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Chuong 1

Ma tran - Dinh thic - Hé phuong trinh
tuyén tinh

1.1. Chuan bi

1.1.1. Tich Dé-cac

x Dinh nghia 1.1 Cho ho gom n tap {A4;}"; ( n 1a s6 nguyén duong). Tich Dé-cac cia ho da
cho 1a mot tap, ky hieu 1a A} x Ay x --- x A,, mdi phan ti clia né 1a mot bo c6 thit tu gom n
thanh phan (a1, as, ..., a,), trong d6 a; € A; véii=1,2,...,n.

oVi du 1.1 Cho A, = {a,b,c}, A, = {1,2} khi do:
Ar x Ay = {(a,1); (a,2); (b, 1); (b, 2); (e, 1); (¢, 2) }
Az x Ay ={(1,a); (2,0); (1,0); (2,b); (1,¢); (2, ¢)}
Vay A; x Ay # Ay X Aj.
Chia y: Néu A; = Ay = --- = A, = A, thay cho ky hieu A; x Ay x --- x A, ta dung ky hieu A".

oVidu 1.2 R" = {(xy,29,...,2,), 2, ERi=1,2,... n}.

1.1.2. Anh Xa

x Dinh nghia 1.2 Cho hai tap khéac réng X,Y. Mot anh xa f tu X vao Y 1a mot quy tic
cho phép v6i mdi phan tit € X xac dinh duy nhit mét phan tit y = f(z) € Y, ky hieu:
f: X — Y hoac y = f(z). Trong dinh nghia trén

e X dugc goi 1a tap nguon clia anh xa f

e Y dugc goi la tap dich ciua anh xa f

e y = f(z) goi la &nh clia x qua anh xa f, = goi la tao anh cla y = f(x)

e Gid st A C X, khido f(A) ={f(x):x € A)} goi la anh clia A qua anh xa f.

e Giast BCY,Khido f(B)={z:y= f(zx) € B)} goi la nghich anh ctia B béi f
* Dinh nghia 1.3 Cho f: X — Y la mot anh xa

1. f1a don 4nh néu xy, 15 € X va 71 # 19 thi f(21) # f(22)

>
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2. f1a toan anh néu f(X) =Y

3. f la song &nh néu f vita la don anh va vira 1a toan anh
oVidu 1.3 1. y = €” la mot don anh tu R vao R

2. y = 2% 1a mot toan anh tu R vao R

3. y = x la mo6t song anh tir R vao R

Chu y: Néu X =Y anh xa f : X — X xdc dinh béi y = f(x) = z dugce goi 1a anh xa dong
nhat tren X, ky hiéu 1a idx. Dé thay d4nh xa dong nhat 14 mot song anh.

* Dinh nghia 1.4 Chocacéanhxa f: X — Y vag:Y — Z. Tich ctia 4nh xa g v6i anh xa f
la mot anh xa, ky hiéu g.f, xac dinh nhu sau:

(9.f): X — Z

(9-F)(x) = glf ()]

172

eVidu 1.4 Cho 2 4nh xa f,g: R — R xéac dinh béi y = f(z) = 2+1Véy:g(x):2x+1.
x

27 N 3t 41

2241 2241

Khi d6 (g.f)(x)

x Dinh nghia 1.5 Gid st f : X — Y 1a mot anh xa. Néu ton tai anh xa g : Y — X sao cho
g.f =idx va f.g = idy

ta goi g la anh xa nguge cua f, f la anh xa nguge clua g

eVidu 1.5 Cho f : R — R* xdc dinh bdi y = f(x) = €* va g : Rt — R xéc dinh béi

y = g(x) = In(x). D& dang kiém tra ring f v g la hai anh xa ngugc ciia nhau.

1.2. Ma tran va cac phép toan trén ma tran

1.2.1. Khai niém ma tran.

x Dinh nghia 1.6 Cho m,n € N*. Mot ma tran thuc ¢d m x n 14 mot bang chit nhat gom m x n
s6 thuce xép thanh m hang, n cot. S6 thyc ding ¢ hang i cot j goi 1a phan tit 75. Néu ky hiéu phan
tu nay la a,;; thi mot ma tran c6 m x n cé thé bidu dién bdéi:

ay; a2 ... QAip
A _ 21 Q22 ... Q9pn
ap1 Ap2 ... Qpp

Trong mot s6 truong hop ta con dung ky hiéu thu gon [a;;]mxn dé chi mot ma tran m hang, n cot.

1 3 5

oVidu 1.6 Cho A = [7 9 11

} Day la ma tran ¢6 2 x 3 cé:

air = 1,a12 = 3,a13 = 5,a91 = 7, a2 = 9,a93 = 11.
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Ma trgn cot 14 ma tran ¢d m x 1.
Ma trgn hang la ma tran ¢6 1 x n.

Ma tran khong 1a ma tran ma moi phan tit ctia né déu bang 0, ky hieu 1a © hosic ©,,xn
néu mudn chi ré6 ¢ clia ma tran.

Ma tran vuong cap n la ma tran c6 s6 hang bang s6 cot va bang n. Cho ma tran vuong cap

n, A = [aij]nxn, dudng chéo chinh ctia A la tap hop cac phan tit ¢6 dang: a1, age, ass, . - . , Aoy

Ma tran tam gidc trén 1a ma tran vuong cap n trong d6 a;; = 0 néu i > j.

a1; a2 ... Qaip
A— 0 age ... Q9pn
0 0 ... aum

Ma tran tam gidc dudi 1a ma tran vuong cap n trong dé a;; = 0 néu i < j.

a1q 0 c. 0

o1 Q22 ... 0
A=

Ap1 Gp2 ... Gpp

Ma tran duong chéo 1a ma tran vuong cap n trong do a;; = 0 néu ¢ # j.

a1 0 ce 0
A — 0 929 0
0 0 Ann

Ma tran don vi 1a ma tran duong chéo c6 cac phan tit thuoe dudng chéo chinh déu bang 1,
ma tran don vi cap n thuong dude ky hiéu 1a I, hosic 1a I néu khong xay ra hiéu lam.

1 0 0
I — 0 1 0
0 0 1

Ma tran chuyén vi cia ma tran A 1a ma tran ky hieu 1a A, nhan dugce tit ma tran A bang
cach viét cac hang ctia A thanh cot ctia A'. Nhu vay:

a1; Q12 ... Qip 11 Q21 ... QGmi
21 oo ... A3 a12 A92 ... Am2
A —= n = At = m
Am1 Am2 ... Omn A1p A2y, ... Amn
Hai ma tran A, B dugc goi la bing nhau néu ching c6 cling c¢d nghia 1a A = (@i mxn
thi B = [bijlmxn V& cac phan ti & cac vi trf tuong tng bang nhau cu the a;; = b;; v6i moi

1=1,2,....m,5=1,2,....,n, ky hieu A = B.
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1.2.2. Cac phép toan trén ma tran.

a) Cong hai ma tran cung cd

x Dinh nghia 1.7 Cho hai ma tran cing ¢d A = [a;j]mxn, B = [bij]mxn. Tong ciia A va B 1a mot
ma tran cting ¢6 C' = [¢ijlmxm, k¥ hieu la C = A+ B, trong d6 ¢;; = a;; + b, i =1,...,n,j =

1,....,m.
Nhu vay mudn cong hai ma tran cting cd, ta cong cac phan ti ciing vi trf v6i nhau.
oVidu 1.7
1 -2 4 4 -3 =5
A_{O 5 7}’B_{2 4 1}'
ol 4195 =5 —1
KhldO.A+B—C—|:2 9 8}

Tinh chéat: Cac phép tinh cong trén cic ma tran ciing ¢ c6 tinh chat gidng nhu céc tinh chat
clia phép cong cac s6 thyc:

e Tinh giao hoan A+ B=B+ A

e Tinh két hop (A+B)+C=A+ (B+C)

e A+0=A

o A =aij|lmxn, 3 ma tran ddi clia ma ma tran A 1a —A = [—a;j]nxn thoéa man

A+ (-A) =06

b) Nhan ma tran véi mot sé thuc

*x Dinh nghia 1.8 Cho ma tran A = [a;;]mxn va s6 thuc k. Tich clia A véi s6 thic k& 1a mot ma
tran cung ¢4 v6i ma tran A, ky hiéu la kA, xac dinh béi cong thic

kA = [kaij]an
eVidu 1.8
4 01 8 0 2
21 =2 7 3| = -4 14 6
-1 2 1 -2 4 2

Tinh chat: Gidi st k,h € R vi A, B 1a céc ma tran, ta c6 cac tinh chat sau:

e k(A+B)=kA+ kB

k(hA) = khA

(k+h)A=kA+hA

1LA=A

c) Nhan ma tran véi ma tran
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* Dinh nghia 1.9 Cho hai ma tran A = [a;j]mxp V& B = [bij|pxn - Tich clia ma tran A véi ma
tran B 1& mot ma tran c6 ¢d la m x n, ky hiéu la AB, xac dinh nhu sau:

p
AB = [¢ijlmxn; Cij = Z Qik-brj = a;1.b1j + aio.boj + - -+ + ap by,
k=1

eVi du 1.9 Cho

3 1 31
Khi do
1.24+23 1.0+2.1 8 2
AB=|02-13 00—-11 | =| -3 -1
32+13 3.0+4+1.1 9 1

eVi du 1.10 Tinh AB va BA néu

1 3
A:[g _41 _18}3— -2 7
5 4
Ta co
9 3
an=| S 2]
2 11 =23
BA=| —4 30 —58
10 11 =27

Nhan xét: Do AB # BA nén phép nhan hai ma tran khong c6 tinh giao hoéan.

Tinh chat: Gia st A, B, C la cAc ma tran va k 1a mot s6 thue. Néu cac phép tinh & vé trai clia
déng thitc dudi day c6 nghia thi vé phai cling c6 nghia va 2 vé bang nhau

e (AB)C = A(BC)

A(B +C) = AB + AC

(B+C)A=BA+CA

k(AB) = (kA)B = A(kB)

[A =AT =A

OA=A0=0

1.3. Dinh thic

1.3.1. Dinh nghia dinh thic

1. Cac phép bién doi so cap trén ma tran
Cho ma tran A = [a;j|mxn. Ta goi cac phép bién doi sau trén cac hang ctia A la céc phép
bién doi so cap trén hang:
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e Hoan vi 2 hang cia A.
e Nhan tat ca cac phan tit clia mot hang nao d6 ciia A véi cing mot s6 khac 0.

e Nhan tat ci cac phan tit cia mot hang nao dé clia A v6i cling mot s6 roi cong vao cac
phan tit tuong ting ctia mot hang khac.

Cha y: Cac phép bién ddi so cap trén cot ciing duge dinh nghia tuong tu.

. Hay diing céc phép bién doi so cap trén hang

— W N
N = W

1
oVidu 1.11 Choma tran A = | 2
3

clia A dé dua A vé dang tam giac treén.
Lo gidi. Ta thuc hien day cac phép bién déi so cap trén hang dé bién ddi dan ma tran A
thanh ma tran ¢6 dang tam giac trén nhu sau:

1 2 3 1 2 3 1 2 3
A=12 31 ?*’?”Z?’ 0 —1 —5 | M2l g 1 5
3 1 9 | oy 5 7 0 0 18

. Ma tran con A;; cia ma tran A

* Dinh nghia 1.10 Cho ma tran A = [a;],,x,.- Ma tran con A;; ciia A la ma tran thu dugc
ti ma tran A bang cach bo di cdc phan tit ndm & trén hang ¢ va cac phan ti nam trén cot
J, cd cia A;; la (m —1) x (n —1).

1 2 3
eVidu 1.12 Choma tran A= | 4 5 6 |. Céc ma tran con A;; cia A gom:
789
(5 6 ] [ 4 6 ] [ 4 5]
All__8 9_7A12_-7 9-7A13_-7 8-7
(2 3] (1 3] (1 2]
AQI_-S 9-7“422_-7 9-7A23_-7 8-7
(2 3] (1 3] (1 2]
A31:-5 6_714327-4 6-7‘4337-4 5-
. Dinh nghia dinh thic
*x Dinh nghia 1.11 Cho ma tran vuong cip n, A = [a;j]nxn. Dinh thic ciia ma tran A
dugc ky hieu la: det(A), |A| hoac
ai;pr a2 ... QAip
a21 Q22 ... Q9
Ap1 Gp2 ... Gpp

xac dinh bang phuong phap quy nap nhu sau:
i) Véin =1, det(A) = ar;
ii) V6i n > 1, dinh thitc ctia ma tran A duge dinh nghia thong qua céc dinh thic ctia cac
ma tran con A;; cdp n — 1 clia n6 bang cong thic:
det(A) = (—1)"aydet(Ay;).

j=1
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Chu y:
1) Dinh thiic clia ma tran vuong cap n goi la dinh thic cap n.
2)Biéu thitc dinh thiic cap 2, dinh thitc cdp 3 va quy téc Sarius

e Dinh thtic cap 2:

11 a2 — aia Giod
= Q11G22 — Q12G2].
Q21 Q22
e Dinh thic cap 3:
a11 diz2 A3
_ 22 Q23 21 Q23 21 Q22
Q21 Q22 Q23| = Q11 + a2 + a3
32 Aas3 a31 ass a31 Aag3

a31 dasz2 G33
= (11022033 + Q12023031 + Q13021032 — G13022031 — G12021033 — A11023032.

e Quy téac Sarius cho dinh thic cap 3: La tong clia 6 hang tit, ma mdi hang tit 1a tich
clia 3 phan t ma mdi dong, mdi cot chi c6 mot dai dien duy nhat.

— Cac s6 hang mang dau cong: cac s6 hang 1a tich cac phan tit ndm trén duong chéo
chinh ho#c tich cac phan tit nam trén cac dinh clia tam gidc c6 mot canh song song

v6i duong chéo chinh.

Hinh 1.1: Quy tac Sarius- cac s6 hang mang dau cong

— (Cac s6 hang mang dau trit: cic s6 hang 1a tich cac phan tit nam trén duong chéo
phu hodc tich cdc phan tit nam trén cac dinh ciia tam gidc c6 mot canh song song

véi duong chéo phu.

Hinh 1.2: Quy tac Sarius- cac s6 hang mang dau tri
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eVi du 1.13

=132+2134+213-333-222-111=-18

W N =
_ W N
N = W

4. Tinh chat ctia dinh thitc: Cho A = [@ij]nxn 1& ma tran vuong cap n. Cac hang va cot cla
A ta cling sé& goi l1a cac hang va cac cot ciia det(A). Mot hang hodc cot gom toan s6 0 sé
duge goi 1a mot hang khong (tuong ting: cot khong). Dinh thitc ¢6 cac tinh chat dudi day:

Tinh chat 1: Hoan vi 2 hang (tuong tng 2 cot) ctia A thi det(A) doi dau.

Tinh chat 2: Néu tat ci cac phan tit cia hang 7 (tuong ting cot j) ctia dinh thiic dudc
nhan véi cing mot s6 k thi gia tri ctia dinh thitc méi nhan dude bang gia tri ctia dinh
thic ¢t nhan véi k.

Tinh chéat 3: Them vio mot hang (hodc mot cot) k lan mot hang (hoic k mot cot)
khac thi dinh thiic khong doi.

Tinh chat 4: Dinh thic clia ma tran tam giac trén hoic dudi bang tich cac phan tit
trén duong chéo chinh.

Tinh chét 5: det(A) = det(A?).

Tinh chat 6: C6 thé tinh dinh thic clia ma tran bang cach khai trién theo mot hang
hoac mot cot tuy ¥ bdi cac cong thiic sau :

det(A) = Z?Zl(—l)’:+3"aijdet(Aij) (Cong thiic khai trién theo hang thi ),

det(A) =" (—1)7*a;;det(A;;) (Cong thite khai trien theo cot thi 7).

Tinh chat 7: Gia sit A, B 1a hai ma tran vuong ciing cap thi
det(AB) = det(A)det(B).
Tinh chat 8: Gia st hang i ctia A biéu dién dudi dang:
a;; = bij + cij.

Goi B la ma tran nhan duge tit A bang cach thay a;; bang b;;, C'1a ma tran nhan duge
tit A bang cach thay a;; bang ¢;;. Khi d6

det(A) = det(B) + det(C).

Phat biéu tuong tu ciing ding déi véi cot.

Tinh chéat 9: Néu dinh thic ¢6 mot trong cac tinh chat sau thi dinh thic bing khong:
+ C6 mot hang (hodc mot cot) biang khong;

+ C6 hai hang (hoac hai cot) ty 1é;

+ C6 mot hang (hodc mot cot) 1a t6 hop tuyén tinh clia cac hang (hodc clia cac cot)
khac.

5. Cac vi du tinh dinh thitc nhd cac tinh chat

oVi du 1.14 Tinh dinh thic

8 8 8 2
8 &8 2 8
8 2 8 8
2 8 8 8
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Loi gidi. Cong tat ca cac cot 2, 3,4 vao cot 1, riat nhan tit chung ctia cot dau trong dinh
thie nhan duge ta c6 :

a+3xr r = «x 1l 2 =z =z
3r+a a = x 1l a =z =x
D_3x+a T a x—(3x+a)1 r a T
3r+a x x a 1l z 2 a

Nhan hang 1 vé6i (-1) roi cong lan lugt vao cac hang con lai, ta duge

1 T T T

0 a—=z 0 0
D:(3x+a)0 0 a—x 0

0 0 0 a—x

Ap dung tinh chét thi 4: D = (3z + a)(a — z)°.

oVi du 1.15 Giai phuong trinh sau:

2 —1 —x —x2
1 2 3 —4
4 1 9 4|70
2 -1 1 -1

Loi gidi. Khai trién dinh thic trén theo hang 1, ta dudc:

2 3 —4 1 3 —4 1 2 —4 1 2 3
20 |1 2 —4|—(=1)|-4 2 —4|+(-2)|-4 -1 —4|—(-2H)|-4 -1 2/=0
-1 1 -1 -2 1 -1 -2 -1 -1 -2 -1 1

ST+ 2+ 14=00=—1,0=—-2.

eVi du 1.16 Tinh dinh thic

1 2 -1 3
3 6 7 =2
2 7 =8 15
-4 -6 5 =2

D =

Lon gld'l Lan luct léy Hy —3H; — HQ,Hg —2H, — H3 va Hy +4H, — H4, ta dudgc:

12 -1 3
0 0 10 -—-11
D= 03 -6 9
0 2 1 10
Tlép theo, Hs:3 — Hyva Hy <> Hs
12 -1 3
01 -2 3
D=3 0 10 -1
0 2 1 10
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Léy H4 — 2H2 — H4

1 2 -1 3
01 —2 3
D__30010 —11
00 5 4

Tiép tuc thuyc hien Hs <+ Hy v Hy — 2H5 — Hy, thu dugce dinh thitc clia ma tran tam giac
trén, ap dung tinh chat 4, ta c6 dinh thtc can tim

1 2 -1 3
01 -2 3
D—30 0 5 4 =3.1.1.5.(—19) = —285
00 0 -19
oVi du 1.17 Tinh dinh thiic

1 4 9 16
4 9 16 25
D= 9 16 25 36
16 25 36 49

Lot g'l;d'l;. ThIIC hlén lan hl'(jt cac phép bién dél H4—H3 — H4, Hg—HQ — Hg, HQ—Hl — HQ,
ta dudgce

14 9 16
35 79
b= 5 7 9 11
79 11 13

Tiép theo, lay Hy — Hy — H,, H3 — Hy — Hj ta thu dugc 2 hang giéng nhau, do dé6

1 4 9 16
357 9
D= 2 2 2 2| 0.
2 2 2 2
eVi du 1.18 Tinh dinh thuc

1 1 1 1
2 3 4 =z
D= 4 9 16 22
8 27 64 2

Loi gidi. Khai trién dinh thic D theo cot 4, ta thu duge da thic bac 3 véi an = va hé sb
cao nhat 1a

Cho x lan lugt nhan cac gia tri x = 2,2 = 3,2 = 4 ta thay D c6 2 cot giong nhau, do do6
D =0khi x =2,z =3,z = 4. Theo dinh Iy Bezout ta phai co:

D =2z —2)(x—3)(z—4).
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1.3.2. Ma tran nghich dao

1. Pinh nghia

x Dinh nghia 1.12 Cho A la ma tran vuong cap n. Néu c6 ma tran B vuong cling cap sao
cho:

AB=BA=1,

thi ta n6i A kha déo va B dugc goi la ma tran nghich déo ctia cia ma tran A. Ky hiéu ma
tran nghich ddo ctia ma tran A la A1,

Nhu vay AA™ = A71A=1,.
Khi A kha ddo ta néi A 1a ma tran khong suy bién.

. . 11 1 3/2 —-1)2 . B - _ .
oVidu 1.19 Xét A = [1 3] , B = [_1/2 1/2 ] Ta ¢c6 AB = BA = I, nén theo dinh

nghia B = A7L.
2. Tinh chat
¢ Dinh 1y 1.1 Ma tran nghich ddo clia ma tran vuéng A néu ton tai thi duy nhat.

A.Gidi st B vi B’ 1a hai ma tran cing théa man dinh nghia cia ma tran nghich ddo cta
ma tran A. Khi dé:

AB=BA=I1,AB =B'A=1
Vay

!

B =IB = (BA)B = B(AB') = BI = B.

0 Dinh 1y 1.2 Néu ma tran vuong A kha dio thi det(A) # 0.

A Vi A kha ddo nen ton tai A~ vi AA™! = I,,. Ap dung cong thitc tinh dinh thic cta tich
hai ma tran ta co:
det(AA™) = det(I,,) = det(A)det(A™) = 1.
1

. U
det(A

Vay det(A) # 0 va hon nita det(A™1) =

~—r

¢ Dinh ly 1.3 Néu ma tran vuong A cap n c6 det(A) # 0 thi A kha ddo va

a1 ¢
det(A)

d d6 C' = [¢ijlnxn 1a ma tran phu hgp ctia ma tran A: ¢;; = (—1)"det(A;j).

A.Ap dung cong thiic khai trién dinh thitc theo hang thi i ta c6

n

det(A) =Y (=1)Maydet(As;)

j=1

= Q;1Ci1 + QinCio + - - + QinCin, = det(A).
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Hon nita, do dinh thiic c6 hai hang gidng nhau thi biang khong nén suy ra

det(A) néu k =n

Ap1Ci1 + GpaCio + * -+ + QppCin, = )
Oneu k #n

Do d6 AC* = det(A)I.
Ap dung cong thiic khai trién dinh thiic theo cot va lap luan tuong tu ta ciing co:

C'A = det(A).I

Nhu vay
1

A(det(A) )= (det(A)

suy ra diéu phai chiing minh. O

¢ Dinh 1y 1.4 Gia sit cac ma tran vuong A, B la cac ma tran kha dao. Khi do:

(a) A™! ciing kha dédo va (A~ ™! = A;
(b) Ym € N, A™ ciing kha déao va (A™)~! = (A~H)™;
1
(c) Vk # 0 ta c6 kA cing kha ddo va (kA)~' = EA_l;
(d) AB ciing kha déo va (AB)™' = B~'A™%

A.Bing viec kiém tra truc tiép dinh nghia ma tran nghich dao, ta dé& dang thu dugc cac
tinh chat trén. O

. Cac vi du tinh ma tran nghich dao bang ma tran phu hop

oVi du 1.20 Cong thitc ma tran nghich dio ctia ma tran vuong cap 2 kha dao:

Gid st A = [CCL Z} c6 det(A) = ad — bc # 0, ap dung cong thiic ta co

gL [d = __ 1 [d b
Cad—be|=b a| ad—bc|—c a

Chéang han:
. -7 3
1 3] 1 T =3 ? R
57 T 17—35|-5 1] |2 —1
8 8

oVi du 1.21 Tim ma tran nghich ddo ctia ma tran sau (néu co):

A:

(el NORNT
W N =

1
3
1

Lo gidi. Ta c6 det(A) = —3 # 0 nén A kha dao. Ap dung cong thic ta co:

cp=—17, cio=-2, c¢3=6
Co1 = 2, =1, c3=-3
car=1, cp=-1, c3=0
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Do do
-7 =2 6 -7 2 1
C=12 1 =-3|=C'=|-2 1 -1
1 -1 0 6 -3 0

Vay ma tran nghich dao ciia ma tran A la

7 —2 _1

7 92 1 = = =
et 3] A
316 -3 o0 3 3 3
o 10

eVi du 1.22 Tim ma tran X, biét

L& gidi. Dit
1 2 1 -1 2
A‘[—1 3]’3_[3 1 —4}

Ta c6 det(A) =5 # 0 nén A kha déo va

Phuong trinh ma tran tré thanh
AX =B

Nhan vao bén trai cd hai vé A~! ta dugc:
AN AX)=A"'Be (A'AX=A"'"BeIX=A"'"B&X=A"'B

Vay ma tran X can tim I3

-3 1

13 =2] 1 -1 2 - -1 =

_ - — 5
X‘5[1 1“3 1 —4] % 0 2
5 5

1.3.3. Hang cuia ma tran

1. Pinh nghia

x Dinh nghia 1.13 Cho A 1a ma tran ¢ m x n. Ma tran con cap p clia A 14 ma tran c6
dugce tit A sau khi bé di m — p hang va n — p ¢ot. Dinh thic ctia ma tran dé duge goi la
dinh thiic con cap p cta A.

x Dinh nghia 1.14 Hang clia ma tran A 13 cap cao nhat ctia dinh thitc con khac khong
cla ma tran A, ky hiéu la r(A).
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oVi du 1.23 Cho ma tran

20 3 1
A=1|1 5 —1 2
5 5 5 4
Cac dinh thic con cap 3 clia ma tran A la:
0 3 1 2 3 1 2 01 2 0 3
5 -1 2[=0,11 -1 2[=0,]1 5 2|=0,1 5 —1]=0
5 o 4 5 o 4 5 5 4 5 5 4
nén r(A) < 3. Hon nta, c¢6 it nhat mot dinh thiic con cap 2 ctia A

2 0
e
nén ta c6 r(A) = 2.

% Dinh nghia 1.15 Ma tran bac thang 14 ma tran c6 cac dic diém sau:

e Cac hang bang khong 6 dudi cac hang khac khong.
e DGi v6i hai hang khac khong lien tiép, phan tit khac 0 dau tien (ké tit trai sang) clia
hang trén nam bén trai phan ti khac 0 dau tién ctia hang duéi

eVi du 1.24
20 3 1
05 —1 2
A=100 5 4
00 0 0

la ma tran bac thang c¢6 3 hang khéc 0.

. Tinh chat ctia hang ma tran A

e Tinh chat 1: r(A) = r(A").
e Tinh chat 2: Hang clia ma tran bac thang khong doi khi thire hién cac phép bién doi
SO cap.

e Tinh chit 3: Hang clia ma tran bac thang bing sé hang khéac khong ciia ma tran doé.

Quy tic thuc hanh tim hang ctia ma tran A: Dé tim hang clia ma tran A ta st dung
3 phép bién ddi so cap dua ma tran A vé ma tran bac thang B. Khi d6 r(A) = r(B) =
S6 hang khac khong cia B.

. Cac vi du tinh hang ciia ma tran

oVi du 1.25 Tinh hang ctia ma tran sau:

1 -2 3 4
A=12 -4 1 3
1 2 0 -1
Loi gidi.
1 -2 3 4 1 —2 3 4 1 —2 3 4
A=|2 —4 1 3| B2ty o _5 _5| MM o0y g 5 5
1 2 0 —1| g g 3 3 00 0 0

Ma tran cudi cing la ma tran bac thang véi 2 hang khac 0. Vay r(A) = 2.
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oVi du 1.26 Bién luan theo m hang ctia ma tran :

1 -1
-1 -1
1 1
-1 1

[S—
3
N O ==

Lot gidi. Thuc hién 1an lugt cac phép hoan vi cac cot
CQ S 03703 < 04,04 e 05701 < OQ,CQ < 03,03 < 04

ta dua A vé dang

1 -1 1 -1 2
/ 1 -1 -1 m -1
A = 0 1 1 1 m
2 -1 1 1 2
Bién ddi so cAp trén hang d6i véi A’
1 -1 1 —1 2 1 -1 1 —1 2
A Ham2HaHa 0O 0 -2 m+1 —-3| Hj—H;—H, |0 0 —2 m+1 -3
H27H1~>H2 0 ]. 1 ]_ m 0 ]. 1 ]_ m
0 1 -1 3 -2 0O 0 =2 2 —2—m
1 -1 1 -1 2 1 -1 1 -1 2
HyesHs |0 1 1 1 m Hy—Hs—Hs [0 1 1 1 m A
"lo 0 =2 m+1 -3 "lo o0 2 my1 —3 | T
0 0 =2 2 —-2—-m 0 0 0 1—-m 1—m
Bién luan:

e Néul—m=0< m=1ma tran Ay c¢6 3 hang khac 0, do d6 r(A) = r(Ay) = 3.
e Néul—m#0< m#1matran Ay c6 4 hang khac 0, do d6 r(A) = r(Ay) =4

1.3.4. Hé phuong trinh tuyén tinh

1. Pinh nghia

*» Dinh nghia 1.16 Hé phuong trinh tuyén tinh m phuong trinh, n an 14 hé phuong trinh

c6 dang
a11%1 + a19%s + - -+ + a1, = by
a91T1 + a92T9 + -+ AonTy — b2
Am1ZT1 + QpaZa + -+ - + Ty = bm
trong do
® I,%o,...,T, la cac an,

e a;; 1a he s6 clia an x; trong phuong trinh thi 4,

e b; 1a vé phai clia phuong trinh thit .
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Dang ma tran ctia hé phuong trinh tuyén tinh

Dat:
a1 a12 P Q1n T b1
921 A9o ... Q2 i) b2
A= "= b=
Aml Gm2 - CGmn Ty b

thi hé phuong trinh tuyén tinh m phuong trinh, n an 1a hé phuong trinh c6 dang ma tran:
Ax =10

trong d6 A 1a ma tran hé s6; z 13 ma tran an; b 1a ma tran vé phai.

. Giai hé phuong trinh bang phuong phap Cramer

¢ Dinh ly 1.5 (Dinh Iy Cramer) Hé phuong trinh tuyén tinh Ax = b, véi A la ma tran
vuong khong suy bién, c6 nghiém duy nhat :
d@t(A])
l’j = y

det(A)

j=12....n

trong dé A; Ia ma tran c6 duge tir A sau khi thay cot thit j bdi cot vé phéi b.

A.Vi A khong suy bién, det(A) # 0 nén A ¢6 ma tran nghich déo:

1
 det(A)

-1 t

T phuong trinh Az = b, nhan bén trai hai vé véi A~! ta c¢6
AN A) =AW (A Az =A"b Ie=A"bx=A""

Vay z = A~'b 1a nghiém ctia hé phuong trinh. Do A™1, b x4c dinh nén nghiém nay 1a duy
nhat.
St dung biéu thiic clia ma tran A~' ta suy ra

a1 i1 Ci2 ... Cip by
r = i) _ 1 Cy1 C22 ... Copn bQ
det(A)
Tn Cnl Cp2 ... Cpp bn
nghia la
- Cljbl + ngbg + -+ anbn _ det(Aj)
T det(A) ~ det(A)
véi j =1,2,...,n va ta c6 dieu phai chiing minh. O

oVi du 1.27 Giai hé phuong trinh sau:

x1—|—2x2+3x3:3
2$1+3$2+LE3:—1
3[E1+I2+25€3:5

Loi giai. Ta co

w

=19

)

I
w o =
— W N

3
1| =-18;D, = |-1
2

ot
=W N
N = W
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1 3 3 1 2 3
Dy=12 -1 1/=29;D3=|2 3 -1 =-31
3 5 2 3 1 5

Do D = —18 # 0 nén hé c6 nghiém duy nhat va
Dy 19

T = = —
"By
g = — = ——

b, sl
T3 — —— —

- D18
3. Giai hé phuwong trinh bing phuong phap Gauss

* Pinh nghia 1.17 Xét hé phuong trinh Az = b, ma tran bo sung ctia A duge ky hieu A,
la ma tran thu dugce bing cach bo sung thém cot b vao bén phai ma tran A:

A =[Ab]
* Dinh nghia 1.18 Hé m phuong trinh, n an

a1 + 199 + -+ ALy = bl

a91%1 + A99To + - - - + Gop T, = by

Am1T1 + A2l + -+ + Qpp Ty = bm

goi 1a he phuong trinh bac thang néu ma tran bo sung A ciia né c6 dang bac thang.

oVi du 1.28 Hé phuong trinh

$1+21’2—$3+3$4:3
$2+21’3—J}4:1
{L‘3+4£L'4:—3

Hé phuong trinh trén 13 hé phuong trinh bac thang vi ma tran bd sung ctia né

1 2 -1 313
A=101 2 —-1|1
00 1 4 ]-3

c¢6 dang ma tran bac thang.

Nhan xét 1: Ro rang viéc giai hé phuong trinh bac thang dé hon viéc giai hé phuong trinh
chit nhat. Dé giai he phuong trinh dang nay ta sé gidi ngudc tit phuong trinh cudi, ding
phuong phap thé ta c6 nghién can tim.

Nhan xét 2: Hé phuong trinh khong thay doi tap nghiém néu ta thic hién cac phép bién
doi sau:

e Hoan vi hai phuong trinh cua he;
e Nhan hai vé ctia mot phuong trinh véi mot sd k& khéac 0;

e Nhan hai vé ctia mot phuong trinh nao dé véi mot sd k roi cong vao cic vé tuong tng
cua mot phuong trinh khéc.
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Céc phép bién ddi néi trén tuong tng véi cac phép bién doi so cap trén cac hang clia ma
tran bo sung.
Phuong phap Gauss giai hé phuong trinh tuyén tinh:
e Budc 1: Lap ma tran A bo sung cua hé
e Buéc 2: Dung cac phép bién déi so cap trén cac hang clia ma tran bd sung, dua A vé
ma tran bac thang.
e Budc 3: Giai heé phuong trinh bac thang: Gidi ngudc tit phuong trinh cudi, st dung
phuong phap thé ta c6 nghiém can tim.

oVi du 1.29 Giai hé phuong trinh bing phuong phap Gauss
21171 + X9 + 23 = 2
r1 + 31‘3 +x3 = 5

$1+l’2+5l’3 = -7
2I1 + 31’2 — 31’3 =14

Lot gias.
2 1 1 2
1 3 1 5
1 1 5 | =7
2 3 =3 |14
1 1 5 | =7
1 3 1 5
2 1 1 2 H & H3
2 3 =3 |14
1 1 5 | =7
0 2 —-4112 Hy,—H,— H,
0O -1 -9 16 Hs—2H, — H;
0 1 —13 | 28 H4—2H1 —>H4
1 1 5 | =7
0O 1 -—-21]6 Hy:2 — Hy
0 -1 -9 1|16
0 1 -—13]| 28
1 1 5 | =7
0O 1 —-21]6
0 0 —11]22 H3+ Hy,— Hj
0 0 —11] 22 Hy— H,
1 1 5 | =7
0 1 -—-21]6
0 0 —11] 22
0 O 0 0 H,—H3— Hy
Tt ma tran bac thang cudi ciing ta nhan dude hé phuong trinh bac thang tuong duong
1+ X9 —|—5.I'3 = -7
Tr9 —2x3 =6
—1lxy =22

Giai he bac thang trén ta c6 nghiém duy nhat
Ir1 = 1
Ty = 2
T3 = —2
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4. Giai va bién luan hé phuong trinh bang dinh ly Kronecker-Capelli

¢ Dinh ly 1.6 (Dinh ly Kronecker-Capelli) Xét hé phuong trinh tuyén tinh

Axr =10

véi A la ma tran hé s6, A la ma tran bo sung tuong ting. Khi dé:

e H¢ phuong trinh vo nghiém khi va chi khi r(A) # r(A);
e He phuong trinh c6 nghieém duy nhat khi va chi khi r(A) = r(A) = s6 an;

e H¢ phuong trinh vo s6 nghiém khi va chi khi r(A) = r(A) < s6 an.

oVi du 1.30 Giai hé phuong trinh sau

2I1 +4$2
3r1 +x2
41’1 —|—11I2

Lot giai. Ta co

+5l’3 =4
—21E3 = -2
‘|‘7ZL‘3 =7

2H2 — 3H1 — H2
H3 — 2H1 — Hg

2 4 3 4
3 1 -2 | =2
4 11 7 7
2 4 3 4
0 10 13 | 16
0 3 1 -1
2 4 4
0 3 1 -1
0 0

HgHHQ

—29 | =58 10H3 — 3Hy — Hj

Hé da cho tuong duong véi

2.%‘1 +4Z‘2 +5ZE3
31’2 T3
—29[['3

oVi du 1.31 Giai hé phuong trinh sau

T —|—233'2
—2231 +xo
—T +3$2

Lot giai. Ta c6
1 2 -3 2
-2 1 411
-1 3 1|4
1 2 =3 2
0 5 —=2] 5
0 5 —2|-2
1 2 =3 2
0 5 —=2| 5
0 0 0 |-—-7

=4 I = 1
=-1 & To = —1
= —58 T3 = 2

—333'3 =2

4233 =1
+l’3 = —4

Hy +2H, — H,

Hs+ Hy — H;

H3 — H2 — Hg

Vi r(A) = 2 # r(A) = 3 nén he phuong trinh da cho vo nghiem.
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oVi du 1.32 Giai hé phuong trinh sau

T —T9 23 —2x4=1
—2x7 —3r9 +x3 +dxy= -2
—21'1 +2l’2 —4Z‘3 +4ZL’4 =-2

31’1 +2£(72 +x3 —6ZE4 =3

Loi gidi.
1 -1 2 =2|1
-2 -3 1 4 |-=-2
-2 2 —4 4 | =2
3 2 1 -6/ 3
1 -1 2 =2|1
0 -5 5 0 0 HQ + 2H1 — H2
0O 0 0 0|0 H3+2H,— Hj
O 5 -5 0|0 Hy—3H,— Hy
1 -1 2 =2|1
0O -5 5 00
0O 0 0 010
o 0o o 0|0 Hy+Hy,— Hy

Do 7(A) = r(A) = 2 < s6 an nén hé phuong trinh da cho vo s6 nghiém. Chon x4 v& x5 1
hai an tu do, ta c¢6 hé phuong trinh tuong duong

1 +2ZL‘3 = 1+ To + 21‘4 1 = 1= T2+ 2ZE4
X = X s = 2
3 2 To, T4 eR

eVi du 1.33 Gii va bién luan theo m s6 nghiém ctia hé phuong trinh sau :

T1—Tog— T3 —3T4+x5=1

T1+ To — 03 — x4 + Tx5 = 2
—x1+ 229+ 203+ 224+ 25 =0
—2x1 + 519 — 4a3+ 924 + 725 = M

Loi gidi. Xét ma tran bo sung

1 -1 -1 =3 1|1
— 1 1 -5 -1 7|2
A= -1 2 2 2 110
2 5 —4 9 7|m |
Diuing cac phép bién dbi so cap vé hang dua A vé ma tran bac thang

-1 -1 =3 1| 1
2 4 2 6| 1
0 6 —4 —2| 1
0 0 0 0 |2m+1 |

o O O+

Bién luan:

. -1 — £ 2 .
+Neu?2m+1=0&m= 5 thi 7(A) = r(A) = 3 < 5 (s0 an) < Heé phuong trinh vo s6
nghiém.

p —1 _
+Neu2m+1#4£0<m # 5 thi r(A) # r(A) < Hé phuong trinh vo nghiém.



1.3. DINH THUC 25
5. Hé phuong trinh tuyén tinh thuan nhét
x Dinh nghia 1.19 Hé phuong trinh tuyén tinh dang

a1171 + a1pxy + -+ -+ 1,7, =0

(2171 + Q22X + * ++ + Aop Ty = 0

ducgc goi 1a hé phuong trinh tuyén tinh thuan nhat.

e Nhan xét 1: He phuong trinh tuyén tinh thuan nhéat luon nhan 6 = (0,0,...,0) lam
nghiém. Nghiém nay goi 14 nghiém tam thuong ctia he.

e Nhan xét 2: He phuong trinh tuyén tinh thuan nhat Az = 0 c6 nghiém khong tam
thuong khi va chi khi 7(A) < s6 an. Dac biét, hé phuong trinh thuan nhét c¢6 sé phuong
trinh bang s6 an (hay A vuong) c6 nghiem khong tam thudng khi va chi khi det(A) = 0.

oVi du 1.34 Tim m dé hé phuong trinh thuan nhat dudi day c6 nghiem khong tam thusng

mxy+x9 +23 =0
x1+mx2+:£3:0
1+ x93+ mz3 =0

Loi gidi. He phuong trinh tuyén tinh thuan nhat c6 sé6 phuong trinh bing s6 an nén dé he
phuong trinh c6 nghiém khong tam thuong khi va chi khi det(A) = 0. Ta c6

m 1 1
I m 1|=(m+2)(m—1)>
1 1 m

m = —2

D& det(A) = 0 < _

Vay hé c6 nghiém tam thuong khi m = —2 hodc m = 1.
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Bai tap chuong 1

Bai 1.1. Tinh AB va BA (néu ton tai), biét rang:

0 —1
a-[ 2 3|2 s
4 1
-1 0 2 1 0 -2 2
b)A: 1 2 -1 |,B=|2 1 2 -1
0o -1 1 3 —2 1 0
Bai 1.2. Thuc hién phép nhan hai ma tran sau:
11 o3 :é 0
a) 1 -2 1 | Db) [1 23 4]c¢)[2 -1 1]]2
30 1 -3
0 -1 —4 3
5 1 4
9 _1 3 3 —4 5 1 21 2 3 1
d)54_1 2 -3 1|le |01 2 1 -5 6
3 51| [311]]-1 4 3
Bai 1.3. Tim ma tran X giao hoan v6i ma tran A, nghia la théa man he thic XA = AX, biét:
a) A— 1 2
__3 4
1 -1
wa-[1 7]
Bai 1.4. Tim ma tran X théa man diéu kien AX = B, biét:
-2 3 5 6
A= 3 4}’3_{7 81
(5 —4 1 2
b)A:_4 —3}’32[—2 3]

1 -3 4 3

c)A—[_3 9],B—l12}.
Bai 1.5. Tim ma tran X thoa méan diéu kién:
a) A2=0
b) A% = L.
Bai 1.6. Tim:

‘ n n a 0
a) [cosx —smx] b) {1 a] oo b

0 1 00

SINT  COST

Bai 1.7. Tinh cac dinh thic sau:

11 1 1 1 2 3 4 11 1 1
12 3 4 23 4 1 12 3 4
Al 3 6 100903 41 2091 4 9 16
1 4 10 20 412 3 1 8 27 64
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3 —1 -2 2 -1 2 -1
5 o 90 2 -9 4
-1 - 1 1 2 9 =
9| 4 43 X w3 A3
3 3l |1 %5 38
1 -3 -1 = 2 9 =
3 3 2 5
Bai 1.8. Tinh cac dinh thtc sau:
Il h k
a 305 ; 8 i o ld oy oo
a)l0 b 0 2{,b) o lf e z
1 2 ¢ 3 3¢ 4 c a b
d 000 v 0 0
Bai 1.9. Tinh dinh thuc sau:
a b c
b ¢ a
c a b

trong d6 a, b, ¢ 1a ba nghiém ctia phuong trinh bac ba 23 + px + ¢ = 0.

Bai 1.10. Tinh cac dinh thic sau:

1 T r+1 —=x COSXT 1 0

a) T 2 r—1 xz+1 b) 1 2cosx 1
2 24z 22 1 |’ 0 1 2cosx

3 —=x 1 T 0 0 1

Bai 1.11. Ching minh rang:
1 1 1
T ) e
D, =| 2% x5 z2
R !

1

NCYRSUN] e T RSEIY

SO oo

+
1
1
1

oK OO

1 1 1 1 1 1 1
a)2 3 4 T b) $1+1 .T2+1 JI3+1 ZL’4—|—1
4 9 16 2*|" 7|zt +x a5+ T0 TEA T3 T+ 14
8 27 64 2° o3+t 3+ 23+ ad 2+ ad
Bai 1.13. Tim ma tran nghich ddo ctia ma tran sau néu co:
21 -1 1 -1 2 1 -1 2 2 1
a) |01 3|b|0 1 2fc¢|-1 2 1|d) |1 1
2 1 1 0 0 1 2 -3 2 1 2
1 -2 1 -1 -1 0 3
-1 4 -2 3 1 1 2 -1
Vg o 1 3P| 2 3 1
-2 6 0 5 0o 1 2 1

27
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Bai 1.14. Giai cac phuong trinh ma tran sau

- L 1 1 -1 1 -1 3 1 -1 1 1 1 1 -1
aﬂ14X:L 1%m'21 0l=14 3 2|a|-1 2 1|X=|1 0 2 2
1 -1 1 1 -2 5 —2 3 1 1 -2 2 0

Bai 1.15. Tim ma tran nghich ddo ctia ma tran A = BC néu:
1 20 1 00

B=|01 0[,C=10 1 2

0 01 0 01

Bai 1.16. Cho cac ma tran

1 2 1 =2
A:B'fgy3—1-4,c—o 3
2 3 2 5

Tim ma tran X biét (XA)B = C. )
Bai 1.17. a) Hay tinh A° biét A= BCB™! véi B = 2 3} ,C = F O}
b) Hay tinh A%°'7 biét A = BCB™! véi

1 0 2 1 0 0
B=|2 -1 3/,c=10 -1 0©
4 1 8 0 0 -1

2 2 3 1 0 0

B=|1 -1 0[,C=1]0 -1 0

-1 2 1 0 0 -1

Bai 1.18. Tim hang ctia cac ma tran sau

4 3 =5 2 3
> 13 24] |y °0 2 T 8o 1o
a)4—2517b)51_17c)43—827
2 -1 1 8 2 7 7 9 1 4 3 1 2 =5
8 6 -1 4 —6

Bai 1.19. Tim m dé hang ctia clia ma tran sau la bé nhat

11 4 -1
4 10 1 m+5
7 17 3 m+5
2 4 3 1

N~ 3w

Bai 1.20. Bién luan theo m hang cia ma tran A, biét:

1 -4 m+21 -6
1 1 3 2
A=11 2 -1 3
2 3 -1 -1
3 =1 m+23 -1
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Bai 1.21. Giai cac hé phuong trinh tuyén tinh sau bang phuong phap Cramer

T1— To+2x3=1 1 —2x3 =1
a){ 3xry —2we+br3=2 b)< —2xy +x9 +6x3=11
—T1 + X9 — X3 = 2 —I1 +5fL’2 —41’3 =—4
4[[’1 +29 +2$3 =1 31131 533'2 —21'5 =2
c) 1 —x3=2 d){ 2z —Try +2x3=12
61’1 +Z2 +4$3 =3 —X +5$2 +3$3 =9

Bai 1.22. Giai va bién luan cac hé phuong trinh tuyén tinh sau bang phuong phap Cramer

T +3.T2 +(5 - m)Ig =1
a) 271 +I +2x3 =0
(Bm —1)zy +(m + 3)xg +4xg =2
x1  +(m— 1), —3x3 =1
b)) 2x; —4xy +(4m — 2)zg = —1
3z1 +(m+1)xs —9z3 =0

Bai 1.23. Giai cac hé phuong trinh tuyén tinh sau bang phuong phap Gauss

T1 o =9 3v1 —xg  —xy A+2xy =1
2I1 +4$2 —XI3 +5ZL‘4 =—1
T —x9 —2273 —|—4IL‘4 =5
a)q 71 431 Fhra =3 b)) 19 +3z3 —6rgy = -9
Bri T ey +9n =Ml ol L aey = <10
T —|—4x2 —2x3 +xry = —11 ! 2 3 S
41’1 +2[L‘2 +x3 —31‘4 =7 T _31‘2 +5l’3 =21

C) I —XT9 +x3 +2£B4 =5 d) —31’1 —|-5£L'2 —|-6£L‘3 =5
2v1 +3r9 —3x3 +x4 =3 4y —3x9 —Tx3 =6

4dry +x9 —x3 +dxry =1 201 —4x9 —3x3 =0

Bai 1.24. Giai va bién luan cac hé phuong trinh tuyén tinh sau bang phuong phap Gauss

—x +x =4 T w23 =2-m

T 2 3 - T —21‘2 —I3 =m+ 1

a)q @ vy +2e =1 b T o 3
r1 —Toy +Mmry = 2(m + 1) T +I9 —{—41‘3 =7

Bai 1.25. Tim diéu kién dé cac hé phuong trinh tuyén tinh thuan nhat sau c6 nghiém khong
tam thuong

I —mMIoy +3 —(m + 3)334 =0

CL) 21’1 +29 —4I3 +7I’4 =0
mx, +4re +2x3 —MTy =0

1 —x9  —mzz —2(m*+1Dzy =0

—mzxy +2z2 +3x3 +4xry =0
2¢1  —mzy +3x3 +4xry =0
2]}1 +3LU2 —mxs +4l’4 =0
211 +3xy 44x3 —mxy =0

b)
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Pap sb6 bai tap chuong

0 4 =2
1. a)AB:[106 _810},3/1: 2 -8 12
4 4 14
5 —4 4 =2
b)AB=1|2 4 1 0 |, BAkhong ton tai.
1 -3 -1 1
2 3 10
2. a){3 g _1] b)-30,c) 1
13 —20 12 3 =3 16
d) 20 =27 28 )| 1613
6 8 12
a b
3.a) X =1 3b 3b | véia,beR,
_ a+_
2 _ 2
b)X:[ @ bl GiabeR.
—b a |
—1 0] —11 6 s
4 a)X—{ 1 2_,b)X—{_M 7},c)Khongtontau.
a b L 2 ~ 2
5. a) X = . g véi a, b, ¢ théa man a® + be = 0,

. |10 B | -1 0 v _|a b . 9 B
X—[—{O ll,X——I—{ 0 _1}VaX—[C _a}vdla,b,c.a +bc=1.

6. a) {cgsx —sine 171 _ cqsnx —sinnx}
SinxT  Ccosx SINNT  COSNT
1 al” 1 na
b) 1 0 1 } o [ 0 1 }
[a 0 0]" av 0 0
c)|[0 b O =10 v 0
| 0 0 ¢ 0 0 "c
a 1 07" T[4 100a% 50.99a%
d |0 a 1 = 0 '  100a*
0 0 a 0 0 a'®

9
. a) -3, b) 100, ¢) 1, d)1, e) 106, f) 12, g) —

L) L
10’>

35°

. a) abed, b)abced, ¢) xyzuv.

. Cong hai hang sau vao hang dau tién, ta dugc mot hang gom céc phan ti 1a a + b+ c. Theo
Dinh 1y Viét 4p dung cho phuong trinh bac 3, phan ti nay bang 0, nén dinh thic bang 0.

- a) x(x-1)(x+3)(x+2), b) 8cos*z — 8cos?x + 1, ¢) z222.
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11. Lay hang i + 1 tru di hang 7, dua nhan tit chung clia moi hang ra ngoai, sau dé st dung
cong thic truy hoi, ta duge diéu can chitng minh.

12. a) 2(z — 2)(z — 3)(x — 4), b) (x2 — x1)(x3 — x1) (T4 — x1) (23 — X2) (24 — x2) (24 — x3).

13.
1 -1 -1 1 -4 =5
W33 2 -3|b) —2 -3
-1 0 1 1
s 1 17 3 1] 2 2 4 -8
1133 13 -7 3 11{5 2 14 =25
I3 B _31 Gls 1 o1 133 2 s 1
-13 -5 3 -1 1 0o 2 =3
14.
3 2 0 0 5 1 9
a)[?) _823}19) —4 5 —2|¢)|0 3 17
53 0] |1 220
1 =2 0
15. A '=1(0 1 =2
0 0 1
—23 2
3 39
x| 2 F
Yoo
3 3
3197 —1266] 1\ voorr _ 4« qans _
17. a {7385 _2922} DAY = A ) AZIS = [,
18. a) 2
19. r(A)pmin = 2 khi m = 0.
i L.
20. e Neum= 5 thi r(A) = 3.
. 1
o Neum # 5 thi r(A) = 4.
21. a)ry = —3,x9 = 2,03 = 3;b)x; = 1,09 = 1,23 = 2;
o= m - gy Loy 3 2513
ORT T TR E E O T 03912 T 139" T 139"
22. a)
e m = —3 hé phuong trinh vo s6 nghiém
-1 2 2 14
{(Z‘l = — + —T3,T9 = = — —,l’g),v.f(fg € R}

5 ) 5 5
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e m = —1 hé phuong trinh v6 nghiém
e m # —3,—1 hé phuong trinh c6 nghiém duy nhat

0 —1 2
xr1 = To = Lo = ——
! T 17T m+1
b)
3v6 3v6
e m=—1-— T\/_ hodc —1 + T\/_ hé phuong trinh v6 nghiém
3 3
e m#—1— i i hé phuong trinh c6 nghiém duy nhat
{ 3 9 2m? —4m+25}
xry = Ty = T3 =
YT om =27 am2—m—2)"" T Am?—m —2)
29 17 —4
23. a) x; = —, Ty = —2,03 = —, Ty = —,
— 204 — 4 -5 10x4 — 14
b) (o = —IHS gy = BT RIS ), Vi, 24 € R)
c¢) Hé phuong trinh vo nghiém
d) Hé phuong trinh vo nghiém
24. a)
e m # 1 hé c6 nghiém duy nhat : 2y = 1,20 = —1, 253 =2
. 17—6 3
e m =1 hé vo s0 nghiém {(z; = —:703@ = — _;xg,xg),ng € R}
b)
e m # —5, 1 hé phuong trinh vo nghiém
e m = —5 hoiic m = 1 hé c6 nghiém duy nhat
) n m 5 —bm —13  Tm
T1 = — = —-— - — _ —_—
T2t 2T e 6 T 6 6

25. a) m=0hodc m=1;b) m=—-2,m=—-3,m=—4 hoic m =9



Chuong 2

Pd P

Bién co ngau nhién va xac suat cua noé

2.1. Phép thit va phan loai bién cé

2.1.1. Dinh nghia
% Pinh nghia 2.1 Viéc thiye hien mot nhém cac didu kien co ban dé quan sat mot hién tuong

nao dé c6 xay ra hay khong dude goi 1a thuc hien mot phép thit, con hién tugng cé thé xay ra
trong két qua ctia phép thit d6 duge goi 1a bién cb.

eVi du 2.1 Tung mot con sic sic xuéng dat 14 mot phép thit, con viéc 1at lén mot mat nao do
1& bién cb.

oVi du 2.2 Bin mot phat sting vao bia. Viéc ban sting 1a phép thit, con viée tring vao mot mién

nao doé ctia bia 1a bién cb.

2.1.2. Phan loai bién cb

Mot bién c¢b chi c6 thé xay ra khi mot phép thit gan lién v6i n6é duge thie hien. Trong thuc té
c6 thé x4y ra céc loai bién c¢b sau day:

e Bién c6 chac chan: 1a bién c¢6 nhat dinh sé xay ra khi thie hien mot phép thit. Bién c6 chac
chan dude ky hieu 1a U.

e Bién c6 khong thé c6: 1a bién c¢6 nhat dinh khong x4y ra khi thuc hien mot phép thit. Bién
c6 khong thé c6 duge ky hieu 1a V.

e Bién c6 ngdu nhién: 1a bién cb c6 thé xay ra hodc khong xay ra khi thuc hién mot phép thi.
Cac bién c¢6 ngau nhién dugde ky hieu 1a A, B, C, ... hosic Ay, As, ...A,,, B, Bs, ..., B,.

Tat ca cac bién cb ta gip trong thuc té déu thuoc vé mot trong ba loai bién ¢ ké treén. Tuy
nhién cac bién ¢6 ngau nhién 1a cac bién c6 thuong gip hon ca.

Vi du 2.3 Tung mdot con xtic xac, xét cac bién cd sau day:
U = "Xuat hién mit c6 s6 cham nho hon 77. U 1a bién ¢ chic chan.
V = "Xuat hién mat c6 8 cham”. V 1a bién cb khong thé cé.
A = "Xuat hién mit c6 s6 cham ch&n”. A 13 bién c¢d ngau nhién.

A; =7 Xuat hien mat ¢ cham”, (i = 1,2,...6). A; 1a cac bién c¢6 ngdu nhien.

33
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2.2. Pinh nghia xAac suat

2.2.1. Xac suat cua bién co

x Dinh nghia 2.2 Xac suat ctia mot bién c¢6 1a mot con s6 dic trung cho kha nang khach quan
xuat hién bién ¢6 d6 khi thyc hien phép thit. Ky hi¢u xac suit ciia bién c6 A 1la P(A).

Ta chi ¥ ring, viéc bién c¢d ngau nhién xay ra hay khong xdy ra trong két qua ctia phép thi
la dieu khong thé doan trude duge, xac suat ciia mot bién c¢d chi phan anh kha nang khach quan
xuat hién bién c¢6, do nhitng diéu kién ctia phép thit quy dinh chit khong tuy thuoc vao ¥ mudn
chit quan ctia con ngudi.

2.2.2. Dinh nghia c6 dién veé xac suat

a) Vi du mé dau.

Gia sit thue hién phép thit 14 tung mot con stic sic can déi va dong chat. Xét bién ¢ A =
"Xuat hién mat c6 s6 cham chan”. Ta sé xac dinh xac suat ctia bién c¢d A.

Khi tung mot con siic sic can doi va dong chét ta thay cé thé c6 6 két cuc xay ra la: xuét
hién cdc mit 1 cham, 2 cham, ... , 6 cham. Nhiing két cuc nay thod man hai diéu kién: ching duy
nhat, tic 1a trong két qua ctia phép thit chi xay ra mot va chi mot két cuc trong s6 d6; hon nita
ching c¢6 kha nang xdy ra nhu nhau. Cac két cuc thod man hai diéu kién trén duge goi cac két
cuc duy nhat dong kha ning.

Trong s6 6 két cuc duy nhat dong kha ning dé ta thiy chi c6 3 két cuc ma néu két cuc do xay
ra thi bién c6 A sé xdy ra, d6 1a nhitng két cuc dude mat 2 cham, 4 cham, 6 cham. Nhitng két cuc
lam cho bién c¢b xay ra dugc goi 1 cac két cuc thuan lgi cho bién cb.

Nhu vay ta thay kha ning xay ra ctia bién c6 A 1a 3 phan 6, titc 13 1 phan 2. D6 1a cach xac
dinh xéc suét ciia bién ¢6 theo quan diém c6 dién.

b) DPinh nghia

x Dinh nghia 2.3 X4c suat xuat hién bién c6 A trong mot phép thit 1a ti s6 giiita s6 két cuc
thuan 1¢i cho A va tong sb cac két cuc duy nhat dong kha nang c6 thé xay ra khi thye hién phép
thua do.

Néu ky hieu: m 1a s6 két cuc thuan 1gi cho bién c6 A; n 1 s6 két cuc duy nhat dong kha nang
ctia phép thit, ta c6 cong thiic tinh xac suat clia bién c6 A nhu sau:

c) Cac tinh chat ctia xac suat
e XA4c suat ctia bién ¢ chic chan bang mot: P(U) = 1.
e Xac suat clia bién ¢ khong thé c6 bang khong: P(V) = 0.
e XAc suat ctia bién c¢6 ngau nhién 13 mot s6 ndm trong khoang gitta khong va mot:

0<P(A) <1

Nhu vay, xac suat clia mot bién c¢d bat ky luon thod man diéu kién:
0<PA<1

d) Tinh xéc suéat bing dinh nghia cé dién
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oVi du 2.4 Mot nguoi khi goi dien cho ban quén méat 3 chit s6 cudi va chi nhé rang ching khac
nhau. Tim xéc sudt dé quay ngau nhién mot 1an duge ding sé can goi.

Low gias.
Goi A 1a bién ¢6 "Quay ngau nhién mot lan dugc ngay s6 can goi”.
S6 két cuc dong kha nang 1a tat ca cac cach lap nén mot bo 3 s6 khac nhau tit 10 s6 tit nhién
dau tien. Nhu vay:
n = A}, = 10.9.8 = 720.

S6 két cuc thuan 1gi cho bién c6 A chi c6 mot két cuc:
m=1

Vi vay theo dinh nghia co dién, xac suat ctia bién c6 A 1a:

m 1
P =3 = o

eVi du 2.5 Trong binh c¢6 a qua cau trang va b qua cau den. Ly ngau nhién mot qué cau. Tim
xac suat dé lay duge mot qua cau trang.
Loi gidi.

Goi A 1a bién cb lay duge cau trang.

Khi lay ngau nhién mot qua cau, ta c6 thé lay dudgce bat ky qua cau nao trong sb6 a + b qua cau
trong binh, vi vay s6 két cuc duy nhat dong kha niang la:

n=a+b

Bién c¢6 A sé xay ra khi ta lay duge mot trong s6 a qua cau trang, nhu vay sé két cuc thuan
loi 1a:
m=a

Tt d6 theo dinh nghia c6 dién vé x4c suat, ta co:

oVi du 2.6 Mot hop c6 10 san pham, trong dé c6 6 chinh pham va 4 phé pham. Lay ngdu nhién
tit hop dé 3 san pham. Tim xac suat deé:

a) C4 3 san pham lay ra déu la chinh pham.

b) Trong 3 san pham lay ra c6 ding 2 chinh pham.

Loi gidi.

a) Goi A la bién c6 "Lay dugc 3 chinh pham”.

S6 két cuc dong kha ning trong phép thit bing s6 cach chon 3 san pham (phan biét va khong
ké thit tu) tit 10 sdn pham, nhu vay n = C}, = 120.

S6 két cuc thuan 1gi cho A xay ra la sb6 cach chon duge 3 sin pham tit 6 chinh pham, vay
m = C§ = 20.

L. L 20 1
Do dé xac suat cua bien ¢6 A la: P(A) = m

n 120 6
b) Goi B 1 bién c¢6 "Trong 3 san pham lay ra c6 ding 2 chinh pham”.
Dé bién c¢6 B x4y ra ta phai thuc hién chon theo 2 budc:

- Chon 2 chinh pham trong s6 6 chinh pham, s6 cach chon 1a C2;

- Chon 1 phé pham trong s6 4 phé pham, s6 cach chon la C}.
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S6 két cuc thuan 1gi cho bién ¢d B 1a s6 cach chon cho bién c6 B xay ra:
m = Cg.C}

Vay xéc suat ctia bién c¢6 B la:

oVi du 2.7 Tung mot con stc sic hai lan. Tinh xac suat dé trong dé c6 ding 1 lan xuat hien
mat 6 cham.

Loi gida.

Goi A la bién c6: "Trong 2 lan tung sic sic c6 ding mot lan xuat hien mat 6 cham”. S6 két
cuc dong kha nang 1a s6 cach thiét lap dude cap 2 s6 lan luot 1a s6 cham xuat hién cia moi lan
tung stc sic. N6 bing s6 cach chon mot bo 2 s6 (cé thé gibng nhau va c6 quan tam dén thi ty)
tr 6 86 {1,2,...,6}, vay:

n = A} =6 = 36.

S6 két cuc thuan 1gi cho bién ¢6 A xay ra gom 10 két cuc: 16, 26, 36,46, 56, 61, 62, 63, 64, 65, do
do: m = 10.

. . 10 D
Vay xéc suat ctia bien ¢6 A la: P(A) =

T 36 18

SIS

2.2.3. Pinh nghia hinh hoc vé xac suat

*» Dinh nghia 2.4 Xét mot phép thit ¢6 vo han két cuc dong kha nang. Gia sit ta c6 thé biéu thi
tap hop moi két cuc nay béi mot mien hinh hoc © nao dé; va nhitng két cuc thuan 1¢i cho bién c6
A dugc biéu thi béi mién con G C . Khi dé xéc suat ciia bién c6 A duge tinh béi cong thic:

do do (G
p(a) = 2090 (6)
do do (2)
Tuy theo 2 1a doan thing, mién phang, manh mit cong hay khéi khong gian ma do do duge
hiéu la do dai, dien tich hay thé tich.

eVi du 2.8 Duong day dién thoai ngam néi hai tram A, B bong nhién bi dit. Biét day dién thoai
dong chat dai 800m chén trong long dat c¢6 kha ning dit tai moi diém nhu nhau, hay tinh xéc
suat day dit cach A khong qua 100m.

L&i gidi. Vi day c6 thé dut tai mot diém bat ky trén doan thing AB véi kha nang nhut nhau nén
c6 thé biéu thi tap hop moi két cuc dong kha ning ctia phép thit bsi doan AB. Cac két cuc thich
hop cho bién ¢b "day dit cach A khong qua 100m duge biéu thi bdi doan AC. Do d6 xéac sudt can
tim bang:

do dai AC 100 1

PA)=———"=_—="C.
W= o dai Ap 500 8

oVi du 2.9 Hai ngusi ban A va B hen giap nhau tai mot dia diém xéac dinh trong vong tit 0 gic
dén 1 gio. Mdi ngusi dén chd hen vao mot thai diem bat ky trong khoang thoi gian trén va chs
20 phit, néu khong gip ngudi kia thi bé di. Tinh xéc suat dé ho gip nhau.
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Lo gida.
Goi x (phut) 1a lac dén cia A, y (phit) 1a luc dén cta B.
Moi két cuc dong khéa ning 13 mot cap s6 (x,y):

0<z<60;0<y<60.

Vay mién két cuc dong kha nang Q 1a hinh vuong OACB trén hinh vé.

Céc két cuc thuan lgi cho hai ngudi gap nhau la nhiing cip (x,y) sao cho: [z — y| < 20. Trén
hinh vé&, tap hgp nay tGng v6i mién con ctia hinh vuong OACB gom gitta cac duong thang y = z+20
vay =z — 20.

Vay xac suat dé hai ngusi gap nhau la:

dien tich (G)  60% — 402

5
dién tich () 602 9

2.2.4. Pinh nghia théng ké vé xac suit
a) Tan suat xuét hién cta bién cb

x Dinh nghia 2.5 Tan suat xuat hién bién ¢ trong n phép thit 1a ty s6 gitta s6 phép thit trong
d6 bién ¢6 xuét hien va téng s6 phép thit duge thue hien.

Nhu vay, néu ky hiéu s6 phép thit 1a n, s6 lan xuat hien bién c¢d A 1a k, tan suat xuat hien
bién c6 A la f(A) thi:

k

A)=—.

fay ="

oVi du 2.10 Khi kiém tra ngu nhién 80 sin pham do mot may san xuat, ngudi ta phéat hién ra
3 phé pham. Goi A la bién c6 "Xuat hien phé pham”. Vay tan suat phat hien phé pham béng :

eVi du 2.11 Ban 50 phat dan vao bia thay c6 47 phat trung. Goi A 1a bién c¢6 "Ban tring bia”.
Tan suat clia viéc ban tring bia bang:

47
A) =20
oVi du 2.12 Dé nghién citu kha ning xuat hién mit sap khi tung mot dong xu, ngudi ta tién
hanh tung mot dong xu nhiéu lan va thu duge két qua sau day:

Ngusi lam thi nghiém | SO lan tung (n) | S6 lan duge mit sap (k) | Tan suat f(A) = "

Buffon 4040 2048 0,5069
Pearson 12000 6019 0,5016
Pearson 24000 12012 0,5005

Ta thay khi s6 phép thit ting lén thi tan suat xuat hién mat sap sé dao dong ngay cang it hon
xung quanh gié tri khong doéi 1a 0,5. Diéu d6 cho phép hy vong ring khi s6 phép thit ting len vo
han, tan suat sé hoi tu ve gia tri 0,5.

Tinh 6n dinh clia tan suat 1a co sé dé dua ra dinh nghia théng ké vé xac suét.

b) Dinh nghia théng ké vé xac suat
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x Dinh nghia 2.6 Xac suat xuat hién bién c6 A trong mot phép thit 1a mot s6 p khong doi ma
tan suat f xuat hién bién c6 d6 trong n phép thit sé hoi tu theo xéc suat vé p khi s6 phép thi
tang lén vo han.

Hoi tu theo xac suat

f > p (ky hieu la f = p).

n—oo

Nhu vay vé mat thue té, véi s6 phép thit n di 16n ta c6 thé 1ay P(A) ~ f(A). Ta chi ¥ ring &
day tan suat f hoi tu theo xac suat vé p chit khong phai hoi tu theo nghia thong thuong ctia giai
tich toan hoc. Diéu d6 c¢6 nghia 13 v6i moi e duong bé tuy y ta luon co:

lim P(|f—p| <e)=1.

n—o0

2.3. Quan hé gitta cac bién co

2.3.1. Tong cac bién cb

» Dinh nghia 2.7 Bién c6 C dugc goi 1a tong ctia hai bién ¢6 A va B, ky hieu C = A + B, néu
C sé xay ra khi c6 it nhat mot trong hai bién c6 ay xay ra.

oVi du 2.13 Hai nguoi cing ban vao mot bia. Goi A 1a bién ¢6 "Nguoi thit nhat ban trang”, B
1a bién c¢d "Nguoi thit hai ban tring”, C 1a bién ¢6 "C6 ngudi ban trang”. Vay C= A + B.

oVi du 2.14 Tung mot con stic sic. Goi A; 1a bién ¢d "Xuat hien mat i cham” (i = 1,6), B 1a bién
c6 "Xuat hién it nhat 5 chAm”. Bién c6 B sé x4y ra khi A5 x4y ra hosic Ag xay ra. Vay B = As+ As.

» Dinh nghia 2.8 Bién c6 A dugc goi la tong ctia n bién c¢6 Ay, A, ..., A, ky hieu > A;, néu A
i=1

sé x4y ra khi c6 it nhat mot trong n bién c6 ay xay ra.

2.3.2. Tich cac bién cb

x Dinh nghia 2.9 Bién c¢6 C dugc goi 1a tich ctia hai bién c6 A va B, ky hieu C = A.B, néu C
sé x4y ra khi va chi khi ca hai bién ¢6 A va B cling xay ra.

eVi du 2.15 Hai ngudi ciing ban vao mot bia. Goi A 1a bién ¢6 "Nguoi thit nhat ban tring”, B
1a bién ¢6 "Nguoi thit hai ban tring”, C 1a bién ¢6 "C4 hai nguoi ciing ban trang”. Vay C' = A.B.

Vi du 2.16 Mot mach dién gom hai béng den méc song song.

Goi A 1a bién c6 "Béng thit nhat bi chay khi dién qua tai”, B 1a bién c6 "Béng thit hai bi chay khi
dien qua tai”, C la bién c6 "Mach dién bi ngat khi dién qua tai”. Ro rang bién c¢6 C chi xay ra khi
c hai bién ¢6 A va B cung dong thoi xay ra. Vay C' = A.B.

n

x Dinh nghia 2.10 Bién c6 A dugc goi la tich ctia n bién c6 Ay, Ay, ..., A,, ky hieu [] 4;, néu
i=1

A sé x4y ra khi va chi khi ci n bién c6 néi trén xay ra.
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2.3.3. Bién c6 xung khic

* Dinh nghia 2.11 Hai bién ¢6 A vad B dugc goi 1a xung khic véi nhau néu ching khong thé
dong thoi xay ra trong mot phép thit. Trudng hop ngude lai, néu hai bién ¢6 d6 c¢é thé ciing xay
ra trong mot phép thit thi duge goi 1a khong xung khic.

oVi du 2.17 Hai ngudi ciing ban vao mot bia. Goi A 1a bién ¢6 "Nguoi thit nhat ban tring”, B
13 bién c6 "Ngusi thit hai ban tring”. Hai bién c6 A va B 1a khong xung khac

Vi du 2.18 Mot binh c6 3 loai cau la cau trang, cau xanh va cau dé. Lay ngau nhién tit binh
d6 mot qua cau. Goi A 1a bién ¢6 "Lay dudc cau trang”, B 1a bién ¢6 "Lay dudce cau xanh”. Cac
bién c¢6 A va B 1a xung khic véi nhau.

x Dinh nghia 2.12 Nhom n bién ¢6 {4y, As, ..., A, } duge goi 1a xung khic ting doi néu bat ky
hai bién c¢6 nao trong nhéom nay ciing xung khac véi nhau.

Cha ¥ rang viéc nhan xét tinh xung khic ciia cac bién ¢ chi yéu dya vao triyc giac.

oVi du 2.19 Tung mot con stc sic. Goi A; 1a bién ¢6 "Xuat hien mat i chAm” (i = 1,6). Cac
bién c6 {A1, A, ..., A, } 1a xung khic ting doi.

2.3.4. Nhém day dua cac bién cb

x Dinh nghia 2.13 Céac bién c¢6 {A;, A, ..., A, } dugc goi 1a nhém bién ¢6 day di néu trong két
qua ctia phép thit sé xdy ra mot vd chi mot trong cic bién c¢6 d6. N6i cach khac, cac bién co
{A}, Ay, ..., A} s6 tao nén mot nhom day di néu chiing xung khic timg doi véi nhau va tong clia
ching 14 mot bién c6 chac chan.

eVi du 2.20 Tung mot con stic sic.
Goi A; 1a bién ¢6 "Xuat hién mat i cham” (i = 1,6). Cac bién ¢6 {A;, Ao, ..., A, } tao nén nhém
day d cac bién cb.

2.3.5. Bién c6 dbi lap

*x Dinh nghia 2.14 Hai bién c6 A va B dugc goi 1a déi lap vdéi nhau néu ching tao nén mot
nhom day du cac bién c6. Ky hiéu bién c6 doéi lap ctia bién c6 A 1a A.
eVi du 2.21 Bin mot phat dan vao bia.

Goi A 1a bién ¢b ”B_én tring bia”, B la bién c6 "Ban trugt bia”. Cac bién c6 A va B 1a hai bién
c6 d6i lap nhau: A = B; B = A.

eVi du 2.22 Mot hom c6 a chinh pham va b phé pham, lay ngau nhién n sén pham (n < a + b).
Goi A 1a bién ¢6 "Lay dugc it nhat mot chinh pham”. Khi dé bién ¢6 déi lap ctia A 1a bién ¢ A:
"Trong n sdn pham lay ra khong c6 chinh pham nao (toan phé pham)”.

oVi du 2.23 Mot xi nghiép ¢6 3 6t0 cung hoat dong.

Goi bién c6 A; 1a "6t thit i bi héng”, (i = 1,2,3). Hay biéu dién cac bién c¢b sau theo bién cb
A, Ay, As.
A = "Chi 6t6 thit nhat hong”
B =7C6 dung 1 6t6 hong”
C="C6 ding 2 6t6 hong”
D = "C6 6t6 héng”
Loi gias.
A=A.Ay Ay
B = A.Ay Ag + A Ay A3 + A Ay Ay
C = Al.AQ.A_g + A_l.AQ.Ag + AQ.A_Q.Ag
D= A + Ay + As.
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2.4. Dinh 1y cong va nhan xAac suat

2.4.1. Dinh 1y cong xac suat (trudng hgp cac bién cé6 xung khic)

¢ Dinh ly 2.1 X4c suat ciia tong hai bién c¢6 xung khéc bing tong xac suét ciia cac bién c6 dé.
Nhu vay, néu A va B la hai bién c6 xung khac véi nhau thi:

P(A+ B)=P(A)+ P(B)

A.Ta k¥ hieu:

n - s6 két cuc dong kha nang cé thé xay ra khi phép thit duge thuc hien.

my - s6 két cuc thuan lgi cho bién c6 A.

my - sO két cuc thuan loi cho bién ¢ B.

Do A va B xung khic nhau do d6 khong thé c6 két cuc thuan loi cho ca A va B dong thoi xay
ra. Vay so két cuc thuan loi cho A hosic B x4y ra bang my + m..
Vi vay:

P(A+B) ="M T T pgyy p(B).
n n n
O

v Hé qud 2.1 Xdc suat clia tong cac bién c6 xung khéc timg doi bing tong xéac suat ciia céac
bién cb doé.
Tiic 1a néu Ay, As, ..., A, la cac bién cb xung khac tirng doi thi:

v Hé qud 2.2 Néu cac bién c6 Ay, A,, ..., A, tao nén mot nhém day dii cac bién co thi tong céc

x4c suat ctia chiing bang 1.
n

> PA) =1
=1
v Heé qud 2.3 Tong xdc suat ctia cac bién c6 doi lap nhau bang 1.
P(A)+ P(A) =1.
oVi du 2.24 Xic suat dé mot xa thit ban bia tring diém 10 1a 0,1; tring diém 9 1a 0,2; tring
diém 8 1a 0,25 va it hon 8 diém la 0,45. Xa thtt 4y ban mot phat dan. Tim xac sudt dé xa tha
dugc it nhat 9 diém.

Loi gidi. Goi A 1 bién c¢6 "Xa thil ban tring diém 107, B 1a bién ¢ "Xa thi ban tring diém 97,
C 1a bién ¢6 "Xa tha duge it nhat 9 diém”. Vay:

C=A+1B
Vi A va B xung khic nhau do dé theo dinh 1y cong xac suat ta co:

P(C) = P(A+ B) = P(A) + P(B) = 0,1+0,2=0,3.

oVi du 2.25 Xac suat dé san pham san xuat ra la chinh pham bing 0,9. Tim x4c suat san pham
san xuat ra la phé pham.
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Loi gidi. Goi A 1a bién c¢6 "San pkém san xuat ra la phé pham”, khi d6 A la bién ¢6 "San pham
san xudt ra 1a chinh pham”, A va A déi lap nhau, do dé:

P(A)=1-P(A)=1-0,9=0,1.

eVi du 2.26 Trong hom c6 12 chi tiét, trong d6 c6 5 chi tiét hong. Lay ngau nhién 4 chi tiét.
Tinh xac suat trong s6 4 chi tiét lay ra:

a) c6 khong qua mot chi tiét hong;

b) ¢6 chi tiét hong.

Loi gidi.
Goi A; 1a bién ¢d "Trong 4 chi tiét 1ay ra c6 dung ¢ chi tiét hong”, i = 0, 4.
a) Goi A 1a bién ¢ "Trong 4 chi tiét 1ay ra c6 khong qua mot chi tiét hong”, vay:
A=Ay + A
Vi Ay va A; xung khic v6i nhau do do:
P(A) = P(A4,) + P(4)

Dung dinh nghia co dién vé xac suat ta tinh dugc:

ct o7 crLc? 35
P(A,) = =L = — P(A)) = 57T ==
() CL 99’ (Ay) CL 99
Vay:
P(A)—l_F%—E
99 99 33

b) Goi B 1a bién ¢ "Trong 4 chi tiét 1ay ra c6 chi tiét hong”, khi d6 bién c6 doi lap ctia B 14 "Trong
4 chi tiét 1ay ra khong c6 chi tiét héng” = A,. Vay:

P(B)zl—P(F):1—P(AO):1—9—79:%.

2.4.2. Pinh ly nhan xac suit
a) Bién cb doc lap

x Dinh nghia 2.15 Hai bién c¢6 A va B goi la doc lap vdi nhau néu viéc xay ra hay khong xay
ra bién c¢6 nay khong lam thay doi xéc suét xay ra ciia bién c6 kia va ngugc lai.

Trong truong hop viéc bién c¢d nay xdy ra hay khong xay ra lam cho xac suat xay ra clia bién
c6 kia thay doi thi hai bién ¢ dé goi la phu thuoc nhau.

eVi du 2.27 Trong binh c¢6 3 cau trang va 2 cau den. Lay ngau nhién 2 qua cau theo theo phuong
thitc c6 hoan lai. Goi A 1a bién ¢6 "Lan thit nhat 1ay duge cau trang”, B 1a bién ¢6 "Lan hai lay
dude cau trang”. Khi do:

Ta thay xac suat lay duge cau trang lan thit hai (bién ¢6 B) khong phu thuoc gi vao két qua
lay clia lan trude (bién ¢d A), va tuong tu, xac suat lay duge cau trang lan thit nhat (bién ¢d A)
khong phu thuoc gi vao két qua lay ctia lan thit hai (bién ¢6 B). Vay hai bién ¢ A va B doc lap
véi nhau.
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oVi du 2.28 Trong binh c¢6 3 cau trang va 2 cau den. Lay ngau nhién 2 qua cau theo theo phuong
thitc khong hoan lai. Goi A 1a bién ¢b "Lan thd nhat 1ay duge cau tring”, B 1a bién ¢ "Lan hai
lay dudgc cau trang”. Khi d6 xac suat lay duge cau trang lan thit nhat 1a:

Tuy nhién xic suat 1ay duge cau trang lan thit hai sé phu thudc vao két qua lay cia lan trude:

+ Néu lan thit nhat 1ay duge cau trang (A xay ra) thi: P(B) = I

L L R 3
+ Néu lan thit nhat 1ay duge cau den (A khong xay ra) thi: P(B) = 7

Vay A va B phu thudc nhau.

Trong thitc té viec nhan xét tinh doc lap hay phu thuoc ctia cic bién c6 chi yéu dua vao triye
giac. Ta cling nhan thay rang tinh doc lap clia cac bién ¢6 c6 tinh twong hd. Néu A va B doc lap
v6i nhau thi A vi B, A va B, A va B ciing doc lap véi nhau.

x Dinh nghia 2.16 Céac bién c6 A;, As, ..., A, goi 1a doc lap ting doi v6i nhau néu méi cip hai
trong n bién c¢6 d6 doc lap v6i nhau. Chang han ba bién ¢6 A, B, C doc lap ting doi v6i nhau néu
A doc lap véi B, A doc lap véi C, B doc lap véi C.

eVi du 2.29 Tung mot dong xu ba lan, goi A; 14 bién ¢ "Dugc mat sap ¢ lan tung thi ¢,
i =1,2,3. Ro rang la mdi cdp hai trong ba bién c6 d6 doc lap v6i nhau.
Vay Ai, Ay, A3 doc 1ap tung doi véi nhau.

x Dinh nghia 2.17 Cac bién c6 A;, A,, ..., A, goi la doc lap toan phan véi nhau néu méi bién
c6 doc lap v6i mot to hgp bat ky clia cac bién c¢b con lai.

Chéng han ba bién c6 A, B, C doc lap toan phan véi nhau néu A doc lap véi B, A doc lap véi
C, A doc lap véi tich BC, B doc lap véi C, B doc 1ap véi tich AC, C doc lap véi tich AB.

Chi ¥ rang néu cic bién c¢d doc lap toan phan thi suy ra ching doc lap ting doi, nhung dieu
ngudc lai khong ding, nghia 13 néu cic bién c6 doc lap tung doi thi chiing chua chic doc lap toan
phan. Ta ciing quy uéc rang khi néi n bién c¢d doc lap thi c6 nghia 1a ching doc lap toan phan.
eVi du 2.30 Gia st trong binh c¢6 4 qua cau, 1 qua son mau do, 1 qua son mau xanh, 1 qua mau
vang, 1 qua son ca mau do, xanh, vang.

Loi giai.

Goi A ="Lay ngau nhién 1 qua cau tit binh duge qua c6 mau do”;

B ="Lay ngau nhién 1 qua cau tit binh dugc qua c6 mau xanh™;

C ="Lay ngau nhién 1 qua cau tit binh dugc qua c6 mau vang”™;

1
P(A)=P(B)=P(C) = 7
Néu bién c6 A xay ra, tic 1a da lay dude qua c6 mau do, thi vi trong 2 qua mau dé c6 1 qua

A 2 + X A = N ]' N £ 2 N
c6 mau son xanh nén xac suat ctia bién co6 B van 1a P(B) = 3 Con néu A khong xay ra, thi trong

1 .
2 qué khong ¢6 mau dé ciing chi ¢6 1 qua mau son xanh nén P(B) = 5" Vay céac bién ¢6 A va B

doc lap véi nhau.
Tuong ti ¢6 thé ching t6 A va C, B va C doc lap. Vay ba bién ¢6 A, B, C doc lap timg doi.
Néu bién c¢6 A va B da xay ra, tic 1a qua cau lay ra c6 hai mau dé va xanh. Khi d6 né chi c¢6
thé 1a qua cau c6 cd ba mau, vi vay xac suat dé lay duge qua cau mau vang la P(C) = 1. Néu
AB khong xay ra thi qua cau lay ra khong phai qua c6 ba mau, vi vay xéac suat dé lay dude qua

vang 1a P(C) = 3 Vay bién ¢6 C khong doc lap véi AB. Do dé céac bién ¢d A, B, C chi doc lap

ting doi chit khong doc lap toan phan.
b) Xac suat diéu kién
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x Dinh nghia 2.18 X4c suat ctia bién ¢6 B dugc tinh véi diéu kién bién ¢6 A da x4y ra duge goi
la x4c suat c6 dieu kien ctia B va duge ky hieu 1a P(B/A).

oVi du 2.31 Trong binh c¢6 3 cau trang va 2 cau den. Lay ngau nhién 2 qua cau theo theo phuong
thitc c6 hoan lai. Goi A 13 bién ¢6 "Lan thit nhat 1ay duge cau trang”, B 1a bién ¢6 "Lan hai lay
dugce cau trang”. Ta da biét & 1a A va B doc lap. Ta co:

3 — 3

P(B/A) = —; P(B/A) = —.

) )
oVi du 2.32 Trong binh c¢6 3 cau trang va 2 cau den. Lay ngau nhién 2 qua cau theo theo phuong
thitc khong hoan lai. Goi A 1a bién c¢6 "Lan thit nhat lay dude cau trang”, B 1a bién ¢6 "Lan hai
lay dudc cau trang”. Ta da biét & 14 A va B phu thuoc. Ta co:

2 3

P(BJA) = 3 =

P(B/A)

Dé c6 mot nhan xét rang néu A va B doc lap thi:
P(A/B) = P(A/B) = P(A);  (B/A)=P(B/A) = P(B).
c) Dinh 1y nhan xac suit.

O Dinh ly 2.2 Xdc suat ctia tich hai bién c6 A va B bang tich x4c suat clia mot trong hai bién
co6 dé véi xac suat dieu kién ctia bién ¢ con lai:

P(AB) = P(A).P(BJA) = P(B).P(A/B).

A.Ta ky hiéu:
n - s6 két cuc dong kha nang cé thé x4y ra khi phép thit duge thire hien.
my - s6 két cuc thuan loi cho bién c6 A.
ms - s6 két cuc thuan loi cho bién ¢6 B.
k - s6 két cuc thuan 1gi cho cd A va B dong thoi xay ra.
Lic doé: "
ma ™o
P(AB) = —; P(A) = —; P(B)=—.
P L
V6i diéu kieén bién c6 A da xay ra thi s6 két cuc duy nhat dong kha nang ctia phép thit déi vdi
bién c¢6 B 1a my, trong dé6 c6 k két cuc thuan 1¢i cho bién c¢6 B xay ra, do do:
k
P(B/A) = —.

my

Nhu vay: P(AB) = % - %mi — P(A).P(B/A).
1

Tuong tu khi tinh x4c suat diéu kién doi véi bién ¢d A, tit d6 suy ra diéu phai chiing minh.[]

v Hé qud 2.4 X4c suat ctia tich n bién c6 biang tich x4c suat ctia n bién c6 dé, trong dé xac
suat ctia moi bién co tiép theo déu dugc tinh véi diéu kién tat cd cac bién cb trude dé da xay ra:

v Hé qud 2.5 Néu A va B doc lap thi P(AB) = P(A).P(B).
v Hé qud 2.6 X4c suat ctia tich n bién c6 doc lap toan phan bing tich cac xac suat thanh

phan:
P(A;.Ay.. . Ay) = P(Ay).P(Ay)...P(A,).
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d) Cac vi du

oVi du 2.33 Trong binh c6 3 cau trang va 2 cau den. Lay ngau nhién 2 qué cau theo theo phuong
thic khong hoan lai. Goi A 1a bién ¢6 "Lan thit nhat lay dude cau trang”, B 1a bién ¢6 "Lan hai
lay dugc cau trang”. Ta da biét & 1a A va B phu thuoc va

3 2 — 3
P(A) = —; P(B/A) = ~P(B/A) = —.
5) 4 4
Khi d6 xac suat dé ca hai lan déu lay dugce cau trang la:
32 3
P(AB) = P(A).P(B/A) = —.— = —.
(4B) = P(a).PB/A) =22 = 2

oVi du 2.34 Mot xi nghiép c6 3 6t6 hoat dong doc lap. Xac sudt dé trong mot ngay cac oto bi
hong tuong dng la 0,1; 0,2; 0,15.
a) Tinh x4c suat dé ca 3 6td déu hong.
b) Tinh xac suat dé trong mot ngay c6 ding 1 6t6 héng.
c¢) Tinh x4c suat dé trong mot ngay cé it nhat mot 6to hong.
Loi gidi. Goi A; 1a bién ¢ "6to thit i bi héng trong ngay™; (i = 1, 3).
Theo gia thiét: P(A;) =0,1; P(Ay) = 0,2; P(A3) =0, 15.
Do d6: P(A;) =0,9; P(Ay) = 0,8; P(A3) = 0, 85.
a) Goi A 1a bién ¢6 "ca 3 oto déu hong”, ta co:

A=A Ay A3
Vi cac bién c6 A;, Ay, A3 doc lap nén theo cong thitc nhan xéac suat ta duge:
P(A) = P(A,).P(As).P(A3) = 0,1.0,2.0, 15 = 0, 003.
b) Goi B 1a bién ¢6 "trong mot ngay c6 ding 1 6t6 hong”, ta co:
B = A Ay Ag + A Ay A3 + A Ay Ag

Vi cac bién c6A;.Ay. As, A1 . Ay. As vaA|. Ay. As 1 xung khic timg doi va méi bién c¢b dé la tich
clia cac bién c6 doc lap toan phan vé6i nhau, do doé:

P(B) = Ay 7y Ay + Ay Ay A3 + A, Ay A (2.1)
= P(A)).P(Ay).P(A3) + P(Ay).P(A;).P(A3) 4 P(Ay).P(Ay).P(A3) (2:2)
=0,1.0,8.0,85 +0,9.0,2.0,85 + 0,9.0,8.0, 15 = 0, 329. (2.3)

(2.4)

c) Goi C la bién c6 "trong mot ngay c6 it nhat mot 6t6 hong”, ta co:
C = Al + AQ + A3

Tuy nhién céc bién ¢ Ay, Ay, As khong xung khéc timg doi, vi vay khong thé ap dung dinh Iy
cong xac suat da hoc. Ta xét bién c6 do6i lap ctia C 1a bién ¢6 C' = "tat ca cac 6td déu hoat dong
t6t”

Theo cong thitc nhan xac suat:

P(A, A3 4;) = P(A)).P(A).P(A3) = 0,9.0,8.0,85 = 0, 612.

Vay xac suat can tim la: P(C) =1 — P(C) = 170,612 = 0, 388.
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oVi du 2.35 Tung mot dong xu 6 lan. Tinh xac suat dé sé lan duge mit sap nhicéu hon s6 lan
duge mat ngia.

Loi gidi. Khi tung dong xu 6 lan, c6 cac trusng hgp sau day c6 thé xay ra:
A - S6 mit sap xuat hién nhiéu hon s6 mét ngia;
B - S6 mat ngtta xuat hién nhiéu hon s6 mét sap;
C - S6 mit sap va s mat ngtra xuat hien bang nhau;
Cac bién c¢6 A, B va C tao nén mot nhom day di cac bién co, vi vay:

P(A) + P(B) + P(C) = 1.

1— P(C)
—

Ta di tim x4c suat ctia bién ¢d C. Khi tung dong xu 6 1an s6 két cuc dong kha nang 1a n = 25;
dé c6 ding 3 lan xuat hien mit sip va 3 lan xuat hien mat ngita thi s6 két cuc thuan loi la ra
m = Cg, vay:

Vi mit sip va ngita doi xtiing nhau nén: P(A) = P(B), tut d6 ta c6: P(A) =

m C2 20 5
(©) n 20 64 16
X4c suat can tim la:
-7 1
2 32

2.4.3. Dinh 1y cong xac suat (trudng hgp tong quat)
¢ Dinh ly 2.3 X4c suat ciia tong hai bién c¢6 khong xung khidc bing tong xac suat cac bién cb
dé6 trir di xac suat cta tich cac bién cb dé.
P(A+B)=P(A)+ P(B) — P(AB).

A.Gia st

n 1a s6 két cuc dong kha nang cé thé xay ra trong phép thi;

my 1a s6 két cuc thuan 1oi cho bién ¢d A xay ra;

ms 12 s6 két cuc thuan 1gi cho bién ¢d B xay ra;

k 1a s6 két cuc thuan 1oi cho bién ¢ tich AB xay ra;

Khi d6 s6 két cuc thuan 16i cho it nhat mot trong hai bién c¢6 A ho#ic B xay ra 1a mq +msy — k.
my + mog — k mq mg

Nhu vay: P(A+B):TZWJF?—S:P(AHP(B)—P(AB). O
v Hé qud 2.7 Néu hai bién ¢6 A, B phu thudc thi xéac suat ciia tong hai bién ¢6 la:
P(A+ B) = P(A)+ P(B) — P(A).P(B/A)
v Hé qud 2.8 Néu hai bién ¢6 A, B doc lap thi xac suat ctia tong hai bién cb la:
P(A + B) = P(A) + P(B) — P(A).P(B)
v Hé qud 2.9 Néu hai bién ¢6 A, B xung khic thi xac suat ciia tong hai bién c6 la:
P(A+ B) = P(A) + P(B)
v Hé qud 2.10 Xéc suat ciia tong n bién c6 khong xung khic dugc xac dinh bing cong thiic:

P (Zn: Ai> =Y P(A4) =Y PAA)+ > P(AAAL) — .+ (1) P(A1 Ay Ay).

i<j i<j<k
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v Hé qud 2.11 Xic suat ctia tich n bién c6 duge xac dinh bang cong thiic:
P (H Al) =Y P(A)=) P(Ai+Aj)+ > P(AitAj+Ap) — . 4+(=1)" " P(A+As+.. 4+ Ap).
i1 i i<j i<j<k

oVi du 2.36 Xac suat dé dong co thi nhat va thi hai clia may bay tring dan lan luot 14 0,1 va
0,2, x4c suat dé phi cong tring dan 1a 0,05; viec tring dan clia cac dong co va phi cong la doc lap
v6i nhau. Tinh xac suat may bay roi, biét may bay sé roi néu ca hai dong co tring dan hoac phi
cong trang dan.
Loi gidi. Goi cac bién co:

A, - dong co thit nhat clia may bay tring dan;

Ag - dong co thi hai cia méay bay trung dan;

Az - phi cong trang dan;

B - may bay roi. Ta co:

B=AA+ A

cac bién cd6 A;, Ay, As doc lap va khong xung khic, 4p dung dinh 1y cong xac suat cho hai bién
c6 Ay Ay va Az, sau do6 ap dung cong thitc nhan xac suat cho cac bién c6 doc lap ta dudc:

P(B) = P(A1.Az) + P(A3) — P(A1. Ay A3) = P(A;).P(A2) + P(A3) — P(A1).P(A2).P(A3)
=0,1.0,2+0,05—-0,1.0,2.0,05 = 0, 069.
2.4.4. Dinh ly lién hé céng va nhan xac suat

O Dinh 1y 2.4 X4c suat ctia tong n bién c6 khong xung khic va doc lap toan phan véi nhau
bang mot trir di tich xac suat ctia cac bién c6 doi lap véi cac bién cb do6.

P <zn:A) =1- ﬁP(E).

A Ky hieu A =" A;, khi d6: A = [] A;. do dé:
i=1 =1

)

P <i,4i) =PA)=1-PA) =1-P (f[ P(E))

Theo gia thiét cac bién c¢6 A; doc lap toan phan nén cac bién c¢6 A; cling doc lap toan phan véi
nhau, ap dung dinh 1y nhan xac suat:

P <ﬁZi> = ﬁP(Zi).
Vay

P <iAi) =1- ﬁP(E).

v Hé qud 2.12 Néu A, A, ..., A, 1a cac bién ¢ khong xung khac va doc lap toan phan cé ciing
x4c suat P(Ay) = P(Ay) = ...P(A,) = p thi:



2.5. CONG THUC BERNOULLI 47

eVi du 2.37 Phai tung mot con stic sic bao nhicu lan dé véi xac suat khong nhé hon 0,5 c6 thé
hy vong rang trong d6 c6 it nhat mot lan dge mit 6 cham?

Loi gidi. Gia st phai tung sic sic n lan.
Goi A; 1a bién ¢ "Tung lan thit i duge mat 6 cham”, (i = 1,n), goi A la bién c¢6 "Trong n lan
tung c6 it nhat mot lan duge mat 6 cham”. Ta co:

A:A1+A2+...AH:ZAZ-

i=1

Cac bién c6 A; 1a khong xung khic va doc lap toan phan véi nhau, va co:

P(A) = P(Ay) = ... = P(A,) = é

P (1Y 2 (2)

Theo gia thiét xac suat cia A khong nho hon 0,5, ta c6 bat phuong trinh sau:

5\" 5\"
1-(2) 05 (=) <05
(6) 2052 () =0

< ndn (2) <In0,5

do do:

[n0,5
n; ~3,7.

= n >

Nhu vay n > 4, tic 1a phai tung it nhat 4 lan.

2.5. Cong thic Bernoulli

2.5.1. Cac phép thit doc lap

x Dinh nghia 2.19 Céac phép thit dude goi 1a doc 1ap véi nhau néu xic suat xay ra mot bién cd
nao do trong timg phép thit sé khong phu thuodc vao viée bién c¢6 d6 co6 xay ra & cac phép thit khac
hay khong. Khi dé ta ciing goi cac phép thit doc 1ap nhu trén 1a mot day phép thi doc lap.

Chang han tung nhiéu lan mot dong xu sé tao nén mot day phép thit doc lap; lay nhidu lan
san pham titr mot 16 san pham theo phuong thiic ¢6 hoan lai ciing tao nén mot day phép thit doc
lap;...

2.5.2. Cong thic Bernoulli
Bai toan dudgc goi la tuan theo luge do Bernoulli néu thod man cac gid thiét sau:
e Tién hanh n phép thi doc lap;

e Trong mdi phép thit chi c6 hai trudong hop: hoidc bién c¢d A xay ra, hoac bién c6 A khong
XAy ra;

e Trong mdi phép thit xac suat xdy ra cia bién c6 A déu bang p (0 < p < 1), x4c suat khong
xay ra bién c¢6 A déu bang ¢ =1 — p.
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O Dinh 1y 2.5 Gia sit bai toan tuan theo litge do Bemoulli, khi d6 xac suat dé trong n phép thit
doc lap ndi trén, bién co6 A xuat hién dung k lan, ky hiéu la P,(k) hodc py., duge tinh bing cong
thitc Bemoulli sau day:

P.(k) =CFpFq"*  (0<k<n).

A.Goi A; 1a bién ¢6 X4y ra bién c¢6 A & phép thit thi i”, (i = 1,n);
goi B 1a bién ¢6 "Trong n phép thit bién cd A xiy ra ding k lan”, ta co:

B = AlAQ...AkZ]H,l...A?’L + ...+ leg...zn,kAn,kJrl...An.

Tong s6 céc s6 hang (mdi s6 hang 14 mot tich n bién c6) chinh 14 s6 cach chon k& phép thit
trong n phép thit dé bién c6 A xay ra, do d6 s cac sb hang ciia tong trén 1a C*. Trong méi s6
hang trén, n bién c6 l1a doc lap, do dé xac suat mdi bién cb tich déu bang p*.¢"*. Vi cac tich bién
¢6 do 1a xung khac ting doi véi nhau nén:

Po(k) = P(B) = Cipfq ™

[
Néu goi By, 1a bién ¢d "Trong n phép thit bién c¢6 A xdy ra dang k lan” thi dé thay n + 1 bién
c6 B,, B;..., B, tao thanh mot nhém day du, vi vay:

Dot+p1i+pr+...+p,=1

oVi du 2.38 Trong phan xudng c6 7 may hoat dong doc lap, xac sudt dé trong ca mdi may bi
héng déu bang 0,1. Tim xac suat dé trong ca dé:

a) c¢6 ding 2 may héng;

b) c¢6 khong it hon 2 méy hong
Lot gidi. Néu coi sy hoat dong cia méi may 1a mot phép thi, ta c6 7 phép thit doc lap. Trong
moi phép thit chi c6 hai truong hop: hodc may hong, hodc may chay tot. Xac suat hong ciia moi

may déu bang 0,1. Nhu vay bai toan thod man luge do Bernoulli.
a) Xac suat dé trong ca c6 ding 2 may héng dugdc tinh bing cong thiic Bernoulli nhu sau:

P;(2) = C2.(0,1)%.(0,9)° =~ 0, 124.
b) Xac suat dé trong ca c6 khong it hon 2 may hong (tiic 1a c6 nhidu hon hodc bing 2 may hong)

1a:
Pr(2) + 7(3)+P7( )+ o+ Pr(7) = 1= P7(0) — Pr(1)
=1—C2.(0,9)" — C1(0,1).(0,9)* ~ 1 0,8503 = 0, 1497.

2.5.3. S6 lan xuat hién chic nhat

Gia stt bai toan tuan theo luge do6 Bernoulli, khi d6 s6 n, ting véi xac suat P,(n,) 16n nhat
trong s6 cac P,(k),k = 1,n 1a s6 lan xuét hién chic nhat ctia bién ¢6 A. Ta c6 cong thiic sau day
dé xac dinh n,:

np—q<mn,<np+p

A VA n, la gia tri ting v6i xac suat 16n nhat so v6i cac xac suat P, (k) khac nén ta c6 cac bat dang
thiic sau:
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2 P 2 ° . Cno No ,N—TNo
Thay cac biéu thiic clia xac suat vao cac bat dang thiic trén theo cong thiic Bernoulli: { Z P
nopnoqn—no
n! n!
00O oM~ To > no—1 , n—ne+1
nol(n —ng)t 1 = (o —Din—n, + I’ 14
< n' No N—No > n' no+1 , n—ne—1
nol(n—no)!p 1 - (no—l—l)!(n—no—l)!p 1
p > 4q
o = n—ny,+1) >qgn, ne <np-+
N noq npn0+1<:> p( ) >4q PN sSnp—+p 0
> q(no+1) Zp(n_nc)) No an—q
n—n, ne+ 1

Ta chi ¥ ring, vi n, 14 mot s6 nguyeén, do d6 c¢6 thé xay ra hai trudng hap:

e Néu np + p 1a mot s6 nguyen thi np — ¢ ciing 1a mot s6 nguyen, va P(np + p) = P(np — q),
khi d6 s6 lan xuat hién chic nhat nhan hai gia tri n, = np +p va n, = np — q.

e néu np + p khong 1a s6 nguyén thi s6 lan xuat hién chic nhat n, 1a gia tri nguyén duy nhat
nam trong khoang hai s6 np — ¢ va np + p.

oVi du 2.39 Xic suat dé mot hanh khach cham tau 1a 0,02. Tim s6 hanh khéch cham tau c6
kha nang xay ra nhiéu nhat trong mot doan tau 835 khach.

Lot gidi. Bai toan thod man luge do Bemoulli v6i n = 835 phép thit; doi véi mdi phép thit (viee
dén tau ctia mdi hanh khéach) chi x4y ra hai truong hgp: cham tau (bién c¢6 A) ho#ic khong cham
tau; p = P(A) = 0,02. S6 hanh khach cham tau c6 kha niang xay ra nhiéu nhat 13 s6 lan xuat
hién chiac nhat n,, ta co:

np —q <N, < np+p

< 835.0,02 - 0,98 < n, <835.0,02 + 0,02
& 15,72 <n, <16,72

Vay n, = 16, tiic 1a s6 hanh khach cham tau c6 kha niang x4y ra nhiéu nhat 14 16 nguoi.

2.5.4. Md& rong cong thitc Bernoulli
Ta c6 thé tong quat hoa luge dd Bernoulli theo huéng nhu sau:
e Gia st tién hanh n phép thi doc lap.
e Trong mdi phép thit c6 m két cuc xung khac Ay, As, ..., Ay, hop thanh nhom day da.

e Trong mdi phép thii, xac suat xuét hien sy kien A; bang p; (khong phu thuoc chi s6 clia
phép thi), p1 +p2 + ... + pry = 1.

Ky hieu P,(ky, ko, ..., k) 14 x4c suat dé trong n phép thit dé:
bién c6 A; xay ra ki lan;
bién c¢d Ay x3y ra ko lan;

bién c¢d A,, xay ra k,, lan;
Ta co6:

n!
Pr(krs ko, oo bin) = O Ot G,y g, P D5 D = m'p]fl P (25)

> (o
Z C’,,"Zo"r
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That vay, goi B la sy kién "Trong n phép thit, bién ¢d A; xay ra ding k; lan”. Bién c6 B 1a
tong clia cac bién c¢b dang:

ALALA Ap Ay Ay oo Ay A Ay

kithita s6  k.thita s knthita sO

Vi céc bién ¢d A; c6 thé dude sdp xép theo cac thi tu khac, sao cho dam bao ¢ k; bién cb A;
nén s6 cac bién co dang trén la:

! Y (n— k1 — ks — k)]
k1 ke Em _ n (n 1 1 2 m—1
Cn ‘On—kl"’Cn—k1—k2—...kzm_1 k’ﬂ(n — k1)| ]fg'(n — k?l — ]{32)' k:m'(n — ]{?1 — ]{?2 — km)'

Vi méi bién c¢b dang trén cé ciing xac sudt 1a pf.ph2.pfm va céc bién ¢b dang nay la xung

kh#c nén ta c6 cong thiic O]

oVi du 2.40 Tai mot ga xép c6 10 khach len tau gom 3 toa. Xac suat mot khach bat ky len toa
I, IT va III theo thit tir 14 0,2 ; 0,5 v 0,3. Tinh x4c suat:

a) C6 ding 3 khéch lén toa I.

b) C6 3 khach lén toa I, 5 khach lén toa IT va 2 khéch lén toa III;

c¢) Co6 it nhat 5 khach lén toa IT va 4 khéach len toa ITI.
Loi gidi. Coi sy kien moi nguoi khach lén tau 1a thyce hién 1 phép thit, nhu vay ta c6 day 10
phép thit doc lap.
a) Bai toan tuan theo luge do6 Bemoulli v6i n = 10; p = 0,2. Xéc suat can tim la:

ps = Pio(3) = C3,.(0,2)3.(0,8)" =~ 0, 201.

b) Bai toan tuan theo luge do Bemoulli mé rong véi n = 10;p; = 0,2;p = 0,5;p3 = 0,3. Xac
suat can tim la:
10!
Pi(3,5,2) = C},.C2.C3(0,2)3.(0,5)°.(0,3)* = W(O’ 2)2.(0,5).(0,3)* = 0, 0567.

c) Bai toan tuan theo luge do Bernoulli mé rong tuong ty phan b). C6 3 truong hop c6 thé xay
ra:

+) 6 khach lén toa IT va 4 khach lén toa III;

+) 5 khéch lén toa IT va 5 khach lén toa III;

+) 1 khach lén toa I; 5 khach 1én toa II va 4 khach 1én toa III;

Vay x4c suat can tim la:

P1o(0,6,4)+Pyo(0,5,5)+Pio(1,5,4) = C%.(0,5)°.(0, 3)*+C3,.(0,5)%.(0, 3)°+C1,.C3.0,2.(0, 5)°.(0, 3)*

~ 0, 1095.

2.6. Céng thiic day dua va cong thiic Bayes

2.6.1. Céng thic xac suat day du

¢ Dinh ly 2.6 Gia sit n bién c6 Hy, Hs, ..., H, lap thanh nhém day di cac bién c¢b; bién c6 A c6
thé xay ra dong thoi véi mot trong cac bién ¢6 Hy, Ho, ..., H,,. Khi dé xéac suat ctia bién ¢6 A dugc
tinh bang cong thiic sau day:
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ZP P(A/H;).

A.Vi cac bién c6 H,y, Hs, ..., H, tao nén mot nhom day du cac bién ¢ nén:
A=(H,+Hy+ .H,) A= HA+ HA+ ..+ H,A.

Vi cac bién ¢6 Hy, Ho, ..., H, xung khac timg doi, do d6 cac tich H A, H,A, ..., H, A cling xung
khic ting doi, do do:

Ap dung dinh 1y nhan xé4c sudt véi cac tich H;A ta co:
P(A) = P(H,)P(A/H,) + ...+ P(H,)P(A/H,) ZP P(A/H;)

O

oVi du 2.41 C6 2 hop dung san pham. Hop thit nhat c6 10 san pham trong d6 c6 9 chinh pham.
Hop thit hai ¢6 20 san pham trong d6 c6 18 chinh pham. Tit hop thit nhat lay ngau nhién mot san
pham bo sang hop thtt hai. Tim xéac sudt dé lay ngdu nhién mot san pham tit hop tht hai duge
chinh pham.

Léi gidi. Goi A la bién ¢ "Lay dugce chinh pham tit hop thit hai”. Bién c¢6 A c6 thé xay ra dong
thoi véi mot trong cac bién c¢6 sau day tao nén mot nhom day du cac bién co:

H, - san pham bé tit hop thit nhat sang hop thit hai 1a chinh pham:;

H, - san pham bé tit hop tht nhat sang hop thit hai 1a phé pham.

Xac suat dé lay duge mot chinh pham tit hop mot 1a: P(H,) = 10

Xac suat dé lay duge mot phé pham tit hop mot la: P(H,) = 10

Néu lay mot chinh pham tit hop mot sang hop hai thi xac suat lay dude mot chinh pham ti
hop hai la: P(A/H,) = 5T

Néu lay mot phé pham tit hop mot sang hop hai thi xac suat lay duge mot chinh pham tit hop
hai la: P(A/Hs) = o1

Do d6 theo cong thic day du ta co:

9 19 118 9
P(A) = P(H1)P(A/H1) + P(H)P(A/H>) = 091 T 1091~ 107
eVi du 2.42 Day chuyén lap rap nhan dugc cac chi tiét do hai may sdn xuat. Trung binh may
thtt nhat cung cap 60% chi tiét, may thit hai cung cap 40% chi tiét. Khodng 90% chi tiét do may
thit nhat san xuat 1a dat tieu chuan, con 85% chi tiét do may thtt hai san xuat la dat tieu chuan.
Tinh xac suat dé lay ngdu nhién tit day chuyén duge mot san pham dat tiéu chuan.
Loi gidi. Goi A la bién ¢6 "Chi tiét 1ay tit day chuyén dat tieu chuan”. Bién ¢6 A c6 thé xay ra
dong thoi v6i mot trong hai bién c¢6 sau day tao nén mot nhém day du cac bién co:

H,- Chi tiét do mAy thit nhat san xuat;

H, - Chi tiét do may thit hai san xuat.
Theo dieu kién bai toan:

Do do6 xac suat can tim la:

P(A) = P(H,)P(A/H,) + P(H,)P(A/Hs) = 0,6.0,9 + 0,4.0,85 = 0, 88.
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2.6.2. Cong thuc Bayes

O Dinh 1y 2.7 Gid sitn bién c¢6 H,, Ho, ..., H, lap thanh nhém day du céac bién cb; bién c6 A co
thé xay ra dong thoi véi mot trong cac bién c6 Hy, Ho, ..., H,,. Khi dé:

P(H,).P(A/H,) | —

P(Hi/A) = (k=Tn)

5 P(L).P(A/ )
A.Theo dinh 1y nhan x4c suat ta co: (véi k =1,n)
P(AHy) = P(A).P(Hy/A) = P(Hy).P(A/Hy)
T do:
P(Hy).P(A/Hy)
P(A)

P(Hy/A) =

Thay P(A) bing cong thiic xac suat day du ta co:
P(Hy).P(A/Hy)

n

> P(H,).P(A/I)

P(Hy/A) =

O

oVi du 2.43 C6 2 hop dung san pham. Hop thit nhat c6 10 san pham trong d6 c6 9 chinh pham.
Hop thtt hai c6 20 san pham trong dé c¢6 18 chinh pham. Tit hop tht nhat ldy ngadu nhién mot
san pham bé sang hop thit hai. Sau d6 1y ngdu nhién mot san pham tit hop hai thay do 1a chinh
pham, tinh x4c suat dé san pham lay tit hop mot bd sang hop hai ciing 1a mot chinh pham.

Loi gidi. Ky hiéu céc bién cb tuong tu vi du :
A - Lay dugc chinh pham tit hop thit hai;
H, - san pham bé tit hop thit nhat sang hop thit hai 1a chinh pham:;
H, - san pham bé tit hop tht nhat sang hop thit hai 1a phé pham.
Ta c¢6 Hy, H2 lap thanh nhém day du cac bién cb va:

P(H) =15 P(AJH) = %
P(H) = P(A/H) =

Ta can tinh P(H;/A), theo cong thiic Bayes:
P(H,).P(A/H,)

PULIA) = Bray P(ATH,) + P(H) P(A/H)
9 19
g3 57019
9 19 1 18 - )
919 1187 9/10 21
10 21 10 21

eVi du 2.44 Day chuyén lap rap nhan duge cac chi tiét do hai may san xuat. Trung binh may
thtt nhat cung cap 60% chi tiét, may thit hai cung cap 40% chi tiét. Khoang 90% chi tiét do may
thit nhat san xuat 1a dat tieu chuan, con 85% chi tiét do may thtt hai san xuat la dat tieu chuan.
Lay ngau nhién tit day chuyén mot san pham, thay né dat tiéu chuan. Tim xac suat dé san pham
d6 do may thit nhat san xuat. Hoi san pham dé6 c6 kha nang do may nao san xuat ra lén hon?



Bai tap chuong 2 53

Loi gidi. Ky hiéu cac bién cb tuong tu vi du :
A - Chi tiét 14y tit day chuyen dat tiéu chuén;
H, - Chi tiét do may thit nhat san xuat;

H, - Chi tiét do may thit hai sdn xuat.

Ta co:
P(H,)

=0,
P(Hy) =0,

L Pl =0
Theo cong thiic xac suat day du:

P(A) = P(H,).P(A/H,) + P(Hy).P(A/Hy) = 0,6.0,9 + 0,4.0,85 = 0, 88.
Xac suat dé chinh pham lay ra do may thi nhat san xuat la:

P(H,).P(A/H,) _ 0,6.0,9

- ~ 0,614
P(A) 0,88 ’

P(Hl/A) =

Xac suat dé chinh pham lay ra do méy thi hai san xuat la:

P(H,).P(A/H,)  0,4.0,85

PUL/A) ===y = 0.8

~ 0, 386.

Ta thay P(H,/A) > P(H,/A). Vay san pham d6 c6 kha ning do may thit nhat san xuét ra
16n hon. newpage

Bai tap chuong 2

Dinh nghia c6 dién vé xic suét.
Bai 2.1. Gieo mot con stc sic dbi xting va dong chat. Tinh xac suat dé duogc:
a) Mat sdu cham xuat hien.
b) Mt ¢6 86 cham chin xuit hign.
Dap sb: a) 0,167; b) 0,5.
Bai 2.2. Gieo dong thoi hai con stic sic. Tim xéc suat dé duge hai mat cé:
a) Tong s6 cham bang 7.
b) Téng s6 cham nhé hon 8.
¢) it nhat mot mat 6 cham.
d) Gia sit gieo n con stic sic dbi xiing va dong chat, tinh xac suat dé duge tong s6 cham la n + 1.
Dap s6: a) 0,167; b) 0,583 ¢) 0,306
Bai 2.3. Gieo dong thoi hai dong xu. Tim xac suat dé dugc:
a) Hai mat cung sip xuat hién.
b) Mot sip mot ngita xuat hién.
¢) C6 it nhat mot mat sap.
Dap s6: a) 0,25; b) 0,5; ¢) 0,75.
Bai 2.4. C6 100 tam bia hinh vuong nhu nhau duge danh s6 tir 1 dén 100. Lay ngau nhién mot
tam bia, tim xac suat:
a) Dugc tam bia khong c6 chit s6 5.
b) Duge mot tam bia c6 s6 chia hét cho 2 hodc cho 5.
Dap s6: a) 0,81; b) 0,6.
Bai 2.5. Mot nguoi goi dien thoai cho ban nhung lai quén mat 3 chit s6 cudi. Tim xac suat dé
ngudi dé quay sé6 mot lan dude dung s6 dién thoai clia ban néu:
a) Nguoi d6 nhé rang 3 chit s6 cudi khac nhau.
b) Ngusi d6 khong nhé gi them.
Dap s6: a) 0,001389; b) 0,001.
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Bai 2.6. Mi vé x06 s6 ¢6 5 chit s6. Tim xéac suat dé mot ngudi mua 1 vé duge vé:
a) C6 5 chit s6 khac nhau.
b) C6 5 chit s6 déu la 1é.
Dap s6: a) 0,3024; b) 0,03125.
Bai 2.7. Mot nhi dong tap xép chit, em c6 cac chit N, E, H, G, H, N. Tim xé4c suat dé em d6
trong khi s&p ngau nhien duge chit NGHENH.
Dap sb: 0,0056.
Bai 2.8. C6 30 tam bia giong nhau duge danh s6 1an lugt tit 1 dén 30, trong dé c6 15 tam bia
c6 chit "SU", 11 tAm bia c6 chit "ZU", 3 tam bia c6 chit "KI”, 1 tam bia c6 chit "SUZUKI". Ngudi
choi sé thang cudc néu ghép duge (hoac chon duge) chit SUZUKI. Tinh x4c suat ngusi choi thang
cudc néu ngudsi dé dude chon:
a) 2 tam bia
b) 3 tam bia
c) 4 tam bia.
Dap s6: a) 0,067; b) 0,222; ¢) 0,368.
Bai 2.9. Trén gia sach c6 xép ngiu nhién mot tuyén tap cia tac gia X gdm 12 cuén. Tim xac
suadt dé cac tap dude xép theo thit tu hodic tit trai sang phai hodc tit phai sang trai.
Dap sob: 4,2.10-9.
Bai 2.10. Mot 16 hang gdm 6 chinh pham va 4 phé pham dudc chia ngdu nhién thanh 2 phan
bang nhau. Tim xac suat dé mdi phan déu c¢6 sé chinh pham nhu nhau.
Dap sb: 0,476.
Bai 2.11. Trong mot hom dung 10 chi tiét dat tieu chudn va 5 chi tiét 1a phé pham, lay ngau
nhién dong thai 3 chi tiét. Tinh x4c suat: a) Ca 3 chi tiét 1ay ra thuoc loai dat tiéu chuan.
b) Trong s6 3 chi tiét 1ay ra c6 2 chi tiét dat tieu chuan.
Dap s6: a) 0,264; b) 0,495.
Bai 2.12. Nam nguoi A, B, C, D, E ngoi mot cach ngau nhién vao mot chiéc ghé dai. Tim xac
suat dé: a) C ngdi chinh giita.
b) A va B ngdi ¢ hai dau ghé.
¢) A va B ngoi canh nhau.
Dap s6: a) 0,2; b) 0,1; ¢) 0,4.
Bai 2.13. C6 n nguoi trong dé ¢6 m ngudi tring tén xép mot cach ngau nhién thanh mot hang
ngang. Tim x4c suat dé m ngudi tring tén ding canh nhau.
. 2 (nTrn+1)Im!
Dap so: B —
Bai 2.14. Thang may clia mot toa nha 7 tang xuat phat tit tang mot véi 3 khach. Tim xac suat
e:
a) Tat ca cling ra 6 tang bon.
b) Tat ci cuing ra ¢ mot tang.
¢) Méi ngudi ra 6 mot tang khac nhau.
Dap s6: a) 0,0046; b) 0,0278; c) 0,555.
Bai 2.15. Ba nit nhan vién phuc vu A, B, ¢ thay nhau rita dia chén va gid thiét ba ngudi nay déu
"khéo 160” nhut nhau. Trong mot thang c6 4 chén bi vé. Tim xac suat:
a) Chi A danh v6 3 chén va chi B danh vé 1 chén.
b) Mot trong 3 ngusi danh vé 3 chén.
¢) Mot trong 3 ngusi danh vé cé 4 chén.
Dap s6: a) 0,049; b) 0,296; ¢) 0,037.
Bai 2.16. C6 10 khach buéc ngdu nhién vao mot ciia hang c6 3 quay. Tim xac suat dé c6
a) 3 ngudi dén quay s6 1.
b) mot quay ¢6 3 ngudi va mot quay khac ¢6 5 ngudi.
Dap sb: a) 0,260; b) 0,256.
Dinh nghia hinh hoc vé xac sut

Qu
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Bai 2.17. Mot ngusi chai phi tiéu cAm ngau nhién phi tieu vao mot diém trong bia la hinh vuong
ABCD tam O ¢6 canh 20cm. Tinh xéc suat dé tieu roi vio mot diém:

a) nam trong hinh tron tam oO ban kinh 5¢m

b) nadm trén dudng chéo AC

¢) khong roi vao tam O.

Dap s6: a) 0,196; b) 0; c) 1.

Bai 2.18. Cho mot doan thing va bé gay ngau nhién thanh 3 doan. Tinh xac suat dé 3 doan do6
tao thanh dugc mot tam giac.

Dap sob: 0,25.

Dinh nghia théng ké vé xac suit

Bai 2.19. C6 thé xem xac suat sinh duge chau trai 1 bao nhiéu néu quan sat 88200 trusng hop
sinh trong nam & mot vung thay c6 45600 chau trai.

Pap s6: 0,517.

Bai 2.20. Tan suat xuat hién bién ¢ vien dan trang dich 1a 0,85. Tim s6 vien dan ban tring
dich ctia xa thi d6 néu nguoi nay ban 200 vien dan.

Dap sb: 170.

Mbi quan hé giita cac bién c¢b

Bai 2.21. Ba nguoi ciing ban vao mot muc tieu. Goi A 1a bién ¢d ngusi thi k ban trang muc
tieu (k = 1,3) . Hay viét bang ky hi¢u cac bién cb biéu thi ring:

a) Chi ¢6 nguoi thit nhat ban trang muc tieu.

b) Chi c6 mot ngudi ban tring muc tieu.

c¢) Chi ¢6 2 ngudi ban tring muc tieu.

d) C6 ngudi ban tring muc tiéu.

Bai 2.22. Kiém tra theo tht tit mot 16 hang c¢6 10 san pham. Céc san pham déu thuoc mot trong
hai loai: Tét hodc Xau. Ky hieu A(k = 1,10) la bién cb chi sén pham kiém tra tht k thuoc loai
Xau. Viét bang ky hiéu cic bién ¢b sau:

a) C& 10 san pham déu Xau.

b) C6 it nhat mot san pham Xau.

c¢) C4 6 san pham kiém tra dau la T6t, cAc san pham con lai 1a Xau.

d)

Céc san pham kiém tra theo thit tu chin 1a t6t, con cic san pham kiém tra theo tht tiy 18 1a
xXau.
Dinh 1y céng va nhan xac suat
Bai 2.23. Dé dugce nhap kho, san pham ctia nha méy phai qua 3 phong kiém tra chat lugng, xac
suat phéat hien ra phé pham & cac phong theo thit tir 1a 0,8; 0,9 va 0,99. Biét cac phong kiém tra
hoat dong doc lap, tinh xac suat phé pham dugc nhap kho. Dap sé: 0,0002.
Bai 2.24. Xac suat dé khi do mot dai luong vat 1y pham sai s6 vugt qua tiéu chuan cho phép la
0,4. Thue hién 3 lan do doc lap. Tim xac suat sao cho c¢6 ding mot lan do pham sai s6 vugt qua
tieu chuan cho phép.
Dap sb: 0,432,
Bai 2.25. Mot hop chita 3 bi trang, 7 bi dé va 15 bi xanh. Mot hop khac chita 10 bi trang, 6 bi
dé va 9 bi xanh. Lay ngdu nhién tit mdi hop mot bi. Tim x4c suat dé hai bi lay ra la cting mau.
Dap s6: 0,3312.
Bai 2.26. Hai ngudi ciing ban vao mot muc tieu. Kha nang ban tring ctia ting ngudi 1a 0,8 va
0,9. Tim x4c suat: a) Chi c6 mot ngusi ban tring muc tiéu.
b) C6 ngudi ban tring muc tiéu.
¢) Ca hai nguoi ban truot.
Dap s6: a) 0,26; b) 0,98; c) 0,02.
Bai 2.27. Nha may c6 3 6t6 hoat dong doc lap, xac suat dé mdi 6to bi hong trong ngay lam viec
lan lugt 14 0,1; 0,2; 0,3. a) Tinh x4c suat trong ngay c6 chi 6to6 thit nhat hong.
b) Tinh xéac suat trong ngay c6 ding 1 6t0 hong.
¢) Tinh xac suit trong ngay c6 6to hong.
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d) Biét trong ngay lam viéc c6 hai 6t6 hong, tinh xac suat 2 6t6 hong d6 1a oto thit nhat va thi
hai.
Dap sb: a) 0,056; b) 0,398; c) 0,496; d) 0,152,
Bai 2.28. Trong hop c6 n qua béng ban méi. Ngudi ta lay ra k qua dé chai (k < g) sau do6 lai
b6 vao hop. Tim xac suat dé lan sau lay ra k qua dé choi thi lay dugce toan béng méi.
Co

Cx
Bai 2.29. Tin hiéu thong tin dugc phat 3 lan véi xac suat thu duge ctia méi lan 1a 0,4.
a) Tim x4c suat nguon thu nhan duge thong tin do.
b) Néu mudn x4c suat thu duge thong tin len dén 0,9 thi phai phat bao nhieu lan?
Dap s6: a) 0,784; b) 5 lan.
Bai 2.30. Hai ngusi cing ban vao mot muc tiéu, kha ning chi c¢6 mot ngusi ban tring 1a 0,38.
Tim xdc suat ban trung ctia ngudi thit nhat, biét rang kha ning ban tring ctia ngudi thit hai la
0,8E
Dap s6: 0,7.
Bai 2.31. rong 10 san pham c6 2 phé pham, 1y ngdu nhién 2 san pham. Tinh xac suat dé ca
2 san pham déu la phé pham trong trudng hop:
a) Lay hoan lai.
b) Lay khong hoan lai.
Dap sb: a) 0,04; b) 0,022.
Bai 2.32. X4c suat dé bin mot vien dan trang dich 1a 0,8. Héi phai bin bao nhiéu vien dan dé
v6i xéac suat nhé hon 0,4 c6 thé hy vong ring khong cé vien nao trugt?
Dap s6: 5 lan.
Bai 2.33. Phai gieo mot con stic sic trong bao nhiéu lan dé véi xac suat 16n hon 0,5 c6 thé hy
vong c6 it nhat mot lan duge mit 6 cham?
Dap s6: 4 lan.
Bai 2.34. Mot noi hoi duge 1ap 2 van bao hiém véi xéc suat héng clia cac van tuong tng la 0,1
va 0,2. Noi hoi sé hoat dong an toan khi c6 van khong héngée Tim xac suat dé ndi hoi hoat dong:
a) An toan;
b) Mat an toan.
Dap s6: a) 0,98; b) 0,02.
Bai 2.35. Ban lién tiép vao mot muc tiéu cho dén khi vien dan dau tién tring muc tiéu thi dimng.
Tim x4c suat sao cho phai ban dén vien thi 6, biét rang xac suat tring muc tiéu ctia mdi vien
dan 1& 0,2 va cac lan ban doc lap vé6i nhau.
Dap sb: 0,066.
Bai 2.36. Mot tht kho c6 chium chia khoa gom 9 chiéc trong d6 chi c6 1 chiéc mé duge cita kho.
Anh ta thit ngau nhién ting chia khoa mot, chiéc ndo dude thit thi khong thit lai. Tinh xac suat
anh ta mé duge cita & lan thi 4.
Dap sb: 0,111,
Bai 2.37. Gieo mot con stc sic dbi xiing va dong chat. Goi A 1a bién ¢6 duge mat c¢6 s6 chin
cham, B 1a bién ¢6 dugc mat c6 s6 cham 1a boi s cua 3.
a) Xét xem hai bién c¢6 nay c6 xung khac khong?
b) Xét xem hai bién ¢6 nay c6 doc lap khong?
Dap s6: a) khong xung khac; b) doc lap.
Bai 2.38. Gieo hai con stic sic doi xting va dong chat. Goi A 1a bién ¢ xuat hieén khi tong s6 cham
thu duge 1a 1&; B 1a bién ¢6 duge it nhat mot mat mot cham. Tinh P(AB), P(A+ B), P(AB).
Dap s6: 0,167; 0,639; 0,833.
Bai 2.39. C6 hai bong den dién véi xac suat hong tuong tng 1a 0,1 va 0,2 va viéc ching héng 1a
doc lap v6i nhau. Tinh xéc suat dé mach khong c6 dien do béng héng néu ching méc:
a) Noi tiép.

Dap so:
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b) Song song.

Dap s6: a) 0,28; b) 0,02.

Bai 2.40. C6 hai 16 hang: Lo 1 ¢6 90 chinh pham va 10 phé pham;

Lo 2 ¢6 80 chinh pham va 20 phé pham;

Lay ngau nhién tit mdi 16 hang mot san pham, tinh xéac suat de:

a) Lay dugc mot chinh pham.

b) Lay dugc it nhat mot chinh pham.

Dap sb: a) 0,26; b) 0,98.

Bai 2.41. Mot 16 hang ¢6 9 san pham. Mbi lan kiém tra chat lugng lay ngdu nhién 3 san pham,
sau khi kiém tra xong tra lai vao 16 hang. Tinh xac suat dé sau 3 lan kiém tra 16 hang, tat ca céc
san pham déu dugc kiém tra.

Dap sb: 0,0028.

Bai 2.42. Sau khi ra khéi phong khach, méi nguoi trong N ngudi cling s6 gidy x6 ngau nhién vao
mot doi gidy trong bong toi. Mdi ngudi chi ¢6 thé phan biet chiée giay phai véi chiée giay trai,
con khong thé phan biét gidy ctia minh véi gidy clia ngudi khac. Tim xac suat dé:

a) Moi ngudi khéach di dang doi giay ctia minh.

b) Mdi nguoi khach di dang 2 chiée giay clia cing mot doi (khong nhat thiét 1a doi giay ctia nguoi
do).

. 1
Dap so: a)

i)

Bai 2.43. Hai cau thi béng 16, mdi ngudi ném béng 2 lan, xac suat ném tring dich ciia méi cau
thil theo thit tu 14 0,6 va 0,7. Tinh xac suat:

a) S6 lan ném tring rd clia cau thi thit nhat nhiéu hon s6 1an ném tring 16 ctia cau thi thit hai.
b) S6 lan ném triing ro ctia hai ngudi nhu nhau.

c) Biét s6 lan ném tring ro ctia hai ngudi nhu nhau, tinh xac suat dé méi ngudi ném tring ding
1 qua.

Dap s6: a) 0,2268; b) 0,3924; c) 0,513.

Bai 2.44. Hai ngudi chai cd thod thuan v6i nhau 14 ai thang trude 3 van thi sé thing cuoc. Tran
dau bi gian doan khi ngudi thit nhat con thiéu 1 van thang, nguoi thit hai con thiéu 2 van thang.
Vay phai phan chia tién dit nhu thé nao 13 hop 1y néu xac suat thang mdi van ctia mdi nguoi déu
biang 0,5.

Diap sb: 0,75 : 0,25.

Céng thitc day di va cong thiic Bayes.

Bai 2.45. Hai may cling san xuat mot loai san pham. T¥ 1é phé pham ciia may I 1a 3%, clia may

IT 13 2%. Tt mot kho gom 3 san pham ctia may I va 3 san pham ctia may II ta lay ra mot s6 san

pham. Tinh xac suat dé san pham do6 1a tot.

Dap s6: 0,973.

Bai 2.46. C6 hai xa thii loai I va tam xa thi loai II, xac suat ban tring dich clia cac loai xa thi
theo thit tu la 0,9 va 0,8.

a) Lay ngau nhién ra mot xa thi va xa thi d6 ban mot vien dan. Tim xac suat vien dan d6 tring
dich.

b) Néu lay ra hai xa thit vd mdi ngudi ban mot vien thi kha nang ca hai vien déu trang dich 1a
bao nhiéu?

Dap sb: a) 0,82; b) 0,6722.

Bai 2.47. C6 hai 16 san pham. Lo 1 gdm toan chinh pham, 16 2 ¢6 ty 1& phé pham va chinh pham
la i Chon ngau nhién mot 16, trong 16 nay lay ngdu nhién 1 sdn pham, thiy né la chinh pham,
roi hoan lai sdn pham nay vao 16. Hoi rang néu lay ngau nhién (ciing tit 16 da chon) mot san pham
thi xac suat dé san pham nay la phé pham bang bao nhiéu?

Pap s6: 0,089.

Bai 2.48. Ban ba phat dan vho mot may bay vdi xac suat trung tuong tng 1a 0,4; 0,5 va 0,7. Néu
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tring mot phat thi xac suat r6t may bay 1a 0,2; néu trang 2 phét thi xac suat r6t may bay 1a 0,6;
con néu tring ca 3 phét thi chdc chin méy bay roi. a) Tinh x4c suat may bay roi.

b) Gié st may bay da bi ban rai, tinh x4c suat dé né tring mot phét.

Dap sb: a) 0,458; b) 0,1572.

Bai 2.49. Ngudi ta dung X quang dé chan doan bénh A, tuy nhién van c6 sai s6t. Néu sau khi
X quang két luan 1a c6 bénh thi chi ding 99%, con két luan 1a khong bi bénh thi chi dung duge
80%. Biét ty le mac benh A trén thuec té 1a 20,79%.

a) Tim x4c suat dé mot ngudi kham bi chan doén cé bénh.

b) Tim ty lé bénh nhan khong c6 bénh bi chan doan nham.

Dap s6: a) 0,01; b) 0,000126.

Bai 2.50. C6 2 16 hang, 16 1 gom 15 chinh pham va 4 phé pham, 16 2 gom 18 chinh pham va 5
phé phamé Lay ra 2 san pham & 16 1 v 3 san pham 6 16 2. Sau dé chon ngau nhién 1 san pham
tit 5 san pham Aay.

a) Tinh xac suat dé san pham lay ra sau cuing la chinh pham.

b) Biét rang san pham lay ra sau la chinh pham. Héi sdn pham 4y c6 kha nang thudc 16 nao nhidu
hon?

Dap s6: a) 0,785; b) 16 2.

Bai 2.51. C6 hai 16 hang, 16 1 ¢6 7 chinh pham va 3 phé pham; 16 2 ¢6 8 chinh pham va 2 phé
pham. Tit 16 thit nhat 1ay ra hai san pham, tit 16 thit hai lay ra 3 san pham; r6i trong s6 san pham
dugc lay ra lai lay tiép ngau nhién 2 san pham. Tinh xac suat dé trong hai san pham dé cé it
nhat mot chinh pham.

Dap sb: 0,951,

Bai 2.52. C6 hai 16 san pham, 16 1 ¢6 16 chinh pham va 4 phé pham; 16 2 ¢6 15 chinh pham va
5 phé pham.

a) Tit 16 thit nhat bé sang 16 thit hai mot san pham, sau d6 tit 16 thit hai 1y ra mot san pham.
Tim xac suat dé lay dugc chinh pham.

b) Tit 16 thit nhat bé sang 16 thit hai mot san pham, sau do tit 16 thit hai bé sang 16 thit nhat mot
san pham, sau dé tir 16 tht nhat 1ay ra mot san pham. Tim xac suat dé lay dudc chinh pham.
Dap s6: a) 0&,752; b) 0,798.

Bai 2.53. Xi nghiép A san xuat mot loai sdn pham véi xac suat hong ctia mdi san pham bang
0,05. o) phan xuéng san pham c6 thé duge mot trong ba nhan vién kiém tra chat lugng véi xac
suat nhu nhau. Xéc suédt phat hien san pham héng clia ba ngusi dé lan luot 1a 0,9; 0,85; 0,8. Néu
san pham khong bi loai ¢ phan xuéng thi duge chuyén dén KCS ctia nha méay va ¢ d6, san pham
hong sé duge phéat hien véi xac suat 0,95. Tim xac suat dé san pham bi loai.

Dap s6: 0,049625.

Bai 2.54. Ty lé nguoi dan nghién thudc 14 ¢ mot ving 1a 30%. Biét rang ty lé ngudi bi viem hong
trong s6 ngudi nghién thudc 1a 1a 60%, con ty lé ngudi bi viem hong trong sd ngudi khong hit
thudc 14 13 40%.

a) Lay ngau nhién mot ngudi, biét rang ngudi dé viem hong, tinh xac suat ngudi dé nghién thude.
b) Néu nguoi dé khong bi viem hong, tinh xac suat ngusi dé nghién thude.

Dap s6: a) 0,391; b) 0,222.

Bai 2.55. Mot ¢6 may c6 ba bo phan 1, 2, 3. Xac suat hong clia cac bo phan trong thoi gian lam
viec theo thit tu 14 0,2; 0,4 va 0,3. Cudi ngay lam viéc dude biét rang c6 hai bo phan bi hong, tinh
xac suat dé hai bo phan héng dé 1a bo phan 1 va 2.

Dap sb: 0,298,

Bai 2.56. Trong mot bénh vién, ty 1é bénh nhan cac tinh nhu sau: tinh A-25%; tinh B - 35%;
tinh C - 40%. Biét rang ty lé bénh nhan 1a k¥ su ciia cac tinh 1a: tinh A - 2%; tinh B - 3%; tinh
C - 3,5%.

a) Chon ngau nhién mot bénh nhan, tinh xac suat dé bénh nhan dé 1a k§y su.

b) Chon ngau nhién 3 bénh nhan, tinh xac suat dé trong d6 c¢6 ding 1 bénh nhan 1a ki su.

Dap s6: a) 0,0295; b) 0,0833.
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Bai 2.57. Mot ngudi c6 ba chd ua thich nhu nhau dé cau ca. Xac suat dé cau dude ca & nhiing
chd d6 tuong tng 13 0,6; 0,7 va 0,8. Biét rang & mot chd nguoi d6 tha cau 3 lan va chi cau duge
mot con ca. Tim xac suat dé ca duge cau & chd thit nhét.

Dap sb: 0,503.

Bai 2.58. May bay dén oanh kich muc tiéu phai qua 3 tuyén phong thii, xac suat dé méi tuyén
phong thu tiéu diet duge may bay déu bang 0,8.

a) Tim xac suat dé may bay roi trude khi dén duge muc tieu.

b) Néu mudn bdo vé muc tieu véi xac suat khong nho hon 99,99% thi phai t6 chitc bao nhicu
tuyén phong thi?

c) Gia st may bay bi roi, tim xac suat dé tuyén 1 ban roi.

Dap s6: a) 0,992; b) 6 tuyén; c) 0,806.

Cong thic Becnoulli

W

Bai 2.59. Mot cau thi ndi tiéng vé da phat dén, xac suat da vao gon la —. C6 ngudi cho ring cit

ot

"stit” 5 qua thi chic chin c6 4 qua vao ludi, dicu khing dinh d6 c6 ding khong? Tim xac suat dé
trong 5 lan sat c6 dang 4 lan béng vao luéi.

Dap sb: khong dang; 0,4096.

Bai 2.60. Mot nit cong nhan quan 1y 12 may dot, xac suat dé mdi may trong khodng thsi gian t

can dén syt cham s6c clia nit cong nhan 1a 3 Tim x4c suat dé trong khoang thsi gian t:

a) c6 may can dén sy cham soc clia nit cong nhan.

b) ¢6 khong nhiéu hon 2 méy can dén sy cham séc clia nit cong nhan.

¢) Tim s6 may can dén sy cham séc clia nit cong nhan c6 kha nang xay ra nhiéu nhat va xac suat
dé xay ra diéu do.

Dap s6: a) 0,992; b) 0,181; ¢) 4 may; 0,238.

Bai 2.61. Xac suat dé duong kinh clia mot chi tiét bat ky rit tit mot 16 chi tiét 1a bé hon, l6n
hon va nam trong pham vi cho phép tuong ting 14 0,05; 0,10 va 0,85. Tt 16 chi tiét da cho rat
ngau nhién 100 chiéc. Tinh x4c suat dé trong s6 dé co ding 5 chi tiét ma duong kinh bé hon va
5 chi tiét ma duong kinh 16n hon pham vi cho phép.

Dap sb: 0,00606.

Bai tap téng hap.

Bai 2.62. Hop 1 c6: 8 bi trang, 10 bi dé. Hop 2 c6: 4 bi trang, 16 bi do.

a) T hop 1 14y ra 2 bi cho vao hop 2 tron déu sau dé tit hop 2 1ay ra 2 bi. Tinh xéac suat dé 2 bi
lay ra sau 1a bi do.

b) Tt moi hop 1ay ra mot bi sau d6 trong 2 bi thu duge 1ay ngdu nhién ra mot bi va thay do 1a
bi trang. Tinh xac suat dé vien bi ay la ctia hop 1.

Dap sb: a) 0,598; b) 0,690.

Bai 2.63. C6 2 hop san pham. Hop thtt nhat chita 8 san pham t6t, 2 san pham xau. Hop thi 2
chita 7 san pham t6t, 5 san pham xau. Ngudi ta chuyén 1 san pham tit hop thit nhat sang hop
thit 2, sau d6 1ay tit hop thit 2 ra 2 san pham.

a) Tinh x4c suat dé 2 san pham lay tit hop 2 chi ¢6 1 san pham tot.

b) Tinh x4c suit trong 2 sdn pham lay tit hop 2 c6 san pham tot.

Dap sb: a) 0,518; b) 0,859.

Bai 2.64. Sinh vién phai chon hoc it nhat 1 trong 3 mon tu chon: Toan, Ly, Hoa. Biét c6 60%
sinh vién hoc Toan, 40% hoc Ly, 50% hoc Hoa, 28% hoc Toan va Ly, 21% hoc Ly va Ho4, 20%
hoc Toan va Hoa.

a) Tinh ty lé sinh vién hoc cd 3 mon Toan, Ly, Hoa.

b) Chon ngau nhién 1 sinh vién trong 16p hoc Toan, tinh x4c suat dé sinh vien d6 hoc Hoa.

c¢) Chon ngau nhién 3 sinh vién, tinh xac suat dé trong d6 c6 ding 1 sinh vién chi chon hoc duy
nhat 1 mon Toan.

Dap s6: a) 0,19; b) 0,333; c) 0,441,

Bai 2.65. Trong mot kho rugu s6 rugu loai A va rugu loai B bang nhau. Nguoi ta chon ngiu
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nhién mot chai rugu trong kho va dua cho 5 ngudi sanh rugu ném thit, gid stt mdi nguoi c6 xac
suat doan trung 1a 75%. C6 4 ngudi két luan chai rucu loai A va 1 ngudi két luan chai rugu loai
B. Tinh xac suat dé dé la chai rugu loai A.

Dap sb: 0,964.

Bai 2.66. Bia ban dugc chia lam 2 vong, x4c suat ban tring vong trong 1a 0,7 con tring vong
ngoai 1a 0,3. Tim xac suat sao cho ban 3 vién dan thi dugc it ra la 29 diém, biét ring néu ban
trang vong trong thi duge 10 diém, tring vong ngoai thi duge 9 diém.

DSE’ 0,784.

Bai 2.67. Mot ngudi ban 3 vien dan. Xéc suat dé ca 3 vien triing vong 10 1a 0,008, xac suat dé 1
vien tring vong 8 1 0,15 va xac suat dé 1 vien tring vong dudi 8 1a 0,4. Tinh xac suat dé xa thi
dat it nhat 28 diém.

Dap s6: 0,0935.

Bai 2.68. Mot nhan vién ban hang mdi nam dén ban 6 cong ty A ba lan. Xac suat lan dau ban
dugce hang 1a 0,8. Néu lan trude ban duge hang thi xac suat dé lan sau ban duge hang 1a 0,9; con
néu lan trude khong ban duge hang thi xac suat dé lan sau ban duge hang chi 1a 0,4. Tim x4c
suat deé:

a) C& ba lan déu ban dugc hang;

b) C6 ding hai lan ban duge hang.

Dap sb: a) 0,648; b) 0,176.

Bai 2.69. Mot ngudi bin 3 vien dan véi xac suat tring dich ctia moi vien 1a 0,6. Do yéu t6 tam
ly nén: néu vién thi nhat trang thi xac suat tring ctia moi vien sau 13 0,7; con néu ca hai vien
dau tring thi xac suat tring ciia vién thit ba la 0,8; ngoai ra néu vién thit nhat truct thi xac suat
dé ca hai vien sau trang 14 0,3. Tinh xac suat:

a) Ca 3 vién cung trung;

b) Vien thi hai va vién thi ba tring;

c¢) C6 it nhat 1 vien trang.



Chuong 3

Dai luong ngau nhién va cac quy luat
phan phdi xac suat

3.1. Dinh nghia va phan loai dai ludng ngau nhién

3.1.1. Dinh nghia

x Dinh nghia 3.1 Dai lugng ngéu nhién (hay con goi la bién ngau nhién) la dai lugng ma trong
két qua ctia phép thit sé nhan mot va chi mot trong cac gia tri c6 thé ¢ ctia né véi mot xac suat
tuong tng xac dinh.

Céc dai lugng ngau nhién duge ki hieu 1a X, Y, Z hoac X1, Xo, ..., X,,; Y1, ..., Y,, con céc gia
tri c6 thé c6 clia dai luong ngdu nhien duge ki hieu 1 z, 21, Ta, ..., T, Y Y1, -ovs Y-

Dai luong X dudc goi la ngdu nhién vi trude khi tién hanh phép thit ta chua thé néi chic
chin n6é nhan gia tri bing bao nhiéu ma chi c¢6 thé du doan véi xac suat nhat dinh. Viec X nhan
mot gid tri nao d6 (X = x1) hodc (X = x9),...(X = z,), (a < X < b) la cac bién c¢6 ngdu nhien.

eVi du 3.1 Tung mot con siic sic. Goi X 1a "S6 cham xuat hien". X 1a dai luong ngau nhién vi
trong két qua ctia phép thit n6 sé nhan mot trong s6 cac gia tri c6 thé c6 1a 1,2,3,4,5,6 véi xéac
suat tuong tng 1a pp = P(X = k) =1/6,k =1,6.

oVi du 3.2 B#n ngiu nhién mot vien dan vao bia. Goi X la khoang cach tit tam bia dén diém
cham via dan vao bia. X cing 1a mot dai lugng ngau nhién.
3.1.2. Phan loai dai luong ngau nhién

Chiing ta quan tam dén hai loai dai lugng ngau nhién sau day:

e Dai luong ngdu nhieén dugce goi la 70 rac néu cac gia tri ¢6 thé ¢ ctia no lap nén mot tap
hitu han hodc dém dugec.

e Dai lugng ngdu nhien duge goi 1a lien tuc néu cac gia tri c6 thé ¢ cia né lap day mot
khodng trén truc so.

Nhu vay, dai lugng ngau nhién sé 1 r5i rac néu ta cé thé liet ke duge tat ca cac gia tri cé
thé c6 ctia n6. Con ddi v6i dai lugng ngdu nhién lien tuc ta khong thé liet ke duge tat ca cac gia
tri ¢6 thé c6 ctia no.

61
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oVi du 3.3 Mot phan xudng c6 5 may hoat dong. Goi X 13 "S6 may hong trong mot ca". X 1a
dai lugng ngdu nhién roi rac véi cac gia tri c6 thé ¢ ctia n6 1a 0, 1,2, 3,4, 5.

Vi du 3.4 Goi X 1a "S6 ngudi vao mua hang tai mot sieu thi trong mot ngay". X 1a dai luong
ngau nhién roi rac véi cac gia tri c6 thé co ctia né lap nén mot tap dém dugc: 0,1,2,3,4,5, ...

oVi du 3.5 Phép thit 1a ban ngiu nhién mot phat sing vao bia hinh tron ban kinh 40 cm. Goi
X 1a "Khoang céch tit tam bia dén diém cham ctia dan vao bia". X la dai lugng ngau nhien lien
tuc vi ta khong thé ké ra dudgc tat ca cac gia tri c6 thé c6 clia né, ta chi c6 thé néi ring tap hop
do la khoéng [0; 40]cm.

3.2. Quy luat phan phéi xac suat ctia dai luong ngau nhién

% Dinh nghia 3.2 Bat ki mot hinh thitc ndo d6 cho phép biéu dién mbi quan hé giita céc gia tri
c6 thé c6 clia dai lugng ngau nhién va cac xac suat tuong tng déu duge goi la cac quy luat phan
phdi xac suat ctia dai luong ngau nhién ay.

Ta thuong st dung ba phuong phéap dé thiét lap quy luat phan phdi xac suat clia dai luong
ngau nhién la: bang phan phoi xac suat, ham phan phoi xac suat, ham mat do xac suat.
3.2.1. Bang phan phéi xac suat

Bang phan phdi xac suat chi dung dé thiét lap quy luat phan phdi xac suat ctia dai luong
ngau nhién roi rac.

Gia sit dai luong ngau nhién roi rac X c6 thé nhan cac gia tri c6 thé c¢6 1a a1, o, ..., T, V6i
cic xac suat tuong tng 1a py, po, ..., p,. Bang phan phoi xac suat clia dai luong ngau nhién roi rac
X c6 dang:

X |z | x| oo | xi | oo | 2y

Plipi|p2|-o|Di|-|Dn

Chu § ring dé tao nén mot quy luat phan phdi xac suat thi cac xac suat p; phai thoa man
diéu kien:
0<p;, <1 v6iVi=1,n

Zpi =1
i=1

Thong thuong khi lap bang phan phdi xac suat ngudi ta thudng sap xép cac gia tri c6 thé co
theo thit ty tang dan; 21 < 22 < ... < Tp.

oVi du 3.6 Tung mot con sic siac. Goi X 1a "S6 cham xuat hien". Hay xay dung quy luat phan
phdi xac suat ctia X.

Loi gidi. Ta c6 X 1a dai lugng ngdu nhién 16i rac c6 thé nhan céc gia tri c6 thé c6 14 1,2,3,4,5,6
v6i céc xAc suat tuong ting déu bang 1/6. Vi vay bang phan phdi xac suét cta dai lugng ngau
nhién roi rac X c6 dang:
11 1 1 1 1
Nhan xét thay — + = + = + = + - + — = 1.
S R A N N
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X|1]2[3[4]|5]|6
TTT]IT][T]I]1
Pl 2|2]|2]|2]2=
6 1616161616

oVi du 3.7 Trong hop c6 10 san pham trong dé c6 6 chinh pham. Liy ngau nhién 2 sin pham.
Lap bang phan phoi xéac suat ciia sé6 chinh pham dugc lay ra.

Loi gidi. Goi X 1a s6 chinh pham dudc lay ra trong 2 san pham. X la dai lugng ngdu nhién roi
rac ¢ thé nhan cac gia tri c6 thé c6 14 0,1,2. Xac suat dé ca hai san pham lay ra déu 1a phé pham
(khong c6 chinh pham) Ia:

C? 2

PX=0)=—+=—

X=0== =3

Xac suat dé hai san pham lay ra c6 ding 1 chinh pham la:
C;.C} 8
P(X =1 L= —
X=D="""1

Xac suat dé ca hai san pham lay ra déu la chinh pham la:

c: 1

PX=2)==%=_

A

Vi vay bang phan phéi x4c suat ciia dai lugng ngau nhién roi rac X c6 dang:

X 0|12
I ERER R
1511513
.2 8§ 1
Nhanthay:1—5—|—ﬁ+§:1.

oVi du 3.8 Xac suat dé xa thii ban tring bia 1a 0,8. Xa thi dugc phat titng vien dan dé bin
dén khi trang bia. Xay dung quy luat phan phoi xac suat ciia s6 vien dan dude phét.

Loi gidi. Goi X 1a "S6 vien dan xa thi duge phat". X 1a dai luong ngdu nhién roi rac ¢ thé
nhan cac gia tri c6 thé c61a 1,2, ..., k, ...
Xac suat dé duge phat mot vien dan la xac suat dé bin vien dan dau tién tring bia, do do:

P(X=1)=0,8
Xac suat dé duge phat hai vien dan la xac suat dé x4y ra dong thoi hai bién c6: phat thi nhat
ban trugt va phat thit hai ban tring. Theo dinh 1y nhan xac suat ta co:
P(X =2) =0,2.0,8
Bién ¢6 (X = k) la tich clia k bién ¢6: k — 1 phat dau ban trugt va phat thi & ban tring. Theo

dinh 1y nhan xac suat ta co:
P(X =k)=(0,2)¥10,8

Nhu vay bang phan phoi xac suat ciia X c6 dang:

X1 2 3 k
P 080208 (0,2)20,8 ... | (0,2)*1.0,8

Tong cac xac suat 1a tong cap s6 nhan Iui vo han:

[e.9]

- 0,8
1;_1 Pk E ( ) ) ) 1 — 0’2

k=1
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3.2.2. Ham phan phdi xac suat

a) Dinh nghia

x Dinh nghia 3.3 Ham phan phdi xac suat ctia dai lugng ngdu nhien X, ky hi¢u F(z), 1a xac
suat dé dai lugng ngdu nhién X nhan gié tri nhé hon x, véi x 1a s6 thuc bat ky.

F(x)=P(X < x)
Ham phan phdi xac suat ding dé thiét lap quy luat phan phdi xac suét cho ca dai lugng

ngau nhién roi rac 1an dai luong ngau nhién lién tuc.

eVi du 3.9 Dai lugng ngau nhién roi rac X c¢6 bang phan phdi xac suat nhu sau:

X| 11|34
Plo1]05]04

Hay xay dyng ham phan phdi xac suat ctia X va vé do thi.
Loi gidi. Néu x < 1, bién ¢6 (X < ) 1a bién ¢6 khong thé c6, do dé:
F(z)=0.

Néu 1 < 2 < 3, bién ¢6 (X < ) chi xdy ra khi (X = 1), do d6

Néu 3 < z <4, bién ¢6 (X < ) sé xdy ra khi (X = 1) hodc khi (X = 3), do d6
Flz)=P(X =1)+ P(X =3) = 0,1 40,5 = 0,6.
Néu z > 4, bién ¢6 (X < z) s& xay ra khi (X = 1), hodc khi (X = 3), hodc khi (X =4) do d6
Fle)=P(X =1)+ P(X =3) + P(X =4) = 0,1+ 0,5+ 0,4 = 1.
Vay ham phan phdi xac suat clia X 1a:

0 vl x <1
0,1 v6i 1<z<3
0,6 v6i 3<ax<A4
1 véi x> 4

F(z) =

D6 thi ham F(z) c6 dang trong hinh b) Tinh chit ctia ham phan phbi xac suét.
e Tinh chat 1. Ham phan phoi xac suat luon nhan gia tri trong khoang [0; 1]:
0< F(z)<1.
Tinh chat nay suy ra tryc tiép tit dinh nghia ham phan phéi: F(z) = P(X < z) € [0;1].
e Tinh chét 2. Ham phan phdi xac suat ciia dai luong ngau nhién rdi rac 1a ham bac thang
v6i s6 diém gian doan bing s6 gia tri c6 thé cé ciia X.

Ham phan phéi xdc suat ctia dai lugng ngau nhién lién tuc 13 ham lién tuc va kha vi hau
khip noi (s6 cac diem khong kha vi 1a dém duge).
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F(x)
L1f-mmmmmmmmmmm - —
0,6 F---mmmmm- —
0,1 f--e— N
ol 1 3 4

Hinh 3.1:

e Tinh chat 3. Ham phan phdi xac suat 1a ham khong gidm, titc 1a véi x; < x5 thi:
F(l‘l) S F(Ig)

A.Gia stt 21 < 9, x6t bién ¢d (X < xp). Bién ¢ nay c6 thé phan tich thanh hai bién c6
xung khic 1a (X < x1) v (27 < X < 23). Theo dinh ly cong xac suat ta co:

P(X<CL’2):P(X<JI1>+P(ZE1§X<ZE2)

Do dé:
F(xg) — F(x1) = P(X <13) — P(X <21) = P(x; <X < 19)

Vi P(z; < X < 1) 1a mot xac suat nén khong am, vi vay ta co:

F(zy) — F(x1) > 0 & F(xg) > F(11)

O

e Tinh chat 4. Xac suat dé dai lugng ngdu nhién lien tuc X nhan mot gia tri xac dinh bang 0.

e Tinh chat 5. X4c suat dé dai lugng ngau nhién X nhan gia tri trong khoang [a, b) bing hiéu
sO gia tri ctia ham phan phdi x4c suat 6 hai dau khodng do:

Pla <X <b)=F(b)— F(a)
Dic biet, néu X 1a dai luong ngau nhién lién tuc thi:

Pla<X<b=Pla<X<b)=Pla<X<b)=Pla<X<b)=F(@Ob)—F(a)

e Tinh chat 6. Néu dai lugng ngau nhién X chi nhan gid tri trong khoang [a; 0] thi:
F(z)=0v6iVr <a
F(z)=1v6iVz >b

That vay, v6i x < a, bién ¢6 (X < z) 1a bién c¢6 khong thé c6, do d6 xac suit clia no bing
0. Con v6i & > b, bién ¢6 (X < z) la bién ¢d chic chan, do d6 xac suat cia n6 bang 1.

Tt tinh chét trén ta c6 biéu thic gisi han sau:

lim F(z)=0; lim F(z)=1

T——00 T—>+00
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+ Chu y: Diéu kien dé ham s6 F(x) 1a ham phan phdi xac suat cia dai lugng ngau nhién lien tuc:

F(z) la ham lién tuc
F(z) 1a ham tang
lim F(x)=0; lim F(z)=1.

T—r—00 T—r—+00

c) Y nghia cia ham phan phdi xac suét.

Ham phan phoi xic suat phan anh mic do tap trung xac suat vé phia bén trai mot s6 thuc X
nao d6. Gia tri cia ham phan phdi xéc suat tai mdi diem X cho biét c6 bao nhiéu phan clia mot
don vi xac suat phan phdi trong khoang (—oo; ).

oVi du 3.10 Dai lugng ngau nhién lién tuc X c¢6 ham phan phoi xac suat nhu sau:

0 voli ¢z < —1
1
F(zr) =< ar+b voi —1<x§§
1
1 61 x> —
véi x 3

a) Tim cac he s6 a,b.

L s ) o . 1
b) Tim xac suat dé trong két qua ctia phép thit, X nhan gié tri trong khoang [0, §)
c¢) Tim x4c suat dé trong 3 phép thit doc lap, c6 ding mot lan X nhan gid tri trong khoang (0, 1).
Loi gias.
a) Vi X la dai lugng ngau nhién lién tuc nén F'(x) la ham lién tuc, do dé n6 phai lién tuc tai

x:—lva%v‘lvay:
3
—a+b =0 a =~
s & 3
za+b =1 p =2
4

Khi d6 F(z) thod méan cac diéu kién ctia ham phan phdi x4c suat.

N

Z o Z Z 2 9 1
b) Theo tinh chat ctia ham phan phoi, xac suat de X nhan gia tri trong khoang [0, g) la:

Pm§X<§:F(

c) Bai toan tuan theo luge do Becnoulli véi n = 3 phép thit doc lap; xac suat dé trong mdi lan
thit X nhan gié tri trong khoang (0, 1) la:

3
p=PO<X<1)=F1)-F0)=1-2 =
Vay xac suat can tim bang:

1 /3\* 21

3.2.3. Ham mat dé xAc suat

a) Dinh nghia.
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x Dinh nghia 3.4 Ham mat do xac suat ctia dai lugng ngau nhién lien tuc X, ky hieu f(z), 1a
dao ham bac nhat cia ham phan phdi xac suat ctia dai lugng ngau nhién do.

I

f(x) = [F(z)]

Khai niém vé ham mat do xac suat chi ap dung déi vé6i cac dai luong ngau nhién lién tuc.
b) Cac tinh chat cia ham mat do xac suét.

e Tinh chat 1. Ham mat do xac suat luon khong am:
f(z) >0, véi V.

A.Ham phan phdi xac suat F(z) 1a ham khong gidm, vi vay dao ham bac nhat ciia né,
f(x) = [F(x)], 1a ham khong am. Vé mat hinh hoc, d6 thi ctia ham s6 f(z) khong ndm thap
hon truc Ozx. O

e Tinh chat 2. Xac suat dé dai lugng ngdu nhién lien tuc X nhan gia tri trong khoang [a, b)
bang tich phan xac dinh ctia ham mat do xac suat trong khoang do:

b

Pla< X <b)= /f(x)dx.

A.Theo tinh chat ctia ham phan phoéi ta co:
Pla <X <b)=F(b)— F(a)

Theo cong thitc Newton-Laibnitz:
b b
F(b) — F(a) = /F/(x)dx = /f(x)dx

Tt d6 suy ra diéu phai chitng minh. O

Vi X 1a dai lugng ngau nhién lién tuc nén tit tinh chat trén ta co:

P(a<X<b):P(a§X<b):P(a<X§b):P(aSXSb):/f(:p)dx

Vé mat hinh hoc, két qua trén c6 thé minh hoa nhu sau: x4c suat dé dai lugng ngau nhién
lien tuc X nhan gia tri trong khoéng (a,b) bang dién tich hinh thang cong gidi han bdi truc
Ox, dudng cong f(x) va céc dudng thang X = a; X = b.

e Tinh chat 3. Ham phan phdi xac suat ciia dai lugng ngau nhién lién tuc X bang tich phan
suy rong ctia ham mat do xac suat trong khoang (—oc; z).

ﬂ@:/f@w
A. Tt tinh chat 2, dat a = —00,b = 2, ta co:

Fz) = P(—00 < X < 7) = / F()dt
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y

Hinh 3.2:

O
Cong thtic trén cho phép tim ham phan phéi xac suat clia dai lugng ngau nhién lién tuc
khi da biét ham mat do xac suat clia no.

Vé mat hinh hoc, gid tri ctia ham phan phéi xac suat F(z) tai diém @ bang dién tich cta
hinh thang cong suy rong giéi han béi truc Ox, dudng cong f(z) va dudng thing r = a.

77
77777

Hinh 3.3:
e Tinh chat 4. Tich phan suy rong trong khoang (—oo, +00) clia ham mat do xac suat bang
1:

+00

/ flx)dx =1
ATt tinh chat 2, dit a = —00,b = +00, va cht ¥ rang bién ¢6 (—oco < X < +00) 1a bién
c6 chic chan, ta co:

P(—o00o < X < +00) = 1.

OJ
Vé mit hinh hoc, dieéu d6 ¢6 nghia la toan bo dién tich hinh giéi han béi duong cong f(z)
va truc Ox bang 1.
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77
7777

Hinh 3.4:

Ta chi ¥ ring dicu kien dé mot ham s6 f(x) c6 thé 1a ham mat do xac suit ciia mot dai
luong ngau nhién lien tuc nao doé thi né phai thod man hai diéu kien:

f(z) > 0; Va
T twyr =1

eVi du 3.11 Dai lugng ngau nhién lién tuc X ¢6 ham mat do xac suat nhu sau:
. Y
a.cosx Vi x € [—=; =]
flx) = 0 » e,é[%%]
voix ¢ [—=; =
272
a) Tim he s6 a,
b) Tim xac suat dé dai lugng ngdu nhién X nhan gia tri trong khoang (0, g),
¢) Tim ham phan phéi F(z).
Loi gidai.
a) Diéu kieén dé f(z) 1a ham mat do la:

f(z) > 0; Va
T s =1

Ta co:

Ju

+oo
1= / f(x)dx = /a.cosxdx = a.sinméﬁ = 2a.
2

Wl

1 \ a1
T dé a = 3 thod man cac diéu kién trén.

b) Theo tinh chat ctia ham mat do x4c suat:

=[S

m m

4 4 )

PO< X < %) = /f(x)dx = /a.cosxdx = Qa.smﬂg =
0 0
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c) Dé tim ham phan phdi xac suat ta sit dung tinh chat:
F(zx) = / f(t)dt

V&x<—g:F@%:f0ﬁ:0
T e -

6 ——<zr<—:

Véi 2—$—2

F(z) = /f(t)dt: /Odt+/%costdt:%(sin:c+1)

[e.e] —

Wl

Wl

. T
V61$>§I

jus
2

F(z) = jf(t)dt: /Odt—l-/%costdt—i-/det:l

o0

Wl

s
2

vl

Vay ham phan phoi x4c suat ctia X c6 dang:

0 w1x<—g
|
F(x) = q 5 (sina +1) mi—ggxgg
N
1 Gi x>
VOl T 9

Vi du 3.12 Ham mat do xac suat clia dai luong ngau nhién X c6 dang:
1
=—— VxeR
/() (1 + 2?) v
Tim xéc suat dé khi tién hanh 3 phép thit doc lap c6 ding 2 lan X nhan gia tri trong khoang
(—1,1).
Loi gidi. Xac suat dé khi tién hanh mot phép thit dai lugng ngdu nhién X nhan gia tri trong
khoang (—1,1) la:
1 1
P(—1< X <1) /ﬂ)d / L e = Larctanalt, =
— = x)dr = | ————dx = —arctanx|_ | = =.
7( s 12
21

14 22?)
el

Khi d6 theo cong thiic Bernoulli, xac suat dé trong 3 phép thit doc lap c¢6 2 lan X nhan gia tri

trong khodng (—1,1) la:
1\? 1\ 3
2

c) Y nghia cia ham mat dé xac suét
Ham mat do xac suat ciia dai lugng ngau nhién X tai diém X cho biét mitc do tap trung xéac
sudt tai diem do.

That vay, theo dinh nghia ctia ham mat do xac suat ta co:

. Flad+Ar)-F(x) . Pl@<X<z+ Ax)
fl@) = F(z) = A Az N Algglo Az '

Nhu vay ham mat do xac suat tai diém X chinh la giéi han clia mat do xac suat trung binh
tren doan (z;x + Ax) khi Az — 0.



3.3. CAC THAM SO DAC TRUNG CUA DAI LUONG NGAU NHIEN 71
3.3. Cac tham sb dic trung cua dai luong ngiu nhién
3.3.1. Ky vong toan

a) Dinh nghia
* Dinh nghia 3.5 Ky vong toan cuia dai lugng ngau nhién X, ky hieu M (X) hoac E(X), 1a mot

s6 duge xac dinh nhu sau:

e Néu X la dai lugng ngau nhién rdi rac ¢6 bang phan phdi xac suat:
thi ky vong todn M (X) dugc xac dinh bang biéu thiec:

Xlaxi | x| oo |2 | oo | 2

Pilpi|p2| o |pi| | Dn

n
= § Z;p;.
=1

e Néu X I dai lugng ngdu nhién lien tuc véi ham mat do xac suat f(x) thi ky vong toan
M (X) dugc xac dinh bang biéu thiec:

+oo

M(X)= /wf(x)dx

—0o0

eVi du 3.13 Cho X la dai lugng ngau nhién rdi rac c6 bang phan phéi xac suat: Khi d6 ky vong

X[ 1|34
Plo01]05]04

toan ctia dai lugng ngau nhién X bang:
M(X)=1.0,1+3.0,5+4.0,4=3,2.
eVi du 3.14 Cho X la dai lugng ngau nhien lién tuc c6 ham mat do xac suat nhu sau:

3
Z(xQ +2x) véixe (0,1)
0 véiz ¢ (0,1)

flx) =

Khi d6 ky vong toan clia dai luong ngau nhién X bang:

0 +o0

400 1
M(X) = /xf(x)dx: /a:.Oda:—l—/Zm ? + 27) da:—l—/x.de
o 0

s 1

3 [ . 3 /2t 2%\, 11
_° 220 dr == [+ 2 ) |1 = —.
4/($+x)$ 4<4+3 07 16
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b) Cac tinh chat ctia ky vong toan
Cac chitng minh trong phan nay dudc thue hién véi dai lugng ngau nhién rdi rac, néu X 1a dai
lugng ngau nhién lién tuc ta ciing ¢6 cac chiing minh tuong ti.

e Tinh chat 1. Ky vong toan ctia hing s6 bang chinh hing s6 d6. Nhu vay néu C' 1a hing s6
thi: M(C) =C.
A.That vay, c6 thé coi C la dai luong ngau nhién rdi rac dic biét, véi mot gia tri c6 thé co
1a C' va xac suat tuong tng bang 1. Khi d6 theo dinh nghia k¥ vong toan ta co:

M(C)=1.C=C
O

e Tinh chat 2. Ky vong toan clia tich gitta mot hang s6 va dai lugng ngau nhién bang tich
gitta hing s6 d6 va ky vong toan ctia dai lugng ngau nhién ay.

M(CX) = C.M(X).

A.That vay, gid st X 1a dai lugng ngau nhién roi rac v6i bang phan phdi xac suat:

Xlaxi || oo |2 | oo | 2,

Pilpi|p2| - |pi| | DPn

Khi d6 dai lugng ngau nhien CX ¢6 bang phan phoi xac suat nhu sau:

CX|Cxy | Cxy | ... | Cxy| ...| Caxy,
Pl pt | p2 || Pi | ]| P

Theo dinh nghia ctia ky vong toan ta co:
M(CX)=Cxip1 + ... + Cxyp, = C(x1p1 + o + Tppy) = C.M(X)
O

e Tinh chat 3. Ky vong toan ciia tong hai dai lugng ngau nhién bing tong cac ky vong toan
thanh phan.
MX+Y)=MX)+M®Y).

A.That vay, gid st cac dai lugng ngau nhién roi rac X va Y ¢6 cac bang phan phoi x4c suat
nhu sau:

Xlxi|xo | oo | g | oo | Ty Yl |y | oo | Y| oo | YUm
Pipi|pe | |pi|-|Pn Pla|le| 6] |gn

Khi dé quy luat phan phdi xac suat ciia tong X + Y nhu sau:

X+Y |zmi+y | oty | o [Tty | | T+ Um
P P11 D12 Dij Prm

trong d6 p;; 1a xac suat dé tong X + Y nhan gid tri x; + y;.
Theo dinh nghia ky vong toan ta co:

m

X+Y ZZ a:z+yj Dij = szzplj+zzyjplj

=1 j=1 =1 j=1 =1 j=1
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= Zﬂfz (ZPU) + Zyj <ZPU> (3.1)

Ta s chitng minh ring > p;; = p;. That vay, bién ¢d X = z; s& xay ra khi tong X +Y nhan
=1

cac gia tri x; + Y1, T + Y2, ..or Ti + Ym. Do d6 theo dinh 1y cong xac suat ta co:

pi=PX=uz,)=PX+Y=x4y))+ P(X+Y =z,+y)+..+ P(X+Y =2, +yn)

=pi1 +Pi2 + ... + Dim = sz’j-
j=1

n
Tuong tu nhu vay ta cling ¢6 ) p;; = g;.
i=1

T do6 thay vao 1} ta co:

MX+Y)=> zpi+ > yig; = M(X) + M(Y).
i=1 =1

Bang phuong phap chiing minh quy nap, ta ciing c6 két qua sau day:
Ky vong toan clia tong n dai luong ngdu nhién bang tong cac ky vong toan thanh phan:

M(X) 4+ Xo+ ...+ X)) = M(Xy) + M(X2) + ... + M(X,).

e Tinh chat 4. Ky vong toan clia tich hai dai luong ngau nhién doc lap bang tich cac ky vong
toan thanh phan:
M(X.Y) = M(X).M(Y).

O d6 hai dai luong ngau nhién duge goi la doc lap véi nhau néu quy luat phan phdi xac suét
cua dai luong ngau nhién nay khong phu thudce vao viéc dai lugng ngau nhién kia nhan gia
tri bang bao nhiéu. Tuong tu, n dai lugng ngau nhién dude goi 1a doc lap véi nhau néu cac
quy luat phan phoi x4c suat cia mot so6 bat ky cac dai lugng ngau nhién nao dé khong phu
thuoc vao viéc cac dai luong ngau nhién kia nhan gia tri bang bao nhiéu.

A.Gia st cac dai lugng ngau nhien X va Y doc lap, c6 bang phan phoi xac suat nhu sau:

Xlaxi|xo| oo | | oo | Tp Yl |y | oo | Y| oo | Ym
Plpi|pa | [pi|-|DPn Pla|@| 6] |

Khi d6 quy luat phan phdi xéc suat ctia tong X.Y nhu sau:

XY |2y | T1y2 | oo | Tl | oor | T YUm
P I pma | ;@ | | Pigj | - | Pndm

Theo cong thiic tinh ky vong toan:

M(XY) = Z Z TiY;pid; = Z TiPi Z yia; = M(X).M(Y).
i=1 j=1

=1 j=1
|
Bang phuong phap chiing minh quy nap, ta ciing c6 két qua sau day:

Ky vong toan ctia tich n dai luong ngau nhién doc lap bang tich cac ky vong toan thanh
phan:
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e Tinh chat 5. Cho X la dai lugng ngau nhién va g(z) 1a ham s6 lien tuc, khi d6 dai lugng
ngau nhién ¢g(X) c¢6 ky vong toan M[g(X)] duge xac dinh nhu sau:
+) Néu X la dai lugng ngau nhién rdi rac c6 phan phéi xac suat p; = P(X = z;); i = 1, n:

Mg(X)] = Zg(:mpi.

+) Néu X la dai lugng ngdu nhieén lién tuc ¢c6 ham mat do f(z):

“+o00

c) Y nghia ctia ky vong toan

Ky vong toan ctia dai luong ngau nhién X gan bang trung binh s6 hoc clia cac gia tri quan sét
ctia dai luong ngau nhién. N6 phan anh gia tri trung tam ctia phan phéi xac suat cia dai luong
ngau nhién.

That vay, gia sit doi véi dai luong ngau nhién X tién hanh n phép thit doc lap trong dé cé6 ng
lan X nhan gia tri x1,ne lan X nhan gia tri x, ..., n, 1lan X nhan gia tri x;. Gia tri trung binh
cua X trong n phép thit nay la:

— XNy + Tang + ... + TNy nq o ng

X = =r—+ro—+ ... top—

n n n n
o 3. 11 ng < N % 3 . £ 2 . P 2 ~ .
6 d6 —, ..., — chinh la tan suat xuat hién cac gia tri xy, o, ..., 2} trong n phép thit trén, do do:

n n
X =x1fi +2ofo+ .. + T4 [

Theo dinh nghia théng ké vé xac suat, khi n — oo cic tan suat trén sé hoi tu vé xac suat
tuong tng, do do6 v6i n du 16n ta co:

X = 21p1 + 9Py + ..+ e = M(X).
oVi du 3.15 Tung con stic sic n lan. Tim ky vong toan ctia tong s6 cham thu duge.

Loi gidi. Goi X;, (i = 1,n) 1a s6 cham thu duge & lan tung thit i va X la tong s6 cham thu duge
sau n lan tung. Ta c6:
X=X1+Xo+ ...+ X,.

Theo tinh chat ctia ky vong toan:
M(X)=M(Xy) + M(Xz) + ... + M(X,,).

Mai dai lugng ngau nhién X; déu c6 bang phan phéi xac suat nhu sau:

X; 1112|3456
ITTT]T]T]TT]1
Pl-|2]12/21]12]2
61616161616
Do do: ) 7
M(X;) = 6(1+2+3+4+5+6) =3
Vi vay k¥ vong toan ciia tong sé cham thu dude sau n lan tung la:

_7n

M(X) = .
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3.3.2. Phuong sai

a) Dinh nghia
* Dinh nghia 3.6 Phuong sai ctia dai lugng ngau nhién X, ky hieu D(X), la ky vong toan ctia
binh phuong sai léch ctia dai lugng ngau nhién so véi ky vong toan ciia no.

D(X) = M[X — M(X)]*.

Nhu vay néu X 1a dai luong ngau nhién roi rac thi phuong sai duge xac dinh bang cong thic:

D(X) =) [z = M(X).ps
i=1

con néu X 1a dai lugng ngau nhién lién tuc thi phuong sai dude xac dinh bang cong thiic:

+oo

/ o — MX)P f(2)de.
b) Cach tinh phuong sai

Theo dinh nghia phuong sai va cac tinh chat ctia ky vong toan ta co:
D(X) = M[X = M(X)]* = M (X* = 2X.M(X) + [M(X)])

M(XQ) M(=2X.M(X)) + M([M(X)])
M(X?) = 2M(X).M(X) + M([M(X)])
M(X?) — [M(X))?

Nhu vay déi véi dai lugng ngau nhién i rac, ta c6 thé tinh phuong sai bang cong thiic:

= (Z 5‘7@2172) - [M(X)]2 = (Z szpz) - (Z Jiipz')

con dbi véi dai lugng ngau nhién lién tuc c6 ham mat do xac suat f(z):
2

D(X) = +/OOJ:Qf(x)dar: — [M(X)]? = +/oox%"'(ar,‘)alzz; - +/Ooxf(a:)dx

eVi du 3.16 Cho X la dai lugng ngau nhién roi rac c6 bang phan phoi xac suat:

X1 3 4
P10,1{0,5]0,4

Tim phuong sai D(X).
Loi gidi. Ky vong toan cta dai lugng ngau nhién X bang:
M(X)=10,1+30,5+4.0,4=3,2.
Ky vong toan M (X?) bang:
M(X?) =12.0,1+3%0,5+4%0,4 = 11.
Phuong sai ctia dai lugng ngau nhién X bing:
D(X)=M(X? — [M(X)*=11-3,2%=0,76.
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oVi du 3.17 Cho X la dai lugng ngau nhién lién tuc c6 ham mat do xac suat nhu sau:

3 o :
fla) = Z(m +2z) voix e (0;1)
0 véi z ¢ (0;1)

Tim phuong sai D(X).

Lot gidi. Ky vong toan ctia dai lugng ngau nhien X bang:

+oo 0 1 +o0o
3
M(X) = /xf(x)da:: /x.de+/Z(as3+2x2)d:v+ /[L’.Odl’
—00 —00 0 1
; 1
3/ P 3 x4+2x3 11
=@ hde =g (p Ty . 16°
0
Ky vong toan M (X?) bang:
+o0o 0 1 400
3
M(X?) = /fo(x)dx: /xz.Odaﬁ—i-/Z ot + 22°) dx+/a:2.0d:c
—0o0 —00 0 1
3 3 /a5 2\ |' 21
LI U YEA AN 1Y
4/(I+x)x45+4 T

0

Phuong sai clia dai lugng ngau nhién X bang:

D(X) = M(X?) = [M(X)]? = == - (%) B %&Zo

c) Cac tinh chét ctia phuong sai
e Tinh chat 1. Phuong sai clia mot dai lugng ngau nhién 1a mot gia tri xac dinh khong am;
phuong sai clia mot hang s6 bang khong:
D(X)>0, VX

D(C) =0, C la hang sd.
Tinh chat nay dugde suy triyc tiép tir dinh nghia phuong sai.

e Tinh chat 2. Phuong sai ctia tich gitta mot hang s6 va mot dai lugng ngau nhién bang tich
gitta binh phuong hing s6 d6 va phuong sai ctia dai lugng ngau nhién ay:
D(CX) = C?.D(X).
A.That vay, theo dinh nghia phuong sai:
D(CX)=M(CX — M(CX))*=M(CX —CM(X))?
= M[C*X — M(X))*)] = C>. M[(X — M(X))?] = C®.D(X).
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e Tinh chat 3. Phuong sai clia tong hai dai lugng ngdu nhién doc lap bang tong cac phuong
sai thanh phan:
DX +Y)=D(X)+ D(Y).
A.That vay, theo cong thiic tinh phuong sai va tinh chat ky vong toan ctia tich hai dai luong
ngau nhién doc lap:

DIX+Y)=M(X+Y)* - [M(X +Y)]

= M(X?+2XY +Y?) — [M(X) + M(Y)]?
M(X?) +2M(X)M(Y) + M(Y?) = [(M(X)?) + 2M(X)M(Y) + (M(Y)?)]

= [M(X?) — (M(X)*)] + [M(Y?) = (M(Y)?)]

D(X) + D(Y).

OJ

Tt tinh chat trén c6 thé chitng minh duge cac hé qua sau:
+) Hé qua 1. Phuong sai clia tong mot hing s6 v6i mot dai lugng ngau nhién biang phuong
sai cua chinh dai lugng ngau nhién do:

D(X + C) = D(X), C la héang sb.

+) Heé qua 2. Phuong sai clia hiéu hai dai lugng ngau nhién doc lap bing tong céc phuong
sai thanh phan:
DX -Y)=D(X)+ D(Y)

+) Hé qua 3. Phuong sai ctia tong n dai lugng ngau nhién doc lap bing tong cac phuong sai

thanh phan:
DX -3 DX
i=1 i=1

d) Y nghia ctia phuong sai

Phuong sai chinh 1a trung binh s6 hoc ctia binh phuong cac sai léch giita cac gia tri c6 thé co
cua dai lugng ngau nhién so véi gia tri trung binh cta céc gia tri d6. Do d6 phuong sai phén anh
miic do phan tan cua cac gia tri cia dai lugng ngau nhién xung quanh gia tri trung tam cta né
la ky vong toan.

oVi du 3.18 Tung con stic sic n lan, tim phuong sai ctia tong s6 cham thu duge.
Loi gigi. Goi X;, (1 = 1,n) 1a s6 cham thu duge 6 lan tung tht i va X 1a tong s6 cham thu dugc

sau n lan tung. Ta co:
X=X1+Xo+ ...+ X,.

Vi cac dai lugng ngau nhien X;, (i = 1,n) doc 1ap nén theo tinh chit ctia phuong sai:
D(X)=D(X;)+ D(Xs) + ... + D(X,,).

Mbi dai lugng ngau nhién X;, (i = 1,n) déu c6 bang phan phdi x4c suat nhu sau: Do dé:

Xi|1|12]3|4]5]|6
TTTTTTIJIT]I
pl=l=2]2|=2]=2]2=
61616161616
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1 7 _
M(Xi) = g(1+2+3+4+5+6) =5 (Vi=1n)

1 91 -
M(X?) = 6(12+22+32+42+52+62) =5 (Vi =1,n)

D(X) = MK - MCOP = - (5) =35 (i=Tm)

Vi vay phuong sai clia tong so6 chdm thu dude sau n lan tung la:

351

3.3.3. Do léch tiéu chuan
* Pinh nghia 3.7 Do léch tieu chuan ctia dai lugng ngau nhien X, ky hiéu oy, 1a cin bac hai
cuia phuong sai:
Oox — D(X)
Ta thay rang don vi do ctia do léch tieu chuan bang don vi do clia dai lugng ngdu nhien. Vi

vay do lech chuan dugc st dung dé danh gia mic do phan tan ciia dai lugng ngau nhién theo don
vi do cua né.

3.3.4. Mbt

x Dinh nghia 3.8 M6t X, ky hieu mod(X), 1a gia tri ctia dai lugng ngau nhién X c6 khé ning
xuat hién 16n nhat trong mot lan can nao dé ciia no.

Do6i véi dai lugng ngau nhién rdi rac, mod(X) 1a gia tri cia X ting v6i x4c suat 16n nhat.

Da6i véi dai lugng ngau nhién lien tuc, mod(X) 1a gia tri X lam cyce dai ham mat do.

eVi du 3.19 Dai luong ngau nhién X c6 bang phan phdi xac suat:

X[2]-1] 0 | 3
P 0,1]077]0,05]0,15

Suy ra mod(X) = —1
eVi du 3.20 Dai lugng ngau nhien X c¢6 ham mat do xac suat:

0; z <0
o-{%,

E.e_%; x>0
Xéc dinh mod(X).

Lot giaz. V6i x > 0, ta co:

! 1 1112 .’172
f(z)= 56_7 - %.6_7

/ 1 .2
f(x):0©1677(2—m2):0<:>x::t\/§
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Két hop véi diéu kien > 0 suy ra x = V2.
Lap bang bién thién cta f(z)

r |—oco —vV2 0 V2 +00
f'(z) |+ 0 -

CD
f(x) 0———>o/ \0

Ta duge mod(X) = v/2.

3.3.5. Trung vi

* Dinh nghia 3.9 Trung vi la gié tri cia dai lugng ngau nhién X, ki hiéu la med(X), la gia tri
cua X thdéa méan:

P(X <medX) < - va P(X <medX) >

DO | —
DN | —

Nhu vay néu X 1a dai luong ngau nhién lién tuc thi:

1
P(X <medX)=P(X >medX) = 3

1
va do d6 medX la nghiém ctia phuong trinh F(x) = 5

oVi du 3.21 Dai lugng ngau nhién rdi rac X c¢6 bang phan phoi xac suat:

X | -1 0 2 3 5 8
P 10,150,056 |0,25| 0,15 | 0,35 | 0,05

Khi d6 medX = 3.

eVi du 3.22 Dai lugng ngau nhién X c6 ham phan phdi xac suat:
v6i <0
Flx)=<2* vé 0<x<1
1 véi x> 1

Tim med(X).

Loi giai. Xét phuong trinh

Vay medX = —.
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3.3.6. Phan vi

* Dinh nghia 3.10 Phan vi mic « cia X la gia tri z, cia X thod man P(X < z,) = a.

Nhu vay néu dai lugng ngau nhién X c¢6 ham phan phdi xac suat F(z) thi phan vi mic a la
nghiém X cia phuong trinh F(z) = a.

eVi du 3.23 Dai luong ngau nhién lién tuc X c¢6 ham mat do xac suat:

o) = {ex véix >0

0 voiz <0
Tinh cac glé tI‘l phan Vi 20,95, L0,5, L0,05-

Loi gidi. Tu ham mat do ta suy ra ham phan phdi xéc suat ctia X nhu sau:

F(m): 1—e* VG%IL'>O
0 volix <0

e Xét phuong trinh F(z) =0,95< 1—e*=0,95 < ¢ *=0,05< = —In0,05 = 2,996.
Vay Lo,95 = 2, 996.

e Xét phuong trinh F(z) =0, 1—e =0, e *=0,5<x=—I[n0,5=0,693.
Vay zo5 = 0,693.Luu § rang day chinh la med(X).

e Xét phuong trinh F(z) =0,095 < 1—¢e*=0,05< ¢ % =0,95 < x = —In0,95 = 0,051.
Vay Lo,05 = O, 051.

3.4. Mot s6 quy luat phan phéi xac suat théng dung

3.4.1. Quy luat phan phdi chuan N(u, o?)
Dinh nghia

* Dinh nghia 3.11 Dai lugng ngau nhién lién tuc X nhan gia tri trong khoang (—oo, 400) duge
goi 1a phan phéi theo quy luat chuan véi hai tham s6 14 p va 02, néu ham mat do xéc suat cla
noé co6 dang:

(z — p)?

1

e 20
o2

Quy luat phan phdi chuan véi hai tham s6 p va o2 duge ky hicu 1a N(p, 0?).

fx) =

Khéo sat ham mat do f(z):

e Ham s6 xac dinh vé6i x € R.
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e Dao ham bac nhét:
P el Dl
fla)=—S—f=e 20

_03.\/27{

Nhu vay khi z = p ham s6 c6 cuc dai bang

1
RV o

e Dao ham bac hai:

2z 2 2z 1 ].
Nhu vay ham so6 ¢6 2 diem uon: (,u — 0, —) va (,u + o, )
o 2me

o 2me

e (idi han:
lim f(z)=0.

r—+o0

Nhu vay truc Ox 1a tiém can ngang ctia do thi ham so.

e Do thi clia ham s6 déi xiing qua dudng thing = p va c6 dang nhu sau:

Hinh 3.5:

Cac tham sé dic trung cua quy luat phan phéi chuan
Cho X la dai lugng ngdu nhién phan phdi chuan véi hai tham s6 p va o2.
a) Ky vong todn ctia dai lugng ngau nhién X chinh 1a tham s6 p:

M(X) = u.
A.Theo dinh nghia ky vong toan ctia dai lugng ngau nhién lién tuc ta co:
oo . too  (z— p)?
M(X) = /mf(a:)dx: 5 /:c.e 207 dx.
T

g.

—0o0

81
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T —p
g

Thuc hién phép doéi bién s6: u = . Khi d6 can tich phan khong doéi va ta dugc:

u2

M(X) = \/% /(au+u).6_ 2 du

u? +

—+oco e}
o -— 1 -—
=—— [ ue 2du—|——/€ 2 du.
V2T / V2T

Tich phan thit nhat bang khong do ham sé dudi dau tich phan 1a ham 18 ma can lay tich phan
lai d6i xitng qua 0. Con tich phan thit hai 1a tich phan Poisson:

u2

2

too U
J = /e_Qdu:\/QW.
Do d6 M(X) = 0

b) Do lech tieu chuan ctia dai lugng ngdu nhien X chinh 1 tham s6 o:
ox = ochayD(X) = o°

A.Do M(X) = p, theo dinh nghia phuong sai ctia dai lugng ngau nhién lién tuc:

+oo +oo (@ —p)?
D(X) = / (z — M(X))*.f(x)dx = - 127r /(x —p)e 20% dax.

T —p
g

p T
w2
D(X) = \;ﬁ/'zfﬁ?du

“+o00
o? / d_uj’
= — uae 2
V2T

. Khi d6 can tich phan khong doéi va ta dugc:

Thuc hien phép doéi bién s6: u =

o? 2|7 o2 o “2d (tich ph han)
= ———u.e” 2 +— e 2 du (tich phan tirng phan
V2 oo V2T /

2 2
_— (lim iQ— lim %) +- 2 \or (tich phan Poisson)

\21m \xz——00 6“7 z—+00 6% \ 21
=0+o0?=0%

]
* Nhan xét: Néu dai lugng ngau nhién X phan phdi chuan véi hai tham sé p va o2 thi dai lugng

ngau nhien U = B o6 ky vong toan M(U) = 0 v do lech chuan oy = 1.

Quy luat phan phbi chuan hoa
a) Dinh nghia
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* Dinh nghia 3.12 Dai lugng ngau nhién lién tuc U nhan céc gia tri trong khodng (—oo, +00)
duge goi 1a tuan theo quy luat phan phdi chuén hoa néu ham mat do xac suat clia né c6 dang:

]:2

1 o
f(x):me 2.

Ham mat do f(z) clia quy luat phan phdi chuan hoa cé do thi déi xitng qua truc tung Oy nhu
sau:

Hinh 3.6:

Dé thay:
e Ham s6 f(z) 1a ham s6 chén: f(—x) = f(x).

e lim f(x)=0.

T—+00

Céc gia tri cia ham f(x) dugce tinh san thanh bang (xem Phu luc .
b) Ham phan phdi x4c suit ctia dai lugng ngiu nhién phan phéi chuan hoa
T ham mat do f(z) ta c6 ham phan phdi xac suat F(z) clia dai lugng ngau nhién phan phdi
chuan hoé c6 dang: ,
t

F(zx) = \/% / e 2dt

1 2 r
= (e 2
\/27r‘of

Xét ham s6 (tich phan Laplace): ®(z) = dt.

Dé thay:

o F(z)=0,5+d(x).

e Ham s6 ®(z) 1a ham s6 16: &(—z) = —D(x).

e lim &(x)=0,5.

T—-+00
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Hinh 3.7:

Cac gia tri cia ham ®(x) duge tinh sdn thanh bang (xem Phu luc .
c) Cac tham sé dic trung ctia dai lugng ngau nhién phan phdi chuan hoa

Gia st U 1 dai lugng ngAu nhién tuan theo quy luat phan phéi chuan hoa. D& thay ham mat
do ctia né 1a ham mat do clia quy luat phan phéi chuan véi hai tham s6 p = 0 va 02 = 1. Vi vay
cac tham s6 dac trung ctia U la:

Ky vong toan: M (U) = 0.

Phuong sai: D(U) = 1; do lech tiéu chuan: oy = 1.

Phan phdi chuan hoa duge ky higu 1a N(0,1).
d) Phan vi chuan
* Dinh nghia 3.13 Phan vi chuan mittc a(0 < o < 1), ky hiéu u,, 1a phan vi mic a clia dai
lugng ngau nhién U c6 phan phoi chuan hoa. Nhu vay u, thod man diéu kien:

P(U < u,) = a.
Tt ham mat do ctia phan phdi chuan hoa ta c6 biéu thitc xac dinh u, nhu sau:
t2

1 s
P(U<ua):\/—2_7r/e 2dt = a.

Cho truée a, dya vao biéu thiic trén ta tinh duge phan vi u, va ngudc lai. Bang tinh sin gia
tri u, tuong ing véi mic « cho trude duge trinh bay trong phan phu luc (xem Phu luc .
Do tinh chat déi xting ctia ham mat do phan phéi chuan hoa nén phan vi chuan cé tinh chét:

Uy = —Ul—qa-

Céc cong thitc tinh xac suit cia quy luat phan phdi chuan
Cho dai lugng ngau nhién lién tuc X c6 phan phdi chuan véi hai tham sb6 p va o2
a) Xac suat dé dai lugng ngau nhién X nhan gia tri trong khoang (a,b)
X
Ta co: U = o

o
do do:

la dai lugng ngAu nhién tuan theo quy luat phan phéi chuan hoa N(0,1),

_ b—
P(a<X<b):P<“ P ox < “)

b - - Z 2
—F ( K ) —F (a r ) (F(x) la ham phan phéi chuin hod)

h— _
— P < a ) —® (a a > (tich phan Laplace)
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Nhu vay ta thu duge cong thrc:

P(a<X<b):c1><b_”)—c1><a_“) (3.2)

o o

Béng gia tri cia ham s6 ®(z) cho & phu luc
b) XAac suét ctia sy sai léch giita dai lugng ngau nhién X va k¥ vong toan ctia né
Ta phéi tinh xac suat dé x4y ra bat dang thic:| X — u| < e.

Stt dung cong thic 1D ta co:
P(|X—pl<e)=Pu—e< X <pu+e
_ (&t:ﬁ)_¢czz;ﬁ):¢g)_@pﬁ>
o o o o
o) e () -20(:)
o o o
Nhu vay ta thu duge cong thrc:

P(X -y <€) = 2.0 (5> (3.3)
o
c) Quy tic 7’3 — o”

Néu trong cong thic (3.3) ta dat e = 30 tic la bing 3 lan d6 léch ticu chudn clia X thi ta co:

3
P(|X — p| < 30) =20 (—U) = 24(3) = 2.0,49865 = 0, 9973
o

Diéu dé cho thay xac suat dé dai luong ngau nhién phan phéi chuan nhan gia tri trong khoang
(1 — 30, u + 30) len t6i 99,73%, con xac suat dé né nhan gia tri ngoai khoang d6 chi c¢6 0,27%.
Xuat phat tit nguyén 1y xac suat nhd, c6 thé cho ring thuc té dieu do 1a khong thé cé.

Nhu vay, néu dai lugng ngdu nhién X phan phéi chuan thi hau nhu chic chin né sé nhan gia
tri trong khoang (u — 30, pu + 30).

Mt khac, néu quy luat phan phdi xac suat ctia dai lugng ngau nhién dude nghién citu chua
biét, song né thoa man diéu kién ctia quy tic “ba xich ma” thi ¢6 thé xem né la dai luong ngau
nhién phan phdi chuan.

eVi du 3.24 Kich thudc clia cac chi tiét do mot may san xuat ra la dai lugng ngau nhién phan
phéi chuan véi kich thuée trung binh g = 5em va do lech tieu chuan o = 0, 9cm.

a) Tinh t¥ 1¢ chi tiét c6 kich thuéc nam trong khodng tit 4 cm dén 7 cm.

b) Tim xac suat dé lay ngau nhién 3 chi tiét c6 ding 1 chi tiét c6 kich thude sai léch so véi trung
binh khong qua 1 cm.

c¢) Hau hét cac chi tiét c6 kich thuée nhu thé nao?

Loi gidi. Goi X (cm) la kich thudc chi tiét do may san xuat. Theo gia thiét X phan phdi chuan
v6i hai tham s6 u = 5em va o = 0, 9cm.
a) Theo cong thitc (3.2) ta co:

7—D5H 4 -5
P4 < X =P — ) - ——
d<X<7) <0ﬂ) (a9)

= $(2,22) — B(—1,11) = B(2,22) + (1,11)
— 0, 48679 + 0, 36650 = 0, 85329.
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Vay ty 1é chi tiét c6 kich thude nam trong khoang tit 4cm dén 7em 1a 85,329%.
b) Theo cong thiic (3.3) ta c6 xac suat dé lay ngau nhien 1 chi tiét c6 kich thudc sai lech so véi
trung binh khong qua 1 cm la:

1
P(|X —pul<1)=29 (m) = 2d(1,11) = 2.0,36650 = 0, 733.

Vay xac suat dé lay ngau nhién 3 chi tiét c6 ding 1 chi tiét c6 kich thudce sai léch so vé6i trung
binh khong qua 1 cm bang:

Ps(1) = C3.(0,733)*.(1 — 0,733)* =~ 0, 157.
¢) Theo quy tac "3 — ¢”, hau hét chi tiét ¢ kich thude trong khoéng:
(1t — 30, 11+ 30) = (5—3.0,9;5 + 3.0,9) = (2,3:7,7)(cm).

Ung dung ctia quy luat chuin

Quy luat phan phéi chuan la quy luat phan phdi xac sudt duge ap dung rat rong rai trong
thuc té. Nha toan hoc Nga Liapundp da chiing minh duge rang: Néu dai lugng ngau nhien X 1a
tong ciia mot so6 16n cac dai lugng ngdu nhién doc lap va gia tri cia méi dai luong chi chiém vi tri
rat nho trong tong dé thi X sé c6 phan phdi xap xi chuan.

Trong thuc té ta gap chinh cac dai lugng ngdu nhién nhu vay. Chéng han, kich thuéc ctia
cac chi tiét do cac nha may san xuét ra sé phan phoéi chuan néu qué trinh san xuat dién ra binh
thuong; niang suat clia cing mot loai cay trong tai cac thita ruong khac nhau ciing phan phdi
chuan; nang suat lao dong ciia cic cong nhan c6 ciing tay nghé va lam cling mot cong viec nhu
nhau ciing phan phéi chuan; mot s chi tiéu vé sinh Iy clia nhitng ngudi ciing gidi (chidu cao, can
ning, vong ngue, chiéu dai canh tay ...) ciing phan phdi theo quy luat chuan. Sy nhan biét nay
cho phép lap ké hoach san xuat phit hop nang suat lao dong va nhu cau ngudi tiéu dung...

3.4.2. Quy luat khong - mot A(p)
Vi du

eVi du 3.25 Gia stit trong binh c¢6 N qua cau trong d6 ¢c6 M qua cau trang, N — M qué cau den.
Tu binh 1ay ngau nhién 1 qua cau. Goi X 1a s6 cau trang lay dugc.
X la dai lugng ngau nhién rdi rac nhan mot trong hai gia tri 0; 1. Cac xac suat tuong tng la:
N-—-M M
PX=0)=—F— PX=1==

N-—-—M
= thi ta co:

P(X=0)=q=1p"¢; PX=1)=p=p"¢
Do d6 c6 thé viét quy luat phan phdi xac suat ctia X nhu sau:

PX=z2)=q=p"¢"" v6ix=0;1, trongd6q=1—p.

Dinh nghia

* Dinh nghia 3.14 Dai lugng ngdu nhién roi rac X nhan mot trong hai gia tri c6 thé c6 X = 0; 1
duge goi 1a phan phéi theo quy luat khong - mot véi tham s6 p(0 < p < 1) néu cac xac suat duge
tinh bang cong thic:

P(X=z2)=q=p"¢""% ~v6ix=0;1, trongdoqg=1—p.
Quy luat khong - mot v6i tham s6 p duge ky hieu 1a A(p).
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Cac tham s6 dic trung ctia quy luat khong - mot

Goi X la dai lugng ngau nhién tuan theo quy luat khong - mot v6i tham s6 p. Ta c6 bang
phan phoi xac suat ctia X nhu sau:

X101
Plq|p

trong d6 ¢ =1 — p.
Theo bang phan phdi xac suat ctia X ta tinh duge cdc tham sé dac trung ctia X nhu sau:

e Ky vong toan:

M(X)=0qg+1p=p
M(X?) =0%q¢+1%p=p.

e Phuong sai: D(X) = M(X?) — [M(X)]* =p—p* = pq.

e Do léch chuan: oy = /D(X) = NI

3.4.3. Quy luat nhi thic B(n,p)
Vi du

oVi du 3.26 Gia st trong binh c6 N qua cau trong d6 ¢c6 M qua cau trang, N — M qué cau den.
T binh 1y ngau nhién n qua cau theo phuong thitc c¢6 hoan lai. Goi X 1a s6 cau trang lay dugc.

Nhu vay ta da thyc hién n phép thit doc 1ap (mdi phép thit 13 mot lan 1ay 1 qué cau). Trong
moi phép thit chi xdy ra hai truong hgp: hogc lay duge cau trang (bién ¢d A) hodc khong lay duge

R . oz — I R . c s ax 1 M , Lz
cau trang (bién co A). Xac suat lay duge cau trang moi lan déu bang p = ~ va xac suat 1ay duge

cau den moéi lan déu bang g = —~ = 1 — p. Do d6 theo cong thiic Bernoulli xac suat dé lay

dudc k cau trang la:
P(X=k)=Chp*q"" k=0n, q=1-p

Ta ciing dé nhan thay 1a néu goi X, 1a s6 cau trang l1ay dudge & lan thit & thi X}, tuan theo quy
luat khong - mot A(p) va X = X; + Xo + ... + X,,.

Dinh nghia

x Dinh nghia 3.15 Dai lugng ngau nhién rdi rac X nhan mot trong cac gia tri c6 thé c6 X =
0,1,2,...,n dudc goi 1a phan phdi theo quy luat nhi thiic v6i cac tham s6 14 n va p néu cac xac
suat tuong ting ctia n6 duge tinh béi cong thic:

P(X=k)=Ckprq"™* k=0n, q¢q=1-p
Quy luat nhi thic duge ky hiéu 1a B(n,p).
* Nhan xét: Gia st bai toan tuan theo luge do Bemoulli: Thuc hién day n phép thit doc lap;
trong moi phép thit chi c6 hai kha nang: bién ¢d A xay ra hoac bién c¢d A khong xay ra; xac suat
xay ra bién ¢d A trong mdi phép thit déu bang p; xac suat xady ra bién c6 A trong mdi phép thi

la ¢ = 1 — p. Khi d6 néu goi X 13 s6 1an xuat hién bién c6 A trong day n phép thit trén thi X 1a
dai lugng ngau nhién phan phoi theo quy luat nhi thitc B(n,p).
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Cac tham s6 diac trung ctia quy luat nhi thic

Gia st X 1a dai lugng ngdu nhién phan phéi theo quy luat nhi thitc B(n, p). Bang phan phdi
xac suat cia X nhu sau:

X |0 1 2 k .| n
P qn C;llpqnfl 02 2 n 2 Ck k n k pn

a) Xac suat dé dai lugng ngau nhién X nhan gia tri trong khoang [k; k + A

Bién ¢6 (k < X < k+h) (k, h la cac s6 ty nhién; k + h < n) c6 thé tach ra thanh tong ctia
h + 1 bién c¢6 xung khictimg doi 1a (X = k), (X =k +1),...,(X =k + h).Do d6 ap dung dinh 1y
cong xac suat ta co:

Pk<X<k+h)=PX=k+PX=k+1)+..+P(X=k+h)
= Pr + P41 oo T Peyn VOip, = P(X = k)

b) K¥ vong toan va phuong sai ciia dai lugng ngau nhién phan phdi nhi thitc
T bang phan phoi x4c suat clia X ta co:

= Z kCkphgm % M(X?) = Z k2.CFpk g F
k=0 k=0

Xét tong:

Z P = (p+q)" (3.4)

Dao ham 2 vé ciia (3.4) theo p ta dugc:

> kOt g = n(p+ )"
k=1

= > kCFpF.q"F =np(p+q)!
k=0

Vé trai ctia (3.5) 1a M(X), con vé phai bing np do p+ ¢ = 1. Vi vay M(X) = np.
Dao ham 2 vé ciia (3.5) theo p ta dugc:

RO T =np+ )" +n(n—1)p.p+q"

=Y KO =npp+ )" 0 —1).p(p+ )"
=M (X?) = np +n(n — 1)p*
Do do:
D(X) = M(X?) = [M(X)]* = np +n(n — 1)p* — n*p* = np(1 — p) = npq
O tren ta da tinh M(X) va D(X) trong truong hop n > 2. Tuy nhien néu n = 1 thi dé thay
X tuan theo quy luat khong - mot A(p) va cac két qua trén van dung.
Nhu vay dai lugng ngau nhién phan phéi nhi thitc B(n,p) co:

e Ky vong toan : M(X) = np.
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e Phuong sai : D(X) = npq.
e Do lech tieu chuan : ox = /npq.
e Mod X: np—q < Mod(X) <np+p.

oVi du 3.27 Xac suat dé mot ngudi bian tring bia 1a 0,8.

a) Gia stt nguoi d6 ban 12 phat dan, tinh s6 vien dan tring bia c6 kha nang xay ra nhiéu nhat va
xéac suat dé xay ra dieu do.

b) Mudn s6 dan tring bia trung binh khong nhé hon 12 thi ngudi d6 phai ban it nhat bao nhieu
vién dan?

Loi gidi. Goi X 1a s6 vien dan ma ngudi d6 ban tring bia. X tuan theo quy luat nhi thic véi
p=0,8.

a) Nguoi d6 bdn n = 12 vien dan, khi d6 X tuan theo quy luat nhi thitc B(n = 12;p = 0,8). S6
vien dan tring bia ¢6 kh& niing x4y ra nhiéu nhat 1a mod(X):

np—q< Mod(X)<np+p<12.0,8—-0,2 < Mod(X) <12.0,8+0,8

9,4 < Mod(X) < 10,4 = Mod(X) = 10
Xac suat dé ngusi d6 ban tring 10 vien dan la:

P(X = 10) = C'0,2(0,8)'0.(0,2)* ~ 0, 2835
b) Gia sit ngudi d6 ban n vién dan, khi d6 X tuan theo quy luat nhi thic B(n;p = 0,8). Theo
gia thiét:
12
0,8
Vay mudn trung binh c6 12 vién dan trang bia thi ngusi d6 phai ban 15 vién dan.

MX)=12&np=12en=—=15

Cong thic xap xi Laplace

Gia st X 1a dai lugng ngdu nhién phan phdi nhi thitc B(n,p). Trong thic té, néu n kha lén
thi viec tinh toan theo cong thiic Bemoulli sé gip kho khan, ldc dé c6 thé ding quy luat chuan
dé thay thé cho quy luat nhi thic néu thod man dong thoi hai diéu kien:

n > 5
p— 4l
v 1pq

Lic d6 thi dai lugng ngadu nhién X phan phdi nhi thiic B(n,p) c6 thé coi nhu phan phdi xap

xi chuan véi ky vong toan pu = np va phuong sai 02 = npg. Tit dé ta c6 cac cong thiic xap xi

Laplace nhu sau:
1 k—
P(X = k) = Chph.q* ~ f( "p)
Vv 1Pq v 1pq

P(aﬁXSb)z(I)(b_np> —<1>(a_np)

Vv 1pq v/ 1pq

O do f(x) 1a ham mat do ctia quy luat phan phdi chuan hoa, va ®(z) 1 tich phan Laplace:
1 2

f(z) = \/2_.6_7 ¢6 gia tri duge cho 6 phu luc .
T

< 0,3

/ Tdt ¢6 gia tri duge cho & phu luc
0
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oVi du 3.28 Xac suat dé san pham sau khi san xuat khong duge kiém tra chat luong bing 0,2.
Gia st trong kho ctia nha méy c6 400 san pham vita san xuit ra.

a) Tinh x4c suat dé c6 80 san pham khong dugc kiém tra chat lugng.

b) Tinh xac suit dé c6 tit 70 dén 100 sdn pham khong duge kiém tra chat lugng.

c) Véi xac suat 0,9545 hay tinh xem s6 lugng san pham khong duge kiém tra chat lugng nam
trong khoang déi xitng ndo xung quanh gia tri trung binh?

Loi gidi. Goi X 1a s6 san pham khong dugc kiém tra chat lugng trong s6 400 san pham. Khi do X
tuan theo quy luat phan phoi nhi thic B(n = 400;p = 0,2). Tuy nhién vi n kha 16n n = 400 > 5
va
— 0,2—-0,8
p—al _ 10208 _ 753
Jnpd  v/A00.0,2.0,8

nén c6 thé coi X tuan theo quy luat phan phdi chuan N(u = np = 80; 02 = npq = 64).
a) Xac suat dé c6 80 san pham khong duge kiém tra chat lugng la:

1 80 — 80 1
P(X =80) ~ = -.f(0) = -.0,39894 = 0, 04987.
o =0~ —f () = L0 = o ,

b) Xéc suat dé co tit 70 dén 100 san pham khong duge kiém tra chat lugng la:

100 — _
P(70 < X < 100) ~ ® (%) _ o (%) — B(2,5) — d(—1,25)
— B(2,5) + B(1,25) — 0,49379 + 0, 39435 — 0, 88814,

c¢) Ta phai tim € sao cho P(|X — np| <€) = 0,9545. Ta c6:

np + € —np
P(|X —np|<e)=Pnp—e< X <np+e :<I><—>—<I>(
(I | <€)= P( ) N

-+ () () = () = ()

np—e—np)

Vv 1pq

Do do;
2 (g) :0,9545<:><1>(§) :0,47725@522,0@62 16

Vay s6 lugng san pham khong duge kiém tra chat liugng nam trong khodng:

(np — e;np + €) = (80 — 16;80 + 16) = (64; 96).
3.4.4. Quy luat Poisson P(\)

Dinh nghia

* Dinh nghia 3.16 Dai lugng ngau nhién roi rac X nhan mot trong cac gia tri c6 thé c6 X =
0,1,.. duge goi 1a phan phdi theo quy luat Poisson véi tham s6 A(A > 0) néu cac xac suat tuong
ing ctia n6 duge tinh bdi cong thic:

P(X=k)="e?* k=01,..

Quy luat Poisson dugce ky hiéu la P()).
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X1 0 1 2 k

N D LN U B S| PPN
P e ﬁe 76 He

Cac tham sé dac trung ctia quy luat Poisson

a) Bang phan phdi xac suit ciia dai luong ngiu nhién X phan phdi theo quy luat
Poisson c6 dang:

Cha ¥ réng:

+o0 +00 _ +oo -
)\k )\kz 1 ]C/\k 1
A pu— —_— = > A )\ )\ =
e ,;0 i - (k;—l)' va Ae” + e ,;1 (k— 1)'

ta c6 cac két qua sau day:
b) K¥ vong toan ctia dai lugng ngau nhién X phan phéi P()\):

+00 +oo \F R \ +oo 2k
M(X):Zk.P(X:k;):Zk.Fe = .Zm

k=0 k=0 k=1

s A A A
= \.e .Z(k_1>!—)\e et = A
k=1
Tuong tu ta ciing co:
) +oo ) +o00 ) )\k \ \ 400 )\k
M(X*) = E“.P(X =k) = k¥ —e ™t =e" k.

(X°) ; (X =F) ; RO ; (k—1)!

c) Phuong sai ctia dai lugng ngau nhién X phan phdi P(\):
D(X) = M(X?) = [M(X)P = A+ A=\ =)
Nhu vay trong quy luat Poisson, ca ky vong toan va phuong sai déu bang A, d6 1a tinh chat dac
biét cia quy luat Poisson.
d) Gia tri cia X tuong ng vé6i xac suét 16n nhat la:

A—1<mod(X) <A

Két qua nay duge chitng minh tuong ty phan cong thitc Bemoulli:

/\k )\kfl )\
P(X=k) >P(X=k—1) WS o) =1l k<A
o . < 2k plan! Ang A A .
P(X=k) >P(X=k+1) A s Eo>A—1

Ko~ (k+ 1) k+1
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Lién hé gitta quy luat Poisson véi quy luat nhi thitc va quy luat chuan

Gia stt X la dai lugng ngau nhién phan phdi nhi thic B(n, p). Trong trudng hop n kha 16n va
p kha nhé (p < 0,1), phan phoi nhi thite duge xap xi béi phan phoi Poisson.

That vay, gia st tich np luon luon bang mot gia tri khong ddi np = A, khi dé xac suat ciia quy
luat nhi thic cé thé viét nhu sau:

e nn—=—1)Mn-=-2)..(n—k+1) . ,_

_nn=1)(n—2)..(n—k+1) (ﬁ)k (1_é>n_k

k! n n

-(+-3) (1—§)...(1_k;1)2_f:<1_%)n_k

Vi n 16n, do d6 thay cho p; ta tim giéi han lim lim py:
n—oo

. —n A(n — k)
k n— k U — k
lim p; = lim s (1 — i) = al lim (1 — é) A = %.6_)\

Nhu vay 1a trong truong hop s6 phép thi n rat 16n, xac suat p rat nhd va tich np = A
khong déi, cac xac sut py ciia cong thite Bernoulli ¢6 thé thay thé bing cong thiic xap xi Poisson.

Mat khéc, doi véi quy luat Poisson thi qua trinh hoi tu clia né vé quy luat chuan sé dién
ra khi A tré nén 16n hon 20. Vi vay néu dai lugng ngau nhién X phan phéi theo quy luat Poisson
song A > 20 thi c6 thé xem X phan phdi xap xi chuan véi g = X\ va 0% = \.

oVi du 3.29 Mot may deét c6 5000 6ng soi, xac suat dé trong mot phit mot 6ng soi bi ditt bang
0,0002. Tim xac suat dé trong mot phit c6 khong qua 2 éng sgi bi diit.

Loi gidi. Goi X 1a s6 6ng sdi bi dit trong mot phiat. D& thay X 1a dai luong ngdu nhién phan
phdi nhi thic B(n = 5000,p = 0,0002). Tuy nhién vi n = 5000 rat 16n, p = 0,0002 kha nho va
tich np = 5000.0,0002 = 1 khong doi nén c6 thé coi X phan phdi theo quy luat Poisson P(\ = 1).
Xac suat dé trong mot phit c6 khong qua 2 6ng soi bi dit la:

P(X <2) = Y
( — )_p0+p1+p2—6 a"‘e F‘i‘e g
12 5
=e ' [1+=+ =) =-"=0,9197
¢ (+1!+2! 2

3.4.5. Quy luat siéu bdoi M (N, n)
Vi du

eVi du 3.30 Gia sit trong binh c6 N qua cau, trong d6 c6 M qua cau trang va N — M qua cau
den. Lay ngau nhién lan lugt n qua cau theo phuong thiic khong hoan lai. Goi X 1a s6 cau trang
dugc lay ra. Khi d6 cac phép thit khong con doc lap va ta khong thé tinh xac suat bang cong thic
Bemoulli. Theo dinh nghia c¢o dién vé x4c sut, xac suat dé trong n qua cau lay ra c6 ding k cau
trang bang:

k n—k
OOy

P(X =k)=ps o
N

0<k<M; 0<n—k<N-M).
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Dinh nghia

% Dinh nghia 3.17 Dai luong ngdu nhién roi rac X nhan mot trong cac gia tri c6 thé c6 X =
0,1,2,... dugc goi 1a phan phéi theo quy luat siéu boi véi cac tham s6 N, M,n(n < N; M < N)
néu xac suat tuong tng ctia né dude tinh béi cong thic:

~ ChCr

PK}( ::kﬂ = Dk on )
N

max(0;n — N+ M) < k < min(M;n).
Quy luat siéu boi duge ky hiéu 1a M (N, n).

Cac tham sé dic trung ctia quy luat siéu boi

Dai lugng ngau nhién X phan phéi theo quy luat sieu boi M (N, n) c¢6 ky vong toan:

M M
M(X):n.ﬁznp Véip:N
va phuong sai:
M N—-M N —n N —n
D(X):n.ﬁ. N N1 PN

Ta chii ¥ rang khi s6 phép thit n 1a rat bé so v6i N thi phan phdi siéu boi khong khac so véi
phan phdi nhi thic vi:

k n—k k n—k
lim M:CS (%) ‘<1_M> _
LW Cy N N

N

3.4.6. Quy luat khi - binh phuong \*(n)

x Dinh nghia 3.18 Dai luong ngau nhién lién tuc X dude goi 1a tuan theo quy luat phan phoi
khi- binh phuong v6i n bac tu do, ky hieu x?(n), néu ham mat do xac suat clia né c6 dang:

0 véi <0
fa =4 1
21/2T(n/2)

51 e >0

N8

X

trong d6 I'(z) = [t*~'e~'dt 1a ham Gamma; I'(z) = (z — 1)['(x — 1).
0

N’/\ ].\ At O g y’\ 1 h\ F<n> — <n 1> . <n 2> ...3. .\/_”.

C6 thé chitng minh dudce ring néu dai lugng ngau nhién X phan phdi theo quy luat khi - binh
phuong véi n bac tuy do thi ky vong toan: M (X) = n va phuong sai: D(X) = 2n.

Phan vi khi - binh phuong mtc «, ky hiéu 1a x2(n) la gia tri clia dai lugng ngau nhién X tuan
theo quy luat phan phoi khi - binh phuong véi n bac ty do thod man dieu kién:

PIX < xa(n)] =a

Gia tri clia cdc phan vi nay c6 thé tra ¢ phan phu luc (xem Phuy luc .), ¥ nghia ctia phan
vi duoc thé hién ¢ hinh vé sau.
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y

Hinh 3.8:

Néu c6 n dai lugng ngau nhien doc lap X;, (i = 1,n), cing phan phdi theo quy luat chuan héa
N(0,1) thi téong binh phuong cac dai lugng do:

X = ix}
i=1

la dai luong ngau nhién phan phdi theo quy luat khi - binh phuong véi n bac tu do; con néu n dai
lugng d6 lien hé v6i nhau biang mot hé thic tuyén tinh thi tong binh phuong X tuan theo quy
luat khi - binh phuong véi n — 1 bac tu do.

Khi s6 bac tu do n tang lén, quy luat khi - binh phuong xap xi véi quy luat chuan.

3.4.7. Quy luat Student T'(n)

x Dinh nghia 3.19 Dai lugng ngau nhién lién tuc X dudc goi 1a tuan theo quy luat phan phoi
Student véi n bac tu do, ky hieu T'(n), néu ham mat do xac suit ciia n6 c¢6 dang:

= w(nigs)(”Ql) [Hnmjl}_

n
2

trong d6 I'(z) = [t*~'e~'dt 1a ham Gamma.
0

Do thi ctia ham mat do phan phdi Student T'(n) c6 dang nhu sau:

C6 thé chitng minh duge rang néu dai lugng ngdu nhién X tuan theo quy luat phan phoi

Student véi n bac tu do thi ky vong todn: M (X) = 0 va phuong sai: D(X) = LQ
n —

Phan vi Student mic «, ky hiéu la ¢? 1a gia tri ctia dai lugng ngau nhien X phan phdi theo
quy luat Student v6i n bac tu do thod man diéu kién:

PX<t))=«a

Gia tri ctia phan vi Student duge cho trong phan phu luc (xem Phu luc ), ¥ nghia ctia n6 duge
thé hién trén hinh vé. D& thay:

tZ = _t?fa
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y

Hinh 3.9:

Gia st U la dai lugng ngdu nhién phan phéi chuan hod N(0,1) va V 1 dai lugng ngau nhién
doc lap v6i U, phan phoi theo quy luat khi - binh phuong véi n bac tu do x?(n). Khi d6 dai lugng
ngau nhién:

U
X =
%

n

sé phan phoi theo quy luat Student vé6i n bac tu do T'(n).

Khi s6 bac tit do n ting lén, phan phdi Student sé hoi tu nhanh vé phan phdi chuan hoa
N(0,1). Do dé néu n kha l6n (n > 30), c¢6 the ding phan phdi chuan hoé thay thé cho phan phéi
Student.
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Bai tap chuong 3

Bai 3.1. Mot thiét bi gom 3 bo phan hoat dong doc lap véi nhau. Xac suat trong thoi gian t cac
bo phan bi héng lan luot 1a 0,4; 0,2 va 0,3.

a) Tim quy luat phan phdi xac suét ctia s6 bo phan bi hong X.

b) Thiét 1ap ham phan phdi xac suat cia X.

¢) Tinh xac suit trong thoi gian t ¢6 khong qua 2 bo phan hong.

d) Tim mod(X).

DS: a)
X 0 1 2 3
P 10,336 | 0,452 | 0,188 | 0,024
¢)0,976
d)1

Bai 3.2. Mot hop c¢6 3 qua cau trang va 2 qua cau den. Lay ngau nhién lan lugt tiing qua cau
cho dén khi lay duge cau trang. Tim quy luat phan phdi xac suat clia s6 cau duge lay ra.
DS: Bai 3.3. C6 hai 16 san pham, 16 1 ¢6 8 chinh pham va 2 phé pham; 16 2 ¢6 7 chinh pham va

X1 2 3
P106]03]|0,1

3 phé pham. Tir 16 thit nhat 1lay ngdu nhién ra 2 san pham bo sang 16 thit hai, sau d6 ti 16 thit 2
lay ra 2 san pham.

a) Tim quy luat phan phdi xac sudt ctia s6 chinh pham duge lay ra.

b) Xay dung ham phan phdi x4c suat ctia s6 chinh pham dugc 1ay ra.

DS:

X 0 1 2
P | 0,0639 | 0,4388 | 0,4973

Bai 3.4. Bang phan phoi x4c suat ciia bién ngau nhién X nhu sau:

X| 52|34
Pl04(03]01]02

a) Tinh M (X); D(X) va ox.

b) Tim mod(X).

DS: a) 0,3; 15,21; 3,9; b) -5.

Bai 3.5. Cho X; va X, 1a hai dai lugng ngau nhién doc lap c6 bang phan phdi xac suat nhu sau:

X, 12 [3 [5 X, |1 |4
P [03]05]0.2 P 0208

a) Tih M(X,), M(X,), D(X)), D(X2):
b) Tinh M(X, + Xs), D(X: + Xa)

¢) Tih M(2X; — 3X3), D(2X; — 3X,), M(X? — X3).

DS: a) 3,1; 3,4; 1,09; 1,44; b) 6,5; 2,53; c) -4; 17,32; -40,7.

Bai 3.6. Dai lugng ngiu nhién X c6 ky vong toan M (X) = a va D(X) = b2
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a) Tinh M (X — M(X));

b) Tim ky vong toan va phuong sai ctia dai lugng ngau nhién U =
DS: a) 0; b) 0; 1.

Bai 3.7. Thyc hién ba lan ban v6i xac suat lan ban thit nhat, thit hai va thit ba trang dich lan
luot 12 p; = 0,4;py = 0,3;p3 = 0,6. Tim ky vong toan clia s6 lan ban tring dich.

DS: 1,3.

Bai 3.8. Dai lugng ngau nhién rdi rac X nhan 3 gia tri c6 thé c6 la 2y = 4v6i xac suat p; =
0,5; X3 = 0,6 v6i xac suat P, = 0,3 va x3 v6i xac suat p3. Tim x3 va ps biét M(X) = 8.

DS: 29.1; 0,2.

Bai 3.9. Dai lugng ngau nhién roi rac X nhan cac gia tri c6 thé c¢6 la o1 = —1,29 = 0,25 = 1.
Tim céc xac suat tuong ing py, pa va p3 biét rang M(X) = 0,1 va D(X) = 0, 89.

DS: 0.4: 0,1: 0,5.

Bai 3.10. Mot ngudi di tit nha dén co quan phai qua 3 nga tu, xac suat dé ngusi dé gap den do
6 cac nga tu tuong tng la 0,2; 0,4; 0,5. Héi thoi gian trung binh phai ngimg trén ducng la bao
nhiéu, biét ring mdi khi gip dén dé nguoi ay phai doi khoang 2 phit.

DS: 2,2.

Bai 3.11. Dai lugng ngau nhién X c¢6 bang phan phdi xac suat nhu sau:

X —a
T

X[ 1|48
Pl03|01]06

a) Tinh P(|X- M(X)| < 4)

b) Tinh xac suat dé trong 5 phép thit c¢6 it nhat mot lan X < M(X).

DS: 0,7; 0,92224.

Bai 3.12. Cho X, Y 1a hai dai lugng ngau nhién doc 1ap c6 bang phan phoi xac suat:

X |-110 |2
Plx [02]y
Y |-1]1
P t

Z

a) Tim z,y, 2,t biet M(X +Y) =1,3; M(X?*+Y?) =3,3;

b) Lap bang phan phéi xac suat cia X? — 2X, XY, |X - Y;

¢) Tim 86 p € (0;1) sao cho dai lugng ngdu nhién pX?+ (1 —p)Y3 c¢6 do lech tieu chuan nhé nhat.
Tim do léch tiéu chuan nhé nhat dé.

DS: a) 0,3; 0,5; 0,2; 0,8; ¢) p = 0,175;0:n = 0, 726.

Bai 3.13. Cho dai lugng ngau nhién rdi rac X nhan cac gia tri 0,1,2,3, ... véi xac suat tuong
ing:

a) Tim q;
b) Tinh xéac suat trong 3 phép thit doc lap c6 lan X < 3;
¢) Tinh ky vong todn M (X) va phuong sai D(X).
1
DS: a) 0,25; b) 1 — 0,25%; c)g; 9
Bai 3.14. Nhu cau hang nam veé loai hang A 1a dai luong ngau nhién X c6 ham mat do xac suat
nhu sau (don vi: ngan san pham):
k(30 — z) véi = e (0;30)
flay = {0 v ed
0 véi x ¢ (0;30)
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a) Tim he s6 k,
b) Tim xac suat dé nhu cau vé loai hang d6 khong vugt qua 12 ngan sin pham trong mot nam.
¢) Tim nhu cau trung binh hang nam vé loai hang do.

1
DS a) E, b) 0764, C)/lo.
Bai 3.15. Thoi gian xép hang chd mua hang ctia khach 1a dai lugng ngau nhién lién tuc véi ham
phan phdi xac suat nhu sau: (don vi: phut)

0 voi <0
Fx)=<ar’—32>+2x véi 0<zx<1
1 vl x> 1

a) Tim he s6 a.

b) Tim thoi gian xép hang trung binh.

c) Tim xac suat dé trong 3 ngusi xép hang thi c6 khong qua 2 ngusi phai chd quéa 0,5 phit.
DS: a) 2: b) 0,5; ¢) 0,875.

Bai 3.16. Cho X la dai lugng ngau nhién lién tuc c6 ham phan phoi xac suat sau day:

F(x) = a+ b.arctanx
a) Tim cac he s6 a, b.
b) Tim P(0 < X < ).
c¢) Tim gia tri z; thod méan diéu kien P(X > z;) = 7
d) Tim ham mat do xac suat clia X.

11 1
DS: a)é; }b)0,25;c)—1;d)

A
Bai 3.17. Ham phan phdi xac suat ctia dai luong ngau nhién lien tuc X c¢6 dang:
0 vl <0
. e 7'[_
F(x) = k.sint vol 0<x < 1
T
1 61 > —
vl 1

a) Tim hé s6 a.

b) Tim ham mat do f(x).

c) Tim M(X), D(X).

DS: a) v/2; ¢) 0,371; 0,0499.

Bai 3.18. Dai lugng ngau nhién X c6 ham mat do xac suat:

.. ™ T
a.cosr VOl T &€ ( )

T@9=19, Vi ¢ (%%)
272
a) Tim hé 6 a,
b) Tim P(0 < X < %).
c¢) Tim xac suat dé trong 3 phép thit c6 lan X € {g, 2?71 .

DS: a) 0,5; b) 0,354; ¢) 0,1878.
Bai 3.19. Thu nhap ciia dan cu mot viung la dai lugng ngau nhién lién tuc c6 ham phan phoi xac

suat nhu sau: N
1— (—0) vl =z >«
F(z) = { x =0

0 vl T < x
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Hay x4c dinh mitc thu nhap sao cho lay ngau nhién mot nguodi ¢ viing do6 thi thu nhap ctia nguoi
nay vuct qua mic trén véi xac suat 0,5.

DS: 253}0

Bai 3.20. Ty le mac mot loai bénh trong mot viing dan cu la bién ngau nhién lién tuc c6 ham

mat do:

1

— V6 x € (5;25

fley=420 7 (5:25)
0 v6i z¢ (525)

a) Tinh P(|X — 10| > 2,5).

b) Tinh ty lé m&c bénh trung binh va phuong sai.

DS: a) 0,75; b) 15; 33,3.

Bai 3.21. Dai lugng ngau nhién lién tuc X c¢6 ham mat do xac suat:
k

2
bS: —
T

Bai 3.22. Hai kién tuéng bong ban ngang siic thi dau véi nhau. Héi thang 2 trong 4 van dé hon
hay thing 3 trong 6 van dé hon?

DS: Thang 2 trong 4 van dé hon.

Bai 3.23. Mot nit cong nhan quan 1y 12 méay dét. Xéac suat dé mdi may trong khoang thoi gian t
can dén sy cham sbc clia nit cong nhan 1a 0,3.

a) Tinh x4c suat trong khodng thoi gian t ¢6 4 may can dén sy cham soc clia nit cong nhan.

b) Tinh x4c suat trong khodng thoi gian t c¢6 tit 3 dén 6 may can dén sy cham séc clia nit cong
nhan.

c¢) Tinh s6 may c6 kha nang can dén sy cham séc clia nit cong nhan nhiéu nhat.

DS: a) 0,231; b) 0,709; ¢) 4 méy.
Bai 3.24. Viéc san xuat ra cac san pham dudce tién hanh doc lap. Hoi phai san xuat mdi dgt bao
nhiéu san pham dé trung binh c6 duge 10 san pham dat tiéu chuan biét ring xac suat duge san
pham dat tiéu chuan bang 0,8.
DS: 13 san pham.
Bai 3.25. Tién hanh kiém tra chat luong 900 chi tiét, xac sudt dé mot chi tiét dat tieu chuan la
0,9.
a) Tinh x4c suat dé c6 810 chi tiét dat tieu chuan.
b) Tinh xac suat dé c6 tit 800 dén 825 chi tiét dat tieu chuan.
c¢) Hay tim v6i xac suat 0,9544 xem s6 san pham dat tiéu chuan nam trong khoang dbi xing nao
xung quanh gia tri trung binh?
DS: a) 0,0443; b) 0,81904: ¢) (792; 828).
Bai 3.26. Kich thuéc chi tiét do mot may san xuat ra la dai luong ngdu nhién phan phdi chuan
v6i = 5em v ox = 8, lmm. a) Tim xéc suat dé lay ngau nhién 1 chi tiét c6 kich thude tit 4cm
dén 7cm.
b) Tim xac suat dé lay ngdu nhién 1 chi tiét c6 kich thude sai lech so véi k¥ vong toan khong qua
2cm.
c¢) Tinh xac suat dé khi ldy ngdu nhién 5 chi tiét c6 2 chi tiét c6 kich thudc 16n hon 5cm.
DS: a) 0,88389; b) 0,98648; ¢) 0,3125.
Bai 3.27. Kich thudc chi tiét 1a bién ngau nhién phan phdi chuan véi p = 50em. Kich thude thie
té ciia cac chi tiét khong nhoé hon 32cm va khong 16n hon 67cm. Tim xéc suat dé lay ngdu nhién
2 chi tiét c6 chi tiét c6 kich thuéc nhé hon 40cm.
DS: 0,09.
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Bai 3.28. May bay bay doc theo cau dai 8m, rong 4m va ném 2 qua bom. Biét rang khodng cach
tit diém roi ctia qua bom dén truc déi xiing theo chiéu doc va chidu ngang ctia cau la céc bién
ngau nhién doc lap, cting phan phdi chuan véi ky vong toan bing 0 va do lech chuan tuong tng
13 4m va 6m. Tim x4c suat dé cau bi tring bom.

DS: 0,3439.

Bai 3.29. Khi tham nhap mot thi truong méi, doanh nghiép chi di kién rang doanh s6 hang
thang c6 thé dat dugc phan phéi chuan. Xac suat dé dat duge doanh s6 nhoé hon 20 trieu 1a 0,1;
trén 50 tricu la 0,2.

a) Tinh doanh s6 hang thang trung binh ctia doanh nghiep do.

b) Tinh xac suat dé doanh nghiép dat dudc doanh s6 it nhat 1a 40 triéu hang thang.

DS: a) 38,113; b) 0,44828

Bai 3.30. Trong lugng mot loai san pham la bién ngdu nhién phan phoi chuan véi trung binh
25kg va do lech chuan 0,2kg.

a) Tinh ty ¢ sdn pham c6 trong lugng 16n hon 25,3kg.

b) Tinh x4c suat dé khi can thit 25 sdn pham thi trong lugng trung binh ctia 25 san pham nay
nho hon 25,01kg.

DS: a) 0,06681; b) 0,09871.

Bai 3.31. Theo théng ké dan sé thi mot ngudi & do tudi 40 sé song them 1 nam nita 1a 0,995.
Mot cong ty bao hiém nhan tho ban bao hiém 1 nam cho nhitng ngusi ¢ do tudi dé véi gia la 10
ngan va trong truong hop ngusi mua bdo hiém bi chét thi s6 tién boi thuong la 1 tricu. Hai lgi
nhuan trung binh clia cong ty khi ban méi thé bao hiém loai nay la bao nhieu?

DS: 5 ngan.

Bai 3.32. Nhu cau vé mot loai thie pham ¢ mot khu dan cu ¢6 bang phan phdi xac suat nhu
sau:

Nhu cau (kg) | 50 | 60 | 70 | 80 | 90 | 100
Xéc suat | 0,15 | 0,25 | 0,35 | 0,12 | 0,07 | 0,06

a) Tinh nhu cau trung binh vé loai thyc pham dé & khu dan cu néi trén;

b) Méi kg thyc pham cita hang mua vao 45000d, ban ra 60000d. Gia st cita hang nhap 70kg thuc
pham, hay lap bang phan phdi xac suat ciia lugng san pham dude ban ra. Tinh s6 tién lai trung
binh cita hang thu duge khi do;

¢) Néu bi é thi clta hang giam gia ban ra chi 30000d thi sé hét hang. Hoi cita hang nén nhap 70kg
hay 80kg thi t6t hon?

DS: a) 68,9; b) 720000; c) nén nhap 70kg.

Bai 3.33. Mot chi tiét do mAy tién sdn xuat ra la mot dai lugng ngdu nhien X ~ N (20mm, 4mm?).
Chi tiét duge goi 1 hop quy cach néu X dao dong tit 18mm dén 22mm. Cho may doé san xuat 100
chi tiét, tinh xac suat dé co:

a) 50 chi tiét may hép quy céch;

b) Khong qua 80 chi tiét may hgp quy cach.

DS: a) 0,105; b) 0,994

Bai 3.34. Thoi gian bao hanh mot san pham dude quy dinh 1a 3 nam. Néu ban duge 1 san pham
thi ctta hang 1ai 150 ngan song néu san pham bi héng trong thoi gian bao hanh thi cita hang phai
chi phi 500 ngan cho viéc bdo hanh. Biét ring tudi tho san pham la dai lugng ngdu nhién phan
phdi chuan vé6i tudi tho trung binh 1a 4,2 nam va do léch chuan 1a 1,8 nam.

a) Tim s6 tién 1ai ma cita hang hy vong thu dugc khi ban méi san pham.

b) Néu muén sb tién 1ai cho méi san pham béan ra la 50 ngan thi phai quy dinh thdi gian bao hanh
la bao nhiéu?

¢) Néu mudn ty 1é san pham phai bao hanh khong qua 10% thi phai quy dinh thdi gian bio hanh
la bao nhiéu?

DS: a) 24,285 ngan; b) 2,688 nam; ¢) 1,896 nam.
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Bai 3.35. Mot nguoi can nhic giita viec mua c6 phiéu ctia 2 cong ty A va B hoat dong trong 2
linh vuc doc lap nhau. Biét 1ai sudt ¢d phiéu ctia 2 cong ty la dai luong ngdu nhien phan phdi
chuan véi cac tham s6 dic trung nhu sau:

K3 vong toan (%) | Do lech chuan (%)
Cong ty A 11 4
Cong ty B 10,4 2,6

a) Néu ngusi d6 muén dat duge 1ai suit t6i thiéu 1a 10%thi nén mua ¢ phiéu ciia cong ty
nao?
b) Néu ngusi d6 mudn han ché r1i ro bang cadch mua ¢ phiéu ctia ci hai cong ty thi nén mua
theo ty lé bao nhiéu dé mitc do rii ro vé 1ai suat 1a nhé nhat?
DS: a) Cong ty A; b) A:B = 0,297:0,703.
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Chuong 4

Mau ngau nhién - Uéc lugng tham sé

4.1. Tong thé nghién cdiu

4.1.1. Dinh nghia

x Dinh nghia 4.1 Tap hop toan bo cac phan tit mang ciing mot dau hiéu nghién citu dinh tinh
hoiic dinh lugng nao dé dude goi la tong thé nghién citu hay tong theé.

S6 lugng cac phan tit clia tong thé duge goi la kich thude tong thé, ky hicu 1a N. V6i méi tong
thé ta khong nghién ctu truc tiép tong thé ma thong qua mot hay nhiéu dau hiéu dac trung cho
tong thé do. Ching dugce goi la dau hieu nghién ctu, ky hieu 1a y, cac dau hiéu nay c6 thé la dinh
tinh hoac dinh lugng.

oVi du 4.1 Mudn nghién citu tinh hinh di lam thém ctia sinh vién céc truong Cao déng, Dai hoc
tren toan quéc ta tién hanh tong didu tra sinh vién toan qudc va phan tich s6 lieu theo sb gic
lam thém hang tuan. Khi dé, tong thé nghién cttu 1 tap hop tat ca sinh vién toan quéc, dau hicu
nghién ctu X la thoi gian lam thém hang tuan ctia sinh vien. Kich thudc tong thé N 1a s6 sinh
vién cua Viét Nam.

4.1.2. Cac phuong phap mo ta tong thé

Gia st tong thé kich thuée N, dau hiéu nghién cttu dinh lugng x nhan cac gia tri 1, 9, ..., T
v6i cac tan sb tuong tng Ny, Ny, ..., Nj (trong téng thé c6 N; tit ma dau hiéu nghién ctitu y nhan
gi& tri bang ;).

a) Bang phan phdi tan so.
Téng thé c¢6 thé duge mo ta bang bang phan phdi tan s6 nhu sau:

Giatricuna x | 1 T2 ... T ... Tg
T?xnsé N1 Ng Ni Nk

Hién nhién:

b) Bang phan phdi tan suat.
Ky hieu p;, (i = 1,k) 1a tan suat cla z;:
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khi d6 téng thé con dugc mo ta béi bang phan phdi tan suat nhu sau:

Giatricua y | 1 X2 ... T ... g
Tan sb PL P2 e Di .. Dk
Dé thay:

¢) Tan s6 tich luy - Tan suat tich luy.
Ky hieu w; (z =1, k) la tan s6 tich luy cta z;, tic la tong s6 phan ti ¢6 gia tri nho hon x;:

w; = Z :Nj

T <T;

va F (z;) (i = 1,k) 1a tan s6 tich luy cla z;:

Flo)=5= > i

T;<Tj

Viéc mo ta tong thé theo bang phan phéi tan suat va tan suat tich luj cho thay dau hiéu dinh
lugng x ¢6 thé mo hinh héa bing mot dai lugng ngau nhién roi rac X. Diéu nay ciing ding déi
v6i tong thé mang dau hiéu nghién ctu y phan phéi lien tuc. Dai lugng ngu nhien X ding
dé mo hinh héa dau hieu nghién ctu y dude goi dai lugng ngau nhién goc, con quy luat phan
phdi x4c suat clia n6 1a quy luat phan phdi goc.

4.1.3. Céac tham sb dic trung cta tong thé

a) Trung binh tong thé.
Gia stt trong tong thé kich thuée N dau hieu dinh luong y nhan céc gia tri z1, 2o, ..., zx. Trung
binh téng thé, ky hieéu la m, 1a trung binh s6 hoc clia cac gia tri clia y trong tong thé:

Néu tong thé duge mo ta bdi bang phan phdi tan s6 ¢ phan (3.1.2 a) thi trung binh téng thé

con dugce tinh bdi:
k
1
N i=1

Néu xem dau hiéu nghién citu y nhu dai lugng ngdu nhién thi trung binh tong thé chinh la ky
vong toan cua dai lugng ngau nhién do.

b) Phuong sai tong thé.
Gia st trong tong thé kich thuéc N dau hieu dinh lugng y nhan cac gia tri i, 2, ..., Tn.
Phuong sai tong thé, ky hieu la o2, 1a trung binh s6 hoc ctia binh phuong cac sai lech gitta cac
gi4 tri clia dau hiéu y trong tong thé va trung binh téng theé:
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Néu tong thé duge mo ta bdi bang phan phdi tan s6 ¢ phan (3.1.2 a) thi phuong sai tong thé
con dugce tinh bdi:
X
2 —
w2l

Do lech tieu chuan tong thé 1a can bac hai ctia phuong sai tong the:
o=Vol

Thuc chat phuong sai tong thé chinh 1a phuong sai ctia dau hiéu nghién citu trong téng thé.
Tuong ti cong thiic tinh phuong sai ctia dai lugng ngdu nhien, ta toan c6 thé tinh phuong sai
tong thée bang cong thic:

1 & 1 X 2 L F - 2
2— 2_ AT ; 2—_ 2 ;s — . .
o —N;xi (N;:m) hay o _N;xiNl (N;IZM) .

c¢) Tan suat tong thé.
Gia sit trong tong thé kich thuéc N ¢6 M phan tit mang dau hiéu nghién ctu, con N — M
phan t& khong mang dau hieu d6. Khi dé tan suat tong thé, ky hieu p, 1a ty lé phan tit mang
dau hicéu nghién cttu trong tong thé:

p:ﬁ'

Néu xem dau hiéu nghién citu x 1a dai lugng ngau nhién tuan theo quy luat khong - mot thi
tan suat tong thé p chinh 1a k¥ vong toan cta dai lugng do.

Mau ngau nhién

4.2.1. Dinh nghia

Ta da biét c6 thé coi dau hiéu nghién citu y clia tong thé nhu mot dai luong ngdu nhién y ¢6
ham phan phéi xac sudt 1a tan suét tich liy ctia y. Gia st tit tong thé 14y ngdu nhién n phan ti,
va goi X; la gia tri ctia ¥ do ludng duge trén phan t& thit 4. Khi d6 c6 thé xem nhu da thic hien
n phép thit doc lap ddi véi X va X; 1a cac dai luong ngau nhién doc lap cling quy luat phan phéi
xac suat véi X.

* Dinh nghia 4.2 Mau ngau nhién kich thudc n la tap hop ctia n dai lugng ngau nhién doc lap
X1, Xs, ..., X,, dugc thanh lap tu dai lugng ngau nhién X va c6 cing quy luat phan phdi xac suat
déi véi X.

Mau ngau nhién thuong duge ky hieu la W = (X1, Xs, ..., X,,).

Khi thyc hien mot phép thit déi v6i mau ngdu nhien W ta sé thu dude két qua cu thé: X,
nhan gia tri 1, Xy nhan gia tri x», ..., X,, nhan gia tri x,,. Tap hop n gia tri x1, z9, ..., z,, tao thanh
mot gia tri cia mau ngdu nhién, hay con goi 1a mot mau cu thé, ky hieu la:

w = (T, T2, ..., Tp) -

oVi du 4.2 Trong 1 cita hang bang dia, trén 1 ké chita cac dia nhac ¢6 cac loai dia tuong tng
v6i 86 tien nhu sau:

Gia (ngan dong) | 20 25 30 34 40
S6 dia 35 10 25 17 13
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Lay ngiu nhién 1 dia nhac trong gia.
Goi X 1a gia tién ctia dia nhac nay. X = {20;25; 30; 34; 40}
Ta thay X c¢6 quy luat phan phoi xac suat nhu sau:

X[ 20 25 30 34 40
P|035 01 025 0,17 0,13

X dac trung cho dau hiéu nghién citu 1 gia tién ctia tong thé la sé dia trén gia.
Lay ngdu nhién (c6 hoan lai) 4 dia nhac tir ke.

Goi X; 1a gia tién ctia dia nhac thit ¢ 1y duge, 1 =1+ 4

Ta thay cac X; doc lap va c6 cling quy luat phan phoi xac suat giong nhu X.
Lap W = (X1, Xs, X3, X4), goi 1a mau ngau nhién.

Bay gio ta xét xem gia cu thé ciia timg dia lay ra thay nhu sau:

Dia 1: gia 20 ngan dong.

Dia 2: gia 30 ngan dong.

Dia 3: gia 20 ngan dong.

Dia 4: gia 40 ngan dong.

Lap w = (21, T2, 73, 74) = (20, 30,20, 40) goi 1a mau cu thé.

4.2.2. Cac phuong phap moé t4 mau ngau nhién

Gia stt tir tong thé véi dai lugng ngau nhién géc X rat ra mot mau ngau nhieén kich thuée n
v6i mau ngau nhien cu thé: w = (1, 79, ..., z,). Gia sit trong mau cu thé do, gia tri z; xuat hien
ny lan, gia tri o, xuat hién ny lan,..., gia tri x;, xuat hién n, lan, va cic x; sap xép theo gia tri
tang dan. Khi d6 gia tri mau cu thé w ¢6 thé duge mo ta nhu sau:

a) Bang phan phdi tan s6 thyc nghiem (don).

i | X1 T2 ... Tj ... Tk
ng | N1 N2 U2 g
« 2 .o
Hién nhién:
0<n; <n, V.=1,k
k

b) Bang phan phdi suat s6 thuc nghiém (don).
Ky hieu f;, (i = 1,k) la tan suat xuat hien gia tri z; trong mau:

fi==t =Tk
n

khi d6 mau ngau nhién cu thé con duge mo ta béi bang phan phdi tan suat nhu sau:

;| 1 Lo ... Tj ... Tk

fil ho fo o fi o i

Dé thay:

k
Y fi=1
i=1
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c) Bang phan phéi tan s6 thyc nghiem (ghép 16p).
Trong truong hgp dau hiéu nghién cttu c6 phan phdi lién tuc thi mau ngau nhién con duge mo
t4 béi bang phan phdi tan sé ghép 16p:

€T; To— X1 X1 — T2 ... Ti—1 — T .. Th—1 — Tk

T; ny %) n; ng

Trong bang trén, ¢6 n; phan tit cia mau w nhan gia tri trong khodng [xg,x1),ne phan ti
nhan gia tri trong khodng [x1, 75) , ..., ¢6 ny, phan t1t nhan gia tri trong khoang [zy_1, 7). Hién
nhién: L

Ognzgn, Vlzl,k

k
E n, =mn
i=1

Tuong ti ta cling ¢6 bang phan phdi tan suat ghép 16p nhu sau:

ZT; To— X1 X1 — T2 ... Tj—1 —Tj ... Tp—1 — Tk

fi S fo fi Ji

Tuy nhién néu chi ¥ rang dai lugng ngau nhién géc X phan phoi lien tuc thi c6 thé coi trong
mau ngau nhién cu thé, truosng hop dau hieu nghién citu nhan gia tri ding bing z; khong xay
ra.

d) Ham phan phéi thyc nghiém.
Ky hieu w; (z =1, k) la tan s6 tich luy cta z;, tic la tong s6 phan ti ¢6 gia tri nhé hon z;

w; = E =n;

T;<T;

trong mau cu thé w:

va F* (z;) (i = 1,k) la tan s6 tich luy cla ;:
w.
(z:)=—=> f
Khi d6 F* (z) 1a mot ham ctia 2 va duge goi 1a ham phan phdi thyc nghiem ctia mau.

4.2.3. Do thi ctia phan phbi thuc nghiém
a) Da gidc tan sob.
Xét mau ngau nhién cu thé duge mo ta bdi cac bang phan phéi tan sé thyc nghiém va tan
suat thyc nghiem & phan (3.2.2. a,b).
e Da gidc tan s6 1a mot dudng gap khiic ma cac doan thang clia né néi cac diém (z1,n1) , (12, n2) , ..., (24
trén mit phang.
e Da gidc tan suat la mot duong gap khic md céc doan thing clia né ndi cac diém
(mlv fl) ) (3327 f2> PRERY (xka fk) trén mat phang

oVi du 4.3 Gat ngau nhién 365 diem trong lda ciia mot huyen ta duge cac s6 lieu duge sip
xép thanh bang sau:

Nang suat (ta/ha) | 25 30 33 34 35 36 37 39 40
S6 diem gat 6 13 38 74 106 8 30 10 3




108 CHUONG 4. MAU NGAU NHIEN - UOC LUONG THAM SO

Nhu vay gia tri ciia mau da duge mo ta dudi dang bang phan phéi tan s6 thuc nghiem. Con
bang phan phdi tan suat thiyc nghiem cé dang:

;] 25 30 33 34 35 36 37 39 40
£, 10,016 0,036 0,104 0,203 0,290 0,233 0,082 0,027 0,008

Da giac tan s6 va da giac tan suat ctia phan phdi thic nghiém nay nhu sau:

Pagidctinsd
120

100

t
]
=2

ém ga
(=3
2

o

sa di

Mang suatita/ha)

Da gidc tin suit
0.35
0.3
0.25
0.2
0.15
0.1

0.05

b) Biéu do tan sb.

Xét mau ngau nhién cu thé duge mo ta bdi cac bang phan phéi tan sé thuc nghiem va tan
suat thyc nghiem & phan (3.2.2. ¢).

Dé vé biéu do6 tan so ta chia doan [, 4] chita tat cd cc gid tri quan sat duge ctia mau thanh
cac doan nhé ting véi [z;_1, 7;]. Biéu do tan suit 1a mot bac hinh thang tao nén bdi nhiéu hinh
chit nhat c6 day bang h; = z; — x;_; va chiéu cao biang st Liic d6 dien tich hinh chit nhat thi
i dang bang h; - Z—z = n; la tan s6 tng véi doan thit i. Vi vay tong dien tich ctia tat ca cac hinh
chit nhat sé bang kich thudc mau n.

Tuong tu biéu dd tan suét 1a mot hinh bac thang dude tao nén béi cac hinh chit nhat cé déy
bang h; = x; — x;_1 va chiéu cao bang 5. Lidc d6 dien tich hinh chit nhat thi i bang f; va tong
dien tich ca biéu do bang 1.

oVi du 4.4 Vé biéu do tan s6 ciia phan phoi thuc nghiém cho ¢ bang sau:
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;| 5-8 8-10 10-12 12-13 13-14 14-16 16-20

n; | 12 16 20 12 16 16 8
Z— 4 8 10 12 16 8 2

s T8

4.3. Théng ke

4.3.1. Dinh nghia

» Dinh nghia 4.3 Gia stt khi nghién cttu dai lugng ngau nhién géc X trong tong thé ta c6 mau
ngau nhien W = (X1, Xs, ..., X,,). Thong ke 1a mot ham ctia cac gia tri X, Xs, ..., X,,, ky hieu 1a
G. Nhu vay:

G = f(X1,Xo ., X))

Vé thyc chat thong ké 13 mot ham clia cac dai lugng ngiu nhién, do d6 ban than né cling sé
13 mot dai luong ngau nhién tuan theo mot quy luat phan phéi xac suat nhat dinh va c6 cac dic
trung s6 tuong ting nhu trung binh M(G), phuong sai D(G)...

Khi mAu ngAu nhién nhan mot gid tri cu thé w = (1,9, ..., 7,) thi thong ké G ciing nhan
mot gid tri cu thé 1a g = f (21, 22, ..., Tp).

4.3.2. Trung binh mau

a) Khai niem. Gia st tit dai lugng ngdu nhién goc X trong tong thé lap mau ngau nhién kich
thuée n : W = (X1, Xo, ..., X,,). Trung binh mau 1a mot thong ke, ky hi¢u 1a X va la trung
binh s6 hoc clia cac gia tri clia mau:

YZEZX,-.

S

b) Tinh chét
Néu dai lugng ngau nhién goc X c¢6 ky vong toan M (X) = m va phuong sai D(X) = o2 thi:

0.2

M(X) = m; D(X) = 2.

That vay, ap dung cac tinh chat ctia ki vong toan ta co:

M(X)=M (% iX) = %iM(Xi) = %nm = m.
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Ap dung céc tinh chét clia phuong sai véi luu ¥ X; 1a cac dai luong ngdu nhien doc lap ta co:
- 1 < 1 < 1, o?
D(X)=D <E;X) - ﬁ;D(XZ-) = o’ =

c¢) Tinh gia tri cu the.
Khi mau ngau nhién nhan mot gia tri cu thé w = (21, s, ..., x,,) thi trung binh mau ciing nhan
gia tri cu thé bing:

Néu mau ngau nhién duge cho bdi mang phan phdi tan so:

i | L1 L2 ... Tj ... T Zk o
) ) =1 =N
n; |y Ng ... Ny ... Ng

thi gia tri cu thé ctia trung binh mau duge tinh béi:
1 n
1=

4.3.3. Phuong sai mau

a) Khai niem. Gia sit tit dai lugng ngdu nhién goc X trong tong thé lap mau ngiu nhien W =
(X1, Xs, ..., X,,). Phuong sai mau 1a mot thong ke, ky hiéu S2, va 1a trung binh s6 hoc clia binh
phuong céac sai léch gitta cac gia tri cia mau va trung binh mau:

i=1
Ngoai ra ngusi ta con dung hai loai phuong sai sau day:

e Phuong sai dieu chinh mau, ky hiéu 14 S va duge xac dinh bang cong thiic:

n

g7 = ! D (X - X)%

n—14%
=1

e Phuong sai S** duge xéac dinh bang biéu thiic:
*2 1 - 2
S == (X; —m)

n <
=1

trong d6 m la trung binh tong thé.
b) Tinh chat.

e Phuong sai mau c6 tinh chat sau: Néu dai lugng ngau nhién goc c6 ky vong toan M (X) =
m va phuong sai D(X) = o2 thi phuong sai S? c¢6 k¥ vong toan:
—1
M(s?) =152

n
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That vay:
S = LY (=X = Y [ m) = (K =)
:%Z[(X,_m)Q_z(X,.—m)(Y—m)+(7—m)2}
S w2 (K= m) 230 (Xe—m) + (X —m)
:%' (X; —m)* — (X —m)’
éM(S)2:%zn:M(Xi—m)z—M(Y—mf
Mat khac:
M (X; —m)* = D(X;) = D(X) = o?
M (X —m)’ = DE) = L.
Do do:
02_n—102.

M (52) e ——
n n
e Gifta phuong sai mau va phuong sai diéu chinh mau c6 moéi lien he

5/2: n 52
n—1

Do d6 tir tinh chat ctia phuong sai mau S? c6 thé suy ra tinh chat ciia S” nhu sau:

M (S”) = o>
That vay:
n n n n-—1
M (S?) :M<n_152) =M () = =0t
e D6i v6i phuong sai S*? ta cfing 6 tinh chat tuong tu sau:
M (S*?) = o>
That vay:

n

(X — m)2] =

S|

M (572) :M[

=1

c¢) Tinh gia tri cu the.
, Tn), phuong sai mau nhan mot gia tri cu thé bang:

e Trén mot mau cu the w = (xy, zo, ...
n
1 2
§?=— E (x; — 7).
n <
=1

Néu mau ngau nhién duge cho bdi bang phan phoi tan sb:
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i | L1 T2 ... Tij ... Tk Zk L
ol n ‘ =1 i =N
i 1 No ... Ny ... N

thi gia tri cu thé ctia phuong sai mau duge tinh béi:

Trén thuc té, dé tien cho viéc tinh toan ngudi ta sit dung cong thitc sau dé tinh gia tri

cua phuong sai mau:
k
R 2\ (=2
s° = (n;nle> (:c )

That vay, ta co:

1 <& B 1 @ _

k k k
1 2 _ 1 o1 2 =2
:_5 nixi—2x-—g nixi—i-x:—g nx; —T .
=1 i=1 i=1

e Gia tri cu thé ctia phuong sai diéu chinh mau dugc tinh béi:
n

: 1 / 1 O
5% = Z(mi—f)z hoac 5% = an (z; —T)°.
i=1

n—14 n—1
1=1

Gia tri cu thé s’ ¢6 thé tinh thong qua gié tri s> nhu sau:
n n 1 @
2 2 2 -2
5% = s° = =Y nai -7 .
n—1 n—1 (n ; o )
e Gi4 tri cu thé ctia phuong sai S*? la:

1 & 1 ¢
s == Z (z; —m)? hoac s == Z n; (x; —m)*.
i=1 i=1

n “ n <

4.3.4. Do léch tiéu chuan mau

Néu lay can bac hai ctia phuong sai mau S?, ctia phuong sai diéu chinh mau S, clia phuong
sai S*? ta thu dudc cac théng ké tuong ting goi 1a do lech tieu chuan mau S, do lech tieu chuan
diéu chinh mau S /, do lech tiéu chuan S* nhu sau:

—\ 2
S = E;(Xl—X)
s - |3 (x - %)’
n—13 Z

S*QI lZ:()(,L—7’Tl)2

n -
=1

Gia tri cu thé ctia ching trén mot mau cu thé 1a nhitng s6 xac dinh, ky hiéu la s, s’ s*.
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4.3.5. Tan suiat mau

a) Khai niem.
Gia stt tit tong thé kich thuée N, trong d6 M phan tit mang dau hiéu nghién ctu, lay ra mot
mau ngau nhién kich thude n va trong d6 thiay c6 Y phan tit mang dau hiéu nghién ctu. Lic
d6 tan suat 1a mot mau thong ke, ky hieu 1a f va 1a ty s6 gitta s6 phan tit mang dau hiéu
nghién ctu trong mau va kich thudc mau:
Y
f=-
n
Ta cht ¥ rang, tan sudt mau la mot trudng hop riéng ctia trung binh mau X khi xem déu hiéu
nghién citu trong tong thé la dai luong ngdu nhién X tuan theo quy luat khong - mot. That

vay, néu goi X; 14 s6 phan tit mang dau hiéu nghién citu khi 1y phan tit thtt ¢ ctia mau thi ta
¢6 mau ngau nhien W = (X, Xy, ..., X,,) v6i X; tuan theo quy luat khong - mot va:

Y=X1+Xo0+ ...+ X,.
Khi do:

X+ Xt X,
n

= X.

f

b) Tinh chat.
Néu dai lugng ngau nhién géc X tuan theo quy luat A(p) véi ky vong toan M(X) = p va
phuong sai D(X) = p(1 — p) thi:

p(l—p)

M(f) = p; D(f) =

That vay, theo két qua phan (3.2.2 ):

c¢) Tinh gia tri cu the.
Gia st trong mau ngau nhién kich thuée n c¢6 k phan tit mang dau hiéu nghién citu, khi dé gia
tri cu thé cia tan suat mau la:

4.3.6. Quy luat phan phdi xac suat ctia mot sé thdng ké dic trung mau

Quy luat phan phdi xac suat ciia cac thong ké dic trung mau phu thuoc chit ché va quy luat
phan phdi xac suat ciia dai lugng ngau nhién géc X . Trong phan nay ta chi ding & viéc thita nhan
cac két qua. Ban doc c6 thé tim thay ching minh céc két qua nay & cac tai lieu day di hon vé
thong ke toan.

a) Truong hop dai lugng ngau nhien gbc X tuan theo quy luat phan phéi chuan
Gia st dau hiéu nghién citu trong tong thé c6 thé xem nhu mot dai lugng ngau nhién X tuan
theo quy luat chuan véi ky vong toan M (X) = p va phuong sai D(X) = o2,
Dé xac dinh quy luat phan phéi xac suat ctia cac théng ké dac trung mau c6 thé sit dung dinh

Iy sau:
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O Dinh 1y 4.1 Néu cac dai lwong ngau nhién X, X5, ..., X,, doc lap va ctung phan phdi theo
quy luat chuan thi moi t6 hop tuyén tinh cia cac dai Iuong ngau nhién dé ciing phan phéi
theo quy luat chuan.

e Trung binh mAiu ciing phan phdi theo quy luat chuan véi ky vong toan M (7) = [ va

0_2

phuong sai D (Y) =

Do dé6 néu xay dung théng ke

g Xop_(X-wyn

g

9

thi thong ké U sé phan phdi theo quy luat chuan hoa N(0,1).
e Tit phuong sai S*? xét théng ke:

ns*Q 1 n ) n XZ—/J,
¢= o? :F;(Xi_'u) :Z( o )

=1

khi d6 théng ké G phan phoi theo quy luat "Khi binh phuong" v6i n bac tu do x?(n).
e Tit phuong sai S” xay dung théng ke:
(n—1)57

2 _
X" = 2

o
thi thong ke X? phan phoi theo quy luat "Khi binh phuong" véi (n —1) bac ty do
X (n—1).

e T théng ke U va x? & trén xay dung tiép thong ke:

T u (X —p)vn
— = <
n—1
thi thong ke T sé phan phoi theo quy luat Student véi (n — 1) bac tu do T (n — 1).
Cht ¥ rang khi n kha 16n thi quy luat Student hoi tu vé quy luat chuan hoa, do dé véi
n > 30 thyc té c6 thé xem thong ké T phan phéi xap xi N (0, 1).

b) Truong hgp dai lugng ngau nhién gbc X tuan theo quy luat phan phéi khong - mot
Gia st dau hieu nghién citu trong tong thé c6 thé xem nhu dai lugng ngdu nhién phan phoi
theo quy luat khong - mot véi tham s6 p (A (p)).

e Trung binh mau chinh 1a tan suat mau f véi ky vong todn M(f) = p va phuong sai
p(l—p
n
e TU tan suat mau xay dyng thoéng ke:
v _Jf-r _(f-pvn
\/p(l -p)  Vp(l-p)

n

thi thong ké U sé phan phéi xap xi chuan hoa N (0, 1) khi n kha 16n.
e Néu n du 16n thi tir thong ke U & trén thay p béi f va xay dung thong ke:
(f —p)Vn

fA—=)
thi lic d6 U cling phan phdi xap xi N (0,1).
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4.3.7. Vidu

oVi du 4.5 Nghién citu vé miic tieu thu dien nang (kw) ctia mot khu dan cu, ta nghién cttu mric
tieu thu dién nang cia 5 ho gia dinh trong mot khu dan cu d6 thi thu dugce két qua sau:

75; 123; 97; 145; 215

a. Tinh trung binh s6 dién tiéu thu ctia cac ho gia dinh. Tim phuong sai, do léch tieéu chuén hiéu
chinh ctia s6 dién tiéu thu.

b. Néu quy uéc nhitng ho c6 mic tiéu thu it hon hoac bang 123 kw thi dude coi la tieu thu dien
binh thuong. Tim ty lé cac ho tiéu thu dién binh thuong.

Lot giaa.

(ban kem)

oVi du 4.6 Khi kiém tra thé luc ctia mot nhém sinh vien, ta c6 két qua vé can ning nhu sau:

kg |45 50 55 60 65
Sosv| 8 14 28 18 12

a. Tim can nang trung binh cta nhém sinh vién trén. Phuong sai, phuong sai hiéu chinh, do
lech tieu chuan va do lech tiéu chuan hiéu chinh.

b. Tim ty lé sinh vién c6 can ning 16n hon hoac bang 55 kg.

Low gias.

(ban kem)

oVi du 4.7 Khi kiém tra thé luc ctia mot nhém sinh vien, ta c6 két qua vé can ning nhu sau:

kg | 42,5-47,5 47,5525 52,5-57,5 57,5-62,5 62,5-67,5
S5 sv 8 14 28 18 12

a. Tim can nang trung binh cta nhém sinh vién trén. Phuong sai, phuong sai hiéu chinh, do
lech tieu chuan va do lech tiéu chuan hiéu chinh.

b. Tim ty lé sinh vién c¢6 can ning 16n hon hoac bang 52,5 kg.

Low giaz.

(ban kem)

4.4. Mau ngau nhién hai chiéu

4.4.1. Khai niém

Gia st trén cting mot tong thé phai nghieén cttu dong thoi hai dau hiéu nghién citu, trong dé
dau hiéu thit nhat c6 thé xem nhu dai lugng ngdu nhién X, con dau hiéu thi hai xem nhu dai
luong ngau nhién Y. Heé hai dai lugng ngau nhién X, Y lam thanh dai lugng ngau nhién hai chiéu
(X,Y).

T tong thé lay ra mau kich thude n, tic la thue hien n phép thit déi véi dai luong ngdu nhien
(X,Y). Gia st trén phan ti thi ¢ cia mau ¢ = (I,n), dai lugng (X,Y) nhan gia tri (X;,V;),
khi d6 ta c6 n dauh lugng ngau nhién doc lap (X1,Y1), (X2, Y3), ..., (X, Y,). Néu cac dai lugng
ngau nhién X, Xs, ..., X,, doc lap va cuing phan phoi xéc suat v6i X; cac dai lugng ngdu nhién
Y1,Ys, ..., Y, doc lap va cung phan phdi x4c suat véi Y thi ta ¢c6 mau ngau nhién hai chiéu, ky
hiéu la:

W= [(Xla Yi) ) (X27 }/2) RERD) (Xm Yn)] :
Gia stt dai lugng ngau nhien (X;,Y;) nhan gia tri (z;,9;),i = 1,7, ta thu dugec mau cu thé la:

w=[(z1,y1), (T2,92) ;s (Tn, Yn)] -
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4.4.2. Phuong phap mé ta ngau nhién hai chiéu

Gia st tit tong thé rat ra mot mau kich thude n, trong dé thanh phan X nhan cac gia tri
L1, Ty ooy Tiy .oy Tp, cON thanh phan Y nhan cac gia tri y1, o, ..., Yi, ..., Yn, trong d6 co n;; phan ti
clia mau nhan gia tri (7, ;). Khi d6 gia tri cu thé clia mau w dude mo ta bsi bang phan phdi
tan s6 thiyc nghiém sau:

Y

.« .. . DY n

X Y1 Y2 Yi Yh i
a1 Ny Nig -+ Ny - Map | T

X2 No1 Moz -+ MNgj -+ Nap | N2

€ Ny Nya - Ny o0 Nyp | Ty

Tk Nk Mgz v Mgy o0 Ngp | N
m]’ mq mo s mj e mi n

trong d6 n, 1a tong s6 phan ti clia mau mang gia tri X = z;,
m; 1 tong s6 phan ti clia mau mang gia tri Y = y;.
4.4.3. Mot s6 théng ké dic trung ctia mau ngau nhién hai chiéu
T bang phan phéi tan s6 thuc nghiém ciia mau ngau nhién hai chiéu ta c6 thé rit ra:

1. Bang phan phdi thic nghiem ctia X:

Xz x ...z ... T
n; | Ny Mo n; Nk

va tinh duge cac thong ké dic trung cia X:
1o 1 &
2 2 2 2
:—anxz, sxzﬁzlni(xi—x) :E,Zlmmi_x'
1= 1=

2. Bang phan phoi thyc nghiém cia Y

Y lm Y o Y e Un
m; | My mo m; mp

va tinh duge céc thong ké dic trung cia Y

1< 1 <& 1<
—Z miYs; S%Zﬁzmj(yi—gfzEzmiyf—?Q-
j=1 j=1 j=1

3

3. Bang phan phoi c6 diéu kién ctia Y khi X = z;:

Yxew | 1 Yo o Wi e Un
N ni1 ) Nij s

va tinh duge cac thong ké tuong tng:

h h
_ 1 Z 1 .
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4. Bang phan phoi c6 dieu kién ctia X khi Y = y;:

Xy:yi T T

Ty

Nij | My Moy

nkj

va tinh duge céc thong ké tuong tng:

1t
Ty—y, = " E NijTi;
i=1

k k
5% ! n--(x»—f)z—l ngx? — T
X/Y=y; = ij \Ti - ij T -
i=1 i=1
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oVi du 4.8 Thong ké ning suat mot loai cay trong Y (kg/ha) va luong dau tu cho cai tao dat

X (trieu dong/ha) tai mot s6 dia phuong trong vong 10 nam ta thu duge bang s6 lieu sau:

Y
X 314|567
20 - 22 315
22-24 1171815
24 - 26 114131
26 - 28 11211
28 - 30 1
e Ti bang trén ta c6 bang phan phéi tan s6 clia X:
X 2 3 4 5 6 7
S6 dia phuong (n;) |1 5 13 13 11 3
Lap bang tinh:
2 1 2 4
3 ) 15 45
4 13 52 208
D 13 65 325
6 11 66 396
7 3 21 147
n=> n;=46 | > n;x; =221 | > n;z? = 1125
Tu d6 6 két qua sau:
Luong dau tu trung binh: 7 = 221 ~ 4,804 (trieu dong/ha)
Do phan tan ctia dau tu:
, n Yot 46 (1125
- 0 N e [ VE
% \/n—l( n :1:) \/45 46 80

e T bang trén ta c6 bang phan phéi tan s6 ctia Y:

Y

21 23 25 27 29

S6 dia phuong (n;) | 9 22

4 2

Tuong tuy phan trén ta ciing tinh dugc:

Y ~ 23,609(kg/ha);

sy, ~ 1,337(kg/ha).

N . ~ k12
e Tan suat mau cua nhiing dia phuong nhém A la: f = — = — =~ 0,261.
n

46

> ~ 1, 185(tri¢u dong/ha).
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4.5. Ué6c luong tham sé6 cuia dai lugng ngiu nhién

Gia sit can phai nghién ctu dau hieu dinh luong x trong tong thé, cu thé la can xac dinh cac
tham s6 diic trung ctia tong thé nhu trung binh, phuong sai, co cdu tong thé theo dau hiéu nghien
cttu. Néu xem dau hiéu nghién cttu nhu dai lugng ngau nhién X va gid st da biét dang phan phdi
xac suat ctia né thi van dé xac dinh cac tham s6 dic trung ciia tong thé sé quy vé bai toan xéc
dinh cac tham sb dac trung cia quy luat phan phdi xac suat ciia dai lugng ngdu nhien X. Chéng
han néu X la dai lugng ngau nhién phan phdi chuan thi dé xac dinh trung binh tong thé ta sé
uée lugng ky vong toan ctia X, con dé xac dinh phuong sai tong thé ta sé wéc lugng phuong sai
cua X.

Nhu vay bai toan uée lugng tham s6 c6 thé phéat bicu nhu sau: Cho dai lugng ngau nhién X vdi
quy ludt phan phoi zdc sudat da biét song chua biét tham so6 0 nao dé cia né, phdi wdc lugng (xdc
dinh mot cach gan ding) gid tri 6.

Vi tong thé thuong cé kich thude 16n nén viec xac dinh tham so triyc tiép trén tong thé gip nhiéu
khé khan, nguoi ta gidi quyét bai toan udc luong tham s6 bang phuong phap mau nhu sau: Tu
tong thée nghién citu rit ra mot mau ngau nhién kich thuée n va dua vao dé xay dung mot thong
ké G dung dé uée lugng 6.

4.5.1. Phuong phap udc luong diém

Phuong phéap uéc lugng diém chi truong ding mot gia tri dé thay thé cho tham s6 6 chua
biét ctia tong thé. T tong thé lap mau ngau nhién kich thudse n : W = (X1, Xo, ..., X,,). Thong
thuong gia tri duge chon 13 mot théng ké G ndo d6 ciia mau ngau nhién. C6 rat nhiéu cach chon
théng ké G khac nhau tao nén nhitng phuong phép udc lugng diém khac nhau. Trong gido trinh
nay trinh bay mot loai uéc lugng diém, dé6 1a ude luong khong chénh léch nhu sau:

*x Dinh nghia 4.4 Thoéng ké G clia mau duge goi 1a uée luong khong chéch ctia tham s6 0 clia
dai lugng ngdu nhién goc néu M(G) = 6.

Ngugc lai, néu M(G) # 6 thi G duge goi la u6e lugng chéch cta 6.
Dua vao cac két qua ctia phan (3.3. ) ¢6 thé rit ra mot s6 két luan sau;

e Trung binh mau X la wéc luong khong chéch clia k¥ vong toan m ctia dai lugng ngau nhien
goc:

M (X) = m.

e Tan sudt mau f 1a udc lugng khong chéch cia tan suit tong the p (tham sb p clia dai lugng
ngau nhién goc tuan theo quy luat khong - mot):

M (f)=Dp.

e Phuong sai diéu chinh mau S va phuong sai S*? 14 cac udc lugng khong chéch ctia phuong
sai 02 clia dai luong ngau nhién goc:

M (S?) = 0% M (52) = o?.

Luu ¥ ring v6i k mau cu thé rat ra tit tong thé, G sé nhan k gia tri tuong ng 1a g1, g, ..., Gi.
Khi d6 G 1a u6c lugng khong chéch ciia 6 khong c6 nghia moi gia tri ¢g; cia G déu bang 0
ma chi c6 nghia: trung binh cac gia tri clia G bing 0, ting gia tri g; c6 thé sai léch rat 16n
so v6i #. Tuy nhién chon uéc lugng khong chéch G dé uée luong cho tham s6 6 ta sé loai bo
dudc sai s6 hé thong: tat ca céc gia tri cia G déu 16n hon hodc nhé hon 6.
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4.5.2. Phuong phap uéc luong bang khoang tin cay

Céc phuong phap uéc luong diém c6 mot nhuge diém co ban la sai s6 ciia ude lugng cé thé
rat 16n, ngoai ra khong danh gid dugc kha ning mac sai lam khi wéc lugng cling nhu do tin cay
clia u6c luong bang bao nhiéu. Do d6 khi kich thuéc mau nhéd ngudi ta thuong st dung phuong
phap uéc luong bang khoang tin cay.

Dinh nghia 5.

x Dinh nghia 4.5 Khoang (G1,G2) ctia thong ke G dugce goi 1a khoang tin cay ctia tham s 6
néu véi xac suat bang 1 — « cho trude dicu kién sau day dude thda man:

P(G1<0<G2):1—OA

I = G5 — G, dudce goi la do dai khoang tin cay, con xac suat 1 — o dude goi la do tin cay clia uée
lugng (trén thyc té thudng doi hoi do tin cay kha l6n. chang han 1 — a = 0, 95).

4.5.3. Khoang tin cay cho trung binh
(Uéc luong ky vong toan cuia dai luong ngau nhién phan phdi
theo quy luat chuan)

Gia st trong tong thé dai lugng ngiu nhién goc X phan phdi chuan N(u,o?) nhung chua
biét tham s6 p clia nd. Dé udc lugng g tit tong thé ta lap maAu ngdu nhién kich thude n : W =
(X1, Xo, 000y X).

Ta xét cac truong hgp sau day:
1. Da biét phuong sai ¢? ciia dai lugng ngau nhién géc trong tong theé.
Xét thong ke:

Gy X —wVn

o

trong d6 X la trung binh mau.
Ta da biét thong ke U phan phdi chuan héa N(0,1). Do d6 v6i cdc phan vi chuan u,, va u;_,, ta
co:

P (uoc1<U<u1,a2) = (1 - 052) — .

T d6 suy ra:

P(uoé1 < M <u1_a2) =1-

J— g — g
S P X ——uU_q, <p<X——Uy, | =1— (1 +«
( NG l—az < H NG 1) (o 2)
_ o — g N
S PlX - ﬁul_o@ < u < X+ %ul_al =1- (061 + 062) (Vl Ugy, = —ul_al)
Nhu vay véi do tin cay 1 — o cho trude, ta c6 thé chon ciap s6 oy va as théa man diéu kien
a1 + ay = a khi d6 khoang tin cay clia tham s6 p la:

— o —_ g
(X — ﬁul_az;X + ﬁul_o@) .

a) Khoang tin cay déi xing
Néu lay oy = ap = § thi khoang tin cay ctia p la:

— o — g
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Ki hiéu:
U,l_%. (41)

Sl

e dugc goi la do chinh xac ctia ude lugng, né phéan anh miic do sai léch ciia trung binh mau so véi
trung binh tong thé véi xac suat 1 — o cho trude.
Khi d6 khodng tin cay ddi xiing ctia p c6 dang:

(X -, X +e).
b) Khoang tin cay mot phia

e Khoang tin cay bén phai
Néu lay a; = 0 va ap = a thi uy_,, = +00, do d6 khodng tin cay cta p la:

- O
(X - ﬁulfa; +OO> .
Biéu thtc trén duge st dung dé uée lugng gia tri t6i thicu clia pu.

e Khoang tin cay bén trai
Néu lay oy = a va ap = 0 thi uy_,, = +00, do d6 khodng tin cay cta p la:

(—oo; X + %M—a) .

Biéu thitc tren duge dimg dé ude lugng gia tri t6i da clia ju.
c) Xac dinh kich thuéc téi thiéu
V6i cting do tin cay 1 — a khodng tin cay ndo c6 do dai ngan hon sé t6t hon. Trong trudng hop
nay do dai khodng tin cay I sé ngan nhat khi khoang tin cay 1a d6i xing. Lic d6 do dai khodng
tin cay doi xing bang:

20

[ = 28 = %ul,%.

Do d6 vé6i do tin cay bang 1 — a cho trude, mudn do dai khodng tin cay déi xiing khong vudt qua
gia tri I, cho trude thi kich thuéec mau n phai théa man diéu kién:
4o0*

> — .
nZ g
e}

Nhu vay cong thiic xéc dinh kich thuée mau t6i thidu la:

2 2
Ty = {%u%_g} +1 hodc ny= {%u%_g} + 1.

Bai toan xac dinh kich thudc t6i thiéu theo cong thiic tren duge dat ra khi phai xac dinh kich
thuéc mau can diéu tra dé dap tng nhitng yéu cau chat lugng cho trude vé do tin cay va do chinh
xac cua ude lugng.

d) Xac dinh d6 tin cay cua udc lugng

Tt cong thic xac dinh do chinh xac ctia uéc lugng, ta suy ra:

_eyn
==

U1,%
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Tu phan vi u;_g, tra bang phan vj chuan ta c6 thé tim duge 1 — &, tir d6 suy ra 1 — o. Nhu vay
néu biét truée do chinh xac (hodc do dai khoang tin cay ddi xting) ciia udc lugng thi c6 the tim
duge do tin cay cua uée lugng.

Cha ¥ rang cac khoang tin cay ddi xiing la khodng tin cay mot phia trong cic cong thiic trén chi
la cac khodng tin cay ngau nhién. Mudn tim khoang tin cay cu thé ta phai thic hien phép thit
déi véi mau ngdu nhien W = (X1, X, ..., X,,) dé thu dugc mau cu thé w = (21, 29, ..., z,,), tit d6
tim dugc gia tri cu thé ciia trung binh mau z. Khi d6 v6i mau tin cay 1 — o, khodng tin cay doéi
xting cu thé ctia 1 (qua mau cu thé trén) la:

_ o . o
T — ﬁul,%; T+ %’UQ,% .

Tién hanh tuong tu ta ciing thu duge gia tri cu thé ctia cac khoang tin cay mot phia.

oVi du 4.9 Trong lugng mot loai san pham la dai luong ngdu nhién phan phdi theo quy luat
chuan véi do lech tien chuan 1 o = 1gam. Can thit 25 san pham loai nay ta thu duge két qua sau:

Trong lugng (gam) 18 19 20 21
S6 san pham tuong tng | 3 5 15 2

a) V6i do tin cay 1a 0,95 hay tim khodng tin cay ddi xiing ctia trong lugng trung binh ctia loai san
pham néi trén.

b) Véi do tin cay 1a 98% hay udc luong trong lugng trung binh téi da clia loai sén pham trén.

¢) Mubén wéng lugng trong lugng trung binh ciia loai sén pham trén véi do tin cay 1a 98%, do dai
khoang tin cay déi xting khong qua 0,7gam thi can kiém tra it nhat bao nhiéu san pham?

d) Muén sit dung két qua can thit 25 san pham trén dé udc lugng trong lugng trung binh ciia loai
san pham trén véi do chinh xac 0,399 gam thi dat do tin cay bao nhieu?

Loi giai.

Goi X la trong lugng san pham, theo gia thiét X phan phdi chuan véi o = 1. Vay trong luong
trung binh ctia san pham chinh 14 tham s6 p.

a) Day 1a bai todn udc lugng tham sé p bang khoang tin cay doi xtng:

o g
n e (f— %Ul_%,f‘f‘ %ul_g> .

T mau ngau nhién kich thudée n = 25 & trén ta tich duge trung binh mau.

18. . . .
83+195+2015+212:@:19,64.
25 25

T =

T do tin cay 1—a = 0,95 suy ra 1—5 = 0,975. Tra bang phan vi chuan ta c6 Uj—a = upgrs = 1,96.
Do chinh xac cta ude lugng:

1
g = —Ul_% = \/—2_51,96 = 0,392

Vay khoang tin cay déi xiing cia pu la:
pE(T—eT+e)= (19,64 — 0,392;19,64 1 0,392) = (19, 148; 20, 032).

b) Day la bai todn ude lugng gia tri t6i da ctia u

JIAS (—oo;f—l— %ula> .
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Tt do tin cay 1 — a = 0,98, tra bang phan vi chuan ta c6 U908 = 2,054
Gia tri t6i da ctia p la:

o 1.2.054
—U_q = 19,64 + —
vno V25

c) Day la bai toan xac dinh kich thuée mau tdi thiéu:

T+ = 20, 0508.

402
n>—u_a.
2

Tu do tin cay 1 —a = 0,98, suy ra 1 — § = 0,99. Tra bang phan vi chuan: Up,99 = 2,326
2

1
> 2.326% ~ 44. 2.
=0 ’

Vay can phai kiém tra it nhat 45 san pham (can kiém tra thém it nhat 20 san pham nita).
d) Day 1a bai toan xac dinh do tin cay:

_eyn0,399v/25
B 1

U,1_§ =

=1,995.
o

Tt bang phan vi chuan suy ra 1 — 5 =0,977do d6 1 — a = 0,954. Vay do tin cay bang 95, 4%.
2. Chua biét phuong sai ¢? ctia dai lugng ngiu nhién X va kich thuéc mau n < 30
Chon thong ke: o
Gopo &- /f)\/ﬁ
S

trong d6 X la trung binh méu, va S 1a do lech tieu chuan diéu chinh méau.
Ta da biét T phan phéi theo quy luat Student v6i n — 1 bac tu do. Vi vay véi ciac phan vi Student
et va o) ta oo

Pt <T<ti,)=0—a)— .
Suy ra: / /

p(x— L o <Y+it”‘1 =1— (a1 + )
NG T—ay S H NG l1—ay 1 2) -

Chon a; + a3 = a , khoang tin cay cta pu véi do tin cay 1 — « la:
Y Sl n—1 .y S n—1
(X - %tl—QQ;X + \/ﬁtl—al) :
a) Khoang tin cay déi xing

Chon oy = a2 = § ta c6 khodng tin cay doi ximg:

- S/ o S/
X — =t L. X 4+ ="
( VT N 1‘2)

!

vGi do chinh xéc:
N
va do dai khoang tin cay doi xing:

I =2 = 2it”_1
n

Vi Ty

b) Khoang tin cay mot phia
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e Khoang tin cay bén phai
Chon a; =0, s = a ta ¢ khoang tin cay bén phai diing dé udc luong gia tri toi thidu cia

i nhu sau:
~ S n—1,
X — ﬁtlia’ 400 | .
e Khoang tin cay bén trai
Chon a1 = a, oy = 0 ta c6 khoang tin cay bén trai ding dé wéc lugng gia tri t6i thiéu cia

% nhu sau:
’ \/ﬁ @

c) Xac dinh kich thuéc mau tbi thiéu

Vé6i do tin cay bang 1 — « cho trude, do dai khoang tin cay ddi xting khong vuot qua gia tri I,
cho trudc, bai toan xac dinh kich thuéc mau t6i thieu dude giai quyét bang phuong phap mau
kép sau day:

Truée hét diéu tra mot mau so bo kich thuée n > 2 : Wy = (X1, Xy, ..., X,,), tu d6 tim duge
phuong sai diéu chinh mau:

n

1 - — 1
§P=— > (X = X)% vii X =- > X
i=1 i=1

Gia sit dé théa man do chinh xac va do tin cay cho trude, mau can lap phai c6 kich thuse N, khi
do6 gia sit lap mau thit hai: Wy = (X401, Xpa2, o Xn).

Vi thong ke:
|
(N Z Xi — H) vn
i=1

S/
ciing phan phéi theo quy luat Student n — 1 bac ty do nén phan vi Student t’f:% ta cling co:

T —

N / N ’
P X - St e xS =1 a
=1 \/ﬁ e i=1 \/ﬁ e

Khi do6 uéce lugng ¢6 do chinh xéc la:

Tt d6 suy ra kich thuéc mau can tim:

/ 2 / 2
S 28
N > (—t’f‘i) hoic N > (I—t’;—£> :

€o 2 2

d) Xac dinh do tin cay cta udc lugng
Tt mau ngau nhién kich thuée n, muén uée luong p khodng tin cay doi xing, véi do chinh xac
£,, thi do tin cay 1 — « ctia uSc luong dude suy ra tit biéu thec:

Eo\/T0
S

-1
e =
=

eVi du 4.10 Phan xudng san xuat tu dong ctia nhd may gang thép Thai Nguyén san xuat 1 loai
thép thanh pham v6i chiéu dai dat trude bdi don diat hang 1a X (m) (X tuan theo quy luat phan
phoi chuan). Kiém tra ngau nhién 25 san pham ta dugc bang s6 lieu sau:
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Chidu dai X(m) | 1,0 1L 12 1,3 14
S6 san pham (n;) | 3 6 9 5 2

a) Bang khoang tin cay doi xtiing hay udc lugng chiéu dai trung binh ctia loai thép trén véi do tin
cay 95%.

b) Muén u6ec lugng chiéu dai trung binh clia loai thép d6 véi do chinh xac 5,63 (cm) thi dat do
tin cay bao nhiéu?

L&i gids.

a) Day la bai todn u6c lugng bang khodng tin cay dbi xting gia tri ctia tham s6 p cia phan phoi
N(u,0?) khi chua biét 02 ctia X, hon nita kich thuéc mau n = 25 < 30 nén bai todn dugc giai
nhu sau:

Tt s6 lieu da cho ta lap bang:

1,0 3 3.0 3,00

11 6 6.6 7,26

1,2 9 10,8 12,96

1,3 ) 6,5 8,45

1.4 2 2.3 3,02
n=>n;=25|> nw; =297 > nyz?=>55759

Chiéu dai trung binh mau: 7 = %;)7 =1,188 (m)

Do léch tieu chuan mau diéu chinh:

, no(Sna? 25 (35,59
- _7) = 2 (220 1882 ) ~ 0,11 ,
% \/n -1 ( n v ) \/24 25 , 188 0,113 (m)

T do tin cay 1—a = 0,95 suy ra 1—-5 = 0,975. Tra bang phan vi Student t?:% = t%ﬁm = 2,064.
! 0,113.2,064
D6 chinh xdc: € = ——t""L = 2—"="22 0 047 (m).
vn e V25

Vay khoang tin cay ddi xing clia p la:

1,188 — 0,047 < ;1 < 1,188+ 0,047 hay 1,141 <p < 1,235 (m).

b) Day la bai toan x4c dinh do tin cay clia udc lugng, gia thiét da cho do chinh xac e = 5,63(cm) =
0,0563(m), va tit bang tinh phan a) ta da c6 s’ ~ 0,113(m). T d6 tinh dugc:

ev/n _ 0,0563.4/25
s 0,113

L =11 = ~ 2,491.

[N

o3
2

)

Tt bang phan vi Student thay t%f% ~ 2,491 ~ 24, Vay:

1—%:0,99:>1—a20,98.

3. Chua biét phuong sai ¢? ctia dai luong ngau nhién gbéc X va kich thuéc n > 30
Ta chon thong ke o
X —
G:T:L_ﬁﬂﬁ
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trong d6 X 1a trung binh mau, va " 1a do lech tiéu chudn diéu chinh méau.
Vi kich thude n > 30 nén théng ke 7' sé phan phdi xap xi chuan héa N(0,1). Do d6 tuong ti cac
phan trén ta ciing co:

P(tug, <T <uj_g,) =1 —ag) — .

Tu do suy ra:

- S/ . S/
P (X — %ul,w < < X + %ulal) =1- (a1 —FOZQ).

Nhu vay véi do tin cay 1a 1 — a cho trudc, ta c6 thé chon cip s6 a; vh as théa man diéu kien
a1 + a9 = a, khi d6 khodng tin cay ctia tham s6 p la:

. S/ o S/
X — —Uj—g; X + —uq_ .
( \/ﬁul [ 2%} + \/ﬁul al)

a) Khoang tin cay dbi xing khi o = ap = $:

- S/ . S/
(= Jrms ¥+ Jms)

vGi do chinh xéc:

va do dai khodng tin cay doi xing:

b) Khoang tin cay mot phia
e Khoang tin cay bén phai ,
(7 — %ula; —i—oo) .
e Khoang tin cay bén trai /
(—oo;y + %ul_a> .

c) Xac dinh kich thuéc mau tbi thiéu
Muén uée lugng p véi do tin cay 1 — «, do dai khoang tin cay déi xing I, thi kich thuéc mau N

phai thoa méan:
S’ 2 25’ 2
N > (—ul_a> hay N > ( ul_a)
€o 2 1, 2

4 dé S’ 1a do lech tiéu chuan diéu chinh ctia mau so bo ¢6 kich thude n

d) Xac dinh d6 tin cay cua udc lugng

T mau ngau nhién kich thuéc n, mudn wéng lugng p bang khoang tin cay doi xitng, vdi do chinh
Xac €,, thi do tin cay 1 — a ciia wéce lugng dudge suy ra ti bidu thic:

U1 N 60\/5'

2 g’
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4.5.4. Khoang tin cay cho ty lé
(Uéc luong ky vong toan ciia dai luong ngau nhién phan phdi
theo quy luat khong - mot)

Gia stt trong tong thé kich thuée N ¢6 M phan t&t mang dau hiéu nghién ctu. Nhu vay co cau
clia tong thé theo dau hiéu nghien citu la:

P:W-

Néu lay ngau nhién ra mot phan ti, va goi X 1a sd phan tit mang dau hiéu nghién citu dude lay
ra thi X la dai lugng ngdu nhién phan phéi theo quy luat khong - mot A(p) véi ky vong toan
M(X) = p va phuong sai D(X) = 1@. Do dé bai toan wéc lugng co cau tong thé chinh 1a bai
toan udc luong ki vong toan ctia dai lugng ngau nhién tuan theo quy luat khong - mot.

Xét ngau nhien kich thudse n: W = (X1, Xs, ..., X,,). Néu kich thuéc mau kha 1én ta cé thé chon

thong ke:
G_y- —pVn
fa=)
trong do f 13 tan suat mau. (
Véi n kha 16n théng ke U phan phdi xap xi chuan héa N(0,1). Do d6 v6i cac phan vi chuan ug,
Va Uj_q, ta co:
P(Ual <U< ul—ag) = (]_ — Oég) — (.

Chon a1 + ay = « ta c6:

P <—U1—a1 < M < ul_a2> =1l—-a
fA=1)

<iP(f‘%m_a?<p<f—i—%ul_m> =1-a.

a) Khoang tin cay déi xing
Chon a; = ay = § ta c6 khoang tin cay dé6i xing:

VIO
NG

u—g; [+

VIi=n
Vi

vGi do chinh xéc:

va do dai khodng tin cay doi xing:

)

b) Khoang tin cay mot phia

e Khoang tin cay bén phai
Chon a; =0, s = « ta ¢ khoang tin cay bén phai diing dé udc luong gia tri toi thidu cia

p nhu sau:
(f - %Ula;+w> .
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e Khoang tin cay bén trai
Chon a; = a, ap = 0 ta c6 khoang tin cay bén trai diing dé wéc lugng gia tri t6i thiéu cia

p nhu sau:
(—OO;f+ f(#_f)ula> .

c) Xac dinh kich thuéc mau tbi thiéu
Dé dam bao do tin cay 1 — a cho trude va do dai khoang tin cay déi xing khong vudt qué I, cho
trude thi kich thuée mau N phai ddm bao:

AfA=1)

N > uy

= 2

o
2

trong do f 1a tan suat mau so bo kich thuée n

d) Xac dinh do tin cay cta udc lugng

Tt mau ngau nhién kich thuéc n, muén wéc higng p bang khodng tin cay doéi xing, v6i do chinh
xéc €, thi do tin cay 1 — o ctia uSe luong duge suy ra tit biéu thiec:

Eo\/T0
fa=1)

w[R

oVi du 4.11 Dé diéu tra s6 ca trong mot ho, co quan quan 1y danh bt 2000 con ca, danh dau
roi tha xudng ho. Lan sau bat lai 400 con ca, dude 80 con c6 dau.

a) Hay udc lugng ty 1¢ ca bi danh dau trong ho bang khoang tin cay doi xting véi do tin cay 97%;
b) Hay udc lugng s6 ca t6i thidu trong ho véi do tin cay 95%;

¢) Mudn uée lugng ty 1é ca bi danh dau trong ho véi do tin cay 98%, do chinh xac khong qua
0,04 thi can danh bat bao nhiéu con ca nita? d) Mudn ude lugng ty 1& ca bi danh dau trong ho
vdi do dai khodng tin cay doi xing khong qua 5, 76% thi dat do tin cay bao nhiéu?

Lo gidi.
MAu ngau nhién c6 kich thuée n = 400 (con ca), trong d6 k = 80 con c6 dau. Do d6 tan suat mau

b f=%t=20-0,2

a) Tt do tin cay 1 —a = 0,97 = 1 — § = 0,985, tra bang phan vi chuan ugggs = 2, 17;
N 1. . ) <. AJra=n V0208217
Do chinh xéc cia ude lugng la: € = Tm Uiy = e = 0,0434 .

Khoang tin cay doéi xing la:
p€(0,2—0,0434;0,2+0,0434) hay 0,1566 < p < 0,2434.
b)

e Uéc lugng ti lé ca bi danh dau toi da
Tt do tin cay 1 — a = 0,95, tra bang phan vi chuan U095 = 1,645.

Do chinh xdc mot phia: ¢ = Y=y, = YOZOELOL _ g (329

Khoéang tin cay bén trai la: p € (—o0;0,2 + 0,0329) hay p < 0,2329.

e Goi s6 ca trong ho 1a N. Ta c6: p = &]30 < 0,2329 suy ra N > 8587, 4.
Vay s6 ca t6i thicu trong ho 1a 8588 (con c4).

c) T do tincay 1 —a=0,98 = 1—§ = 0,99 tra bang phan vi chuan ug g9 = 2, 326;

(1= f)(uoge)®  0,2.0,8.2,326
g2 B 0,042

Ny > ~ 541, 03.
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Vay can danh bat thém it nhat 542 — 400 = 142 con ca nita.
d) Do dai khoang tin cay dbi xing I, = 5, 76%, suy ra do chinh xac ¢ = 2,88% = 0, 0288

N 0, 0288+/400
U«
T A=) /0,208

Tit bang phan vi chuan ta thay 1,44 = ugges. Vay 1 — 5 = 0,925 suy ra do tin cay: 1 —a =0, 85.
Vi du 11+. Mot doanh nghiép du dinh dua mot san pham méi vao tieu thu ¢ mot viing dan cu
¢6 2500000 ngudi. Nghién cttu thi truong déi véi 3500 ngudi thay c6 1500 ngudi san sing mua san
pham dé.

a. V6i do tin cay 95%, hay duy doan thi phan tiém ning ctia doanh nghiép.

b. Dy doan s6 lugng khach hang tiém nang ma doanh nghiép hy vong sé c6 duge § thi truong méi
la bao nhiéu?

Day 1a bai toan lién quan dén du doan théng ké. Hoat dong du doan nay sé dudce giai quyét theo
con duong Iy thuyét, nghia I3 sinh vien phai van dung nhitng kién thic vé uéc lugng tham sé dé
giai quyét van dé. Két qua ctia du doan sé duge thé hien duéi dang khoang. Dé du doan thi phan
tiém ning ctia doanh nghiép, sinh vién phai tim duge khodng tin cay cho ty 1é p: ty lé khach hang

o _ 1;17‘
p—1 P
n

= 1,44,

sén sang mua san pham, v6i didu kien n > 5 va < 0,3. Khoang tin cay cho p la:

f- Y et (1) f - Y gt (4

2

)) V6i tan suat mau f = 0,428; ¢, (g

2) =1,96. Ta co:
0,412 < p < 0,444.

Tt d6 sinh vien c6 thé du doan duge thi trudng tiém ning ctia doanh nghiép chiém 41, 2% dén
44, 4%.

Mubn dit doan duge s6 lugng khach hang tiém nang cﬁa doanh nghiép, sinh vién phai tién hanh
phan tich, so sanh, khai quat héa dé nhan ra ty le thuoc khodng tin cay p, v6i N 1a sb
luong khach hang tiém nang.

Khi d6, cac em sé lap dugc mdi quan he; 0,412 <
Suy ra: 1030000 < N < 1110000.

Vay s6 lugng khach tiém nang ma doanh nghiép hy vong sé c6 dude 6 thi truong mdéi tir 1030000
dén 1110000 ngudi.

2500000

2500000 < 0 444.

4.5.5. Khoang tin cay cho phuong sai
(Uéc lugng phuong sai ctia dai lugng ngau nhién phan phdi theo
quy luat chuan)

Gia sit trong tong thé dai lugng ngdu nhién gdc X phan phdi chuan N(u,o0?) nhung chua
biét tham s6 o2 ctia n6. Dé udc lugng o? tit tong thé ta lap mau ngdu nhien kich thic n: W =
(X1, Xo, ooy Xo).-

Ta xét cac truong hop sau day:
1. Pa biét ky vong toan p ctia dai luong ngau nhién gbéc X
Xét thong ke:

nS*2 1 —
G=—: 6 S == X, — u)*
: Vi ”izl< 1)

Thong ké G & trén phan phoi theo quy luat "khi binh phuong" vé6i n bac tu do x?(n). Do dé véi

do tin cay 1 — a cho trude c6 thé tim duge cip gid tri g va as sao cho a; + as = «. Khi d6 véi

hai phan vi "khi binh phuong" n bac tu do tuwong ting X,Ql(l ") v X1( C)Q ta co:

. nS*2 n
P (Xi(l ) < 7 < X%(_o)@) =(1—-a) —ay
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S*Z S*Z
PN Y i B L R
2(n) X2(n)

Xl—az aq

e Chon oy = s = 2 ta c6 khoang tin cay ctia o? nhu sau:
2

nS*Q . ns*2
2(n) 7 | 2(n)
-5 X3

Ta thay rang khoang tin cay nay khong ddi xing.

e Chon o = 0, a0 = o ta c6 khoang tin cay bén phai diing dé udc luong gia tri toi thiéu cta

o2 nhu sau:
ns*2 .
) +0o0 | .
Xl—a

e Chon a; = o, as = 0 ta c¢6 khoang tin cay bén trai dung dé udc lugng gia tri téi thiéu cta

o2 nhu sau:
nS*Q
(O; —2(n)> )
Xa

oVi du 4.12 Miic hao phi nguyén liéu cho mot don vi san pham la dai lugng ngau nhieén phan
phéi chuan véi trung binh la 20g. Dé uéc lugng miic do phan tan clia mic hao phi nay ngusi ta
can thit 25 san pham va thu dude két qua sau:

Hao phi nguyeén liéu (g) | 19,5 20,0 20,5
S6 san pham tuong tng | 5 18 2

Vé6i do tin cay 1 — o = 0,90 hay udc luong 02 néu o = ap = 5
Loi giai.

Goi X la mtc hao phi nguyén lieu cho mot don vi san pham, X tuan theo quy luat chuan
N(p = 20,0%). Day la bai toan udc lugng phuong sai ctia phan phoéi chuan khi da biét .

Tra bang phan bi Khi-binh phuong:

s = o0 = 14,60 x(Ua = Xoes =377,
Lap bang tinh s*2:
x; n; xi— | na (= p) n (z; — p)°
195 5 0.5 25 1,25
20,0 18 0 0 0
20,5 2 0,5 1 0,5
n=>y n; =25 Sng (@ —p)>=1,75
1 1,75
*2 2 ’
=L Sniam =4

Khoang tin cay ctia o2 la:

X2(n) Y (n)

(o7 (o]
-5 A3

) n.s? n.s?\ (25.0,07'25.0,07

= (0,0464;0,1198).
NS 3777 y 14,6 > (7 ) Yy )
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2. Chua biét ky vong toan p ctia dai luong ngau nhién gbc X
Ta chon thong ké:
(n—1)5"

2

G =
o
trong d6 S’ 1a phuong sai diéu chinh mau.
Théng ke G & trén phan phoi theo quy luat "khi binh phuong" vé6i n-1 bac ty do x?(n — 1).
Do dé v6i do tin cay 1 — o cho trude c6 thé tim duge cap gid tri oy va ag sao cho oy + as = a.

Khi d6 vé6i hai phan vi "khi binh phuong" n — 1 bac ty do tuong tng Xi(lnfl) va Xf(fo;” ta co:

— DS
P (xiﬁ"” <o DT 1)) = (1—ap) —

0,2 1—ao

_ 12 o 2
@F(M<Uz<u):1_w

2(n—1 2(n—1
Xl(—a2 ) XOé(l )

o Chon oy = s = 2 ta ¢6 khoang tin cay cta o? nhu sau:
2

(n—1)S? (n—1)5"

2(n—1) 7’ 2(n—1)
Xi-g Xg

e Chon a; = 0,5 = a ta c6 khoang tin cay beén phai diing dé wéc lugng gia tri toi thiéu clia
o? nhu sau:
<(n —1)57 )
W; +00 | .
Xl—oz
e Chon a; = o, a0 = 0 ta c6 khoang tin cay ben trai ding dé udc luong gia tri t6i thiéu cta

o2 nhu sau:
(0; —(n; 1)S/2> .
(n—-1)
X

oVi du 4.13 Lai suat co phiéu clia mot cong ty trong vong 5 nam qua la:
15%; 10%; 20%; 7%:; 14%;

a) Biét 1ai suat co phiéu I bién ngiu nhién phan phdi chuan, hay udéc lugng do phan tan ciia lai
suat co phiéu clia cong ty dé véi do tin cay 90%.
b) Hay udc lugng do phan tan t6i da clia 1ai suat c¢o phiéu ctia cong ty véi do tin cay 99%.

Lo gidi.
Goi X 1a l4i suat c¢6 phiéu ctia cong ty, X tuan theo quy luat chuan N(u,0?). Day la bai toan udc

luong o2 ctia X v6i p chua biét.
a) Tt do tin cay 1 —a = 0,9 suy ra § = 0,05. Tra bang phan vi Khi-binh phuong:

n— n 2(4
Xa" ™ = X0 = 0, 71L; X172 = Xoa3 = 9.5.
Tinh s Tu gid thiét dé tinh duge: Y x; = 66; . 22 = 970. Do do:

66 n oy a? 5,970
T =13,2(%) = (=R ) = (- 13,2) =2
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Khoang tin cay ctia o2 la:

) (n—1)s? (n—1)s?)  [4.24,7 424,7\ _
o~ € 2(n—1) 2(n—1) = W, m = (10, 4, 138, 959)
Xi-g Xa ’ ’
b) Tir do tin cay 1 — a = 0,99, tra bang phan vi Khi-binh phuong: ya"~" = xg) = 0,297

Khoang tin cay bén trai ctia o2 la:

) (n—1)s? 4.24,7
0; 2 | = (0; === ] = (0;332,660).
"€<’ X2<n—1>> (’0,297 (0; 352, 660)

«

Vay 02 < 332,66 hay o < 18,239%.
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Bai tap chuong 4

Mau ngau nhién va ciac tham sd dic trung ctia né
Bai 4.1. Cho 8 két qua do dac vé mot dai lugng X bdi ciing mot may khong c6 sai lam hé
thong:
369:378;315;420;385;401:;372;383
Hay tinh 7, 2, 5.
DS: T — 377,875: 52 — 806, 609: 5' — 30, 362.
Bai 4.2. Theo doi thoi gian hoan thanh mot san pham (phiit) & hai nhom cong nhan, ta thu duge
s lieu sau:
Nhoém 1:

X; (phit) |42 44 45 58 60 64
Songuoi (n;) | 4 5 20 10 8 3

Nhoém 2:

X, (phat) |46 48 51
S6 nguoi (n;) | 2 40 8

Tinh trung binh va do lech tieu chuan mau diéu chinh ctia hai mau cu thé néi trén. Néu nhan xét.
DS: 77 =50,8; 8] = 7,735; 73 = 48,4; s, = 1, 21.
Bai 4.3. Do chiéu cao ctia 100 thanh nién tit 18 dén 22 tuoi 6 tinh A, ta thu dugc bang s6 lieu:

Chiéu cao X (cm) | 154-158 | 158-162 | 162-166 | 166-170 | 170-174 | 174-178 | 178-182
S6 thanh nien (n;) 10 14 26 28 12 8 2

Hay tinh chiéu cao trung binh (Z) va do lech mau diéu chinh (s').
DS: 7 = 166; s’ = 5, 82.
Bai 4.4. Cac két qua do do bén cac sgi chi duge cho trong bang s6 lieu duéi day (don vi gam):

Do bén ctia sgi (gam) | 120-140 | 140-160 | 160-180 | 180-200 | 200-220 | 220-240 | 240-260 | 260-280

S6 céc sai (n;) 1 4 10 14 12 6 2

Hay xac dinh do bén trung binh, phuong sai va do lech chudn mau diéu chinh ctia méu trén.
DS: 7 = 195,2; s> = 821, 96; s’ = 28, 8.
Bai 4.5. Dé nghién citu tudi tho (X) clia mot loai bong den, ngusi ta thap thit 100 bong va 6 sd

liéu sau:

Tudi tho (git) | S6 béng tuong tng (n;)
1010-1030 2
1030-1050 3
1050-1070 8
1070-1090 13
1090-1110 25
1110-1130 20
1130-1150 12
1150-1170 10
1170-1190
1190-1210 1

a) Vé biéu do tan s6 va biéu do tan suat ctia bang phan phdi thie nghieém trén.

b) Tinh tuoi tho trung binh va do léch tieu chuan méu diéu chinh ctia tudi tho loai bong den noéi
trén.

DS:b) T =1111,1;¢ = 37.

Bai 4.6. Sau khi cai tién ki thuat, nguoi ta thap thit 100 bong, két qua la:
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Tudi tho (gio) | 1150 1160 1170 1180 1190 1200
Sobong (n;) | 10 15 20 30 15 10

a) Vé da gidc tan s6, da gidc tan suat clia bang phan phoi tan s6 trén.

b) So sénh trung binh va do léch tieu chuan diéu chinh ctia tudi tho loai béng den néi trén trudce
va sau cai tién k¥ thuat qua hai mau cu thé duge cho & bai 5 va 6.

DS: b) T =1175,5;s' = 14, 3.

Bai 4.7. Cac s6 liéu ciia viéc phan tich mot s6 mau quang sat dude cho 6 bang duéi day, 6 d6 X
(%) 1a ham lugng oxyt sit, Y (%) lam ham luong tap chat.

X Y 3-919-15|15-211]21-27|27-33
35 ) 4 2
45 1 6 3
95 4 6 14 2
65 ) 8 3

a) Tinh 7, 5., 7, 5,;

b) Nhitng mau quiing sit c6 ham lugng tap chat nhoé hon 21% duge xép va loai A, hay tinh cac
gia tri trung binh mau va do lech tiéu chuan mau hiéu chinh 7, s’ 7, s; clla quiang sat loai A;

c¢) Tinh tan suit miu clia cac quing sit loai A.

DS: a) 7 = 52,460; s/, = 10, 313;7 = 16, 095; S; = 5, 983;

b) T = 54,808; 5|, = 9,180; 7 = 14,192; 8/, = 4, 606;

¢) f = 0,825.

Gidi: a, *Tir bang trén ta c6 bang tan sbé cia X

X z; 35145 | 55 | 65
S6 quang sat n; | 11 | 10 | 26 | 16

Lap bang tinh:

35 11 385 13475
45 10 450 20250
55 26 1430 78650
65 16 1040 67600
Z n; = 63 Z n;x; = 3305 Z nlmf = 179975

Tt d6 c6 két qua sau:

S|

1 1
2 =

, no (> nad 63 (177975
_ @)= % — 52,462 ) = 10,31.
% \/n—1( n x) \/62 63 B0 0: 3

*Tir bang trén ta c6 bang tan sb ctia Y

Y (v) 6112 18] 2430
S6 quang sat (m;) | 91528 | 9 | 2

Lap bang tinh:
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Yi m; m;y; m;y;

6 9 o4 324

12 15 180 2160

18 28 004 9072

24 9 216 0184

30 2 60 1800
>omy; =63 | > myy; = 1014 | Y myy7 = 18540

Tt d6 c6 két qua sau:

.

1 1
7=~ mjy; = — - 1014 = 16,095.
YT T T 6 ’

n—1

n ijy]? -9
n Y

o

1854
18540 _ 16,0952

63

) = 5,983.

b, *T bang va cac dieu kién, ta c6 bang tan s6 cuia X ciia nhém A:

X(wi,) 3545 [ 5565
S6 quéang sat (n;,) | 5 | 7 | 24| 16
Lap bang tinh:
Tig iy Tiy Ny ng, T,
35 5 175 6125
45 7 315 14175
55 24 1320 72600
65 16 1040 67600
Soni, =52 | Yon,m, =2850 [ > ng,a?, = 160500
Tt d6 c6 két qua sau:
1 1
A=) wani, = g5 2850 = 54,81,
. noo(Yonirh 52 (160500
= - =\ = — 54,812 ) =9,17.

*Twt bang va cac dieu kién, ta ¢6 bang tan s6 ciia Y ciia nhém A:

Y(ya) 6[12]18
S6 quang sat (mj,) | 9| 15 | 28
Lap bang tinh:
Yya My YA 4 mjAyfl
6 9 54 324
12 15 180 2160
18 28 504 9072
SSmj, =52 | S yamy, =738 | Somj, 4 = 11556

Tt d6 c6 két qua sau:

1 1
vi=- > yamy, = o5 T38=14,102.

- n Zmuyi —Ua
ya n—1 n

52 (11556
2) = /= [ =2 - 14,1922 ) =4,607.
) \/51( o0 1927) = 407



Bai tap chuong 4 135

¢, Tan suat quang sat loai A la:

54146+4+6+144+5+8+3
poBALABHAHOF 1454843 o0
63
Bai 4.8. Goi X 1a "khéi lugng san pham san xuat ra" va Y 1a "gia thanh san pham", diéu tra &
30 xi nghiép ciing loai san pham ta c6 két qua sau:

v X 50 | 100 | 150 | 200 | 250
100 - 120

120 - 140 2 6 1 1
140 - 160 | 1 4

160 - 180 | 3 1 1

a) Tinh trung binh mau va do lech tiéu chuan mau didu chinh 7, s’ , 7, s,

b) Nhitng xi nghiép ¢6 X > 50 va 120 <Y < 160 dugce xép vao loai I, hdy tinh cac gia tri trung
binh mau va do lech tiéu chuan mau diéu chinh 7, s, 7, s, clia cdc xi nghigp loai I.

c¢) Tinh tan suit mau cla cac xi nghiep loai I.

DS: a) T = 155; s), = 66, 111;y = 136; s, = 21, 107;

b) T; = 140, 625; S;?I =41,708;y; = 137, 8?/41 = 10;

¢) f = 0,533.

Uéc luong cac tham sb luong dic trung ciia dai lugng ngau nhién

Bai 4.9. Hao phi nguyén litu cho mot don vi san pham 1a mot dai luong ngdu nhién tuan theo
quy luat chuan N (u,0%) v6i do léch tieu chuan ox = 0,03. Ngudi ta san xuit thit 36 san pham
va thu dugc bang s6 liéu sau:

Miic hao phi nguyén liu (gam) | S6 san pham tuong tng (n;)
195-19.7 8
19,7 -19,9 8
19,9 - 20,1 18
20,1 - 20,3 2

Véi do tin cay 95%, bang khoang tin cay ddi xting hdy udc lugng mitc hao phi nguyén licu trung
binh cho 1 don vi san pham.

DS: (19,868; 19,8376).

Bai 4.10. Dé dinh miic thoi gian gia cong mot chi tiét may, ngusi ta theo déi ngdu nhién qua
trinh gia cong 25 chi tiét va thu duge s6 lieu sau:

Thoi gian gia cong (phat) | S6 chi tiét may tuong ting (n;)
15-17 1
17-19 3
19 - 21 4
21 - 23 12
23 - 25 3
25 -27 2

Bang khodng tin cay ddi xting hay udc hugng thoi gian gia cong trung binh mot chi tiét may véi
do tin cay 1 — o = 0,95. Gia thiét thoi gian gia cong chi tiét 14 dai lugng ngau nhién tuan theo
quy luat phan phéi chuan.

DS: (20,53; 22,51). Bai 4.11. Can thit 25 bao bot my, ngusi ta tinh duge trong lugng trung
binh mot bao 1a T = 40kg, do léch tieu chuan mau diéu chinh s’ = 5kg. V6i do tin cay 95%, bing
khodng tin cay ddi xting hiy uéc luong trong lugng trung binh clia bao bot my. Gia thiét trong
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lugng ctia bao bot my 1a dai lugng ngdu nhién tuan theo quy luat chuan.

DS: (37,936; 42,064).

Bai 4.12. Dé uéc lugng chieu day trung binh ciia cac tam vat lieu do mot xi nghiép san xuét,
ngudi ta tién hanh do 5 tAm va thu duge két qua sau:

2,015mm;  2,025mm;  2,015mm;  2,020mm;  2,015mm

Drta vao s6 lieu trén hay uwde lugng chiéu day trung binh cic tam vat lieu do mot xi nghiép san
xuat bang khoang tin cay d6i xiing v6i do tin cay 1 — « = 0,95. (Biét rang chicu day cac tam vat
lieu 1a dai lugng tuan theo quy luat phan phoi Chu?in).

DS: (2,006; 2,11).

Bai 4.13. Lay 50 con sdi dé xac dinh do bén trung binh, ta c6 s6 licu sau: (biét do bén X - kg/cm?
14 dai lugng ngau nhién tuan theo quy luat phan phoi chuan).

X [0,6-08]081,0[1,012]121,41,416]1,61,81,82,0]2,022]2224
n | 1 2 7 10 11 9 6 3 1

Hay uéc lugng do bén trung binh ctia loai s¢i nay bang khoang tin cay doéi xitng v6i hé sb tin cay
0,98.

DS: (1,386; 1,614).

Bai 4.14. Dé xac dinh gia trung binh déi véi mot loai hang hoa tren thi truong, ngusi ta dieu
tra ngau nhién tai 100 ctta hang thu duge bang s6 liéu sau day:

Gia X (dong) 83 8 87 89 91 93 95 97 99 101
S6 ctta hang (n;)) | 6 7 12 15 30 10 8 6 4 2

V6i do tin cay 97% hay udc lugng gia trung binh ctia loai hang d6 tai thoi diem dang xét, biét
rang gia hang hoa X la dai lugng ngdu nhién tuan theo quy luat phan phéi chuan.

DS: (89,815; 91,625).

Bai 4.15. Chiéu dai (X) mot loai sdn pham do mot méy tu dong san xuat 1a dai lugng ngau nhien
tan theo quy luat phan phéi chuan véi do lech tieu chuan ox = 3cm.

Dé u6c lugng chiéu dai trung binh ciia loai san pham néi trén véi do tin cay 1 — «a = 0,95, ngudi
ta tién hanh do 20 san pham va thiy chiéu dai trung binh ciia 20 san pham doé 1a 7 = 50cm.

a) Tim khoang tin cay d6i xting ctia chiéu dai trung binh loai san pham do.

b) Dé u6c lugng chiéu dai trung binh loai san pham dé véi do tin cay 1 —a = 0,99, do dai khoang
tin cay déi xting khong vudt qua 0, 6cm thi phai deo bao nhiéu san pham?

DS: a) (48,685; 51,315); b) 664 sp.

Bai 4.16. Kiém tra 100 bong dién c¢6 tudi tho trung binh T = 3000 (giv). Néu wdc lugng tudi tho
trung binh clia loai béng dén dé véi do sai lech khong qua 3,92 gio vé gia tri tuyet déi thi do tin
cay ctia uée lugng 1a bao nhieu? Két luan vé tudi tho trung binh ciia loai béng dién d6 néu tudi
tho bong dien 14 dai lugng ngdu nhién tuan theo quy luat phan phéi chuan véi o = 20 gio.

DS: a) 95%; b) (2996,08; 3003,92).

Bai 4.17. Nang suat giéng ngd A é mot vimg duge bao len qua 25 diém thu hoach va c6 két qua
sau:

Nang suat (X - ta/ha) |7 9 11 13 17
S6 diem thu hoach (n;) |2 7 12 3 1

V6i do tin cay 95%, hay tinh nang suat trung binh t6i thiéu ctia viing nay, biét ring nang sut
ngd ciia ving nay la dai lugng ngdu nhién tuan theo quy luat chuan.

DS: 1 > 9,888.

Bai 4.18. Dé dinh mtc thoi gian gia cong mot chi tiét may ngudi ta theo doi ngdu nhién qua
trinh gia cong mot s6 chi tiét va thu dude bang sb lieu sau:

Thoi gian X (phat) | 14 16 18 20 24
S6 chi tiét (n;) | 4 12 22 8 4
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V6i do tin cay 1 — o = 0,99, hay udc lugng thoi gian gia cong trung binh t6i da doéi vé6i loai chi
tiét d6. Gia thiét thoi gian gia cong chi tiét 1a dai luong ngau nhién tuan theo quy luat phan phéi
chuan.

DS: 11 < 18,797.

Bai 4.19. Hay udc luong ty lé chinh pham ctia mot nha méy bing khoang tin cay doéi xing véi
do tin cay 0,95, biét ring kiém tra 100 sin pham ciia nha méy thay c6 10 phé pham.

DS: (0,8412; 0,9588).

Bai 4.20. Md thit 200 hop ctia mot kho do hop, ngudi ta thay c6 8 hop bi bién chat. Vé6i do tin
cay 97%, bang khoang tin cay doi xing, hay uéc lugng ty 1& do hop bi bién chat & kho do.

DS: (0,01; 0,07).

Bai 4.21. Gieo thit 400 hat giéng thi thay c6 20 hat khong ndy mam. Ty lé hat giong khong nay
mam t6i da 1& bao nhieu? Hay két luan véi do tin cay 98%.

DS: p < 0,072. Bai 4.22. Trong dgt van dong bau cit tong théng ngusi ta phong van ngau nhien
1600 ctt tri thi duge biét 960 ngudi trong d6 sé bo phiéu cho ting cit vien A. V6i do tin cay 95%,
ting cii vien A chiém dugc t6i thiéu bao nhieu % s6 phiéu bau?

DS: p > 0,5716.

Bai 4.23. Dé diéu tra s6 ca trong mot ho, co quan quan 1y danh bat 2000 con ca, danh dau rdi
tha xudéng ho. Lan sau bat lai 400 con, dude 80 con c6 dau. Bang khoang tin cay ddi xiing, hay
u6c luong s6 ca trong ho véi do tin cay 97%.

DS: (8230; 12739).

Bai 4.24. Bat 1000 tht hiém tai mot ving, danh dau roi tha ra. Lan sau bat lai duge 300 con,
¢6 60 con c6 dau. Hay udce luong s6 t6i da tha hiém do6 véi do tin cay 95%.

DS: N <6173.

Bai 4.25. Can phai lap mot mau ngau nhién véi kich thude 1a bao nhiéu dé t§ lé phé pham ciia
mau 1a 0,2, do dai khoang tin cay ddi xing 1a 0,05 va do tin cay clia wde lugng 1a 0,957

DS: N > 983.

Bai 4.26. Ty lé ndy mam ctia mot loai hat giong 1a 90%. Can udc lugng ty 1é ndy mam clia hat
gidng do6 véi do tin cay 0,95 va do dai khodng tin cay khong qua 2% thi phai gieo bao nhiéu hat?
DS: N > 3456.
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Phu luc A

Giai tich to hop

A.1. Céac quy tac dém

A.1.1. Quy tic cong

Néu c6 m, cach chon dbi tugng 1, ms cach chon déi tugng ws,..., m, cach chon déi tugng x,;
va cach chon z; khong tring cach chon z;(i # j) thi cé:

mi+m2+...+m,

cach chon mot trong cac doi tugng xq, xa, ..., Tp,.

A.1.2. Quy tic nhan

Gia stt mot phép chon dude thuc hién qua n buée lién tiép. Bude 1 ¢6 m, cach thuc hién, buée
2 ¢6 my cach,..., buée n c6 m,, cich thuc hien. Khi d6 sé cach thuc hién phép chon la:

my1.MmMy... My,

A.2. Hoan vi - Chinh hgp - T6 hop

A.2.1. Chinh hgp (chinh hgp khong lap)

x Dinh nghia A.1 Cho tap hgp E gom n phan tt. Chinh hop chap k ctia n phan tt da cho 1a
mot day ¢6 thit tu gom k (0 < & < n) phan tit khac nhau lay tit n phan tit da cho.

eVidu A.1 Cho tap hop E = a,b,c. Cac chinh hop chap 2 ciia 3 phan ti ciia E 1a:
ab, ac, ba, be, ca, cb
Vay ¢6 6 chinh hgp chap 2 cua 3.
Coéng thitc tinh. Ky higu s6 chinh hgp chap k ctia n 1a A (0 < k < n).
Dé c¢6 mot chinh hop chap k ta ¢ thé tién hanh chon theo cac bude nhu sau: Chon phan ti

dau theo n cach, sau d6 chon phan t1t thit hai theo n- 1 cach, chon phan tit ding thi k theo n —
k + 1 cach. Vay s6 chinh hgp chap k ctia n 1a:

AE=n(n—1).(n—k+1)= e ﬁ!k)!.

k thita sb
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Vi du A.2 C6 bao nhiéu s6 tir nhién c6 3 chit s6 khac nhau ma chit s6 nao ciing 1a s6 18?
L&i gidi. Mbi s6 tu nhieén thod man yéu cau la mot bo 3 chit s6 khac nhau (c6 ké thit tu) chon
tt 5 chit 86 {1,3,5,7,9}. Vay s6 cac s6 tu nhien thod man la:

A3 =5.4.3=060(s6).

A.2.2. Chinh hgp lap

*» Dinh nghia A.2 Cho tap hop E gom n phan tit. Chinh hop lip chap k ctia n phan ti da cho
1a mot day c6 thi ty gom k (k > 0) phan tit khac nhau lay tit n phan tit da cho, trong d6 méi
phan ti ¢6 thé c6 mat mot hay nhiéu lan trong day tao thanh.
eVi du A.3 Cho tap hop E = {a,b, c}. Cac chinh hgp ldp chap 2 ctia 3 phan tt ctia E 1a:
aa, ab, ac, ba, bb, be, ca, cb, cc
Vay ¢6 9 chinh hgp lap chap 2 cuia 3.

Cong thitc tinh. Ky hieu s6 chinh hop lap chap k ctia n la A% (k > 0).

Dé c6 mot chinh hop lap chap k ta c¢6 thé tién hanh chon theo céc bude nhu sau: Chon phan
tit dau theo n cach, sau d6 chon phan ti thit hai theo n cach, ..., chon phan tit ding thi k theo
n cach. Vay s6 chinh hgp lip chap k ctia n la:

AY = pn.n =k
N

k thita sb

eVi du A.4 D¢ truyén tin bang tin hiéu moée-xo gdom hai ky hi¢u cham (.) va vach (-), ngudi ta
ma hoa mdi chit cai clia bang chit cai thanh mot day c6 thit tir gom khong qua 4 ky hiéu. Biét
rang ciing mot ky hiéu c6 thé c6 mat nhiéu lan trong day cé thit tu tao thanh. Héi c¢6 thé ma hoa
duoc bao nhiéu chit cai?

Lot gidi. Mdi nhom c6 thit ty gom k ky higu (1 < k < 4) tao nén chinh 1a mot chinh hgp 1ap
chap k tit 2 phan tit da cho (hai phan tt nay 1a cac ky hiéu (.) va (-)). Vi vay s6 chit cdi ma ho4
duoc la: B B B B

Ay + A3+ A5+ Aj+ =2 + 22 + 28 + 21 = 30.
Nhu vay néu bang chit cai ciia mot thit tiéng nao dé gom khong qua 30 chit cai thi ta c6 thé ma
hoé theo cach trén.

A.2.3. Hoan vi
x Dinh nghia A.3 Cho tap hop E gom n phan tit. Hoan vi ctia n phan t1t 13 mot day c6 thi tu
gdom di n phan tt da cho.
eVidu A.5 Cho tap hop E = {a,b,c}. Cac hoan vi ciia 3 phan ti clia E la:
abc, acb, bac, bea, cab, cba
Vay ¢6 6 hoan vi cia 3 phan t1i.

Cong thitc tinh. Ky hiéu s6 hoan vi ctia n phan tit 1a P,.
Dé thay mot hoan vi ctia n phan tit chinh 14 mot chinh hop chap n ctia n phan tit. Vi vay ta
tinh dugc s6 hoan vi ctia n phan tit la:

P,=A,=n(n—-1)..1=n!

oVi du A.6 Mot ban c¢6 5 hoc sinh ngoi. Khi d6 c6 tat ci: Ps = 5! = 120 cach sap xép chd ngoi.
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A.2.4. T6 hop

x Dinh nghia A.4 Cho tap hop E gom n phan tt. T6 hop chap k tit n phan ti (k < n) la tap
con gdm k phan ti (phan biét, khong ké thit tu) clia tap n phan ti da cho.

eVi du A.7 ho tap hop E = {a,b,c}. Cac to hgp chap 2 ctia 3 phan tit la:
{a,b};{b,c};{a,c}.
Vay ¢6 3 t6 hop chap 2 ciia 3.

Cong thidc tinh. Ky hiéu s6 td hop chap k ctia n 1a C* (0 < k < n).

Gia st tit n phan ti da cho ta tao nén Cﬁ t6 hop. Dem mdi t6 hop chap k nay hoan vi theo
moi cach ta sé dude k! chinh hop chap k. Mit khac, hai chinh hop chap k tao ra tit hai t6 hop
chap k phan biét 1a khac nhau. Vay s6 chinh hop chap k ctia n phan tt da cho la:

AR = E1.C*
Vi vay:
C’k:A—ﬁ: n! _ nn—1)..(n—k+1)
R 1 kl.(n —k)! k(k—1)..1
Tinh chit thudng gap vé to hop:
Cvk — Cnfk

Chk=Ck  +Ch1.

oVi du A.8 C6 10 doi béng thi dau véi nhau theo thé thitc dau vong tron mot lugt. Héi phai to
chiic bao nhiéu tran dau?

Loi gidi. Mai tran dau tng v6i mot nhom gom 2 doi (phan biét, khong ké thi tu) tit 10 doi. Vi
vay phai td chic tat ca:

10.9 )

0120 == ﬂ =45 (tran dau)
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Bai tap phu luc A

Bai A.1. Mot nhém sinh vién gom 3 sinh vién nit va 4 sinh vién nam. Héi ¢6 bao nhiéu cach chon
tit nhom sinh vién doé:

a) 3 sinh vien vao Ban chap hanh Doan.

b) 3 sinh vién vao Ban can sy 16p, trong d6 ¢ 1 16p trudéng, 1 16p phé phu trach hoc tép, 1 16p
phé phu trach doi song.

¢) 2 sinh vién nam va 2 sinh vién n di tap van nghe.

d) 3 sinh vien di dy Dai hoi, trong d6 ¢6 it nhat 1 sinh vién ni.

Dap sb: a) 35; b) 210; ¢) 18; d) 31.

Bai A.2. Bién s6 xe 6to ctia Hai Phong c¢6 dang: 16 - 2 chit cai - 4 chit sb.

a) Hoi trén ly thuyét c6 thé lap duge bao nhiéu bién xe? (cac chit cai duge lay tit bang chit céi
tiéng Anh gom 26 chit cai).

b) Trong d6 c¢6 bao nhiéu bién xe ma tong 4 chit s6 14 mot sb co tan cling 1a 9?

Dap sb: a) 262.10%; b) 676000.

Bai A.3. C6 bao nhiéu cach xép chd cho 5 nguoi A, B, C, D, E:

a) vao mot chiéc ghé dai sao cho A, B 6 hai dau ghé?

b) vao mot chiée ghé dai sao cho A, B, C luon § canh nhau?

¢) vao mot ban tron sao cho A, B luon ¢ canh nhau?

Dap s6: a) 12; b) 36; c) 12.

Bai A.4. C6 20 diém phan biét trong mat phang trong d6 c6 8 diém thang hang. Néi 20 diém d6
lai v6i nhau. Héi:

a) c6 bao nhiéu dudng thang phan biet?

b) c6 bao nhiéu tam giac?

Dap s6: a) 163; b) 1084.

Bai A.5. Cho phuong trinh: x +y 4+ z = 12

a) Tim s6 nghiém nguyén duong ctia phuong trinh sao cho x, y, z d6i mot phan biét.

b) Tim s6 nghiém nguyén duong ctia phuong trinh.

c¢) Tim s6 nghiém nguyén khong am ctia phuong trinh.

Dap s6: a) 42; b) 55; c) 91.

Bai A.6. Cho tap hop A = {0,1,2,3,4,5,6}. Tt A c6 thé tao ra bao nhiéu:

a) 86 tif nhien chn 4 chit s67?

b) s6 tu nhién chén 4 chit s6 doi mot phan biét.

c) s6 tu nhién 7 chit s6, trong d6 chit s6 2 ¢6 mat dang 2 lan, s6 3 c6 mit diung 3 lan, cac chit s6
khac c¢6 mit khong qua 1 1an?

Dap s6: a) 1176; b) 420; c) 3960.

Bai A.7. Thay gido c¢6 12 cudn sach doi mot khac nhau trong dé ¢6 5 cudén sach Toan, 4 cudn
sach tiéng Anh va 3 cuén sach Triét hoc. Thay mudn lay ra 6 cudn va dem ting cho 6 sinh vién
khéc nhau méi em moét cudn.

a) Gia stt thay gidao chi muén tang cac cudn sach thudce hai thé loai Toan va tiéng Anh, hdi c6 tat
ca bao nhiéu cach tang?

b) Gia st thay gido mudn rang sau khi ting sach xong, méi mot trong ba thé loai déu con lai it
nhat mot cudén. Habi c6 tat ca bao nhiéu cach tang?

Dap s6: a) 60480; b) 579600.

Bai A.8. Mot ban dai c¢6 hai day ghé déi dien nhau, mdi day gom 6 ghé. Nguoi ta mudn xép chd
ngoi cho 6 sinh vién 16p A va 6 sinh vién 16p B vao ban néi trén. Hoéi ¢6 bao nhiéu cach xép trong
moi truong hgp sau:

a) Bat ctt 2 sinh vién nao ngodi canh nhau hodc d6i dién nhau thi khac 16p nhau.

b) Bat ctt 2 sinh vién ndo ngodi doi dien nhau thi khac 16p nhau.

Dap s6: a) 1036800; b) 33177600.



Phu luc B

St dung CNTT giai toan théng ké

Tat ca cac SV ¢ nam thit nhat déu da duge trang bi nhitng kién thiic co ban ctia Tin hoc. Viéc
gidi cdc bai toan bang méy tinh dien tit (MTDT) ciing da tré nén quen thudce doi véi cac em.

Trong qué trinh ngoi trén ghé nha truong, SV khong chi tiép thu céc tri thic thong qua bai
giang ctia GV ma ho con c6 thé ty minh tim kiém, kién tao ra nhitng tri thitic méi thong qua séch
béo, tai lieu, mang internet... Viec GV danh ra thoi gian dé huéng dan cho SV giai céc bai toan
thong ké bang cach st dung cac cong cu ctia CNTT sé tang them kha nang hing thi, tinh to mo
trong khoa hoc, kich thich hoat dong tim toi kham pha cia SV, tit d6 dan t6i viéc hinh thanh
kién thitc va k§ ning mdi.

Sau day chung toi trinh bay céch thitc thé hien ctia mot s6 cong cu CNTT hé trg cho viec giai
céc bai toan théng ké, két hgp cung céc vi du tuong tng.

B.1. D6i v6i may tinh dién t& cam tay

B.1.1. Tinh cac dac trung ctia mau

oVi du B.1 Git ngdu nhién 365 diém trong lta clia mot huyeén ta c6 bang sb licu sau:

X 12513033 |34] 35 |36|37]39]40
n| 6 13|38|74]106 |8 |30]10] 3

Tinh 7, 52, 52, S, S.
Péi vdi Casio FX570ES
Nhap cac so liéu

- An céc phim: Shift Mode 4 1
- An cac phim: Mode 3
- An cac phim: 1 1 - Var

Hién ra bang:

X freq

Dung phim Replay dé di chuyén qua lai giita 2 cot x va freq
Nhap cot x:
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25 =
30
33
34
35
36 =
37 =
39 =
40 =

Nhip cot freq: Dung phim Replay di chuyén qua cot freq, dong 25

3 =
13 =
38 =
74 =
106 =
85
30
10
3

Nhap xong an phim AC Xem két qud:

An cac phim:

An cac phim:

An céc phim:
da hiéu chinh).

An céc phim:
chua hiéu chinh).

Shift 1 5 1 = — n = 365 (c6 mau).
Shift 1 5 2 = — X = 34,795 (ta/ha).

Shift 1 5 4 = — S = 2,072 (do lech chudn méu

Shift 1 5 3 = — S = 2,069 (do lech chuan mau

% Chu y: khi nhap s6 liéu ta c6 thé ding cac phim dé:

- Xo4 1 dong dit lieu: di chuyén dén dong can xoa va an Del

- Chen thém 1 dong dit liéu: di chuyén dén dong can cheén va nhan cac phim

Shift 1 3

1 Ins

- Xoa toan bo noi dung da nhap

Shift 1 3

Dot v cac loar
Nhap cdc so lieu:

2 Del - A
may fx —H500MS, fr — 350M S, fx — 350T'L, fx — 570M S

- An céc phim: MODE 2 dé chuyén méy sang ché do SD

hoéc
- An cac phim:
- An cac phim:

- An cac phim:

MODE MODE 2 dé chuyén may sang ché do SD

25 Shift , 6 data (Phim M, )
30 Shift , 13 data
33 Shift , 38  data
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An cac phim:
An céc phim:
An cac phim:
An céc phim:
An cac phim:

An céc phim:

Xem két qud:

* Cha y: Xoa SD bang lenh:

An cac phim:
An cac phim:

An céc phim:

34

35

36

37

39

40

Shift

Shift

Shift

Shift

Shift

Shift

Shift S - VAR

Shift S - VAR

Shift S - VAR

Shift

)

74 data
106 data
85  data
30  data
10 data
3 data

1 =

2 —

3 —

MODE

145
— X = 34,795

— S =2,072

— 5 = 2,069

2 =

Déi vdi cdc logi mdy fr — 220M S, fr — 5004, fx — 95, fo — 82Super
Nhap so lieu:

An céc phim:
An céc phim:
An cac phim:
An céc phim:
An cac phim:
An céc phim:
An céc phim:
An cac phim:
An céc phim:

An céac phim:

Xem két qud:

An céc phim:
An cac phim:
An céac phim:

An cac phim:

MODE

Shift

Sac

26 X 6

30 x 13

33 x 38

34 x 74

35 x 106

36 x 85

37 x 30

39 x 10

40 x 3

Shift n — 365

Shift X — 34,795

Shift S — 2,072

Shift S — 2,069

x Cha y: Xoa SD bang lenh:

MODE

. (Dau cham) dé dua may vé ché do SD

data (Phim M, )

data

data

data

data

data

data

data

data

0
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B.1.2. Bai toan tim ham hoi quy

Vao REG an:

(may fx 500MS, 95MS)
May khac

MODE||MODE]|[2] (fx 570MS)

- Man hinh hién:

Lin Log Exp —

1 2 3

« Pwr Inv Quad

1 2 3
n sd tuong ng ta sé va chitc nang muén chon.
(Lin) (tuyén tinh) y = A+ Bz
(Log) (logait) y = A+ Blnx
(Exp) (mil) y = Ae” (Iny = In A + Bxr)

Z

>

g3

(Pwr) (Iuy thita) y = Ae® (Iny =In A+ Blnx)
(Inv) (nghich ddo) y = A+ B.1/x

[»]3] (Quad) (bac hai) y = A + Bx + Ca?

Trude khi tinh toan phai an

| SHIFT || CLR || 1 | (Sel)[ =]

dé xo4 bo nhé ctia théng ke.

- Nhap dit liéu theo cu phap: <dit licu>'<dit lieu y>DT.

- Cac két qua theo dit lieu da nhap duge goi theo bang sau:

pEnE
SI]
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r

Gié tri can goi An
: | SHIFT | |S.SUM | |1
2k
SHIFT | [SSUM] [2
- [SHIFT] [sS0M] [2]
| SHIFT | |S.SUM| | 3|
Fl
37 |SHIFT | [ssuM]| [» ]| [1]
>y |SHIFT | [SSUM| [» | [2]
> |SHIFT | [SSUM| [» | [3]
3 x |SHIFT | [SSUM| [» | [»] [1]
> %y |SHIFT | [SSUM| [» ]| [ » ] [2]
i |SHIFT | [SSUM| [» ]| [ » ]| [3]
x | SHIFT | |S.VAR]| 1]
iy | SHIFT | |S.VAR| [2]
= [SHIFT | |S.VAR]| [3|
v
: |SHIFT | |S.VAR]| [» | [1]
Yo,
|SHIFT | |S.VAR]| [ » | 2]
-:L'Jn—l
|SHIFT | |S.VAR]| [ » | | 3]
H¢ s0 4 [SHIFT | [SVAR] [» | [» | 1]
Hé sb B i
|SHIFT | [SVAR| [» | [» | [2]

-Trit y = A+ Bx + Ca?

Gol

r

An

147

Hé s6 trong quan » | |[SHIFT | [S.VAR] [ [ [»] [3]

S6 du doan [SHIFT| [SVAR[ [» [ [»] [ » [ 1]

.

S6 du doan i
|SHIFT | [S.VAR]| [» | [ ] [» ]| |2]

- Rieng véi y = A+ Bz + Cx? thi theo bang sau:
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Go1 An
Hé sb C [SHIFT[ [SVAR] [»] [»] [3]
S6 dw dodn % [SHIFT [ [S.VAR] [» [ [» ][ [»] [1]

S6 du doan % ;
- % [SHIFT [ [SVAR] [» [ [» ][ [» ] ]2]

So du doan ¥

|SHIFT | [SVAR]| [» | [»]| [» ] [3]

- Céc gia tri nay c6 thé dimng nhu cac bién trong céc biéu thic tinh.
* Hoi quy tuyén tinh y = A + Bx

oVi du B.2 Ap suét theo nhiét do trong bang sau:

Nhiét do 10°C 15°C 20°C 25°C 30°C
Ap sudt | 1003hpa | 1005hpa | 1010hpa | 1011hpa | 1014hpa

Hay dung Hoi quy tuyén tinh y = A + Bz dé tinh A, B va hé s6 tuong quan r, ap suét ¢ 18°C.
Tim nhiét do khi 4p suét 1000hpa, hé s6 t6i han 2 va s6 hiep bién (Eng‘f”)

Vao Mode RED

An 1 (Lin)

| SHIFT || CLR || 1 | (Sel) [ = | (x04 nho)

10 |<| 1003 |DT n = REG
1
(Khi 4n DT dit lieu duge nhap va man hinh hién gia tri clia n).
1&1’1 tiép
15 |' | 1005 |DT
20 |'| 1010 |DPT| 25 |"'| 1011 |DT
30 |' | 1014 |DT
He s6 A =997.4
[sHIFT] [s.VAR] ] [»] [1] [=]
Hé s6 B = 0.56

[SHIFT | [SVAR]| ]| [»] [=]

He s6 tuong quan r = 0.982607368

[SHIFT | [SVAR]| ]| [»] [=]

Tim &p suit & 18°C = 1007.48

18 |SHIFT | [SVAR/| | [»]| [»]| (2] [=]
Nhiét do & 1000 hpa = 4.642857143
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1000 | SHIFT | [SVAR| | [» | [»] [ 1] [=]

r2 = 0.965517241

[SHIFT | [SVAR| || [» | [3 | [£] |=]

S6 hiep bién = 35

[sHIFT| [ssuMm] [» ] [3] [-] [sHIFT] [s.sUM] [3] [x ] [SHIFT]
[1] [=] [sHFT] [svAR] [»] [1] D] [<]
[ssuM] [3] [-] (=]

* Hoi quy bac hai: A+ Bx + Cx?.

oVi du B.3 Cho bang sau

xi | 29 | 50 74 | 103 | 118
yi | 1.6 | 23.5 | 38.0 | 46.4 | 48

Theo cong thitc hoi quy bac hai hay tim cac hé s6 A, B, C sau d6 tim ¢ véi o = 16 va & véi y = 20.
0 Mode RED

An » 3 (Quad)

| SHIFT |[ CLR || 1 | (Sel) [ = | (x0é nh¢ théng ke)

29 "I 1.6 | DT | 50 * | 23 DT
74 ' 3830 |[DT | 103 |'| 464 |DT
118 | ' | 48.0

Tinh he s6 A = —35.59856934
[sHIFT| [SVAR] ] [»] [1] [=]
Tinh he s6 B = 1.4959856934
[SHIFT | [SVAR]| ]| [»] [=]
Tinh he s6 C = —6.71629667 x 1073
[sarFT] [svaRr] p] [»] 3] 5
Tinh § khi 2; = 16 (=13.38291067)
16 [ SHIFT | [SVAR| || [» | [»] [3] [=]
Tinh 2 khi y; = 20 (=47.14556728)
20 [SHIFT | [SVAR]| ]| [»] [»] [1] [=]
Tinh 2, khi y; = 20 (=175.5872105)
20 |SHIFT | [SVAR| | [» ]| [»]| [2]| [=]
Chi y vé nhap dit liéu

An DT DT dé nhap dit lieu hai lan.

Dung phim SHIFT ; dé nhap nhiéu dit lieu giéng nhau. Vi du nhap "20, 30" nam lan thi
4n 20 * 30 SHIFT ; 5 DT.

Két qua duge goi khong can thi tuy nhu bang trén.

Van c¢6 phan cha ¥ nhu 6 SD.
- Xem thém phan tinh P(t), Q(t), R(t) é phan bo sung cho méy Casio fx 570 MS.
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- Cacsdnhé A, B, C, D, E, F, X, Y khong diing dugc thong ké SD va hoi quy RED. Khi
vao cac chuong trinh nay, cac gia tri s6 nhé dude gan trude bi xoéa hét.

B.2. Dung phan mém Excel

B.2.1. Tinh toan trong bai toan uéc luong

eVi du B.4 Béng s6 lieu sau cho do lech X ciia 200 chi tiét méy vé6i kich thuée chuan. Véi miic
nghia a = 0,05 hay kiém tra gia thiét do lech X 1 bién ngiu nhién c6 phan phdi chuan N (ao?).

Thit tu | Khoang (z;_1, ;) | n; | Tht tu | Khodng (z;,_1,%;) | n;
1 (20, -15) 71 6 (5, 10) 11
2 (-15, -10) | 7 (10, 15) 26
3 (-10, 5) 20| 8 (15, 20) 17
1 5, 0) 21| 9 (20, 25) 7
5 0, 5) 4 10 (25, 30) 3

Loi gidi. Gia thiét Hy : X ~ N (a,0?), doi thiét Hy : X ~ N (a,0?)

+) Lap bang Excel udc lugng cac tham sé a = X vi o = S’ va vé da gidc tan suat:

TT | A B C D E F G

1 | TT | (w1, T n; fi n; - xT; | N (xl — 7)2
2 1 | (-20,-15) | -17.5 | 7 |0.035 | -122.5 3250.818
3 2 | (-15,-10) | -12.5 | 11 | 0.055 | -137.5 3012.928
4 3 (-10,-5) | -7.5 | 20 0.1 -150 2668.05
5 | 4| (-5,00 | 25 24 ] 012 -60 1029.66
6 | 5 (0, 5) 25 | 44 [ 022 | 110 105.71
7 6 (5, 10) 7.5 41 | 0.205 | 307.5 488.0025
8 7 (10, 15) 125 | 26 | 0.13 325 1856.465
9 8 (15, 20) 17.5 1 | 0.085 | 297.5 3075.343
10 9 (20, 25) | 22.5 7 10.035 | 157.5 2382.818
11 | 10 (25,30) | 27.5 3 10015 ] 82.5 1649.708
12 200 1 810 19519.5
13 X =810/200 = | 4.05

14 S = \/19519.5/199 = 9.903936

Chon cot E lam truc tam, cot C lam truc hoanh ta c6 da giac tan suat. Do thi cho ta hinh
dang ctia ham mat do ctia phan phéi chuan.
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+) Thuec hién chia khodng: Vi njp = 3 < 5 nén ta ghép khoéng 10 vao khoang 9, vay ta c¢6 bang:

Thu tu KhOéIlg (JIi_l, SL’z) n; | Tha tu KhOéIlg (l’i_l, IZ> n;
1 — 15 716 (5, 10) 1
2 (15, -10) | 7 (10, 15) 26
3 (10, -5) 20 8 (15, 20) 17
1 5, 0) 24 9 (20, 25) 10
5 0 5) 14

Nhu vay taco k =9, r = 2.
Lap bang Excel tinh @Q,, va X%O‘%, trong bang Excel cot B ta chi ghi cac can duéi cua cac

khoang.

TT |A| B C D E
1 n; Di (n; — np)° /np;
2 1]-15] 7 0.02721 0.44604605
3 2 1-101] 11 | 0.050794 0.06966124
4 31 -5 | 20 [0.102413 0.01136968
5 41 0 24 | 0.160879 2.07749498
6 5 5 44 | 0.196912 0.5413946
7 6 | 10 | 41 | 0.187795 0.31523907
8 7115 | 26 | 0.139551 0.13073038
9 8 | 20 | 17 | 0.080798 0.04371067
10 | 9 10 | 0.053648 0.04960009
11 200 Q, = 3.68524676
12 X6.0.05 12.5915774

Dé tinh céc xac sut p; (i = 1,9) ta thyc hién cdc lenh sau:
D2 = NORMDIST(B2,4.05,9.903936,TRUE)

D3 = NORMDIST(B3,4.05,9.903936,TRUE)-NORMDIST(B3,4.05,9.903936,TRUE)

Sau d6 duing Autofill tit D4 dén D9
D10 = 1-NORMDIST(B9,4.05,9.903936, TRUE)
Ta ciing c¢6 the tra bang ham Laplace tinh cac xac suat P; trén cac khodng

)

(l’ifl, l’z) (Z = 17_9) voi: Py = ¢ <

9,9039

xT; —4,05) _ ¢ <l’i_1 —4,05

9,9039
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Vay Qn = 3,68524776 < X205 = 12,59 chap nhan Hy, hay X ¢6 phan phdi chuan
N(4,3:94,26).

B.2.2. Tinh toan cac dic trung ctiia mau

eVi du B.5 Do chiéu cao ctia 100 sinh vién nam thi nhat ta duge bang thong ké (tinh bang cm).

X | 150-154 | 154-158 | 158-162 | 162-166 | 166-170 | 170-174 | 174-178
SV 10 14 24 28 12 8 4
Chon zy = 160 va lap bang tinh Excel ta dugc:
TT | A B C D E
1 X n; x; — o | ng(x; —xg) | my (T — x0)2
2 152 10 -8 -80 640
3 | 156 14 -4 -56 224
4 | 160 24 0 0 0
5 164 28 4 112 448
6 | 168 12 8 96 768
7 1172 8 12 96 1152
8 176 4 16 64 1024
9 n = 100 B =232 C = 4256
10 X=2+ug= 162.32
11 | 82=¢— (X —a) = | 371176
12 S = 6.09734

oVi du B.6 Hai may A va B cling san xuat mot chi tiét c6 do dai X. Dé kiém tra do chinh xac
ctia mdi may, dinh k¥ 6 thang mot 1an ngudi ta lay méi méay mot 16 gdm 1000 san pham va kiém
tra do dai ctia ching. Néu do léch trung binh ctia méi 16 vuot qua 5 mm thi may can duy tu lai.
Bang thong ké mot lan clia hai may duge cho dudi day:

D6 dai 1222 | 1226 | 1230 | 1234 | 1238 | 1242 | 1246 | 1250 | 1254
' 1226 | 1230 | 1234 | 1238 | 1242 | 1246 | 1250 | 1254 | 1256

n(A) ) 20 80 190 360 300 30 10 5

m(B) 70 90 110 140 170 170 140 90 20

Hay kiém tra xem may nao da can duy tu lai.
Lot giai. Chon zy = 1236 va lap bang tinh theo Excel:
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X T | xi—x0 | A m;B | n; (v; —xo) | my (x; — o) | Ny (xZ — X)Q m; (:171 — E)Z
12221226 | 1224 | -12 5 70 60 -840 720 10080
1226-1230 | 1228 | -8 20 90 “160 720 1280 5760
1230-1234 | 1232 | -4 80 110 ~320 440 1280 1760
1234-1238 | 1236 0 190 | 140 0 0 0 0
1238-1242 | 1240 4 360 | 170 1440 630 5760 2720
1242-1246 | 1244 8 300 | 170 2400 1360 19200 10880
1246-1250 | 1248 | 12 30 140 360 1680 4320 20160
1250-1254 | 1252 | 16 10 90 160 1440 2560 23040
1254-1258 | 1256 | 20 5 20 100 400 2000 8000
1000 | 1000 | B1=3920 | B2=3560 | C1=37120 | (2=82400
A=5B4g= 1239.92 B=% 4= 1239.56
2 =C (A = 21.7536 Si=-"108%= 21.77538
§2 =% _ (B—ux)" = 69.73 Sp— .52 — 69.7962
S, = 4.6664 = 8.3544

Nhu vay may A khong can duy tu con may B phai duy tu.

B.2.3. Cac phan phdi xac suit

oVi du B.7 Quan sat s6 lugng o6 t6 vao xtc tai mot may xac trong khodng thoi gian dinh sin
tai mot mo than nguoi ta thu duge bang két qua sau:

Hay kiém tra xem s6 liéu trén c6 tuan theo quy luat phan phéi Poat-Xong p,

S6 6 to

0|1

213

4

5

S6 khoang thoi gian

75 | 55

30 | 12

3

1

Trong d6 P, la xac suat trong khoang thdi gian trén c6 m 6 to6 xuat hién tai may xc.

A A Teha
~se " khong?

Loi gidi. Lap bang Excel uéc luong tham s6 A = X va vé da giac tan suét, goi s6 6 t0 1a X, s6
khoang thoi gian 1a n;:

X 0

1 2

3

4

5

75

U2

30

12

3

1

176

£, 1 0.426136

0.170455

0.068182

0.017045

0.005682 | 1

0.954545

045 T

04 1

035 T

03 +

025 T

02 +

0.15 +

01 T

005 +
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Da giac tan suat c6 dang ham mat do ctia phan phoi Poét-Xong. Céc xéc suat p,, = e~ 0621212

lap bang tinh @, ta dugc:

TT [A| B C D
I [ X n Di (n; — np;)” /np;
2 (0] 7 0.384987 0.774082
3 [ 1] 55 0.367488 1.448107
4 2130 0.175392 0.024461
5 |3 12 0.055306 0.4829983
6 | 4] 3 0.013317 0.183674
7 5] 1 0.002542 0.682274
8 176 Qn = 3.595594
9 o0, = CHIINV(0.05,4) = 9.487728

Dé tinh cac p; trong Excel ta thuc hien:
C2 = POISSON(A2,0.954545 FALSE)
Sau d6 Autofill tit C3 dén C7.
S6bactudok=6,r=1tacok-r-1=6-1-1=4.

X205 = 9,487728 > Q,, = 3,595594.

Vay bang s6 lieu thu duge tuan theo phan phdi Poat-Xong.

Trong phan nay ching to6i da gidi thiéu cach st dung mot s6 méy tinh dién ti c4 nhan thong
dung va phan mém Excel dé giai mot so bai toan trong thong ké. V6i syt phat trién manh mé ciia
cong nghé thong tin, ngdy cang nhiéu thé he may tinh va phan mém méi ra doi, d6 sé la mot
thuan 1gi 16n cho SV. Do d6 yeéu cau stt dung dudc MT DT cac nhan vd cdc phan mém hd trg
giai toan 1a mot diéu can thiét. Cac cong cu nay sé gitip ching ta gidi quyét nhanh chéng cic bai
toan néi chung va théng ké néi rieng, gép phan nang cao tinh chinh xac va kip thoi; dong thai
tiét kiem thoi gian tinh toan cho mot bai toan, rén luyén tu duy thuat giai.
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