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Chuong 1

Bien co ngau nhién va xac suat cua no

1.1. Phép thir va phan loai bién c¢6

1.1.1. Dinh nghia

* Dinh nghia 1.1 Viéc thuc hién mét nhém cac diéu kién co ban dé quan sat mot hién tugng
nao doé c6 xay ra hay khong dugc goi 1a thuc hién mot phép thit, con hién tugng c6 thé xay ra
trong két qua ctia phép thir d6 dugce goi 1a bién cb.

eVi du 1.1 Tung mdt con stic sac xudng dat 1la mot phép thir, con viéc 1at 1én mot mit nao dé
1a bién c6.
eVi du 1.2 Ban mét phat sung vao bia. Viéc ban sting la phép tht, con viée tring vao mot mién

nao dé cda bia 1a bién cb.

1.1.2. Phan loai bién c6

Mot bién cb chi c6 thé xay ra khi mot phép thir gan lién véi né duge thuc hién. Trong thurc

te c6 thé xady ra cac loai bién co sau day:

* Bién c6 chac chan: 1a bién c6 nhat dinh sé xay ra khi thuc hién mot phép thi. Bién c6 chac

chan dugce ky hiéu 1a U.

* Bién c6 khong thé c6: 1a bién c6 nhat dinh khong xdy ra khi thuc hién mot phép thir. Bién
cd khong thé c6 duge ky hiéu 1a V.

* Bién c6 ngiu nhién: 1a bién cb c6 thé xay ra hodc khong xdy ra khi thuc hién mot phép
thit. Cac bién c6 ngdu nhién dugc ky hiéu la A, B, C, ... hodc Ay, Ay, ...Ay, By, By, ..., By

Tat ca cac bién cb ta gap trong thuc té déu thudc vé mot trong ba loai bién cb ké trén. Tuy

nhién cac bién c6 ngdu nhién la cac bién c6 thuong gap hon ca.
eVi du 1.3 Tung mot con xtic xac, xét cac bién cb sau day:

7
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U = ”Xuat hién mat c6 so cham nho hon 7”. U la bien c6 chac chan.
V = ”Xuat hién mat c6 8 cham”. V la bién c6 khong thé co.
A = ”Xuat hién mat c6 s6 cham chan”. A 1a bién ¢ ngau nhién.

A; =" Xuat hién mat i chAm”, (i = 1,2,...6). A; 1a cac bién c6 ngdu nhién.

1.2. Pinh nghia xac suat

1.2.1. Xac suat cua bien co

* Dinh nghia 1.2 X4c suét ctia mot bién cd 1a mot con sb déc trung cho kha nang khach quan

xuat hién bién cd d6 khi thuc hién phép thir. Ky hiéu xac suat ctia bién cb A la P(A).

Ta chii y rang, viéc bién cd ngdu nhién xay ra hay khong xay ra trong két qua ctia phép thi
la diéu khong thé doan trudc duge, xac sudt ciia mot bién cb chi phan dnh kha nang khach
quan xut hién bién c6, do nhitng diéu kién ctia phép thir quy dinh chi khong tuy thudc vao

y mudn cht quan ctia con ngudi.

1.2.2. Dinh nghia c6 dién vé xac suat

a) Vi du mé dau.

Gia st thyc hién phép thir 1a tung mot con stic sac can doi va dong chat. Xét bién cb A =
”Xuat hién mit c6 sd chAm chan”. Ta sé xac dinh xac suat ctia bién cb A.

Khi tung mot con suc sac can dbi va dong chét ta thdy c6 thé c6 6 két cuc xay ra la: xuat hién
cdc mat 1 chdm, 2 chdm, ..., 6 chAm. Nhiing két cuc ndy thod man hai diéu kién: chung duy
nhat, tic 1a trong két qua ctia phép thir chi xay ra mot va chi mot két cuc trong s6 do; hon nira
chuing c6 kha nang xdy ra nhu nhau. Céc két cuc thod man hai diéu kién trén duoc goi cac két
cuc duy nhat dong kha nang.

Trong sb 6 két cuc duy nhat dong kha ning do ta thay chi c6 3 két cuc ma néu két cuc do
xay ra thi bién c6 A sé xay ra, d6 la nhitng két cuc duge mat 2 cham, 4 cham, 6 chAm. Nhing
két cuc lam cho bién c6 xé7y ra duoc goi la cac két cuc thuan lgi cho bién cb.

Nhu vay ta thay kha nang xdy ra ctia bién c6 A 1a 3 phan 6, tic 1a 1 phan 2. D6 1a cach xéac
dinh xac suét ctia bién cb theo quan diém c6 dién.

b) Dinh nghia

* Dinh nghia 1.3 Xdac suat xuat hién bién c6 A trong mot phép thi 1a ti s6 gitra s6 két cuc thuan
lgi cho A va téng s6 cac két cuc duy nhat dong kha nang c6 thé xay ra khi thyc hién phép thi
do.

Néu ky hiéu: m 1a s6 két cuc thuan loi cho bién ¢ A; n 1a sb két cuc duy nhét déng kha

nang cta phép tht, ta c6 cong thic tinh xac suat ctia bién ¢4 A nhu sau:

P(A) ="
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c) Céc tinh chat ctia xc suat

e X&c suat ctia bién cb chac chan béng mot: P(U) = 1.

e Xac suat ctia bién c6 khong thé c6 bang khong: P(V) = 0.

e Xac suét ctia bién c6 ngiu nhién 1a mot s6 nadm trong khoadng gitta khong va mot:

0<PA) <1

Nhu vay, xac suat cia mot bién cd bat ky ludn thod man diéu kién:
0<P(A) <1

d) Tinh xac suat bang dinh nghia c6 dién

eVi du 1.4 Mot ngudi khi goi dién cho ban quén mét 3 chit s6 cubi va chi nhé rang chiing khéc
nhau. Tim xac suat dé quay ngau nhién mot 1an dugc ding sb can goi.
Loi gidi.

Goi A la bién c6 “Quay ngau nhién mot 1an dugc ngay sb can goi”.

S6 két cuc dong kha nang 1a tht ca cac cach 1ap nén mot bo 3 s6 khac nhau tir 10 s6 tu nhién

dau tién. Nhu vay:
n= A3, =10.9.8 = 720.

S6 két cuc thudn 1gi cho bién cb A chi c6 mot két cuc:
m=1

Vi vay theo dinh nghia c6 dién, xac suat cta bien co A la:

eVi du 1.5 Trong binh c6 a qua cau trang va b qua cau den. Ly ngau nhién moét qua cau. Tim
xac suat dé ldy dugc mot qua cau trang.
Loi gidi.

Goi A la bién c6 lay dugc cau trang.

Khi lay ngau nhién mot qua cau, ta c6 thé 1dy dugc bat ky qua cau nao trong sé a + b qua

cau trong binh, vi vay s6 két cuc duy nhat dong kha nang la:

n=a-+b>b
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Bién c6 A sé xay ra khi ta 1dy dugc mot trong s6 a qua cau trang, nhu vay sb két cuc thuan

loi la:

Tir d6 theo dinh nghia c6 dién vé xac sut, ta co:

P(A) =

m a
n  a+b

eVi du 1.6 Mot hop c6 10 san pham, trong d6 c6 6 chinh phdm va 4 phé pham. Ly ngiu nhién
tir hop d6 3 san phadm. Tim xac suat dé:
a) Ca 3 san pham lay ra déu la chinh pham.

b) Trong 3 san pham 14y ra c6 diing 2 chinh pham.

Loi gidi.

a) Goi A 1a bién c6 “Lay dugc 3 chinh pham”.

S6 két cuc dong kha nang trong phép thir bang s6 cach chon 3 san pham (phéan biét va
khong ké thit tu) tir 10 san phdm, nhu vay n = C3, = 120.

S6 két cuc thuan loi cho A xdy ra la s6 cach chon dugc 3 san pham tit 6 chinh phdm, vay
m = Cs = 20.

Ay 2 1A A A1 m 20 1

Do dé xac suét cu/ablen coAla:P(zjl) : PRk il 7

b) Goi B la bien c6 “Trong 3 san pham lay ra c6 dung 2 chinh pham”.

Dé bién cd B xay ra ta phai thurc hién chon theo 2 budc:

- Chon 2 chinh phdm trong s6 6 chinh pham, s cach chon la CZ;

- Chon 1 phé phdm trong s6 4 phé pham, s6 cach chon la C}.

So ket cuc thuan lgi cho bien ¢o B 1a so cach chon cho bien co B xay ra:

m = C2.C}
Vay xac suat ctia bién c6 B la:
m C2.CI 1
10

eVi du 1.7 Tung mot con stc sac hai lan. Tinh xac suat dé trong d6 c¢6 dung 1 1an xuat hién mat

6 cham.
Loi giai.
Goi A 1a bién cb: "Trong 2 lan tung suc sac ¢ dung mot lan xuat hién mit 6 chAm”. S6 két

cuc d6ng kha nang la s cach thiét lap duogc cap 2 s6 1an luot 1a s6 chAm xuat hién ctia moéi lan
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tung stic sac. N6 bang s6 cach chon mot bo 2 s6 (c6 thé gidng nhau va c6 quan tam dén thi tu)
tr 6s6{1,2,...,6}, vay:
n=A2=6>=36.

S6 két cuc thuan loi cho bién b A xay ra g6m 10 két cuc: 16,26,36,46,56,61,62,63,64,65,
do do: m = 10.

; . 1
Vay xac suat ctia bien c6 A la: P(A) = 0_>

w36 18

1.2.3. Pinh nghia hinh hoc veé xac suat

* Dinh nghia 1.4 Xét mot phép thir c6 vo han két cuc dong kha ning. Gia sir ta c6 thé biéu thi
tap hgp moi két cuc nay bdi mot mién hinh hoc ) nao d6; va nhiing két cuc thuan loi cho bién

cd A dugc biéu thi bdi mién con G C Q. Khi d6 xéc suat ctia bién ¢6 A dugc tinh béi cong thiic:

_ dodo (0)
PIA) = a0 )

Tuy theo Q) 1a doan thang, mién phang, manh mat cong hay khéi khong gian ma do do dugc
hiéu 1a d6 dai, dién tich hay thé tich.

eVi du 1.8 Dudng day dién thoai ngam ndi hai tram A, B bdng nhién bi dut. Biét day dién
thoai dong chat dai 800m chén trong long dat c6 kha ning dut tai moi diém nhu nhau, hay
tinh xac suat day dit cach A khong qua 100m.

Loi gidi. Vi day c6 thé dut tai mot diém bat ky trén doan thang AB vé6i kha nang nhu nhau nén
c6 thé biéu thi tap hgp moi két cuc dong kha nang ctia phép thir bdi doan AB. Cac két cuc thich
hop cho bién c6 ”day dut cach A khong qua 100m dugc biéu thi bdi doan AC. Do d6 xac suat
can tim bang:

dodai AC 100 1

”AF:&MMAB_wo:§

eVi du 1.9 Hai ngudi ban A va B hen gap nhau tai mot dia diém xac dinh trong vong ti 0 gio
dén 1 gio. Mbi ngudi dén chd hen vao mot thoi diém bat ky trong khoang thoi gian trén va chg
20 phut, néu khong gap ngudi kia thi bo di. Tinh xac suat dé ho gip nhau.
Loi gidi.

Goi x (phut) 1a Iic dén cta A, y (phtit) 1a ltic dén ctia B.

Moi két cuc déng kha nang la mét cap ) (xy):

0<x<60;0<y < 60.

Vay mién két cuc dong kha nang ) 1a hinh vuéng OACB trén hinh vé.
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Céc két cuc thuan lgi cho hai ngudi gdp nhau la nhiing c&p (x,y) sao cho: |x —y| < 20.
Trén hinh vé, tap hgp nay ing v6i mién con ctia hinh vuéng OACB gom giita cac dudong thang
y=x+20vay =x—20.

Vay xéc suat dé hai nguoi gdp nhau la:

dién tich (G)  60% — 402

~ diéntich (Q) 602

>
5
1.2.4. Dinh nghia théng ké vé xac suat

a) Tan suat xuat hién cta bien co

* Dinh nghia 1.5 Tan suét xuét hién bién ¢ trong n phép thir 1a ty s6 gitrta sd phép thit trong
d6 bién c6 xuat hién va téng s6 phép thir dugce thuc hién.

Nhu vay, néu ky hiéu s6 phép thir 1a n, s6 1an xuat hién bién cd A 1a k, tan suét xuat hién
bién c6 A la f(A) thi:

fla) =%

oVi du 1.10 Khi kiém tra ngau nhién 80 san phdm do mét may san xuat, nguoi ta phat hién ra
3 phé phdm. Goi A 1a bién ¢ “Xuat hién phé phdm”. Vay tan suat phat hién phé phdm bang :

f(A) = o

eVi du 1.11 Ban 50 phat dan vao bia thay c6 47 phét tring. Goi A 1a bién cd ”Ban triing bia”.

Tan suat ctia viéc ban trung bia bang:

f(A):@~

eVi du 1.12 Dé nghién ctru kha nang xuat hién mat sdp khi tung mot dong xu, ngudi ta tién

hanh tung moét dong xu nhiéu lan va thu dugc két qua sau day:

Nguoi lam thi nghiém | So lan tung (n) | SO lan dugc mat sap (k) | Tan suat f(A) = "

Buffon 4040 2048 0,5069
Pearson 12000 6019 0,5016
Pearson 24000 12012 0,5005

Ta thay khi s6 phép thit ting 1én thi tan suat xuat hién mat sap sé dao dong ngay cang it
hon xung quanh gia tri khong déi 1a 0,5. Piéu d6 cho phép hy vong rang khi s6 phép thit ting
1én vo han, tan suat sé hoi tu vé gia tri 0,5.

Tinh 6n dinh ctia tan suat la co s& d€ dua ra dinh nghia thong ké vé xac suét.

b) Dinh nghia thong ké vé xac suat
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* Dinh nghia 1.6 Xac suat xuat hién bién ¢ A trong mot phép thir 1a mot s6 p khong déi ma
tan suat f xuat hién bién c6 d6 trong n phép thir sé hoi tu theo xac suat vé p khi s6 phép thi

tang lén v6 han.

Hoéi tu th jc suat
01 tu theo xac Sua>p(kyhiéuléfﬁ>p).

f

Nhu vy vé mit thuc té, voi sé phép thir n di 16n ta c6 thé iy P(A) = f(A). Ta chd y rang

n—00

& day tan sua 0i tu theo xac suat vé p chi khon ai hoi tu theo nghia thong thuong caa
5 day ta t f hoi tu th t ve p chi khong phai hoi tu theo nghia thong thuong

giai tich toan hoc. Diéu d6 c6 nghia la vdi moi ¢ duong bé tuy v ta ludn co:

lim P(|f —p| <e) =1.

n—oo
1.3. Quan hé gitra cac bién co

1.3.1. Tong cac bién c6

* Pinh nghia 1.7 Bién c6 C duoc goi la t6ng ctia hai bién c6 A va B, ky hituC=A + B, néu C

sé xay ra khi c6 it nhat mot trong hai bién cb y xay ra.

eVi du 1.13 Hai nguoi cting ban vao mot bia. Goi A 1a bién cd "Ngudi thit nhat ban tring”, B
1a bién c6 “Ngudi thit hai ban tring”, C 1a bién c6 “C6 ngudi ban tring”. Vay C= A + B.

oVidu 1.14 Tung mot con suc sac. Goi A; la bién c6 ”Xuat hién maticham” (i = 1,6), Blabién

cd ”XuAt hién it nhat 5 chAm”. Bién c6 B sé xdy ra khi A5 xdy ra hodc Ag xay ra. Vay B = As + As.
2 7z 2 2 A A ~ N L A

* Dinh nghia 1.8 Bien co A dugc goi la tong ctia n bieén co Ay, Ay, ..., Ay, ky hiéu ) A;, néu A

i=1
sé€ xay ra khi c6 it nhat mot trong n bien co ay xay ra.

1.3.2. Tich cac bién c6

* Dinh nghia 1.9 Bién c6 C duoc goi 1a tich ctia hai bién c6 A va B, ky hiéu C = A.B, néu C sé

xdy ra khi va chi khi ca hai bién c6 A va B ciing xay ra.

eVi du 1.15 Hai ngudi ciing ban vao mot bia. Goi A 1a bién c6 “Ngudi thir nhat ban tring”, Bla
bién c6 “Ngudi thit hai ban tring”, C 1a bién ¢ ”Ca hai ngudi cing ban tring”. Vay C = A.B.

eVi du 1.16 Mot mach dién gom hai béng dén mac song song.

Goi A 1a bién c6 “"Béng thit nhat bi chdy khi dién qua tai”, B 1a bién c6 “Béng thit hai bi chay
khi dién qua tai”, C 1a bién c6 “Mach dién bi ngat khi dién qua tai”. RS rang bién c6 C chi xay
ra khi ca hai bién c6 A va B cting dong thdi xay ra. Vay C = A.B.

n
* Pinh nghia 1.10 Bien co A dugc goi la tich ctia n bién ¢o A1, A, ..., Ay, ky hiéu [T A;, neu A
i=1
sé xay ra khi va chi khi ca n bién co néi trén xay ra.
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1.3.3. Bién ¢6 xung khac

* Dinh nghia 1.11 Hai bién ¢4 A va B duoc goi la xung khac véi nhau néu chiing khong thé
dong thoi xdy ra trong mot phép thit. Truong hop ngugce lai, néu hai bién ¢ d6 c6 thé cting xay
ra trong mot phép thir thi duge goi 1a khong xung khac.

eVi du 1.17 Hai ngudi cting ban vao mét bia. Goi A 1a bién c6 “Ngudi thit nhat ban tring”, B
1a bién c6 “Ngudi thit hai ban tring”. Hai bién cd A va B la khong xung khéc

e Vi du 1.18 Mot binh c6 3 loai cau la cau trang, cau xanh va cau dé. Ly ngau nhién tir binh
d6 mot qua cau. Goi A 1a bién c6 “Lay dugc cau trang”, B 1a bién c6 ”Lay dugc cau xanh”. Cac

bién c6 A va B 1a xung khac véi nhau.

* Dinh nghia 1.12 Nhém n bién ¢ {A1, Ay, ..., A, } duge goi la xung khic tirng déi néu bat ky

hai bién co nao trong nhém nay cting xung khac véi nhau.

Chu y rang viéc nhan xét tinh xung khac ctia cac bien co chu yeu dua vao truc giac.

eVi du 1.19 Tung mdt con stic sac. Goi A; 1a bién cd “Xuat hién mat i chAm” (i = 1,6). Cac bién

cb {A1, Ay, ..., Ay} 1a xung khac tung doi.

1.3.4. Nhém day du cac bién co

* Dinh nghia 1.13 Céac bién c6 {A1, Ay, ..., Ay} dugc goi 1a nhém bién cb day du néu trong két
qua ctia phép thir sé xay ra mot va chi mot trong cac bién cb d6. Néi cach khéc, cac bién cb
{A1, Ay, ..., Ay} sé tao nén mot nhom day dd néu ching xung khac titng doi v6i nhau va téng

cta chung la mot bien co chac chan.

eVi du 1.20 Tung mdt con stic sac.
Goi A; 1a bién c¢6 ”Xuat hién mat i cham” (i = 1,6). Cac bién c6 {A1, Ay, ..., Ay} tao nén

nhom day dua cdc bien co.

1.3.5. Bién c6 d6i lap

* Dinh nghia 1.14 Hai bién c6 A va B duogc goi la déi lap véi nhau néu ching tao nén mot

nhom day du cdc bien co. Ky hiéu bien ¢o doi lap cta bien co A 1a A.

eVi du 1.21 Ban mdt phét dan vao bia.
Goi A la bién ¢6 “Ban triing bia”, B 1a bién cd "Ban truot bia”. Cac bién cb A va B 1a hai bién
cb dbi lap nhau: A = B; B = A.

oVi du 1.22 Mot hom c6 a chinh phdm va b phé pham, ldy ngau nhién n sdn pham (n < a +b).
Goi A la bién c6 ”Lay dugc it nhat mot chinh phdm”. Khi d6 bién cb ddi 1ap ctia A 1a bién cb A:

"Trong n san pham lay ra khong c6 chinh phdm nao (toan phé pham)”.
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oVi du 1.23 Mot xi nghiép c6 3 6t6 cung hoat dong.

Goi bién cb A; 1a "6t6 thu i bi hong”, (i = 1,2,3). Hay biéu dién cac bién cb sau theo bién cb
Aq, Ay, As.
A = "Chi 6t6 thit nhat hong”
B ="C6 dung 1 6t6 hong”
C="C¢ dung 2 6t6 hong”
D = "Co6 6t6 hong”
Loi giai.
A= A1.AyAs
B = A1.Ay).As+ A1.Ar. A3+ A . Ay. Az
C = A1 Ay A3+ A1.Ay. Az + Ar.Aj. Az
D= A1+ Ay + As.

1.4. Pinh 1y cong va nhan xac suat

1.4.1. Pinh 1y cong xac suat (truong hop cac bién c6 xung khac)

¢ Pinh ly 1.1 Xdc suat cia tong hai bién c6 xung khac bang téng xdc suat cuia cac bién cé do.

Nhu vdy, néu A va B la hai bién c6 xung khac voi nhau thi:
P(A+B) =P(A)+P(B)

m.Ta ky hiéu:

n - 56 két cuc dong kha nang c6 thé xay ra khi phép thir duge thuc hién.

m - s6 két cuc thuan loi cho bién ¢6 A.

my - s6 két cuc thuan 1oi cho bién ¢6 B.

Do A va B xung khac nhau do dé khong thé c6 két cuc thuén lgi cho ca A va B d@)ng thoi
xay ra. VAy s6 két cuc thuan 1gi cho A hodc B xay ra bang mq + m,.
Vi vay:

mytmp _ m | M

P(A+B) = "2 = ZLy 2 — p(A) 4+ P(B).

O

v Hé qud 1.1 Xdc suat cda tong cdc bién c6 xung khac tirng doi bang tong xdc suat cia cac bién
co do.

Titc la néu Ay, A,, ..., A, 14 cdc bién co xung khéc ting doi thi:

p (y) )
i=1 i=1
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v Hé qud 1.2 Néu cac bién c6 A1, As, ..., A, tao nén mét nhom dﬁy du cdc bién cé thi tong cac

xac suat cua chung bang 1.

iP(Ai) = 1.

i=1

v Hé qud 1.3 Tong xdc suat cuia cdc bién cé doi Idp nhau bang 1.
P(A)+P(A) =1.

eVi du 1.24 Xac sudt dé mot xa thu ban bia tring diém 10 1a 0,1; tring diém 9 1a 0,2; tring
diém 812 0,25 va it hon 8 diém la 0,45. Xa tht &y ban mot phat dan. Tim xac suat dé xa tht dugce

it nhat 9 diém.

Z
A

L&i gidi. Goi A la bién c6 ”Xa tht ban tring diém 10”7, B 1a bién c6 ”Xa thu ban tring diém 97,
C 1a bién cb ”Xa tht dugc it nhat 9 diém”. Vay:

C=A+B
Vi A va B xung khac nhau do d6 theo dinh ly cong xéc suét ta c6:

P(C)=P(A+B) =P(A)+P(B)=0,1+0,2=0,3.

e Vi du 1.25 Xac suét dé sdn phdm san xuét ra la chinh phdm bang 0,9. Tim xac suat sdn pham

san xuat ra la phe pham.

Loi gidi. Goi A 1a bién c6 “San phadm san xuéat ra 1a phé phadm”, khi d6 A 1a bién cd “San pham

san xuat ra 1a chinh phé{m”, Ava A dbi lap nhau, do do:

P(A)=1-P(A)=1-0,9=0,1.

eVidu 1.26 Trong hom c6 12 chi tiét, trong d6 c6 5 chi tiét hong. Lay ngau nhién 4 chi tiét.
Tinh xéac sut trong s6 4 chi tiét lay ra:

a) c6 khong qua mot chi tiét hong;

b) c6 chi tiét hong.
Loi gidi.

Goi A; l1a bién cb “Trong 4 chi tiét 1dy ra c6 ding i chi tiét hong”, i = 0, 4.

a) Goi A la bién cb "Trong 4 chi tiét ldy ra c6 khong qua mot chi tiét hong”, vay:

A= Ag+ A
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Vi Ag va A1 xung khac véi nhau do dé:
P(A) =P(A,) + P(Ay)
Dung dinh nghia c6 dién vé xac suét ta tinh dugc:

ct 7 clcd 35

(4o) ci 9y (A1) ci 99

Vay:
7 35 14
PAA) = 55199 = 33
b) Goi B la bién c6 ”Trong 4 chi tiét lay ra c6 chi tiét hong”, khi d6 bién cb ddi 1ap cta B 1a
"Trong 4 chi tiét lay ra khong c6 chi tiét hong” = A,. Vay:

7 92

P(B)zl—P(E):1—P(AO):1—®:®.

1.4.2. Dinh ly nhan xac suat
a) Bién c6 doc lap

* Dinh nghia 1.15 Hai bién c6 A va B goi la doc 14p vdi nhau néu viéc xdy ra hay khong xay ra

bién c6 nay khong lam thay déi xac suat xay ra ctia bién c6 kia va nguoc lai.

Trong truong hgp viéc bién cd nay xay ra hay khong xay ra lam cho xac suét xay ra ctia bién

6 kia thay déi thi hai bién ¢ d6 goi la phu thudc nhau.

eVi du 1.27 Trong binh c6 3 cau trang va 2 cau den. Ly ngau nhién 2 qua cau theo theo
phuong thitc ¢6 hoan lai. Goi A 1a bién cd “Lan thi nhat 14y dugc cau trang”, B 1a bién cb
”Lan hai ldy dugc cau trang”. Khi dé:

PA) =3 P(B)=

Ta thay xac suat 1y dugc cAu trang lan thi hai (bién cd B) khong phu thudc gi vao két qua
lay ctia 1an trudce (bién cd A), va tuong tu, xac suat ldy dugc cau trang 1an thir nhat (bién cd A)
khong phu thudc gi vao két qua lay cda 1an thi hai (bién c6 B). Vay hai bién cd A va B doc lap
v6i nhau.

eVi du 1.28 Trong binh c6 3 cau trang va 2 cau den. Lay ngiu nhién 2 qua cu theo theo
phuong thiic khong hoan lai. Goi A 1a bién ¢6 “Lan thit nhat lay duge cau trang”, B 1a bién
¢ ”Lan hai lay dugc cau trang”. Khi d6 xac suat lay dugc cau trang 1an thir nhét 1a:
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Tuy nhién xac suat iy duoc cau trang lan thit hai sé phu thudc vao két qua lay cda 1an trudc:
+ Néu lan thi nhat lay duoc cau trang (A xdy ra) thi: P(B) = % ;
+ Néu lan thir nhat 1dy dugc cau den (A khong xay ra) thi: P(B) = Z ;
Vay A va B phu thudc nhau.
Trong thuc té viéc nhan xét tinh doc lap hay phu thudc cta céc bién cb chu yéu dua vao truc
giac. Ta cing nhan thay rang tinh doc 1ap ctia cac bién cd c6 tinh tuong hd. Néu A va B doc lap
véinhauthiAvaB, AvaB,AvaB cung doc lap véi nhau.

» Dinh nghia 1.16 Cac bién cd Ay, Ay, ..., A, goi la doc lap tung do6i voi nhau néu moi cap hai
trong n bién c6 dé doc lap véi nhau. Chang han ba bién ¢6 A, B, C doc lap timng déi véi nhau
néu A doc lap véi B, A doc lap v6i C, B doc lap véi C.

eVi du 1.29 Tung mot dong xu ba lan, goi A; 1a bién c6 "Pugc mat sp & lan tung thi i, i =
1,2,3. Ro rang 1a méi cdp hai trong ba bién c6 d6 doc lap véi nhau.

Vay Aq, Ay, Az ddc lap ting d6i voi nhau.

* Dinh nghia 1.17 Cacbién c6 Ay, Ay, ..., Ay goi la doc lap toan phﬁn v6i nhau néu méi bién cb

doc 1ap voi mot t6 hop bat ky ctia cac bién cd con lai.

Chéng han ba bién c6 A, B, C doc lap toan phan vdi nhau néu A doc lap véi B, A doc lap véi
C, A doc lap véi tich BC, B doc lap vai C, B doc lap vai tich AC, C doc lap véi tich AB.

Chua y ré“mg néu cac bién cb doc lap toan phén thi suy ra chung doc lap tung doi, nhung
diéu ngugc lai khong ding, nghia 1a néu cac bién cd doc 1ap tirng doi thi ching chua chac doc
lap toan phan. Ta ciing quy udc rang khi néi 7 bién ¢ doc 1ap thi c6 nghia 1a ching doc lap

toan phan.

eVi du 1.30 Gia st trong binh c6 4 qua cau, 1 qua son mau do, 1 qua son mau xanh, 1 qua mau

vang, 1 qua son ca mau do, xanh, vang.

Loi giai.
Goi A =”Lay ngau nhién 1 qua cau ti binh dugc qua c6 mau do”;
B =”Lay ngau nhién 1 qua cau tir binh dugc qua c6 mau xanh”;

C =”L4y ngau nhién 1 qua cau tir binh dugc qua c6é mau vang”;

Néu bién cb A xdy ra, tic la da 1dy duge qua c6 mau do, thi vi trong 2 qua mau do ¢6 1 qua
2 N A z A 2 < A A x N 1 N A A 2 N
c6 mau son xanh nén xdc suat cua bién ¢6 B van 1a P(B) = 5 Con neu A khong xay ra, thi
? A . N 2 ~ 2 . 2 N A 1 A s < A A
trong 2 qua khong c6 mau do6 ctng chi ¢6 1 qua mau son xanh nén P(B) = 5 Vay cac bien co
A va B doc lap v6i nhau.
Tuong tu co6 thé chung t6 A va C, B va C doc lap. Vay ba bién c6 A, B, C doc lap tung doi.
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Néu bién c6 A va B da xdy ra, tirc 1a qua cau lay ra c6 hai mau dé va xanh. Khi d6 n6 chi cé
thé 1a qua cau c6 ca ba mau, vi vay xac suat dé lay dugc qua cau mau vang la P(C) = 1. Néu
AB khong xay ra thi qua cau lay ra khong phai quéa c6 ba mau, vi vay xac suat dé lay dugc qua
vang la P(C) = % Vay bién c6 C khéng doc l1ap véi AB. Do d6 cac bién cb A, B, C chi doc lap
timg doi chit khong doc 1ap toan phan.

b) Xac suat diéu kién

* Dinh nghia 1.18 Xac sut ctia bién c¢6 B dugc tinh véi diéu kién bién cd A da xdy ra dugc goi
1a xac sudt c6 diéy kién ctia B va dugc ky hiéula P(B/A).

eVi du 1.31 Trong binh c6 3 cau trang va 2 cau den. Ly ngau nhién 2 qua cau theo theo
phuong thitc ¢6 hoan lai. Goi A 1a bién ¢ “Lan thir nhét 1y dugc cau trang”, B 1a bién cb
”Lan hai 1dy dugc cau trang”. Ta da biét & la A va B doc lap. Ta co:

_3.
=5

3

P(B/A) -z

P(B/A)
eVi du 1.32 Trong binh c6 3 cau trang va 2 cau den. Lay ngau nhién 2 qua cau theo theo
phuong thitc khong hoan lai. Goi A 1a bién ¢ “Lan thit nhat ldy dugc cau trang”, B 1a bién
c6 “Lan hai lay dugc cau trang”. Ta da biét & la A va B phu thudc. Ta c6:

2

P(B/A):Z; P(B/A) >

Dé c6 mot nhan xét rang néu A va B doc 1ap thi:
P(A/B) = P(A/B) = P(A); (B/A) = P(B/A) = P(B).
¢) Dinh ly nhan xac suat.

O Dinh 1y 1.2 Xdc suat cua tich hai bién c6 A va B bang tich xdc suat cia mot trong hai bién cé

do voi xdc suat diéu kién cua bién cé con lai:
P(AB) = P(A).P(B/A) = P(B).P(A/B).

m.Ta ky hiéu:
n - 56 két cuc dong kha nang c6 thé xay ra khi phép thir dugc thuc hién.
my - sO két cuc thuén loi cho bién ¢ A.
my - s6 két cuc thuan 1oi cho bién ¢6 B.
k - 6 két cuc thuan 1gi cho ca A va B dong thdi xay ra.
Luc do:

P(AB) = S; pAy="1, ppE)="2
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Véi diéu kién bién ¢4 A da xay ra thi s6 két cuc duy nhat dong kha nang ctia phép thir doi

vdi bién 6 B 1a mq, trong d6 c6 k két cuc thuan loi cho bién ¢6 B xay ra, do dé:

P(B/A) = mil

Nhu vay: P(AB) = Z - %mi — P(A).P(B/A).
1

Tuong ty khi tinh xac suat diéu kién ddi véi bién cb A, tir d6 suy ra diéu phai ching minh.
O

v Hé qua 1.4 Xac suat cua tich n bién co bang tich xac suat cua n bien co do, trong do xdc suat

ctia méi bién c6 tiép theo déu duoc tinh vdi diéu kién tat cd cdc bién c6 trudc do da xdy ra:
P(Aj.Ay...Ay) = P(A1).P(Ay/ Aq1)..P(Ay/ A1 Ay1).
v Hé qua 1.5 Néu A va B doc Iap thi P(AB) = P(A).P(B).
v Hé qud 1.6 Xdc suat cua tich n bién c6 doc Iap toan phan bang tich cdc xdc suat thanh phan:
P(Aq1.Aj...Ay) = P(A1).P(Ay)...P(Ay).

d) Cac vi du

eVi du 1.33 Trong binh c6 3 cau trang va 2 cau den. Ldy ngau nhién 2 qua cau theo theo
phuong thiic khong hoan lai. Goi A 1a bién ¢ “Lan thit nhat ldy dugc cau trang”, B 1a bién
¢ ”Lan hai lay dugc cau trang”. Ta da biét & la A va B phu thudc va

3 2 - 3
P(A) = = P(B/A) = A_LP(B/A) =7
Khi d6 xéc suat dé ca hai 1an déu 1y dugc cau trang la:
32 3
P(AB) =P(A).P(B/A) = =1= 10

oVi du 1.34 Mot xi nghiép c6 3 6t6 hoat dong ddc lap. Xac suat dé trong mot ngay cac 6to6 bi
hong tuong ung 1a 0,1; 0,2; 0,15.

a) Tinh xac suat dé ca 3 6to6 déu hong.

b) Tinh xac suat dé trong mot ngay c6 ding 1 6t6 hong.

c) Tinh xac suat dé trong mot ngay c6 it nhat mot 6to hong.

Loi gidi. Goi A; 1a bién c6 ”6t6 thit i bi hong trong ngay”; (i = 1,3).
Theo gia thiét: P(A;) = 0,1; P(A3) = 0,2; P(A3) = 0, 15.
Do dé: P(A;) = 0,9; P(Az) = 0,8, P(A3) =0, 85.
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a) Goi A la bién c6 ”ca 3 6t6 déu hong”, ta cé:
A= A1.Ar. A3
Vi cac bién cb Ay, Ay, A3 doc 1ap nén theo cong thitc nhan xac suat ta dugc:
P(A) = P(Ay).P(A;).P(A3) =0,1.0,2.0,15 = 0,003.
b) Goi B 1a bién cb “trong mot ngay c6 ding 1 6t6 hong”, ta co:
B=A.Ay. Az + A1.Ay. A3+ A1.Ay. A3

Vi cac bién c6A1.Ay. A3, A1.Ar. A3 vaA . Ar. As 1a xung khac titng doi va mdi bién cb do6 la

tich ctia cac bien co ddc lap toan phan véi nhau, do do:

P(B) = A1.Ay. A3+ A1.Ay. A3+ A1 Ay. Az (1.1)
= P(A1).P(A2).P(A3) + P(A1).P(A).P(A3) + P(A1).P(A2).P(As) (1.2)
—=0,1.0,8.0,85+0,9.0,2.0,85 +0,9.0,8.0,15 = 0, 329. (1.3)

(1.4)

¢) Goi C 1a bién cb “trong mot ngay c6 it nhat mot 6t6 hong”, ta co:
C=A1+Ar+ Az

Tuy nhién cac bién cd A1, Ay, A3 khong xung khac tirg doi, vi vay khong thé 4p dung dinh
ly cong xac suat da hoc. Ta xét bién cd déi lap ctia C 1a bién cd C = "tAt ca cac 6td déu hoat dong

tot”

Theo cong thitc nhan xac suat:

P(A1.A3.A3) = P(A1).P(Ay).P(A3) = 0,9.0,8.0,85 = 0,612.

Vay xac suat can tim la: P(C) =1 — P(C) = 170,612 = 0,388.

eVi du 1.35 Tung mot dong xu 6 lan. Tinh xac suat dé s6 1an duge mat sp nhiéu hon sb lan

dugc mat ngta.

Loi gidi. Khi tung dong xu 6 1an, c6 cac truong hop sau day c6 thé xay ra:
A - S5 mat sap xuét hién nhiéu hon s mit ngira;
B - S6 mat ngta xuat hién nhiéu hon sb mat sap;

C - S6 mat sap va s mat ngtra xuat hién bang nhau;
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Cac bién c6 A, B va C tao nén mot nhém déy du cac bién cb, vi vay:
P(A) + P(B) + P(C) = 1.
1- P(C)

2
Ta di tim xdc suat ctia bién c6 C. Khi tung dong xu 6 1an s6 két cuc dong kha nang 1a n = 2°;

Vi mat sip va ngra d6i xiing nhau nén: P(A) = P(B), tir d6 ta c6: P(A) =

dé c6 dung 3 lan xuat hién mat sép va 3 1an xuat hién mat ngua thi s6 két cuc thuan loi 1a ra

— (3 vAv-
m = C¢, vay:

m C3 20 5
P = — = —6 = — = —,
() n 26 64 16
Xéc suat can tim 1a:
1 5
_ 1611
P(A) = > =3

1.4.3. Pinh ly cong xac suat (truong hop tong quat)
O Dinh 1y 1.3 Xdc sudt cua toéng hai bién cé6 khong xung khdc bang téng xdc suat cdc bién cé
do trir di xdc suét cua tich cdc bién c6 do.

P(A + B) = P(A) + P(B) — P(AB).

m.Gia su:
n 1a s6 két cuc dong kha nang c6 thé xdy ra trong phép thi;
my la s6 két cuc thuan lgi cho bién c6 A xdy ra;
ny 1a s6 két cuc thuéan 1gi cho bién c6 B xdy ra;
k 1a s6 két cuc thuan lgi cho bién c6 tich AB xay ra;
Khi d6 s6 két cuc thuan 1gi cho it nhat mot trong hai bién cd A hodc B xay ra 1a my + my — k.
my+my—k my  m k

Nhu vay: P(A + B) = Y =t = P(A)+ P(B) — P(AB). O

v Hé qua 1.7 Néu hai bién c6 A, B phu thudc thi xdc sudt cuia téng hai bién cé la:
P(A+B) =P(A)+ P(B)—P(A).P(B/A)
v Hé qud 1.8 Néu hai bién c6 A, B dic I4p thi xdc suat cua tong hai bién c6 la:
P(A+B) = P(A)+ P(B) — P(A).P(B)
v Hé qua 1.9 Néu hai bién c6 A, B xung khdc thi xdc suat cia téng hai bién cé 1a:

P(A + B) = P(A) + P(B)
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v Hé qud 1.10 Xdc sudt cuia tong n bién c6 khong xung khdc duoc xdc dinh bang céng thuic:
n
P (Z Ai> =Y P(A;) = Y_P(AiA)) + Y P(AjAjAL) — ..+ (—1)" 1P(A1Ar... An).
i—1 i i<j i<j<k

v Hé qud 1.11 Xdc sudt cua tich n bién c6 duoc xac dinh bang céng thiic:

n
P (HAl) = ZP(AI') — ZP(A{ +A]') + Z P(A;+ A]' +A)— ..+ (—1)n_1P(A1 +Ay+ ...+ Ap).

i—1 i i<j i<j<k

eVi du 1.36 Xac suat dé dong co thir nhat va thi hai ciia may bay triing dan lan lugt 1a 0,1 va
0,2, xac suat dé phi cong tring dan la 0,05; viéc tring dan cta cac dong co va phi cong la doc
lap v6i nhau. Tinh xac sudt may bay roi, biét may bay sé roi néu ca hai dong co tring dan hodc

phi cong tring dan.

L&i gidi. Goi cac bién c6:
A1 - dong co thit nhét ctia may bay tring dan;
A - dong co thit hai ctia may bay trung dan;
Ajz - phi cong trung dan;
B - mdy bay roi. Ta co:
B=A1A;+ A3

cac bién cb A1, Ay, A3 doc lap va khong xung khdc, 4p dung dinh 1y cong xac suét cho hai bién

cb A1 A, va Az, sau d6 ap dung cong thitc nhan xac suat cho cac bién c6 doc lap ta duogc:
P(B) = P(A1.A2) + P(As) — P(A1.A2.A3) = P(A1).P(Az) + P(A3) — P(A1).P(A2).P(As3)

=0,10,2+0,05-0,1.0,2.0,05 = 0, 069.

1.4.4. Pinh 1y lién hé cong va nhan xac suat

¢ Pinh 1y 1.4 Xdc suat cua téng n bién cé khong xung khdc va doc Iap toan phan voi nhau

bang mot trur di tich xdc suat cia cdc bién c6 doi 1dp voi cac bién cé do.
n n -
PlY Al =1-T]P(A).
i1 i=1

n _ n ___
mKy hiéu A = Y. A;, khidé: A = [] 4;. do do:
i—=1 i=1

1

P (Z Ai> = P(A)=1-P(A)=1-P (ﬁP(E))
i-1 '
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Theo gia thiét cac bien co A; doc lap toan phan nén céc bién co A; cling doc lap toan phan véi

nhau, 4p dung dinh ly nhan xac suat:

A

Vay

v Hé qua 1.12 Néu A4, Ay, ..., Ay Ia cdc bién c6 khéng xung khdc va doc Iap toan phan co cung
xdc suat P(Ay) = P(Ay) = ..P(Ay,) = p thi:

P (iAZ) —1-(1-p)"
i—1

eVi du 1.37 Phai tung mot con stic sac bao nhiéu lan dé véi xac suat khong nhé hon 0,5 c6 thé

hy vong rang trong dé c6 it nhat mot lan dge mat 6 chAm?

Loi gidi. Gia st phai tung stc sac n lan.
Goi A; 1a bién ¢ “Tung lan thit i duge mat 6 chdm”, (i = 1,1), goi A 1a bién cd “Trong n lan

tung c6 it nhat mot 1an dugc mét 6 cham”. Ta c6:

n
A=A +Ar+ . Ay=)_A
i=1

Cac bién cb A; 1a khong xung khac va doc 1ap toan phan vdi nhau, va cé:

P(A)) = P(Ay) = ... = P(Ay) = %

p(A):1—<1—%)n:1—(§>n.

Theo gi thiét xac suat ctia A khong nhd hon 0,5, ta c6 bat phuong trinh sau:

5\" 5\"
1-(2) > ~) <
() 2050 (2) <05

< n.dn (g) < In0,5

do do:

In0,5 _

e n > ~3,7.
~ In(3)

Nhu vay n > 4, tirc 1a phai tung it nhat 4 1an.
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1.5. Cong thuc Bernoulli

1.5.1. Cac phép thu doc lap

* Dinh nghia 1.19 Cac phép thir dugce goi la doc 1ap vdi nhau néu xac suat xdy ra mot bién cb
nao d6 trong tirng phép thir sé khéng phu thudc vao viéc bién ¢ d6 6 xay ra & cac phép thir
khac hay khong. Khi d6 ta cing goi cac phép thi doc lap nhu trén la mét day phép tha doc
lap.

Chang han tung nhiéu 1an mot dong xu sé tao nén mot day phép thir doc 1ap; lay nhiéu 1an
s&n pham tir mot 16 san pham theo phuong thitc ¢6 hoan lai ciing tao nén mot day phép thi
doc lap;...

1.5.2. Cong thuc Bernoulli
Bai todn dugc goi la tuan theo luge do Bernoulli néu thod man cac gia thiét sau:
e Tién hanh n phép thir doc lap;

* Trong mdi phép thir chi c6 hai trudong hop: hodc bién c6 A xay ra, hodc bién cd A khong

Xay ra;

e Trong mdi phép thir xdc suat xdy ra ctia bién cd A déubang p (0 < p < 1), xdc suat khong
xdy ra bién c6 A déubang g =1— p.

O Dinh 1y 1.5 Gid st bai todn tuan theo Iugc do Bemoulli, khi d6 xdc suat dé trong n phép thiy
doéc Iap noi trén, bién cé A xudt hién ding k Ian, ky hiéu 1a P, (k) hodc py, duoc tinh bang cong
thirc Bemoulli sau ddy:

P, (k) = Ck.pk.gnk (0<k<n).

m.Goi A; 1a bién cb “Xay ra bién c6 A & phép thi thiwi”, (i = 1,n);
goi B 1a bién c6 “Trong n phép thit bién cd A xay ra dung k lan”, ta co:

B = A1A2...Akzk+1...A1’l + ...+ lez...zn,kAn,kJrl...An.

Tong sb cac s6 hang (mbi s6 hang 1a mét tich 1 bién cd) chinh 1a s6 cach chon k phép thi
trong 1 phép thir dé bién cb6 A xay ra, do d6 sb cac sb hang ctia tdng trén la CX. Trong mébi s6
hang trén, n bién c6 1a doc lap, do d6 xac suat méi bién cb tich déu bang p*.q"*. Vi cac tich

bién c6 do6 1a xung khac tirng doi voi nhau nén:

P.(k) = P(B) = CkpFq"*.
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Néu goi By 1a bién c6 “Trong n phép thir bién ¢ A xdy ra ding k lan” thi dé thay n + 1 bién
c6 By, By..., B,, tao thanh mot nhém déy du, vi vay:

Potpritp2t..+pn=1

eVi du 1.38 Trong phan xudng c6 7 may hoat dong doc 1ap, xac suat dé trong ca mdi may bi
héng déu bang 0,1. Tim xéac suat dé trong ca do:
a) c6 dung 2 may hong;

b) c6 khong it hon 2 mdy héng

Loi gidi. Néu coi sy hoat dong cia mbi mdy 1a mot phép thi, ta c6 7 phép thir doc 1ap. Trong
mdi phép thir chi c6 hai trudng hgp: hodc may hong, hodc may chay tot. Xac sudt hong ctia mbi
mdy déu bang 0,1. Nhu vay bai toan thod man lugc d6 Bernoulli.

a) Xéc suat dé trong ca c6 duing 2 may hdng dugc tinh bang cong thitc Bernoulli nhu sau:

P;(2) = C3.(0,1)2.(0,9)° =~ 0,124.

b) Xac suat dé trong ca c6 khong it hon 2 may hong (tic 1a ¢6 nhiéu hon hodc bang 2 may hong)
la:

P7(2) 4+ P;(3)+ P;(4) + ...+ P7(7) =1— P;(0) — P,(1)

=1-C2.(0,9)” — C1(0,1).(0,9)8 ~ 1 —0,8503 = 0,1497.

1.5.3. S6 lan xuat hién chic nhéit

Gia st bai toan tuan theo lugc do Bernoulli, khi d6 s6 n, ung vdi xac suat P, (n,) 16n nhat
trong s6 cac P, (k), k = 1,714 s 1an xuat hién chac nhat ctia bién cd A. Ta c6 cong thiic sau day
dé xac dinh n,:
np—q <o <np+p
m.Vi 11, 1a gid tri ing v6i xac sut 1én nhat so véi cac xac suat P, (k) khac nén ta cé cac bat dang
thuc sau:
Pn(no) ZPn(no_l)
Py(ny) > Py(n,+1)
Cgo pnoqn—no Z C;

Thay cac biéu thiic ctia xac suat vao cac bat dang thitc trén theo cong thitc Bernoulli:
Cgo pnoqn—no > C;

n! e on—n n! g
- pho o > Mo n—ny+1
PN no!(n—no)!p 1 - (no—l)!(n—no—l—l)!p 1
n! n!

Mo gh—Mo > no+1 n—n,—1
LA P

no!(n — ny no+ 1)l(n—mny—1)!
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£, > 1 1) > <
N Tloq _n—pno—{—l(:} p(n—mno+1) >gqn, N n, <np+p 0
P q(no +1) >p(n—ny)  |mo Znp—q

Ta chi y rang, vi 1, 1a mot s6 nguyén, do d6 c6 thé xay ra hai truong hop:

e Néu np + p la mot s6 nguyén thi np — g cting 1a mot sd nguyén, va P(np + p) = P(np —q),
khi d6 s6 lan xuét hién chdc nhat nhan hai gid tri n, = np + p van, = np — q.

e néu np + p khong la s6 nguyén thi sb lan xuét hién chac nhét n, 1a gia tri nguyén duy

nhat nam trong khoang hai s6 np — g va np + p.

oVi du 1.39 Xac suat dé mot hanh khach cham tau 1a 0,02. Tim s6 hanh khach cham tau c6 kha
nang xdy ra nhiéu nhat trong mot doan tau 835 khach.

L&i gidi. Bai toan thod man luge do Bemoulli véi n = 835 phép thir; dbi voi mdi phép thir (viéc
dén tau ciia mbi hanh khach) chi xay ra hai trudng hop: cham tau (bién c6 A) hodc khong cham
tau; p = P(A) = 0,02. S6 hanh khach cham tau c6 kha nang xay ra nhiéu nhat la s6 lan xuat
hién chac nhat n,, ta cé:

np—q<n,<np-+p
< 835.0,02 — 0,98 < n, <835.0,02+ 0,02
& 15,72 < n, < 16,72

Vay n, = 16, tic la s6 hanh khach cham tau c6 kha niang xay ra nhiéu nhat 1a 16 ngudi.

1.5.4. M6 rong cong thiuc Bernoulli

Ta c6 thé tong quat hoa luge do Bernoulli theo hudng nhu sau:
e Gia st tién hanh n phép thir doc lap.
 Trong m&i phép thix c6 m két cuc xung khic Ay, Ay, ..., Ay hop thanh nhém day du.

e Trong m&i phép thit, xdc suat xuat hién sy kién A; bang p; (khong phu thudc chi sb cta
phép tha), p1 +p2+ ... + pm = 1.

Ky hiéu Py (kq,ky, ..., km ) 12 xac suat dé trong n phép thir do:
bién cb A xay ra k; lan;

bién cb A, xay ra k; lan;

bien co Ay, xay ra ky, lan;
Ta co:
n!

k k km kv k "o ky  k m
Pn(kl,kz,..., km) = Cnl'Cﬂszl"'Cnfklsz*...km_l'pll'PZZ"'P]:” = mp11p22p§1 . (15)
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That vay, goi B 1a sy kién “Trong n phép thir, bién c6 A; xay ra ding k; 1an”. Bién c6 B la

tong ctia cac bien co dang:

ALALLAL A Ay Ay oo A A A,

kthitasd kthirasd  kythira sb

Vi cac bién cb A; c6 thé dugce sap xép theo cac thit tur khéc, sao cho ddm béo c6 k; bién cb A;

nén so cac bién co dang trén la:

Ck1 Ck2 Ckm _ n! (Tl — kl)! (1’1 — k1 —ky — ...km,l)!
"tk Tk ke ke T f(n— k) Ukl (n — kg — ko) k! (n — Ky — ko — k)

Vi mdi bién ¢ dang trén c6 cine xac suat 1a p*1.p%2. p*" va cac bién cb dang nay 1a xun
ang g 1 P2 -Pm ng nay g
khéc nén ta c6 cong thirc 0

oVi du 1.40 Tai mdt ga xép c6 10 khach 1én tau gom 3 toa. Xac suat mot khach bat ky 1én toa 1,
IT va III theo tha tw 12 0,2 ; 0,5 va 0,3. Tinh xac suét:

a) Co6 dung 3 khach 1én toa I.

b) C6 3 khach 1én toa I, 5 khach 1én toa II va 2 khach 1én toa III;

c) C6 it nhat 5 khach 1én toa II va 4 khach 1én toa III.
Loi gidi. Coi sy kién moi nguoi khach 1én tau la thuc hién 1 phép thi, nhu vay ta c¢6 day 10
phép thur doc lap.

a) Bai toan tuan theo luge do6 Bemoulli véin = 10; p =0,2. Xac suat can tim la:
p3 = Pyo(3) = C3,.(0,2)%.(0,8)” ~ 0,201.

b) Bai toan tuan theo lugc d6 Bemoulli mé& rong véin = 10;p; = 0,2, p2 = 0,5, p3 = 0,3. Xac

suat can tim la:

10!
P1o(3,5,2) = C3,.C5.C5(0,2)%.(0,5)°.(0,3)* = m(0,2)3.(0,5)5.(0,3)2 = 0,0567.

c) Bai toan tuan theo luge do Bernoulli md rong tuong tu phan b). C6 3 truong hop c6 thé xay
ra:

+) 6 khach 1én toa II va 4 khach lén toa III;

+) 5 khach 1én toa II va 5 khach 1én toa III;

+) 1 khach 1én toa I; 5 khach 1én toa II va 4 khach 1én toa III;

Vay xac suat can tim la:
P1(0,6,4) 4 P19(0,5,5) + Pyo(1,5,4) = C%,.(0,5)°.(0,3)* 4 C3,.(0,5)°.(0,3)° + C},.C3.0,2.(0,5)°.(0, 3)*

~ 0,1095.
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1.6. Cong thirc day du va cong thirc Bayes

1.6.1. Céng thirc xac suat day da

O DPinh 1y 1.6 Gid st n bién c6 Hy, Ha, ..., H, 1dp thanh nhom day dii cac bién c6; bién c6 A co
thé’xéy ra déng thoi voi mot trong cac bién c6 Hy, Hy, ..., H,. Khi do xdc suat cia bién c6 A duoc
tinh bang céng thiic sau diy:

n

P(A) =) _P(H;).P(A/H;).

i=1

m.Vi cac bién c6 Hy, Hy, ..., H, tao nén mot nhom déy du céc bién cb nén:
A= (H;+ Hy+ .H,).A=HA+ HA+ ..+ H,A.

Vi cac bién cb6 Hy, Hy, ..., Hy, xung khac tung doi, do do cac tich H1A, HyA, ..., H, A cing
xung khac tirng d6i, do dé:

P(A) = P(H1A) + P(HyA) + ... + P(H,A).

Ap dung dinh Iy nhan xac suat vdi cac tich H; A ta co:

P(A) = P(H,)P(A/Hy) + ...+ P(H,)P(A/H,) = iP P(A/H;))
i=1

O

eVidu 1.41 C62hop dung san pham. Hop thit nhat ¢6 10 sdn pham trong d6 c6 9 chinh pham.
Hop thit hai ¢6 20 san phdm trong d6 c6 18 chinh pham. Tir hop thit nhat ldy ngdu nhién mot
san pham bd sang hop thit hai. Tim xac suat dé lay ngau nhién mot san pham tir hop thit hai
dugc chinh pham.

Loi gidi. Goi A 1a bién b “Lay dugc chinh phdm tir hop thit hai”. Bién c6 A c6 thé xdy ra dong
thoi v6i mot trong cac bién c6 sau day tao nén mot nhém day dua cac bién cb:

Hj - sén pham bd tir hop thit nhat sang hop thit hai 1a chinh pham;

H, - sén pham bd tir hop thit nhat sang hop thit hai 1a phé phé’rg.

10
1

10
Néu ldy mot chinh phdm tir hop mot sang hop hai thi xac suat lay duge mot chinh pham tir

hop haila: P(A/H;) = i

Néu ldy mot phé pham tir hop mot sang hop hai thi xac suat lay duge mot chinh pham tir

hop hai la: P(A/H,) = ;3

Xéc suat dé l1ay dugc mot chinh phdm tir hop mot 1a: P(Hy) =

Xéc suat dé lay dugc mot phé pham tir hop mot la: P(H,) =



30 CHUONG 1. BIEN CO NGAU NHIEN VA XAC SUAT CUA NO

Do d6 theo cong thirc day du ta co:

9 19 118 9
P(A) = P(Hy)P(A/Hy) + P(Hy)P(A/H;y) = oI =

eVi du 1.42 Day chuyén lap rdp nhan dugc céc chi tiét do hai mdy san xuat. Trung binh may
thit nhat cung cAp 60% chi tiét, may thi hai cung cAp 40% chi tiét. Khoang 90% chi tiét do may
thit nhét san xut 1a dat tiéu chudn, con 85% chi tiét do may thit hai san xuét 1a dat tiéu chuan.

Tinh xac suat dé lay ngdu nhién tir day chuyén dugec mot san pham dat tiéu chuan.

Loi gidi. Goi A la bién c6 “Chi tiét 14y tir day chuyén dat tiéu chudn”. Bién cd A c6 thé xay ra
dong thai vdi mot trong hai bién cb sau day tao nén mot nhém day du cac bién co:

H;- Chi tiét do may thit nhat san xuat;

H, - Chi tiét do mdy thit hai san xuét.

Theo diéu kién bai toan:

P(H;) = 0,6; P(A/H;) =0,9

Do dé xac suat can tim la:
P(A) = P(Hy)P(A/H;y)+ P(H2)P(A/H;y) =0,6.0,9+0,4.0,85 = 0, 88.

1.6.2. Cong thirc Bayes

¢ DPinh 1y 1.7 Gid sittn bién c6 Hy, Ha, ..., H, 1dp thanh nhom day dii cac bién c6; bién c6 A co
thé’xéy ra dé]ng thoi voi mot trong cac bién c6 Hy, Hy, ..., H,,. Khi do:

P(Hy).P(A/Hy) .

P(Hx/A) = — ;
L. P(H;).P(A/H,)

(k=1,n)

m.Theo dinh ly nhan x4c sudt ta cé: (v6i k = 1,n)
P(AH,) = P(A).P(Hy/A) = P(H,).P(A/Hy)
T do:

P(Hy).P(A/ Hy)
P(A)

P(Hy/A) =
Thay P(A) bang cong thitc xac suat day du ta cé:

P(Hy).P(A/Hy)

P(Hx/A) = —
¥ P(H;).P(A/H,)
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O

oVi du 1.43 C6 2 hop dung san pham. Hop thit nhat c6 10 sdn pham trong d6 c6 9 chinh pham.
Hop thit hai ¢6 20 san phdm trong d6 c6 18 chinh pham. Tir hop thit nhat ldy ngdu nhién mot
san pham bd sang hop thit hai. Sau d6 ldy ngau nhién mot san pham tir hop hai thay dé la
chinh pham, tinh xac suat dé san pham lay tir hop mot bd sang hop hai ciing 1a mot chinh

pham.

Loi gidi. Ky hiéu cac bién cb tuong tu vi du m
A - Lay dugc chinh phdm tir hop thit hai;
Hj - sén pham bd tir hop thir nhat sang hop thit hai la chinh pham;
H, - sén pham bd tir hop thit nhat sang hop thit hai 1a phé pham.

Ta c6 Hy, H2 lap thanh nhém day du cac bién c6 va:

9 19
P(H;) = 10 P(A/Hy) = o1
1 18
P(Hy) = 10 P(A/Hp) = o1

Ta can tinh P(H;/ A), theo cong thiic Bayes:

P(H,).P(A/H,)

P(Hy/A) = P(Hy).P(A/H;) + P(Hy).P(A/Hy)
9 19
___loa  _57/70 _ 19
S I8 510 2
1021 1021

eVi du 1.44 Day chuyén ldp rdp nhan dugc cac chi tiét do hai mdy san xuat. Trung binh may
thir nhat cung cap 60% chi tiét, may thit hai cung cap 40% chi tiét. Khoang 90% chi tiét do
may thir nhat san xuét 1a dat tiéu chuédn, con 85% chi tiét do may thit hai san xuat la dat tiéu
chuén. Lay ngau nhién tir day chuyén mot san pham, thiy né dat tiéu chuan. Tim xac suat dé
san pham d6 do may thi nhat san xuat. Hoi sdn pham d6 c6 kha nang do may nao san xuat ra

16n hon?

Loi gidi. Ky hiéu cac bién c6 tuong tu vi du[l.42}
A - Chi tiét lay tir day chuyén dat tiéu chudn;
Hj - Chi tiét do mdy thi nhat san xuat;
H, - Chi tiét do mdy thit hai san xuat.

Ta co:
P(Hy) =0,6; P(A/H;) =0,9;

P(H,) = 0,4; P(A/H,) = 0,85
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Theo cong thitc xac suat day du:
P(A) = P(Hy).P(A/H;) + P(Hy).P(A/H,) = 0,6.0,9 + 0,4.0,85 = 0, 88.

Xdc suét dé chinh pham 14y ra do may thir nhat san xuat la:

P(H;).P(A/H;) _ 0,6.0,9

P(Hh/4) = P(A) " 0,88

~ 0,614.

Xdac suét dé chinh pham 14y ra do may thi hai san xuat la:

P(H,).P(A/Hy) _ 0,4.0,85

P(Hz/A) = P(A) - 0,88

~ 0, 386.

Ta thay P(H;/A) > P(Hy/A). Vay san phdm d6 c6 kha nang do may thit nhat san xut ra
16n hon.

Bai tap chuong 1

Pinh nghia ¢ dién vé xac suat.
Bai 1.1. Gieo mot con stic sac ddi xing va dong chét. Tinh xéac suat dé duoc:
a) Mt sau cham xuéat hién.
b) Mat c6 s6 chAm chan xuéat hién.
Piép s6: a) 0,167;b) 0,5.
Bai 1.2. Gieo déng thoi hai con stic sac. Tim xac suat dé duoc hai mit cé:
a) Téng s6 chAm bang 7.
b) Tong s6 cham nhé hon 8.
c) it nhat mot méat 6 cham.
d) Gid str gieo n con stic sac db6i xiing va dong chéat, tinh xac sut dé dugc téng s6 chdm 1a n +
1.
Pap s6: a) 0,167; b) 0,583; ) 0,306.
Bai 1.3. Gieo dong thdi hai dong xu. Tim xac suat dé dugc:
a) Hai mat cung sap xuat hién.
b) Mot sip mot ngira xuat hién.
c) C6 it nhat mot mat sap.
Pap s6: a) 0,25; b) 0,5; ¢) 0,75.
Bai 1.4. C6 100 tAm bia hinh vudng nhu nhau duge danh s tir 1 dén 100. LAy ngdu nhién mot
tim bia, tim xac suét:
a) Dugc tm bia khong c6 chir s6 5.
b) Puoc mot tAm bia c6 s6 chia hét cho 2 hodc cho 5.
Pap s6: a) 0,81; b) 0,6.

Bai 1.5. Mot ngudi goi dién thoai cho ban nhung lai quén mat 3 chit s6 cudi. Tim xac suat dé
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nguoi d6 quay s6 mot lan duge ding sd dién thoai ctia ban néu:

a) Nguoi d6 nhé rang 3 chit sb cubi khac nhau.

b) Nguoi d6 khong nhé gi thém.

Pip s6: a) 0,001389; b) 0,001.

Bai 1.6. Mbi vé x6 6 c6 5 chit s6. Tim xac suat d€ mot ngudi mua 1 vé duge vé:

a) C6 5 chit s6 khac nhau.

b) C6 5 chir s6 déu 1a 1é.

Pap s6: a) 0,3024; b) 0,03125.

Bai 1.7. M6t nhi déng tap xép chit, em ¢ cac chit N, E, H, G, H, N. Tim xdc sut dé em d6 trong
khi sap ngau nhién duge chit NGHENH.

Dap s6: 0,0056.

Bai 1.8. C6 30 tAm bia giéng nhau dugc danh s6 1an luot tir 1 dén 30, trong do co 15 tam bia c6
ch ”"SU", 11 tAm bia c¢6 chir ”ZU", 3 tim bia c6 chir ”KI”, 1 tdm bia c6 chit “SUZUKI". Nguoi
choi sé théng cudc néu ghép duoc (hodc chon duge) chir SUZUKI. Tinh xac suat ngudi choi
théng cudc néu ngudi dé dugc chon:

a) 2 tAm bia

b) 3 tAm bia

c) 4 tAm bia.

Dap s6: a) 0,067; b) 0,222; ¢) 0,368.

Bai 1.9. Trén gia sach c6 xép ngdu nhién mot tuyén tap cda tac gia X gdm 12 cudn. Tim xac suét
dé cac tap dugc xép theo thit tu hodc tir trai sang phai hodc tir phai sang trai.

Pap s6: 4,2.10-9.

Bai 1.10. Mot 16 hang gdm 6 chinh phdm va 4 phé phdm dugc chia ngiu nhién thanh 2 phan
bang nhau. Tim xac suat dé méi phan déu c6 s6 chinh phdm nhu nhau.

Pap s6: 0,476.

Bai 1.11. Trong mot hom dung 10 chi tiét dat tiéu chudn va 5 chi tiét la phé pham, lay ngau
nhién déng thoi 3 chi tiét. Tinh xac suat: a) Ca 3 chi tiét léy ra thuoc loai dat tiéu chuan.

b) Trong s6 3 chi tiét lay ra c6 2 chi tiét dat tiéu chudn.

Dip s6: a) 0,264; b) 0,495.

Bai 1.12. Nam ngudi A, B, C, D, E ngdi mét cach ngdu nhién vao mot chiéc ghé dai. Tim xac
suat dé: a) C ngoi chinh giira.

b) A va B ngdi & hai dau ghé.

c) A va B ngdi canh nhau.

bap s6:a) 0,2;b) 0,1; ¢) 0,4.

Bai 1.13. C6 n ngudi trong d6 c6 m ngudi trung tén xép mot cach ngau nhién thanh mot hang
ngang. Tim xéac sudt dé m ngudi trung tén ding canh nhau.

Dép sb: (nrn —l; 1)!m!

Bai 1.14. Than%' mdy clia mot toa nha 7 tang xuat phat tir tang mot voi 3 khach. Tim xdc suat
de:
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a) Tat ca cling ra & tang bon.

b) Tat ca ciing ra & mot tang.

c) Mbi ngudi ra § mot tang khac nhau.

Dap so6: a) 0,0046; b) 0,0278; c) 0,555.

Bai 1.15. Ba nit nhan vién phuc vu A, B, c thay nhau rira dia chén va gia thiét ba nguoi nay déu
”khéo 1é0” nhu nhau. Trong mot thang c6 4 chén bi vd. Tim xac suét:

a) Chi A danh v 3 chén va chi B danh vo 1 chén.

b) Mot trong 3 ngudi danh va 3 chén.

c) Mot trong 3 ngudi danh v ca 4 chén.

Dap s6: a) 0,049; b) 0,296; c) 0,037.

Bai 1.16. C6 10 khach budc ngau nhién vao mét ctra hang c6 3 quay. Tim xac suat dé c6

a) 3 nguoi dén quay s6 1.

b) mot quay c6 3 ngudi va mot quay khac cé 5 ngudi.

Pap s6: a) 0,260; b) 0,256.

Pinh nghia hinh hoc vé xac suat

Bai 1.17. Mot ngudi choi phi tiéu cdm ngau nhién phi tiéu vao mot diém trong bia la hinh
vudng ABCD tdm O c6 canh 20cm. Tinh x4c suat dé tiéu roi vao mot diém:

a) nam trong hinh tron tdm 0O bén kinh 5cm

b) nam trén dudng chéo AC

c) khong roi vao tam O.

bap s6:a) 0,196; b) 0; ¢) 1.

Bai 1.18. Cho mot doan thang va bé gay ngau nhién thanh 3 doan. Tinh xéc suat dé 3 doan dé
tao thanh dugc mot tam giac.

bap s0: 0,25.

Pinh nghia théng ké vé xac suat

Bai 1.19. C6 thé xem xac suat sinh dugc chau trai 1a bao nhiéu néu quan sat 88200 trudong hop
sinh trong ndm & mot viing thay c6 45600 chau trai.

Pap s6: 0,517.

Bai 1.20. Tan suat xut hién bién cb vién dan tring dich 1 0,85. Tim s6 vién dan ban tring dich
ctia xa thtt d6 néu ngudi nay ban 200 vién dan.

Pap s6: 170.

Mbi quan hé giira cac bién c6

Bai 1.21. Ba nguoi cung ban vao mdt muc tiéu. Goi Ay 1a bién cd nguoi thu k ban trung muc
tiéu (k = 1,3) . Hay viét bang ky hiéu cac bién cd biéu thi rang:

a) Chi c6 ngudi thir nhat ban tring muc tiéu.

b) Chi c6 mot ngudi ban tring muc tiéu.

c) Chi ¢6 2 ngudi ban tring muc tiéu.

d) C6 ngudi ban tring muc tiéu.

Bai 1.22. Kiém tra theo thit t mot 16 hang c6 10 san phdm. Céc san pham déu thudc mot trong
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hai loai: Tot hodc Xau. Ky hiéu Ai(k = 1,10) 1a bién cb chi sdn phdm kiém tra thit k thudc loai
Xau. Viét bang ky hiéu cac bién cb sau:

a) Ca 10 san phdm déu Xau.

b) C6 it nhat mot sén pham Xau.

c) Ca 6 san pham kiém tra dau la Tét, cdc san pham con lai 1a Xau.

d) Céc san pham kiém tra theo thit tu chan 1a t6t, con cac san phdm kiém tra theo thu ty 1€ la
xau.

Pinh Iy cong va nhan xac suat

Bai 1.23. Dé dugc nhap kho, san pham ctia nha may phai qua 3 phong kiém tra chat lugng, xac
suét phat hién ra phé pham & cac phong theo thu tur 1a 0,8; 0,9 va 0,99. Biét cac phong kiém tra
hoat dong doc lap, tinh xac suat phé pham duogc nhap kho. Dap s6: 0,0002.

Bai 1.24. Xac suat dé khi do mot dai lugng vat ly pham sai s6 vugt qua tiéu chudn cho phép la
0,4. Thyc hién 3 1an do doc 1ap. Tim xac suat sao cho c¢6 ding mdt 1an do pham sai s6 vuot qua
tiéu chuan cho phép.

Dap s6: 0,432.

Bai 1.25. Mot hop chira 3 bi trang, 7 bi d6 va 15 bi xanh. Mot hop khac chira 10 bi trang, 6 bi d6
va 9 bi xanh. Lay ngau nhién tit méi hop mot bi. Tim xdc suat dé hai bi lay ra la ciing mau.
Pap s6: 0,3312.

Bai 1.26. Hai ngudi cung ban vao mot muc tiéu. Kha ning ban tring cua tirng ngudi 1a 0,8 va
0,9. Tim xac suat: a) Chi c6 mot nguoi ban trung muc tiéu.

b) C6 nguoi ban trung muc tiéu.

c) Ca hai nguoi ban truot.

Pap s6: a) 0,26; b) 0,98; ¢) 0,02.

Bai 1.27. Nha may c6 3 6t6 hoat dong doc lap, xac sudt dé méi 6t6 bi hdng trong ngay lam viéc
lan luot 12 0,1; 0,2; 0,3. a) Tinh xac suat trong ngay c6 chi 6t6 thi nhat hong.

b) Tinh xac suat trong ngay c6 dung 1 6t6 hong.

c) Tinh xac suat trong ngay c6 6td hong.

d) Biét trong ngay lam viéc c6 hai 6t6 hong, tinh xac suat 2 6t6 hong d6 1a 6td thi nhét va tha
hai.

Dap s6: a) 0,056; b) 0,398; ¢) 0,496; d) 0,152.

Bai 1.28. Trong hop c6 n qua bong ban méi. Ngudi ta lay ra k qua dé choi (k < g) sau d6 lai bo
vao hop. Tim xac suat dé 1an sau lay ra k qua dé chai thi ldy dugc toan béng moi.

k
Cn—k

Ch
Bai 1.29. Tin hiéu thong tin dugc phat 3 1an véi xac suat thu duge ctia méi 1an 1a 0,4.

Pap so:

a) Tim xéc suat nguon thu nhan dugc thong tin do.

b) Néu mubn xéc suat thu duge thong tin 1én dén 0,9 thi phai phat bao nhiéu lan?

Dap s6: a) 0,784; b) 5 1an.

Bai 1.30. Hai ngudi ciing ban vao mot muc tiéu, kha nang chi c6 mot ngudi ban tring 1a 0,38.

Tim xac suat ban tring ctia ngudi thit nhat, biét rang kha ning ban tring cia ngudi thi hai 1a
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0,8E

Pap 56:0,7.

Bai 1.31. rong 10 san phdm c6 2 phé pham, 14y ngdu nhién 2 san pham. Tinh xac suat dé ca

2 san pham déu la phé pham trong truong hop:

a) Lay hoan lai.

b) Lay khong hoan lai.

Pap s6: a) 0,04; b) 0,022.

Bai 1.32. Xac suat dé ban mot vién dan tring dich 1a 0,8. Hoi phai ban bao nhiéu vién dan dé
Vi xac suat nhé hon 0,4 ¢6 thé hy vong rang khong c6 vién nao truot?

Pap s6: 5 lan.

Bai 1.33. Phéi gieo mot con stic sac trong bao nhiéu 1an dé véi xac suat 16n hon 0,5 c6 thé hy
vong co it nhat mot 1an dugc mat 6 cham?

Pap s6: 4 1an.

Bai 1.34. Mot noi hoi duge 1ap 2 van bao hiém véi xac sut hong ctia cac van tuong ting 1a 0,1
va 0,2. Noi hoi sé hoat dong an toan khi c6 van khong hongé Tim xac suat dé ndi hoi hoat dong:
a) An toan;

b) Mat an toan.

Pap s6: a) 0,98; b) 0,02.

Bai 1.35. Ban lién tiép vao mot muc tiéu cho dén khi vién dan dau tién trang muc tiéu thi dung.
Tim xéc suat sao cho phai ban dén vién thu 6, biét rang xac sut tring muc tiéu ctia méi vién
dan 13 0,2 va cac 1an ban doc lap véi nhau.

Dap s6: 0,066.

Bai 1.36. Mot tht kho ¢6 chum chia khoa gom 9 chiéc trong d6 chi c6 1 chiéc mé& dugc ctra kho.
Anh ta thit ngau nhién titng chia khoa mét, chiéc nao dugc thir thi khong thi lai. Tinh xac suat
anh ta mé duoc ctra & lan thu 4.

Pap s6: 0,111.

Bai 1.37. Gieo mot con stic sac dbi xuang va déng chat. Goi A 1a bién ¢6 dugc mat c6 s6 chan
cham, B 1a bién c6 dugc mat c6 s6 cham 1a bdi sé ctia 3.

a) Xét xem hai bién cd nay c6 xung khac khong?

b) Xét xem hai bién c6 nay c6 doc lap khong?

Dap s6: a) khong xung khac; b) doc 1ap.

Bai 1.38. Gieo hai con stic sac dbi xing va dong chat. Goi A 1a bién cb xuét hién khi téng sb
chdm thu dugc 12 16; B 1a bién c6 dugce it nhat mot mat mot chAm. Tinh P(AB), P(A + B), P(AB).
Dap s6: 0,167; 0,639; 0,833.

Bai 1.39. C6 hai bong dén dién véi xac sut hong tuong ing 1a 0,1 va 0,2 va viéc chiing hong la
doc 1ap vai nhau. Tinh xac suat dé mach khong c6 dién do bong hong néu chung mac:

a) Noi tiép.

b) Song song.

Pap s6: a) 0,28; b) 0,02.
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Bai 1.40. C6 hai 16 hang: L6 1 ¢6 90 chinh phé’m va 10 phé phé’m,'
L6 2 ¢6 80 chinh pham va 20 phé pham;
LAy ngau nhién tir méi 16 hang mot san pham, tinh xac suat dé:
a) Lay dugc mot chinh pham.
b) Lay dugc it nhat mot chinh pham.
Pip s6: a) 0,26; b) 0,98.
Bai 1.41. Mot 16 hang ¢6 9 san pham. Méi lan kiém tra chat lugng 14y ngdu nhién 3 san pham,
sau khi kiém tra xong tra lai vao 16 hang. Tinh xac suat dé sau 3 1an kiém tra 16 hang, tit ca cac
san phdm déu dugc kiém tra.
DPap s6: 0,0028.
Bai 1.42. Sau khi ra khoi phong khach, méi ngudi trong N ngudi cting sb giay x6 ngau nhién
vao mot doi giay trong bong t6i. Mdi ngudi chi ¢6 thé phan biét chiée giay phai véi chiée giay
trai, con khong thé phan biét giay cia minh véi giay ctia ngudi khac. Tim xac suat dé:
a) Mdi ngudi khach di ding doi giay ctia minh.
b) Méi nguoi khach di dung 2 chiéc giay clia cing mot doi (khong nhét thiét la doi giay ctia
ngudi do).
Dip s6: a) L, b) 1

(N N \ , -
Bai 1.43. Hai cau thu bong r6, moi ngudi ném bong 2 lan, xdc suat ném tring dich cia moi cau
thu theo thu tu 13 0,6 va 0,7. Tinh xac sut:
a) $6 lan ném tring r6 ctia cau tht thir nhat nhiéu hon s6 1an ném tring rd ctia cau thu thi hai.
b) S6 lan ném tring r6 cda hai ngudi nhu nhau.
c) Biét s6 lan ném tring rd ctia hai ngudi nhu nhau, tinh xac suat dé méi ngudi ném tring
dung 1 qua.
Dip sé: a) 0,2268; b) 0,3924; ¢) 0,513.
Bai 1.44. Hai nguoi choi cd thod thuan véi nhau 1a ai thang trude 3 van thi sé thang cudc. Tran
dau bi gidn doan khi ngudi thir nhat con thiéu 1 van thang, ngudi thir hai con thiéu 2 van
thdng. Vay phai phan chia tién dat nhu thé nao la hgp ly néu xac suat thang méi van ctiia mbi
ngudi déu bang 0,5.
Pap s6: 0,75 : 0,25.
Cong thic day dd va cong thirc Bayes.
Bai 1.45. Hai mdy cting san xuat mot loai san pham. Ty 1é phé phdm ctia may 1 1a 3%, ctia may
IT 1a 2%. Tir mot kho gom 3 san pham ctia may I va 3 san pham ctia may II ta 14y ra mot s6 san
pham. Tinh xac suat dé san pham do 1a tot.
Pap s6: 0,973.
Bai 1.46. C6 hai xa thti loai I va tdm xa thu loai II, xac suat ban tring dich cta cac loai xa tha
theo thua turla 0,9 va 0,8.
a) Ly ngAu nhién ra mot xa thd va xa tht d6 ban mot vién dan. Tim xac suét vién dan dé tring
dich.

b) Néu ldy ra hai xa thti va méi ngudi ban mot vién thi kha ndng ca hai vién déu tring dich la
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bao nhiéu?

Pap s6: a) 0,82; b) 0,6722.

Bai 1.47. C6 hai 16 san phdm. L6 1 gom toan chinh pham, 16 2 c6 ty 16 phé phdm va chinh pham
la 411 Chon ngau nhién mot 16, trong 16 nay léy ngau nhién 1 san pham, théy n6 la chinh phdm,
roi hoan lai sdn phdm nay vao 16. Héi rang néu lay ngau nhién (cting tir 16 da chon) mot san
pham thi x4c suat dé san phdm nay la phé phdm bang bao nhiéu?

Pap s6: 0,089.

Bai 1.48. Ban ba phat dan vao mot mdy bay véi xac sudt tring tuong tng 1a 0,4; 0,5 va 0,7. Néu
tring mot phat thi xac suat r6t may bay la 0,2; néu triing 2 phat thi xac suat r6t may bay 1a 0,6;
con néu tring ca 3 phat thi chac chan may bay rdi. a) Tinh xac sudt may bay rdi.

b) Gia st may bay da bi ban rdi, tinh xac sut dé n6 tring mot phat.

Pap s6: a) 0,458; b) 0,1572.

Bai 1.49. Ngudi ta dung X quang dé chdn doan bénh A, tuy nhién van c6 sai sét. Néu sau khi
X quang két luan 1a c6 bénh thi chi dang 99%, con két luan 1a khong bi bénh thi chi ding duoc
80%. Biét ty 1é mac bénh A trén thyc té 1a 20,79%.

a) Tim xac suat dé mot ngudi kham bi chan doan c6 bénh.

b) Tim ty 1é bénh nhan khong c6 bénh bi chdn doan nham.

Pap s6: a) 0,01; b) 0,000126.

Bai 1.50. C6 2 16 hang, 16 1 gom 15 chinh phdm va 4 phé phdm, 16 2 gdm 18 chinh phdm va 5
phé phamé LAy ra 2 san pham &16 1 va 3 san pham §16 2. Sau d6 chon ngau nhién 1 sdn phdm
tir 5 san pham Ay.

a) Tinh xéc suat dé san phdm l4y ra sau cung la chinh pham.

b) Biét rang san pham lay ra sau 1a chinh phdm. Héi sdn phdm 4y c6 kha ning thudc 16 nao
nhiéu hon?

Dap s6: a) 0,785; b) 16 2.

Bai 1.51. C6 hai 16 hang, 16 1 c6 7 chinh phdm va 3 phé pham; 16 2 c6 8 chinh phdm va 2 phé
pham. Tir 16 thi nhat 14y ra hai san pham, tir 16 thit hai lay ra 3 san pham; rdi trong s6 san
pham duoc lay ra lai ldy tiép ngau nhién 2 san pham. Tinh xac suat dé trong hai sdn pham do
c6 it nhat mot chinh pham.

Dap s6: 0,951.

Bai 1.52. C6 hai 16 san pham, 16 1 ¢6 16 chinh phdm va 4 phé pham; 16 2 ¢6 15 chinh pham va 5
phé pham.

a) Tir 16 thi nhat bo sang 16 thi hai mot san phdm, sau d6 tir 16 thit hai 14y ra mot san pham.
Tim xac suat dé ldy dugc chinh pham.

b) Tir 16 thit nhat bo sang 16 thit hai mot san pham, sau d6 tur 16 thit hai bd sang 16 thi nhat mot
san pham, sau d6 tir 16 thit nhat 1ay ra mot sdn phadm. Tim xac suat dé 1y duogc chinh pham.
Pap s6: a) 06,752; b) 0,798.

Bai 1.53. Xi nghiép A san xuat mot loai san phdm véi xac suat hong ctia mbi san phdm bang

0,05. O phan xudng san pham c6 thé duge mot trong ba nhan vién kiém tra chat lugng véi xac
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sudt nhu nhau. Xac suat phat hién san pham héng cta ba nguoi dé lan luot 1a 0,9; 0,85; 0,8.
Néu san pham khong bi loai § phan xudng thi dugc chuyén dén KCS ctia nha may va & d6, san
pham hdng sé dugc phat hién véi xac suat 0,95. Tim xac suat dé san pham bi loai.

Dap s6: 0,049625.

Bai 1.54. Ty 1é ngudi dan nghién thubc 1a 6 mot ving 1a 30%. Biét rang ty 1& ngudi bi viém hong
trong s6 ngudi nghién thudc 14 1a 60%, con ty 1é ngudi bi viém hong trong s6 ngudi khong hiit
thudc 14 1a 40%.

a) Lay ngau nhién mot nguoi, biét rang ngudi d6 viéem hong, tinh xac suat ngudi d6 nghién
thudc.

b) Néu ngudi d6 khéng bi viém hong, tinh xac suat nguoi d6 nghién thude.

Pap s6: a) 0,391; b) 0,222.

Bai 1.55. Mot 6 mdy c6 ba bo phan 1, 2, 3. Xac sut hong ctia cac bo phan trong thoi gian 1am
viéc theo thi tu 1a 0,2; 0,4 va 0,3. Cudi ngay lam viéc dugc biét réng c6 hai b phén bi hong,
tinh xac suat dé hai bo phan hong d6 1a bo phan 1 va 2.

Dap s6: 0,298.

Bai 1.56. Trong moét bénh vién, ty 1é bénh nhan cac tinh nhu sau: tinh A-25%; tinh B - 35%; tinh
C - 40%. Biét réng ty 1é bénh nhan la ky su cta cac tinh 1a: tinh A - 2%; tinh B - 3%; tinh C -
3,5%.

a) Chon ngau nhién mot bénh nhan, tinh xac suat d€ bénh nhan d6 1a ky su.

b) Chon ngau nhién 3 bénh nhan, tinh xac suat dé trong do c6 dung 1 bénh nhan la ky su.
Pip s6: a) 0,0295; b) 0,0833.

Bai 1.57. Mot ngudi ¢6 ba chd wa thich nhu nhau dé cau ca. Xac suat dé cau dugc ca 6 nhiing
chd dé tuong ting 13 0,6; 0,7 va 0,8. Biét rang & mot ché ngudi d6 tha cau 3 1an va chi cau dugc
mot con ca. Tim xac suat dé ca dugc cau & chd thi nhat.

Pap s6: 0,503.

Bai 1.58. My bay dén oanh kich muc tiéu phai qua 3 tuyén phong thu, xac suit dé méi tuyén
phong tht tiéu diét duge may bay déu bang 0,8.

a) Tim xac suat dé may bay roi trude khi dén dugc muc tiéu.

b) Néu mudn bdo vé muc tiéu véi xdc suat khong nho hon 99,99% thi phai t6 chitc bao nhiéu
tuyén phong tha?

c) Gia sit mdy bay bi roi, tim xac suat dé tuyén 1 ban roi.

Dap s6: a) 0,992; b) 6 tuyén; c) 0,806.

Cong thuc Becnoulli

Bai 1.59. Mot cau thti néi tiéng vé da phat dén, xac suat da vao gon la % C6 ngudi cho rang ci
”stt” 5 qua thi chic chan c6 4 qua vao luéi, diéu khang dinh d6 c6 ding khong? Tim xac suét
dé trong 5 lan sut c6 dung 4 1an béng vao ludi.

Pap s6: khong diing; 0,4096.

Bai 1.60. Mot nit cong nhan quan ly 12 may dot, xac suat dé mébi may trong khoang thoi gian t

can dén sy chdm séc ctia nit cong nhan la 3 Tim xac suat dé trong khoang thai gian t:
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a) c6 mdy can dén su chdm séc ctia nit cong nhan.

b) c6 khong nhiéu hon 2 may can dén sut cham séc ctia nit cong nhan.

c) Tim s6 mdy can dén sy chdm séc ctia nit cong nhan c6 kha nang xdy ra nhiéu nhat va xac
suat dé xay ra diéu do.

bap s0: a) 0,992; b) 0,181; c) 4 may; 0,238.

Bai 1.61. Xac suat dé duong kinh ctia moét chi tiét bat ky rut tior mot 16 chi tiét 1a bé hon, 16n hon
va ndm trong pham vi cho phép tuong tng la 0,05; 0,10 va 0,85. Tix 16 chi tiét da cho rit ngdu
nhién 100 chiéc. Tinh x4c suat dé trong s6 d6 c6 dung 5 chi tiét ma dudng kinh bé hon va 5 chi
tiét ma duong kinh 16n hon pham vi cho phép.

DPap s6: 0,00606.

Bai tap tong hop.

Bai 1.62. Hop 1 c6: 8 bi trang, 10 bi d6. Hop 2 c6: 4 bi trang, 16 bi do.

a) Tir hop 1 1ay ra 2 bi cho vao hdp 2 tron déu sau d6 tir hop 2 1ay ra 2 bi. Tinh xac suat dé 2 bi
lay ra sau la bi do.

b) Tir méi hop 1y ra mot bi sau d6 trong 2 bi thu dugc 14y ngdu nhién ra mot bi va thdy dé la
bi trang. Tinh xac suat dé vién bi 4y 1a ctia hop 1.

Pip s6: a) 0,598; b) 0,690.

Bai 1.63. C6 2 hop san phdm. Hop thit nhat chita 8 san pham t6t, 2 sdn pham xau. Hop thi 2
chita 7 san pham t6t, 5 san phdm xau. Ngudi ta chuyén 1 san pham tir hop thi nhat sang hop
thit 2, sau do6 lay tir hop thit 2 ra 2 san pham.

a) Tinh xac suat dé 2 san pham lay tir hop 2 chi c6 1 sdn pham tot.

b) Tinh xac suat trong 2 sdn pham lay tir hop 2 c6 san pham tbt.

Pap s6: a) 0,518; b) 0,859.

Bai 1.64. Sinh vién phai chon hoc it nhat 1 trong 3 mon tu chon: Toan, Ly, Hoa. Biét c6 60% sinh
vién hoc Toan, 40% hoc Ly, 50% hoc Hoa, 28% hoc Toan va Ly, 21% hoc Ly va Hod, 20% hoc
Toan va Hoa.

a) Tinh ty 1é sinh vién hoc ca 3 moén Todn, Ly, Hoa.

b) Chon ngau nhién 1 sinh vién trong 16p hoc Toén, tinh xac suat dé sinh vién d6 hoc Hoa.

c¢) Chon ngau nhién 3 sinh vién, tinh xac suat dé trong d6 c6 ding 1 sinh vién chi chon hoc duy
nhat 1 moén Toan.

Pap s6: a) 0,19; b) 0,333; ¢) 0,441.

Bai 1.65. Trong mot kho rugu s6 ruou loai A va rugu loai B bmeg nhau. Nguoi ta chon ngau
nhién moét chai ruou trong kho va dua cho 5 ngudi sanh rugu ném tht, gia st méi ngudi c6
xéac suat doan trung la 75%. C6 4 nguoi két luan chai rugu loai A va 1 ngudi két luan chai rugu
loai B. Tinh xac suat dé d6 1a chai rugu loai A.

Pap s6: 0,964.

Bai 1.66. Bia ban dugc chia 1am 2 vong, xac suat ban tring vong trong 1a 0,7 con tring vong
ngoai 1a 0,3. Tim xac suét sao cho ban 3 vién dan thi duoc it ra 1a 29 diém, biét rang néu ban

triing vong trong thi dugc 10 diém, tring vong ngoai thi duge 9 diém.
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DSeé’ 0,784.

Bai 1.67. Mot ngudi ban 3 vién dan. Xac suat dé ca 3 vién tring vong 10 1a 0,008, xac suat dé 1
vién tring vong 8 1a 0,15 va xéac suat dé 1 vién tring vong dudi 8 1a 0,4. Tinh xac suat dé xa thu
dat it nhat 28 diém.

Dap s6: 0,0935.

Bai 1.68. Mot nhan vién ban hang mdi ndm dén ban & cong ty A ba lan. Xac suét 1an dau ban
dugc hang 1a 0,8. Néu lan trude ban dugc hang thi xac suat dé 1an sau ban dugc hang 1a 0,9;
con néu lan trude khong ban duge hang thi xac suat dé 1an sau ban dugce hang chi 1a 0,4. Tim
Xéc suat dé:

a) Ca ba lan déu ban dugc hang;

b) C6 duing hai lan ban dugc hang.

Pip s6: a) 0,648; b) 0,176.

Bai 1.69. Mot ngudi ban 3 vién dan véi xac sut triing dich ctia méi vién 1a 0,6. Do yéu t6 tam
ly nén: néu vién thit nhét tring thi xac suat tring ctia méi vién sau la 0,7; con néu ca hai vién
dau tring thi xac suat tring ctia vién thi ba 1a 0,8; ngoai ra néu vién thi nhat trugt thi xac suat
dé ca hai vién sau trung 1a 0,3. Tinh xac suat:

a) Ca 3 vién cung trung;

b) Vién thu hai va vién thu ba trung;

c) C6 it nhat 1 vién tring.
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Chuong 2

Dai luong ngau nhién va cac quy luat phan

phoi xac suat

2.1. Dinh nghia va phan loai dai lwvgng ngau nhién

2.1.1. Dinh nghia
* Dinh nghia 2.1 Pai lugng ngau nhién (hay con goi la bién ngau nhién) la dai lugng ma trong
két qua ctia phép thir sé nhan mot va chi mot trong cac gia tri ¢6 thé c6 cia nd véi mot xac suat
tuong ing xac dinh.

Cac dai luong ngﬁu nhién duoc ki hiéu la X, Y, Z hoac Xj, X5, ..., X;1; Y1, ..., Yy cOn cac

gid tri c6 thé c6 cta dai luong ngau nhién dugc ki hiéu 1a x, x1, X2, ..., X, Y, Y1, o) Y-

Pai lugng X dugc goi la ngdu nhién vi trude khi tién hanh phép thir ta chua thé néi
chac chan né nhan gia tri bf?mg bao nhiéu ma chi c¢6 thé du doan véi xac suat nhat dinh. Viéc X
nhan mot gia tri nao d6 (X = x1) hodc (X = x),...(X = x,), (a < X < b) 1a cac bién cb ngau
nhién.
eVi du 2.1 Tung mdt con stic sac. Goi X 1a "S6 chdm xut hién". X 1a dai lugng ngau nhién vi
trong két qua ctia phép thit né sé nhan mot trong sd cac gia tri c6 thé co1a 1,2, 3,4, 5,6 voi xac
sut tuong ungla py = P(X = k) =1/6,k = 1,6.

eVidu 2.2 Ban ngau nhién mot vién dan vao bia. Goi X la khoang cach tir tim bia dén diém

cham vua dan vao bia. X cing la mot dai lugng ngau nhién.
2.1.2. Phan loai dai lvong ngau nhién

Chung ta quan tdm dén hai loai dai lugng ngdu nhién sau day:

* Dai lugng ngau nhién dugc goi la roi rac néu cac gid tri c6 thé c6 ctia nd 1ap nén mot tap

htru han hodc dém dugc.
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* Dai lugng ngau nhién duge goi la lién tuc néu cac gia tri c6 thé c6 ctia né lap day mot

khoang trén truc so.

Nhu vy, dai lugng ngau nhién sé 1a roi rac néu ta c6 thé liét ké dugc tat ca cac gia tri co
thé c6 ctia né. Con déi vdi dai lugng ngau nhién lién tuc ta khong thé liét ké dugc tat ca cac gia

tri 6 thé co cua no.

oVi du 2.3 Mot phan xudng c6 5 may hoat dong. Goi X 1a "S6 may hong trong mot ca”. X 1a

dai luong ngau nhién rdi rac vdi cac gid tri c6 thé c6 cians1a0,1,2,3,4,5.

oVidu 2.4 Goi X la "S6 nguoi vao mua hang tai mot siéu thi trong moét ngay". X 1a dai luong

ngau nhién rdi rac voi cac gia tri ¢6 thé c6 ctia né 14p nén mot tap dém duoc: 0,1,2,3,4,5, ....

eVi du 2.5 Phép thir 1a ban ngdu nhién mot phat sting vao bia hinh tron ban kinh 40 cm. Goi
X 1a "Khoéng cach tir tam bia dén diém cham ctia dan vao bia". X 1a dai lugng ngau nhién lién
tuc vi ta khong thé ké ra dugc tt ca cac gia tri ¢6 thé c6 clia n6, ta chi c6 thé néi rang tap hop
do6 1a khoang [0; 40]cm.

2.2. Quy luat phan phoi xac suat cta dai luong ngiu nhién

* Dinh nghia 2.2 Bat ki mot hinh thitc nao d6 cho phép biéu dién mbi quan hé gitra cac gia
tri c6 thé c6 cta dai lugng ngdu nhién va cac xac suat tuong ung déu dugc goi la cac quy luat

phan phéi xac suat cta dai lugng ngau nhién ay.

Ta thuong sit dung ba phuong phéap dé thiét 1ap quy luat phan phéi xac suat cta dai

lugng ngau nhién la: bang phan phoi xac suat, ham phan phdi xac suat, ham mat do xac suét.

2.2.1. Bang phan phéi xac suat

Bang phan phoi xac suat chi dung dé thiét lap quy luat phan phéi xac suét cua dai lugng

ngau nhién roi rac.

Gia st dai lugng ngau nhién roi rac X c6 thé nhan céac gia tri c6 thé c 1a xq, xo, ..., x, Vi
cac xac suat tuong ung 1a py, py, ..., pn. Bang phan phdi xac suat cta dai lugng ngau nhién roi

rac X co6 dang:
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Chd y rang dé tao nén mot quy luat phan phdi xac suat thi cac xac suat p; phai thoa man

dieu kién:

0<p <1 véiVi=Tn
n

Y pi=1

i—1

Thong thuong khi lap bang phan phéi xac suat nguoi ta thuong sap xép cac gia tri c6 thé co
theo thit tu tang dan; x; < xp < ... < Xy

eVi du 2.6 Tung mot con stic sac. Goi X 1a "S6 chdm xuét hién". Hay xay dung quy luat phan
phdi xac suat cua X.

Loi gidi. Ta ¢6 X 1a dai lugng ngau nhién roi rac ¢6 thé nhan cac gid tri c6 thé c61a 1,2,3,4,5,6
VGi cac xac suat tuong ing déu bang 1/6. Vi vay bang phan phdi xac sut ctia dai lugng ngau

nhién roi rac X c6 dang:

112]3]4]5]6
pl LI EIT
6l6l6l6l6ls

.1 1 1 1 1 1

eVi du 2.7 Trong hop c6 10 san phadm trong d6 c6 6 chinh phdm. Lay ngdu nhién 2 san pham.
Lap bang phan phdi xac suat ctia s6 chinh pham dugc lay ra.

Loi gidi. Goi X 1a s6 chinh phdm dugc 14y ra trong 2 san pham. X 1a dai luong ngdu nhién roi
rac c6 thé nhan cac gia tri c6 thé c61a 0, 1, 2. Xac suat dé ca hai san pham lay ra déu la phé pham
(khong c6 chinh pham) la:

c; 2

PX: = = = —
X=0=5 =1

Xdc suat dé hai san pham lay ra c6 ding 1 chinh pham la:

Cz 1
P(X=2)=_-5 =_
c3, 3
Vi vay bang phan phdi xéac suat cta dai lugng ngau nhién rdi rac X c6 dang:
Nhan théy: = + = 4~ =1
MY T T3

eVi du 2.8 Xac suat dé xa thu ban tring bia 1a 0, 8. Xa thi dugc phét timng vién dan dé ban dén
khi tring bia. Xay dung quy luat phan phéi xac suat ctia s6 vién dan dugc phat.
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X
P

01
R
5115

| = N

p—

Loi gidi. Goi X 1a "S6 vién dan xa thti duge phat". X 1a dai lvong ngdu nhién rdi rac c6 thé nhan
cac gia trico thé c61a 1,2, ..., k, ....

Xdc suat dé€ dugc phat mot vién dan 1a xac suat dé ban vién dan dau tién tring bia, do dé:

Xdc suat dé dugc phat hai vién dan la xac suat dé xdy ra dong thoi hai bién cd: phat thi nhat
ban trugt va phat thit hai ban tring. Theo dinh ly nhan xac suat ta co:

P(X =2)=0,20,8

Bién cd (X = k) la tich cta k bién cb: k — 1 phat dau ban trugt va phét thit k ban tring. Theo
dinh ly nhan xéc suat ta c6:
P(X =k) = (0,2)¢10,8

Nhu vay bang phan phbi xac suat ctia X c6 dang:

X[ 1 2 3 k
P|080208](0,2)%0,8]..](0,2)*"o,8

Tong céac xac suat la téng cap s6 nhan lui vo han:

o 2 0,8

k-1 ’
Y =) (0,2""0,8= =1.
k=1 k=1 1-0,2

2.2.2. Ham phan phéi xac suat

a) Dinh nghia

* Dinh nghia 2.3 Ham phan phdi xéc suét ctia dai lugng ngdu nhién X, ky hiéu F(x), 1a xac
suat dé dai lugng ngiu nhién X nhan gia tri nhd hon x, véi x 1a s6 thuc bat ky.

F(x) =P(X < x)

Ham phan phoi xac suat dung dé thiét lap quy luat phan phdi xac suat cho ca dai lugng

ngau nhién rdi rac lan dai lugng ngau nhién lién tuc.

eVi du 2.9 Dai lugng ngiu nhién roi rac X c6 bang phan phoi xac suat nhu sau:
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X| 1|3 | 4
P|101{05]04

Hay xay dung ham phan phdi xac suat ctia X va vé do thi.
Loi gidi. Néu x < 1, bién c6 (X < x) 1a bién c6 khong thé c6, do dé:
F(x) =0.

Néu 1 < x < 3,bién cb (X < x) chi xay ra khi (X = 1), do d6

Néu 3 < x < 4,bién cd (X < x) sé xay ra khi (X = 1) hodc khi (X = 3), do dé6
F(x)=P(X=1)+P(X=3)=0,1+0,5=0,6.
Néu x > 4, bién c¢b (X < x) sé xay ra khi (X = 1), hodc khi (X = 3), hodc khi (X = 4) do d6
F(x)=P(X=1)+P(X=3)+P(X=4)=0,1+0,5+0,4=1.
Vay ham phan phdi xac suat cua X la:

(
0 voi x <1

0,1 v6i1l<x<3

0,6 voi3<x<4

(1 véix >4

D0 thi ham F(x) c6 dang trong hinh b) Tinh chat ctia ham phan phéi xac suét.

F(x)

b —
06F--------- ~—
01f--—m X

@) 1 3 4

Hinh 2.1:
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e Tinh chat 1. Ham phan phéi xac suat luén nhan gia tri trong khoang [0; 1]:
0<F(x)<1.

Tinh chét nay suy ra tryc tiép tir dinh nghia ham phan phéi: F(x) = P(X < x) € [0;1].

* Tinh chat 2. Ham phan phéi xac suat ctia dai lugng ngdu nhién roi rac 1a ham bac thang
v6i 86 diém gian doan bang sb gia tri c6 thé c6 cia X.
Ham phan phdi xac suat ctia dai lugng ngau nhién lién tuc 1a ham lién tuc va kha vi hau

khép noi (s6 cac diém khong kha vi 1a dém duoc).

e Tinh chat 3. Ham phan phoi xac suat 1a ham khong gidm, tic 1a vdi x; < xp thi:
F(x1) < F(xp)

m.Gid st x; < xp, xét bién cd (X < x3). Bién cb nay c6 thé phan tich thanh hai bién cd

xung khac1a (X < x1) va (x; < X < x2). Theo dinh Iy cong xac suat ta co:
P(X <x)=P(X<x1)+P(x; <X<xp)

Do do:
F(xp) —F(x1) =P(X <x) —P(X <x1) =P(x1 <X < 1x)

Vi P(x1; < X < x7) 1a mot xac suat nén khong am, vi vay ta co:

F(xp) — F(x1) > 0 < F(xp) > F(x1)
O

e Tinh chat 4. Xac suat d€ dai lugng ngdu nhién lién tuc X nhan mot gia tri xac dinh bé“mg
0.

e Tinh chét 5. X4c suat dé dai lugng ngiu nhién X nhan gia tri trong khoang [a,b) bang

hiéu s6 gia tri ciia ham phan phdi xac suat & hai dau khoang do:
P(a < X <b)=F(b)—F(a)
Dic biét, néu X la dai lugng ngau nhién lién tuc thi:

Pla<X<b)=Pa<X<b)=Pa<X<b)=P@a<X<b)=F()—F(a)
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e Tinh chat 6. Néu dai lugng ngdu nhién X chi nhan gia tri trong khoang [4; b] thi:
F(x) =0v6iVx <a
F(x) =1v6iVx > b

That vay, véi x < a, bién cd (X < x) 1a bién cd khong thé c6, do d6 xac suat cia né bang

0. Con véi x > b, bién cd (X < x) 1a bién cb chac chan, do d6 xac suét ctia né bang 1.

Tix tinh chét trén ta c6 biéu thic gidi han sau:

xg@wF(x) =0; xl_i}rfool-"(x) =1
* Chu y: Diéu kién dé ham sb F(x) la ham phan phéi xac suat ctia dai lugng ngiu nhién lién
tuc:
F(x) la ham lién tuc
F(x) la ham tang
lim F(x)=0; lim F(x)=1.

X——00 X—r 400
¢) Y nghia caa ham phan phoi xac suat.
Ham phan phéi xac suat phan anh mic do tap trung xac suat vé phia bén trai mot sb thuc
X nao dé6. Gia tri cia ham phéan phéi xac suat tai méi diém X cho biét c6 bao nhiéu phan cua

mot don vi xac suat phan phdi trong khoang (—oo; x).

eVi du 2.10 Dai lugng ngdu nhién lién tuc X c6 ham phan phdi xac suat nhu sau:

0 voi x < —1

Q| =

Flx)=qax+b voi —1<x<

1
1 6 x> =
voi x> 2

a) Tim cac hé s6 a,b.
A 4 , e . 1
b) Tim xdc suat dé trong ket qua cua phép thit, X nhan gia tri trong khoang [0, 5)
c) Tim xdc suat dé trong 3 phép thir doc 1ap, c6 diing mot 1an X nhan gid tri trong khoang (0, 1).

Loi gidi.
a) Vi X 1a dai lugng ngau nhién lién tuc nén F(x) la ham lién tuc, do dé né phai lién tuc tai
x=—1va % Vi vay:

—a+b =0 a =

la+b =1 b =
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Khi d6 F(x) thod man cac dieu kién cta ham phéan phoi xac suat.

" . A g 1
b) Theo tinh chat ciia ham phan phoi, xac suat dé X nhan gia tri trong khoang [0, §) la:

PO<X<3)=F(z)~F0)=1->=

c) Bai toan tuan theo luge dd Becnoulli véi n = 3 phép thir doc lap; xac suat dé trong méi lan

thir X nhén gid tri trong khoang (0, 1) la:

p:p(o<x<1):F(l)—F(O):l_Z:jI

1 /3\> 27

2.2.3. Ham mat d6 xac suat

Vay xdac suat can tim bang:

a) Dinh nghia.

* Dinh nghia 2.4 Ham mat do xac suat cta dai lugng ngau nhién lién tuc X, ky hiéu f(x), la

dao ham bac nhat ciia ham phan phéi xac suét ctia dai lugng ngdu nhién dé.

Khai niém vé ham mat do xac suat chi 4p dung dodi v6i cc dai lugng ngau nhién lién tuc.

b) Cac tinh chit cia ham mat d6 xac suat.

e Tinh chat 1. Him mat do xac suat ludon khong am:
f(x) >0, voi V.

m.Ham phan phdi xac suat F(x) la ham khong gidm, vi vdy dao ham bac nhét cta no,
f(x) = [F(x)], 1a ham khong 4m. V& mét hinh hoc, dd thi ctia ham sé f(x) khong ndm
thap hon truc Ox. O

* Tinh chat 2. Xac suat dé dai lugng ngau nhién lién tuc X nhan gia tri trong khoang [a, b)

bang tich phan xac dinh ctia hAm mat do xac suat trong khoang do:

b

P(a< X <b)= /f(x)dx.

a

m.Theo tinh chat ctia ham phan phéi ta co:

P(a < X < b) = F(b) — F(a)
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Theo cong thic Newton-Laibnitz:

b b

F(b) — F(a) = /P (x)dx:/f(x)dx.

a a
Tir d6 suy ra diéu phai chiing minh. O

Vi X la dai lugng ngau nhién lién tuc nén tur tinh chat trén ta c6:

b
P(a<X<b):P(a§X<b):P(a<X§b):P(angb):/f(x)dx

Vé mit hinh hoc, két qua trén c6 thé minh hoa nhu sau: xac suat dé dai lugng ngau nhién
lién tuc X nhan gia tri trong khoang (a,b) bang dién tich hinh thang cong gidi han bdi
truc Ox, dudng cong f(x) va cic dudng thang X = a; X = b.

Hinh 2.2:

e Tinh chéat 3. Ham phan phéi xac suét ctia dai lugng ngau nhién lién tuc X bang tich phan

suy rong ctia ham mat do xac suat trong khoang (—oo; x).
X
F(x) = / F()dt.
m.Tu tinh chat 2, ddta = —oo, b = x, ta ¢o:
X
F(x) = P(—o0 < X < x) = / F(1)dt
O

Cong thic trén cho phép tim ham phéan phdi xac suat ctia dai lugng ngau nhién lién

tuc khi da biét ham mat do xac suat ctia né.
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Vé mat hinh hoc, gia tri cia hAm phan phéi xac suat F(x) tai diém a bang dién tich cta

hinh thang cong suy rong gidi han béi truc Ox, dudng cong f(x) va dudong thang x = a.

y = f(x)

/ ,
~ F(x):
%

77
777 srs07070272

Hinh 2.3:

e Tinh chét 4. Tich phan suy rong trong khodng (—oo, +-00) ctia ham mat do xac suat bang
1:

—+00
/ f(x)dx =1
—00
m.Tir tinh chat 2, ddta = —oo, b = +o0, va ch y rang bién c6 (—oco < X < +00) 1a bién cd
chac chan, ta co:

+o0
[ Fx)ix = P(-o0 < X < o) = 1.

0

Vé mat hinh hoc, diéu d6 c6 nghia 1a toan bo dién tich hinh gi¢i han bdi duong cong f(x)

va truc Ox bang 1.

Hinh 2.4:
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Ta chti y rang diéu kién dé mot ham s6 f(x) c6 thé la ham mat do xéac suat ciia mot dai

lugng ngau nhién lién tuc nao d6 thi né phai thod man hai diéu kién:

f(x) >0; Vx
T Flx =

eVi du 2.11 Dai lugng ngau nhién lién tuc X c6 ham mat do xéc suat nhu sau:

e T

a.cosx vdix € [— >

flx) = 7
0 vaix ¢ [— >

a) Tim hé s6 a,
b) Tim xac suat dé dai lugng ngiu nhién X nhan gia tri trong khoang (0, g),

c) Tim ham phan phéi F(x).

Lo gidi.
a) Diéu kién dé f(x) la ham mat d¢ la:

f(x) >0; Vx

+oo
T fix =

Ta co:

T
a.cosxdx = a.sinx|* . = 2a.

T
2

1_/f

N 1 o aA 1A A
T déa = 5 thoa man cac diéu kién trén.

b) Theo tinh chat ctia ham mat do xac suét:

N\ﬁ\wm

o>

z E

4 4 .
P(0< X < /f /a cosxdx = —a sinx|§ =

0 0

c) D& tim ham phan phdi xac suét ta sit dung tinh chét:

- / F(b)dt
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2
7T 7T
Voi —— < x < =
6i—5 <x <3

T X
Véix < ——: F(x)= [ 0dt =0.

—00 —00 _%
T
Véi —:
oLx > 5
X _% % 1 X
F(x) = /f(t)dt: /Odt+ / EcostdtJr/Odt:l
e o 3 3

0 voi x < ——
1 T T
F(x) =< =(si 5 — — < x< =
(x) 2(sznx—|—1) Vi — o <x <5
1

Gi x > i
V J—
2
oVi du 2.12 Ham mat do xac suat ctia dai lugng ngau nhién X ¢6 dang:
f(x) = L ; Vx € R
(14 x2)

Tim xdc suat dé khi tién hanh 3 phép thir doc 1ap c6 ding 2 lan X nhan gid trj trong khoang
(=1,1).

Loi gidi. Xac suat dé khi tién hanh mot phép thir dai lugng ngdu nhién X nhan gia tri trong
khoang (—1,1) la:

1 1
P(-1<X<1)= /f(x)dx = /;dx = %arctunx“l _ 1
-1

1 (1 + x2) 2

Khi d6 theo cong thitc Bernoulli, xac suat dé trong 3 phép thir doc 1ap c6 2 1an X nhan gia tri

(Y o1\ 3

¢) Y nghia cuaa ham mat d¢ xac suat

trong khoang (—1,1) la:

Ham mat do xac suat ctia dai lugng ngau nhién X tai diém X cho biét mirc do tap trung xac

suat tai diém do.
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That vay, theo dinh nghia cia ham mat d¢ xac suat ta co:

oy . Flx4+Ax)—F(x) .. Px<X<x+Ax)
JO=F =™ & A% A

Nhu vay ham mat do xac suat tai diém X chinh la gidi han cua mat do xdc suat trung binh
trén doan (x; x + Ax) khi Ax — 0.

2.3. Cac tham s6 dic trung caa dai luong ngiu nhién
2.3.1. Ky vong toan

a) Dinh nghia

* Dinh nghia 2.5 Ky vong toan cta dai lugng ngau nhién X, ky hiéu M(X) hoac E(X), la mot

s6 duoc xac dinh nhu sau:

 Néu X la dai lugng ngiu nhién rdi rac ¢6 bang phan phoi xac suét:
thi ky vong toan M(X) dugc xac dinh bang biéu thuc:

Xlxt | x| o | X | o | Xp
Plpi|p2| | Pi| | Pn
n
M(X) =) _ xipi.
i=1

e Néu X la dai lugng ngdu nhién lién tuc v6i ham mat do xac suat f(x) thi ky vong toan
M(X) dugc xac dinh bang biéu thuc:

—+00

wmzfﬁmm

—00

eVi du 2.13 Cho X la dai lugng ngdu nhién rdi rac c6 bang phan phéi xac suat: Khi d6 ky vong

X1 3 | 4
rio1{05|04

toan cta dai lugng ngau nhién X bang:

M(X)=1.0,1+3.0,5+4.0,4=3,2.
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eVidu 2.14 Cho X la dai lugng ngau nhién lién tuc c6 ham mat do xac suat nhu sau:

f(X)={

Khi d6 ky vong toan ctia dai lugng ngau nhién X bang:

(¥ +2x) véix e (0,1)
voix ¢ (0,1)

O W

+o0 0
M(X) = /xf( Jdx = /dex—{—/4 x? 4 2x) dx+/x0dx

1
3 3 /xt 2%\, 11
—Z/x +2x dx_Z(Z—i_T)'O_E
0

b) Cac tinh chat ctia ky vong toan
Cac ching minh trong phén nay dugc thuc hién véi dai lugng ngéiu nhién rdi rac, néu X la
dai lugng ngau nhién lién tuc ta cing c6 cac ching minh tuong tu.

e Tinh chat 1. Ky vong toan ctia hiang s6 bang chinh hang s6 d6. Nhu vay néu C 1a hang s6
thi: M(C) = C.
m.That vay, c6 thé coi C la dai lugng ngau nhién roi rac dac biét, véi mot gia tri co thé co
1a C va xéc suat tuong ting bang 1. Khi d6 theo dinh nghia ky vong toan ta co:

M(C)=1C=C
O

e Tinh chat 2. Ky vong todn cta tich gitta mot hang s6 va dai lugng ngau nhién bang tich

gitta hing s6 d6 va ky vong toan ctia dai lugng ngau nhién y.
M(CX) = C.M(X).

m.That vay, gid str X la dai lugng ngdu nhién rdi rac vdi bang phan phoi xac suat:

Xlxg | x| oo | X | o | Xp
Plpi|p2| | Pi| | Pn

Khi d6 dai lugng ngdu nhién CX c6 bang phan phdi xac suat nhu sau:

CX Cx1 sz Cxi an
Pl pr | p2 || Pi|-| Pn
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Theo dinh nghia ctia ky vong toan ta co:
M(CX) = Cx1p1 + ... + Cxppyn = C(x1p1 + .. + Xnpn) = C.M(X)
O

e Tinh chat 3. Ky vong toan ctia téng hai dai lugng ngiu nhién bang tong cac ky vong toan
thanh phan.
M(X+Y) = M(X)+ M(Y).

m.That vay, gia st cac dai lugng ngau nhién rdi rac X va Y c6 cac bang phan phdi xac suat

nhu sau:

X|x1 | x| e | Xi | oo | Xp Y| yi|v2 | | Yil| | Ym
Pipi|pa|-|pi|-|pPn Plgr|q]|.|qgi| | qm

Khi d6 quy luat phan phdi xac suat ctia téng X + Y nhu sau:

X+Y [ xp+y1 [ x1+yo | o [ Xit Y| | XntYm
P P11 piz || Pij || Pum

trong d6 pj; la xac suat d€ téng X + Y nhéan gia tri x; + y;.
Theo dinh nghia ky vong toan ta co:

n m

M(X+Y) = 22x1+y]p1] szipij‘f'zzyjpij

1= ]:1 = 1]:1 i=1j=1

i=1

i (Zm>+2%<2m> (2.1)

N m £ £ 4
Ta sé ching minh rang }° p;; = p;. That véy, bien co X = x; sé xay ra khi tong X + Y nhéan
j=1

cac gia tri x; + y1, X; + Y2, ..., X; + Ym. Do do theo dinh ly cong xac suat ta co:

pi=P(X=x;)=P(X+Y=x;+y1) + PX+Y=x;4+1y2)+.. + P(X+Y =x; + Ym)
m
= pit + piz + -+ Pim = Y, Pij-
j=1

n
Tuong tu nhu vay ta cing c6 ). pi; = q;-
i=1
Tir d6 thay vao (2.1) ta co:

M(X+Y) = lepl—i—Zy]q] X) + M(Y).
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O
Bang phuong phap ching minh quy nap, ta ciing c6 két qua sau day:

Ky vong toan ctia téng n dai lugng ngdu nhién bang téng cac ky vong todn thanh phan:

M(X1 + Xo + ... + Xu) = M(X1) + M(X2) + ... + M(Xy).

e Tinh chat 4. Ky vong toan cua tich hai dai lugng ngdu nhién doc lap bang tich cac ky vong
toan thanh phan:
M(X.Y) = M(X).M(Y).

& d6 hai dai lugng ngau nhién dugc goi 1a doc lap véi nhau néu quy luat phan phbi xac
suat caa dai lugng ngau nhién nay khong phu thudc vao viéc dai lugng ngau nhién kia
nhan gia tri béng bao nhiéu. Tuong tu, n dai lugng ngdu nhién dugc goi la doc lap vai
nhau néu cac quy luat phan phoi xac suat ctia mot s6 bat ky cac dai lvong ngdu nhién nao
d6 khong phu thudc vao viéc cac dai lugng ngau nhién kia nhan gia tri béng bao nhiéu.

m.Gia st cac dai lugng ngdu nhién X va Y doc 1ap, c6 bang phan phdi xac suat nhu sau:

Xl xg | x| oo | X5 | oo | Xn Y vy |y2| oo | YVi| | Ym
Pipi|p2|-|pi|-|pPn Plgr|q || qi| | qm

Khi d6 quy luat phan phoi xac suat ctia téng X.Y nhu sau:

XY | x1y1 | X1Y2 | o | XiYj | oo | XnYm
P lpq | ;g2 | | PiGj | = | Pnfm

Theo cong thic tinh ky vong toan:

n m n m
M(XY) =YY xyipig; = Y xipi Y yiqj = M(X).M(Y).
i=1j=1 i=1 j=1

Bang phuong phap chitng minh quy nap, ta cting c6 két qua sau day:
Ky vong toan ctia tich n dai lugng ngiu nhién doc lap bang tich cac ky vong toan thanh
phan:

M(X71.X3...Xn) = M(X7).M(X2)...M(X,).

* Tinh chat 5. Cho X la dai lugng ngdu nhién va g(x) la ham s6 lién tuc, khi d6 dai lugng
ngau nhién g(X) c6 ky vong toan M[g(X)] dugc xac dinh nhu sau:

+) Néu X la dai lugng ngau nhién rdi rac c6 phan phéi xac suat p; = P(X = x;); i = 1,m:

M[g(X)] = }_8(x))pi.

n
i=1
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+) Néu X la dai luong ngau nhién lién tuc c6 ham mat do f(x):

—+o00

¢) Y nghia ctia ky vong toan

Ky vong toan ctia dai lugng ngau nhién X gan bang trung binh sb hoc ctia cac gia tri quan
sat ctia dai lugng ngdu nhién. N6 phan anh gid tri trung tdm ctia phan phdi xac suat cta dai
lugng ngau nhién.

That vay, gia st dbi véi dai lugng ngau nhién X tién hanh n phép thit doc lap trong dé co
n1 1an X nhan gia tri x1, 7, lan X nhan gia tri x,, ..., 7y 1an X nhan gia tri x;. Gid tri trung binh
cta X trong n phép thir nay la:

X111 4 XM + oo+ Xphg k

- n nop n
X = =X1— +X2— + ..+ Xjp—
n n n n

2 - n n , N A A A .« A , ., . ~ 2 A ,
o do —1, .y 7k chinh 1a tAn sut xuat hién cac gia tri x1, x3, ..., xx trong n phép thu trén, do do:
n n

X = x1f1 + foz + ...+ xkfk.

Theo dinh nghia thong ké vé xac suat, khi n — oo cac tan suat trén sé hdi tu vé xac suat

tuong ung, do do voi n du 16n ta co:

X =~ x1p1+ x2p2 + ... + Xk pr = M(X).

eVi du 2.15 Tung con suc sac 7 lan. Tim ky vong todn ctia téng s6 chadm thu dugc.

Loi gidi. Goi X;, (i = 1,n) 1a s6 chdm thu dugc ¢ 1an tung thit i va X 1a téng s6 chAm thu dugc
sau n lan tung. Ta co:
X:X1—|—X2—|—...—|—Xn.

Theo tinh chét ctia ky vong toan:
M(X) = M(X1) + M(X2) + ... + M(Xy).

Mai dai lugng ngau nhién X; déu c6 bang phan phdi xac sudt nhu sau:

ON| = =
o = N
o W
o
o\ = U1
CNSECN

Do do: . ;
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Vi vay ky vong todn cta tong s6 chdm thu duoc sau 7 lan tung la:

2.3.2. Phuong sai

a) Dinh nghia

* Dinh nghia 2.6 Phuong sai ctia dai lugng ngau nhién X, ky hiéu D(X), la ky vong toan ctia

binh phuong sai l1éch cta dai lugng ngau nhién so véi ky vong toan ctia no.
D(X) = M[X — M(X)]~

Nhu vay néu X la dai lugng ngdu nhién rdi rac thi phuong sai duge xac dinh bang cong
thuc: .
D(X) =} [xi — M(X)]%.pi
i=1
con néu X 1a dai lugng ngau nhién lién tuc thi phuong sai dugc xac dinh bang cong thuc:

+o00o

[ = MOOPF ()

—oQ

b) Cach tinh phuong sai

Theo dinh nghia phuong sai va cac tinh chét ctia ky vong toan ta co:

D(X) = M[X ~ M(X) = M (X* —2X.M(X) + [M(X)]")
= M(X2) + M(—2X.M(X)) + M([M(X)]?)
= M(X?) — 2M(X).M(X) + M([M(X)]?)
= M(X?) - [M(X)]?

Nhu vay dbi véi dai lugng ngdu nhién rdi rac, ta c6 thé tinh phuong sai bang cong thic:

2
D(X) = (; X?Pz’) - [M(X))? = <; xisz') - (; xipi)

con ddi v6i dai lugng ngdu nhién lién tuc c6 ham mat do xac sut f(x):

+oo +oo +o00 2
D(X) = /xzf(x)dx— IM(X)]? = (/ xzf(x)dx) - (/ xf(x)dx) .

oo —o0 —00
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eVi du 2.16 Cho X la dai lugng ngiu nhién rdi rac c6 bang phan phéi xac sut:

X1 3 4
P|01/05(04

Tim phuong sai D(X).

L&i gidi. Ky vong toan cta dai lugng ngau nhién X bang:
M(X) =1.0,143.0,5+4.0,4 = 3,2.
Ky vong todn M(X?) bang:
M(X?) =12.0,143%.0,5+4%2.0,4 = 11.
Phuong sai cda dai lugng ngau nhién X bang:

D(X) = M(X?) — [M(X)]*> =11 3,22 =0,76.

eVi du 2.17 Cho X la dai lugng ngdu nhién lién tuc c6 ham mat do xac suat nhu sau:

3
f(x)={

Loi gidi. Ky vong toan ctia dai lugng ngiu nhién X bang:

(¥ +2x) véix e (0;1)
voix ¢ (0;1)

O el

Tim phuong sai D(X).

+oo 0
M(X) = /xf( )dx = /dex+/4 X3 +2x2) dx+/x0dx
1 ! 1
sz} (220 [0
T3 a\4" 3 )|, 16
0
Ky vong toan M(X?) bang:
+o00 0
M(Xz):/ X2 f(x)dx = /x de+/4 x* 4 2x%) dx—i—/x .0dx
3 3 22\ |1 21
_Z! +2x)dx—1<g+7> 0:4—0.
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Phuong sai cda dai lugng ngau nhién X bang:

21 /11\?* &7
D(X) = M(X2) = MOOP = 35~ (35 ) = Togg:

¢) Cac tinh chat caa phuong sai
e Tinh chat 1. Phuong sai ciia mét dai lugng ngau nhién 1a mot gia tri xac dinh khong am;
phuong sai ciia mot hang s6 bang khong:
D(X) >0, VX

D(C) =0, C la hang sb.

Tinh chat nay dugc suy truc tiép tir dinh nghia phuong sai.

e Tinh chat 2. Phuong sai ctia tich gitta mot hang s6 va mot dai luong ngdu nhién bang tich
gitra binh phuong hiang s6 d6 va phuong sai ctia dai lugng ngdu nhién ay:

D(CX) = C2.D(X).
m.That vay, theo dinh nghia phuong sai:
D(CX) = M(CX — M(CX))? = M(CX — CM(X))?

= M[C*(X — M(X))?] = C2.M[(X — M(X))?] = C2.D(X).
U
e Tinh chat 3. Phuong sai ctia téng hai dai lugng ngau nhién doc lap bang téng cac phuong
sai thanh phan:
D(X+Y) = D(X) + D(Y).

m.That vay, theo cong thic tinh phuong sai va tinh chat ky vong toan cta tich hai dai
lugng ngau nhién doc lap:

D(X+Y)=MX+Y)? - [MX+Y)?

M(X? +2XY +Y?) — [M(X) + M(Y))?

M(X?) +2M(X)M(Y) + M(Y?) — [(M(X)?) +2M(X)M(Y) + (M(Y)?)]
[M(X?) = (M(X)*)] + [M(Y?) = (M(Y)?)]

D(X) + D(Y).
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Tix tinh chét trén c6 thé chiing minh dugc cac hé qua sau:
+) Hé qua 1. Phuong sai ctia téng mot hang s véi mot dai lugng ngau nhién bang phuong

sai ctia chinh dai lugng ngau nhién do:
D(X + C) = D(X), Clahang sb.

+) Hé qua 2. Phuong sai ctia hiéu hai dai lugng ngau nhién doc 1ap bang téng cac phuong
sai thanh phan:
D(X—-Y)=D(X)+D(Y)

+) Hé qua 3. Phuong sai ctia téng n dai lugng ngau nhién doc lap bang téng cac phuong
sai thanh phan:

n n
D()_ X;) =)_ D(X;)
i=1 i=1
d) Y nghia ctia phuong sai

Phuong sai chinh 1a trung binh s6 hoc ctia binh phuong céc sai léch gitta cac gia tri c6 thé
c6 ctia dai lugng ngau nhién so véi gia tri trung binh ctia cac gié tri d6. Do d6 phuong sai phan
anh muc do phan tan cda cdc gia tri cia dai lugng ngau nhién xung quanh gid tri trung tam

cta no la ky vong toan.

Vi du 2.18 Tung con stic sac 7 lan, tim phuong sai ctia tong s6 chAm thu dugc,

Loi gidi. Goi X;, (i = 1,n) 1a s6 chAm thu dugc § lan tung thi i va X 1a téng s6 cham thu dugc
sau 7 1an tung. Ta c6:
X=X1+Xo+ ...+ X

Vi cac dai lugng ngau nhién X;, (i = 1,1) doc l1ap nén theo tinh chét ctia phuong sai:
D(X) = D(Xl) + D(Xz) + ...+ D(Xn)

Mai dai lugng ngau nhién X;, (i = 1,1) déu c6 bang phan phdi xac suat nhu sau: Do dé:

Xi|112]3[4|5]|6
p T1T]T|T]1]1
61616161616

1 /A
M(X) = c(1+2+3+4+45+6) =7 (vi=Tn)

1 an ., —
M(Xiz):6(12—|—22+32+42-|—52+62):Z (Vi=1,n)

2
D(X) = M(X}) - ()P =5 - (3) =55 (vi=Tm)
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Vi vdy phuong sai ciia tong s6 chdm thu dugc sau 7 1an tung la:

35n
2.3.3. D6 1éch tiéu chuan

* Dinh nghia 2.7 D¢ 1éch tiéu chuan cta dai lugng ngau nhién X, ky hiéu o, la can bac hai
cta phuong sai:
Ta théy rf?mg don vi do ctia do 1éch tiéu chudn béng don vi do cua dai lugng ngau nhién. Vi
vay do léch chuan duge st dung dé€ danh gia mic do phan tan cta dai lugng ngau nhién theo
don vi do ctia no.

2.3.4. M6t

* Dinh nghia 2.8 Mt X, ky hiéu mod(X), 1a gid tri cGa dai lugng ngiu nhién X c6 kha ning
xuat hién 16n nhat trong mot 1an can nao dé cta né.

Ddi v6i dai lugng ngau nhién roi rac, mod(X) 1a gia tri ciia X ing voi xac suat 16n nhat.

Déi véi dai lugng ngau nhién lién tuc, mod(X) la gia tri X 1am cye dai ham mat do.

oVi du 2.19 Dai lugng ngau nhién X cé bang phan phdi xac suat

X -2|-1 0

3
P|1011]07]0,05

0,15

Suy ra mod(X) = —1

eVi du 2.20 Dai lugng ngdu nhién X c6 ham mat do xac suat:

x <0

f(x)

X
T -

0;
2
g.e ; x>0

Xac dinh mod(X).

Loi giai. V6i x > 0, ta co:

1 XZ 2 Xz
f(x) = 5¢ T—xz.e_f
/ 1 2
f(x):0<:>zle TR-)=0ex=%V2
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Két hop véi diéu kién x > 0 suy ra x = /2.
Lap bang bién thién cua f(x)

X |0 —v2 0 V2 400

f'(x) + 0 -
Cb

f(x)O———>O/ \o

Ta duogc mod(X) = /2.

2.3.5. Trung vi

* Dinh nghia 2.9 Trung vi la gid tri cta dai lugng ngau nhién X, ki hiéu la med(X), la gia tri
cua X thoa man: )
P(X < medX) < 5 va P(X < medX) >

N =

Nhu vay néu X 1a dai lugng ngiu nhién lién tuc thi:

P(X <medX)=P(X > medX) = =

N —

va do d6 medX la nghiém ctia phuong trinh F(x) = %

eVi du 2.21 Pai lugng ngau nhién rdi rac X c6 bang phan phbi xac suat:

X | -1 0 2 3 5 8
P 1015005025 | 0,15 | 0,35 | 0,05

Khi d6 medX = 3.

eVi du 2.22 Dai lugng ngau nhién X c6 ham phan phdi xac suat:

0 vl x <0
Flx)=49x2 vii0<x<1

1 voix>1
Tim med(X).

Loi giai. Xét phuong trinh

F 1 0<x<1 0<x<1 1
(x)_§<:> x2:1 =4 x:i%@x—ﬁ
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1

Vay medX = —.
1y 2

2.3.6. Phan vi

* Dinh nghia 2.10 Phan vi muc « cta X la gia tri x, cta X thod man P(X < x,) = a.

Nhu vay néu dai lugng ngdu nhién X c6 ham phan phéi xac suét F(x) thi phan vi muc « 1a
nghiém X cta phuong trinh F(x) = a.

eVi du 2.23 Dai lugng ngau nhién lién tuc X c6 ham mat do xéc suat:

e voix >0
flx) = 3
0 voix <0
Tinh cac glé tri phél’l Vi X0,95, X0,5, X0,05-
Loi gidi. T ham mat d6 ta suy ra ham phan phoi xdc suat ctia X nhu sau:
{1—ex v6ix > 0

0 voix <0

e Xétphuongtrinh F(x) =0,95<1—¢*=0,95<¢*=0,05< x = —In0,05 = 2,996.
Véy X0,95 = 2,996.

e Xétphuongtrinh F(x) =0,5<1—¢*=0,5<¢*=0,5< x=—In0,5=0,693.
Vay x5 = 0,693.Luu y rang day chinh 1a med (X).

e Xét phuong trinh F(x) = 0,095 < 1—e¢* = 0,05 & ¢ = 0,95 & x = —[n0,95 =
0,051. Vély X0,05 = 0,051.

2.4. M6t s6 quy luat phan phéi xac suat thong dung

2.4.1. Quy luat phan phéi chuin N(u, ?)
Dinh nghia

* Dinh nghia 2.11 Pai lugng ngau nhién lién tuc X nhan gia tri trong khoang (—oo, +o0) dugc

goi 1a phan phéi theo quy luat chudn véi hai tham sb 1a  va 02, néu ham mat do xac suat cta
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no co dang;:
2
x —
;L zy)
e e 2(7
o2

Quy luat phan phéi chuan véi hai tham sb u va ¢? dugce ky hiéu 1a N(u, 0?).

f(x)

Khéao sat ham mat do f(x):

e Ham s6 xac dinh véi x € R.

e Dao ham bac nhat:

- (x —p)?
(x) = ———2 o 202
f( ) o271
. N 1
Nhu vay khi x = u ham so ¢d cuc dai ban .
e Pao ham bac hai:
(X _ ‘u)Z 2
f//()__ 1 .e* 20_2 {1 (x—y)}
o327 o?

. . . 1 1
Nhu vay ham so co 2 diém uon: -0, va + 0o, —)
Y (pl . 27Te> (y o.\/2me
e Gidi han:
lim f(x) =0.

x—+oo

Nhu vay truc Ox la tiém can ngang caa do thi ham sb.

e D4 thi ctia ham s6 déi xiing qua dudong thang x = p va c¢6 dang nhu sau:

Cac tham s6 dic trung ctia quy luat phan phéi chuan
Cho X la dai lugng ngau nhién phan phéi chudn véi hai tham s6 u va o2,

a) Ky vong toan ctia dai lugng ngdu nhién X chinh la tham sb u:

M(X) = u.
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Hinh 2.5:

m.Theo dinh nghia ky vong toan cta dai lugng ngau nhién lién tuc ta co:

+o0 oo (x—p)?
1 PR S A
M(X) = / xf(x)dx = xe 207 dx.
I o2 )

—H
o

Thuyc hién phép déi bién sb: u = Y ¥ Knhidé can tich phan khong déi va ta duoc:

+oo u2

/ ou+p).e 2 du
u? too U

o — A~ ‘l/l -~
- u.e 2du—|——/€ 2 du.
\/27‘([0 V21T

2

Tich phan thi nhat bang khong do ham s6 dudi dau tich phan 1a ham 1é ma can 1y tich
phan lai d6i xiing qua 0. Con tich phan thit hai la tich phan Poisson:

+o0 I/lz

= /efdu: NoT

Do dé M(X) = O

b) D9 léch tiéu chuén ctia dai lugng ngau nhién X chinh la tham sb o

ox = chayD(X) = o?

m.Do M(X) = y, theo dinh nghia phuong sai cuia dai lugng ngau nhién lién tuc:

oo oo (x — )

D(X):/(x—M(X))Z.f(x)dx: .1 (x—u)2e 202 dx.

—00 —00
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Thuc hién phép ddi bién s6: u = %. Khi d6 can tich phan khong déi va ta dugc:

—+o0

0'2 o u?
RV

02 21t 2 T . .
= —\/Eu.e*T —oo+\/T_7T / e~ 2du (tich phan ting phan)

2 2
=7 ( lim uz — lim %) + -7 \an (tich phan Poisson)

2771 \x——o00 U X—+oo U V27T
=0+ 0> =07
O
* Nhan xét: Néu dai lugng ngau nhién X phan phéi chudn véi hai tham s6 p va o2 thi dai lugng
< X — .
ngau nhién U = - ¢ c6 ky vong toan M(U) = 0 va do 1éch chuan oy = 1.

Quy luit phan phoi chuin hoa

a) Dinh nghia

* Dinh nghia 2.12 Pai lugng ngau nhién lién tuc U nhan céc gia tri trong khoang (—oo, 4+00)

dugce goi 1a tuan theo quy luat phan phdi chuan hoa néu ham mat do xac suat ctia né c6 dang:

2

X
e 2.

Ham mat do f(x) ctia quy luat phan phéi chuan hod c6 do thi déi xing qua truc tung Oy

nhu sau:
Dé thay:
e Ham s6 f(x) la ham s6 chan: f(—x) = f(x).
e lim f(x)=0.

X—r 400

Céc gia tri cia ham f(x) dugc tinh san thanh bang (xem Phu luc .

b) Ham phan phoi xac suat ctia dai lugng ngau nhién phan phéi chuan hoa
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y

Hinh 2.6:

Tir ham mat do f(x) ta c6 ham phan phéi xac suat F(x) ctia dai lugng ngau nhién phan phoi

chuén hoé c6 dang:

1 7 £
F(x)=—— [ e 24t
© =75 |
12
., 1 X_Ed
Xét ham so (tich phan Laplace): ®(x) = —— [ ¢ t.
(tichp place): ®(x) \/Frof

Dé théy:

e F(x) =0,5+ P(x).

e Ham s6 ®(x) la ham s6 1é: ®(—x) = —d(x).

e lim ®(x)=0,5.

X—r 400

Hinh 2.7:

Céc gia tri cia ham @ (x) dugc tinh san thanh bang (xem Phu luc .

¢) Cac tham s6 dic trung caa dai lugng ngau nhién phan phoi chuin hoa
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Gia st U la dai lugng ngiu nhién tuan theo quy luat phan phéi chudn hoa. Dé thay ham
mat do ctia né 1a ham mat do ctia quy luat phan phéi chuén véi hai tham sb6 4 = 0 va ¢ = 1.
Vi vay cac tham s6 déc trung cta U la:

Ky vong toan: M(U) = 0.

Phuong sai: D(U) = 1; d6 léch tiéu chuan: oy = 1.

Phéan phdi chudn hoa dugc ky hiéu la N(0,1).

d) Phan vi chuan

* Dinh nghia 2.13 Phan vi chuan mic (0 < a < 1), ky hiéu u,, 1a phan vi muc « cta dai

lugng ngau nhién U c6 phan phdi chuan hoa. Nhu vay u, thod man diéu kién:
P(U < uy) = a.

Tir ham mat do ctia phan phdi chudn hoa ta c6 biéu thirc xac dinh u, nhu sau:

Uy #2

P(U<uy) = \/% / e 2dt=a.

Cho trudc a, dya vao biéu thic trén ta tinh dugc phan vi u, va ngugc lai. Bang tinh san gia
tri u, twong tng v6i mic & cho trude dugc trinh bay trong phan phu luc (xem Phu luc(C.3).

Do tinh chat d6i xtiing ctia ham mat dé phan phdi chudn hoa nén phéan vi chuan c6 tinh
chét:

ulX — _ul_(x.

Cac cong thirc tinh xac suat ctia quy luat phan phoéi chuan

Cho dai lugng ngau nhién lién tuc X c6 phan phédi chuan véi hai tham sb u va 2.

a) Xac suat dé dai lugng ngiu nhién X nhan gia tri trong khoang (a, b)
. X—pu
Taco: U =
do do:

1a dai lvong ngdu nhién tuan theo quy luat phan phéi chudn hoa N(0, 1),

Nhu vay ta thu duoc cong thic:

P(a<X<b):q>(b_”>—q>(”_”) 2.2)
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Bang gia tri ciia ham s6 ®(x) cho & phu luc
b) Xac suat caa su sai léch giira dai lugng ngau nhién X va ky vong toan ctia n6

Ta phai tinh xac suat dé xay ra bat dang thuc:| X — | < e.

St dung cong thic (2.2) ta co:

P(|IX—ul<e)=P(p—e< X<u+e)
N RIGERIDRES
= (p)relp) =22 (;)
Nhu vay ta thu dugc cong thuc:

P(IX — | <€) =2.0 (g) (2.3)

¢) Quy tac "3 — ¢”
Néu trong cong thitc (2.3) ta dit € = 3¢ tic la bang 3 1an d¢ léch tiéu chudn ctia X thi ta co:

P(|X — | < 30) =2 <37‘7) — 2 (3) = 2.0,49865 = 0,9973

biéu d6 cho thay xac suat dé dai lugng ngau nhién phan phdi chuan nhan gia tri trong
khoang (1 — 30, u + 30) 1én t&i 99,73%, con xac suat dé né nhan gid tri ngoai khoang dé chi c6
0,27%. Xuat phat tir nguyén ly xac suat nhd, c6 thé cho rang thuc té diéu d6 1a khong thé co.

Nhu vay, néu dai lugng ngau nhién X phan phdi chuén thi hau nhu chac chan né sé nhan
gia tri trong khoang (u — 30, u + 30).

Mat khac, néu quy luat phan phéi xac suat ctia dai lugng ngau nhién duoc nghién ctiru chua
biét, song n6 thoa man diéu kién ctia quy tac “ba xich ma” thi c6 thé xem né 1a dai lugng ngau

nhién phan phdi chuén.

eVi du 2.24 Kich thudc ctia cac chi tiét do mot may san xuat ra 1a dai lugng ngau nhién phan
phdi chudn véi kich thude trung binh y = 5cm va d6 léch tiéu chudn o = 0, 9cm.

a) Tinh ty 1é chi tiét c6 kich thudc nam trong khoadng tir 4 cm dén 7 cm.

b) Tim xac suat dé ldy ngdu nhién 3 chi tiét c6 dung 1 chi tiét c6 kich thudc sai léch so véi trung
binh khong qua 1 cm.

c) Hau hét cac chi tiét c6 kich thude nhu thé nao?

Loi gidi. Goi X(cm) 1a kich thudc chi tiét do may san xuét. Theo gia thiét X phan phdi chuan

v6i hai tham s6 u = 5cm va o = 0,9cm.
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a) Theo cong thurc (2.2) ta co:
7-5 4—5
P(4<X<7)_CI>( 0/9)—@( 0’9>
= $(2,22) — &(—1,11) = ®(2,22) + ®(1,11)
— 0,48679 + 0, 36650 = 0, 85329.

Vay ty 1é chi tiét c6 kich thudc nam trong khoang tir 4cm dén 7cm la 85,329%.
b) Theo cong thirc (2.3) ta c6 xac suat dé lay ngdu nhién 1 chi tiét ¢6 kich thudc sai 1éch so véi
trung binh khong qua 1 cm la:

1
PﬂX—y%ﬁU_2¢<Q9

) =2®d(1,11) = 2.0,36650 = 0,733.

Vay xac suat dé 1ay ngau nhién 3 chi tiét c6 dung 1 chi tiét c6 kich thudc sai léch so véi trung

binh khong qua 1 cm bang;:
P3(1) = C3.(0,733)%.(1 — 0,733)% ~ 0,157.
c) Theo quy tac ”3 — ¢, hau hét chi tiét c6 kich thudc trong khoang:

(u—30,u+30)=(5-3.0,954+3.0,9) =(2,3,7,7)(cm).

Ung dung ctia quy luét chuin

Quy luat phan phéi chuan la quy luat phan phéi xac suat duogc ap dung rat rong rai trong
thuyc té. Nha todn hoc Nga Liapunép da chiing minh dugc rang: Néu dai lugng ngau nhién X
1a téng ctia mot s6 16n cac dai lugng ngdu nhién doc lap va gid tri cia méi dai lugng chi chiém

vi tri rat nho trong téng do thi X sé c6 phan phéi xap xi chuan.

Trong thuc té ta gap chinh cac dai lugng ngau nhién nhu vay. Chang han, kich thuéc ctia
cac chi tiét do cdc nha mdy san xuét ra sé phan phoi chudn néu qua trinh san xuat dién ra binh
thudng; ndng suat ctia ciing mot loai cay trong tai cac thita rudong khac nhau ciing phan phéi
chuén; ndng suit lao dong ctia cic cong nhan c6 cling tay nghé va lam cting mot cong viéc nhu
nhau ciing phan phéi chuan; mot sb chi tiéu vé sinh ly ctia nhitng nguoi cung gidi (chiéu cao,
can nang, vong nguc, chiéu dai canh tay ...) cting phan phéi theo quy luat chuén. Sy nhan biét

nay cho phép 1ap ké hoach san xuat phtt hgp ning suit lao dong va nhu cau ngudi tiéu dung...
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2.4.2. Quy luat khong - mot A(p)
Vi du
eVi du 2.25 Gid sit trong binh ¢6 N qua cau trong d6 c6 M qua cau trang, N — M qud cau den.

Tir binh 14y ngdu nhién 1 qué cau. Goi X 1a s6 cau trang lay duoc.
X la dai lugng ngau nhién rdi rac nhan mot trong hai gia tri 0; 1. Cac xac suat tuong tng la:
—_— N — M .

P(X =0) N P(X=1)=

thi ta co:

. M
Neu dét p = Wvéq:l—p:
P(X=0)=q=p"q; P(X=1)=p=p.q
Do d6 c6 thé viét quy luat phan phdi xac suat ctia X nhu sau:
x 1-x

PX=x)=g=p'q ™" voix=0;1, trongdog=1—p.

Dinh nghia

* Dinh nghia 2.14 Dai lugng ngau nhién roi rac X nhan mot trong hai gia tri c6 thé c6 X = 0;1
duoc goi la phan phdi theo quy luat khong - mét véi tham s6 p(0 < p < 1) néu cac xac suat
dugc tinh bang cong thuc:

PX=x)=qg=p g % voix=0;1 trongddqg=1-p.
Quy luat khong - mot v6i tham sb p duge ky hiéu 1a A(p).

Cac tham s6 dic trung ctia quy luat khong - mot

Goi X la dai lugng ngau nhién tuan theo quy luat khong - mot véi tham sb p. Ta c6 bang

phan phdi xac suat ctia X nhu sau:

trongdog=1—p.
Theo bang phan phdi xac suat ctia X ta tinh dugc cac tham s6 dac trung ctia X nhu sau:
* Ky vong toan:

M(X)=0g+1p=p
M(X?) =0%q+1%p = p.
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e Phuong sai: D(X) = M(X?) — [M(X)]> = p — p* = pq.

e Do léch chuan: ox = /D(X) = /pq.

2.4.3. Quy luat nhi thuc B(n, p)

Vidu

eVi du 2.26 Gid st trong binh c6 N qud cau trong d6 c6 M qua cau trang, N — M qua cau den.

Tir binh 1y ngAu nhién 7 qua cau theo phuong thitc c6 hoan lai. Goi X 1a s6 cau trang lay dugc.
Nhu vay ta da thyc hién n phép thir doc 1ap (mbi phép thir 1a mot lan 1ay 1 qua cau). Trong

méi phép thir chi xay ra hai truong hop: hodc lay dugc cau trang (bién c6 A) hodc khong lay

dugc cau trang (bién cd A). Xéc suat lay duge cau trang mdi 1an déu bang p = N va xac suat

£ N . 12 x 4% N —
lay duoc cau den moi lan déu bang g = N = 1 — p. Do d6 theo cong thitc Bernoulli xac
suat dé lay dugc k cau trang la:

P(X=k)=Ckpq"*, k=0mn q=1-p

Ta ciing dé nhan thay 1a néu goi X; 1a s6 cAu trang 14y dugc & 1an thi k thi X; tuan theo quy
luat khong - mot A(p) va X = X3 + Xo + ... + Xin.

Dinh nghia

* Dinh nghia 2.15 Dai lugng ngau nhién rdi rac X nhan mot trong cac gia tri c6 thé c6 X =
0,1,2,...,n dugc goi la phan phdi theo quy luat nhi thitc véi cac tham sb 1a n va p néu cac xac

sut twong tng ctia né dugc tinh béi cong thc:
P(X=k)=Ckpq"*, k=0mn q=1-p
Quy luat nhi thirc duoc ky hiéu la B(n,p).

* Nhan xét: Gia st bai toan tuan theo lugc dd Bemoulli: Thuc hién day n phép thir doc lap;
trong mbi phép thir chi c6 hai kha nang: bién c6 A xay ra hodc bién c6 A khong xdy ra; xac suat
xdy ra bién cd A trong méi phép thir déu bang p; xac suét xay ra bién c6 A trong mébi phép thir
la g =1 — p. Khi d6 néu goi X la s6 1an xuat hién bién cd A trong day n phép thit trén thi X la
dai lugng ngau nhién phan phdi theo quy luat nhi thic B(n, p).

Cac tham s6 dic trung ctia quy luat nhi thirc

Gia str X 1a dai lugng ngau nhién phan phdi theo quy luat nhi thitc B(n, p). Bang phan phdi

xac suat cia X nhu sau:
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X1| 0 1 2 k . | n
Plg"|Chpg" 1| C2p2q" 2| .| CpFgn k| .. | p"

a) Xac suat dé dai lugng ngau nhién X nhan gia tri trong khoang [k; k + k]
Bién c6 (k < X < k+h) (k,h 1a cac s6 tu nhién; k + h < n) c6 thé tach ra thanh téng cta
h + 1 bién ¢ xung khacting déila (X = k), (X = k+1),...,(X = k + h).Do d6 4p dung dinh

ly cOdng xac suat ta co:

Pk<X<k+h) =PX=k)+P(X=k+1)+..+P(X=k+h)
= Pk + Pr1 + o F Prpn VO = P(X = k)

b) Ky vong toan va phuong sai ctia dai lugng ngdu nhién phan phdi nhi thitc

Tir bang phan phdi xéac suat cta X ta co:
n n
=) kCipha"™t M(X) =} Gyt
= k=0
Xét tong:
Sk k onk
2 Curtq" = (p+q)" (24)
k=0
Pao ham 2 vé ctia theo p ta duogc:

ZkC" Tt =n(p+ !
(2.5)
= k§0 kCipta"* =np(p+q)"!

Vé trai ctia (2.5) 1a M(X), con vé phai bang np do p + q = 1. Vi vay M(X) = np.
Dao ham 2 vé ctia theo p ta duogc:

Zkz Ck k=1 n k n.(p+q)”_1+n.(n—1).]9.(p+q)”_2

= Z BCEph g  =np(p+9)" t+n.(n—1).p%(p+q)" 2
k=0

=M(X?) = np +n(n—1)p?
Do do:
D(X) = M(X?) = [M(X)]> = np +n(n = 1)p* —n’p* = np(1 — p) = npq

O trén ta da tinh M(X) va D(X) trong truong hop n > 2. Tuy nhién néu 1 = 1 thi dé thay
X tuan theo quy luat khong - mot A(p) va cac két qua trén van ding.
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Nhu vay dai lugng ngau nhién phan phéi nhi thic B(n, p) c6:

Ky vong toan : M(X) = np.

Phuong sai: D(X) = npq.

Do léch tiéu chuan : ox = /npg.

Mod X: np — g < Mod(X) < np + p.

eVi du 2.27 Xac suat dé€ mot ngudi ban tring bia 1a 0,8.

a) Gia stt ngudi d6 ban 12 phat dan, tinh s6 vién dan triing bia c6 kha ning xdy ra nhiéu nhat
va xdc suat dé xay ra diéu do.

b) Mubn s6 dan tring bia trung binh khong nhé hon 12 thi ngudi d6 phai ban it nhat bao nhiéu

vién dan?

Loi gidi. Goi X la sb vién dan ma ngudi d6 ban tring bia. X tuan theo quy luat nhi thic véi
p=0,8.
a) Nguoi d6 ban n = 12 vién dan, khi d6 X tuan theo quy luat nhi thitc B(n = 12;p = 0,8). Sb

vién dan tring bia c6 kha nang xay ra nhiéu nhat 1a mod(X):
np—gq < Mod(X) <np+p<«<120,8—-0,2 < Mod(X) <12.0,8+0,8
9,4 < Mod(X) < 10,4 = Mod(X) = 10
Xéc suat dé nguoi d6 ban tring 10 vién dan la:
P(X =10) = C'0,2(0,8)'0.(0,2)? ~ 0,2835
b) Gia st ngudi d6 ban n vién dan, khi d6 X tuan theo quy luat nhi thitc B(n;p = 0,8). Theo
gia thiét:

12

=1
0,8 >

MX)=12enp=12<n=
Vay mudn trung binh c6 12 vién dan tring bia thi ngudi d6 phai ban 15 vién dan.

Cong thic xap xi Laplace

Gia st X 1a dai lugng ngau nhién phan phdi nhi thirc B(n, p). Trong thuc té, néu n kha 16n
thi viéc tinh toan theo cong thitc Bemoulli sé gap kho khan, lic d6 c6 thé duing quy luat chuan

dé thay thé cho quy luat nhi thitc néu thod man dong thoi hai diéu kién:

n >5

P—al 3
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Luc d6 thi dai lugng ngdu nhién X phan phdi nhi thitc B(n, p) c6 thé coi nhu phan phbi xap
xi chuan véi ky vong toan u = np va phuong sai 0> = npg. Tir d6 ta c6 cac cong thirc xap xi

Laplace nhu sau:

PX=K) =Ciplg" " = wiqu <k¢:l;l;)

P(ngSb)%q’(%)_@(a\/%)

O d6 f(x) 1a ham mat d¢ ctia quy luat phan phdi chudn hod, va ®(x) 1a tich phan Laplace:

1 K2
xX) = .~ 7¢O gia tri duoc cho & phu luc(C.1
Fle) = =™ e gid tri duoe cho d phu I
1
D(x) e Zdt co ¢gia tri dugc cho & phu luc|C.2
ﬁo 3 p

eVi du 2.28 Xac suit dé san pham sau khi san xuat khong dugc kiém tra chat lugng bang 0,2.
Gia st trong kho ctia nha mdy c6 400 san pham vira san xuat ra.

a) Tinh xac suat dé c6 80 san pham khong dugc kiém tra chat lugng.

b) Tinh xac suat dé c6 tir 70 dén 100 san pham khong duge kiém tra chat lugng.

c) V&i xac suat 0,9545 hay tinh xem sb lugng san phdm khong dugc kiém tra chat lugng ndm

trong khoang ddi xitng nao xung quanh gia tri trung binh?

Loi gidi. Goi X 1a s6 san pham khong duge kiém tra chat lugng trong s6 400 san pham. Khi
d6 X tuan theo quy luat phan phéi nhi thicc B(n = 400; p = 0,2). Tuy nhién vi n kha lén

n =400 > 5va
lp—q]  10,2-0,8|

VApq  /400.0,2.0,8

nén c6 thé coi X tuan theo quy luat phan phéi chuan N(u = np = 80;02 = npq = 64).

=0,075<0,3

a) Xac suat dé c6 80 san pham khong dugc kiém tra chat lugng la:

P(X = 80) ~

80—80\ 1 1
\/—f< N ) = g (0) = £.0,39894 = 0,04987.

8
b) Xac suat dé c6 tir 70 dén 100 sdn pham khong dugc kiém tra chat lugng la:

P(70§X§100)z®(w) —@(M

V64 V64

= ®(2,5) + D(1,25) = 0,49379 + 0,39435 = 0,88814.

) = ®(2,5) — ®(—1,25)
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c) Ta phai tim € sao cho P(|X — np| < €) = 0,9545. Ta c¢:

B B np-i—e—np) (np—e—np)
P(| X —np|<e)=Pnp—e< X<np+e —<I><— - P | ——

=+ (i)~ (o) = (o) =2 )

Do d¢;

2P (f) — 0,9545 < @ (f) — 0,47725 & < = 2,0 = € = 16

8 8 8

Vay s6 lugng san pham khong dugc kiém tra chat lugng nam trong khoang:

(np —e;np+¢€) = (80— 16,80+ 16) = (64;96).

2.4.4. Quy luat Poisson P(\)
Dinh nghia

* Dinh nghia 2.16 Dai lugng ngdu nhién rdi rac X nhan mot trong céac gid tri c6 thé c6 X =
0,1,.. dugc goi 1a phan phéi theo quy luat Poisson véi tham s6 A(A > 0) néu cac xac suat tuong
ung cta n6 dugc tinh bdi cong thic:

AR

P(X=k)= ki

k=0,1,..

Quy luat Poisson dugc ky hiéu la P(A).
Cac tham s6 dic trung ctia quy luat Poisson

a) Bang phan phoi xac suat ctia dai luong ngiu nhién X phan phoi theo quy luat Poisson c6

dang:
X| 0 1 2 k
1 2 k
Chu y rang:

oo Kk oo Zk-1 oo k-1
A A A :
et=) = va Aet et =)

ok & k=1 = (k=1)!

ta c6 cac két qua sau day:
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b) Ky vong toan ctia dai lugng ngiu nhién X phan phdi P(A):

= P(X =
k=0 k:l (k_l)'
P =t /\k_l A A
= Ae Ae et =A
= (k—1)!

Tuong tu ta cting co:

Zkz Zkz =

A kAL A A A 2
=A .Z(k_1)|:/\.e (At +et) =A%+ A
k=1 :

¢) Phuong sai ctia dai luong ngau nhién X phan phéi P(A):
D(X)=M(X?) - [MX)?=A2+A-A2=A

Nhu vay trong quy luat Poisson, ca ky vong toan va phuong sai déu bang A, d6 1a tinh chat dac
biét ctia quy luat Poisson.
d) Gia tri ctia X twong ng véi xac suat 16n nhat la:

A—1<mod(X) <A.

Két qua nay duoc chitng minh tuong tu phan cong thirc Bemoulli:

/\k /\k—l

A
P(X=k) >P(X=k-1) O k=) 21 k <A
g )\k /\k—i-l A A =
P(X=k) >P(X=k+1) AMN R p—_— k >A-1
kK= (k+1)! +1

Lién hé gitra quy luat Poisson v&i quy luat nhi thitc va quy luat chuan

Gia st X la dai lugng ngau nhién phan phéi nhi thitc B(n, p). Trong truong hop 1 kha lon
va p kha nho (p < 0,1), phan phéi nhi thire duge xap xi bdi phan phdi Poisson.

That vay, gia st tich np ludn luon bang mot gid tri khong déi np = A, khi d6 xac suat cta

quy luat nhi thic c6 thé viét nhu sau:
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_ nmn—1)(n-2)...(n—k+1 _
pk:P(X:k) :Cﬁpkqn k: ( )( k') ( )pkqn k

_nmn—1)(n—-2)..(n —k+1) (A)k (1_&)n—k

DR

Vin 1én, do do thay cho py ta tim giGi han lim nlgn Pk

L —n A(n —k)
k n— k —_ k
limpkzlim)\—(l—&) :A_hm(l_&)/\ —n _)L.—A

= —.e¢
n—00 n—oo k! n k!

Nhu vay la trong truong hop sd phép thir n rat 16n, xac suat p rat nho va tich np = A
khong déi, cac xac suat py ctia cong thirc Bernoulli c6 thé thay thé bang cong thirc xap xi Pois-

sSOon.

Mat khac, d6i véi quy luat Poisson thi qua trinh hdi tu ctia n6 vé quy luat chuén sé dién
ra khi A trd nén 16n hon 20. Vi vay néu dai lugng ngau nhién X phan phdi theo quy luat Poisson
song A > 20 thi c6 thé xem X phan phéi xap xi chudn véi g = A va o? = A.

oVi du 2.29 Mot may dét c6 5000 6ng soi, xac suat dé trong mot phiit mot dng sgi bi dit bfmg
0,0002. Tim xac suat dé trong mot phut c6 khong qua 2 6ng soi bi dut.

Loi gidi. Goi X 1a s6 6ng soi bi dut trong mot phut. Dé thay X 1a dai lugng ngau nhién phan
phdi nhi thie B(n = 5000, p = 0,0002). Tuy nhién vi n = 5000 rat 1én, p = 0,0002 kha nhé
va tich np = 5000.0,0002 = 1 khong ddi nén c6 thé coi X phan phoi theo quy luat Poisson
P(A=1).

Xac suat dé trong mot phut c6 khong qué 2 6ng soi bi dut la:

A oAb a2
PX<2)=potprtp=e’grte’te’s
1 12 5
-1
= —+ ) ==~0,9197.
e (1+1!+2!) 55 70,919

2.4.5. Quy luat siéu boi M(N,n)
Vidu

eVi du 2.30 Gid st trong binh c¢6 N qua cau, trong d6 c6 M qua cau trang va N — M qua cau
den. LAy ngau nhién 1an lugt n qua cau theo phuong thirc khong hoan lai. Goi X 1a s6 cAu trang
duoge 1ay ra. Khi d6 cac phép thir khong con doc lap va ta khong thé tinh xéac suat bang cong
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thitc Bemoulli. Theo dinh nghia c6 dién vé xdc suat, xac suat dé trong n qua cau lay ra c6 dung

k cAu trang bang:
ChCrh
P(X:k):pk:%; 0<k<M; 0<n—k<N-M).
N

Dinh nghia
* Dinh nghia 2.17 Pai lugng ngdu nhién rdi rac X nhan mot trong céac gid tri c6 thé c6 X =
0,1,2,... dugc goi la phan phdi theo quy luat siéu bdi v6i cac tham sé6 N, M, n(n < N; M < N)
néu xdc suat tuong ung ctia n6 dugc tinh bdi cong thic:

k —k
Cu-Ch_m

N

max(0;n — N+ M) < k < min(M;n).
Quy luéat siéu boi duge ky hiéu la M(N, n).

Cac tham s6 dac trung ctia quy luat siéu béi

Dai lugng ngau nhién X phéan phdi theo quy luat siéu béi M (N, n) c¢6 ky vong toan:

M(X) = n.% =np Vvoip = %
va phuong sai:
MN-MN-—n N—n

D(X) =n.—. . = npq.
X =n§~N N1 "N_1
Ta chti y rang khi s6 phép thir n 1a rat bé so v6i N thi phan phdi siéu boi khong khac so véi

phan phdi nhi thic vi:

“k “k
lim %:C" (M)k(l_M)n '
£—>O CK] ! N

N

2.4.6. Quy luat khi - binh phuong x?(n)

* Dinh nghia 2.18 Dai lugng ngiu nhién lién tuc X duge goi 1a tuan theo quy luat phan phbi
khi- binh phuong véi n bac tu do, ky hiéu x?(n), néu ham mat do xac suat ctia né c6 dang:

0 voi x <0
flx) = 1 © g

S Gi x>0
21721 (1/2) vor

e 2.x2"

trong d6 I'(x) = [ +*~le~!dt 1a ham Gamma; I'(x) = (x — 1)T(x — 1).
0
Néu 7 1a mot s6 nguyeén thi ['(n) = (n — 1)!.
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Néu 7 1a mot s6 nguyén 1é thi T (g) = (g — 1) : (g — 2) g%\/ﬁ

C6 thé chitng minh dugc rang néu dai lugng ngdu nhién X phan phéi theo quy luat khi -
binh phuong vdi n bac tu do thi ky vong toan: M(X) = n va phuong sai: D(X) = 2n.

Phan vi khi - binh phuong muc a, ky hiéu la x2(n) 1a gia tri ctia dai lugng ngdu nhién X
tuan theo quy luat phan phoi khi - binh phuong vdi n bac tu do thoa man diéu kién:

P[X < xi(n)] =«

Gia tri cia cac phan vi nay c6 thé tra & phan phu luc (xem Phu luc ), y nghia cta phan
vi duoc thé hién & hinh vé sau.

Hinh 2.8:

Néu c6 n dai lugng ngdu nhién doc 1ap X, (i = 1,71), cung phéan phbi theo quy luat chuan
héa N (0, 1) thi tong binh phuong cac dai lugng do:

la dai lugng ngau nhién phan phéi theo quy luat khi - binh phuong véi n bac tu do; con néu n
dai lugng d6 lién hé véi nhau bang mot hé thiic tuyén tinh thi téng binh phuong X tuan theo
quy luat khi - binh phuong véi n — 1 bac tu do.

Khi s6 bac tu do n tang 1én, quy luat khi - binh phuong xap xi v6i quy luat chuén.
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2.4.7. Quy luat Student T'(n)

* Dinh nghia 2.19 Dai lugng ngiu nhién lién tuc X duge goi 1a tuan theo quy luat phan phbi

Student védi n bac tu do, ky hiéu T(n), néu ham mat do xac suat ctia n6 c6 dang:

') e
n—l){ n—J

n(n—l)F( 5

flx) =

trong d6 I'(x) = [ +*~le~!dt la ham Gamma.
0

D6 thi ctia ham mat do phan phdi Student T (1) c¢6 dang nhu sau:

n
tlrx

Hinh 2.9:

C6 thé chiing minh dugce rang néu dai lugng ngdu nhién X tuan theo quy luat phan phdi
Student v6i n bac tu do thi ky vong toan: M(X) = 0 va phuong sai: D(X) = %
Phan vi Student mtrc &, ky hiéu 1a #/ 1a gia tri ctia dai lugng ngau nhién X phan phéi theo

quy luat Student véi n bac t do thod man diéu kién:
P(X < 1) =

Gia tri cia phan vi Student dugc cho trong phan phu luc (xem Phu luc ), y nghia ctia n6
dugc thé hién trén hinh vé. Dé thay:

te = — 111713(

Gia st U la dai lugng ngdu nhién phan phdi chuan hoa N(0,1) va V la dai lugng ngau
nhién doc lap véi U, phan phéi theo quy luat khi - binh phuong véi 1 bac tu do x?(n). Khi do
dai lugng ngau nhién:

X =

S
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sé phan phoi theo quy luat Student véi 1 bac tu do T(n).

Khi s6 bac tu do n tang 1én, phan phoi Student sé hoi tu nhanh vé phan phéi chuan hoa
N(0,1). Do d6 néu n kha 16n (n > 30), c6 thé dung phan phéi chuén hoa thay thé cho phan
phdi Student.

Bai tap chuong 2

Bai 2.1. Mot thiét bi gom 3 bo phan hoat dong doc 1ap véi nhau. Xac suat trong thdi gian t cac
bo phan bi hong lan luot 12 0,4; 0,2 va 0,3.

a) Tim quy luat phan phdi xac suat ctia s6 bd phan bi hong X.

b) Thiét 1ap ham phéan phoéi xac suat ctia X.

c) Tinh xéc suat trong thdi gian t c6 khong qua 2 bd phan hong.

d) Tim mod(X).
bS: a)
X! 0 1 2 3
P | 0,336 | 0452 | 0,188 | 0,024
€)0,976
d)1

Bai 2.2. Mot hop c6 3 qua cau trang va 2 qua cau den. Liy ngiu nhién 1an luot tiing qua cau
cho dén khi lay dugc cAu trang. Tim quy luat phan phdi xac suét ctia s6 cau dugc lay ra.

DS: Bai 2.3. C6 hai 16 san pham, 16 1 c6 8 chinh phdm va 2 phé pham; 16 2 ¢6 7 chinh pham va

X1 1]121]3
P|{06|03|01

3 phé phdm. Tir 16 thit nhat 1y ngau nhién ra 2 san phdm bd sang 16 thit hai, sau do6 tir 16 thu
2 lay ra 2 sdn pham.

a) Tim quy luat phan phéi xac suat ctia s6 chinh pham dugc 14y ra.

b) Xay dung ham phan phdi xac sut ctia s6 chinh phdm duogc lay ra.

DS:

X 0 1 2
0,0639 | 0,4388 | 0,4973

=3

Bai 2.4. Bang phan phbi xac suat ctia bién ngdu nhién X nhu sau:
a) Tinh M(X); D(X) va 0.
b) Tim mod(X).
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bS: a) 0,3; 15,21; 3,9; b) -5.
Bai 2.5. Cho Xj va X; la hai dai lugng ngdu nhién doc lap c6 bang phan phéi xac sudt nhu sau:

X112 |3 |5 X |1 |4
P 103]0502 P 102108

a) Tinh M(X1), M(Xz2), D(X1), D(X2);

b) Tinh M(X; + X3), D(X1 + X2)

c) Tinh M(2X; — 3X,), D(2X; — 3X2), M(X? — X3).

bS: a) 3,1; 3,4, 1,09; 1,44; b) 6,5; 2,53; ¢) -4; 17,32; -40,7.

Bai 2.6. Dai lugng ngau nhién X c6 ky vong toan M(X) = a va D(X) = b?.
a) Tinh M(X — M(X));

b) Tim ky vong toan va phuong sai cta dai lugng ngau nhién U =
bS:a) 0;b) 0; 1.

Bai 2.7. Thuc hién ba 1an ban véi xac suat 1an ban thi nhat, thi hai va thua ba tring dich 1an

X—a
b

luotla p; = 0,4; p2 = 0,3; p3 = 0,6. Tim ky vong toan ctia s6 1an ban triing dich.

bSs: 1,3.

Bai 2.8. Dai lugng ngau nhién rdi rac X nhan 3 gia tri c6 thé c6 la x; = 4véi xac suat p; =
0,5; Xo = 0,6 v6i xac suat P, = 0,3 va x3 vdi xac suat ps. Tim x3 va p; biét M(X) = 8.

DS: 29,1; 0,2

Bai 2.9. Dai lugng ngau nhién roi rac X nhan cac gid tri c6 thécolax; = —1,x = 0,x3 = 1.
Tim cac xac suat tuong tng p1, p» va ps biét rang M(X) = 0,1 va D(X) = 0, 89.

Ps: 0,4;0,1; 0,5.

Bai 2.10. M6t ngudi di tir nha dén co quan phai qua 3 nga tu, xac suat dé ngudi d6 gip dén do
O cac nga tu tuong ung 1a 0,2; 0,4; 0,5. Hoi thoi gian trung binh phai ngiing trén duong la bao
nhiéu, biét rang méi khi gap dén d6 nguoi dy phai doi khoang 2 phuit.

bS: 2,2.

Bai 2.11. Pai lugng ngau nhién X c6 bang phan phdi xac suat nhu sau:

X 1] 4 |8
P|03|01]06

a) Tinh P(1 X- M(X) | < 4)

b) Tinh xac suat dé trong 5 phép thir c6 it nhat mét lan X < M(X).

DS: 0,7;0,92224.

Bai 2.12. Cho X, Y la hai dai lugng ngau nhién doc 1ap c6 bang phan phéi xac suat:
a) Tim x,y,z,t biét M(X +Y) =1,3; M(X? + Y?) = 3,3;
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X|-110 2
Pix |02y
Y |-1]|1
Plz |t

b) Lap bang phan phdi xac suat cia X? — 2X, XY, |[X - Y|;

c) Tim s6 p € (0;1) sao cho dai lugng ngau nhién pX? + (1 — p)Y? c¢6 d6 léch tiéu chuan nhé
nhat. Tim d6 1éch tiéu chuin nhé nhat dé.

DS:a) 0,3;0,5;0,2;0,8; ¢) p = 0,175;0,i, = 0,726.

Bai 2.13. Cho dai lugng ngiu nhién r&i rac X nhan cac gia tri 0,1,2, 3, ... vdi xac suat tuong tng:

3
P X =n] = A_an

a) Tim q;

b) Tinh xac suat trong 3 phép thir doc lap c6 lan X < 3;

¢) Tinh ky vong toan M(X) va phuong sai D(X).

PS: a) 0,25; b) 1 — 0,25, c)%;g

Bai 2.14. Nhu cau hang nam vé loai hang A 1a dai lugng ngau nhién X ¢6 ham mat do xac suat

nhu sau (don vi: ngan san pham):

) {k(30 — %) le x € (0;30)
0 véi x ¢ (0;30)

a) Tim hé s6 k,

b) Tim xac suat dé nhu cau vé loai hang d6 khong vugt qua 12 ngan san phadm trong mot nam.
c) Tim nhu cau trung binh hang ndm vé loai hang dé.

bS: a) ﬁ; b) 0,64; c) 10.

Bai 2.15. Thoi gian xép hang chd mua hang ctia khach la dai lugng ngau nhién lién tuc véi ham
phéan phéi xac suat nhu sau: (don vi: phut)

0 vl x <0
F(x) = qax® —3x242x véi 0<x<1
1 voi x> 1

a) Tim hé s6 a.

b) Tim thdi gian xép hang trung binh.

c) Tim xac suat dé trong 3 ngudi xép hang thi c6 khong qua 2 ngudi phai chd qua 0,5 phuit.
DS: a) 2;b) 0,5; ¢) 0,875.
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Bai 2.16. Cho X la dai lugng ngau nhién lién tuc ¢6 ham phan phoi xac suat sau day:
F(x) = a+ b.arctanx

a) Tim cac hé s6 a, b.

b) Tim P(0 < X < I).

c) Tim gia tri x; thod man diéu kién P(X > x1) = Z

d) Tlmlhéim mat do xac suétlcﬁa X.

bS: a)i ; ;b)O,ZS;C)—l;d)m N

Bai 2.17. Ham phan phoi xac suat cua dai luong ngau nhién lién tuc X c6 dang:

0 voi x <0

F(x) =< ksinx voi 0 <x < %
1 Vo x> o
4

a) Tim hé s6 a.

b) Tim ham mat do f(x).

¢) Tim M(X), D(X).

DS: a) v/2; ¢) 0,371; 0,0499.

Bai 2.18. Dai lugng ngiu nhién X c6 ham mat d6 xac suat:

a.cosx vVvii x € (

0 VéiX@é(

)

fx) = 2
2)

N[ AN

a) Tim hé sb a,
b) Tim P(0 < X < %).

A 42 1A 2
c) Tim xac suat dé trong 3 phép thu colan X € {g, ?71] .

bS: a) 0,5; b) 0,354; ¢) 0,1878.
Bai 2.19. Thu nhép ctia dan cu mdt vung 1a dai lugng ngau nhién lién tuc c6 ham phan phé)i
xac suat nhu sau: rona
0 ..
1—-(— Vol x > x
F(x) = ( x ) =0

0 voi x < X

Hay xac dinh mtc thu nhap sao cho lay ngau nhién mot ngusi & vung d6 thi thu nhap cua

nguoi nay vugt qua muc trén voi xac suat0,5.

PS: 24 x

Bai 2.20. Ty lé mac moét loai bénh trong mot vung dan cu la bién ngau nhién lién tuc c6 ham
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mat do:
1
— voOi x € (5;25
flx)= {2 9729)
0 voi x ¢ (525)
a) Tinh P(|X — 10| > 2,5).
b) Tinh ty 1é mac bénh trung binh va phuong sai.
DS: a) 0,75; b) 15; 33,3.
Bai 2.21. Dai lugng ngau nhién lién tuc X c6 ham mat do xac sut:
k

f(x):m (—o0 <x <o)

DS: 2

Bai 2722. Hai kién tudng béng ban ngang stic thi diu véi nhau. Hoi thang 2 trong 4 van dé hon
hay thang 3 trong 6 van dé hon?

DS: Thang 2 trong 4 van dé hon.

Bai 2.23. Mot nit cong nhan quan ly 12 may dét. Xac suat dé mdi may trong khoang thdi gian t
can dén sy cham séc ctia nit cong nhan 1a 0,3.

a) Tinh xac suat trong khoang thdi gian t c6 4 may can dén sy cham séc ctia nit cong nhan.

b) Tinh x4c suét trong khoang thdi gian t ¢6 tir 3 dén 6 mdy can dén su chadm séc ctia nit cong
nhan.

¢) Tinh s0 may c6 kha nang can den su cham soc ctia nit cong nhan nhieu nhat.

DS: a) 0,231; b) 0,709; c) 4 may.
Bai 2.24. Viéc san xuét ra cac san phdm duoc tién hanh doc 1ap. Hdi phai san xuat méi dot bao
nhiéu sdn pham dé trung binh c6 dugc 10 san phdm dat tiéu chudn biét rang xac suat dugc san
pham dat tiéu chudn bang 0,8.
DS: 13 san pham.
Bai 2.25. Tién hanh kiém tra chat lugng 900 chi tiét, xac sudt dé mot chi tiét dat tiéu chudn la
0,9.
a) Tinh xac suat dé c6 810 chi tiét dat tiéu chuan.
b) Tinh xac suat dé c6 tir 800 dén 825 chi tiét dat tiéu chuan.
c) Hay tim vo6i xac suat 0,9544 xem sb san phé{m dat tiéu chuan nam trong khoang débi xuang
nao xung quanh gia tri trung binh?
DS: a) 0,0443; b) 0,81904; c) (792; 828).
Bai 2.26. Kich thudc chi tiét do mot mdy san xuat ra la dai lugng ngau nhién phan phdi chuan
véi y = 5cm va ox = 8, 1lmm. a) Tim xdc suat dé ldy ngau nhién 1 chi tiét c6 kich thudc tir 4cm
dén 7cm.
b) Tim xac suat dé ldy ngau nhién 1 chi tiét c6 kich thudc sai léch so véi ky vong toan khong
qua 2cm.

c) Tinh xac suat dé khi ldy ngiu nhién 5 chi tiét ¢6 2 chi tiét c6 kich thudc 16n hon 5cm.
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DS: a) 0,88389; b) 0,98648; c) 0,3125.

Bai 2.27. Kich thudc chi tiét 1a bién ngdu nhién phan phdi chuan véi u = 50cm. Kich thuéde thuc
té ctia cac chi tiét khong nhé hon 32cm va khong 16n hon 67cm. Tim xac suat dé 14y ngau nhién
2 chi tiét c6 chi tiét ¢ kich thudc nhéd hon 40cm.

bSs: 0,09.

Bai 2.28. May bay bay doc theo cau dai 8m, rong 4m va ném 2 qua bom. Biét rang khoang cach
tir diém roi ctia qua bom dén truc dbi xtiing theo chiéu doc va chiéu ngang ctia cau la cac bién
ngau nhién doc 14p, cing phan phéi chudn véi ky vong toan bang 0 va do léch chudn tuong
ting 1a 4m va 6m. Tim xac suat dé cau bi tring bom.

bS: 0,3439.

Bai 2.29. Khi tham nhap mot thi trudng mdi, doanh nghiép chi du kién rang doanh s6 hang
thang c6 thé dat duge phan phéi chuan. Xac suat dé dat dugc doanh s6 nhé hon 20 triéu 1a 0,1;
trén 50 triéu la 0,2.

a) Tinh doanh s6 hang thang trung binh ctia doanh nghiép do.

b) Tinh xac suat dé doanh nghiép dat dugc doanh s6 it nhat 1a 40 triéu hang thang.

DS: a) 38,113; b) 0,44828

Bai 2.30. Trong lugng mot loai san phﬁm 1a bién ngéu nhién phan phéi chuan véi trung binh
25kg va do léch chuan 0,2kg.

a) Tinh ty 1é san pham c6 trong luong 16n hon 25,3kg.

b) Tinh xac suat dé khi can thtr 25 sdn pham thi trong lugng trung binh ctia 25 sdn phdm nay
nho hon 25,01kg.

DS: a) 0,06681; b) 0,09871.

Bai 2.31. Theo théng ké dan sb thi mot ngudi § do tudi 40 sé song thém 1 nadm nira 1a 0,995.
Mot cong ty bao hiém nhan tho ban bao hiém 1 ndm cho nhitng ngudi & d6 tudi d6 voi gia la
10 ngan va trong trudng hgp ngudi mua bdo hiém bi chét thi sb tién bdi thuong 1a 1 triéu. Hoi
loi nhuan trung binh ctia cong ty khi ban moi thé bao hiém loai nay 1a bao nhiéu?

DS: 5 ngan.

Bai 2.32. Nhu cau vé mot loai thuc phdm & mot khu dan cu c6 bang phan phéi xac suat nhu

sau:

Nhu cau(kg) | 50 | 60 | 70 | 80 | 90 | 100
Xacsuat | 0,15]0,25 | 0,35 0,12 | 0,07 | 0,06

a) Tinh nhu cau trung binh vé loai thuc phdm d6 & khu dan cu néi trén;

b) Méi kg thuc phdm clta hang mua vao 45000d, ban ra 60000d. Gia st ctta hang nhap 70kg
thuc pham, hay lap bang phan phdi xac suat ctia lugng san pham dugc ban ra. Tinh s6 tién lai
trung binh ctra hang thu duogc khi do;

c) Néu bi é thi ctta hang gidm gia ban ra chi 30000d thi sé hét hang. Hdi ctra hang nén nhap
70kg hay 80kg thi tot hon?

DS: a) 68,9; b) 720000; c) nén nhap 70kg.
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Bai 2.33. M6t chi tiét do mdy tién san xuat ra 1a mot dai lugng ngadu nhién X ~ N (20mm, 4mm?).
Chi tiét dugc goi 1a hop quy cach néu X dao dong tir 18mm dén 22mm. Cho may d6 san xuat
100 chi tiét, tinh xac suat dé cé:

a) 50 chi tiét may hop quy cach;

b) Khong qua 80 chi tiét may hop quy cach.

bS: a) 0,105; b) 0,994

Bai 2.34. Thoi gian bao hanh mot san phdm dugc quy dinh la 3 ndm. Néu ban dugc 1 san phdm
thi ctra hang 1ai 150 ngan song néu san pham bi hong trong thoi gian bao hanh thi ctra hang
phai chi phi 500 ngan cho viéc bao hanh. Biét réng tudi tho san pham la dai luong ngau nhién
phan phéi chudn véi tudi tho trung binh la 4,2 ndm va do 1éch chuén 1a 1,8 ndm.

a) Tim s6 tién lai ma ctrta hang hy vong thu dugc khi ban méi san pham.

b) Néu muén sb tién 1ai cho mdi san phdm bén ra la 50 ngan thi phai quy dinh thoi gian bao
hanh 1a bao nhiéu?

c) Néu mudn ty 1é sdn phdm phai bdo hanh khong quéa 10% thi phai quy dinh thdi gian bao
hanh Ia bao nhiéu?

DS: a) 24,285 ngan; b) 2,688 nam; c) 1,896 nam.

Bai 2.35. Mot ngudi can nhdc gitra viéc mua 6 phiéu ctia 2 cong ty A va B hoat dong trong 2
linh vire doc lap nhau. Biét 1ai sut ¢d phiéu cta 2 cong ty 1a dai lugng ngdu nhién phan phdi

chuén v6i cac tham s6 dac trung nhu sau:

Ky vong toan (%) | Do léch chuan (%)
Cong ty A 11 4
Cong ty B 104 2,6

a) Néu ngudi d6 mudn dat duge lai sut tdi thiéu la 10%thi nén mua cd phiéu cta cong ty
nao?
b) Néu ngudi d6 mudn han ché rui ro bang cach mua c6 phiéu ctia ca hai cong ty thi nén mua
theo ty 1é bao nhiéu dé mitc do rti ro vé 1ai suat la nhé nhat?
DS: a) Cong ty A; b) A:B = 0,297:0,703.
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Chuong 3

Mau ngau nhién - Uéc luong tham so6

3.1. Tong thé nghién ciru

3.1.1. Dinh nghia

* Dinh nghia 3.1 Tap hgp toan bo cac phan tit mang ciing mét dau hiéu nghién ciru dinh tinh
hodc dinh lugng nao dé duge goi la tong thé nghién ctru hay tong thé.

S6 lugng cac phan tif ctia tong thé dugc goi 1a kich thudc tong thé, ky hiéu la N. V&i mbi
tong thé ta khong nghién citu truc tiép téng thé ma thong qua mot hay nhiéu dau hiéu dac
trung cho tong thé d6. Ching dugc goi la dau hiéu nghién ciru, ky hiéu 1a x, cdc dau hiéu nay
c6 thé 1a dinh tinh hoac dinh lugng.

eVi du 3.1 Mudn nghién citu tinh hinh di 1am thém ctia sinh vién cac truong Cao dang, Dai
hoc trén toan qudc ta tién hanh tong diéu tra sinh vién toan qudc va phan tich s liéu theo s6
giy 1am thém hang tuan. Khi d6, tong thé nghién ctru la tap hop tat ca sinh vién toan qubc, dau
hiéu nghién ctru X la thoi gian 1am thém hang tuan cda sinh vién. Kich thudc téng thé N 1a sd

sinh vién cua Viét Nam.

3.1.2. Cac phuong phap mé ta tong thé

Gia st tong thé kich thude N, dau hiéu nghién ciru dinh lugng x nhan cac gia tri x1, xp, ..., X¢
vdi cac tan sb tuong tng Ny, Ny, ..., Ny (trong tdng thé c6 N; tit ma diu hiéu nghién ctru x nhan

gia tri bang x;).

a) Bang phan phdi tan sb.
Tong thé c6 thé duge mo ta bang bang phan phdi tan s6 nhu sau:

Giatrictay | x1 X2 .. Xi ... Xk
Tan s6 Ny N, .. Ni ... Ng

93
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Hién nhién:

OSNiSN, Vi:Lk

k
Y N;=N
i=1

b) Bang phan phdi tan suat.
Ky hiéu p;, (i = ﬁ) 1a tan suat caa x;:
N;

pi:ﬁ lzl,k

khi d6 tong thé con dugc mo ta bdi bang phan phdi tan suat nhu sau:

Giatrictay | x1 X2 ... X;j .. X
Tan s6 p1 p2 - Pi o Pk
Dé théy:

0<p;<1 V,=1k

k
Y pi=1
i—1

c) Tan s6 tich luy - Tan suét tich luy.

Ky hiéu w; (i = L_k) 1a tan s6 tich luy cua x;, tic 1a tdng s6 phan ti ¢6 gia tri nhod hon x;:

w; = Z :Nj

xj<x,'

vaF(xg(}::Lk)1aténsétmh¢uycaax;

Viéc mo ta tong thé theo bang phan phdi tan suat va tan suat tich luy cho thay dau hiéu dinh
lugng x c6 thé mo hinh héa bang mot dai lugng ngdu nhién roi rac X. Diéu nay cting ding
déi voi tong thé mang diu hiéu nghién cttu x phan phdi lién tuc. Dai lugng ngdu nhién X
dung dé mé hinh héa diu hiéu nghién ctu x duge goi dai luong ngdu nhién gbc, con quy

luat phan phéi xac suat ctia n6 la quy luat phan phdi goc.

3.1.3. Cac tham s6 dac trung ctia tong thé

a) Trung binh tong thé.
Gia st trong tong thé kich thudc N diu hiéu dinh lugng x nhan cac gia tri x1,x2, ..., XN-
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b)

Trung binh tong thé, ky hiéu la m, 1a trung binh s6 hoc ctia cac gid tri ctia x trong tong thé:

1 N
m:Ni_lel‘.

Néu téng thé dugc mo ta bdi bAng phan phbi tan s6 & phan (3.1.2 a) thi trung binh téng thé
con duoc tinh bai:

1 k
— N:.
m N;xl i

Néu xem dau hiéu nghién citu x nhu dai lugng ngdu nhién thi trung binh téng thé chinh la

ky vong toan cta dai lugng ngau nhién do.

Phuong sai tong thé.
Gia st trong tong thé kich thudc N dau hiéu dinh lugng x nhan cac gid tri x1, xo, ..., XN.
Phuong sai tong thé, ky hiéu la ¢, 1a trung binh s hoc ctia binh phuong céc sai léch gitra

cac gid tri clia diu hiéu x trong tong thé va trung binh téng thé:

1
N :

1

N
o* = (x; —m)>2.
—1
Néu tong thé duge mo ta bdi bang phan phéi tan s6 & phan (3.1.2 a) thi phuong sai téng thé
con duoc tinh badi:

»_ 1y 2
=N Y (xi —m)*N;.
i=1
Do léch tiéu chuan tong thé 1a can bac hai ciia phuong sai tong thé:

o= Vo2

Thuc chat phuong sai tong thé chinh 1a phuong sai cia dau hiéu nghién ctru trong téng thé.
Tuong tu cong thic tinh phuong sai cta dai lugng ngdu nhién, ta toan c6 thé tinh phuong
sai tong thé bang cong thirc:

SR (1ﬁ)2 S <1i 2
==Y x— (=Y x| hy ==Y xN-—|=) uN;| .
N =" N ! N=H" N3

Tan suat tong thé.
Gia st trong tong thé kich thudc N c6 M phan tir mang dau hiéu nghién ctu, con N — M
phan ti khong mang dau hiéu d6. Khi d6 tan suat téng thé, ky hiéu p, 1a ty 1é phan tit mang
dau hiéu nghién ctru trong tong thé:
_M
P=xN-

Néu xem dau hiéu nghién ctru x 1a dai lugng ngau nhién tuan theo quy luat khong - mot
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thi tan suat tong thé p chinh la ky vong toan cta dai lugng do.

3.2. Mau ngau nhién

3.2.1. Dinh nghia

Ta da biét c6 thé coi dau hiéu nghién cttu x ctia tong thé nhu mot dai lugng ngdu nhién x
c6 ham phan phdi xac suat la tan suat tich Ity ctia x. Gia st tir tong thé ldy ngdu nhién n phan
tr, va goi X; 1a gia tri cia y do ludng dugc trén phan t thit i. Khi d6 c6 thé xem nhu da thuc
hién n phép thur doc lap dbi véi X va X; 1a cac dai lugng ngau nhién doc lap cung quy luat

phan phdi xac suat véi X.

* Dinh nghia 3.2 Mau ngau nhién kich thudc 7 1a tap hop cta n dai lugng ngau nhién doc lap
X3, X2, ..., Xy dugc thanh lap tir dai lugng ngdu nhién X va c6 cting quy luat phan phdi xac suat
doi vai X.

Mau ngau nhién thuong duge ky hiéula W = (Xq, Xp, ..., Xy).
Khi thiyc hién mot phép thir d6i véi mau ngau nhién W ta sé thu dugce két qua cu thé: X,
nhan gia tri x1, X, nhan gia tri xy, ..., X;; nhan gia tri x,,. Tap hop n gia tri xq, x, ..., X, tao thanh

mot gia tri cia mau ngau nhién, hay con goi 1a mot mau cu thé, ky hiéu la:

W = (X1,X2, e Xnr) -

oVidu 3.2 Trong 1 cira hang bang dia, trén 1 ké chira cac dia nhac c¢6 cac loai dia tuong ung

vdi sO tien nhu sau:

Gia (ngan dong) | 20 25 30 34 40
S6 dia 35 10 25 17 13

Lay ngdu nhién 1 dia nhac trong gia.
Goi X 1a gié tién cta dia nhac nay. X = {20;25;30;34;40}
Ta thay X c¢6 quy luat phan phdi xac suat nhu sau:

X 20 25 30 34 40
P03 01 025 017 0,13

X déc trung cho dau hiéu nghién ctru 1a gia tién ctia tong thé 1a sb dia trén gia.
Léy ngau nhién (c6 hoan lai) 4 dia nhac tur ké.

Goi X; la gia tién ctia dia nhac thi i ldy duge, i =1+ 4

Ta thy cac X; doc 1ap va c6 cting quy luat phan phdi xac suat gibng nhu X.
Lap W = (X3, X2, X3, X4), goi 1a mau ngau nhién.

Bay gio ta xét xem gid cu thé ctia ting dia lay ra thay nhu sau:
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Dia 1: gia 20 ngan dong.
Dia 2: gia 30 ngan dong.
Dia 3: gia 20 ngan dong.
Dia 4: gia 40 ngan dong.
Lap w = (x1, X2, x3,x4) = (20,30,20,40) goi la mau cuy thé.

3.2.2. Cac phuong phap mé ta mau ngau nhién

Gia st tir tong thé véi dai luong ngau nhién gbc X rut ra mot mau ngau nhién kich thudce n
v6i mau ngdu nhién cy thé: w = (x1, x2, ..., X, ). Gid stt trong mau cu thé do, gia tri x; xuat hién
n1 1an, gid tri x; xuat hién n, lan,..., gia tri x; xuat hién n; 1an, va cac x; sap xép theo gia tri ting

dan. Khi d6 gia tri mau cu thé w c6 thé duge mo ta nhu sau:

a) Bang phan phéi tan s6 thuc nghiém (don).

X; | X1 X2 .. X oo Xg

n; |\ ny np .. nN; .. Ng

Hién nhién:

0<n <mn, V.=1,k

k
Zni =n
i=1

b) Bang phan phdi suat s6 thuc nghiém (don).

Ky hiéu f;, (i = ﬁ) 1a tan suat xuat hién gia tri x; trong mau:

khi d6 m&u ngiu nhién cu thé con duge mé ta bsi bang phan phdi tan sust nhu sau:

X; | X1 X2 .. Xi ... Xf

fil i fo o fi o Sk

Dé théy:

0<fi <1, Vi=1,k
k
) fi=1
i=1
c) Bang phan phéi tan sb thuc nghiém (ghép 16p).

Trong trudng hop dau hiéu nghién ctru c6 phan phdi lién tuc thi mau ngdu nhién con dugc

mo ta bdi bang phan phoi tan s6 ghép 16p:

X; X0— X1 X1 — X2 . Xj—1—Xj .. Xp—1— Xk

n; n ny n; ng
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Trong bang trén, c6 71 phan ti cia mau w nhan gia tri trong khoang [xo, x1), 7, phan t
nhén gia tri trong khoang [x1,x3), ..., c6 n; phan ti nhan gia tri trong khoang [x;_1, x¢).

Hién nhién:

Ognign, \V/i:1,k
k

Y ni=n

i=1

Tuong ty ta cling c6 bang phan phdi tan suat ghép 16p nhu sau:

X X0 — X1 X1 —X2 . Xj—1—X; o Xjp—1— Xk

fi f1 f2 fi fr

Tuy nhién néu chd y rang dai lugng ngdu nhién gbc X phan phdi lién tuc thi c6 thé coi trong
mau ngau nhién cu thé, truong hop diu hiéu nghién ciru nhan gia tri diing bang x; khong

xay ra.

d) Ham phan phéi thuc nghiém.
Ky hiéu w; (i = ﬁ) la tan sb tich luy ctia x;, tic 1a tong s6 phan tr ¢6 gia tri nho hon x;
trong mau cu thé w:

w; = Z :TZ]‘

X]‘<x,‘

va F* (x;) (i = 1,k> 1a tan s6 tich luy cua x;:

Khi d6 F* (x) 1a mot ham ctia x va duge goi 1a ham phan phdi thuc nghiém ctia mau.

3.2.3. Do thi cua phan phoi thuc nghiém
a) Da giac tan sd.
Xét mau ngau nhién cu thé duge mo ta bdi cac bang phan phdi tan s6 thuc nghiém va tan
suat thuc nghiém & phan (3.2.2. a,b).
e Da giac tan s6 la mot duong gap khiic ma cac doan thang ctia né néi cac diém (x1,17), (x2,12) , ...,
trén mat phang.
e Da giac tan suat la mot duong gap khic ma cac doan thang ctia né ndi cac diém

(x1, f1), (x2, f2) , oes (Xk, fi) trén mat phéng.

eVi du 3.3 Git ngdu nhién 365 diém trong lta ciia mot huyén ta duge cac s6 liéu duge sép

xép thanh bang sau:

Nang suat (ta/ha) | 25 30 33 34 35 36 37 39 40
S6 diém gat 6 13 38 74 106 85 30 10 3
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Nhu vay gia tri cia mau da duge moé ta dudi dang bang phan phéi tan so thyc nghiém. Con
bang phan phdi tan suat thuc nghiém c6 dang:

xi| 25 30 33 34 35 36 37 39 40
fi 10,016 0,036 0,104 0,203 0,290 0,233 0,082 0,027 0,008

Da gidc tan s6 va da giac tan suat ctia phan phdi thuc nghiém nay nhu sau:

Dagiactinso
120

100

t
o
=3

8m ga
(=)
(=]

o

S di

MNang suat(ta/ha)

Da giac tin suit
0.35
0.3
0.25
0.2
0.15
0.1

0.05

b) Biéu do tan so.

Xét mau ngdu nhién cu thé dugc moé ta boi cac bang phan phéi tan s6 thyc nghiém va tan
suat thuc nghiém & phan (3.2.2. ¢).

Dé vé biéu do tan s6 ta chia doan [x,, x;] chita tat ca cac gia tri quan sat dugce ctia mau thanh
cac doan nho ung vai [x;_1, x;l. Biéu do tan suat 1a mot bac hinh thang tao nén bdi nhiéu
hinh chit nhat c6 day béng h; = x; — x;_1 va chiéu cao béng Z—; Luc do dién tich hinh cha
nhat thit i ding bang h; - % = n; 1a tan s6 ing véi doan thi i. Vi vy tong dién tich cta tat
ca cc hinh chit nhat sé bang kich thudc mau 7.

Tuong tu biéu do tan suat 1a mot hinh bac thang dugc tao nén bdi cac hinh chir nhat c6 day
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béng h; = x; — x;_1 va chiéu cao béng . Lic d6 dién tich hinh chit nhat thi i béng fiva

téng dién tich ca biéu do bang 1.

eVi du 3.4 Vé biéu do tan s6 ctia phan phdi thue nghiém cho & bang sau:

x; | 5-8 8-10 10-12 12-13 13-14 14-16 16-20

n| 12 16 20 12 16 16 8
mlo4 8 10 12 16 8 2

s Fle

3.3. Thong ké

3.3.1. Dinh nghia

* Dinh nghia 3.3 Gia st khi nghién cttu dai lugng ngau nhién gbc X trong tong thé ta c6 mau
ngau nhién W = (Xq, X, ..., X»)- Théng ké la mot ham cta cac gid tri X1, Xo, ..., Xy, ky hiéu la
G. Nhu vay:

G=f(X1, X0 .. Xn).

Vé thuc chat thong ké 1a mot ham ctia cac dai lugng ngdu nhién, do d6 ban than né ciing
sé 1a mot dai lugng ngau nhién tuan theo mot quy luat phan phoi xac suat nhat dinh va c6 cac
dac trung so tuong ing nhu trung binh M(G), phuong sai D(G)...

Khi mau ngau nhién nhan mét gia tri cu thé w = (x, x, ..., x,) thi théng ké G cling nhan

mot gia tri cu théla ¢ = f (xq,x2, ..., Xu).

3.3.2. Trung binh mau

a) Khai niém. Gid st tir dai lugng ngau nhién goc X trong tong thé lap mau ngiu nhién kich
thudc n : W = (Xq, X, ..., Xpn). Trung binh mau la mot théng ké, ky hiéu 1a X va la trung
binh s6 hoc ctia cac gid tri cia mau:

X = X;.

S|

n
i=1
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b) Tinh chét
Néu dai lugng ngau nhién gbc X c6 ky vong toan M(X) = m va phuong sai D(X) = ¢? thi:
o2

M(X) = m; D(X) = .

That vay, 4p dung cac tinh chat ctia ky vong toan ta c6:

M(X) = M (% Zx) =y M) = Lam=m
i=1 i=1

Ap dung cac tinh chét ctia phurong sai véi luu y X; 1a cac dai lugng ngau nhién doc 1ap ta

CcoO:
2

D(X)=D |2 ix _ 1 iD(X')— LA N
I T e T T T
c) Tinh gia tri cu thé.
Khi mau ngau nhién nhan mot gia tri cu thé w = (x1,xy, ..., x,) thi trung binh mau cing
nhan gia tri cy thé bé“mg:
_ 1
¥ = 1_21 Xj.

Néu mau ngau nhién dugc cho bdi mang phan phdi tan so:

Xi | X1 X2 . Xi ... Xg

(Zi'{:l nj = ”)

n; |\ ny np ... Ny ... Ng

thi gid tri cu thé ctia trung binh mau dugc tinh bai:

X =

S|

n
Y nix;.
i—1

3.3.3. Phuong sai mau

a) Khai niém. Gia st tir dai lugng ngau nhién gdc X trong tong thé 1ap mau ngdu nhién W =
(X1, X2, ..., X). Phuong sai mau la mot théng ké, ky hiéu S?, va 1a trung binh s6 hoc cta

binh phuong céc sai léch gitra céc gia tri cia mau va trung binh mau:

n

1 _
S? = - Y (X —X)%
i=1

Ngoai ra nguoi ta con dung hai loai phuong sai sau day:

e Phuong sai diéu chinh mdu, ky hiéu 1a S"? va dugc xac dinh bang cong thuc:

S/Z —

1
n—1:*

1

n —
(X; — X)2.
=1
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e Phuong sai S** duge xac dinh bang biéu thic:

trong d6 m 1a trung binh tong thé.

b) Tinh chat.

* Phuong sai mau c6 tinh chat sau: Néu dai lugng ngiu nhién gbc c6 ky vong toan

M(X) = m va phuong sai D(X) = ¢? thi phuong sai S? ¢6 ky vong toan:

(s = e

That vay:

Mat khac:
M (X; —m)* = D(X;) = D(X) = 02
2
— 2 — o
M (X —m)”=D(X)=—.
Do do:
2 n-1

M<52>:02—%— ” o

e Gitra phuong sai mau va phuong sai diéu chinh mau c6 méi lién hé:

n s

SIZ
n—1

Do d6 tur tinh chat ctia phuong sai mau S? ¢6 thé suy ra tinh chat ctia 52 nhu sau:

M (S’Z) =02,
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That vay:

M(SQ) :M(nilsz) :%M<Sz> - nil’?;lgz:gz.
 Dbi vdi phuong sai S*2 ta cling c6 tinh chat tuong tu sau:
M (S*2> = o”.
That vay:

M(s2) = M [

c¢) Tinh gia tri cu thé.

S|
1P
>
|
2
N
I
S |-
.M:
<
>
|
=

N
I
S|
M:
)
>
I
qN

i

e Trén mot mau cu thé w = (x1,x, ..., X, ), phuong sai mau nhan mot gid tri cu thé bang:

Néu mau ngau nhién dugc cho bdi bang phan phdi tan so:

X; | X1 X2 ... Xi ... Xf

(Zi‘(:l hi = ”)

n;|ny np ... n; .. ng

thi gia tri cu thé ctia phuong sai mau dugc tinh bdi:

Trén thuc té, dé tién cho viéc tinh toan ngudi ta sit dung cong thirc sau dé tinh gia tri

7= <lg> (@),

clia phuong sai mau:

That vay, ta co:
k

1 & 1
S==Ynx-%0"==-Yn (x?—inf—F?Z)
ni3 ni3

1 1 1 )
:—Znixiz—ZY-—Znixi+Y2:—Znixf—f.
= iz iz

e Gia tri cy thé ctia phuong sai diéu chinh mau dugc tinh béi:

n
§% = - L : (x; — %)* hodc §% = Y ni(x— %)
S Ti=1 '
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Gia tri cu thé 52 ¢6 thé tinh thong qua gid tri s2 nhu sau:

n_ N o _
55 = —75 = n_1<2nx x>

3.3.4. Do léch tiéu chuan mau

Néu 14y cin bac hai ctia phuong sai mau S2, ciia phuong sai diéu chinh mau S'?, ctia phuong
sai S$*? ta thu duoc céc théng ké tuong ung goi la do 1éch tiéu chuan mau S, d6 léch tiéu chuan

X 2 X ! A A N ~
dieu chinh mau S, d6 léch tiéu chuan S* nhu sau:

s_¢§jx x)*

Gia tri cu thé ctia chung trén mot mau cu thé 1a nhirng s6 xac dinh, ky hiéu la s, s’, s*.

3.3.5. Tan suat mau

a) Khai niém.
Gia st tr tong thé kich thudce N, trong d6 M phan tir mang dau hiéu nghién ciru, 1y ra mot
mau ngau nhién kich thudc n va trong d6 thiy c6 Y phan t mang diu hiéu nghién ctu.
Luc d6 tan suat 1a mot mau thong ké, ky hiéu 1a f va la ty s gitta s6 phan tr mang dau hiéu

nghién ctru trong mau va kich thudc mau:

Y
F=r
Ta chd y rang, tan sudt mau la mot truong hop riéng cda trung binh mau X khi xem dau
hiéu nghién ctitu trong tong thé l1a dai lugng ngau nhién X tuan theo quy luat khong - mot.
That vay, néu goi X; la s6 phan tir mang dau hiéu nghién ctru khi ly phan ti thi i ciia mau
thi ta ¢c6 mau ngau nhién W = (X3, Xy, ..., X;) v6i X; tudn theo quy luat khong - mot va:

Y =Xy 4+ Xo + .. + X,
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Khi do:
_ X1+ Xo+ .+ Xa
n

= X.

f

b) Tinh chét.
Néu dai lugng ngau nhién goc X tuan theo quy luat A(p) vdi ky vong toan M(X) = p va
phuong sai D(X) = p(1 — p) thi:
1—
M) = p p() - LUZE)

That vay, theo két qua phan (3.2.2 ):

c) Tinh gia tri cu thé.
Gia st trong mau ngiu nhién kich thudc 7 ¢6 k phan t mang dau hiéu nghién ctru, khi dé
gia tri cu thé cta tan sudt mau la:
k
f=1

3.3.6. Quy luat phan phoi xac suat ctia mét s6 thong ké dac trung mau

Quy luat phan phdi xac suat cta cac théng ké dac trung mau phu thudc chat ché va quy
luat phan phoi xac suat cta dai lugng ngau nhién goc X. Trong phan nay ta chi dung & viéc
thira nhan cac két qua. Ban doc c6 thé tim thay chiing minh cac két qua nay & cac tai liéu day

dd hon vé théng ké toan.

a) Truong hop dai lugng ngau nhién gbc X tuan theo quy luat phan phdi chuan
Gia str dau hiéu nghién cttu trong tong thé c6 thé xem nhu mot dai lugng ngau nhién X
tuan theo quy luat chudn véi ky vong todan M (X) = u va phuong sai D(X) = o2,
Dé xac dinh quy luat phan phdi xac suat ctia cac théng ké dic trung mau cé thé st dung

dinh ly sau:

¢ Pinh ly 3.1 Néu cac dai luong ngﬁu nhién X1, Xy, ..., X, doc ldp va cung phan phéj theo
quy luat chudn thi moi t6 hop tuyén tinh cia cdc dai Iuong ngdu nhién do cting phan phéi
theo quy ludt chuan.

¢ Trung binh mau ciing phan phdi theo quy luat chudn véi ky vong todn M (X) = p va
2
phuong sai D (X) = %.
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Do d6 néu xay dung thong ké

u:X;V: (X—p)vn

Vn

thi thong ké U sé phan phbi theo quy luat chuan hoa N(0,1).

e Tir phuong sai $*2 xét thong ke:

TZS*Z 1 & Xi_
G= =2 ; Z (Ty)

i=1

khi d6 théng ké G phéan phéi theo quy luat "Khi binh phuong" véi n bac tu do x(n).
e Tir phuong sai 5" xdy dung thong ké:

2 (n—1)8?
72

thi théng ké X2 phan phéi theo quy luat "Khi binh phuong” vé6i (n — 1) bac tu do

X (n—1).
e Tir thong ké U va x? & trén xay dung tiép théng ké:
o4 _ (X —u)vn
- - /
X °
n—1

thi thong ké T sé phan phdi theo quy luat Student véi (n — 1) bactudo T (n — 1).
Chay réng khi n kha 16n thi quy luat Student hoi tu vée quy luat chuan hod, do d6 véi
n > 30 thuc té c6 thé xem thdng ké T phan phéi xap xi N (0,1).

b) Truong hgp dai lugng ngiu nhién gbc X tuan theo quy luat phan phbi khong - mot
Gia st dau hiéu nghién ciru trong téng thé c6 thé xem nhu dai lugng ngau nhién phan phdi
theo quy luat khong - mot véi tham sé p (A (p)).

* Trung binh mau chinh la tin sudt mau f véi ky vong toan M(f) = p va phuong sai

D(f):p(l_P).

n
o Tir tan sudt mau xay dung thong ke:

f-p _(f-pvn
\/P(l—P) Vr(1-p)

n

thi thong ké U sé phan phéi xap xi chuan hoa N (0, 1) khi n kha lén.
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e Néu n du 16n thi tir thong ké U & trén thay p boi f va xay dung thong ké:

(f—p)vn

fA=f)

thi lic d6 U cling phan phéi xap xi N (0,1).

3.3.7. Vidu

eVi du 3.5 Nghién ctru vé muc tiéu thu dién nang (kw) ctia mot khu dan cu, ta nghién ctiru
muc tiéu thu dién ndng ctia 5 ho gia dinh trong mot khu dan cu d6 thi thu dugc két qua sau:
75;123; 97; 145; 215

a. Tinh trung binh s6 dién tiéu thu cta cac ho gia dinh. Tim phuong sai, do léch tiéu chuén
hiéu chinh ctia s6 dién tiéu thu.

b. Néu quy udc nhitng ho c6 muic tiéu thu it hon hodc bang 123 kw thi duoc coi 1a tiéu thu dién
binh thuong. Tim ty 1é cac ho tiéu thu dién binh thuong.

Loi gidi.
(ban kem)

eVi du 3.6 Khi kiém tra thé luc ctia mot nhém sinh vién, ta ¢6 két qua vé can ning nhu sau:

kg |45 50 55 60 65
Sbsv | 8 14 28 18 12

a. Tim can nang trung binh cta nhom sinh vién trén. Phuong sai, phuong sai hiéu chinh, d6
léch tiéu chuan va do léch tiéu chuan hiéu chinh.

b. Tim ty 1¢ sinh vién c6 can nang 16n hon hodc bang 55 kg.

Loi gidi.
(ban kem)

oVi du 3.7 Khi kiém tra thé luc ctia mot nhém sinh vién, ta ¢ két qua vé can ning nhu sau:

kg | 42,5-47,5 47,5-525 52,5-575 575-62,5 62,5-67,5
S6 sv 8 14 28 18 12

a. Tim can nang trung binh cta nhom sinh vién trén. Phuong sai, phuong sai hiéu chinh, d6
léch tiéu chuan va do léch tiéu chuan hiéu chinh.

b. Tim ty 1¢ sinh vién c6 can ndng 16n hon hodc bang 52,5 kg.

Loi gidi.
(ban kem)
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3.4. Mau ngau nhién hai chiéu

3.4.1. Khai niém

Gia st trén cting mot tong thé phai nghién ciru dong thoi hai dau hiéu nghién ctru, trong
d6 dau hiéu thi nhat c6 thé xem nhu dai lugng ngdu nhién X, con dau hiéu thit hai xem nhu
dai lugng ngau nhién Y. Hé hai dai lugng ngau nhién X, Y lam thanh dai lugng ngau nhién hai
chiéu (X,Y).

Tir téng thé lay ra mau kich thudc n, tic 1a thuc hién n phép thir ddi voi dai lugng ngau nhién
(X,Y). Gi4 st trén phan tit tht i ctia mau i = (1,n), dai lugng (X, Y) nhan gié tri (X;,Y;),
khi d6 ta c6 n dauh lugng ngau nhién doc lap (X1, Y1), (X2, Y2), ..., (Xn, Yu). Néu céc dai lugng
ngau nhién Xj, Xy, ..., X, doc lap va cting phan phoi xac suat véi X; cac dai lugng ngdu nhién
Y1,Y2, ..., Y, ddc lap va ciing phan phdi xac suat véi Y thi ta c6 mau ngau nhién hai chiéu, ky
hiéu la:

W = [(X0, Y1), (X2, Y2) ) ooy (X, Ya)] -

Gia st dai lugng ngau nhién (X;, Y;) nhan gia tri (x;,v;),i = 1,7, ta thu dugc mau cuy thé la:
w = [(xll ]/1) 7 (x2/ yZ) AR (xn/ ]/n)] .

3.4.2. Phuong phap mé ta ngau nhién hai chiéu

Gia st tir tong thé rit ra mot mau kich thudc n, trong d6 thanh phan X nhan céc gia tri
X1, X2, eeey Xy ory Xi, cON thanh phén Y nhén cac gia tri y1,y2, ..., Vi, ..., Y5, trong do co njj phr?m tu
clia mau nhan gia tri (x;,y;). Khi d6 gia tri cu thé ctia mau w duge mo ta bdi bang phan phéi

tan so thuc nghiém sau:

Y
X
X1 S SV O VA G VR |
X2 np1 M - Mpj e Moy | N2
Xi nip Ny -0 Wi -0 g | 1
Xk Mg Mg oo N0 Mgy | N
m] mq nmyp - m] s mi n

trong do n; 1a tong s6 phan ti ciia mau mang gia tri X = x;,

m;j la tong sO phan tu cua mau mang gia tri Y = y;.

3.4.3. M6t s6 thong ké dic trung cia mau ngiu nhién hai chiéu

Tir bang phan phéi tan s6 thuc nghiém cia mau ngdu nhién hai chiéu ta c6 thé riit ra:
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1. Bang phan phdi thyc nghiém cta X:

X X1 X2 Xi X

n; | ny np n; n

va tinh duogc cac théng ké dac trung cta X:
1 , 1 ¢
:—E n;x;; s :—En-x-—x :—Enx —x°
n:1 1 X n l(l

2. Bang phan phéi thyc nghiém cta Y:

Y (vi Y2 . Yio e Y
m] mq mo m; my

va tinh dugc cac thong ké dac trung ctia Y:

S =
S
I
SIH

h h ) 1 h 5
y==) my; Z ) Z;Zmi%’—
j=1 j=1 j=1

3. Bang phan phoi c6 diéu kién cta Y khi X = x;:

YX:xi Y1 Y2 Yi Yn

ni]' nn nio 1’11']' nip

va tinh dugc cac thong ké tuong tng:
_ 1 ) 1 o1&,
Yx=x;, = 5, Y iy SY/X=x = 3 Y nii(yi—7)" = . Y miyi -
j=1 j=1 j=1

4. Bang phan phoi c6 dieu kién cta X khi Y = y;:

Xy:yl. X1 X2 X X

1’11']' Tllj 7’12]' 7’11']' nk]-

va tinh dugc cac thong ké tuong ung:

1& 1&
xy:yj == E Z;l’li]'xi,' SX/Y =y = E Z = E 2nijxi — X",
1=

eVi du 3.8 Thong ké nang suat mot loai cdy trong Y(kg/ha) va lugng dau tu cho cai tao dat
X(triéu dong/ha) tai mot s6 dia phuong trong vong 10 nam ta thu dugc bang s6 liéu sau:
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Y
21314567
X
20-22 1135
22-24 1/718]|5
24-26 3|1
26 - 28 1121
28 - 30 111
e Tir bang trén ta c6 bAng phan phbi tan sb cua X:
X 2 3 4 5 6 7

S6 dia phuong (n;) |1 5 13 13 11 3

Lap bang tinh:

X; n; n;x; nixl-2
2 2 4
3 5 15 45
4 13 52 208
5 13 65 325
6 11 66 396
7 3 21 147

n=yn =46 | Ynx; =221 | Ynx? =1125

Tix d6 c6 két qua sau:

Lugng dau tu trung binh: ¥ = 22! ~ 4,804 (triéu déng/ha)

Do phan tan cta dau tu:

2
/ no(Lnxy 46 (1125 ) L
= - =4/—=———4,804° | = 1,1 ha).
Sx J n—1 ( 0 x > \/45 16 ,80 ,185(triéu dong/ha)

e Tir bang trén ta c6 bAng phan phdi tan s ctia Y:

Y 21 23 25 27 29
S6 diaphuong (1;) | 9 22 9 4 2

Tuong tu phan trén ta cing tinh dugc:

y ~ 23,609(kg/ha); sy, ~1,337(kg/ha).

\ il x k12
e Tan suat mau ciia nhiing dia phuong nhom A la: f = T 0,261.
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3.5. Uéc luong tham s6 ctia dai lwong ngau nhién

Gia st can phai nghién citu dau hiéu dinh lugng x trong tong thé, cu thé la can xac dinh
cac tham s0 dac trung cta tong thé nhu trung binh, phuong sai, co cu tong thé theo dau hiéu
nghién citu. Néu xem du hiéu nghién ctru nhu dai lugng ngdu nhién X va gia su da biét dang
phan phoi xac suat ctia né thi van dé xac dinh cac tham s6 dac trung ctia tong thé sé quy vé bai
toan xac dinh cac tham sb dic trung ctia quy luat phan phbi xac suét ctia dai lugng ngau nhién
X. Chang han néu X 1a dai lugng ngau nhién phan phéi chudn thi dé xac dinh trung binh tong
thé ta sé udc lugng ky vong toan cta X, con dé€ xac dinh phuong sai tong thé ta sé udc lugng
phuong sai cua X.

Nhu vay bai todn udc lugng tham s6 c6 thé phat biéu nhu sau: Cho dai lugng ngdu nhién X vdi
quy ludt phan phdi xdc sudt da biét song chua biét tham s6 0 nao dé ciia nd, phdi wdc lugng (xdc dinh
mot cich gan diing) gid tri 0.

Vi tong thé thuong c6 kich thudc 16n nén viéc xac dinh tham s tryc tiép trén tong thé gap
nhiéu khé khan, ngudi ta giai quyét bai todn uéc lugng tham sb bang phuong phap mau nhu
sau: Tir tong thé nghién ctru rut ra mot mau ngau nhién kich thude n va dya vao dé xay dung
mot thong ké G dung dé ude lugng 6.

3.5.1. Phuong phap udc lugng diém

Phuong phap ude lugng diém chu truong dung mot gia tri dé thay thé cho tham sb 6 chua
biét ctia tong thé. Tir tong thé 1ap mau ngau nhién kich thude n : W = (X, X, ..., X). Thong
thuong gia tri duogc chon 1a mot thong ké G nao dé cia mau ngau nhién. C6 rat nhiéu cach
chon théng ké G khac nhau tao nén nhitng phuong phap udc lugng diém khac nhau. Trong
gido trinh nay trinh bay mot loai udc lugng diém, do 1a udc lugng khong chénh 1éch nhu sau:

* Dinh nghia 3.4 Thong ké G ctia mau dugc goi la udc luong khong chéch cta tham sb 0 cta
dai lugng ngau nhién gbc néu M(G) = 6.

Ngugc lai, néu M(G) # 6 thi G dugc goi 1a udc lugng chéch cda 6.

Dua vao cac két qua ctia phan (3.3.) c6 thé rit ra mot s6 két luan sau;

* Trung binh mau X 1a udc lugng khong chéch cta ky vong toan m cta dai lugng ngau
nhién gdc:

M (X) = m.

e Tan sudt mau f la udc lugng khong chéch ctia tan suat tong thé p (tham sé p cda dai

lugng ngdu nhién goc tuan theo quy luat khong - mot):

M(f) =p.
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e Phuong sai diéu chinh mau S? va phuong sai $*2 1a cac udc lugng khong chéch cia

phuong sai 0 ctia dai lugng ngdu nhién gbc:
M (S’z) = 0% M (S*2> = o2

Luu y rang voi k mau cu thé rit ra tir tdng thé, G sé nhan k gia tri twong tng 1a ¢1, g2, ..., gk-
Khi d6 G la udc lugng khong chéch ctia 6 khong c6 nghia moi gia tri ¢; ciia G déu bang 0
ma chi c6 nghia: trung binh céc gid tri cia G bang 0, ting gia tri g; c6 thé sai léch rat 16n
so véi 6. Tuy nhién chon udc lugng khong chéch G dé udc lugng cho tham s6 6 ta sé loai
b6 dugc sai s6 hé thong: tat ca cac gia tri ciia G déu 16n hon hodc nho hon 6.

3.5.2. Phuong phap uéc lugng bang khoang tin cay

Cac phuong phéap ude lugng diém c6 mot nhuge diém co ban 1a sai s6 ctia wdc lugng c6 thé
rat 16n, ngoai ra khong danh gia dugc kha nang mac sai 1am khi udc lugng ciing nhu do tin
cdy ctia ude lugng bang bao nhiéu. Do d6 khi kich thudc mau nhé ngudi ta thuong st dung
phuong phép ude lugng bang khoadng tin cay.

Dinh nghia 5.

* Dinh nghia 3.5 Khoang (G1, G2) cta thong ké G dugc goi 1a khoang tin cdy cta tham sb 6

néu v6i xac sudt bang 1 — a cho trude diéu kién sau day duge thda man:
P(G1 <8< Gy) =1—u.

I = Gy — Gy dugc goi 1a do dai khoang tin cdy, con xac suat 1 — a duge goi la do tin cay ctia
ude lugng (trén thuc té thuong doi hdi do tin cay kha lon. Chéng han1 —a = 0,95).

3.5.3. Khoang tin cdy cho trung binh
(Uéc lugng ky vong toan caa dai luong ngau nhién phan phoi theo
quy luat chuan)

Gia st trong tong thé dai lugng ngdu nhién goc X phan phdi chuan N(u, 0?) nhung chua
biét tham s0 u ctia n6. D€ udc lugng u tir tong thé ta 1ap mau ngdu nhién kich thudcn : W =
(X1, X2, oy Xn)-

Ta xét cac truong hop sau day:
1. Da biét phuong sai 02 caa dai lugng ngau nhién goc trong tong thé.
Xét thong ké:

Coy- X=myvn
(4

trong d6 X la trung binh mau.

Ta da biét thong ké U phan phdi chudn héa N(0,1). Do d6 véi cac phan vi chudn uy, va uy_g,
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ta co:
p (uoc1<ll<u1,a2> = (1—a2) — .

Tir do suy ra:

X —u)yn
P (unq < % < ul—tx2> =1-— (1)41 —|—0¢2)
— o - o
@P(X—ﬁul_a2<ﬂ<x—ﬁual):1—(“1+“2)
— o — (op N
& P (X— ﬁul_,m <pu< X+ ﬁul_al) =1- (0(1 +IX2) (Vl Uy, = —ul_[xl)

Nhu vay v6i do tin cdy 1 — a cho trudc, ta c6 thé chon cap sd a1 va ap théa man diéu kién

a1 + ap = a khi d6 khoang tin cdy ctia tham s6 y la:

- O - O
(X - ﬁul—(xz}x + ﬁ”l—az) .

a) Khoang tin cay d6i xitng

Néu lay a1 = ap = § thi khoang tin cay cia p la:

— (o — (0
(X — ﬁul_%;X—i— ﬁul_g) .

Ki hiéu:

Uuq (31)

NI=

BN

¢ dugc goi 1a do chinh xac ctia udc lugng, n6 phan anh muc do sai léch cda trung binh mau so
véi trung binh téng thé voi xac sut 1 — a cho trudc.

Khi d6 khoang tin cdy d6i xing ctia ¢ c6 dang:

b) Khoang tin cdy mét phia

e Khoang tin cay bén phai

Néu lay a1 = 0 va ap = a thi u3_,, = +00, do d6 khoang tin cdy ctia y la:

— (o
(X — ﬁul_a,’ —|—OO) .

Biéu thtc trén dugc st dung dé ude lugng gia tri tdi thiéu cta p.
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e Khoang tin cay bén trai

Néu lay a1 = a va ap = 0 thi 114, = +00, do d6 khoang tin cdy ctia p la:
-
(—oo;X + ﬁul_“> .

Biéu thitc trén dugc dung dé ude lugng gia tri tdi da cia .
¢) Xac dinh kich thudc t6i thiéu
Véi cung d¢ tin cay 1 — a khoang tin cay nao c6 do dai ngén hon sé t6t hon. Trong truong hop
nay do dai khoadng tin cay I sé ngan nhat khi khoang tin cay la déi xing. Lic d6 do dai khoang
tin cay db6i xtiing bang:

I =2e= 2—0u1_%.

Vn
Do dé6 véi do tin cay bang 1 — & cho trudc, mudn do dai khoadng tin cay déi xing khong vugt
qua gia tri I, cho trudc thi kich thudc mau n phai thdéa man diéu kién:
2
40° ,

—1Uu Q.
[2 1-4&
0

n2>

Nhu vay cong thitc xac dinh kich thuéc mau téi thiéu 1a:

402 5 402
Ny = [Tu%_a} +1 hoac ny= |:_2u%_zx:| + 1.
IO 2 SO 2
Bai toan xac dinh kich thudc tbi thiéu theo cong thuc trén duge dat ra khi phai xac dinh kich
thudc mau can diéu tra dé dap ting nhitng yéu cau chét lugng cho trude vé do tin cay va do
chinh xac ctia uwéc lugng.
d) Xac dinh d¢ tin cdy cua udc lugng
Tur cong thire 3.1]xac dinh d6 chinh xdc cta udc lugng, ta suy ra:
ev/n

oy =~

Tir phan vi uy_g, tra bang phan vj chuan ta c6 thé tim dugc 1 — 5, tir d6 suy ra 1 — a. Nhu vay
néu biét trude do chinh xac (hodc do dai khodng tin cay doi xiing) ctia udc lugng thi c6 thé tim
dugc do tin cay cua udc lugng.

Chd y rang cac khodng tin cdy dbi xtiing 1a khoang tin cdy mot phia trong cac cong thiic trén
chi 1a cac khoang tin cdy ngdu nhién. Mudn tim khodng tin ciy cu thé ta phai thuc hién phép
thtr d6i voi mau ngdu nhién W = (Xq, Xp, ..., X;;) dé thu dugc mau cu thé w = (xq, xp, ..., X4),
tir d6 tim duogc gia tri cu thé ctia trung binh mau . Khi d6 vdi mau tin cdy 1 — a, khoang tin

cay dbi xing cu thé ctia u (qua mau cu thé trén) la:

_ o = (o
x—ﬁul_%,x—i—ﬁul_% .
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Tién hanh tuong tu ta cling thu dugc gia tri cu thé ctia cac khoang tin cdy mot phia.

oVi du 3.9 Trong luong mot loai san pham la dai lugng ngau nhién phan phdi theo quy luat
chudn véi d6 1éch tién chuan la ¢ = 1gam. Can thir 25 sdn pham loai nay ta thu dugc két qua

sau:

Trong luong (gam) 18 19 20 21

S6 san phdm tuonging | 3 5 15 2

a) Véi do tin cay 1a 0,95 hay tim khoadng tin cay d6i xiing ctia trong lugng trung binh ctia loai
san pham noi trén.

b) V&i do tin cay 1a 98% hay udc lugng trong lugng trung binh t6i da ctia loai sén pham trén.
c) Mudn uéng lugng trong lugng trung binh cta loai san phdm trén véi do tin cdy la 98%, do
dai khoang tin cay dbi xiing khong qua 0,7gam thi can kiém tra it nhat bao nhiéu san phdm?
d) Mubn str dung két qua can thit 25 sdn phdm trén dé ude lugng trong lugng trung binh cta
loai san pham trén voi do chinh xac 0,399 gam thi dat do tin cay bao nhiéu?

Loi giai.

Goi X la trong lugng sdn pham, theo gia thiét X phan phéi chuan véi ¢ = 1. Vay trong luong
trung binh ctia sdn phadm chinh la tham s6 .

a) Day 1a bai todn uéc lugng tham sb p bang khoang tin cay ddi xing:

_ g _ (o
U € (x— ﬁul_%,x—l— ﬁul_g) .

Tir mau ngau nhién kich thude n = 25 § trén ta tich dugc trung binh mau.

18.3+19.5+20.15+212 491
25 25

x = — 19, 64.

Tir do tincay 1 —a = 0,95 suy ra 1 — § = 0,975. Tra bang phan vi chuén ta c6 Up_s = Uo975 =
1, 96.
D¢ chinh xac cta udc luong:

o 1

E= —=ly_ 2 = ——
Vi V25

Vay khodng tin cay ddi xiing cta p la:

1,96 = 0,392.

pe(x—ex+e) = (19,64 —0,392;19,64 + 0,392) = (19,148;20,032).

b) Day la bai toan udc lugng gia tri tdi da cia u

_ (0
MU E (—oo;x + ﬁul"‘) .
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Tir d6 tin cay 1 — a = 0,98, tra bang phan vi chuén ta c6 uggg = 2,054

Gia tri t6i da ctia p la:

12,054
T+ Ly, =19,64 + 220

vn V25

c) Day 1a bai toan xac dinh kich thudc mau téi thiéu:

= 20,0508.

2

0" o
n>—1u .
- Ig 1_%

Tirdo tincady 1 —a = 0,98, suy ra 1 — § = 0,99. Tra bang phan vi chuan: 1999 = 2,326

n 2>

412 )
57223267 ~ 44,2

7

Vay can phai kiém tra it nhat 45 san pham (can kiém tra thém it nhat 20 sdn phadm nita).

d) Day la bai todn xac dinh do tin cay:

0 =1,995.

NIR

_eyn 0,399v25
o 1
Tir bang phéan vi chuadn suy ra 1 — 5=10,977do do 1 —a = 0,954. Vay do tin cay bang 95, 4%.
2. Chua biét phuong sai 02 ctia dai luong ngau nhién X va kich thuéc mau n < 30
Chon thong ké:

Gor— Xmyn

S

trong d6 X la trung binh mau, va S’ 1a d6 léch tiéu chuan diéu chinh miu.
Ta da biét T phan phdi theo quy luat Student v6i n — 1 bac tu do. Vi vy véi cac phan vi Student
thl va t’f:;z ta co:

P <T<#7L)=0-w)-a.

Suy ra:

vn Vi

Chon a1 + ap = «, khoang tin cdy cta p voi do tin cdy 1 — o la:

v S/ n-1 .3 S n—1
<X—ﬁt1_a2,x+ﬁtl_al .

. S/ o S/
P(X——nt’f:iz <;4<X+—nt”_1> =1—(a;+ap).

a) Khoang tin cay d6i xirng

Chon & = a2 = 5 ta c6 khoang tin cay doi xung;:

R S/ n—1.3% S/ n—1
(X ﬁtl_%,X—l—ﬁtl_%
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vGi do chinh xac:
!

s .
—t
Vi

& =

NIR =

va do dai khoang tin cay ddi xing:

/

S
22—t ;.
vn o

I =2e=

NIR =

b) Khoang tin cdy mét phia

e Khoang tin cay bén phai
Chon a7 = 0, ap = & ta c6 khoang tin cay bén phai dung dé udc lugng gia tri tdi thiéu cta

_ g

p nhu sau:

e Khoang tin cay bén trai

Chon a; = &, ap = 0 ta c6 khoang tin ciy bén trai duing dé udc lugng gia tri toi thiéu ctia

((—oo;y — j—/ﬁt;l_;) .

y nhu sau:

¢) Xac dinh kich thuéc mau t6i thiéu

Vi do tin cay bang 1 — a cho trude, do dai khodng tin cay ddi xiing khong vuot qua gia tri I,
cho trudc, bai toan xdc dinh kich thuéc mau tdi thiéu duoc giai quyét béng phuong phap mau
kép sau day:

Trude hét diéu tra mot mau so bo kich thudc n > 2 : Wy = (X, Xa, ..., Xpy), tir d6 tim dugc

phuong sai diéu chinh mau:

1
n—1

n -2 _ 1 n
X; — X)5; voi X =-) X,.
1-_21( i—X) ni_Zl i

§” =

Gia str dé thda man do chinh xac va do tin cay cho trudc, mau can lap phai c6 kich thude N,
khi d6 gia st 1ap mau thi hai: Wy = (X401, X2, - XN)-
Vi théng ké:

1 N
N Y Xi—u|vn
i=1
S/
cing phan phéi theo quy luat Student n — 1 bac tu do nén phan vi Student ¢

T =

n—1

1_a ta cung co:
2

/

S

N
By <p<) Xi+ ) =1-a
i=1

NIR =

—
Vit

]
=
23
|

B
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Khi d6 udc luong c6 do chinh xac la:

Tir d6 suy ra kich thudc mau can tim:

/ 2 / 2
N > (S—tTj> hoac N > (ét’f:}) .
€ 2 I, 2

d) Xac dinh d¢ tin cdy cua udc lugng
Tir mau ngau nhién kich thude n, mudn wdc lugng u khoang tin cay ddi xing, véi do chinh xac
g0, thi do tin cay 1 — a cta udc lugng dugc suy ra tu biéu thic:
g0/
S

-1
-l =
13

eVi du 3.10 Phan xudng san xuat ty dong ciia nha may gang thép Thai Nguyén san xuat 1 loai
thép thanh pham véi chiéu dai dat trudc bdi don dat hang 1a X (m) (X tuan theo quy luat phan

phdi chuén). Kiém tra ngdu nhién 25 san phdm ta dugc bang s6 liéu sau:

Chiéudai X(m) |10 1,1 12 13 14
Sosanphdm (n;) | 3 6 9 5 2

a) Bang khoéng tin cay déi xtiing hay udc lugng chiéu dai trung binh ctia loai thép trén véi do
tin cay 95%.

b) Mubn uéc luong chiéu dai trung binh cta loai thép do6 vdi do chinh xac 5,63 (cm) thi dat do
tin cay bao nhiéu?

Loi giai.

a) Day la bai toan udc lugng bang khoang tin cay ddi xing gia tri ctia tham s y ctia phan phdi
N(u,c?) khi chua biét 0 ctia X, hon nita kich thudc mau n = 25 < 30 nén bai toan dugc
giai nhu sau:

Tir s6 liéu da cho ta lap bang:

X; n; n;Xx; nixlz

1,0 3 3,0 3,00

1,1 6 6,6 7,26

1,2 9 10,8 12,96

1,3 5 6,5 8,45

1,4 2 2,8 3,92
n=ymn =25|ynx;=29,7 | _nx? = 55,59
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Chiéu dai trung binh mdu: ¥ = %7 = 1,188 (m)

Do 1éch tiéu chuadn mau diéu chinh:

2
N L P 25 (35,59 .
Sx_Jn—1< n x) \/24 25 7 ~ 0,113 (m).

Tirdo tincady 1 —a = 0,95 suy ra 1 — 5 = 0,975. Tra bang phéan vi Student ]~ i = to 975 =
2,064. /
113.2,064
P chinh xdc: € = —— 1" = 0.113.2,064 _ 0, 047 (m).
VT2 V25

Vay khoang tin cay ddi xiing cta p 1a:

1,188 —0,047 < 4 < 1,188+0,047 hay 1,141 <pu <1,235 (m).

b) Day la bai toan xac dinh do tin ciy ctia udc lugng, gid thiét da cho do chinh xac e =
5,63(cm) = 0,0563(m), va tit bang tinh phan a) ta da c6 s’ ~ 0,113(m). Tir d6 tinh dugc:

-1 _ tzég _ e\/ﬁ _ 0,0563.4/25 ~ 2,491,
1- 2 s/ 0,113

NIR =

Tir bang phan vi Student thay t24 y N 2,491 ~ to 99 Vay:

1—%:0,99:»1—a=0,98.

3. Chua biét phuong sai ¢ ctia dai lugng ngiu nhién goc X va kich thuéce n > 30

Ta chon théng ké

coTo X- p/t)ﬁ
S
trong d6 X 1a trung binh mau, va S’ 1a d6 1éch tiéu chudn diéu chinh mau.
Vi kich thuéc n > 30 nén thong ké T sé phan phéi xap xi chuan héa N(0,1). Do d6 tuong tu

céc phan trén ta ciing c6:
Py, <T <uj_g,)=(1-nap)—ay.

Tir d6 suy ra:
. S/ . S/
PlX— ﬁ”l—az <pu< X+ ﬁ”l—al =1— (a7 +a).

Nhu vay v6i do tin cay 1a 1 — a cho trudc, ta c6 thé chon cap sO a1 va ap thda man diéu kién

a1 + ap = &, khi d6 khoang tin cdy ctia tham sb y la:

- S/ B S/
<X - ﬁulfﬂéz;x + ﬁulal) .
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a) Khoang tin cay doi xing khi vy = a, = 4:

o S/ o S/
(2 Jomes®r )

voi do chinh xac:

va do dai khoang tin cay dbi xing:

b) Khoang tin cdy mét phia
e Khoang tin cay bén phai
e Khoang tin cay bén trai

¢) Xac dinh kich thudc mau t6i thiéu
Mubn udc lugng u véi do tin cay 1 — a, do dai khoang tin cay doi xing I, thi kich thudc mau

s 2 28’ 2
N Z (gul_g) hay N Z (I—Oul_g)

& do S’ 1a do léch tiéu chuin diéu chinh ctia mau so bd c6 kich thudce n

N phai thoa man:

d) Xac dinh d¢ tin cdy cua udc lugng
Tir mau ngau nhién kich thudc 7, mudn udng lugng 1 bang khodng tin cay dbi xing, véi do
chinh x4c ¢,, thi d6 tin cdy 1 — a ctia wdc luong dugce suy ra tir biéu thic:

u €0\/ﬁ'
!

1-&=
: S




3.5. UOC LUONG THAM SO CUA DAI LUONG NGAU NHIEN 121

3.5.4. Khoang tin cay cho ty 1é
(Uéc luong ky vong toan clia dai luong ngiu nhién phan phoi theo
quy luat khong - mot)

Gia st trong tong thé kich thudc N c6 M phan tir mang dau hiéu nghién ctru. Nhu vay co

cau ctia tong thé theo dau hiéu nghién ciu la:

P:ﬁ-

Néu lay ngdu nhién ra mot phan ti, va goi X 1a s6 phan tir mang dau hiéu nghién ciru duge lay
ra thi X 1a dai lugng ngiu nhién phan phéi theo quy luat khong - mot A(p) véi ky vong toan
M(X) = p va phuong sai D(X) = @. Do d6 bai toan udc lugng co ciu tng thé chinh la
bai todn udc lugng ki vong toan cta dai lugng ngau nhién tuan theo quy luat khong - mét.
Xét ngdu nhién kich thudc n: W = (X1, Xa, ..., X, ). Néu kich thudc mau kha 16n ta c6 thé chon
thong keé:

(f—p)vn

f=1)

trong d6 f 1a tan suat mau.
Véi n kha 16n thong ké U phan phéi xap xi chudn héa N(0,1). Do d6 véi cac phan vi chuan ug,
va uj_g, ta co:

Pug, <U < up_y,) = (1 —a2) —ay.

Chon a1 + oy = « ta co:

P <—ul_0¢1 < (ff_(l—p)—\j‘ﬁ) < ul_a2> =1—«

& P <f—f(%_f)u1_a2 < p<f+%u1_al) =1-—ua.

a) Khoang tin cay d6i xing

Chon a; = ap = 5 ta c6 khoang tin cay déi xing:

<f_ VIaA=1H
NG

U1_%}f+

—Vf(\lr—f)ul_a>

voi do chinh xac:
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va do dai khoéang tin cay ddi xing:

[ =2e= L\/lﬁ_f)ul_g.

b) Khoang tin cdy mot phia

e Khoang tin cay bén phai
Chon a; = 0,4y = & ta c6 khoang tin cay bén phai dung dé udc lugng gid tri toi thiéu cia

(f_ —fi}{ f) ul—a;+0°> .

Chon &y = &, ap = 0 ta c6 khoang tin cdy bén trai ding dé udc lugng gia tri toi thiéu ctia

(—oo;f + M”la) .

p nhu sau:

e Khoang tin cay bén trai

p nhu sau:

NG

¢) Xac dinh kich thuéc mau t6i thiéu
Dé dam béo do tin cay 1 — a cho trudc va do dai khoang tin cay d6i xing khong vuet qua I,
cho trudc thi kich thudc mau N phai dam bao:

v 1)

u
- 2 1
IO

&
2

trong d6 f 1a tan suat mau so b kich thude n

d) Xac dinh do¢ tin cdy cua udc lugng

Tir mdu ngau nhién kich thudc n, mudn udc lugng p bang khoang tin cay ddi xing, véi do
chinh xdc ¢, thi d6 tin cdy 1 — a ctia udc lugng dugc suy ra tir biéu thirc:

€0/ .
VA=)

Uq =

IR

eVi du 3.11 Dé diéu tra s6 ca trong mot ho, co quan quan ly danh bat 2000 con ca, danh dau
r6i tha xubng ho. Lan sau bat lai 400 con c4a, dugc 80 con c6 dau.

a) Hay udc lugng ty 1é ca bi danh dau trong hd bang khodng tin cay déi xing véi do tin cay
97%,;

b) Hay udc lugng s ca tdi thiéu trong ho véi do tin cay 95%;

c) Mudn uée lugng ty 1é ca bi danh dau trong ho véi do tin cdy 98%, do chinh xac khong qua
0,04 thi cAn déanh bat bao nhiéu con cé nita? d) Mudn udc lugng ty 1é ca bi danh dau trong hod
véi do dai khoang tin cay dbi xiing khong qua 5,76% thi dat do tin ciy bao nhiéu?
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Loi giai.

Mau ngau nhién c6 kich thudc n = 400 (con ca), trong d6 k = 80 con c6 dau. Do d6 tan suat
miula f=k=20 =02

a) T dotincay 1 —a = 0,97 = 1 — 5 = 0,985, tra bang phan vi chuén ugogs = 2,17;

Do chinh xédc cta udc lugng la: ¢ = f \(/%—f )ul,% = —%ﬁjﬂ =0,0434 .

Khoang tin cay ddi xing la:
p € (0,2—0,0434;0,2+0,0434) hay 0,1566 < p < 0,2434.
b)

e Udc lugng ti 16 ca bi danh dau t6i da
Tir d6 tin cay 1 — a = 0,95, tra bang phan vi chuan up05 = 1,645.
f e r a0 AJf(1=f) _ /02081645 _
D0 chinh xac mot phia: ¢ = S M = 0 = 0,0329.

Khoang tin cay bén trai la: p € (—c0;0,2 + 0,0329) hay p < 0,2329.

e Goisdcatronghdla N.Tacé: p = % < 0,2329 suy ra N > 8587, 4.

Vay sb c4 t6i thiéu trong ho 1a 8588 (con ca).
c)Tedotincdy 1 —a = 0,98 = 1 — 5 = 0,99 tra bang phan vi chuén ugg9 = 2,326;

f(1— f)(ug99)* _0,20,82, 3262

> Cor 5408,

Ny >

Vay can danh bat thém it nhat 542 — 400 = 142 con ca nia.
d) b6 dai khoang tin cay doi xuang I, = 5,76%, suy ra do chinh xac e = 2,88% = 0,0288

RV 0,02881/400
YT fA-f) V0,208

Tir bAng phan vi chuén ta thay 1,44 = uggs. Vay 1 — & = 0,925 suy ra do tin ciy: 1 —a = 0, 85.

=1,44.

Vi dy 11+. Mot doanh nghiép du dinh dua mdt san phdm mdi vao tiéu thu 6 mot ving dan cu
c6 2500000 ngudi. Nghién ctru thi truong ddi véi 3500 ngudi thiy c6 1500 ngudi sén sang mua
san pham do.

a. Vi do tin cay 95%, hay du doan thi phan tiém nang ctia doanh nghiép.

b. Dy doéan s6 lugng khach hang tiém ning ma doanh nghiép hy vong sé c6 dugc & thi truong
mdi la bao nhiéu?

Day la bai toan lién quan dén du doan théng ké. Hoat dong du doan nay sé duoc giai quyét
theo con duong ly thuyét, nghia la sinh vién phai van dung nhing kién thic vé udc lugng
tham s6 dé gidi quyét van dé. Két qua ctia dy doéan sé dugc thé hién dudi dang khoang. Dé
du dodn thi phan tiém ning ctia doanh nghiép, sinh vién phai tim dugc khoang tin cay cho

WV s
n

ty 1é p: ty 1é khach hang san sang mua san pham, v6i diéu kién n > 5 va
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Khoang tin cay cho p la: (f — —Vf\%_l)q,o—l (4);f - _\/J’\(/J;Z—l)qx)o—l (%)) V6i tan suat mau f =
0,428; ¢, () = 1,96. Tac6: 0,412 < p < 0,444,

Tir d6 sinh vién c6 thé du doan dugc thi trudng tiém nang ctia doanh nghiép chiém 41, 2% dén
44,4%.

Mudn dyu doan dugc s6 lugng khach hang tiém nang ctia doanh nghiép, sinh vién phai tién
hanh phan tich, so sanh, khéi quat hoa dé nhan ra ty 1é 5335 thudc khoang tin cay p, voi N la
s6 lugng khach hang tiém nang.

Khi d6, cdc em sé lap duge méi quan hé; 0,412 < sl < 0,444,

Suy ra: 1030000 < N < 1110000.

Vay s6 lugng khach tiém nang ma doanh nghiép hy vong sé c6 dugc & thi truong mdi tir 1030000
dén 1110000 ngudi.

3.5.5. Khoang tin cay cho phuong sai
(Uéc lugng phuong sai ctia dai lugng ngiu nhién phan phéi theo quy
luat chuan)

Gia st trong tong thé dai lugng ngau nhién gbc X phan phédi chudn N(u,¢?) nhung chua
biét tham s ¢? ctia né. D€ udc lugng o2 tir téng thé ta lap mau ngdu nhién kich thirc n: W =
(X1, X2, .0y Xnn).

Ta xét cac truong hop sau day:
1. Da biét ky vong toan y clia dai lwgng ngiu nhién goc X
Xét thong ké:

n 5*2 1

. 4. *2 2
G = 2 vei S _E;(Xi_y)'

Théng ké G & trén phan phéi theo quy luat "khi binh phuong" véi n bac tu do x?(n). Do dé véi
do tin cay 1 — & cho trudc c6 thé tim dugc cap gia tri a1 va ap sao cho a1 + ap = a. Khi d6 véi
(n) (n)

1 “ ta co:

hai phan vi "khi binh phuong" n bac tu do tuong ting Xﬁ va X?

1’[5*2
P (Xﬁgn) < 7 < X%(—nozz) = (1 — 0(2) — X1

*2 *2
@P(”S <az<ns )1&.
2(n) 2(n)
Xl—az X“l

o Chonay = ap = 4§ ta c6 khoang tin cdy ctia 0% nhu sau:

1’15*2 ' ns*Z
ey
2 2

Ta thiy rang khoang tin cay nay khong dbi xing.
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e Chona; = 0,a = a ta c6 khodng tin ciy bén phai duing dé udc luong gia tri toi thiéu ctia

nS*Z .
2y T -
Xl—zx

e Chonay = &,y = 0 ta c6 khoang tin cdy bén trai dung dé udc lugng gia tri t6i thiéu cta

7’[5*2
(O; o ) '

eVi du 3.12 Miic hao phi nguyén liéu cho mot don vi sén phdm la dai lugng ngau nhién phan

o2 nhu sau:

o2 nhu sau:

phdi chuén véi trung binh 1a 20g. D€ wdc lugng mitc dd phéan tan ctia mirc hao phi nay nguoi
ta can thir 25 sdn pham va thu dugc két qua sau:

Hao phi nguyén liéu (g) | 19,5 20,0 20,5
S san phdm tuonging | 5 18 2

Vi d6 tin cdy 1 — a = 0,90 hay udc luong o néu ag = ap =

NIR

Loi gidi.

Goi X 1a muc hao phi nguyén liéu cho mot don vi san pham, X tuan theo quy luat chuan
N(p = 20,0?). Day la bai toan udc lugng phuong sai cia phan phéi chuan khi da biét y.

Tra bang phan bi Khi-binh phuong;:

2 2(25 2 2(25
X%(n) _ Xo,( 5) — 14,6, leé _ ?Co,(95) — 37,7
Lap bang tinh s*2:
X 11 xXi—p | mi(xi— p) n; (x; — V)z

19,5 5 -0,5 -2,5 1,25
20,0 18 0 0 0

20,5 2 0,5 1 0,5

n=YYmn =25 Zni(xi—y)2:1,75

% 1 1,75
SZ:EZni(xi—‘u)z: G =0,07.

Khoang tin cay cta o? la:

52 p.s%2 25.0,07 25.0,07
E (ns NS )(50,0 : 5OIO):(0,0464,-0,1198).

37,7 7 14,6
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2. Chua biét ky vong toan u ctia dai lugng ngau nhién goc X
Ta chon thong ké:
(n—1)S"

G= =)

trong d6 S 1a phuong sai diéu chinh mau.
Théng ké G & trén phan phéi theo quy luat "khi binh phuong” véi n-1 bac tu do x?(n — 1).

Do d6 v6i do tin cdy 1 — a cho trudc c6 thé tim duge cap gia tri a1 va ap sao cho ay + ay = a.

(n=1) (n=1)

Khi dé6 v6i hai phan vi "khi binh phuong" n — 1 bac tu do tuong tng 7(0241 va )(i w, taco:

e n—1)8"? ne
P (i < OB <) <

(n—1)s? , (n—1)S?

o <7< 20

5 =1-—ua.
X1—a, aq

& P

e Chon a; = ay = £ ta c6 khoang tin cay ctia 02 nhu sau:
> 1 2 g 1y

(n—1)S? (n—1)S"
PP

2 2

e Chonaj = 0,ap = & ta c6 khodng tin ciy bén phai dung dé udc lugng gia tri toi thiéu cta
o2 nhu sau:
(n—1)S"

2(n—1)
1—w

;oo

e Chon a; = &,y = 0 ta c6 khoang tin ciy bén trai dung dé udc lugng gia tri toi thiéu ctia

(n—1)s"
(0' 20-1) |-
Xa

oVi du 3.13 Lai suét c6 phiéu cia mot cong ty trong vong 5 ndm qua la:

o2 nhu sau:

150/0,' 100/0,' 200/0,' 70/0; 14%);

a) Biét 1ai suat c6 phiéu la bién ngau nhién phan phdi chudn, hay udc lugng do phan tan cta
1ai suat cd phiéu ctia cong ty d6 voi do tin cay 90%.

b) Hay udc lugng do phan tan toi da ctia 1ai suat ¢6 phiéu ctia cong ty véi do tin cay 99%.

Loi gidi.
Goi X 1a 1ai suat c6 phiéu ctia cong ty, X tuan theo quy luat chuan N(u, 0?). Day la bai toan udc
lugng 02 ctia X v6i p chua biét.
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a) Tt do tin cay 1 —a = 0,9 suy ra 5 = 0, 05. Tra bang phan vi Khi-binh phuong:

2(n—1 2(4
G =g = 0711 X

Tinh s'%: Tir gia thiét dé tinh duge: Y x; = 66; Y x? = 970. Do dé:

2
. 7
X %) = 2(95_0 —13,2%) = 24,7.

Khoang tin cay cta o la:

~1)52? (n—1)s2 424,7 424,7
2 ((n )s ;(” )s )( i ):(10,4;138,959).

2(n—1) 2(n—1) 9,5 70,711
X1

_a 3
2 2

(n—1)

b) Tir do tin cay 1 — a = 0,99, tra bang phan vi Khi-binh phuong: Xi = X?J,((;Ll) = 0,297

Khoang tin cay bén trai ctia o la:

—1)s2 4.24,7
0% € (o;u> - <o; / ) — (0;332,660).

Xﬁ(”—l) 0,297

Vay 0% < 332,66 hay o < 18,239%.
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Bai 3.1. Cho 8 két qua do dac vé mot dai lugng X bdi cting mot may khong c6 sai 1am hé thong:

369:378;315;420;385:401;372;383
Hay tinh ¥, s, 5.
PS: x = 377,875; 5% = 806,609; s’ = 30, 362.

Bai 3.2. Theo doi thai gian hoan thanh mot san pham (phtt) & hai nhém cong nhan, ta thu duoc

s6 liéu sau:
Nhom 1:

X; (phut) |42 44 45 58 60 64
Songuoi(n;)) | 4 5 20 10 8 3

Nhoém 2:

X, (phut) | 46 48 51
Songuoi (n;) | 2 40 8

Tinh trung binh va d¢ léch tiéu chuan mau diéu chinh ctia hai mau cu thé néi trén. Néu nhan

xét.
PS: x1 = 50,8; s’1 =7,735;%; = 48,4;s, = 1,21.
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Bai 3.3. Do chiéu cao ctia 100 thanh nién tir 18 dén 22 tudi & tinh A, ta thu dugc bang s6 liéu:

Chiéu cao X (cm)

154-158

158-162

162-166

166-170

170-174

174-178

178-182

S6 thanh nién (n;)

10

14

26

28

12

8

2

Hay tinh chiéu cao trung binh (x) va do léch mau diéu chinh (s').
PS: x = 166;s’ =5, 82.

Bai 3.4. Cac két qua do do bén cac sgi chi dugc cho trong bang s6 liéu dudi day (don vi gam):

D¢ bén cua soi (gam)

120-140

140-160

160-180

180-200

200-220

220-240

240-260

260-280

S6 cac sqi (n;)

1 4

10

14

12

6

2

1

Hay xac dinh d¢ bén trung binh, phuong sai va do 1éch chudn mau diéu chinh cia mau trén.

DS: ¥ = 195,2;5% = 821,96;5" = 28,8.
Bai 3.5. Dé nghién ctru tudi tho (X) ciia mot loai béng dén, ngudi ta thap thir 100 bong va c6 sb

liéu sau:

Tudi tho (gid) | SO bong tuong tng (1;)
1010-1030 2
1030-1050 3
1050-1070 8
1070-1090 13
1090-1110 25
1110-1130 20
1130-1150 12
1150-1170 10
1170-1190 6
1190-1210

a) Vé biéu do tan s6 va biéu do tan suét ciia bang phan phéi thuc nghiém trén.

b) Tinh tudi tho trung binh va do léch tiéu chudn mau diéu chinh cta tudi tho loai bong dén

nodi trén.

DbS:b) x = 1111,1;s' = 37.

Bai 3.6. Sau khi cai tién ki thuat, ngudi ta thap thir 100 bong, két qua 1a:

Tubi tho (gio)

1150 1160 1170 1180 1190 1200

S6 bong (n;)

10

15 20

30

15

10

a) Vé da giac tan so, da gidc tan suat ctia bang phan phoi tan so trén.

b) So sanh trung binh va d¢ léch tiéu chudn diéu chinh ctia tudi tho loai bong den noi trén trudc

va sau cai tién ky thuat qua hai mau cu thé duge cho & bai 5 va 6.
DS:b) x = 1175,5;s' = 14, 3.
Bai 3.7. Céc s6 liéu ctia viéc phan tich mot s6 mau quang sat duge cho & bang dudi day, ¢ d6 X

(%) 1a ham lugng oxyt sat, Y (%) lam ham lugng tap chét.
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Y
N 3-919-15]15-21|21-27|27-33
35 5 4 2
45
55 4 6 14
65 5 8 3

a) Tinh X, s/, 7, s’y;

b) Nhitng mau quang sat c6 ham lugng tap chat nho hon 21% dugc xép va loai A, hay tinh cac
gid tri trung binh mau va do léch tiéu chudn mau hiéu chinh %, s, 7, s’y cla quang sat loai A;

c) Tinh tan sudt mau ctia cac quing sat loai A.

DS: a) ¥ = 52,460; s, = 10,313, = 16,095; s’y = 5,983;

b) x4 = 54,808;s,, = 9,180;y4 = 14,192; s’yA = 4,606;

c) f =0,825.

Giai: a, *Tu bang trén ta c6 bang tan so cua X

X x; 35 |45 | 55 | 65
S6 quing satn; | 11 | 10 | 26 | 16

Lap bang tinh:
X; n nX; nix?
35 11 385 13475
45 10 450 20250
55 26 1430 78650
65 16 1040 67600
Y= 63 | i = 3305 | ¥ nx? = 179975

Tir d6 c6 két qua sau:
_ 1 1
¥ = Y nix; = o3 3305 = 52,46.

2
p_ | on (Xmxp o o\ |63 (177975 o\
Sy = J —" ( X ) = \/62 o 52,467 | =10,31.

*Tir bang trén ta c6 bang tan s6 caa Y

Y (y;) 6|12 |18 |24 |30
S6 quang sat (m;j) |9 [ 15|28 | 9 | 2

Lap bang tinh:
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vi| o om mjyj mjy;
6 9 54 324
12 15 180 2160
18 28 504 9072
24 9 216 5184
30 60 1800
Ym; =63 | Lmjy; = 1014 | Lmjy? = 18540
Tir d6 cé két qua sau:
_ 1 1
v =Y my; = = 1014 = 16,095.

)\ [63 (18540
VI =\Ve\ 63

b, *Ti bang va cac diéu kién, ta c6 bang tan so cua X cua nhom A:

— 16, 0952) = 5,983.

X(xi,) 35|45 |55 |65
S6 quang sat (n;,) | 5 | 7 |24 |16
Lap bang tinh:
xl'A niA xiAniA niA xizA
35 5 175 6125
45 7 315 14175
55 24 1320 72600
65 16 1040 67600
Yo, =52 | Ln,x;, = 2850 ZniAx?A = 160500
Tir d6 c6 két qua sau:
1 1

A= EZxAniA = &5 2850 = 54,81.

g _ |.m EniAxi_x_z /52 (160500
AT A\ n—1 n A7\ 51\ B2

*Tu bang va cac dieu kién, ta c6 bang tan so cua Y cua nhom A:

— 54,812) =9,17.

Y(ya) 61218
S6 quang sat (mj,) | 9| 15| 28
Lap bang tinh:
ya | Mia Yam, MY
6 9 54 324
12 15 180 2160
18 28 504 9072
Ymj, =52 | Yyamj, =738 | Ym;,y%s = 11556
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Tir d6 c6 két qua sau:

1
VA=) yamj, = 5 738 = 14,192.

2
c | (Emd S\ [mmsse N
SyA = J | < . VA > = \/51 ) 14,1924 | = 4,607.

¢, Tan suat quang sat loai A la:

1 4 14
fo 16t +23+ F5+843 _ | gr

Bai 3.8. Goi X 1a "khéi lugng san pham san xuat ra" va Y 1a "gia thanh san phdm", diéu tra ¢ 30

xi nghiép cting loai san pham ta c6 ket qua sau:

X
v 50 | 100 | 150 | 200 | 250
100 - 120 4 4
120 - 140 2 6 1 1
140 - 160
160 - 180 3 1 1

a) Tinh trung binh mau va do léch tiéu chudn mau diéu chinh %, 5%, 7, s’y

b) Nhitng xi nghiép c¢6 X > 50 va 120 < Y < 160 dugc xép vao loai I, hay tinh cac gia tri trung
binh mau va d¢ léch tiéu chudn mau diéu chinh %, s, 7, s, ctia cac xi nghiép loai I.

c) Tinh tan suat mau ctia cac xi nghiép loai L.

DS: a) ¥ = 155; 5, = 66,111;7 = 136; s’y = 21,107;

b) X7 = 140, 625; S;I =41,708;y; = 137; Slyz =10;

c) f =0,533.

Uéc lugng cac tham s6 lugng dic trung clia dai luong ngau nhién

Bai 3.9. Hao phi nguyén liéu cho mot don vi sdn pham 1a mot dai lugng ngau nhién tuan theo
quy luat chudn N (, 0%) v6i do léch tiéu chudn ox = 0,03. Nguoi ta san xuét thir 36 san pham

va thu duge bang s6 liéu sau:

Miic hao phi nguyén liéu (gam) | S6 sdn phdm tuong tng (n;)
19,5-19,7 8
19,7-19,9 8
19,9 -20,1 18
20,1-20,3 2

Vé6i do tin cay 95%, bang khoang tin cay doi xing hay udc lugng mitc hao phi nguyén liéu
trung binh cho 1 don vi san pham.

DS: (19,868; 19,8876).

Bai 3.10. D€ dinh mtc thoi gian gia cong mot chi tiét mdy, nguoi ta theo doi ngau nhién qua

trinh gia cong 25 chi tiét va thu dugc s6 liéu sau:
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Thoi gian gia cong (phut) | S6 chi tiét méy tuong tng (1;)
15-17 1
17 -19 3
19-21 4
21-23 12
23-25
25-27

Bang khoang tin cdy ddi xiing hay udc lugng thoi gian gia cong trung binh mot chi tiét may véi
do tin cay 1 — a = 0,95. Gia thiét thoi gian gia cong chi tiét 1a dai lugng ngau nhién tuan theo
quy luat phan phéi chuan.

DS: (20,53; 22,51). Bai 3.11. Can thir 25 bao bot my, nguoi ta tinh dugc trong lugng trung binh
mot bao 1a x = 40kg, do 1éch tiéu chudn mau diéu chinh s’ = 5kg. Vi do tin cay 95%, bang
khoang tin cdy déi xiing hay udc lugng trong lugng trung binh ctia bao bot my. Gia thiét trong
lugng ctia bao bot my 1a dai lugng ngau nhién tuan theo quy luat chuan.

DS: (37,936; 42,064).

Bai 3.12. D& udc lugng chiéu day trung binh ctia cac tAm vat liéu do mot xi nghiép san xuat,
ngudi ta tién hanh do 5 tm va thu duoc két qua sau:

2,015mm; 2,025mm; 2,015mm; 2,020mm; 2,015mm

Dua vao s6 liéu trén hay udc luong chiéu day trung binh cac tam vat liéu do mot xi nghiép san
xuat bang khoang tin cay ddi xiing v6i do tin cay 1 — a = 0,95. (Biét rang chiéu day cac tim vat
liéu la dai lugng tuan theo quy luat phan phdi chuan).

DS: (2,006; 2,11).

Bai 3.13. Léy 50 con soi dé xac dinh do bén trung binh, ta cé s6 liéu sau: (biét do bén X - kg /cm?
1a dai lugng ngau nhién tuan theo quy luat phan phéi chuan).

X106-08(0810]10-12|12-14|14-16|16-1,8|18-20]20-22]|22-24
n; 1 2 7 10 11 9 6 3 1

Hay udc lugng do bén trung binh cta loai s¢i nay bang khoang tin cay dbi xing voi hé sb tin
cay 0,98.

DS: (1,386; 1,614).

Bai 3.14. D€ xéac dinh gia trung binh dbi véi mot loai hang hoa trén thi truong, ngudi ta diéu

tra ngau nhién tai 100 crta hang thu dugc bang s6 liéu sau day:

Gia X (dong) |83 85 87 89 91 93 95 97 99 101
Sbcttahang (n;) | 6 7 12 15 30 10 8 6 4 2

Véi do tin cay 97% hay udc lugng gia trung binh ctia loai hang do tai thoi diém dang xét, biét
rang gia hang hoa X 1a dai lugng ngdu nhién tuan theo quy luat phan phédi chuan.

DS: (89,815; 91,625).

Bai 3.15. Chiéu dai (X) mot loai san phdm do mot may ty dong san xuat la dai lugng ngau
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nhién tan theo quy luat phan phdi chuan véi do léch tiéu chuén ox = 3cm.

Dé uée lugng chiéu dai trung binh ctia loai sdn phdm néi trén véi do tin cay 1 — a = 0,95, nguoi
ta tién hanh do 20 sdn pham va thay chiéu dai trung binh ctia 20 sdn pham d6 la x = 50cm.

a) Tim khoang tin cdy ddi xing ctia chiéu dai trung binh loai sdn phdm do.

b) Dé udc lugng chiéu dai trung binh loai sdn pham d6 vdi do tin cay 1 — a = 0,99, do dai
khoang tin cdy dbi xing khong vuot qua 0, 6cm thi phai deo bao nhiéu san pham?

DS: a) (48,685; 51,315); b) 664 sp.

Bai 3.16. Kiém tra 100 béng dién c6 tudi tho trung binh x = 3000 (git). Néu udc lugng tudi tho
trung binh ctia loai béng dén d6 véi do sai léch khong qua 3,92 gios vé gia tri tuyét ddi thi do
tin cay ctia udc lugng 1a bao nhiéu? Két luan vé tudi tho trung binh ctia loai bong dién dé néu
tudi tho bong dién la dai lugng ngau nhién tuan theo quy luat phan phdi chuén véi o = 20 gio.
DS: a) 95%; b) (2996,08; 3003,92).

Bai 3.17. Nang suét gidng ngd A § mot ving dugc bao 1én qua 25 diém thu hoach va c6 két qua

sau:

Nang suat (X-ta/ha) |7 9 11 13 17
S6 diém thu hoach (n;) [2 7 12 3 1

Véi d6 tin cay 95%, hay tinh nang suat trung binh tdi thiéu ctia viing nay, biét rang nang suat
ngd cta ving nay la dai lugng ngau nhién tuan theo quy luat chuan.

DS: u > 9,888.

Bai 3.18. Dé dinh murc thoi gian gia cong mot chi tiét mdy ngudi ta theo doi ngiu nhién qua

trinh gia cong mot s6 chi tiét va thu dugc bang sb liéu sau:

Thoi gian X (phat) | 14 16 18 20 24
S6 chi tiét (n;) 4 12 22 8 4

Vi do tin cay 1 — a = 0,99, hay udc lugng thai gian gia cong trung binh t6i da d6i véi loai chi
tiét d6. Gia thiét thoi gian gia cong chi tiét 1a dai luong ngiu nhién tuan theo quy luat phan
phéi chuén.

DS: i < 18,797.

Bai 3.19. Hay udc lugng ty 1é chinh pham ctia mot nha may bang khodng tin cay ddi xing voi
do tin cay 0,95, biét rang kiém tra 100 sdn pham ctia nha mdy thay c6 10 phé pham.

DS: (0,8412; 0,9588).

Bai 3.20. M& thir 200 hop ctia mot kho do hop, ngudi ta thay c6 8 hop bi bién chat. Véi do tin
cay 97%, bang khodng tin cay déi xiing, hay udc lugng ty 1& d6 hop bi bién chat & kho do.

PS: (0,01; 0,07).

Bai 3.21. Gieo thtr 400 hat giéng thi thdy c6 20 hat khong ndy mam. Ty 1é hat gidong khong nay
mam t6i da 1a bao nhiéu? Hay két luan véi do tin cay 98%.

DS: p < 0,072. Bai 3.22. Trong dot van dong bau ctr téng théng nguoi ta phéng van ngau
nhién 1600 ctr tri thi dugce biét 960 ngudi trong d6 sé bd phiéu cho ting cr vién A. Véi do tin

cay 95%, ting clr vién A chiém dugc tdi thiéu bao nhiéu % s6 phiéu bau?
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DS: p > 0,5716.

Bai 3.23. D€ diéu tra sb ca trong mot hd, co quan quan ly danh bat 2000 con ca, danh dau rdi
tha xubng ho. Lan sau bat lai 400 con, duge 80 con c6 dau. Bang khoang tin cay ddi xing, hay
udc lugng sb ca trong ho véi do tin cay 97%.

bS: (8230; 12739).

Bai 3.24. Bat 1000 thd hiém tai mot viing, danh dau rdi tha ra. Lan sau bat lai duogc 300 con, cb
60 con c6 dau. Hay udc lugng sb tdi da thu hiém d6 véi do tin cay 95%.

PbS: N <6173.

Bai 3.25. Can phai lap mot mau ngau nhién véi kich thudce 1a bao nhiéu dé ty 1é phé phdm cua
mau 1a 0,2, dd dai khoang tin cay ddi xing la 0,05 va do tin cay ctia udc lugng la 0,952

DS: N > 983.

Bai 3.26. Ty 1é ndy mam ctia mdt loai hat giéng la 90%. Can udc lugng ty 1é ndy mam cua hat
gidng d6 véi do tin cay 0,95 va do dai khoang tin cay khong qué 2% thi phai gieo bao nhiéu
hat?

DS: N > 3456.



Chuong 4

S0 gan dung va Sai so

4.1. Khai niém vé so gan dung

4.1.1. Sai so6 tuyét doi, sai s6 twong doi

Trong tinh toan ta thudng phai lam viéc véi cac gid tri gan ding cua cac dai lugng. Ta néi
a1a s6 gan dung A, néu a khong sai khac A nhiéu. Dai luong A := |a — A| goi 1 sai s6 thuc sy
ctia a. Do khong biét A nén cling khong biét A. Tuy nhién ta c6 thé tim dugc s6 duong Aa thoa
man diéu kién:

la— A| < Aa 4.1)
hay 2 — Aa < A < a+ Aa. S6 duong Aa nay goi la sai sb tuyét d6i ctia a. R rang néu Aa da la
sai s6 tuyét ddi ctia a thi moi s6 A’ > Aa déu c6 thé xem 1a sai s6 tuyét dbi ctia a. Vi vay trong
nhirng diéu kién cu thé ngudi ta chon Aa 1a s6 duong bé nhat c6 thé duge théa man (£.1).

Néu a 1a s6 gan ding ctia A c6 sai s6 tuyét doi la Aa thi ta quy uéc viét:

A=a+Aa (4.2)

Aa

|a]

Ty s6 éa = — duoc goi 1a sai s6 twong ddi ctia a. Ta suy ra Aa = |a|éa, do d6 [@.2) ciing c6
thé viét

A= |a|(1+da) (4.3)
@ Nhan xét Aa c6 cung thit nguyén vdi a, con da la s6 khong c6 thit nguyén va duge biéu dién
bang %.
eVidu 1 Gidst A = m;a = 3,14 Do 3,14 < A < 3,15 = 3,14+ 0,01 nén ta co thé’lﬁy
Aa = 0,01. Mt khic, 3,14 < A < 3,142 = 3,14 + 0,002 do dd c6 thé'lay Aa = 0,002.

e Vidu 2 Do do dai hai doan th[i’ng AB, CD ta duoc a = 10cm va b = 1cm voi Aa = Ab = 0,01cm.

Khi do ta co da = 0'181 =0,1% con é6b = 0’101 = 1% hay 6b = 104a.

Hién nhién phép do a chinh xac hon han phép do b mac du Aa = Ab. Nhu vay do chinh xac

ctia mot phép do phan anh qua sai s6 tuong doi.
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4.1.2. Su lam tron s6, sai s6 lam tron
Mot sb thap phan a déu biéu dién duge dudi dang:
a=+(Bpl0P + B,_110P 1 + ... + B, 10V %)

trongdé B; (i =p,p—1,...,p—s) lacac sé nguyén duong tir 0 dén 9. Chang han a = 572,96 =
5.10% 4 7.10" +2.10° +9.10 1 +6.107%, 6 day o = 5,1 = 7,0 = 2,1 = 9,2 = 6.

Lam tron a 1a bé di mot s6 cac chi s6 bén phai a dé duge mot sb @ ngan gon hon va gan
ding nhét véi a.

© Qui tac thu gon: Gia st
a=Bpl0F + -+ Bi10 + - + Bp_s10P*
va ta gitt lai dén sb hang thu j. Goi phan vit b 1a , ta dat
a=Bpl0F + -+ B 110771 4 B10/,
trong do:

Bomd Pit] néu 0,510/ < p < 10/
18 néu 0<p<0,510

Truong hop u = 0,5.10 thi E]- = Bj néu Bjla chan va Bj =pi+1 néu Bjla 1é vi tinh toan véi

s6 chan thuan tién hon.
e Vidu 3 Thu gon dén 2 chit s6 sau dau phdy cic so sau:
a = 572,96573 a = 572,97; b =45,75346 b = 45,75
¢ = 301,38500 ¢ = 301, 38; d =432,23500 d = 432,24
Sai s6 lam tron 6a > 0 1a s6 thda man diéu kién:
a—a| <6a
Via=Bp107 + - + 10/ + p, cona = B,107 + - - - + B;110/*1 + B;10/ nén
la—a| = |(Bj— B;)10/ + p| < 0,5.10'.

© Sai s6 ctia s6 da thu gon: Ta c6

a—-A=a—-a+a—-A

dodo|la—A|<|a—a|+|a—A| < Aa+0a
Vay c6 thé 14y: Aa = Aa + 6a, tic la sau khi thu gon, sai s6 tuyét d6i tang lén.
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® Anh huéng ctia sai s6 thu gon: Ta xét mot vi du. Ap dung cong thiic nhi thic Niuton ta 6
cong thic dung:
(V2 —1)10 = 3363 — 2378V/2 (4.4)

v6i V2 = 1,41421356...
Bay gio ta tinh hai vé ctia (&.4) bang cach thay v/2 bédi cac sé quy tron:

V2 Vé trai Vé phai
14 0,0001048576 | 33,8
1,41 0,00013422659 | 10,02
1,414 0,000147912 | 0,508
1,41421 0,0001866399 | 0,00862
1,414213563 | 0,00014867678 | 0,0001472

Su khéc biét gitra cac gid tri tinh ra ctia hai vé ching to rang sai s6 quy tron c6 thé c6 gay ra

nhiing két qua khéng mong muén trong qua trinh tinh toan.

4.2. Cach viet so xap xi

4.2.1. Chir s6 c6 nghia
Chit s6 c6 nghia 1a moi chit s6 khac "0" va ca "0" néu né kep gitra hai chit s6 c6 nghia hodc
no dai dién cho hang dugc git lai.

e Vidu 4 a = 0,0030140. Ba chit s "0" dau khong cé nghia.

4.2.2. Chir s6 chac

Gia st a 1a gia tri gan dung cta A véi sai s6 tuyét dbi Aa. Ta biét rang moi s6 thap phan a
déu viét dugc dudi dang: a = + Y B;10/, trong d6 B; 1a nhitng s6 nguyén tir 0 dén 9. Chix s6 ¢6
nghia f; cia a goi 1a chit s6 chac, néu Aa < w x 107, trong d6 w 1a tham s6 cho trude. Tham sb
w duoc chon dé mot chit s6 von da chac sau khi thu gon van la chu s chac. Gia st chit s6 chac

cubi cling ctia a trude khi thu gon 1a B;. Dé B;,1 va cac chit s6 trude né van chac, phai co:
An+0a < w x 107! = w x 10"+ 0,5 x 107! < w x 10"+

hay w > 5/9. Dac biét B; goi la chit s6 chac theo nghia hep (nghia rong) néu w = 0,5 (w = 1).

e Vidu 5 Cho a = 65,8274 vdi Aa = 0,0043 thi cdc chit s6 6, 5, 8, 2 la chic, con cdc chit sb 7,4 la
khong chic. Néu Aa = 0,0067 thi cic chit s6 6, 5, 8 la chic con cdc chit s6 2,7,4 1a khong chic.

Nhu vay, sai s6 tuyét d6i Aa tach sb gan ding a thanh 2 phan: phan & bén trai gom cac chit s6
chdc, phan con lai & bén phai gom cac chir s6 khong chac. D9 chinh xéac ctia mot sé gan ding

dugc danh gia khong phai & chd s6 Ay 6 nhiéu chit s6 ma & chd s6 dy c6 nhiéu chit s6 chac.
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® Chua y: Khi viét s6 gan duing, chi nén git lai mot hai chir s6 khong chac dé khi tinh toan sai

s6 chi tac dong dén cac chir s6 khong chac ma thoi.

4.2.3. Cach viet so xap xi
Cho a 1a s6 gan ding ctia A vdi sai s6 tuyét dbi la Aa. C6 hai cach viét s6 A:
a. Viét kém theo sai s6 nhu & cong thire (@.1) hodc (4.2).

b. Viét theo quy udc: moi chir s6 c6 nghia déu 1a chit s6 chac. Nhu vay hai s6 gan dunga = 9
va b = 9,00 khéc xa nhau vé do chinh xdc, sb a c6 thé sai s6 dén 1 don vi, con s6 b chi ¢
thé sai dén 0,01 don vi.

4.3. Sai sb tinh toan

Gia st can tinh gié tri dai luong y* = f(x},x3,...,x}) trong d6 chi biét cac gia tri gan
ding cta dbi s6 1a xq,xp,...,x, VOi cac sai s6 tuong ing la Ax; (hay 6x;). Sai s6 clia y =
f(x1,x2,...,x,) dugc goi la sai s6 tinh toan.

Néu f 1a mot ham kha vi, lién tuc theo cac bién x; thi

*

Yoyt = F X ) — FE ) = Y £ (E) (3 — )
i=1

trong d6 X 1a diém trung gian nam gitra cac diém (x1, xa, ..., x,) va (x,x5,...,x5). Do fr, lién

tuc va Ax; kha bé nén ta co thé viét

ly — y|N|fo7 | — X \<Z|fx|sz—- (4.5)

Khi do
A

Z fxl Z\ lnf X1,X2, .-, Xn)|AX; (4.6)

4.3.1. Sai s6 cac phép tinh cong trir

Néuy =x1xxp+---F+xy thiy;i =41,Vi=1,2,...,nnén theo (4.5) ta co:

n
Ay = Z Ax;,
i=1
tirc 1a sai s6 tuyét ddi ctia tong bang téng sai sb tuyét dbi ctia cac sb hang.

Giad st Axy, = 1r£1a<x Ax; va chit s6 chac cudi ciing ctia x,;, & hang thi k, nghia 1a Ax,, = 10~
Isn

Ta c6 Ay > Axy,, vi vay khi lam phép cong dai s0, nén qui tron cac x; dén mic git lai 1 hodc 2

chit s6 bén phai hang thi k.
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tro

. L 2 . . A
©® Chuy Truong hop tong dai so rat nho, nghia 1a |y| << 1 thi sai so tuong doi oy = |y—y|

nén rat 16n, do d6 két qua khong chinh xac. Vi vy trong tinh toan can phai tranh cac cong thic

c6 hiéu cuia hai s6 gan nhau.

4.3.2. Sai s6 cac phép tinh nhan chia

Gia st
o X1... xp
prrl oo X
Khi do
p n )
Iny = Zlnxi - Z Inx; = a—lny =41
i=1 j=p+1 Xi
Theo suy ra
n
sy =) _ 6x,
i=1

tirc 1a sai s6 twong dbi cia phép toan nhan chia bang tong sai s6 tuong déi cac s6 hang.

Goi 6x,, = max dx; va chit s6 chac cudi cung cua X, 6 hang thu k, ta théy 0y > 6xpy nén khi
1<i<n

lam cac phép tinh trung gian dé tinh y chi can liy k + 1, k + 2 chir s6 la du.

4.3.3. Sai s6 ctia phép lily thira, khai can, nghich dao
Cho y = x%, khi d6 oy = \% Iny|Ax = |a|dx
e Néu a > 1 (phép luy thitra) thi §y > dx, do d6 d6 chinh xac giam.
e Néu 0 < a < 1 (phép khai can) thi 6y < dx hay do chinh xéc ting.
e Néua = —1 ta c6 phép nghich ddo, §y = dx nghia la d¢ chinh xac khong déi.

e Vidu 6 Mot sin nhd hinh chir nhit co cdic kich thudc do dwoc la: x = 2,56m £0,01m, y =

4,2m £ 0,02m. Tinh chu vi va dién tich cua san?
Giai

Chuvictasanla P = 2(x +vy) >~ 2(2,56 +4,2) = 13,52m. Sai s6 tuyét doi AP = 2(Ax + Ay) =
0,06.Vi0,01 < 0,06 < 0,1 nén P chi cé 3 chit s6 chic va cé thé viét P ~ 13, 5m.

Dién tich cia san: S = xy ~ 2,56.4,2 = 10, 752. Sai s6 tuong d6ids = ox + oy = 2;_6 + ﬁ, do
d6 AS =|5|.6S = 0,093 < 0,1. Nhu vay S c6 3 chit s6 chac va cé thé viét S ~ 10, 8m?.

e Vidu 7 Cho dién tich hinh vuéng S = 12,34, AS = 0,01. Tinh canh a =?

Tacéa = /S ~ 3,5128. Vi S = AS/|S| ~ 0,01/12,34 ~ 0,0008 nén Aa ~ 3,5128 x 0,0004 ~
1,4 x 1073. Nhu vay 4 c6 4 chit s6 chac va a ~ 3,513.
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o Vidu 8 Tinh sai so tuyét doi va sai so twong doi cua thé tich hinh cau: V. = gnd3, biet d =
3,7+0,05va T =3,14.

Giai

Xem 7 va d la ddi s6 ctia V thi theo va ta c6: 6V = Om + 34d trong d6 dd =

0,0016/3,14 = 0,0005 va éd = 0,05/3,7 = 0,0135. Suy ra §V = 0,0005 + 3 x 0,0135 =~ 0, 04.
1

Mit khac V = 67‘(&13 ~ 26,5nén AV = |V|§V =26,5.0,04 ~ 1,1. Vay V = 26,5+ 1, 1cm®

4.3.4. Bai toan nguoc ctia 1y thuyét sai s6

Gid st dai lugng y tinh theo cong thitc y = f(x1,x,...,x,). Hoi phai lay Ax; bang bao
nhiéu dé Ay < const cho trudc?
® Nguyén 1y anh huéng déu: Ta coi |fx.|Ax; = c(i = 1,n), khi d6

Ay
A |fe|Axi =nc = Axj = —— = ——~
= Ll = T R

e Vidu 9 M0t hinh try cd ban kinh ddy R = 2m, chiéu cao h = 3m. Héi AR, Ah phdi bing bao nhiéu
dé thé' tich V duoc tinh chinh xdc t6i 0, 1m3.

Gidi
oV 0,1 e1%
4 — 2 — R21 — A — —
TacoV = nR h,;uly ra s = Rah =12nén At = % 12 < 000(1)3 Tuong tu: R = 2nRh =
, L9V 2
37,7 = AR = 3%37.7 < 0,001; 5 =nR" =12,6 = Ah 3% 12.6 < 0,003.

4.4. Sai s6 phuong phap va sai s6 tinh toan

Trong thuc té khi gidi mot bai todn phtic tap ta thudng phai thay bai toan dé bang bai toan
don gian hon dé c6 thé tinh todn bang tay hodc bang may. Phuong phép thay thé nhu trén dugc
goi la phuong phéap gan ding. Sai s6 do phuong phap gan ding tao ra goi la sai s6 phuong
phép. Mac du bai toan da & dang don gian, c6 thé tinh todn bang tay hodc trén mdy tinh nhung
trong qua trinh tinh toan ta thuong xuyén phai lam tron cac két qua trung gian. Sai s6 tao béi
tat c cac 1an quy tron nhu vay duge goi 1a sai s6 tinh toan. Dé hiéu ré hon ban chét ctia sai s6

phuong phap va sai s6 tinh toan ta xét vi du sau:
e Vidu 10 Theo khai trién Maclaurin ciia ham e* ta cé:
2 n

X
e~ —1+x+ +r =+
2! n!
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Vii x = 1 cng thitc nay cd thé ding dé tinh gid tri ciia s6 e. Tuy nhién ddy la tong v han, con trong
thuc té ta chi tinh dugc tong

1 1
Su=1+1+5 4+,
2! n!

nghia la ta da sir dung phuong phg’p gdn diing. Chiang han véi n = 8 thi sai s6 phuong phdp tim dugc
e’ 3

dl/[ﬂ trén dd?’lhgld |€ — Sn| < m < a < 10_5
1
Khidde~1+1+ o5+ + §f ~2,71828,
Bai tap chuong 4

Bai 4.1. Cho a = 12345 v6i da = 0,1%, b = 34,56 v6i 6b = 0,8%. Xac dinh sai s tuyét do6i va
cac chir s6 chac ctia a va b.

Bai 4.2. Tim s6 céc chit s6 chac va lam tron chi git lai 2 s6 khong chéc:

a) a = 57,4365 voi da = 0,5%.

b) a = 1,40805 v6i da = 0,6%.

Bai 4.3. Biét rang a = 12,3057 1a mot s6 gan dung c6 hai chit s6 khong chac. Hay tinh sai s6
tuyét ddi va sai s6 tuong doi cda a.

Bai 4.4. Cho a = 23,35781 1a s6 gan diing véi sai s6 twong ddi la da = 1,25%. Hay lam tron a voi
2 chit s6 khong chac va danh gia sai s6 cta két qua thu dugc.

Bai 4.5. Cho céac s6 gan ding a = 4,7658 va b = 3,456 v6i Aa = 5.107* va Ab = 1073; con
u = a.b. Hay tim sai s6 tuong ddi ctia 4 va b; tinh u va udc lugng sai s6 Au va du.

Bai 4.6. Tinh dién tich hinh chir nhat c6 chiéu dai d = 40,0cm va chiéu rong r = 24,0cm. Uoc
lugng sai sb tuyét d6i va tuong dbi cia S néu cac chir s6 biéu dién d va r déu chac.

Bai 4.7. Cho hinh hop chit nhat c6 cac canh d, r, h tuong tng xap xi bang 10m, 5m va 3,5m.

a) Tinh thé tich V va udc lugng sai s6 néu Ad = Ar = Ah = 0,005m.

b) Can tinh cac canh véi sai s6 nhu thé nao dé sai s6 AV <0, 1.

Bai 4.8. Hinh tru tron xoay c6 ban kinh R = 10cm chiéu cao h = 20cm;

a) Tinh V néu AR = Ah = 0,5cm; p = 3,1416 v6i Ap = 0,5.107%.

b) V6i p nhu trén, can tinh R va h nhu thé nao dé AV < 1.

Bai4.9.Chou =a—bvsia =55,23vab =>55,20; Aa = Ab = 0,005.

a) Tinh u, Au va du.

b) Giai thich vi sao nguoi ta thuong tranh trir 2 s6 gan bang nhau.

Bai 4.10. Chou =a/b+cvoia=125,b=0,5,c =5;Aa=Ab=0,1; Ac =1.

a) tinh u va du.

b) Gidi thich vi sao ngudi ta tranh chia cho s6 bé & cac budc trung gian.

Bai 4.11. Tinh u = a?b + cnéua = 4,0;b = 5,5;c = 25,48; Aa = Ab = 0,001; Ac = 0,01 va thu
gon u chi gitr lai mot chi s6 khong chac.

Bai 4.12. Hay xac dinh gia tri cia cac ham s6 dudi day cung vdi sai s6 tuyét ddi, sai s tuong
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dbi ung v6i nhiing gid tri ctia cac dbi s6 cho véi moi chit s6 c6 nghia déu chac.
Qu=In(x+y?); x=0,97y=1,132

2
b)u = xt_y ; x =328y =0,932z=1132.




Chuong 5
Phép noi suy

Trong thuc té, nhiéu khi ta phai stt dung ham y = f(x) ma khong biét biéu thuc giai tich,
chi biét gia tri y; = f(x;) tai cdc diém x; € [a,b] (i = 0,1,...,n). Cac gia tri d6 c6 thé nhan dugc
qua do dac, thyc nghiém hodc tinh toan tir nhitng s6 liéu da cho. Ciing c6 truong hop biéu
thitc giai tich f(x) da cho nhung qué cong kénh. Khi d6 dung phép ndi suy ta c6 thé dé dang
tinh dugc f tai bat ky x € [a,b] ma d6 chinh xac khong kém bao nhiéu.

Muc tiéu ctia phép ndi suy kha nhiéu, nhung chi yéu la tim thuat toan don gian tinh gia tri
f(x) cho nhitng x khong nam trong bang x;,y; (i = 0,1). Mot bo s6 liéu x;,y; (i = 0,1) va mot
chuong trinh ngan gon c6 thé thay mot bang rat dai cac gid tri {x;, f(x;)}. Ngoai ra stt dung két

qua ctia phép noi suy, c6 thé tim dao ham f’(x) hoac tich phan cuaa f(x) trén doan [a, b].

5.1. Noi suy bang da thic dai s6

Ngoai y nghia lich st ra, da thirc dai s6 thuong dugc dung trong phép ndi suy vi ly do don
gian sau: cc phép todn cong, trir, nhan, dao ham, tich phan dé dang dugc thuc hién trén da
thitc. Hon nita néu P(x) 1a da thiic, con ¢ 1a hang s6 thi P(cx) va P(x + ¢) ciing la da thtc.
© Bai toan nodi suy daitra nhu sau: Cho ham sé y = f(x) du6i dang bang gia tri

Xi

Yi

Xo X1 [ Xy

yo yl . yn

trong d6a < xg < x1 < -+ < x, < b goila cdc mbe ndi suy vay; := f(x;).

m ,
Hay tim da thuc bac m : Py(x) = Y a;x* sao cho Py (x;)) =y; (i=0,n)
i=0

® Y nghia hinh hoc cta bai toan noi suy : hay xay dung duong cong dai s6 y = P, (x) di qua
cac diém cho trudce (x;,y;) (i = 0,7) tir hé phuong trinh tuyén tinh sau:

m .
Y axl=yi (i=0,n) (5.1)
=0

Dé thiy néu m < n(m > n) hé néi chung vo nghiém (v6 dinh). Khi m = n hé c6 dinh thuc

143



144 CHUONG 5. PHEP NOI SUY

Vandermonde
2 n
1 X0 Xy ... X
1 X1 x? . Xt
1 1|
A= = H (xi—xj);zéO.
1 e .. 0§i<j§n
1 xy x2 ... b

Suy ra hé phuong trinh (5.1) 1a hé Crammer, do d6 n6 c6 nghiém duy nhét.
® Chu y Bai todn noi suy con duge néu dudi dang téng quat hon, khong nhiing yéu cau P(x)
tring véi f(x) tai cdic mdc ndi suy ma con yéu cau cac dao ham cap 1 hodc cac dao ham cap cao

hon ctia chung cling trung nhau.

5.2. Da thuc noi suy Lagrange

Sau day ta sé trinh bay cach xay dung da thitc ndi suy ma khong can giai hé (5.1).
Trude hét, ta tim da thic [;(x) c6 bac 1, sao cho

1 néu i=j .
zi<xj>={ P Gj=0m

0 néu i#j
Dé thay
li(x) = Ai(x —x0) ... (x —x;_1)(x — xj41) ... (x — xy).
Vi
1=1(x;) = Ai(x; —x0) ... (x; —x;_1)(x;i — Xj1) .- (x; — xp).
nén

li(X) — (x — x()) e (x — xi,l)(x — xi+1) cen (x — xn) .
(x; — XO) oo (x — xi,l)(xi — xi+1) oo (x — xn)
va goi no la da thitc Lagrange co bin
bat

P(x) =) yili(x), (5.2)
i=0

RO rang P(x) la mot da thirc bac nhé hon hodc bang 7 va ta co

P(xj) = éyili(xj) =y; (j=0,n).

Nhu vay P(x) la da thirc noi suy can tim.

¢ No6i suy bac nhat
X X0 Xq

Yi Yo N

Véin = 1ta codbang
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Da thtic noi suy sé la: P(x) = yolo(x) 4+ y1l1(x) trong d6

. X — X1 . X — Xp
lo(x) = poa li(x) = pam—
¢ No6i suy bac hai
Véin = 2 ta cé bang ti Yo 1 %
Yi Yo Y1 Y2
Da thuc noi suy séla: P(x) = yolo(x) + y1l1(x) + yala(x) trong d6
(x —x1)(x — x2) (x —x0)(x — x2)
lo(x) = , hLx)=
e N A Crn ereray

(x —x0) (x — x1)
(x2 —x0)(x2 — x1)

va lz(x) =

e Vidu 1 Cho ham so dudi dang bing

x ‘ -1 1
fay | 70
Tim da thitc ngi suy dang Lagrange
Gidi

Da thitc can tim c6 dang:

x(x—1) x(x+1)

P(x) = -7 7
e | ) RN C R YO Ry
P(X)_—7X@+7XM:7X

® Chuy Neu cac moc ndi suy cach deu, tuc la

Xip1—x;=h (i=0n-1)

X — X
thi dat f := 0

hay x = xo + th ta dugc

(=) 1Cit(t—1)...(t—n)

Pi(x) :Pi(XO+tl’l) = P o

Tom lai .
t—1)...(t—n) & (~1)1Ch

P(xg+th) = d
i=0

Trong cong thite (5.3), cac hé s6 (—1)"~1Ci, khong phu thudc vao ham sé f(x), mbc nodi suy va
budc h. Do d6 chiing duoc tinh s&n, 14p thanh bang dé str dung nhiéu lan.
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Cong thitc ndi suy Lagrange trinh bay trén c6 wu diém don gidn nhung néu thém mbc noi

suy phai tinh lai toan bd. Nhugc diém nay dugc khac phuc trong cong thirc noi suy Newton.

e Vidu 2 Tim da thitc ndi suy bdc hai ciia ham y = 3* trén doan [—1,1] tai cdc mdc ndi suy xo =

—1,X1 = 0,9(2 =1

Giai
Tacoyo=1/3,y1 =1,y = 3.
1 (x=0)(x—-1) (x+1)(x—1) (x+1)x
Pax) =3 (—1-0)(-1—-1) 1 (0+1)(0—1) 3 (1+1)1
Pz(x):1+4§x 2312

Cho x = 1/2 ta duogc

5.3. Sai s0 caa phép néi suy

5.3.1. Sai s6 phuong phap

Gia st P(x) la da thic ndi suy bac n ctia ham f(x), tic 1a P(x;) = f(x;) (i = 0,n). Ta cd
dinh gié tri x € [a,b] tuy y va tim cach udc lugng sai s6 R(x) = f(x) — P(x). Di nhién chi can
xétx # x; (i=0,n) viR(x;) =0 (i =0,n).

Xét ham bé tro

F(x) := R(z) — kw(z),
Flx) ~ Px)

w(x)
Mat khac F(x;) = (z = 0,71) do d6 F(z) c6 n + 2 nghiém phan biét x, x, x1, . . ., x,. Theo dinh

Iy Rolle F/(z) ¢6 (n+1) nghiém, . .., F"*1)(z) ¢6 nghiém & € [a, b]:

trong d6 w(z) = [T (z — x;). Hang s6 k chon tir diéu kién F(x) = 0,nghiala k =

0= F(n+1)(é) _ f(”+1)((:) — k(n+1)! hay % =k

So sanh hai cach viét cta k ta co:

(n+1)
R(x) = f(njLTll(i)w(x) (5.4)

Goi M = sup |f"V(x)], tir suy ra:

a<x<b

M

(n+1)!|(x—xO)---(x—xn)| (5.5)

|[f(x) = P(x) <
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e Vidu 3 Udc lugng sai so phép noi suy bing da thirc bic 3 tinh sin 6° vdi cdc mdc ndi suy

- g ln
0736 1T 180" "*T 200 ° 180
Giai
Ta 6 f(x) = sinxn = 3ia = 2 — 5%b = “8 — 110y — 1 — 6o f@(x) — sinx
B T 3 T 7 180 T 30 B
= M= sup |f*¥(x)| =sin11° = 0.190809.

a<x<b

Vay theo cong thuc (5.5) ta co:

IN

ane—re) < PEPNE- ) (G- )G5) G W)
< 1.106 x 107°.

® Chuy Tir cong thirc danh gia sai s6 (5.5) suy ra:

1. Phan du R(x) rat 16n ngoai doan [xg, x,], do d6 dung cong thitc ndi suy dé thuc hién

phép ngoai suy sé mac phai sai s6 16n.
2. Phép ndi suy c6 do chinh xac cao dbi véi cac doan [x;, x;,1] & trung tdm va do chinh xac

thdp dbi vdi cac doan ngoai ria.

5.3.2. Sai s6 tinh toan

Gia st thay vi biét cac gia tri dung y; = f(x;) ta chi biét cac gia tri gan dung y;. Khi d6 thay
vi da thic noi suy

Zyz )

x - xl)w (X,‘),

ta co

(x)
Zyl (x1)

(x — xl)
Gia st |y; — v;| < Ay;, khi d6 sai s6 tinh toan

w(x)

n
[AP| =[P —P| < ) _ Ayl -

i=0 (x — x;)' (x;)

Néu cdc mdc ndi suy cach déu va Ay; < p (i = 0,n) thi

t(t—1)...(t—n)| & C
<
[AP[ < p n! Z |t — i
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5.3.3. Chon moc ndi suy t6i wru
Néu ham f(x) da cho thi M = sup |f"*1(x)| hoan toan xac dinh. Tir cong thitc (22) suy

a<x<b
ra sai s6 tuyét d6i ciia phép ndi suy chi con phu thudc vao w(x) = (x — xp) ... (x — x,,). Van dé

dat ra la phai chon cac méc ndisuy a < xp < x1 < -+ < x, < b nhu thé nao dé max lw(x)]
a<x<

nho nhat ? Ta di dén bai toan min-max sau:

max |w(x)| — min
a<x<b a<xg<x1<--<x,<b

© Pa thuc Chebysev

Tu(x) := cos[narccos x| (Jx| <1)

Dat § = arccos x va dé y rang cos(n & 1) = cos 6 cos n0 F sin 8 sin nf, ta dugc cos(n + 1)6 +
cos(n —1)8 = 2 cos 0 cos nf hay:

Thi1(x) =2xTy(x) — Ty 1(x).

Ngoai ra
Ti(x) = x; To(x) = cos[2arccos x] = 2x* — 1; To(x) = 1.

Bang qui nap, dé dang chirng minh duge T, (x) 1a da thirc bac n véi hé s6 dau la 2~ 1.

Nghiém ctia T, (x) la x; = cos daab (i =0,n—1) va cuc tri cia n6 :|m‘ax |Ty(x)| = 1 dat
x|<1

T,

tai x; = cos;l (i=0,n).

A Dinh 1y 1 Trong tit cd cdc da thitc bac n vdi hé s6 dau bing 1, da thitc Chebysev Ty, (x) /2"~ ¢6 dé
léch (so v6i 0) nhd nhat trén doan [—1,1]. Nghia la, néu

P(x) =x"4a,_1x" 1+ 44

" Pl _ 1
X
P > = .
max |P(x)] 2 max 2 = 5
® Chon méc noi suy t6i wu
i) Trong truong hopa = —1;b = 1ta léy mbc noi suy x; la nghiém ctia da thic Chebysev
2i+1 —
Tyu+1(x), nghia la: x; = cos 2(;—11)7( (i =0,n). Khiddw(x) = (x—xp)...(x —x,) =

T, ) ” )
n;fx) c6 do léch nho nhat, va udc lugng tot nhat cua phép ndi suy la:
M M
PG~ £0)| < Gl < g
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% dua doan [a, b] vé

doan [—1,1]. Cac mbc ndi suy tdi ru la nghiém da thitc Chebysev:

ii) Trong truong hop a < b bat ky, ta dung phép thé bién t =

Udc lugng tot nhat cia phép ndi suy trong truong hgp nay la:

M (b _a)n-i-l
n+1)! 202n+1)°

[P(x) = f(x)| < (

5.4. Sai phan va cac tinh chat

Gia st f : R — R 1a mot ham s6 cho trude va h = const # 0. Ta goi sai phan cap 1 cda f(x)
’ A .
la dailuong Af(x) = f(x+h) — f(x). Ty sai phan cap 1 caa f(x) la # Mot cach tong quat
A"f(x) == A[ATHf(x)] (n = 1), Af0 = f(x).

o Vidu 4 A’f = A(Af) = A(f(x+h) — f(x)) = [f(x+h+h)— fx+h)] = [f(x+h) -

f)] = f(x+2h) =2f(x+h) + f(x).
Nf = AN f) = [f(x+2h+h) —2f(x +h+h) + f(x+h)] — [f(x +2h) —2f(x + h) +

f(x)] = f(x+3h) =3f(x+2h)+3f(x+h) — f(x).
¢ Tinh chét

(1) Alatoan tir tuyén tinh, nghia la:
Va,B € R; Vf,g = Alaf + Bg) = aAf + BAg.

(2) Néu ¢ = const thi Ac = 0.
(3) A™(x") = n!h"; A™(x") =0 (m > n).

(4) Néu P(x) la da thic bac n thi theo cong thitc Taylor

AP :=P(x+h) — P(x) = Y n—P¥(x).

i=1

(5) Néu f € C"[a,b] thi khi h dianhé ) (x) ~ A Z;fx).

5.5. Mot s6 quy tac néi suy ham s6 trén ludi déu

5.5.1. Bang sai phan

Gia st ham s6 y = f(x) cho duéi dang bang y; = f(x;) tai cdc mdc x; cach déu: x;, 1 — x; =
h = const (i > 0).
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Khi d6 sai phan caa day y; dugc xac dinh nhu sau:

Ayi = VYiy1—VYi
A%y, = A(Ay;) = Ayipq — Ay, ...

Aly; = A(A"ly;) = A" lyig — ATy,
Ta lap bang:
y | Ay | Ay | Ny | Ay
Yi-2
Ay;i o
Vi1 A%y o
Ayi_q N3y
Yi Ay;_y Ay o
Ay A3y
Vi1 A%y
Ay
Yiy2

5.5.2. Noi suy & dau bang

Mbc noi suy dugc s:f\p xép theo thit tu xp < x1 < -+ < x,,. Tim da thitc noi suy dudi dang

P(x) =ap+a1(x —xp) +ax(x —x0)(x —x1) + - +an(x —x0) ... (x — x,_1).

_ o _ Ayo .. ee . Ay
Cho x = xg, ta dugc ag = yo; x = x; = a1 = ——. Noi chung dat x = x;, tacoéa; = ——.
h ithi
do ta cod
A A? A"
P(x) =yo+ %(x—xo) + 2'320(x—x0)(x—x1) + n|g£(x—xo)...(x—xn_1).

oot X —X
Doi bien t = O,x = xo + th ta dugc

=) 2y M=) ot ) o

T !

t
P(XO + th) = Yo+ FAyO +
Khi d6 cong thic sai s6 (5.5) trd thanh

M (= 1)L (= n).

|f(xo+th)—P(xo+th)| < m

Ngudi ta goi cong thic (5.6) 1a da thitc ndi suy Newton tién xuat phat tir xy.
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5.5.3. Noi suy & cudi bang

x_Xn

h

Mbc noi suy dugc sép xép theo tha tu giam dan x, > x,_1 > --- > xo. Datt =
x = x, + th. Da thitc thirc ndi suy Newton lui tim dudi dang

P(x) =ag+a1(x —xn) +ap(x —x)(x —xp_1) + -+ an(x —x,) ... (x — x1)

Ay,
Chox =x; = ag = yn; x =241 = ap+a1(—h) =yy-1 =1 = yZ L
, Ay,
Tong quat, dat x = x;, ta dugc a; = i!y;zli - (i =0,n).
Nhu vay cong thirc Newton lui s€ ¢6 dang
t tt+1 tt+1)...(t+n—-1
P(xn + th) = VYn + FAyn—l + %Azyn—z +---+ ( ) 7’1(| )Any() (57)

. M
vdi sai sO " 1)!h”+1t(t +1)...(t+n).

Cong thire (5.7) dugce goi 1a da thite nodi suy Newton lui xuat phat tir x,,.
® Chuy
a) Cong thuc ndi suy Newton tién (It1i) chi 1a mot cach viét khac cta cong thirc Lagrange.
b) Néu can tinh f(x) tai x >~ xp (x =~ x,) ta nén dung cong thitc ndi suy Newton tién (lui)
thi do chinh xac cao hon.
c) Dung cong thitc ndi suy Newton tién (ltii) khong phai tinh lai tir ddu néu thém mdc noi
suy mai.
e Vidu 5 Cho mdt s6 gid tri ciia ham sin x

x \ 0,1 0,2 0,3 0,4
sinx\ 0,09983 0,19867 0,29552 0,38942

Hay tinh gan diing sin(0, 14) va sin(0, 46).
Gidi
Vi cac mdc cach déu nén ta xdy dung da thitc noi suy Newton ctia ham s6 dua vao bang gia tri

da cho. Trudc hét ta lap bang sai phan:

x sin x Ay A%y A3y
0,1 ] 0,09983
0,09884
0,2 | 0,19867 -0,00199
0,09685 -0,00096
0,3 | 0,29552 -0,00295
0,09390

0,4 | 0,38942
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Str dung cong thitc ndi suy Newton tién ta dugc:

0, O9884t Y 00199t
h h?

0,00096
I3

P(0,1+ th) = 0,09983 + (t—1)— Ht—1)(t—2).

Véix =0,14,h = 0,1 suyrat = 0,4. Khi do:
sin(0,14) &~ P(0,1+0,1.0,4) = 0,13954
va sai s6 dugc danh gia bdi

1
sin(0,14) — P(0,14)] < 7 /(0,14 - 0,1)(0,14 0,2)(0,14 ~ 0,3)(0,14 — 0,4)|

< 4,2.10°°.

Tuong ty, st dung da thitc nodi suy Newton lui ta cing tinh dugc:
sin(0,46) ~ P(0,46) = 0,44394

véi sai s6 |sin(0,46) — P(0,46)| < 3,8.107°,
e Vidu 6 Gid sir ham f(x) cho dudi dang bang sau:

x\ 0 01 0.2 0.3 0.4 0.5
y\ 0 01002 02013 0.8045 0.4108 0.5211

Tim f(0.14) theo cong thitc ndi suy Newton tién.
Két qua tinh toan cho thay f(0.14) ~ 0.1405. Sai s6 mac phai

.0001 1
|£(0.14) — P(0.14)| < 00%0.4 x 0.6 x 1.6 X 2.6 < E10—6.

(O day ta stt dung hé thirc f®) (&) ~ == va

A4
£(0.14) — P(0.14)] < 4|—Z40h4 x 0.4 % 0.6 X 1.6 x 2.6)

5.6. Mot s6 vi du ap dung sai phan va noi suy

5.6.1. Tinh gia tri da thuc

Gia st deg(P)= n. Néu biét P(x) tai (n + 1) diém phan biét, st dung tinh chat A"P =
0 (m > n) ta c6 thé tinh P(x) tai cac diém khéc.

eVidu 7 Tinhy = x3véix =4,5,6....

Lap bang
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y | Ay | Ay | Ay
0
1
1] 1 6
7 6
2| 8 12
19 6
3| 27 18
37 6
4] 64 24
61
5| 125

Biét 6 = A%y, = A%y, — A%y; = A%y, — 12 suy ra A%y, = 18 = Ays — Ayr = Ays — 19, hay
Ayg :37:]/4—]/3 :y4—27.Vé:1yy4 :64,

5.6.2. Tinh tf;ng

Gidsttcantinh S, = 12422+ ... +n?2v6iVn > 1. Tacé: AS, = S0 — Sy = (n+
1)2, A%S; = AS; 1 — ASy = (n+2)2— (n+1)?> = 2n +3, A3S, = A%S, ;1 — A?S, = 2(n +
1)+ 3] — [2n 4 3] = 2 = const.

Lap bang:

n| S, | AS, | A%S, | A%S,

1] 1
4

2|5 5 2
9

3|14

) R LA . n—1
Su dung cong thirc ndi suy Newton tien ¢ = — = n — 1 ta dugc

Su=14+4(n 1)+ 2 (n—1)(n—2)+ 2 (n—1)(n—2)(n—3) = gn(n—1)(20 +1).

Hoan toan tuong tu ta c6 thé tinh tong

-1 —
Su = 13—|-23—|—---+n3:1—|—8(n—1)—|—19(n Jn=2)

(n—1)(n—2)(n—23) (mn—1)(n—2)(n—3)(n—4)

1
+ 18 i

o - [

+6
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5.7. Noi suy trén luéi khong déu

5.7.1. Ty sai phan

Gia stt cdc mbe ndi suy duoc sap xép theo thi tu:a < xp < x1 < -+ - < x, < b. Ty sai phan

Cép mot
flxo,x) = w
oy — F) =)
X2 —Xq
flxo, x1, %] = ﬂxpxi :Q)xo’xl].
Mot cach téng quat:

flxe, oo xiqn] — flxo, -+, xx]
Xk+1 — X0

flxo, %1, .+, X, Xpp1] =

5.7.2. Cong thitc ndi suy Newton trong truong hop moc khong cach déu

Choa < xp < x1 < -+ < x, < bla cdc mbe noi suy. Goi Ly (x) la da thirc ndi suy Lagrange

v6i mbe ndi suy {xg, ..., x}. Khi do

Pe(x) = L(x) — Lg_1(x)

la da thucback. Vi P(x;) =0 (i =0,k — 1) nén
Pe(x) = A(x —xp) ... (x — x5_1) = Awg_1(x).
Mat khac Py(xx) = yx — Le_1(xx) = Awg_1(xg) suy ra

4 = Y Lea(x)
wi—1(xx)
f(xx)
(xk — x0) -+ (% — xx—1)
Z;1;71 (x;) (xx —x0) - -« (xx — xi—1) (%% — Xiq1) - - - (3 — Xk1)
i=0 (xl- — XO) e (xl- — xi,l)(xi — xi+1) e (xl- — xk_l)

(xk — x0) + -+ (xk — xx—1)
f(xi

— yk
= 21:0 (xi — xo) .. (xl- — xi,l)(xi — xi+1) .. (xz' - xk)
= f[xO,...,Xk]

A

Vay
Lu(x) = f(x0) + flxo, x1](x — x0) + fx0, %1, x2] (x — x0) (x —x1) + - - -
+flx0,x1, -, xn](x — x0) (x — x1) ... (x — xp)

Trong cong thitc ndi suy Newton nay thém mdc noi suy, ta khong phai tinh lai tir dau.
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5.7.3. Bai toan ndi suy nguoc
Gia st ta c6 bang gid tri
{xks f (%) Y=o
Can tim X trong khoang (xg,x,) dé f(X) = ¥y cho trudc. Néu ham f(x) don diéu, tic la

sgnAf(x;)=const (k = 0,7) thi ta c6 thé xdy dung da thitc noi suy P(y) dya vao sb liéu

{ve xchi=or

trong d6 vy := f(x¢). Paty = y ta tim dugc X ~ P(y).

Néu ham f(x) bat ky, ta thay f(x) ~ P(x) - da thitc ndi suy ctia ham s6 f(x) va giai phuong
trinh P(x) = y d€ tim gan dung X.
eVidu 8

Xét cong thirc Newton tién f := (x — xg) /h trong trudng hop cac mébc cach déu ta 6

_ ~ tHt—1 HE-1)(t-2

7 = yo -+ IAyo + ( . )Azyo+ ( é( )A3y0—|—~-~
Tir day suy ra

~ 1 tt—1) ,  HE-1)(t—=2) .,

v Ut U w1 ¢ Nyo—---}

Bo qua sai phan cap hai tré di, ta dugc:

~ 1
ty = A—yo(y—yo)

Str dung #; va sai phan dén cap hai ta tim dugc xap xi tiép theo:

=1 - h(lE-1),
tZ_A_yo(y Yo TAVO)}

Tuong tu, st dung f, va sai phan dén cap ba, ta co:

=1 h(h-1) 5, hl-1)(h-2)
ts—AyO Y —vo 5 Ao) ¢ Nyo)}

Qua trinh tinh toan dugc tiép tuc cho dén khi [f, — f,41| < €, trong d6 € > 0 1a d6 chinh xac

can dat. Trd lai bién x ta ¢é X = xq + tih.

5.8. Phuong phap binh phuong bé nhat

Da thitc ndi suy xét & cac tiét trude gap phai mot s6 kho khan trong trudng hop:
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e Khi s6 mbc ndi suy 16n thi bac cta da thic ndi suy cting 16n, khong thuan tién khi tinh

toan.

 Cac sb liéu x;, y; thuong thu dugce bf?mg do dac, thure nghiém nén bao gid cling ¢6 sai s0,
do d6 yéu cau y; = P(x;) c6 thé khong hop ly.

Phuong phap binh phuong bé nhat do Lagrange va Gauss dé xudng trong khi biéu dién gan

dung nhitng ham cho bang bang.

5.8.1. Noi dung phuong phap

Cho bang s liéu

Xi

Yi

xl xz o .. xn

yl yz e yn

Duya vao nghién ctru ly thuyét va s6 liéu trong bang ngudi ta chon trude duge ham phu thudc
y = f(x,a1,a,...,a;) , trong d6 ay,ay, .. .,a; 1a cic tham s6. Cac tham sb nay dugc xac dinh
sao cho y; va f(x;,ay,as,...,a;) sai khac nhau nhé nhat . Mot tiéu chudn dé danh gid sy sai
khac do6 1a st dung ham

n

2
S(ay, az, ... a¢) =Y (yi —f(xi,al,...,ak)) — min.

i=

Dé thiy ham S dat gia tri nho6 nhét tai diém tdi han, chinh 1a nghiém ctia hé:

s _

8a1

oS

— =0

da, 5.8)
o

o0, = 1

Giai hé (5.8) ta tim duoc cac tham sb a;,i = 1,k

5.8.2. Mot so truong hop ap dung
a) y phu thudc x theo dang bac nhaty = f(x,a,b) = a + bx
Khi d6 tong binh phuong céc sai s6:
n 2

§=3 (vi— flxab) =Y (vi—a—bx)’

= =
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Ta lap hé phuong trinh
s _
gg = N na+b2x2i = Yy (5.9)
2 _ ayx;i+by xi = Y xy;
ob

Tir bang s6 liéu {x;,y;} ta tinh duge cac tong: Y- x;, Y v;, ¥ xl-z, Y. x;y;. Hon nira, cac x; khac
2 )
nhau nén dinh thitc D = ny_ x? — ( Y xi) # 0,do do hé c6 nghiém duy nhat a va b.

e Vidu 9 Cho biét sy phu thudc giita 2 dai lugng x va y cé dang y = a + bx va cho bing so liéu

x\ 1,1 2,1 32 4,4 52

Y 0,78 7,3 9,2 11,9 13,3

Hay xdc dinh a va b bang phuong phdp binh phuong bé nhat.

Giai
Ta lgp bing so
Xi Yi xiz XiYi
-1,1 0,78 1,21 -0, 858
2,1 7,3 4,41 15,33
n=>5 3,2 9,2 10,24 29,44
4,4 11,9 19, 36 52,36
5,2 13,3 27,04 69,16
). 13,8 42,48 | 62,26 165,43
Sau do gidi hé

5a+13,80 = 42,48 a =2,994~3
< =y =3+2x

13,8a 462,260 = 165,43 b =1,994~2

So sdnh cdc gid tri mdi ciia y theo ham tim dugc vdi cdc gid tri cii theo bang sau cho thay phuong

phdp binh phuong bé nhat khd chinh xdc.

X -1,1| 2,1 3,2 | 4,4 5,2
Y cil 0,78 73| 92| 11,9 | 13,3
Yy moi 0,8 7,21 94| 11,8 | 13,4
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b) y phu thudc x theo dang bac haiy = f(x,a,b,c) = a + bx + cx?

Khi d6 tong binh phuong céc sai s6:

5= i (%‘ —f(xz‘/a,brc)>2 =) (yi—a—bxi—cx)?

i= i=
Ta lap hé phuong trinh

8_5
3%
3%

ac

=0 na—i—bei—l—ch? = Yy

= 0 & alx+brx?+crx = Ly (5.10)

_ 0 ayx2+ by} +eyxt = Lty

Tir bang s6 liéu {x;,y;} ta tinh dugc cac tong:

Xi, Yis X, XiYis X5 Xis XiYis
Yoxi Yy 2 ) YN, Y, L

sau d6 thay vao hé (5.10) roi giai ta duoc a,b va c.

¢) y phu thudc x theo dang ham miiy = f(x,a,b) = ae®™

Lay logarit Naper 2 vé ta dugc: Iny = Inae? = bx +1na

Thuyc hién phép déi bién

Y — 1
YWY — Aty (5.11)
A = lna

Nhu vay sy phu thudc gitra Y vao x la dang bac nhat. Tir bang s liéu {x;, y;} tuong tng
ta 1ap dugc bang s6 lieu {x;, Y;} trongd6 Y; = Iny;, i = 1,n

Hé phuong trinh dé€ xac dinh A, b 1a

{ nA+bYx; = YV 512)

AYxi+byx? = YxY

e Vidu 10 Cho biét cip gid tri ciia x va y theo bing sau:

x| 0,65 0,75 0,85 0,95 1,15
y| 09 1,06 1,17 1,29 1,58

Lép cong thitc thuc nghiém ciia y dang y = ae™.

Gidi
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Ldy logarit Naper 2 vé ta dugc: Iny = Inae?™ = bx +Ina

DitY =Iny; A=Ina=Y = A+ bx Ta ¢ biang s0 liéu mdi

X ‘ 0,65 0,75 0,8 0,95 1,15
Y =Iny ‘ —-0,04 0,06 0,18 0,25 0,46
Lap bang
X; Y; x2 x;Y;
0,65| —0,04
0,75 0,06
n=>5| 0,85 0,18
0,95 0,25
1,15 0,46
Y 4,35 0,89 3,93 | 0,92
Gidi hé

nA+brx = LY 5A+4,35 = 0,89  Ja =05
AYxi+byx? = YxY 4,35A +3,93b 0,92 b o~1

A 1 g . - 134 . 2 A . ~ . z 13 . 2 X - a3 -
Viyy = Eex . Tinh lai cdc gid tri cua y theo cong thitc nay tai cdc gid tri cua x v6i so sanh vdi cdc

Qid tri thuc nghiém

X 0,65| 0,75 0,8 | 0,95| 1,15
Yy cil 0,9 | 1,06 | 1,17 | 1,29 | 1,58
ymoi| 1,00 | 3,85| 6,50 | 9,35 | 12,05

d) y phu thuoc x theo dang ham liy thitay = f(x,a,b) = ax?
Lay logarit Naper 2 vé ta dugc: Iny = Inax? = bInx +1na

Thuyc hién phép déi bién

Y = Iny
X = Inx =Y=A+bX (5.13)
A = Ina

Nhu vay sy phu thudc gitta Y vao X la dang bac nhat. Tir bang s6 liéu {x;,y;} tuong tng
ta 1ap dugc bang s6 lieu {X;, Y;} trong d6 X; =Inx;, Yi=Iny;, i=1,n
Khi d6 hé phuong trinh dé xac dinh A, b 1a

{ nA+bY.X; = LY 514)

AYX;+bY X2 = LXY
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Bai tap chuong 5

Bai 5.1. Ham s6 y = f(x) xac dinh trén [0; 5] va duoc cho bdi bang gia tri sau
x | 0135
y=fx)] 121 4

Hay xay dung da thitc ndi suy Lagrange P(x) ctia f(x) va tinh gan ding gid tri f(2) bang cach

lay £(2) ~ P(2).
Bai 5.2. Xay dung da thitc Lagrange cho ham f(x) = x® + x? — 10 tai cdc moc x = —4; —3; —1;0.

Tir d6 hay xac dinh cac hang s6 A, B, C, D sao cho

x>+ x2-10 A B C D

x(x+1)(x +3)(x +4) PR TS T

Bai 5.3. Tinh tong
=1 4+254+3 4. 41,

biét rang S, 1a mot da thirc bac 4.
Bai 5.4. Cho bang gia tri cia ham s6 y = f(x)

x | 10 3 6 7
y=f(x)| 3 -6 39 822 1611

Xay dung da thitc ndi suy Newton ctia ham f(x). Tinh gan dung f(0,25) nho da thic vira tim
duogc.
Bai 5.5. Cho ham s6 y = f(x) xac dinh bdi bang gia tri sau

X \ 0 1 2 3 4 5 6 7
y = f(x)\ 14 13 14 11 13 18 16 23

Tim biéu thic cta f(x) bang phuong phap binh phuong t6i thiéu biét rang
a) f(x)la mot da thic bac nhét.

b) f(x)1a mét da thic bac hai.

) f(x) = aet*.

d) f(x) =In(ax +b).



Chuong 6

Tinh gan ding dao ham va tich phan

6.1. Tinh gan diing dao ham

Trong thuc té, nhiéu khi nguoi ta phai tim dao ham mot ham s6 cho dudi dang bang, hoac
ham cho duéi dang giai tich nhung phtuc tap. Trong nhiing truong hop do, ta thuong dung
phuong phép tinh gan ding dao ham. Ta thay f(x) bang da thitc noi suy ciiané: f(x) = P(x) +
R(x), trong d6 phan du

(n+1) n
Re) = O =), £ = ) € (30,30

Khi d6 f'(x) = P'(x) + r(x) v6i r(x) = R'(x). Dé thiy phép tinh gan dung dao ham nhu
trén khong chinh xac bang phép noi suy vi tir hé thie f(x;) = P(x;) (i = 0,n) khong suy ra

f'(xi) = P'(x;) (i =0,n).

6.1.1. St dung da thic ndi suy Lagrange

[T (x —x;)
. o . itk
Ta co P(x) = IEO VP (x), trong d6 P(x) = W Vi
(n+1) n (n+1) n
() = R = g L O T )+ T8 o T
: _ ")
nén r(x;) = TE z'I;éIk(Xk — X;j).

Xét truong hop n = 1, ta c6

"(©)

. X — X1 X — X _J\5) _ _
P =102 4 225 R = L ) - ).
_ 7
Suy ra P'(xg) = % var(xg) = R'(xg) = fz—(!C)(xl —X0)-

161



162 CHUONG 6. TINH GAN PUNG PAO HAM VA TICH PHAN

Nhu vay
F(x0) = f(x1) = f(xo) _ f7(2)

X1 — Xp 2!

(x1 — x0).

Tir day ta lai nhan duoc khai trién Taylor:
1!
Flor) = £x0) +  (xo) ( — x0) + L1 g — o2

6.1.2. Truong hop cac méc noi suy cach déu

Ta c6 thé str dung cac cong thitc ndi suy Newton tién, 1t dé tinh gan diing dao ham. Vi du
dé tinh f'(x), " (x) cho x = xg, ta dung da thirc ndi suy Newton tién
Ayo, Ny A

Px) =yo+ = t+— tE=1)+ -+ n]!/Ot(t—l)...(t—n—i—l)

trong d6 t = (x — xq)/h.

Déthéy
dP  dPdt 1dpP 1 2t —1 312 —6t+2
Sl Al )V T T TAAS
dx  dtdx  ndr 1A% + == Ao + =, Yo
262 — 92+ 11t -3 ,
+ > Nyo+---}

d?P d dP\dt 1d /dP 1,5 3 6t> — 18t + 11 4
a2 = i) e~ waiae) = &m0+ (= D80+ =ty )

Noi riéng

12

h 2 3 4 5

2 3 4 5

f'(x0) 1{A]/()—Ayo-l-Ayo—Ayo-i-AyO—---}
11 1 2 3 11 4

f(xg) =~ 2 AyO—Ayo+EAyo+---

e Vidu 1 Tim f'(50) ctia ham f(x) cho dudi dang bing sau:

x|y | By | ANy | Ay
50 | 1.6990
414
55 | 1.7404 36
378 5
60 | 1.7782 31
347
65 | 1.8129
Ta co . A2 A3 .
h =5 f(x) ~ E(Ayo - % + % —) = f/(50) ~ £(0.0414 — 0.0018 + 0.0002) =
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0.0087.

Gid tri chinh xdc cua ham

lnx)’_l 1 043429

! - o N ~
fix) = (lgx)" = (lnlO xini0 = 50~ 00087

6.2. Tinh gan diing tich phan

Trong thuc té, nhiéu khi ta phai tinh tich phan xéac dinh ctia ham s6 ma khong biét nguyén
ham ctia né. Néu dung dinh nghia tich phan
n—1
['= lim Z;,)f(xi)Axi
=
thi tong Darboux hoi tu rat cham, do d6 dé dat dugc do chinh xac khong cao, ta van phai thuc
hién mot khéi lugng tinh toan rat 16n. Ngoai ta, trong nhiéu truong hop, ham f(x) chi dugc
cho dudi dang bang, vi vay khai niém nguyén ham trd nén vo6 nghia.
Phuong phap don gidn nhat dé tinh gan ding tich phan xac dinh la thay f(x) bang da thic

noéi suy P(x), sau d6 dat:

6.2.1. Phuong phap hinh thang

a) Cong thuc

Ta chia doan [a, b] thanh 1 phan bang nhau véi cac diém chia x; = a + ih (i = 0,n) trong d6
h = (b — a)/n. Khi d6 theo tinh chat cta tich phan ta c6 thé viét

I:/bf(x)dx:7f(x)dx+7f(x)dx+---+ 7f(x)dx

X1
Xét tich phan [ f(x)dx.

X0

Yo A1

Xo h X1
Vé mat hinh hoc d6 chinh 1a dién tich hinh thang cong gi6i han béi cac duong y = f(x),y =

0,x = x9,x = x1 (Hinh ve)
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Véi gia thiét f(x) lién tuc, h khd bé ta c6 thé xap xi dién tich hinh thang cong bang dién tich
hinh thang vudng, tic la

Tuong tu, ta co

b _q Yirl .

/f(x)dx =Y [ foydx~ Y p¥iTY

; i=0 ;. i=0 2

Nhu vay
b
h
[ £ = S0+ yn +2(1 4+ -+ 21 61)
a
b) Sai s6 phuong phap
x1
i) Sai s6 dia phuong. Thuc chat caa viéc thay [ f(x)dx ~ ~ Y0 ]/ 2971 1a x4p xi ham f(x) trén

X0
doan [xo, x1] bang da thitc ndi suy bac nhat:

f(x) = Pi(x) = yox(;__xxll) + ylx(jc__x?).

Sai s6 ctia phép noi suy tuyén tinh la:

Ri()] = |8 (e ) (= )| <

trong d6 M = max |f"(x)]|.

x€[xox1]
Dé thay
X1 X1 1
+ MHh3
ri= | [ fdx =20 < [ R @l < 5 [ (= x0) (e - x)dx = -
X0 X0 X0
3 —
ii) Sai s6 toan phan. r = n M _ M(b a)h2.

12 12

5
eVidu 2 TinhI = [ d% iang cdch chia [1,5] thanh 4 doan bing nhau
1

Gidi

1
f(x) = e theo ta co

éddyazl,b:5,n:4,h: b—a

[~E(1+g+%+%+1)—g
T 2x4 2 3 4 5 60
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Vi f"(x) = 2x 3 nén |f" (x)| < 2 (Vx € [1,5]) va nhu vdy

2 x4

D)

x12:§20.66

6.2.2. Cong thuc parabol (Simpson)
a) Cong thuc

Chia doan [g, b] thanh 27 phan bang nhau véi budc h = (b — a) /2n. Trén mbi doan [xp;_, xo] (i =
1,7) ta thay f(x) bang da thirc ndi suy bac hai (parabol) véi cac mbc ndi suy xo;_o, Xpi_1, X2;.

~ ¥) = 1 (x — xpi—1)(x — x27)
fo) = Pax) =yais (x2i-2 — X2i—1) (X2i-2 — X27)
(x — x2i2) (x — x2) , (x — x9i—2) (x — x2i-1)

+1yoi_ +
Y21 (x2i—1 — Xoi—2) (X2i—1 — X2;) V2 (x2i — Xx2i—2) (X2 — X2i—1)
X2i X2i
Khi do f f( dx ~ f Pz dx = (]/21'72 + 4]/21',1 + yZi)-
Xi—2 X2i—-2
b X2, 1 h A , A .
Vi [ f(x)dx = Z fle X o~ g(yZi—z +4y5; 1 + yo;) nén ta c6 cong thirc sau:
a ! i=1
/f y0+y2n +4(y1+ys+ -+ Y1) F2(Ya+yat+ o+ yaw2)]  (62)

a) Sai s6 phuong phap

i) Sai s6 dia phuong. Xét ham F(t) := ®(t) — (=) (k) (0 < t < h), trong d6

t
h
X+t

B / f(x)dx — %[f(xi—t) +4f(x;) + f(xi +1)].

Dé thdy F(0) = F(h) = 0;F'(0) = F”(0) = 0, con

t 60t>
FOI(t) = —g[f( J(xi+t) = fO(x; = 1)] =5 @),
hay
212 90
FO) = =2 [f9(@) + 5(h)], (63)

trong d6 & € (x; — t,x; +t). Ap dung dinh ly Rolle ta c6: do F(0) = F(h) = 0 nén tim
dugc t; € (0,h) dé F'(t;) = 0. Tiép theo F'(0) = F'(t;) = 0, ta tim duoc t, € (0,t1) dé
F"(t;) = 0. Cubi cung, do F”(0) = F/(t,) = 0, tdn tai t3 € (0,t;) sao cho FO®)(t3) = 0.
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Tu ta suy ra:
h°
®(h) = ~50 4)(&), trong d6 x; — t3 < & < x; + 3.
Nhu vay:
xi+h n h5
[ F0dx = 3 [FGn— 1) +4f(x) + Fxi+1)] = 55 f D). (6.4)
X,‘*h
Dat M = max {|f# (x)| : x € [a,b]}, ta c6 uc lugng sau:
MK
|rloc| < W
Tir day suy ra sai s6 toan phan ctia cong thirc Simpson
ii) Sai so toan phan.
MhS b—a 4
|rglob‘ < nW =~ 180 Mh (6.5)

1
e Vidu 3 Tinh tichphinI = [ % theo cong thitc parabol véin = 2
0

Gidi
Odiya=0,b=1,h=0,25f(x) = T Ta ldp bang gid tri
L) x| yi=f(x)
0 (0,00 | 1,000000
11025| 0941176
210,50 | 0,800000
310,75 | 0,640000
4| 1,00 | 0,500000

h
I 2(yo+4y1 +2y2 +4y3 +ya) = 1+3.76471 + 1.6 + 2.56000 + 0.5 = 0.785399

Déy ring 1t = 41, ta duoc biéu thitc gan diing 7T ~ 3.141596.
© Sai s6 Runge

Phuong phap Runge trinh bay dudi day cho phép ta nhan dugc cac udc luong hau nghiém
kha hiéu qua cta sai sb.

Goi R 1a sai s6 cia phuong phap Simson, theo R ¢6 dang R ~ Ch?, trong d6 C =
const > 0. Tinh tich phan I hai 1an theo cong thic vOi budce h va h/2, ta duge

[=Y +Ch* =Y +C(h/2)"
h h/2

T daysuyraR = Ch* = [¥,,, — ¥ ] x 16/15



6.2. TINH GAN PUNG TICH PHAN 167

6.2.3. Cong thuc Newton-Cotes

b _
Gid st phai tinh tich phan I = [ f(x)dx. Ddibién t = H, ta dugc
y —

= /bf(x)dx: (b—a)/old>(t)dt,

—a

trong d6 ®(t) = f(a + (b — a)t). Chia [a,b] thanh n phan bang nhau vé&i budc h = b , ta

dugcx; =a+ihvat; = % (i=0,n).
1 1

Thay I = (b—a) [ ®(t)dt ~ (b—a) [ P(t)dt, trong d6 P(t) la da thirc ndi suy Lagrange ctia
0 0

ham ®(t) véi cac s6 lieu {t;, D(t;)} = {t;, f(x;)}. Paty; = f(x;), ta co:

¢ N B (_%)...(t—l) (t—O)---(t—”T—l)
P(X)_i;oyllz(x)_yo(o_%)...(0_1)+ ‘1‘]/11(1_0).“(1_”7_1).

Dit
1
[(E=0)(t =)+ (= 5 (= 5) - (¢ =t

ta nhan thy cac hé s6 P. (i = 0,n) khong phu thudc vao ham f(x) va doan lay tich phan [a, ],
do d6 ching ¢ thé tinh san, 1ap thanh bang va st dung lau dai.

Trong biéu thitc ctia P!" néu d6i bién z = 1 — ¢t ta dé dang ching minh dugc ring P =
P (i =0,n).

Ngoai ra néu dat f(x) = ®(x) va do dé
n . n .
(b—a)=(b—a))_ Pihay ) P, =1
i=0 i=0

Ta xét cac truong hop riéng:

1
g"(t—l)dt 1

) Knin =18 =P = =

/bf(x)dx ~ (b —a)w.

Ta duoc cong thic hinh thang (dia phuong)
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b) Khin = 2, ta co:

b—
Nhu vay | ab f(x)dx ~ Tg (yo +4y1 + y2). DBay la cong thic parabol (dia phuong).

Khi 7 16n, cac hé s6 Newton-Cotes P. kha phtic tap. Vi vay ta nén chia doan [0, 1] thanh mot
s6 phan bang nhau. Sau d6 4p dung cong thirc Newton-Cotes v6i n’ nhod hon trén tirng doan

con.
) o ndx N y
e Vidu 4 Tinh tich phin [ T+x theo cong thitc Newton-Cotes vdi n = 6.
0

Gidi
) 41 9
EfvgcongPg:%;szsz%;szPg*:
P}, = 840P;. Tir cong thirc Newton-Cotes suy ra

9 gy 3., 190 1
280" ¢ 105" 6 6

6 6

1 _

[=) yiPg= =) yiP.
i=0 840

Bai tap chuong 6

Bai 6.1. Cho ham s6 y = f(x) va bang gia tri sau

X 0 11| 2
y=f(x) | —6|2] 2

a) Tim da thitc ndi suy Lagrange ciia ham s6 y = f(x).

b) Dung da thitc ndi suy Lagrange tinh gan diing dao ham f’(1) va f(2,5).

dx
2x +1

1
Bai 6.2. Xét tich phan I = f
0

a) Tinh gan dung I bang cong thic hinh thang v6i 10 doan chia va danh gia sai so.
b) Tinh gin diing I bang cong thitc hinh thang véi sai s6 khong qua 1074

c¢) Pé tinh I véi 10 chit s6 chéc thi sd doan chia tdi thiéu 1a bao nhiéu?

1
Bai 6.3. Cho tich phan I = f
0

sin x
dx
X

a) Phai chia doan [0,1] thanh méiy doan con bang nhau dé khi tinh I bang cong thic hinh
thang c6 sai s6 khong quéa 3.107%.
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b) V6in & cau a thi sai s6 1a bao nhiéu khi tinh I theo cong thirc Simson.

c) Hay tinh I v6i n da chon & trén bang cong thirc hinh thang va cong thirc Simson dén 6 chi
s6 1é thap phan.

. s S 5 odx \ - T
Bai 6.4. Lap chuong trinh tinh tich phan I = [ ) theo cong thuc Simson. SO liéu vao
0
ho = 0,05;¢ = 10~%. Budc ludi giam di mot ntra (hy := hp/2) néu két qua budc trudc so véi
buéc sau chura théa man diéu kién 16 x (I; — Ip) /15 < e. Sit dung dang thic 41 = 7 d€ kiém
tra két qua tinh toan. Bai 6.5. Trong ly thuyét s6 hoc ngudi ta da chiing minh rang s6 cac sb

b
nguyeén td trong khoadng (a,b) xap xi ban d_x
guy g khoang pxibing [ [~
a

a) Lap chuong trinh tinh s cac s6 nguyén t6 trong khoang (100, 200).
200

b) Tinh tich phanI = [ ﬁ theo cong thirc Simson véi n = 100. So sanh két qua véi phan a).
100
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Chuong 7

Giai gan diing phuong trinh vi phan

7.1. M& dau

Trong thuc té nhiéu bai toan khoa hoc ky thuat dan dén viéc tim nghiém phuong trinh vi
phan thda man mot s6 diéu kién nao d6. Nhirng phuong trinh vi phan mé ta nhitng hé co hoc,
ly hoc, héa hoc, sinh hoc néi chung rt phic tap nén khong hy vong tim dugc 1oi gidi ding.
Chinh vi vy trong chuong nay nay ta sé nghién ctru cac phuong phap gidi gan ding. Dé don
gian ta chi xét bai todn Cauchy d6i vdi phucong trinh vi phin cip mét nhu sau:

Hay tim ham y = y(x) théa man:

{ y'(x) = f(xy) x € [x0,X] 7.1)
y(xo) = 7

trong d6 f(x,y) la mot ham s6 da biét ctia hai d6i s6 x,y, con 1 1a mot s6 thuc cho trude. N6i

chung c6 hai nhém phuong phép giai gan ding:

* Phuong phép giai tich: tim nghiém dudi dang mét biéu thuc gidi tich (phuong phéap xap
xi lién tiép Picard, phuong phap chubi Taylor, ... ).

e Phuong phap sO: tim nghiém phuong trinh tai cdc di€ém rdi rac (phuong phéap Euler,

phuong phép Euler cai tién, phuong phap Runge-Kutta,. . .).

7.2. Phuong phap chudi Taylor

Xét bai toan (7.1) Ta di tim nghiém y(x) dudi dang khai trién Taylor (chudi Taylor) tai x = xo:

(i) .
y(e) = 3 L0 (o 72)
D

1
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Bay gio ta tinh cac dao ham y(i) (x0) ctia y tai xg. Theo diéu kién ban dau:

y(x0) = ¥o
y'(x) = fa(x/y)a=> y'(x0) = f(xoz(})/o) )
'(0) = 5L+ 5y = 7 x0) = S ro0) + 5L 00 30,0

Mot cach tuong tu, dé tinh i/ (xg) trudc hét ta phai lay dao ham y”(x), sau d6 thay x = xg. . ..
Vé nguyén tac, néu f c6 dao ham riéng cip bat ki thi c¢6 thé tinh duoc tat ca cdc dao ham

¥ (xq) va do d6 xay dung dugc chubi (7.2).

V6i x kha gan x, tirc 1a |x — x| dG bé ngudi ta chiing minh duge rang chudi hoi tu vé

nghiém ctia bai toan (7.1). Khi d6 c6 thé xem tong ctia 1 s6 hang dau cta la nghiém gan

dung cta bai toan (7.1), mic do chinh xac phu thudc #, n6 cang cao neéu n cang 16n.

y=x—y, 0<x<I1
e Vidu 1 Gidi bai todn Cosi: -
y(0) =1
Gidi
Ta co:
y(0) =1
y'(0) = 0-1=-1
y'oo= 1y =y =2
yto= =y =2
Dé thiy y (0) = (=1)*2 (k > 2).
A & (—1)k k 00 (—Xk .
Vayy(x) =1—x+2 3~ =1-x+2( L = —14x) =2 +x-1
k=2 k! k=0 k!

e Vidu 2 Xét bai todn

Giai

, 2 2
(1) — _~
Y =13 =73 / \
" _ y v Xy —Yy " .
" x
VD=5
Nhu vdy nghiém
(1) =24 2(x—1) = 2(x—1)P+ 2 (x—1)° +
Y =2T3 27 81
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Béy giv cd thé ding cong thirc nay dé tinh gan diing y(x) tai x = 1,1 ching han, vi |1,1—1| = 0,1
khd bé nén ta bd qua cdc s6 hang & cudi va thu dugc:

2

2 2

2
3 27(0'1) +

(0,1)3 ~ 2,06584.
Nhu vay ndi dung ctia phuong phéap rat don gidn nhung tinh toan rit phic tap, hon nita ban
kinh hoi tu cta chubi y(x) rat khé xac dinh, do d6 trong phan tiép theo ta sé tap trung vao

nhom phuong phap thi hai.

7.3. Phuong phap Euler

Cac phuong phép s6 trong dé c6 phuong phép Euler cho ta nghiém bang sb ctia bai toan
tai cac diém x; = xq + ih v6i bude h > 0. D€ y rang theo phuong phap chudi Taylor,

=y (i) _ (i
=Y 7h, vy =y (x).
i=0
Nhu vay dé tim nghiém tai diém x; ta phai tinh gia tri cia cac ham, néi chung khéc nhau tai
mot diém xg. O day phuong phap Euler cho phép ta tim gid tri y; chi phai tinh mot ham f(x, y)

tai mot so diém khac nhau.

Tré lai bai toan
{ww>—fum»xevmm
y(xo) =1
Ta chia doan [xg, X] thanh 7 doan con bang nhau bédi cac diém chia: xg < x; < -+ < x,, = X,
trong do
xi=xo+ih, h= X;xo

Gia st y(x) 1a nghiém duing cta bai toan (7.1). Muc dich cta phuong phap Euler la tim cac gia
tri gan dung y; cta y(x;).
That vay, khai trién Taylor ham y(x) tai x; ta c6:

y(x) = y(xi) + () (x — ) + L) (2,

trong do¢; = x;+0(x—x;), 0< 60 < 1.Thay x = x;.1 = x;+h, ¥ (x;) = f(x;,y(x;)) vao
dang thtic trén ta duge
h2 1/
y(xin) = y(x) + hf (e y(xi) + =y (i)

Khi /1 kha bé thi c6 thé bd qua s6 hang cubi ciing bén phai, dong thoi thay tuong tng cac gia
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tri ding y(x;,1), y(x;) bang cac gia tri gan dung vy, 1, y; ta dugc cong thiic

{yo =y(x0) =7 (7.3)

Yign = yi +hf(x;,y:), Vi>0,

Cong thuc cho ta cach tinh y; 1 khi da biét y; (i > 0) ma khong phai gidi mot phuong trinh
nao. Do d6 phuong phap Euler 1a mét phuong phap hién.

© Sai s6 dia phuong ctia phwong phap Euler

h2
Ri(h) =y(xi) —yi = 7y”(ci)

Nguoi ta chitng minh dugc rang sai s6 cia phuong phép Euler tai diém x; 1a
[Ri()] = [y(xi) —yi| < Mh,

trong d6 M la hang s6 khong phu thuoc h. Diéu nay chiing to khi h — 0 thi y; — y(x;) tai moi

diém x; cb dinh.

e Vidu 3 Gidi phuong trinh sau biang phuong phdp Euler:

2
y’:y——x, 0<x<1

” SXS

voih =0,1.
Giai

Nghiém diing ciia bai todn nay la y = +/2x + 1.

Theo ta co:
X; = ih = 0, 11,
]/0 - 1/
2x;
yz—i—l—yz“‘h(yz_y__l)/ >0
1

Két qua tinh todn ghi thanh bing sau.
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i ox Yi Nghi¢m diing y(x;)
0 10,0 1 1
1101 11 1,095445
2 102 |1,191818 1,183216
3103 1,277438 1,264911
4104 1,358213 1,31641
5105 | 1,435133 1,414214
6 |06 | 1,508966 1,483249
7 10,7 |1,580338 1,549193
8 108 | 1,649783 1,612452
9 109 |1,717779 1,673320
10 | 1 |1,784771 1,732051

7.4. Phuong phap Euler cai tién

175

Dé tang do chinh xdc cua phuong phap Euler ngudi ta lam nhu sau: Theo cong thic

Newton-Lepnitz ta co
X2

y(x2) —y(x1) =/ y'(x)dx.

X1

Tinh gan duing tich phan & vé phai bang cong thitc hinh thang ta co:

[y dr = 3 ) +y (2] = 5 [l y(an) + fry()],

1

trong d6 h = x, — x;. Thay x; bang x; va x, bang x;_ 1 ta duoc
g y g g Xi+

h )
{3/i+1 = Yi+ 5 O yi) + f(xi yiva)], Vi20,
Yo =Y(x0) =7

Ngudi ta chiing minh dugc rang sai s6 ctia cong thirc (7.4) tai diém x; la:

vi —y(x;)| < MK,

(7.4)

trong d6 M 1a hang s6 khong phu thudc k. Nhu vay cong thic (7.4) chinh xac hon cong thic
(7-3). Tuy nhién n6 c6 nhuge diém 1a y;, 1 xuat hién & ca hai vé, do d6 khi da biét y; ta van phai
gidi mot phuong trinh déi véi y;, 1. D khac phuc diéu nay ngudi ta da cai tién cong thirc (7.4)

bang cach két hop v6i phuong phap Euler nhu sau:

Yo = y(xo) =7
0
y,-(+)1 yi+ i;lf (xi,yi)
yfﬂ = Y+ 5 [f(xi/]/i) +f(xi+1/]/§f1_1))

(7.5)
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Qua trinh 1ap trong sé dung lai khi hai gia tri yl( +% va 3/1( 1 2 gan nhau dén muc can thiét,

(m)

nghiala |y; yl el ‘ < ¢ (cho trudc). Cong thuc (7.5) dugce goi la cong thite Euler cai tién.

'=x+ .
e Vidu 4 Cho phuong trinh {y T vix € [0;0,5]. Tinh y(0,25) bang phuong phdp Euler

y(0) =1
cdi tién vdi h = 0,25 va sai s6 khéng qud 1073,

Gidi
Vi h = 0,25 ta cé x; = xg + h = 0,25. Ap dung cong thitc Euler cdi tién ta duoc

v\ = yo+hf(xo,v0) = 140,25(0 4 1) = 1,250000
w o= oty [f X0, o) + £ xO,y1 ))] — 1,312500

SN

Vi’ = Yot+35

(3)

2 _
y; = yo+ 1,321289

f(x0,y0) + f( xo/y1

N SN

Ta thily ‘yf’) — v\ =9,76.1074 < 1073, do d6 ta ldy yy ~ y{®¥ = 1,321289

7.5. Phuong phap Runge-Kutta

Pé nhan duoc cac cong thirc c6 do chinh xac cao hon cong thuc Euler, Euler cai tién nguoi

ta dung khai trién Taylor nghiém y(x) ctia bai toan (7.1) tai x; v6i nhiéu s6 hang hon. That vay,

y(x) _ y(xi) ‘|‘y/(xi)(x . xi) + y”z(;(fi) (x . xi)z + y//;(lci)

ta co

(x — x:)3,

trong déc; =x;+0(x —x;), 0<60<1.

Thay x = x;1 = x; + h, ta dugc:

/ hz /! h3 111
(i) = y(x) +hy () + 5y7 () + =y (),

trong do
{y’(x» = flxiy(x)
y"(xi) = fr(xi,y(xi)) + fy(xi, y(xi))y' (xi)

Thay céc gia tri dung y(x;11), y(x;), y'(x;) bang cac gia tri gan ding y; 41, yi, ¥, ta dugc cong
thuac 2

Vivt = i+ hyi+ o | ey + £ y)vl] +008), vizo, (7.6)
D¢ tranh tinh truc tiép f1(x;, y;) va f;(x;,y;), Runge va Kutta da lam nhu sau:

Pt
Yim=Yit+r 1k§i) + Vzkgi), (7.7)
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vii

{k@thwa (7.8)

) = hf (i + ah,yi + )
trong do6 «, B, 1, ro dugc chon sao cho y; 1 trong (??) va triing nhau dén 3 s6 hang dau.
Str dung cong thitc Taylor cia ham 2 bién, ta cé:
it ahyi+ BKY) = f(xi i) + whfi(xi,ys) + B fy (xi,y) + O(h2)
= v+ i) + PR (xi i) + O0P)
Khi do
kf) = hf(xi,yi) = hy;
) = f i i+ ") =y + i f (xi, i) + IR (i i) + O().
Suy ra

Vvt = Yt iyt [hy;+ah2f;<xi,yi>+ﬁh2y;f;<xi,yi>]]+o<h3> 79
1

= yi+ (n+r)hy+h [szfc(xi/yi) + Brafy(xi, yi)y;| +O(h?)

So sanh cac hé s6 liy thira ctia & trong (7.6) va (7-9) ta nhan duge

ri+rp=1
1

ary + Pro = 5
Hé nay gdm 3 phuong trinh, 4 4n s6 nén vo sd nghiém. @) day ta chi xét hai ho nghiém don gian
cua hé.

1 .

N rn=0rn=La== > Khi d6 bé qua sb hang O(h?) cac cong thuc (7.7), c6 dang
Yo =y(x0) =1
kgl) = hf(xi, i)
K = nf(xi+ /2,y + K /2)
yin = yi k8 vi >0

(7.10)

(2) r1 =1y =1/2,a = B = 1. Khi d6 bd qua s6 hang O(h?) cac cong thic (7.7), trd thanh

Yo =y(x0) =1

kY = hf (i)

K = hf(x; + b,y + k)

|Yiv1 = Vit %(kgi) + kgi)),Vi >0

(7.11)
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Trong ca hai trudng hop trén ngudi ta ching minh dugc rang sai sb tai diém x; théa man
lyi = y(x)| < M2,

trong d6 M 1a hiang s6 duong khong phu thudc vao h, tic la phuong phap cta Runge-Kutta ¢6
do chinh xac cap hai.

Hoan toan tuong tu, néu trong khai trién Taylor ctia y(x;,1) tai x; ta bd qua sb hang O(h*)
thi ta nhan dugc cong thic Runge-Kutta c6 d6 chinh xac cap ba, nghia la

i —y(x;)| < MK,

trong do
(o =y(x0) =1
K = nf(xi,y)
KD = nf(xi+h/2,y+ K /2) (7.12)

KD = nf (i + by — K 4260
1, G i i\
|Yiv1 = Vi + g(kg) +4k§) —l—ké)),Vl >0

Néu bd qua s6 hang O(h°) thi ta nhan dugc cong thitc Runge-Kutta c6 do chinh xac cap bén,
nghia la
lyi —y(x)| < M,

trong do
vo=y(x0) =1
kgz) = hf(xi,yi)
KD = hf(xi+h/2,y; + k7 /2)
K = nf(xi+ /2,y + K /2)
K = nf(xi+ /2, + k)
L) (i) () | D)y v
\yiJ’,l =Y + g(kl +2k2 +2k3 +k4 ),Vl >0

(7.13)

e Vidu 5 Cho bai todn Cé si y' = x +vy,y(0) = 1. Hay tim nghiém gan ding bang phuong phdp
Runge-Kutta (7.13)) trén [0;0, 5] vdi budc h = 0, 1.

Gidi
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Tacox;=0,1ivoii=0,1,2,3,4,5

(

Yo=1

k():O 1(0+1)=0,1
) =0,1[(0+0,05) + (1+0,05)] = 0,11
=0,1[(0+0,05) + (14 0,055)] = 0,1105
—0,1[(040,1) + (140,1105)] = 0,12105

Tir do .
y1 =1+ 5<O' 1+2.0,11+2.0,1105+0,12105) = 1,1103.

Tuwong ty ta cd thé' tinh y2,y3, ya, ys. Dé thiy y(0,5) ~ ys = 1,7974.
Nghiém diing ciia bai todn di cho lay = 2¢* — x — 1 suy ra y(0,5) = 2¢%° — 0,5 — 1 = 1,79744.
Nhu vdy két qud nhin duoc diing dén 4 s6 16 thap phan.

Bai tap chuong 7

Bai 7.1. Gidi phuong trinh sau bang phuong phéap Euler

Y = %;x € [0,1;4(0) = L,h = 0,1

Bai 7.2. Gidi phuong trinh sau bang phuong phap Euler
v =x24+y%4xc0,1;y(0) =1,k =0,2

Bai 7.3. Gidi phuong trinh sau bang phuong phép Euler cai tién va so sanh két qua voi nghiém
dung:
vy =x*4+y%5x€0,1];y(0) =1,k =0,2

Bai 7.4. Gidi phuong trinh sau bang phuong phap Runge-Kutta

Yy =y- 2?x;x €[0,1;y(0)=1,h=0,2
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Phu luc A
Giai tich t6 hop

A.1. Cac quy tac dém

A.1.1. Quy tac cong

Néu c6 my cach chon doi tugng x1, my cach chon déi tuong x,..., my, cach chon déi tugng

Xp; va cach chon x; khong trung cach chon x;(i # j) thi c6:
my+m2+ ...+ my
cach chon mot trong cac doi tuong x1, x2, ..., Xp.

A.1.2. Quy tic nhan

Gia stt mot phép chon dugce thuc hién qua n bude lién tiép. Budc 1 ¢6 m; cach thuc hién,
budc 2 c6 my cach,..., bude n c6 m,, cach thuc hién. Khi dé sb cach thuc hién phép chon la:

My.My...1My,.

A.2. Hoan vi - Chinh hop - Té hop

A.2.1. Chinh hop (chinh hgp khong lap)

x Dinh nghia A.1 Cho tap hgp E gom n phan tit. Chinh hgp chap k ctia n phan tir da cho la
mot day c6 thit tu gom k (0 < k < 1) phan tir khac nhau ldy tir n phan ti da cho.

eVidu A.1 Cho tap hop E = a,b,c. Cac chinh hgp chap 2 ctia 3 phan tif cia E la:
ab,ac,ba,bc,ca,cb

Vay c6 6 chinh hop chap 2 caa 3.

181
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Céng thic tinh. Ky hiéu sb chinh hgp chap k ctanla AX, (0 < k < n).

Dé c6 mot chinh hgp chap k ta c6 thé tién hanh chon theo cac budc nhu sau: Chon phan tir
dau theo n cach, sau d6 chon phan tit thit hai theo n- 1 cach, chon phan tr ding thi k theo n
— k + 1 cach. Vay s6 chinh hgp chap k ctia n la:

A =n(n—1)..(n—k+1) = TRV

k thira s6

eVi du A.2 C6bao nhiéu sb tu nhién c6 3 chir s6 khac nhau ma chi s6 nao ciing 1a s6 1€?

Loi gidi. M6i s6 tu nhién thod man yéu cau 1a mot bo 3 chir s6 khac nhau (c6 ké thit ty) chon
tu 5 chirsb {1,3,5,7,9}. Vay s cac s6 tu nhién thoa man la:

A2 =543=60(s6).

A.2.2. Chinh hop lap

* Dinh nghia A.2 Cho tap hop E gdm n phan tit. Chinh hgp lap chap k ctia n phan ti da cho
1a mot day 6 thit ty gom k (k > 0) phan tit khac nhau lay tir n phan tir da cho, trong d6 méi
phan tr ¢6 thé c6 mit mot hay nhiéu lan trong day tao thanh.

eVidu A.3 Cho tap hop E = {a,b, c}. Cac chinh hgp lap chap 2 ctia 3 phan tit ctia E la:
aa,ab,ac,ba,bb,bc, ca,ch, cc
Vay ¢6 9 chinh hop lap chép 2 cua 3.

Céng thirc tinh. Ky hiéu s6 chinh hgp lap chap k ctia n 1a gﬁ, (k> 0).

Dé c6 mot chinh hop 14p chap k ta c6 thé tién hanh chon theo cac bude nhu sau: Chon phan
ttr dau theo n cach, sau d6 chon phén tir thit hai theo n cach, ..., chon phén tir dung tha k theo
n cach. Vay sb chinh hop 1dp chap k ctia n 1a:

A’,‘l: nn..n = n*.

k thtra s6

eVi du A.4 Dé truyén tin bang tin hiéu modc-xo gom hai ky hiéu chdm (.) va vach (-), ngudi ta
ma hod moi chit cdi cia bang chi cai thanh mot day c6 thu ty gom khong qua 4 ky hiéu. Biét
rang ctng mot ky hiéu c6 thé c6 mat nhiéu 1an trong day c6 thit tu tao thanh. Héi c6 thé ma

hoa dugc bao nhiéu chir cai?

Lo&i gidi. M6i nhom ¢6 thir ty gom k ky hiéu (1 < k < 4) tao nén chinh 1a mot chinh hop lap
chap k tu 2 phén tir da cho (hai ph:?m ta nay la cac ky hiéu (.) va (-)). Vi vay s chir cai ma hoa
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duoc la:
AL+ A3+ A3+ A3+ =21 + 22 + 23 24 = 30.

Nhu vay néu bang chit cai ctia mot thit tiéng nao d6 gom khong qua 30 chit céi thi ta c6 thé ma

hoa theo cach trén.

A.2.3. Hoan vi

* Dinh nghia A.3 Cho tap hop E gdm n phan tit. Hoan vi ctia n phan tit la mot day c6 thu tu
gdm du n phan tr da cho.

eVidu A.5 Cho tap hop E = {a,b,c}. Cac hoan vi ctia 3 phan tif cta E 1a:
abc,ach, bac, bca, cab, cba
Vay c6 6 hoan vi ctia 3 phan tur.

Cong thirc tinh. Ky hiéu s6 hoan vi ctia 7 phan tir 1a P,
Dé thidy mot hoan vi ctia 72 phan tir chinh 1a mot chinh hgp chap n ctia n phan t. Vi vay ta
tinh duoc s6 hoan vi cia 7 phan t 1a:
P,=Al=nn-1).1=n!

n

eVidu A.6 Mot ban c6 5 hoc sinh ngdi. Khi d6 c6 tat ca: Ps = 5! = 120 cach sap xép chd ngdi.

A.2.4. T6 hop

* Dinh nghia A.4 Cho tap hop E gom n phan ti. T6 hop chap k tir n phan tir (k < n) la tap
con gom k phan tir (phan biét, khong ké thit tu) ctia tap n phan tix da cho.

eVidu A.7 ho tap hop E = {a,b,c}. Céc t6 hgp chap 2 ctia 3 phan tu la:

{a,b};{b,c};{a,c}.
Vay c6 3 t6 hgp chap 2 ctia 3.

Céng thirc tinh. Ky hiéu s6 t6 hop chap k cta nla Ck, (0 < k < n).

Gid st tir n phan tir da cho ta tao nén Ck t6 hgp. Dem méi t6 hop chap k nay hoan vi theo
moi cach ta sé dugc k! chinh hgp chap k. Mat khac, hai chinh hgp chap k tao ra tir hai t6 hop
chap k phan biét 1a khac nhau. Vay s6 chinh hgp chap k ctia n phan tir da cho la:

AR = f1.CK
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Vi vay:
AR n! _nn—=1)..(n—k+1)

k _— = puum—
= kl.(n —k)! k(k—1)..1

Tinh chat thuong giap vé to hop:
Ck=cn*
k—1

Cﬁ - Cﬁ—l +C 1
eVidu A.8 C6 10 dodi bong thi diu véi nhau theo thé thitc dau vong tron mot luot. Hoi phai té
chiic bao nhiéu tran dau?
Loi gidi. Mdi tran dau ing v6i mot nhém gom 2 doi (phan biét, khong ké thu ty) tir 10 doi. Vi
vay phai t6 chirc tat ca:

C2, = —— = 45 (tran dau).
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Bai tap phu luc A

Bai A.1. Mot nhém sinh vién gom 3 sinh vién nit va 4 sinh vién nam. Héi ¢6 bao nhiéu cach
chon tir nhom sinh vién do:

a) 3 sinh vién vao Ban chip hanh Poan.

b) 3 sinh vién vao Ban can su 16p, trong doé c6 1 16p trudng, 1 16p pho phu trach hoc tap, 1 16p
pho phu trach doi song.

¢) 2 sinh vién nam va 2 sinh vién ntt di tdp van nghé.

d) 3 sinh vién di du Dai hoi, trong d6 co it nhéat 1 sinh vién nir.

Pap s6: a) 35; b) 210; ¢) 18; d) 31.

Bai A.2. Bién s0 xe 6td ciia Hai Phong c6 dang: 16 - 2 chit cai - 4 chit sb.

a) Hoi trén ly thuyét c6 thé 1ap duge bao nhiéu bién xe? (cac chit cai dugc lay tir bang chir cai
tiéng Anh gom 26 chit cai).

b) Trong d6 c6 bao nhiéu bién xe ma téng 4 chir s6 la mot s6 c6 tan cting 1a 9?

Dap s6: a) 262.10%; b) 676000.

Bai A.3. C6 bao nhiéu cach xép ché cho 5 ngudi A, B, C, D, E:

a) vao mot chiée ghé dai sao cho A, B § hai dau ghé?

b) vao mot chiéc ghé dai sao cho A, B, C luén & canh nhau?

¢) vao moét ban tron sao cho A, B luén & canh nhau?

Pap s6: a) 12;b) 36; ¢) 12.

Bai A.4. C6 20 diém phan biét trong mat phang trong d6 c6 8 diém thang hang. Néi 20 diém
dé lai véi nhau. Hoi:

a) c6 bao nhiéu dudng thang phan biét?

b) c6 bao nhiéu tam giac?

Dap s6: a) 163; b) 1084.

Bai A.5. Cho phuong trinh: x + y + z =12

a) Tim s6 nghiém nguyén duong ctia phuong trinh sao cho x, y, z d6i mot phan biét.

b) Tim s6 nghiém nguyén duong ctia phuong trinh.

c) Tim s6 nghiém nguyén khong am ctia phuong trinh.

Pap s6: a) 42; b) 55; ¢) 91.

Bai A.6. Cho tap hgp A = {0,1,2,3,4,5,6}. Tir A c6 thé tao ra bao nhiéu:

a) s6 tu nhién chan 4 chir s6?

b) s6 tu nhién chan 4 chi s6 d6i mot phan biét.

c) s6 tu nhién 7 chit s6, trong d6 chit s6 2 c6 mat ding 2 1an, s6 3 c6 mat ding 3 1an, cac chit s6
khac c6 mat khong qua 1 1an?

Pap s6: a) 1176; b) 420; c) 3960.

Bai A.7. Thay gido c6 12 cudn sach déi mot khac nhau trong d6 c6 5 cubn sach Toan, 4 cudn

sach tiéng Anh va 3 cudn sach Triét hoc. Thay mudn lay ra 6 cubén va dem tang cho 6 sinh vién
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khac nhau m6i em mot cudn.

a) Gid st thay gido chi mudn tang cac cudn sach thudc hai thé loai Toan va tiéng Anh, héi c6
tat ca bao nhiéu cach tang?

b) Gia stt thay gido mudn rang sau khi ting sach xong, mdi mot trong ba thé loai déu con lai it
nhat mot cudn. Hoi c6 tat ca bao nhiéu cach ting?

Pip s6: a) 60480; b) 579600.

Bai A.8. Mot ban dai c6 hai day ghé dbi dién nhau, méi day gom 6 ghé. Nguoi ta mudn xép
chd ngdi cho 6 sinh vién 16p A va 6 sinh vién 16p B vao ban néi trén. Hdi c6 bao nhiéu cach xép
trong moi trudng hop sau:

a) Bat ctt 2 sinh vién nao ngdi canh nhau hodc dbi dién nhau thi khac 16p nhau.

b) Bat ctt 2 sinh vién nao ngdi d6i dién nhau thi khac 16p nhau.

Dap s6: a) 1036800; b) 33177600.



Phu luc B
Str dung CNTT giai toan thong ké

Tat ca cac SV & ndm thi nhat déu da duge trang bi nhitng kién thitc co ban ctia Tin hoc. Viéc
giai cac bai toan bang may tinh dién t&r (MTDT) cling da trd nén quen thudc déi vdi cac em.

Trong qua trinh ngdi trén ghé nha truong, SV khong chi tiép thu cac tri thitc thong qua bai
giang cia GV ma ho con c6 thé ty minh tim kiém, kién tao ra nhitng tri thitc méi thong qua
sach bdo, tai liéu, mang internet... Viéc GV danh ra thoi gian dé€ hudng dan cho SV giai cac bai
toan thong ké bang cach st dung cac cong cu ciia CNTT sé ting thém kha nang hing thd, tinh
to mo trong khoa hoc, kich thich hoat dong tim toi khdm phé cta SV, tir d6 dan tdi viéc hinh
thanh kién thic va ky nang mdi.

Sau day chung tdi trinh bay cach thitc thé hién cia mot sO cong cu CNTT ho trg cho viéc
giai cac bai toan thong ké, két hop cting cac vi du tuong tng.

B.1. Poi véi may tinh dién tir cam tay

B.1.1. Tinh cac dic trung ctia mau

eVi du B.1 Git ngdu nhién 365 diém trong lda ciia mot huyén ta c6 bang s6 liéu sau:

2513013334 | 35 |36 |37 (39|40
n| 6 1338 |74|106 |85 |30 (10| 3

Tinh %, S2, 82,8, S.
Déi vdi Casio FX570ES

Nhdp cdc s0 liéu

- An cac phim: Shift Mode 4 1
- An cac phim: Mode 3
- f&n cac phim: 1 1- Var

Hién ra bang:

187
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X freq

Dung phim Replay d€ di chuyén qua lai gitta 2 cdt x va freq
Nhdp ct x:

25 =
30 =
33 =
34 =
35 =
36 =
37 =
39 =
40 =

Nhdp cdt freq: Dung phim Replay di chuyén qua cét freq, dong 25

6 =
13 =
38 =
74 =
106 =
85 =
30 =
10 =
3 -
Nhap xong an phim AC Xem két qud:
- An céc phim: Shift 1 5 1 = — 1 = 365 (cO mau).
- An céc phim: Shift 1 5 2 = — X = 34,795 (ta/ha).
- An cdc phim: Shift 1 5 4 = — § = 2,072 (d6 1éch chudn mau
da hiéu chinh).
- An cdc phim: Shift 1 5 3 = — S = 2,069 (d6 1éch chudn mau
chua hiéu chinh).

* Chu y: khi nhap s6 liéu ta c6 thé dung cac phim dé:

- Xoa 1 dong dit liéu: di chuyén dén dong can xoa va an Del
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- Cheén thém 1 dong di liéu: di chuyén dén dong can chén va nhan cac phim
Shift 1 3 1 Ins

- Xoa toan bd ndi dung da nhap
Shift 1 3 2 Del - A

Déi vdi cdc loai mdy fx — 500MS, fx — 350MS, fx — 350TL, fx — 570MS

Nhdp cdc s0 liéu:

- An céc phim: MODE 2 dé chuyén may sang ché do SD
hoac MODE MODE 2 dé chuyén may sang ché do SD

- Ancécphim: 25 Shift , 6  data(Phim M.)
- An céc phim: 30 Shift , 13 data
- An céac phim: 33 Shift , 38 data
- An cac phim: 34 Shift , 74 data
- Ancécphim: 35 Shift , 106 data
- An cac phim: 36 Shift , 85 data
- An céc phim: 37 Shift , 30 data
- An cac phim: 39 Shift , 10  data

- An céc phim: 40 Shift , 3 data

Xem két qud:
- An cac phim: ShiftS- VAR 1 - — X = 34,795
- An céc phim: ShiftS- VAR 2 - —§=2,072
- An cac phim: ShiftS- VAR 3 - — 5 =2,069
* Chti y: Xoa SD bang lénh: Shift MODE 2 =

Déi vdi cdc loai mdy fx — 220MS, fx — 5004, fx — 95, fx — 82Super
Nhdp s0 ligu:

- An cac phim: MODE . (Dau cham) dé dua may veé ché do SD
- An cac phim: Shift Sac 26 X 6 data (Phim M)
- An cac phim: 30 x 13 data

- An cac phim: 33 x38 data
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- An céc phim: 34 x74 data
- An céc phim: 35x 106 data
- An céc phim: 36 x 85  data
- An cac phim: 37 x30 data
- An céc phim: 39 x10 data
- An céc phim: 40 x 3 data
Xem két qud:
- An céc phim: Shift n — 365
- An céc phim: Shift X — 34,795
- An cac phim: Shift S — 2,072
- An céc phim: Shift S — 2,069
+ Cha y: Xoa SD bang lénh: MODE 0

B.1.2. Bai toan tim ham hoi quy

Vao REG an:

(may fx 500MS, 95MS)
May khac

[ MODE |[MODE || 2] (fx 570MS)

- Man hinh hién:

Lin Log Exp —

1 2 3
» T ] =

« Pwr Inv Quad

1 2 3

- An s6 tuong tng ta sé va chitc nang muén chon.
(Lin) (tuyén tinh) y = A + Bx

(Log) (logait) y = A + Blnx

(Exp) (md) y = Ae?* (Iny = In A + Bx)

[»][1] (Pwr) (luy thita) y = Ae? (Iny = In A + BInx)
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[»]|2] (Inv) (nghich ddo) y = A+ B.1/x
E‘ (Quad) (bac hai)y = A 4 Bx + Cx2

Trude khi tinh todn phai 4n

SHIFT || CLR || 1 |(Sel)

dé x0a bo nhd ctia thong ké.

- Nhap dit liéu theo cu phap: <dwr liéu>'<dwr liéu y>DT.

- Céc két qua theo di liéu da nhap dugc goi theo bang sau:

Giéd tri can goi

An

¥ 'G-rz—l

He s0 4

Hé sb B

| SHIFT | |S.SUM| 1]

| SHIFT | |s.sUM| |2]

| SHIFT | |sSsUM| | 3]

| SHIFT | |ssuM| [» | |1]

| SHIFT | |sSsUM| [» | |2]

| SHIFT | |sSsUM| [» | |3]|

| SHIFT | [SSsUM| [» | [ » ]| [1]

| SHIFT | [ssUM| [» | [ » ]| [2]

| SHIFT | [sSsUM| [» | [ » ]| [3]

| SHIFT | |S.VAR| 1]

| SHIFT | |S.VAR| |2]

| SHIFT | |S.VAR| | 3]

| SHIFT | [SVAR| [» | |1]

| SHIFT | |S.VAR| [» | |2]

| SHIFT | |S.VAR| |[» | |3]|

|SHIFT | [SVAR| [» | [» ]| [1]

|SHIFT | [SVAR| [» | [» | [2]

-Trity = A+ Bx + Cx?

191
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r

Go1 An
Hé so twong quan » | [SHIFT | [S.VAR] [»] [»] [3]

So du doan [SHIFT| [SVAR] [» ] [» | [» | |1]
Sé du dodn

|SHIFT | [SVAR]| [» | [»]| [» ] [2]

- Riéng v6i y = A + Bx + Cx? thi theo bang sau:

Gol An
Hé s6 C [SHIFT| [SVAR] [» ] [» ] [3]
So dy dodn % [SHIFT [ [SVAR] [» [ [» [ [» [ [1]

S6 du dodn # ;
: ;- [SHIFT | [SVAR] [» [ [ ] [» ] [2]

.

So dur dodn 3

|SHIFT | [S.VAR]| [» | [» ] [» ]| |3]

- Céc gia tri nay c6 thé dung nhu céc bién trong cac biéu thuc tinh.

* Hoi quy tuyén tinhy = A + Bx

eVidu B.2 Ap suét theo nhiét do trong bang sau:

Nhiét do 10°C 15°C 20°C 25°C 30°C
Ap suat | 1003hpa | 1005hpa | 1010hpa | 1011hpa | 1014hpa

Hay dung Hoi quy tuyén tinh y = A + Bx dé tinh A, B va hé sb tuong quan r, 4p suat ¢ 18°C.
Tim nhiét d6 khi 4p suat 1000hpa, hé s6 t6i han 72 va s hiép bién (%@) .

Vao Mode RED

An1 (Lin)

| SHIFT || CLR || 1 |(Sel) E (x0& nhé)

10 |+] 1003 |DT n = REC

1
(Khi 4n DT di liéu dugc nhap va man hinh hién gia tri cda n).
An tiép
15 |' | 1005 |DT

20 |'| 1010 |PT| 25 |'| 1011 |DT
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30

Hé s6 A = 997.4

1014

DT

[sHIFT| [SVAR] ] [»] [1] [=]

Hé s6 B = 0.56

[SHIFT | [SVAR]| ]| [»] [=]

Hé s0 tuong quan r = 0.982607368

[SHIFT | [SVAR] ]| [»] =]

Tim ap suat 6 18°C = 1007.48

18 |SHIFT | [SVAR| | [»]| [»]| [2] [=]

Nhiét do ¢ 1000 hpa = 4.642857143

1000 [ SHIFT | [S.VAR] ] [»] [»] [1] [=]

r2 = 0.965517241

[SHIFT | [SVAR| | [»] [3 | [<£] |=]

S6 hiép bién = 35

[sHIFT| [ssuMm] [» ] [3] [-] [sHIFT] [s.sUM] [3] [x ]| [SHIFT]

[1] [] [sHFT] [svAR] [»] [1] D] [=] [

[ssuMm] [3] [-] [=]

* Hoi quy bdc hai: A + Bx + Cx2.

oVi du B.3 Cho bang sau

X 29 50

74 | 103

118

y; | 1.6 | 235

38.0 | 46.4

48

193

Theo cong thitc hoi quy bac hai hay tim cac hé s6 A, B,C sau d6 tim § vdi x = 16 va £ voi

y = 20.

J Mode RED
An» 3 (Quad)

SHIFT

CLR || 1

29
74

118

1.6

38.0

48.0

(Sel)| = | (x04 nh¢ thong keé)
DT | 50 | 255
DT | 103 46.4

Tinh hé s6 A = —35.59856934

[sHIFT | [s.VAR] ] [»] [1] [=]

Tinh hé s6 B = 1.4959856934

[SHIFT| [S.VAR] ] [»] [=]

DT

DT
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Tinh hé s6 C = —6.71629667 x 103
[SHIFT| [S.VAR] ] [»] =
Tinh § khi x; = 16 (=13.38291067)
16 [SHIFT | [S.VAR| | [» | [»] [3] [=]

Tinh #; khi y; = 20 (=47.14556728)
20 [SHIFT | [SVAR] ]| [»] [»] [1] [=]

Tinh %, khi y; = 20 (=175.5872105)
20 |SHIFT | [SVAR| | [» ]| [»]| [2]| [=]

Chii y vé nhap dir liéu
- An DT DT dé nhap dit liéu hai lan.

- Dung phim SHIFT ; dé nhap nhiéu dit liéu giébng nhau. Vi du nhap "20, 30" ndm lan thi
4n 20’ 30 SHIFT ; 5 DT.

- Két qua dugc goi khong can thit tu nhu bang trén.
- Van c6 phan chi y nhu & SD.
- Xem thém phan tinh P(t), Q(t), R(t) & phan bé sung cho may Casio fx 570 MS.

- Cacsdnhd A, B, C, D, E, F, X, Y khong dung dugc thdng ké SD va hdi quy RED. Khi vao
cac chuong trinh nay, cac gia tri s6 nhd duge gan trude bi xoa hét.

B.2. Dung phan mém Excel

B.2.1. Tinh toan trong bai toan udc lugng

eVi du B.4 Bang s6 liéu sau cho do léch X ctia 200 chi tiét may véi kich thudc chudn. Véi mic y
nghia « = 0,05 hay kiém tra gia thiét d6 léch X 1a bién ngdu nhién c6 phan phéi chuén N (a0?).

Thu tu | Khoang (x;_1,x;) | n; | Tha tu | Khoang (x;_1,x;) | n;
1 (-20, -15) 7 6 (5, 10) 41
2 (-15, -10) 11 7 (10, 15) 26
3 (-10, -5) 20| 8 (15, 20) 17
4 (-5, 0) 24| 9 (20, 25)
5 (0, 5) 44 10 (25, 30)

Loi gidi. Gia thiét Hy : X ~ N (a,0?), ddi thiét Hy : X ~ N (a,0?)

+) Lap bang Excel udc lugng cac tham s a = X va o = S’ va vé da gidc tan sudt:
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TT | A B C | D E F G
1| TT | (wi—,x | x| m | fi | mpoxg | my (x5 — Y)2
2 | 1 |(20,-15)|-175| 7 |0.035 | -122.5 | 3250.818
3 | 2 |(15,-10) | -12.5| 11 | 0.055 | -137.5 | 3012.928
4 | 3| (10,-5) | -75 | 20 | 0.1 | -150 2668.05
5| 4| (50 | 25|24 012 | -60 1029.66
6 | 5 (0, 5) 25 | 44 | 022 | 110 105.71
7 16| (510) | 75 | 41 | 0205 | 307.5 | 488.0025
8 | 7 | (10,15 | 125 | 26 | 0.13 | 325 1856.465
9 | 8 | (1520) | 175 | 1 |0.085| 297.5 | 3075.343
10 | 9 | (20,25) | 22.5 0.035 | 157.5 | 2382.818
11 | 10 | (25,30) | 27.5 0.015 | 825 1649.708
12 200 1 810 19519.5
13 X =810/200 = | 4.05
14 S = /19519.5/199 = 9.903936

195

Chon c6t E lam truc tam, c6t C lam truc hoanh ta c6 da giac tan suat. Do thi cho ta hinh

dang ctia ham mat d6 cua phan phoi chuan.

15 T+
I

uL

[
Pa

+) Thuc hién chia khoang: Vi njyp = 3 < 5 nén ta ghép khoang 10 vao khoang 9, vay ta co

bang:

Thu tu | Khoang (x;_1,x;) | n; | Tha tu | Khoang (x;_1,x;) | n;
1 <-15 7 6 (5, 10) 41
2 (-15,-10) 11 7 (10, 15) 26
3 (-10, -5) 20 8 (15, 20) 17
4 (-5, 0) 24| 9 (20, 25) 10
5 (0 ,5) 44
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Nhuvaytacok=9,r=2.
Lap bang Excel tinh Q, va X%,0.0S' trong bang Excel cot B ta chi ghi cac can dudi ctua cac

khoang.

TT |A| B C D E
1 ni pi (ni —npi)* /np;
2 |1 |-15| 7 0.02721 0.44604605
3 |2 ]-10] 11 | 0.050794 0.06966124
4 | 3| -5 | 20 | 0.102413 0.01136968
5 | 4 24 | 0.160879 |  2.07749498
6 |5 44 | 0.196912 0.5413946
7 | 6] 10 | 41 | 0.187795 0.31523907
8 | 7115 | 26 | 0.139551 0.13073038
9 | 8|20 | 17 | 0.080798 0.04371067
10 | 9 10 | 0.053648 0.04960009
11 200 Q= 3.68524676
12 Xoos | 125915774

Dé tinh cdc xdc suat p; (i = 1,9) ta thuc hién cdc 1énh sau:

D2 = NORMDIST(B2,4.05,9.903936,TRUE)

D3 = NORMDIST(B3,4.05,9.903936, TRUE)-NORMDIST(B3,4.05,9.903936,TRUE)
Sau d6 dung Autofill tir D4 dén D9

D10 = 1-NORMDIST(B9,4.05,9.903936,TRUE)

Ta cling c6 thé tra bAng ham Laplace tinh cac xac suét P; trén cac khoang

) N(:i_T0O LD xl-—4,05 . xi,1—4,05
(xi_1,x;) (1—1,9)V01.P1—(P( 9/9039) qb(—9,9039 )

Vay Q, = 3,68524776 < )(%,0.05 = 12,59 Chép nhdn Hy, hay X c6 phan phé)i chuan
N(4,3;94,26).

B.2.2. Tinh toan cac dic trung ctia mau

eVidu B.5 Do chiéu cao ctia 100 sinh vién ndm thi nhét ta dugc bang thong ké (tinh bang

cm).

X | 150-154 | 154-158 | 158-162 | 162-166 | 166-170 | 170-174 | 174-178
Sv 10 14 24 28 12 8 4

Chon xp = 160 va lap bang tinh Excel ta dugc:
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TT | A B C D E
1| X n; x; —xo | n; (x; —x0) | n;(x; — xo)2
2 1152 10 -8 -80 640
3 1156| 14 -4 -56 224
4 | 160 | 24 0 0 0
5 | 164| 28 4 112 448
6 | 168| 12 8 96 768
7 | 172 8 12 96 1152
8 | 176 4 16 64 1024
9 n =100 B =232 C = 4256
10 X=84x= 162.32
1 [2=C—(X-x) =| 371176
12 S= 6.09734

oVi du B.6 Hai may A va B ciing san xuat mot chi tiét c6 d6 dai X. D€ kiém tra do chinh xac
ctia m6i mdy, dinh ky 6 thang mot 1an nguoi ta ldy méi may mot 16 gom 1000 sdn pham va kiém
tra d§ dai ctia chiing. Néu do 1éch trung binh ctia méi 16 vurgt qua 5 mm thi mdy can duy tu lai.

Bang thong ké mot 1an ctia hai méay dugce cho dudi day:

D6 dii 1222 | 1226 | 1230 | 1234 | 1238 | 1242 | 1246 | 1250 | 1254
' 1226 | 1230 | 1234 | 1238 | 1242 | 1246 | 1250 | 1254 | 1256

n(A) 5 20 80 190 360 300 30 10 5

m(B) 70 90 110 140 170 170 140 90 20

Hay kiém tra xem may nao da can duy tu lai.

Loi giai. Chon x¢ = 1236 va lap bang tinh theo Excel:
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X xi | xi—xo | ;A | mB | ni(x;—xq) | mi(xi—x0) | n; (x;i — Z)z m; (x; — E)z
1222-1226 | 1224 | -12 5 70 -60 -840 720 10080
1226-1230 | 1228 | -8 20 90 -160 720 1280 5760
1230-1234 | 1232 | -4 80 | 110 -320 -440 1280 1760
1234-1238 | 1236 | 0 190 | 140 0 0 0 0
1238-1242 | 1240 | 4 360 | 170 1440 680 5760 2720
1242-1246 | 1244 | 8 300 | 170 2400 1360 19200 10880
1246-1250 | 1248 | 12 | 30 | 140 360 1680 4320 20160
1250-1254 | 1252 | 16 10 90 160 1440 2560 23040
1254-1258 | 1256 | 20 5 20 100 400 2000 8000
1000 | 1000 | B1=3920 | B2=3560 | C1=37120 | C2=82400
A= 4x = 1239.92 B="5 1 x= 1239.56
2 =S5 (A-x)’ = 21.7536 §2— 152 — 21.77538
2=5— (B—x)’ = 69.73 Sp—_n .52 — 69.7962
s\, = 4.6664 S, = 8.3544

Nhu vay may A khong can duy tu con may B phai duy tu.

B.2.3. Cac phan phoi xac suat

eVi du B.7 Quan sat s lugng 6 t6 vao xtc tai mot may xac trong khoang thoi gian dinh san

tai mot mo than nguoi ta thu dugc bang két qua sau:

Hay kiém tra xem s0 liéu trén c6 tuan theo quy luat phan phoi Poat-Xong p,, =

SO 6 to

0

1

2

3

S6 khoang thdi gian

75

55

30

12

m

m

)‘—;e*/\ khong?

Trong d6 Py, 1a xac suat trong khodng thoi gian trén ¢6 m 6 to xuat hién tai may xc.

Loi giai. Lap bang Excel udc luong tham s6 A = X va vé da giac tan suét, goi s6 6 tolaX, sb

khoang thoi gian la n;:

X 0 1 2 3 4 5

n; 75 55 30 12 3 1 176

fi | 0.426136 | 0.3125 | 0.170455 | 0.068182 | 0.017045 | 0.005682 | 1
A= X = 0.954545
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045 T
04 T
035 +
03 T
025 +
02 +
015 +
01 T

0.05 T

Da giac tan suat c6 dang ham mat d¢ cia phan phéi Poat-Xong. Cac xac suat py, = %6_0'621212

lap bang tinh Q, ta dugc:

TT|A| B C D

1| X| n pi (n; —np;)* /np;
2 (0] 75 0.384987 0.774082

3 1]55 0.367488 1.448107

4 2] 30 0.175392 0.024461
53] 12 0.055806 0.482998

6 |4 3 0.013317 0.183674

7 5] 1 0.002542 0.682274

8 176 Qu = 3.595594

9 X3oos = CHIINV(0.05,4) = | 9.487728

Dé tinh céc p; trong Excel ta thyc hién:
C2 = POISSON(A2,0.954545,FALSE)
Sau do Autofill tir C3 dén C7.
Sobactudok=6,r=1tacok-r-1=6-1-1=4.

X005 = 9,487728 > Q,, = 3,595594.

Vay bang s6 liéu thu dugc tuan theo phan phbi Poat-Xong.

Trong phﬁn nay chung t6i da gidi thiéu cach st dung mot sO may tinh dién tir ca nhan thong
dung va phan mém Excel dé€ gidi mot s6 bai toan trong thong ké. Véi sy phat trién manh mé
clia cong nghé thong tin, ngay cang nhiéu thé hé may tinh va phan mém mdi ra doi, d6 sé la
mot thuan 1oi 16n cho SV. Do do6 yéu cau s dung dugc MT DT cac nhan va céc phan mém hd

trg gidi todn 1a mot diéu can thiét. Cac cong cu nay sé gitip ching ta gidi quyét nhanh chong
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cac bai toan noi chung va thong ké ndi riéng, gép phan nang cao tinh chinh xéac va kip thdi;

dong thoi tiét kiém thdi gian tinh toan cho mot bai toan, rén luyén tu duy thuat giai.
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