moving after 10 sec?
b) How far has the cheetah traveled after 20 sec?

85. Distance.For a freely falling object, 
and

Find a general
expression for s(t) in terms of and .

86. Time. A ball is thrown upward from a height of 10 ft,
that is, at an initial velocity of 80 ft sec, or

How long will it take before the ball hits the
ground? (See Exercise 85.)
v102 = 80.

>s102 = 10,

s0v0

s102 = initial height = s0 1in ft2.
v102 = initial velocity = v0 1in ft>sec2,

a1t2 = - 32 ft>sec2,

>

1v102 = 02

v1t2v1t2 = - 0.3t2 + 9t,

v1t2v1t2 = - 0.5t2 + 10t,

a1t2 = - 6t + 7, with v102 = 10 and s102 = 20

a1t2 = - 2t + 6, with v102 = 6 and s102 = 10

a1t2 = 6t, v102 = 30

a1t2 = 4t, v102 = 20

v1t2 = 2t, s102 = 10

v1t2 = 3t2, s102 = 4

87. Distance. A car accelerates at a constant rate from 0 to
60 mph in min. How far does the car travel during that
time?

88. Distance. A motorcycle accelerates at a constant rate
from 0 to 50 mph in 15 sec. How far does it travel
during that time?

89. Physics. A particle starts out from the origin. Its
velocity, in miles per hour, after t hours is given by

How far does it travel from the 2nd hour through the
5th hour (from to )?

90. Physics.A particle starts out from the origin. Its
velocity, in miles per hour, after t hours is given by

How far does it travel from the start through the 3rd
hour (from to )?

SYNTHESIS

91. Accumulated sales.Bluetape, Inc. estimates that its
sales will grow continuously at a rate given by

where is the rate at which sales are increasing, in
dollars per day, on day t. On what day will accumulated
sales first exceed $10,000?

92. Total pollution. A factory is polluting a lake in such a
way that the rate of pollutants entering the lake at time
t, in months, is given by

where N is the total number of pounds of pollutants in
the lake at time t.

a) How many pounds of pollutants enter the lake in 
16 months?

b) An environmental board tells the factory that it
must begin cleanup procedures after 50,000 lb of
pollutants have entered the lake. After what length
of time will this occur?

N¿1t2 = 280t3>2,

S¿1t2

S¿1t2 = 0.5et,

t = 3t = 0

v1t2 = 4t3 + 2t.

t = 5t = 1

v1t2 = 3t2 + 2t.
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The Additive Property of Definite Integrals
We have seen that the definite integral

can be regarded as the area under the graph of over the interval 
Thus, if b is such that the above integral can be expressed as a sum. This
additive property of definite integrals is stated in the following theorem.

a 6 b 6 c,
3a, c4.y = f1x2 Ú 0

L

c

a
f1x2 dx

4.4
OBJECTIVES

Properties of Definite Integrals

€ Use properties of definite
integrals to find the area
between curves.

€ Solve applied problems
involving definite integrals.

€ Determine the average
value of a function.

THEOREM 5

For 

For any number b between a and c, the integral 
from a to c is the integral from a to b plus the 
integral from b to c.

L

c

a
f1x2 dx =

L

b

a
f1x2 dx +

L

c

b
f1x2 dx.

a 6 b 6 c,

x

y f

a b c

Evaluate.

93. 94.

95. 96.

97. 98.

99.

100. 101.

102. 103.

Find the error in each of the following. Explain.

104.

105.

 = e - e2 -
1
2

 = a
1
2

- e2b - 11 - e12

 
L

2

1
1ln x - ex2 dx = c

1
x

- ex d
2

1

 =
20
3

 = a
1
3
#23 +

1
2
#22 + 2b

 
L

2

1
1x2 + x + 12 dx = c

1
3

 x3 +
1
2

 x2 + xd
2

1

L

9

4

t + 1

2 t
 dt

L

3

1

t5 - t

t 3
 dt

L

3

1
ax -

1
x

b
2

 dx
L

1

0
1t + 123 dt

L

5

2
At + 2 3B At - 2 3B dt

L

1

0

x3 + 8
x + 2

 dx
L

8

1

23 x2 - 1

23 x
 dx

L

1

0
1x + 223 dx

L

16

4
1x - 12 2 x dx

L

5

1

x5 - x- 1

x2
 dx

L

3

2

x2 - 1
x - 1

 dx

TECHNOLOGY CONNECTION

Evaluate.

106.

107.

108.

109.

110. 111.

112. 113.

114. Prove that 
L

b

a
f1x2dx = -

L

a

b
f1x2 dx.

L

10

- 10

8

x2 + 4
 dx

L

4

2

x2 - 4

x2 - 3
 dx

L

2

- 2
x2>3A5

2 - xB dx
L

8

0
x1x - 524 dx

L

1

- 1
13 + 2 1 - x22 dx

L

2

- 2
2 4 - x2 dx

L

1.4

- 8
1x4 + 4x3 - 36x2 - 160x + 3002 dx

L

6.3

- 1.2
1x3 - 9x2 + 27x + 502 dx

Answers to Quick Checks
1. (a) (b) (c) integrate from 0 to 2,
then double the result 2. (a) (b)
(c) 3. (a) Positive; (b)
4. Approximately 5. Approximately 6.62 mi
6. Approximately 205.35 ft

$26,433.49

56
154 - ln 5 L 2.39

6;102;
9 

1
3, or 28

3 ;46 
2
3, or 140

3 ;



Theorem 5 is especially useful when a function is defined piecewise, in different
ways over different subintervals.

EXAMPLE 1Find the area under the graph of where

Solution

Quick Check 1

EXAMPLE 2 Evaluate each definite integral:

a) b)

Solution
a) The absolute-value function is defined piecewise as follows:

See Example 8 in Section R.5.

Therefore,

As a check, this definite integral can also be evaluated using geometry, since the
two regions are triangles.

b) The graph of is the graph of where any portion of
the graph below the x-axis (that is, where ) is reflected above the x-axis.y 6 0

y = 1 - x2,f1x2 = †1 - x2 †

 =
9
2

+
16
2

=
25
2

.

 = a -
02

2
- a -

1- 322

2
b b + a

42

2
-

02

2
b

 = c-
x2

2
d
0

- 3
+ c

x2

2
d
4

0

 
L

4

- 3
 †x† dx =

L

0

- 3
 1- x2 dx +

L

4

0
 x dx

f1x2 = †x†= e
- x, for x 6 0,
x, for x Ú 0.

f1x2 = †x†

L

3

0
 †1 - x2 † dx.

L

4

- 3
 †x† dx;

 = 95 
2
3

 = 913 - 1- 422 + a
53

3
-

33

3
b

 = 93x43
- 4 + c

x3

3
d
5

3

 =
L

3

- 4
 9 dx +

L

5

3
 x2 dx

 
L

5

- 4
 f1x2 dx =

L

3

- 4
 f1x2 dx +

L

5

3
f1x2 dx

f1x2 = e
9,  for x 6 3,
x2, for x Ú 3.

y = f1x2 from - 4 to 5,

y = 1 … x2

y

x1 2 3Š1

Š4

Š2

2

Š6

Š2Š3

y

x1 2 3Š1

2

4

6

8

Š2Š3

y = |1 … x2|

f

x

y

1Š1Š2Š3Š4 2 3 4 5

9

O

Quick Check 1

Find the area under the graph of
from where

g1x2 = e
x2, for x ƒ 2,
8 - x, for x 7 2.

- 3 to 6,y = g1x2

�

�

O

y

f(x) = |x|

2

1

4

3

x1 2 3 4Š1Š2Š3
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O

Quick Check 2

Evaluate 1
7

0 †2x - 1† dx.

f
g

a b

A

f

a b

A2

g

a b

A1

y = |1 … x2|

y

x1 2 3Š1

2

4

6

8

Š2Š3

y

xba

y = f(x)

A

y = g(x)

We see that y is negative when Therefore, the function is
defined piecewise:

See Exercises 101…108 in
Section 2.1.

The definite integral of over the interval is treated as the
sum of two definite integrals, those of over the interval and of

over the interval 

Quick Check 2

The Area of a Region Bounded by Two Graphs
Suppose that we want to find the area of a region bounded by the graphs of two func-
tion, and as shown at the left.

Note that the area of the desired region A is the area of A2 minus that of A1.
y = g1x2,y = f1x2

 =
22
3

.

- a
1
3
#13 - 1b = a1 -

1
3
#13b - a0 -

1
3
#03b + a

1
3
#33 - 3b

 = cx -
1
3

 x3 d
1

0
+ c

1
3

 x3 - xd
3

1

 
L

3

0
†1 - x2 † dx =

L

1

0
11 - x22 dx +

L

3

1
1x2 - 12 dx

31, 34:y = x2 - 1
30, 14y = 1 - x2

30, 34f1x2 = †1 - x2 †

f1x2 = †1 - x2 †= e
x2 - 1, for x 6 - 1 or x 7 1,
1 - x2, for - 1 ƒ x ƒ 1.

x 6 - 1 or x 7 1.

Thus,

or

In general, we have the following theorem.

A =
L

b

a
3f1x2 - g1x24 dx.

A1-A2

A =
L

b

a
 f1x2 dx -

L

b

a
 g1x2 dx,

����� �����

O



O

Quick Check 3

Find the area of the region
bounded by the graphs of

and .y = 1
3xy = 1 x

428 C H A P T E R  4 € Integration

EXAMPLE 3Find the area of the region bounded by the graphs of 
and .

Solution First, we make a reasonably accurate sketch,
as in the figure at the right, to determine which is the
upper graph. To calculate the points of intersection, we
set equal to and solve.

The graphs intersect at and . We see that,
over the interval , f is the upper graph.

We now compute the area as follows:

Quick Check 3

 =
4
3

.

 = 4 -
8
3

 = a22 -
23

3
b - a02 -

03

3
b

 = cx2 -
x3

3
d
2

0

 
L

2

0
 312x + 12 - 1x2 + 124 dx =

L

2

0
 12x - x22 dx

30, 24
x = 2x = 0

x = 0 or x = 2

 0 = x1x - 22

 0 = x2 - 2x

 2x + 1 = x2 + 1

 f1x2 = g1x2

g1x2f1x2

g1x2 = x2 + 1
f1x2 = 2x + 1

g(x) = x2 + 1

f(x) = 2x + 1
(2, 5)

(0, 1)

A

y

x1 2 3

1

2

3

4

0

5

THEOREM 6

Let f and g be continuous functions
and suppose that over the
interval . Then the area of the
region between the two curves, from

to , is

L

b

a
 3f1x2 - g1x24 dx.

x = bx = a

3a, b4
f1x2 Ú g1x2

�

O

g(x)

f(x)f(x) … g(x) dx�

�

�

�

y

xa b

a

b
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EXAMPLE 4 Find the area of the region bounded by

Solution First, we make a reasonably accurate sketch, as in the figure below, to en-
sure that we have the correct configuration. Note that over , the upper graph is

. Thus, over .31, 3440 - x2 Ú x4 - 3x3 - 4x2 + 10y = 40 - x2
31, 34

y = x4 - 3x3 - 4x2 + 10, y = 40 - x2, x = 1, and x = 3.

1� 1� 2� 3� 4� 5� 6 2 3 4 5 6 7 8

10

� 10

� 20

� 30

20

30

40

50

y

x

y = x4 … 3x3 … 4x2 + 10

y = 40 … x2

TECHNOLOGY CONNECTION

To find the area bounded by two graphs, such as
and , we graph each function

and use INTERSECTfrom the CALCmenu to determine the
points of intersection.

y2 = - x2 - 4y1 = - 2x - 7
Next, we use fnInt from the MATH menu.

6

…4 4

…16

Intersection
X = …1 Y = …5

6

…4 4

…16

Intersection
X = 3 Y = …13

10.66666667
…1

(…X2 Š 4) Š (…2X Š 7)dX
3

The area bounded by the two curves is about 10.7.

EXERCISES
1. Find the area of the region in Example 3 using this

approach.

2. Use iPlot to find the same area.

By subtracting a negative number (the area between the red curve and the x-axis), we are
adding areas. The limits of integration are stated, so we can compute the area as follows:

= 97.6.

- a -
15

5
+

3
4
#14 + 13 + 30 #1b= a -

35

5
+

3
4
#34 + 33 + 30 #3b

= c-
x5

5
+

3
4

 x4 + x3 + 30xd
3

1

=
L

3

1
1- x4 + 3x3 + 3x2 + 302 dx

L

3

1
3140 - x22 - 1x4 - 3x3 - 4x2 + 1024 dx

�
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Quick Check 4

Two rockets are fired upward.
The first rocket•s velocity is
given by the function

; the second rocket•s
velocity is given by the 
function . In both
cases, t is in seconds and
velocity is in feet per second.

a) When the two rockets•
velocities are the same,
how far ahead (in feet) is
the first rocket?

b) After how many seconds
will the second rocket
catch up to the first, and
how far away will they be
from the starting point?

v21t2 = 1
10t

2

v11t2 = 4t

430 C H A P T E R  4 € Integration

An Environmental Application

EXAMPLE 5 Life Science: Emission Control. A clever college student develops
an engine that is believed to meet all state standards for emission control. The new
engine•s rate of emission is given by

where is the emissions, in billions of pollution 
particulates per year, at time t, in years. The emission 
rate of a conventional engine is given by

The graphs of both curves are shown at the right.

a) At what point in time will the emission rates be 
the same?

b) What reduction in emissions results from using 
the student•s engine?

Solution
a) The rate of emission will be the same when 

, or

Since negative time has no meaning in this problem, the emission rates will be the
same when yr.

b) The reduction in emissions is represented by the area of the shaded region in the
figure above. It is the area between and , from to

, and is computed as follows:

.

Quick Check 4

Average Value of a Continuous Function
Another important use of the area under a curve is in finding the average value of a
continuous function over a closed interval.

Suppose that

is the temperature at time t recorded at a weather station on a certain day. The station
uses a 24-hr clock, so the domain of the temperature function is the interval .
The function is continuous, as shown in the following graph.

30, 244

T = f1t2

 = 18 billion  pollution  particulates

 = 27 - 9

 = a9 #3 -
33

3
b - a9 #0 -

03

3
b

 = c9t -
t 3

3
d
3

0

 
L

3

0
319 + t22 - 2t24 dt =

L

3

0
19 - t22 dt

t = 3
t = 0E1t2 = 2t2C1t2 = 9 + t2

t = 3

t = 3 or t = - 3.

 1t - 321t + 32 = 0

 t2 - 9 = 0

 2t2 = 9 + t2

E1t2 = C1t2

C1t2 = 9 + t2.

E1t2

E1t2 = 2t2,

21

18

9

R
at

e
of

em
is

si
on

s

3

C(t)

E(t)

0
Years of use

t

�

O
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T

t4 8 12 16 20 24

f(12)
f(16)

f(20)
f(8)

f(0)

f(4)

0

To find the average temperature for the day, we might take six temperature read-
ings at 4-hr intervals, starting at midnight:

The average reading would then be the sum of these six readings divided by 6:

This computation of the average temperature has limitations. For example, sup-
pose that it is a hot summer day, and at 2:00 in the afternoon (hour 14 on the 24-hr
clock), there is a short thunderstorm that cools the air for an hour between our read-
ings. This temporary dip would not show up in the average computed above.

What can we do? We could take 48 readings at half-hour intervals. This should
give us a better result. In fact, the shorter the time between readings, the better the re-
sult should be. It seems reasonable that we might define the average valueof T over

to be the limit, as n approaches , of the average of n values:

Note that this is not too far from our definition of an integral. All we need is to get 
which is or into the summation. We accomplish this by multiplying

by 1, writing 1 as 

 =
1
24L

24

0
f1t2 dt.

 =
1
24

 lim
n: q

 a
n

i =1
 f1ti2 ¢ t

¢ t =
24
n

, so 
1
¢ t

=
n
24

 = lim
n: q

a
n
24

#1
n

 a
n

i =1
 f1ti2 ¢ tb

 Average value of T = lim
n: q

 a
1
¢ t

#1
n

 a
n

i =1
 f1ti2 ¢ tb

1
¢ t

#¢ t:

24>n,124 - 02>n,
¢ t,

= lim
n: q

 a
1
n

 a
n

i =1
 f1ti2b.Average value T = lim

n: q
 a

1
n

 a
n

i =1
 Ti b

q30, 244

Tav =
T0 + T1 + T2 + T3 + T4 + T5

6
.

T0 = f102, T1 = f142, T2 = f182, T3 = f1122, T4 = f1162, T5 = f1202.

DEFINITION
Let f be a continuous function over a closed interval Its average value, 
over is given by

yav =
1

b - aL

b

a
f1x2 dx.

3a, b4
yav,3a, b4.
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Let•s consider average value in another way. If we multiply both sides of

by we get

Now the expression on the left side is the area of a rectangle of length and height
The area of such a rectangle is the same as the area under the graph of 

over the interval as shown in the figure at the left.

EXAMPLE 6 Find the average value of 
over the interval 

Solution The average value is

Note that although the values of increase from 0 to 4 over we do not expect
the average value to be 2 (which is half of 4), because we see from the graph that 
is less than 2 over more than half the interval.

EXAMPLE 7 Rico•s speed, in miles per hour, t minutes after entering the freeway,
is given by

From 5 min after entering the freeway to 25 min after doing so, what was Rico•s aver-
age speed? How far did he travel over that time interval?

Solution The average speed is

To find how far Rico traveled over the time interval we first note that t is given
in minutes, not hours. Since the distance traveled
over is

Quick Check 5

1
3
#68 

3
4 = 22 

11
12 mi.

35, 254,
25 min - 5 min = 20 min is 13 hr,

35, 254,

= 68 
3
4 mph.=

1
20

a
53,625

32
-

9625
32

b

- a -
1

800
#54 +

1
20

#53 -
3
16

#52 + 60 #5b d

=
1
20

 c a-
1

800
#254 +

1
20

#253 -
3
16

#252 + 60 #25b

=
1
20

 c-
1

800
 t4 +

1
20

 t3 -
3
16

 t 2 + 60t d
25

5

1
25 - 5 L

25

5
a -

1
200

 t3 +
3
20

 t2 -
3
8

 t + 60b dt

v1t2 = -
1

200
 t3 +

3
20

 t2 -
3
8

 t + 60, t ƒ 30.

f1x2
30, 24,f1x2

 =
1
2
#8
3

=
4
3

, or 1
1
3

.

 =
1
2

 a
23

3
-

03

3
b

 
1

2 - 0
 
L

2

0
 x2 dx =

1
2

 c
x3

3
d
2

0

30, 24.
f1x2 = x2

3a, b4,
y = f1x2yav.

b - a

1b - a2yav =
L

b

a
f1x2 dx.

b - a,

yav =
1

b - aL

b

a
f1x2 dx

y

xa b
b … a

yav

f

y

x21

4

f(x) = x2
3

2

1
yav

0

TECHNOLOGY CONNECTION

EXERCISE
1. Graph Compute

the average value of the func-
tion over the interval 
using the method of Example 6.
Then use that value, and
draw a graph of it as a
horizontal line using the same
set of axes. What does this
line represent in comparison
to the graph of and
its associated area?

f1x2 = x4

yav,

30, 24,

f1x2 = x4.

t5 10 15

Time (in minutes)

S
pe

ed
 (

in
 m

ile
s 

pe
r 

ho
ur

)

20 25 300

10

20

30

40

50

60

70

80 v(t) = Š t + 60,
t � 30

t3 +1
200

t2 Š3
20

3
8

v

yav

O

Quick Check 5

The temperature, in degrees
Fahrenheit, in Minneapolis on
a winter•s day is modeled by
the function

where x is the number of hours
from midnight 
Find the average temperature
in Minneapolis during this 
24-hour period.

10 ƒ x ƒ 242.

- 1.99x - 10.1,
f1x2 = - 0.012x3 + 0.38x2

�

�

O
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Section Summary
€ The additive property of definite integralsstates that a

definite integral can be expressed as the sum of two (or
more) other definite integrals. If f is continuous on 
and we choose b such that then

€ The area of a region bounded by the graphs of two functions,
and where over an interval is

A =
L

b

a
3f1x2 - g1x24 dx.

3a, b4,f1x2 Ú g1x2g1x2,f1x2

L

c

a
f1x2 dx =

L

b

a
f1x2 dx +

L

c

b
f1x2 dx.

a 6 b 6 c,
3a, c4

€ The average valueof a continuous function f over an
interval is

yav =
1

b - a
 
L

b

a
f1x2 dx.

3a, b4

EXERCISE SET

4.4

Find the area under the graph of f over the interval 

1.

2.

Find the area under the graph of g over the interval 

3.

4.

Find the area under the graph of f over the interval 

5.

6.

Find the area represented by each definite integral.

7. 8.

9. 10.

In Exercises 11…16, determine the x-values at which the graphs
of f and g cross. If no such x-values exist, state that fact.

11.

12.

13.

14. f1x2 = - 6, g1x2 = x2 + 3x + 13

f1x2 = 7, g1x2 = x2 - 3x + 2

f1x2 = 8, g1x2 = 1
2x2

f1x2 = 9, g1x2 = x2

L

4

- 3
†x3 † dx

L

2

0
†x3 - 1† dx

L

1

- 1
†3x - 2† dx

L

4

0
†x - 3† dx

f1x2 = e
- x - 1, for x 6 - 1,
- x2 + 4x + 5, for x Ú - 1

f1x2 = b
- x2 - 6x + 7, for x 6 1,
3
2x - 1, for x Ú 1

7� 6, 48.

g1x2 = e
- x2 + 5, for x ƒ 0,
x + 5,  for x 7 0

g1x2 = e
x2 + 4, for x ƒ 0,
4 - x,  for x 7 0

7� 2, 38.

f1x2 = b
x + 5,     for x ƒ 4,
11 - 1

2x, for x 7 4

f1x2 = e
2x + 1, for x ƒ 3,
10 - x, for x 7 3

71, 58. 15.

16.

Find the area of the shaded region.

17.

18.

19.

y

x

10

40

1 4

f

g
30

20

2 3…2
…10

(…1, 27)
(4, 32)

5…1

50

f1x2 = x4 - 8x3 + 18x2, g1x2 = x + 28

y

x

5

20

1 4

f
g

15
10

…15
…20

2 3…2…6 …4 …5
…10

(…5, …17)

(3, 15)

(…1, …1)

f1x2 = x3 + 3x2 - 9x - 12, g1x2 = 4x + 3

f

g

3
y

x

2

Š1 1 2

1

f1x2 = 2x + x2 - x3, g1x2 = 0

f1x2 = x2 - 7x + 20, g1x2 = 2x + 6

f1x2 = x2 - x - 5, g1x2 = x + 10



20.

Find the area of the region bounded by the graphs of the given
equations.

21.

22. 23.

24. 25.

26. 27.

28. 29.

30. 31.

32. 33.

34.

35.

36.

37.

Find the average value over the given interval.

38. 39.

40. 41.

42.

43.

44.

45.

46.

47.

48.

APPLICATIONS

Business and Economics

49. Total and average daily profit. Shylls, Inc., determines
that its marginal revenue per day is given by

where is the total accumulated revenue, in dollars, on
the tth day. The company•s marginal cost per day is given by

where is the total accumulated cost, in dollars, on
the tth day.

C1t2

C¿1t2 = 100 - 0.2t, C102 = 0,

R1t2

R¿1t2 = 100et, R102 = 0,

f1x2 =
n
x
; 31, 54

f1x2 = xn, n Z 0; 31, 24

f1x2 = xn, n Z 0; 30, 14

f1x2 = 4x + 5; 30, a4

f1x2 = mx + 1; 30, 24

f1x2 = x2 + x - 2; 30, 44

y = x2 - x + 1; 30, 24

y = e- x; 30, 14y = ex; 30, 14

y = 4 - x2; 3- 2, 24y = 2x3; 3- 1, 14

y = 2x2 - 6x + 5, y = x2 + 6x - 15

y = 2x2 - x - 3, y = x2 + x

y = x2 + 3, y = x2, x = 1, x = 2

y = x2 + 1, y = x2, x = 1, x = 3

y = 4 - x2, y = 4 - 4xy = x2, y = x3

y = 5, y = 2 x, x = 0y = 3, y = x, x = 0

y = x, y = 24 xy = x2, y = 2 x

y = 2x - x2, y = - xy = x2 - 6x, y = - x

y = 6x - x2, y = xy = x2 - 2x, y = x

y = x + 2, y = x2y = x, y = x4

y = x, y = x3, x = 0, x = 1

y

x

1

4

1 4

f g
3

2

2 3
…1

5…1

f1x2 = 4x - x2, g1x2 =  x2 - 6x + 8
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a) Find the total profit from (the first 
10 days). Note:

b) Find the average daily profit for the first 10 days

50. Total and average daily profit. Great Green, Inc.,
determines that its marginal revenue per day is given by

where is the total accumulated revenue, in dollars,
on the tth day. The company•s marginal cost per day is
given by

where is the total accumulated cost, in dollars, on
the tth day.

a) Find the total profit from 
(see Exercise 49).

b) Find the average daily profit for the first 10 days.

51. Accumulated sales.ProArt, Inc., determines that its
weekly online sales, in hundreds of dollars, t weeks
after online sales began, can be estimated by

Find the average weekly sales for the first 5 weeks after
online sales began.

52. Accumulated sales.Music Manager, Ltd., estimates that
monthly revenue, in thousands of dollars, attributable
to its Web site t months after the Web site was launched, is
given by

Find the average monthly revenue attributable to the
Web site for its first 4 months of operation.

53. Refer to Exercise 51. Find ProArt•s average weekly online
sales for weeks 2 through 5 

54. Refer to Exercise 52. Find the average monthly revenue
from Music Manager•s Web site for months 3 through 5

Social Sciences

55. Memorizing. In a memory experiment, Alice is able to
memorize words at the rate given by

In the same memory experiment, Ben is able to
memorize words at the rate given by

a) Who has the higher rate of memorization?
b) How many more words does that person memorize

from (during the first 10 min of the
experiment)?

c) Over the first 10 min of the experiment, on
average, how many words per minute did Alice
memorize?

t = 0 to t = 10

M¿1t2 = - 0.003t2 + 0.2t 1words per minute2.

m¿1t2 = - 0.009t2 + 0.2t 1words per minute2.

1t = 2 to t = 52.

1t = 1 to t = 52.

R1t2 = 0.5et.

R1t2,

S1t2 = 9et.

S1t2,

t = 0 to t = 10

C1t2

C¿1t2 = 75 - 3t, C102 = 0,

R1t2

R¿1t2 = 75et - 2t, R102 = 0,

1from t = 0 to t = 102.

P1T2 = R1T2 - C1T2 =
L

T

0
3R¿1t2 - C¿1t24 dt.

t = 0 to t = 10
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d) Over the first 10 min of the experiment, on
average, how many words per minute did Ben
memorize?

56. Results of studying. Antonio•s score on a test is 
given by

where is his score after t hours of studying.
Bonnie•s score on the same test is given by

where is her score after t hours of studying.

a) For who will have the higher test
score?

b) Find the average value of over the interval
and explain what it represents.

c) Find the average value of over the interval
and explain what it represents.

d) Assuming that both students have the same study
habits and are equally likely to study for any number
of hours, t, in on average, how far apart will
their test scores be?

57. Results of practice. A keyboarder•s speed over a 5-min
interval is given by

where is the speed, in words per minute, at timet.

a) Find the speed at the beginning of the interval.
b) Find the maximum speed and when it occurs.
c) Find the average speed over the 5-min interval.

58. Average population. The population of the United States
can be approximated by

where Pis in millions and t is the number of years since
2000. (Source:Population Division, U.S. Census Bureau.)
Find the average value of the population from 2001 to 2005.

Natural and Life Sciences

59. Average drug dose.The concentration, C, of phenyl-
butazone, in micrograms per milliliter (µg/mL), in the
plasma of a calf injected with this anti-inflammatory
agent is given approximately by

where t is the number of hours after the injection and
(Source:A. K. Arifah and P. Lees, •Pharma-

codynamics and Pharmacokinetics of Phenylbutazone in
0 ƒ t ƒ 120.

C1t2 = 42.03e- 0.01050t,

P1t2 = 282.3e0.01t,

y

t1 2 3

20

40

4

W(t) = …6t2 + 12t + 90, 
0 �  t �  5

5

60

80

W1t2

W1t2 = - 6t2 + 12t + 90, t in 30, 54,

30, 104,

36, 104,
S1t2

37, 104,
s1t2

0 6 t 6 10,

S1t2

S1t2 = 10t, 0 ƒ t ƒ 10,

s1t2

s1t2 = t2, 0 ƒ t ƒ 10,

a) Given that this model is accurate for 
what is the initial dosage?

b) What is the average amount of phenylbutazone in the
calf•s body for the time between 10 and 120 hours?

60. New York temperature. For any date, the average tem-
perature on that date in New York can be approximated
by the function

where T represents the temperature in degrees Fahrenheit,
represents the middle of January, represents

the middle of February, and so on. (Source:www.
worldclimate.com.) Compute the average temperature in
New York over the whole year to the nearest degree. 

61. Outside temperature. The temperature over a 10-hr
period is given by

a) Find the average temperature.
b) Find the minimum temperature.
c) Find the maximum temperature.

62. Engine emissions.The emissions of an engine are 
given by

where is the engine•s rate of emission, in billions of
pollution particulates per year, at time t, in years. Find
the average emissions from t = 1 to t = 5.

E1t2

E1t2 = 2t2,

f1t2 = - t2 + 5t + 40, 0 ƒ t ƒ 10.
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T(x) = 43.5 … 18.4x + 8.57x2 … 0.996x3 
+ 0.0338x4

x = 2x = 1

+ 0.0338x4,T1x2 = 43.5 - 18.4x + 8.57x2 - 0.996x3

0 ƒ t ƒ 120,
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C(t) = 42.03e…0.01050t

Calves,Ž Journal of Veterinary Pharmacology and
Therapeutics,Vol. 25, 299…309 (2002).) 









































































































































































































































































































































































































































































Index

I-4

Absolute maximum or minimum, 202,
250, 251, 253…254, 584

strategies for finding, 255…257
Absolute-value function(s), 60

graph of, 68
Acceleration, 179…180, 418…420
Accumulated future value, 481…483
Accumulated present value, 484…487, 495
Accuracy, and calculator use, 10
Addition Principle, 609
Additive property of definite integrals,

425…427
Algebra, review of, 605…615
Algebraic…graphical connection, 

52…53
Anticlastic curve, 566
Antiderivative(s)

applications of, 394…395
and area under a graph, 395…396,

411…414
as areas, 399…406
initial conditions and, 393…395
as solutions for differential 

equations, 526
Antidifferentiation, 390…396. See also

Integration
properties of, 393
rules of, 391

Applied problems, solving, 613
Approximately equal to, 10
Approximation

of area, 402…405
of definite integral, 417…418

Area
approximation of, by rectangles,

401…402, 404…405
definite integral as, 405…406
functions, 410
and geometry, 400…401
under a graph, 395…396, 410,

411…414, 415…417
percentiles as, 516…519
of region bounded by two graphs,

427…430
total cost as, 399
total profit as, 401

Arithmetic mean (average), 508, 575
Asymptotes, 235…240
Average cost, 161, 279
Average growth rate, 131
Average profit, 161

Average rate of change, 42, 121…127,
132.See alsoDifference quotient(s)

Average revenue, 161
Average value of continuous function,

430…432
Average velocity, 131, 179
Axes, 3, 551

Base, 309, 605
logarithmic, 322
one as, 311

Beamon, Bob, 528
Bearley, M. N., 528
Break-even value, 44

Capital, marginal productivity of, 
559, 560

Chain Rule, 171, 437, 439
Change of variable, 439
ClearDraw option, 516
Closed and bounded region, 583, 584
Closed interval, 25
Cobb-Douglas production function,

559…560
Coefficient, 53

of correlation, 575
Common logarithm, 324…325
Complex numbers, 52
Composed function, 170
Composition of functions, 169…171, 314

derivative of, 171
Compound interest, 8…10, 23, 339,

345…347
Concavity, 182, 216…217, 566
CONNECTEDmode, 59, 237
Constant, limit of, 347
Constant function(s), 34, 37, 53

derivative of, 148
Constant of integration, 390, 393, 527
Constant of proportionality, 36
Constant plus a function, derivative 

of, 151
Constant Rule, for antidifferentiation, 391
Constant times a function, derivative of,

148…149, 151
Constrained optimization, 579…585
Constraint, 579, 583
Consumer surplus, 474…479
Continuity

and differentiability, 140
over (or on) an interval, 113…117

Continuous function, 113, 114, 200…201
area under graph of, 405
average value of, 430…432

Continuous income stream, 481, 482
Continuous random variable, 499…503

expected value of, 508…510
exponentially distributed, 504…505
mean of, 510…511
normally distributed, 513
standard deviation of, 511…512
standard normal distribution of, 513
uniformly distributed, 504, 508
variance of, 511

Convergent improper integral, 494
Cooling, Newton•s Law of, 357…358
Coordinate system, three-dimensional, 551
Coordinates, of point, 3
Correlation

coefficient of, 575
squared coefficient of, 617

Cost(s)
average, 161…162, 279
fixed, 43
inventory, 269…272
marginal, 277…279
total, 43, 268, 399
variable, 43

Critical point, 566
Critical values, 200…201, 205, 566
Cubic function(s), 53, 68, 74…75
CubicRegfeature, 75
Curve fitting, 68…75, 544…545
Curve sketching, 222…229

D-test, 566, 573, 575
Decay

exponential, 353, 357
integration of models of, 480…489
radioactive, 353…356

Decay rate, 354
Decreasing function, 198…200, 216

concavity and, 217
derivative and, 200, 203

Definite integral(s), 405…406, 414
additive property of, 425…427
applications involving, 418…420
approximating, with calculator, 417…418
and area between two curves, 427…430
and area under curve, 405…406, 425
of continuous function, 417
properties of, 425…432
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