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CHAPTER 6: COMBINED STRESSES

6.1. Concept - Principle of superposition
6.1.1. Concept

In previous chapters, we researched the simply load-resistant manners of bars,
including axial tension or compression, pure torsion, planely horizontal bending. In this
chapter, we will research complicatedly load-resistant cases which are combined by the
simply load-resistant manners as shown above. In case of complicatedly load-resistant bars,
on their cross-sections, many different components of internal forces will appear.
Complication is shown by the number of internal forces appearing on cross-section. We will
research from less complicated case to general case.

6.1.2. Principle of superposition

We use Principle of superposition to research the complicatedly load-resistant cases.
Its content is expressed below:

When we research the bar subjected to action of many loads causing many types of
internal forces on cross-sections, stress and displacement at a point will equal the sum of
stress and displacement caused by each separate component of loads.

To use this principle, problems have to satisfy the following conditions:

- Materials work in elastic region and relationship between stress and deformation is
linear.

- Deformation of bar is small and displacement of points on which loads are put is
insignificant.

- When we consider the problems of complicated load-resistance, because the influence
of shear force on the strength of bar is insignificant, we can ignore it.

6.2. Oblique bending (Bending in two directions)
6.2.1. Concept

A bar is called oblique bending if on its each cross-section, there are two internal
forces being bending moment My and My in two centroidally principal planes of inertia of the
bar.

We can combine two vectors M, and M , to form a totalvector M,:
M, =M, +M,

e

Mx), /

=
<

'

y
Figure 6.1

Therefore, we have an other concept: a bar is subjected to oblique bending if on each
its cross-section, there is one bending moment M, which is not in centroidally principal planes
of inertia. The plane containing bending moment M, is called loading plane. In the figure 6.2,
loading plane is the plane =. Line of intersection between loading plane and cross-section is
loading line. We realise that loading line goes through the centroid of cross-section and does
not concide with centroidally principal axes of inertia.
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Call a the angle formed by loading line and centroidally principal axis of inertia Ox,
aus considered to be positive if it rotates clockwise from axis x to loading line. (figure 6.2)
According to the figure, we have:

My = M,sina. (a)
My = M,cosa

A

§ M

y

Figure 6.2

6.2.2. Stress on cross-section
Use Principle of superposition, stress at a point having co-ordinates (x, y) will equal
the sum of normal stresses caused by each bending moment:

o, =62"* —i—csivIy (b)
M Mx
Howeverc, ™ = ] y ()
M
Similarlyo)” =—Xx (d)
Jy
M M
Henceo, =—*y+—>_X (6-1)
100,

The sign of each term in (6-1) depends on the sign of My, My, x and y.
To avoid mistaken about sign, we can use the following formula:
M, M

y

In this formula, My, My, X, y are in absolute values and the signs are considered to be
positive or negative in front of each term. This depends on the action of My and My causing
tension or compression at researched point.
6.2.3. Neutral axis

Neutral axis is the line consisting of all the points on cross-sections which have
normal stress equaling zero. Hence, equation of neutral axis is inferred from the equation o, =
0 as below:

y:—&."]—x.x (6-3)

M, J,

Therefore, neutral axis is a line going through the centroid of cross-section.
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If we call 3 the angle formed by neutral axis and axis x: tgp =— oo,
o

[

y
Hence, we have some comments about neutral axis.
- Loading line and neutral axis are not in the same quadrant of cross-section.
- Neutral axis and loading line are not perpendicular each other.

~
~

y
Neutral axis
B N
@ x
Loading line
f
y
Figure 6.3

6.2.4. Normal stress diagram on cross-section

(6-4)

To draw normal stress diagram on cross-section, we have some following comments:
- All the points which are in the same line parallel to neutral axis have the same values

of normal stress.
We can prove the above comment as shown below:

Assume that we have two points (1) and (2) which are in the same line parallel to

neutral axis and have the co-ordinates: 1(X1, Y1), 2(X2,Y2).
Because the line 1-2 is parallel to neutral axis, its equation is:



Neutral
B - axis

Figure 6.4
M M
—_—X y+ —Yx+C=0 (e)
J, J,
Here, C is a determined constant.

Subsitute the co-ordinates of the point (1) and (2) in the equation (€) and turn the term C into
the right of equal sign, we get:

ot Moy sy —c

J, Jy

M M (f)
G£2): Xy, +—>X, =-C

J, Jy

Hence, stresses at two points (1) and (2) are equal.
- The law of the change of normal stress over distance of neutral axis is linear.
Thanks to two comments, we can draw normal stress diagram through the following
procedure:
- Determine the position of neutral axis and stretch across cross-section.
- Draw a line perpendicular to neutral axis to be the directrix and determine the limit of cross-
section.
- Determine two points:
+ Point 1 is the intersection between the directrix and the neutral axis.

o . . . . M M
+ Point 2 is the point expressing stress at an arbitrary point: o? = J—X y® +J—y x®

X y
- Join two points, mark and rule diagram.
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Figure 6.5
The diagram is shown as in the figure 6.4. Thanks to the diagram, the points having the
maximum normal stresses are the furthest from neutral axis to two sides of tension and
compression.

" Chmemc

k Mx MY
Gmax: yA+ XA
J, J,
o (6-5)
Grrr]wx: “Yg + yXB
J, J,

In case of the bars having rectangular section, I-section, [ - section, the points which are the
furthest from neutral axis are always in the corner of section and have the maximum co-
ordinates (Xmax, Ymax)- Therefore, the maximum normal stress is:

G:"ax = +M+M
W, W,
(6-6)
max WX Wy

The normal stress diagram is shown as in the figure 6.5.
6.2.5.The condition of strength and three basic problems
a. The condition of strength

In case of the bar subjected to oblique bending, dangerous points are the furthest from
neutral axis at the dangerous cross-sections. The stress state of dangerous points is single
stress state. Hence, the condition of strength is:

- Brittle materials:

{a:maxs[a]k o)

ohl<lo],

zmax

- Ductile materials:
max|c,|<[c] in which max|o, |=max(c*,.,,o%..) (6-8)
Andg* 5" are determined by the formula (6.5) or (6.6), which depends on the shape of

Zmax ! Zmax

Ccross-sections.
According to the condition of strength (6-7) and (6-8), we have:

It is noted that in case of the problem of determining the dimensions of cross-section,
we have to use the gradually correct method. For example, in case of the problem which beam
is made from ductile material and cross-section is symmetric, the condition of strength will
be:



M
- M + u < [U]
W, ,
It is evident that this inequality has two unknowns Wy va Wy. To be comfortable, we
can write in the following form:

: 1[MX W Mv}s[a]
W, w,

We can solve the problem of determining the dimensions of cross-section as below:

Select the ratio Wx , subsitute it in the condition of strength, we can infer Wy
W

y

Through Wy, we can choose the dimensions or sign number of cross-section.
Thanks to the determined cross-section, check the condition of strength again and try
beam to choose the minimum section satisfying the condition of strength.

We choose the ratio Y- in accordance with the shape of cross-section.

WY

- The rectangular section:
Ww._k
W, b

- The I-section:
W, =8+10
Wy

- The [-section:
W o 5+7
W

y
b. Three basic problems

According to the condition of strength (6-7) and (6-8), we also have three basic
problems, including the test problem, the problem of determining allowable load and the
problem of determining the dimensions or sign number of cross-section. The content and
solution of these problems are similar to the basic problems in the previous chapters.

Example 1: Check the strength of the beam subjected to oblique bending as shown in
the figure 6.6. Know that g = 6kN/m; | = 4m; angle = 30°, [o] = 160MN/m?; E = 2.10°
MN/m?, IN°20-section.

Solution:

- Analyse q into two components d, va g, with gy = q.sin ¢ and gy = g.cose.

- Draw diagrams M, and My as in the figure.
- Through the diagram, we realise that dangerous section is in the middle of the beam

12 2
and has |MX|max - qy8 " Y‘max - qx8l

The condition of strength of ductile material:

M M
maxgzmax =| X|max _l_‘ y‘max < [O']
w, W,
Consult the index:IN°20 has Wy =152 cm®; W), = 20,5 cm®,
a,1° g1
Max |o; | = +X—S[O']
8Wx 8Wy

Substitute the values, we have Max |o; | = 36,45 kN/cm?.
Compare and realise that Max |c;, | =36,45 kN/cm?> [ o ] =16 KN/cm?.

10



Hence, the beam does not satisfy the condition of strength.

q g /"
Qy
_ *
z
§ 12 1
X | 3
Qy
L
opl?
() m
G
//’(////////{;
A O o 7
8
'
y
Figure 6.6

Example 2: The beam is shown in the figure 6.6. Assume that we do not know the
magnitude of load g. Determine the allowable value of load q thanks to the condition of
strength. The other values are given as in the example 1.

Solution:

- Analyse q into two components ¢, va @, with gy = g.sin ¢ and gy = g.coso.
- Draw diagrams M, and My as in the figure.
- Through the diagram, we realise that dangerous section is in the middle of the beam
1 12
9y ;‘M y‘ _a
8 max 8
The condition of strength of ductile material:
|M X|max ‘M y‘
= +

maxo, = X < (o]
w W,

X y

Consult the index: IN°20 has W, =152 cm® ; Wy = 20,5 cm®

andhas [M,| =

12 2 2 2
Max |, | = gy +_qx.l = V3 o
8Wx 8Wy 16Wx 16Wy
According to the condition of strength: max o, < [&], we infer:
[q] = ]
S
16Wx 16Wy

Substitute the values, we have

11



o=
J3.(400)° , (400y
16.152  205.16

Example 3: A I-beam is subjected to oblique bending as in the figure 6.7. Determine
the sign number of section thanks to the condition of strength. Know that: P = 10kN; | = 4m;

¢ = 30% [o] = 16kN/cm?

=2658.10kN/cm

/2 /2

® F dl

Px

O =——

' E

Figure 6.7

Solution:
- Analyse P into two components Py and Pywith Py = P.sin @; Py = P.cose.
- Draw diagrams M, and My as in the figure.

- Through the diagram, we realise that dangerous section is in the middle of the beam
P, ‘ ‘ P

4 T Imac g
The condition of strength of ductile material:

m 1 WX
o :W|:|Mx|max W My‘““”‘:l <[o]

y

andhas [M,| =

In case of I-section, we choose % = 9. Therefore, we have:
y

[|Mx| W,
max W

o]
Consult the index and choose IN°27-steel which has Wx = 371 cm®, W, = 41,5 cm®,
Check the condition of strength of the beam when it is made from IN°27-steel, we get:

M y‘max:|
Y = 335,4cm®

Wy >

12



|M X|max ‘M y‘max 2 2
max o, = + =14,4kN /cm? <[o]=16kN /cm
W, W,

We realise that maxc,is much smaller than [c].

We choose steel which has smaller sign number. It is N°24a which has Wy = 317 cm?®,
W, =416 cm?®. Check the condition of strength again.

We realise that max | o, | =14,7 kN/cm®*< [ & ]

We continue to choose smaller sign number. It is N°24 which has W, = 289 cm® Wy =
34,5cm®

We realise that max | o, | =17,5 kN/cm®> [ o ] =16 KN/cm? with a percentage of 8,6
%. This does not satisfy the condition of strength.

Hence, the sign number of cross-section is IN°24a.
6.2.6. Deflection in oblique bending

We call the deflection of the cross-section of beam f. According to Principle of
superposition, we have:

F=T+7

In terms of magnitude:

f= [ +f]
In which: f,is deflection which follows the direction x and is caused by My; fy is deflection
which follows the direction y and is caused by My. We can independently determine them by
the methods researched in the previous chapters.

The condition of stiffness: f. <[f]

Or: ﬁ < {i}
I |

6.3. Bending and tension or compression
6.3.1. Concept

A bar is called simultaneous bending and tension (compression) if on its each cross-
section, there are both bending moment M, and longitudinal force N,.

In general case: M, =M, +M,

At that moment, internal forces on cross-sections consist of three components: My, My,
N;.

In particular case, there are only N, Myor N, My,

|
Figure 6.8
6.3.2. Stress on cross-section

According to Principle of superposition, stress at a point on cross-section equals the
sum of stresses caused by three internal forces N;, My, My:

13



N, M, M,

C,=—Z+—"Y+—X (6-9)
FJ, J,
To aviod mistake about sign, we can use the technical formual below:
o :i|Nz|i|Mx||y|i‘MY‘|X| (6-10)
’ F J, J

y
6.3.3. Neutral axis and normal stress diagram on cross-section
According to the concept of neutral axis, we have its equation:

M
I\Iz+ﬂy+—yx:0
FoJ,
M
ory:——y.J—Xx— N,J, (6-11)
M3, MF

According to the equation (6-11), we find that neutral axis does not go through the centroid of
section.

To draw normal stress diagram on cross-section, we also have two comments as the previous
part:

- The normal stresses of the points having the same distance of neutral axis are equal.

- The law of the change of normal stress over distance of neutral axis is linear.

Normal stress diagram is drawn as in the figure (6.10).

Because the free term ?Zhas arbitrary magnitude, it is likely that neutral axis will pass

beyond the area of cross-section. At that moment, normal stress diagram has only either
tensile region or compressive one as shown in the figure (6.11).

Stress

Figure 6.9
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Figure 6.10

WNeutral
axis

w1

N

ACH

Figure 6.11
The maximum normal stress is at the points which are the furthest from neutral axis. The
maginute of this maximum normal stress can be determined by the formula below:

O-k —&_{_%y +&X

max F JX A J A
’ (6-12)

o’ ——NZ+MXy +—2Lx

max F JX B Jy B

6.3.4. The condition of strength
of <lo
max [ ]k (6-13)
O-rrf]‘ax < [O-]n
Thanks to this condition of strength, we also have three basic problems as in the previous part.
6.3.5. Eccentric loading
a. Concept
A bar is subjected to eccentric tension (compression) if external forces acting on it can
gather up into the forces which are parallel to the axis of bar and does not concide with the
axis of bar.
Assume that we have a force-setting point K (x, y) at a distance e of centroid O. The
distance e is called eccentric distance. Consider internal forces on cross-section.

15
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X
4y
/\_./
Figure 6.12

N,=P

M, =P.e
Analyse M, into:

MX = P.yk

Hence, the bar subjected to eccentric tension (compression) will suffer from tensile
(compressive) and bending deformation simultaneously.
b. Stress on cross-section

Thanks to the formula (6-9), we have:

Yy 4 X J
c,= Y+ X (6-14)
F( iv il
In which:
I2 :‘J_x. i2 :‘]_y
“ F'7V F

c. Neutral axis
According to the concept of neutral axis, we find that its equation is :

f ey Doy —g (6-15)
X y
i2
If we replace: a=—— (6-16)
Xk
b=
Y
We get the equation of neutral axis:
XY (6-17)
a b

Hence, we find some following properties of neutral axis:

- Neutral axis is the line which does not go through the centroid of cross-section and
cuts axis x at a and cuts axis y at b.

- Thanks to (6-17), we realise that a and b are always opposite in sign with xy and yy, so
neutral axis never goes through the quadrant containing force-setting point.

- If force-setting point is on an axis, neutral axis will be parallel to another axis.

- The position of neutral axis only depends on the position of force-setting point and the
shape and dimension of the cross-section of bar. It does not depend on the magnitude of force
P.

16



- When force-setting point moves on a line which does not going through the origin O
(the centroid of cross-section), neutral axis will correspondingly rotate around an arbitrarily
fixed point.

- If force-setting point moves on the line going through the origin O, neutral axis will
move in parallel to itself. If force-setting point moves near centroid, neutral axis will move far
centroid. By constrast, if force-setting point moves far centroid, neutral axis will move near
centroid.

Example 4: A steel beam is made from two [ N°12 - sections joined together and has
load-resistant layout as in the figure 6.13a. Determine allowable load [q], know that: [c] =
16kN/cm?; | = 80cm.

q

) T =% I

e
P,=0,2q .
X I
8ql ©) (N)
b)
c) "
o |
2 © (M)
™)
Figure 6.13

Solution: Longitudinal force diagram N,, bending moment diagram My and My are
shown as in the figure 6.13b, ¢, d. Dangerous section is at the cantilever and its internal forces
are:

N, =-8dl
2
Mxmax :_l
2
2
M, e = 0,201

Consult the index of shaped-steel [ N°12, we get:
h=12cm; b =5,2cm; J,, = 304em*; Jy; = 31,2em*; 2 = 1,54cm; Fy = 13,3m?
We determine flexure-resistant moments W, and Wy:

3, =23 W, == 2304 16130

x =

N ||

3, 2312+ (154).133]
b 5,2
We determine the maximum stresses as below:

3, =20, +22F bW, = 24,1cm’

17



My
CF W, W,
My

N, [M,]
Opax = = — 1 —
max E Wx Wy
Because N,<0 — |o,| =07,

2 2
o =—0 8l + ! +O’2| =-107,060kN / cm?
2R 2W, W,

Because the material of beam is ductile, the condition of strength will be: |a| max< [c] or
107,069 < [o]
g<—9L _ 10 _149102kN/em
107,06 107,06
Hence [q] =14,10% kN/cm = 14,9kN/m.

Example 5: A wooden column is subjected to a compressive force set at point K (3,-
6)cm. Ignore the gravity of coulumn. Check the strength of column. Know that: P = 30kN,

[6]k = 0,8kN/cm? [o], = 1kN/cm?,
Solution: The properties of the cross-sections of column:

&/ § B
/ // X

A
4
K%
100
Figure 6.14
F =15 x 10 = 150cm?
2 2

w, =200 1015 oggys

6

2 2
W, = bh_1015_os50em:

6

Internal forces on the cross-section of column:

N, = -P = -30kN

My = P.yx = 30.6 = 180kNcm
My =P.xx = -30.3 = -90kNcm
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M
0':]aX=O'A:—|NZ|+|MX|+ 1 = 0,64kN / cm®
Foow, w,
M
a;aX=JB=—|NZ|—|MX|— 1= —1,04kN / cm?
Foow, W,

Compare with the allowable stresses, we realize that:

O] <[],

‘a,fm‘ >[o], . However, the discrepancy is about 4%.
Therefore, the column has enough strength.

6.4. Simultaneous bending and torsion in round shaft
6.4.1. Concept
A bar is subjected to bending and torsion simultaneously when on its cross-sections,

there are bending moment M, and torque M,.
If there are both bending moments M and My, we always have M,=M,+M, and

axes X, V, u, v...are centroidally principal axes of inertia. The flexure of round shaft is always
single bending. It is not oblique bending.

Iy

Figure 6.15
6.4.2. Stress on cross-section
In case of round shaft, flexure caused by M, is pure bending because loading plane
containing My is centroidally principal plane of inertia and loading line is a centroidally
principal axis of inertia.
Because it is pure bending, neutral axis is perpendicular to loading line.

n
Omax

7 :

2
Omax

Iv

Figure 6.16
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Normal stress at a point on cross-section will be:

G, =y (6-18)

Normal stress diagram on cross-section is shown as in the figure 6.16. The maximum normal
stresses are at the points which are the furthest from neutral axis, such as point A and point B
in the figure 6.17.Their magnitudes are:

M
(+) (-) u (6'19)

max max =
W,

Because M, =./M? +M?2 and in case of circular section W, =W, =W,
u X y y

M2 + M?
O _ VMt My (6-20)

(¢}

=—0

(+)

Omax = Omax = Wx
Besides normal stress on cross-section, there is also shear stress caused by torque M;:
M 4
T, = ] P (6-21)
P

The diagram of this stress is shown in the figure 6.16. The maximum shear stresses are at the
points on the perimeter of section and their magnitudes are:

T = z = —Z 6'22

mx =1y = (6-22)

6.4.3. The condition of strength

Thanks to normal stress diagram and shear stress diagram on the cross-section of the
bar subjected to bending and torsion simultaneously, we realize that there are two dangerous
points which are the points A and B because at these points, there are both maximum normal
stress and maximum shear stress.

Tpmax

' v Ol

——

Tpmax

—
B Gr|$1ax
Tpmax

—_—
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Figure 6.17
The stress state of these elements is single stress state. Therefore, the condition of
strength has to conform to reliability theories.
According to the third reliability theory, we have:

G5 = /O + 477 <[]

Substitute the expression omax and tmax in the formula (6-20) va (6-22), we get:
1
ct3=WX\/M§+M§+M§ <[o] (6-23)

According to the forth reliability theory: o, =+/c%, +3t2, <[o]
Substitute the formula (6-20) and (6-22), we get:

Gy :Wi\/M§+M§+%M§ <[o] (6-24)

X

According to the reliability theory Morh: o, = l_Taamax +1+Ta«/a§m +4z5,, <[o]
Substitute omax and tmax in the formula (6-20) va (6-22), we get:

l1-a l+a
[T,/Mi +M? +T\/M§ +M? +M§}s[c]

N (o
witha = (6-25)
o],
Thanks to the condition of strength above, we also have three basic problems. We will
illustrate one of three basic problems as below:
Example 6: A shaft is subjected to loads as in the figure 6.18a. Check the strength of
shaft thanks to the third reliability theory. Know that: the diameter of shaft d = 10cm, [c] =
16kN/cm?. The other parameters are given as in the figure 6.18a.

P,=15 kN

O imo

1
WX

ez= 80
i

P m
&= 60 \Jm =20 kN

500 500 }

a)

EllS

500

P,

|

|

v h
X

L
C m
D

(M)
\u\/u\ | [
833kNem | | 917kNcm

~ 120kNcm

[ ®

Figure 6.18
Solution: We can draw the load-resistant structure of shaft as in the figure 6.18b
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with P; = 20kN; P, = 15kN
M;=Pi.e; = 120kNcm
M, =Py.e0 = 120kNcm.
Bending moment diagram My and torque M, are shown as in the figure 6.18c. According to
the diagram, dangerous section is at C and its magnitudes are:
Mymax = 917kNcm
Mzmax = 120kNcm
According to the third reliability theory (the formula (6.23)), we have:
O = V% M2 +M? %\/9172 +120° =9,3kN /cm? < [0]=16kN / cm?
T.

Xmax zmax
X

Hence, the shaft has enough strength.

6.5. Round shaft is subjected to general loadings
6.5.1. Concept
Round shaft is subjected to general loadings when on its cross-sections, there are six

internal forces: Nz, Qx, Qy, Mz, My, M. If we ignore shear force and combine M, =M, +M,
there are only three internal forces: N;, My, M.

6.5.2. Stress on cross-section
- Normal stress:

M N
o, =—>V+— (6-26)
Jy F
It has the maximum value at the points which are the furthest from neutral axis to two sides:
ri;ax = & + —| M u |
W (6-27)
n Nz |MU|
O max = YV
F W

u

- Shear stress:
Besides normal stress, there are also shear stress t, and its maximum value is at the points on
the perimeter of section:

T =t (6-28)

6.5.3. The condition of strength

The condition of strength of dangerous elements is also similar to those in item 6.4.3.
Here, we do not mention any more. Thanks to this condition of strength, we also have three
basic problems.
Example7: Determine the diameter of the gear shaft of a reducer thanks to the third reliability
theory. The structure of shaft is in the figure 6.19a. The gear 1 has diameter D4, at the joints
with other gears, there are loads Py = 9700N; Py, = 3530N. The gear 2 is a helical gear having
diameter D, and loads acting on it are Py, = 2700N; Py, = 1000N; Py, = 460N; D, = 299mm.
The distances are a = 62mm; b = 72mm; ¢ = 52mm. Know that [¢] = 5000N/cm?
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/ e
—.__ Py o)
a) % 3 ; ) Y]
Vs P, » 77
Z
Py ],
a b | c
| [ |
y DG
"
b) #1 f1> au
sz i
Py P P,
460N
(N,) o
10530Ncm
4320Ncm
M ) | | m\
i N 2550Nem
(M,)
29600Ncm
44700Ncm
M,)

| 40400Ncm

Figure 6.19
Solution: The load-resistant layout of shaft is in the figure 6.19b.
In this layout, the magnitudes of concentrated moments are:
M, =M, = Ptz.% = 2700.%’9 ~ 40400Ncm

D 29,9

M) =P,,.—2% =460.—— =6870Ncm
2 2

A

Internal force diagrams are shown as in the figure 6.19. According to the diagrams, we

realize that dangerous sections are at the position of the gear 1 which has:

N; = -460N

Mymax = 10530Ncm

Mymax = 44700Ncm

M; = 40400Ncm
Preliminarily choose the diameter of shaft thanks to bending moment, torque and the third
reliability theory, we get:
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3 ﬂ_ds\/Mxmax ymax+M <[ ]

d> \/32\/ M o + M + M i/32\/105302 + 44700 + 40400

=5cm
7z[0'] 7.5000
Check the strength of element in case of considering longitudinal force:
M2 +M?
Opax = — Mo 3767N fem?
W, F
- MZ 40400.16 _ 40400.16 _1616N / cm?

e d? 7.125

/ O e + 470 = \[3767° +4(1616)

o, =4963,4N /cm® < [o]
Hence, the diameter of shaft will be d = 5cm.

Theoretical questions
1. Define the bar subjected to general loadings (oblique bending, bending and tension
(compression), bending and torsion, general loadings). Raise practical examples about the bar
subjected to complicated loadings.

2. Write formula to calculate stress on cross-section in case of the bar subjected to
complicated loadings. Obviously explain paramaters in the formula.

3. Raise the method to determine the points having maximum stress on cross-section and
the value of maximum stress in case of the bar subjected to complicated loadings.

4. Raise the condition of strength and the way to solve three basic problems in case of the
bar subjected to complicated loadings.

5. Which kinds of bar are not subjected to oblique bending. Explain reasons.

6. What is the properties of the problem of eccentric tension (compression)? Why can we

say that neutral axis on cross-section of the bar subjected to eccentric tension (compression)
only depends on the position of load-setting point and it does not depends on the magnitude of
load?

7.
Numerical problems

Exercise 1: = “p
A steel beam is made from IN°24. A B X
Know that: | = 4 m; P = 10 kN; a = C
30°, [o] = 160 MN/m’ E = iy ‘ e
2.10°kN/cm? | 112 12 | y
Check the strength of beam, determine
the maximum total deflection.
Exercise 2:
Know that: | =1 m, o = 30°% P = 2 kN, 9cm
[6]« = 6 KN/cm?, [o], = 18 kN/cm? p\ +

f 1 5 7 N

— . E =1,2.10° MN/m?,
{ | } 500" AZ B SR
Draw stress diagram at the dangerous 7 ‘ £ 223 —
section. -l o~ P
Check strength and stiffness. 2em il
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Determine allowable load [P].

Exercise 3:

Know that: [6] = 160 MN/m?; 1 =3 m, o = 30°

E =2.10° MN/m? P = 10 kN; q = 10 kN/m. ]
- Choose the sign number of I-steel. e =

-Thanks to the selected sign number, determine

deflection at the free end.

- Draw normal stress diagram (o) at dangerous

section.

Exercise 4:

Check the strength of beam.
Know that: g = 20 kKN/m; =4 m; b =4 q
cm; [6] = 120 MN/m?; E = 2.10°kN/cm?,

o =60°
Determine allowable load. ,
Thanks to the allowable load, determine | 112

112

deflection at the point C.

Exercise 5:

The concrete column has specific gravity y. It is subjected to load P
which is put to concide with the diagonal of section.

Know that: a = 10 cm; y = 25 kN/m®, [c]x = 70 N/mm? [c], = 800
N/mm? | =2 m.

Determine P to ensure that the column does not has tensile stress.
Thanks to the determined load P, check the strength of column.

Exercise 6:

Check the strength of concrete column subjected to compressive load in
two cases (a) and (b).

KnOV\g that: the load P is put at the point A [c]x = 70 N/cm? [o], = 700
N/cm

25

e

1] \\

(=

N

2m

NUBEEEEEE



Exercise7: 26 o , PN

Draw stress diagram at the dangerous section of column. o A
Know that: P = 2500 N, g = 20 kN/m, . = 30° o e 7 E
g I_ \ 20 cm
c 20cm E
— 0c
(4
1=
40 cm
@) (®
1
e
Exercises: 4 |
Check the strength of bar. i
Know that: P = 60 kN; g =20 kN/m; 1 =2,4 m; a / !
=6.cm, [o] = 120 MN/m?,
Know P = gl and the above datasl, a, [c].
Determine allowable load.
P
Exercise 9:
Determine allowable load. - " P
Know that: a = 40 cm, d = 4 cm, [c] = 160 |y y T T/
MN/m? ‘
: . / A B C
f\'/"
2P
) 112 112 ) 18 cm
1
Exercise 10: A \
Thanks to the condition of strength v i i
conforming to the third reliability of 7 e [
theory, determine the allowable value & /
of load P. — il T
Know that: [c] = 8 kN/ecm?, | = 1 m.
P
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Exercise 11:

Determine the diameter of the shaft
of reducer thanks to the forth
reliability theory. ‘

Pt

Y —
- |
—
[y

N, P; = 3500N, P,, = 1500N, D =
300 mm, a = 60 mm, [o] =
50MN/m?

y
Know that: Py = 9700 N, Pe = 2700 / ==
T a

Exercise 12:

Thanks to the third reliability theory, the forth
reliability theory and the reliability theory Morh,
determine the calculating stress of a steel bar which
is subjected to the load P = 1 kN in two cases:

a, Pisputat Aand B, 2P is put at C.

b, Pisputat A, 2P is putat C.
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CHAPTER 7: BUCKLING OF COLUMNS

7.1. Concept

7.1.1. Buckling of columns
To have concept about buckling of columns, we carry out the follwing experiment:

assume that we have a straight column as in the figure 7.1 and it is subjected to an axial

compressive load P.

Initially, we choose P to ensure that it is small and the column is straight. Use a small
stimulating load to take the column out of its straight stateand after that, ignore the
stimulatingload. The column will return to original position and after a period of fluctuating
around vertical position, the column will return to the initial position. The vertical state of bar

is called stable state. (figure 7.1a)

P <R, P=F P>R;
‘-?II f‘l-r-r .I"Illi-\\‘,‘I
lln' Iln' I_I'
1 1 1
Ilel I!:l Ilr
Pz P 7
a) b) c)
Figure 7.1

Increase load P to a value P, and push columnout of the straight position by a
temporarily small stimulating load. At that moment, the column is at the new position and it
does not return to the initial position. The initially vertical state of column is called neutral
state. (figure 7.1b)

Continue to increase compressive load P to ensure that column is still in vertical state.
We use a temporarily small stimulating load to push column out of the straight position, then
we realize that column can not return to the initial position and it continues to be curved. We
say that the initial straight position is unstable state. (figure 7.1c)

According to the above experiment, we realize that the column which is subjected to
axial compressive load will be lost stability as the compressive load reaches P and P is
called the critical load of the bar subjected to axial compressive load.

Therefore, the critical load of the column subjected to axial compressive load is the
minimum compressive load which makes column lose its stability. The fact shows that as
compressive load is higher than critical load or equals critical load, column will be lost its
stability. When column is lost its stability, its deformation increases very fast and leads to the
destruction of structures. Hence, as designing the column subjected to axial compressive load,
besides requirements of strength and stiffness, engineers need to ensure the stability of
column. To do the above requirements, we need to know the magnitude of the critical load of

column.
Therefore, one of the tasks of calculating the stability of column is to determine

critical load.
7.2. The Euler’s formula to determine critical load

7.2.1. The Euler’s problem to determine critical load in the column with hinged ends.
The problem is shown as below: Determine the critical load of a column with hinged

ends. (figure 7.2)
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. . Pth A B
As compressive load reaches P, column will =
. . - N
be curved to the side which has the minimum mIﬂ\ =
flexure-resistant stiffness. z 1
Assume that we consider a section at a distance )

z from the origin 0. The deflection of this
section is y(z) and on the section, there will be
bending moment M, (z):Figure 7.2

My(z) = Per.y(2) (@)
Assume that as lost stability, column still works in elastic region;hence, we can use the
differential equation of elastic line as in the case of bended beam.

(L (0)

y - E‘]min

Substitute (a) in (b), we have the equation:

" Pcr
R — Z
V=2 y(@)

min

2 Pcr

Replacea® = £y ()
We get the differential equation of elastic line:

y'+a’y=0 (d)
The root of the equation (d) is:

y(z) = Cisinaz + C,cos0z (e
Here C,and Csare the constants of integration determined by the conditions of the problem.

-Asz=0,y(0)=0

-Asz=1y()=0
Substitute in the root (e), we get a set of equations

0C,+1C,=0
{sinocI.Cl +cosal.C, =0

When lost stability, column is curved; hence, y(z) differs 0. It means that C;and C,can not
equal 0 simultaneously. Thanks to this condition, we infer:

0
sinal cosal
According to the equation (f), we get:
sinal =0
ol = kn

a:k—ln (k=1,2,3....) 9

=-sinal=0 )

Combine (g) with (c), we infer:
k’z°EJ,

Py =7 (h)
At the different values of k, critical load has different values corresponding with the shape of
different elastic line. We can realize that k is the number of half of the sine-shaped
wavelength of elastic line as column is lost its stability.
Because critical load is the minimum load at which column is lost stability, we take k = 1. At
that moment,

2
T E‘J min
I:)cr = Iz (7'1)

The expression (7-1) is the formula to determine critical load in column with hinged ends.
The above formula is called the Euler’s formula.
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7.2.2. The Euler’s formula to determine the critical load of the column subjected to axial
compression load.

The expression (7-1) is the formula to determine the critical load of the column with
hinged ends. In case of columns with other end supports, we also can determine critical load
by similar method to the Euler’s problem and found result can write in the following general
form:

et =7 (2)

(e

uis coefficient depending on the types of supports in two ends of column.

U= lWith m is the number of half of the sine-shaped wavelength of elastic line as column is
m

lost its stability.

The formula (7-2) is called the Euler’s formula about the critical load of the column
subjected to axial compressive load.
These are some types of supports which are easily seen in the column subjected to axial
compressive load. (figure 7.3)

P

o ’ " %

7&77 7TIIIITT 77777777 77777777

=1 =2 =07 u=05
Figure 7.3

7.3. The Euler’s formula to determine critical stress. Scope to use this formula
7.3.1. The Euler’s formula to determine critical stress

As compressive load reaches critical load, column is still straight and compressed
axially. Therefore, stress on cross-section will be:

P 2EJ

__cor _ min (I)

Gcr - 2
F (e)°F

We have; Jmin P2
F

In which imin = min( ix, iy) and it is the least radius of gyration of cross-section.

And putﬂ:k (ris called the slenderness ratio of the column subjected to axial
Imin
compressive load. (7-2a)
2
Eul _ T E (7_3)

[~ 2
A

At that moment, the expression (i) will be: o

The expression (7-3) is the Euler’s formula about critical stress. In the above expression, we
realize that as A is larger and larger, critical stress is smaller and smaller. It means that column
is easy to lose its stability. Therefore, people call A the slenderness ratio of column.
According to the expression (7-2a), we realize that the slenderness ratio A of column depends
on the shape, dimension of column and the end conditions of supports at two ends of column.
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It does not depend on the material of column. Each column has a value of the determining
slenderness ratio\.
7.3.2. Scope to use the Euler’s formula

As establishing the Euler’s formula, we rely on the basic assumption that the material
of column still works in elastic region. Because the Euler’s formula (7-2) or (7-3) only uses as
stress in column is smaller than proportional limit. Hence, we have the following condition:

2
e ”;LZE <o, (opisproportional stress determined by experiments.)
2
ori> |FE
O or
7°E
If we puti, = |[——; Aois called critical slenderness ratio; it depends on material
pr
completedly.

The column havingA>Aois called the one which has large slenderness ratio. Therefore, the
Euler’s formula only uses in case of the column having large slenderness ratio or the column
having A>Ao.

7.4. The formula to determine the critical stress of column as material works outside
elastic region

In case of the columns having intermediate and small slenderness ratio(A<X), it means
thatcolumn works in inelastic region, there is no fully worked-out theoretic formula about
critical load. Therefore, people expose some experimental formulas to calculate o,.
a. The column having intermediate slenderness 41 <A< Ay

Use Iasinxki’s formula:

o =a-bi (7-4)

In which: a and b are constants depending on material and determined by experiments.
We can find the magnitudes of a, b in technical handbooks. These are the magnitudes of A, a
and b of some materials.

Material Ao a, MN/m* b, MN/m*
Steel CT2, CT3 100 310 1,14
Steel CT5 100 464 3,26
Steel 48 100 460 2,56
Steel silicon (Steel 52) 100 578 3,75
Timber 75+ 76 36,8 0,265
Cast iron 80 776 4,15

b. The column having small slenderness 0 <A < 4;

In case of the columns having small slenderness ratio, they will be destroyed because
of losing their strength before they are lost their stability.

Therefore, people consider o= 6™,

In whichc®™ is dangerous compressive stress.

Ductile materials: 5o°°""= Gyjel

Brittle materials: 6™ = Gy ™"
Hence, we have three formulas to determine o¢.. The use of one of three formulas depends on
the slenderness ratio of column.
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F

Figure 7.4

The figure 7.4is the chart expressing the relationship betweenc. and A at different
slenderness ratios. According to the chart, we realize that 6¢ < 6™,

Example 1: Calculate the critical stress and critical load of the column made from steel
CT5, IN24-cross section, hinged ends in two cases:

a) Column’s length is 3m.

b) Column’s length is 2m.

Solution: The cross-section of IN°24-steel has area F = 34,8cm?; imin
=iy = 2,37cm; E = 2.10°kN/cm?. The supports of column at two ends are

. P
hinged so u =1.
a) In case ofcolumn’s length 1 = 3m = 300cm, its slenderness ratio is: ——
2= 13001066
i 2,37 N2
As material is steel CT3, consult index, we have Ao = 100. Compare, we
realize thatA>Ao so we use the Euler’s formula (7-3) to calculate critical stress.
2 2 4
o =7 E_314 .2.10 123N om? ,4,@
A 126,6
The critical load of column will be:

Po=0F=12,3.348 = 428kN
| igure 7.5 : f % /

b) In case of column’s length | = 2m = 200cm:
jo sl 1200 g,
iy 2,37
Consult index as material is steel CT3, we have Ao = 100, A; = 70. Compare, we realize

that A1 <A<Ag
We use the lasinxKi’s formula to calculate Ag @ Ag=a - bA

with a = 464MN/cm? = 46,4 kN/cm?; b = 3,26 MN/m? = 0,326kN/cm?, critical stress
will be:

Ger = a - bA = 46,4 - 0,326 . 84 = 19kN/cm?
The critical load of column will be:

Per = o¢r.F =19.34,8 =661,2 kN

7.5. Calculate the stability of the column subjected to axial compressive load thanks to
factor of safety about stability (Kpyck)
7.5.1. Buckling condition thanks to factor of safety about stability

To ensure buckling condition for the column subjected to axial compressive load,
stress in column does not exceed allowable stress about stability [c]pyck.
Here, allowable stress about stability is determined by the following expression:
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Ou 7-5
Kbuck ( )
KpuckiS factor of safety about stability, people usually choose its magnitude larger than n
which is factor of safety about strength because the faculty of losing stability usually occurs
earlier than destruction thanks to strength. Hence, bucking condition will be:
Nz _ O-cr _

o, F < [G]buck Kbuck (7 6)
7.5.2. Three basic problems
Thanks to the buckling condition (7-6), we also have three following basic problems:
a. Test problem
In case of this problem, we know the load, dimensions, shape, material and supports of
column. Factor of safety Kpyk IS given. We have to check whether column has enough
stability.
To solve this problem, we follow the following procedure:
- Calculate the slenderness ratio of column by the formula (7-2a).
- Compare slenderness ratio A which has just been calculated with A0, A, to choose formula to
determine or.
- Determine critical stress o by the chosen formula.
- Check stability by the formula (7-6) and conclude.

Example 2: The column has rectangular cross-section (bxh) = (10x15)cm, two ends
are hinged. (figure 7.6). It is subjected to axial compressive load P = 200 kN(figure 7.6).
Check the stability of column. Know that Ky, =2, the material of column has E = 2.10*
kN/cm?, A4= 60, Ao= 100, | = 4 m.

Solution: We determine the geometric properties of the cross-section of column: F= bh
=10.15 = 150 cm?

[‘7 ]buck =

=i = b —£:2,89cm

min y_ﬁ_\/ﬁ

The slenderness ratio of column is:

a=t 1401484
i 2,89 l 5
We realize thatA>), so critical stress is calculated by the Euler’s formula: N
7°E _ 314°2.10° 7 OE
Oy = =
A 138,4°

N
We haveu:E:@:L&?kN /cm?

F F 150 N _gf]
G 55N sem? b
Kbut:k

IN

. O .
Compare and realize that—z|<i. In conclusion, the column has
F -
;7;>/_/

=11kN / cm?

buck
enough stability.
Figure 7.6
b. The problem of determining allowable load
In case of this problem, we know the shape, dimensions, material, supports of column as well
as factor of safety about stability. However, we do not know compressive load. We have to
determine the maximum compressive load acting on column so that the column still ensures
stability.
To solve this problem, we follow the following procedure:
- Calculate the slenderness ratio of column by the formula (7-2a).
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- Compare slenderness ratio A which has just been calculated with Lo, A; to choose formula to
determine o,
- Determine critical stress o by the chosen formula.
- Determine allowable load thanks to buckling condition by the formula (7-6).
[P] _ F'Gcr (7_7)
Kbuck

Example 3:A steel column has IN°18-section. An end is fixed and an end is hinged. Its
length is 3m. Determine allowable load thanks to buckling condition. Know that A,= 100,A;=
60, Kpuek =2, E = 2.10" kN/cm? L

Solution: Consult the index of I-steel, N°18 has F = 23,8 cm?, imin

; AY
=1y =1,99cm. —o—cE

The slenderness ratio of column is:
54 _ 07300

- =105,5
i 1,99
We realize that A>\.S0 critical stress is calculated by the Euler’s formula: _| | — _g%l
2 2 4
o, =7 38210 g N som? LY.
A 1055

The allowable load of column is:

[P]Z F.O'C‘, _ 23,817,7 _ 210,6kN L ?S
Kbuck 2 /

Figure 7.7
c. The problem of determining the dimension of the cross-section of column

In case of this problem, we know the load, length, the shape of cross-section, material,
supports of column as well as factor of safety about stability. We have to determine the
minimum dimension of the cross-section of column so that the column still ensures stability.
According to the formula about buckling condition (7-6), we realize that the area of cross-
section F and critical stress o, depends on the dimension of cross-section, so we have to use
the gradually correct method to determine the dimension of cross-section.

Firstly, we assume that column still works in elastic region and we use the Euler’s
formula about critical load

_ 7 Ed i
Ty

and assume that[P] =

P
[ o

buck
7’E

From Jmin, we can calculate the dimension of cross-section. Now, we check result again by
determining the slenderness ratio A.

- IfA>,, the found dimension is the result of problem.

- IfA<A,, we calculate critical stress again by the formula (7-3) or (7-4).
Thanks to buckling condition (7-6), we calculate area and then the dimension of cross-section.

Fl — P'Kbuck

O

we inferJ . =

From this new dimension, we determine new slenderness ratio A,
- IfA1does not much differ from A, the found dimension is the result of problem.
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- IfA;much differ from A, we use average magnitude and continue to calculate until
discrepancy between new and old slenderness ratio does not exceed 5%.

Example 4: A circular steel column has structure as shown in the figure 7.8 i i
with P= 50kN, | = 1 m, Kpuek = 4, A= 100,1;= 60, E = 2.10° kN/cm® Determine |
the diameter of cross-section.

Solution: Assume that the column works in elastic region, so:

_ P(#) Ky _ 50.(2.100)%.4

Jmin 2 = 2 2 = 40,57cm4 —
T°E 314°.2.10 - L__|

The diameter of the cross-section of column is: d

do dJmin-64 _ 044057 g 360
z 3,14 -

Radius of gyration:i_, = % =1,35cm

The slenderness ratio of column: A = LI = 2.100 =148,4 > 4 Figure 7.8

I 1,35

min

Hence, the diameter of the cross-section of column is d = 5,36¢cm.

7.6. Calculate the stability of the column subjected to axial compressive load thanks to
standard code (Use coefficient @)

7.6.1. Strength condition and buckling condition

As we knew in chapter 2, when the column subjected to axial compressive load satisfies the
strength condition,

< [U] _ O-Ocomp (7_8)

|GZ|=|NZ| comp —
F P n
In which:
GocomplS dangerous compressive stress
n is factor of safety about strength
Because cocompls selected by experiments, [c]comp IS Supposed to be given by experiments.
On the other hand, if column satisfies buckling condition,
N2|

|GZ|: F —[O-]buck = 2

cr (7_9)
Kbuck

In which: o is determined by the slenderness ratio of column.

According to two above conditions, it can be realised that as calculating strength, we
are given allowable stress [c]comp but as calculating stability, we have to determine [c]ouck Va
ocr. The exposed problem is how to use [c]comp to calculate the stability of column.

To do this problem, we put the ratio [c]ouck / [c]compby a coefficient ¢
_ Uibuck O n

- . (7-10)

- [O-]comp O-ocomp Kbuck

Consider the magnitude of ¢: Because Tor <1, n <1, so ¢ < 1. Hence,opis called
O-ooomp buck

allowable stress-reducing coefficient.
According to the formula (7-10), we realise that pdepends on the material and the slenderness
ratio of column. The magnitude of ¢ is given in the following index:

The The magnitude of ¢
slenderness Steel CT Steel CT5 Aloy steel Cast iron Timber
ratioh 2,34
10 0,99 0,98 1 1 1
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20 0,96 0,95 0,95 0,91 0,97
30 0,94 0,92 0,91 0,81 0,93
40 0,92 0,89 0,87 0,69 0,87
50 0,89 0,86 0,83 0,54 0,80
60 0,86 0,82 0,79 0,44 0,71
70 0,81 0,76 0,72 0,34 0,6
80 0,75 0,7 0,65 0,26 0,48
90 0,69 0,62 0,55 0,2 0,38
100 0,6 0,51 0,43 0,16 0,31
110 0,52 0,43 0,35 0,25
120 0,45 0,36 0,3 0,22
130 0,4 0,33 0,26 0,18
140 0,36 0,29 0,23 0,16
150 0,32 0,26 0,21 0,14
160 0,29 0,24 0,19 0,12
170 0,26 0,21 0,17 0,11
180 0,23 0,19 0,15 0,10
190 0,21 0,17 0,14 0,09
200 0,19 0,16 0,13 0,08

According to the above index, we realize that Adepends on slenderness ratio by
complicated rules; however, to be convenient for interpolating to find ¢, we suppose that in a
10-unit gap between A, the rule of the change of ¢ is linear. Therefore, we have formula of
interpolation as below:

with: 7\‘1S7\‘S7\42 A2

¢ -0 >
0=+ == (= A)

(9-13)
or
(9-13)

10 don vi

D~ P,
— —_— — ﬂ( f—
P=¢ 10 (A-4)
According to the expression (7-10), we get:
[G]buck = (D[G]comp

A o1
Figure 7.9
7.6.2. Buckling condition follows standard code
Subsitute in the expression (7-9), we get buckling condition following standard code as

N
below: o, |= | FZ| < 90 |iomp (7-11)

7.6.3. Three basic problems
Thanks to the buckling condition (7-11), we also have three following basic problems:
a. Test problem
In case of this problem, we know the load, shape, dimensions, material, supports of column.
We have to check whether column has enough stability.
To solve this problem, we follow the procedure below:
- Calculate the slenderness ratio A of column by the formula (7-2a).
- Consult and interpolate, we find o.
- Check stability by the condition (7-11) and conclude.
Example 5: Check the stability of column which has the structure as in the figure 7.10.
Know that | = 3m, [6]comp =10 kN/cm?
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P =500 KN
Solution:Consult the index of IN°40-steel, we have F = 72,6cm?,
imin =ly = 3,03 cm. In case of two hinged ends, p =1 and the slenderness

ratio of column will be: N°40
_ ol 1300
i . 3,03 — ?
Consult the index of factor ¢, we have:

Ath1=90: 91 = 0,69
Ath,= 100:¢, = 0,60

Hence, B é;
) /7

¢:¢2+¢1 (4,=2)
=0, 60+01£(100 99) =0,609
Figure 7.10
Check stability, we have :
N
|o,|= N, _P_500 _ 6,954kN / cm’>g@[c], =0,609.10 = 6,09kN / cm?
F F 719

Hence, the given column is unstable.
b. The problem of determining allowable load

In case of this problem, we know the load, shape, dimensions, material, supports of
column. We have to determine the maximum compressive load to ensure that column has
enough stability.
To solve this problem, we follow the following procedure:

- Calculate the slenderness ratio A of column by the formula (7-2a).

- Consult and interpolate, we find o.

- Calculate allowable compressive load from the buckling condition (7-11).

[P] = ¢F [O-]comp (7'12)
Example 6:The IN°30a-steel column’s length is | = 3 m with two hinged ends.
Determine the magnitude of the allowable compressive load of column. Know that [¢]comp =

140 MN/m?
Solution:We have: F = 49,9¢m?, imin = 1y=2,95cm. The column has two hinged ends,

sou=1
The slenderness ratio of column will be: P
:_ﬂl 1.300 _, ., |
i 2,95
Consult the index of factor ¢, we have:
Ati,= 100, 01 = 0,60 N°30¢

At A= 110, ¢, = 0,52
D—P —
=, +2—"2(1, -1
D=0, 10 (4 )

= 0,52+W(110—101) = 0,592

According to buckling condition:
NG| -
| Z| - ¢[ ]comp /

Hence allowable compressive load is Figure 7.11

T
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[P]=0,592.49,9.14 = 413,7 kN.
c. The problem of deterining the dimensions (or sign number) of the cross-section of column

In case of this problem, we know the compressive load, shape, length, material,
supports of column. We have to determine the minimum dimensions (or sign number) of
column to ensure that column has enough stability.

In this problem, we do not know the area of cross-section and allowable stress-reducing factor
@, SO we use the gradually correct method as below:

- Preliminarily select a value ¢, (usually ¢, = 0,5).

-From the formula (7-11), we calculate the area of the cross-section F of column.

- According to the calculated area, we preliminarily design cross-section.

- At the selected section, calculate slenderness ratio A.

- Consult and interpolate, we find @1

- If 1=, we finish the problem; if ¢, differs from ¢,, we calculate again from the
initial step which the value of ¢y is selected to equal the average of ¢; and @,, we gain .

- Continue to do this until the found value of ¢ equaling the premilinarily selected
value of ¢. The problem will be finished. The dimension of the last round is
the result of the problem. l P
Example 7:A square timber column is subjected to axial compressive load P -
= 100kN. Determine the length a of the cross-section of column. Know that
| =3m, [6]comp = 1kN/cm? (figure 7.12)

Solution:At structure as in the figure 7.12, we have p =2.
Firstly, we choose ¢’ 0,5. According to buckling condition, we
determine the dimension of cross-section and then, slenderness ratio A. —

@and return to

Consult index, we have ¢;. If @12¢’,, We choose ¢, =
the second round which is similar to the first round.
We continue to do this until round i to ensure that

@ = (Di'—l
The results of rounds can see in the table below:Figure 7.12

. P . a, ol
Round i Fl (/7;_1[0'];1 a = \/E| I|m|n \/E 21 iimin ?
1 0,5 200 cm” 14,1 cm 4,05 cm 148 0,145
2 0,32 311 17,7 511 117 0,24
3 0,28 357 18,9 5,45 110 0,25
4 0,265 378 19,4 5,58 107 0,265

After finishing the 4™ round, we realise that ¢, = ¢, = 0,265

Therefore, the dimension of the cross-section of column is a = 19,4 cm.

If the cross-section of column is shaped steel, because the dimension of cross-section changes
by levels, as the value of ¢ in premilinary calculation and in test approximates to each other,
we need to check buckling condition again and choose the minimum section which satisfies
buckling condition.

Example 8:Choose the sign number of I-steel for

N
5

. P “
the CT2-steel column which has | =2 m, [c] = I —
140 MN/m? and is subjected to an axial ; 7%7 =
compressive load P = 230 kN. ' |

Solution:
- Chooseo = 0,5, substitute in buckling condition, we have:

Figure 7.13
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Fs P 230

- (00 [O-]comp B 0’514
Consult the index of shaped-steel, choose IN°22a having F = 32,4 cm?.

= 32,85 cm?

In case of the section IN°22a, we calculate 1 = LI =—"—"——"=280.
i

FromA = 80 and material is CT2 steel, consult index, we find ¢, = 0,75.
Compare and realise that ¢;much differs fromeo, S0 we have to choose again.
_ o, +o, 0,5+0,75

Takepyo = = =0,625.
P20 =775 2

Subsitute in buckling condition, we have: F >

_ 230
@olo)om,  0.625.14

Consult index and choose IN°20 having F = 26,4 cm?, imin = iy = 2,06 cm.

In case of the section IN°20, we calculate A = LI = % =97.
I ,

FromA = 80 and material is CT2 steel, consult index and interpolate, we have
A4 =90->¢ =0,69
A, =100 — ¢, =0,60
Compare and realise that ¢ = 0,627 approximates ¢z = 0,625.
Cheack buckling condition again in case of the section IN°20, we have:

o] _IPl_ 23052, KN 4 6071428 778 <N

F 264 cm’ cm
Hence, we choose I-section having sign number IN°20.

= 26,28 cm?.

At | =97, interpolate and finde = 0,627,

7.7. The suitable shape of cross-section and the way to choose material

= o
(I I e il
oo oo - oo ' oo -
' ' 2 o? oo
| o | | :
' 1 | I |
A e
| | | i :
o) l ! | |
T 1 oo | oo
° oo L oo I oo L
IV ! N i L
a
|
S b : {;
a| ;
X l A X
1 P
i
B |
| il
Py

ty |

Figure 7.14
The column subjected to axial compressive load is ensured safety following the
condition of strength as its cross-section has an arbitrary minimum area while its shape can
choose arbitrarily. However, to ensure the stability of that column, besides ensuring the area
of cross-section, we need to pay attention to its shape. We have to choose the shape of cross-
section so that in a certain area, column can afford the maximum compressive load. That
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shape is called the suitable shape of cross-section because it not only ensures safety but also
economizes most. It takes advantage of the load-resistant ability of material. As we know, to
increase the stability of column, we need to reduce slenderness ratio A.

To reduce slenderness ratio A, we can decrease the length | of column, change
supports in two ends of column so that u is smaller (if the working condition of column
allows) or increase the magnitude of imi. Therefore, if we want cross-section to have suitable
shape, we need to choose its shape in order to:

a. Imin = Imax, it Means that Jmin = Jmax. Hence, column will combat against losing
stability in all directions. As a result, the section of column is usually circle, square or regular
polygon.

b. The centroidally principal moment of inertia of cross-section is as big as possible.
Hence, people usually use hollow shape. However, it should not be too thin to avoid losing
stability partially.

c. People usually use compound sections such as two I-letters, two [-letters or four L-
letters... As joining, we need to ensure Jmin = Jmaxand those centroidally principal moments of
inertia are as big as possible.

As we know, in case of the column having big slenderness, the only mechanical property
affecting o is the modulus of elasticity of material E. In case of the column having
intermidiate and small slenderness, yielding limit or ultimate limit has big influence on o;.
Therefore, as using material to make compressively loaded column, we need to notice that
using high-intensive material does not bring interest in all cases. For example, although steel
columns have different intensitiy, modulus of elasticity E is almost constant. Hence, in case of
column with high slenderness, we should not use high-intensive steel because it is very
wasteful. On the contrary, in case of column with intermediate and small slenderness, using
high-intensive steel brings many benefits because it increases critical stress, it means that it
rises the stabiliy of column.

Theoretical questions

1. Present concept about the stable equilibrium and unstable equilibrium, critial state,
critical load of a elastically deformed set.

2. Raise the sign of losing stability of the straigh column subjected to axial tensile
(compressive) load in three Euler’s problems. As losing stability, which plane will
column curve in?

3. Define the slenderness ratio of column. Why can we say that the slenderness ratio of
column is one of the important properties of column in calculating stability? Which
factors doo the slenderness ratio of column depend on?

4. Write formula to calculate critical load aand critical stress as material works in elastic

region (column has big slenderness) and as column works outside elastic region

(column has intermediate and small slenderness). Present the way to determine

slenderness ratio Ag, Ag.

Draw the chart expressing the relationship between o, and A. Comment that chart.

Present buckling condition following factor of safety about stability.

Raise the content of the method which calculates stability following standard code.

Present buckling condition following stress-reducing factor .

8. In two ways to write buckling condition, which way is more reliable and accurate?
Why?

9. Raise the way to solve three basic problems to calculate the column subjected to axial
compressive load from buckling condition following standard code.

10. Raise the suitable shape of cross-section and the way to choose material.

No o
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Numerical problems

Exercise 1:Determine critical load and c, Steel column CTzhas|=6m, Jx=1J,.
critical stress for the columns as in the p
figure: 7
a, Timber columnhas=1m,d=6cm. 8 /
P
N°10
T X
- T y
d

7.

d, Steel column CTzhasl=3m.

P
b, Cast-iron column has I =2,5m, h =20 _._E
cm, b =8cm.
P
— 1y ST
>
- 1 >

Exercise 2:

a, Timber columnhasl=4m,D =8cm,d=6,4cm, [c]comp = 12 MN/m?, P = 50 kN.
- Check buckling condition for the column?
- Determine factor of safety about stability as the column is still working?

P

—
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b, Steel column CT3 has | =4 m,
[6] = 160MN/m?, P = 300 kN.

)

N°24

ZZ

Exercise 3:

c, Cast-

MN/m?,

iron column has [c]comp = 148
P =470 kN, =6 m.

- Determine the dimension of cross-section for timber column subjected to load as in
the figure a, b and choose the sign number of I-steel for steel column CT3 subjected to load as

in the figure c.

- Calculate factor of safety about stability as the column works with chosen dimension.
b, P=70kN, | =5m, [c] = 10MN/m?

a, P=60kN, | =4 m, [c] = 10MN/m?

p

_IHE

¢, P=240kN, 1=3m, [c] = 160MN/m?

I

66

_a\

P
%

A

o

d, P =950 kN, I =2 m, [c] = 160 MN/m?

2a

3a




Exercise 4: Determine allowable load for the structure subjected to load as in the figure a, b,
C.
a, The column CB is made from timber and has dimensions (bxh) = (10x20) cm?, o = 30°
[6]comp = 10 MN/m?, a=1,5m, P = qa.

a

7 9 P=qa

1

b, The column AB is made from steel CT3 and has the cross-section containing two IN°20-
steel combined together at a suitable distance a = 3 m, [c] = 150MN/m?.

lpzq.a %q
£ N

| a 2a a

e

==

Exercise 5:

- Compare allowable load in case of the section containing two [N°14-steel combined together
by 4 projects:

a, Combine closely

b, Combine at a distance ¢ = 10 cm.

¢, Combine at a distance ¢ =5 cm

d, Combine to be Jx=Jy

- Determine factor of safety as the column works at allowable load.

Know that [c] = 140 MN/m?
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CHAPTER 8: DYNAMIC LOAD

8.1. Concept, research direction

In the previous chapters, we considered the problems relating to static load whose
magnitude increases gradually, lightly and does not create inertial force as acting on
structures. In this chapter, we will research the problems relating to dynamic load. In these
problems, the magnitude of load acting on structures increases suddenly and changes by time
because of the appearance of inertial force on structures. Therefore, dynamic load is the one
which creates inertial force as acting on an elastic structure. Inertial force which is arised on
structures is caused by many different types of motion such as weights put on structures,
translational motion, rotational motion, impact, oscillation...

Direction to research the problems relating to dynamic load is to determine different
factors between impact of dynamic load and impact of static load correspondingly. Those
different factors will be expressed by factors which are called dynamic factors and signed Kg.
As we had dynamic factors, stress, deformation, deflection in problem will be calculated by
multiplying stress, deformation, deflection in static problem with dynamic factor.

Therefore, the target of the problems relating to dynamic load is to determine dynamic
factor Ky. To determine dynamic factors, besides using the general hypotheses of the subject,
we also have to use principle of energy conservation, principle of momentum conservation,
D’Alambert’s principle.

Hereafter, we will research the types of dynamic problems in practice in turn.

8.2. The problem of translational motion with constant acceleration

Weight P is hung in an end of cable moving with constant acceleration a. The specific
weight of material used to make cable isy, the area of cross-section is F, the length of cable is
l.

Acceleration a is considered to be positive if the direction of this acceleration is
upward and it is considered to be negative as it is downward.

Now, we calculate internal forces at the section which is at a distance x from the end
of cable. On each the cross-section of cable, there are the effect of weight P, the weight of
cable and inertial force. The inertial force of weight P is considered as a concentrated force

which has value —a. g is gravitational acceleration. The inertial force of cable is distributed
g

F

along the length of cable. Its intensity is “—a .
g

P P

Figure 8.1
According to D’Alambert’s principle, if there is inertial force, we can write static
equilibrium for the part surveyed.
N, is called longitudinal force on cross-section which is at a distance x from the end of
cable. Its magnitude is:
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N, =(P+7F2)+(Ea+ﬂaj
9 9

Stress on the cross-section of cable is:

N _ (P a
o, Z?_(F +7/z)[1+gj

If system is in static state, stress’s magnitude on cable is:

U—E+z
s F7

We put: {1+ S] =K,

Kgis called dynamic factor. Hence: o, = a{l+ EJ =0,.K,

g

The maximum normal stress is at the topmost end of cable. It means that at z = |, max

P
o, =—+
=gt

And the maximum stress’s magnitude is:maX o, = max o,.K,

The condition of strength at dangerous section is:
maxo, = max o k, <[o]

Thanks to the expression of Kg, we realize that K¢> 1 if a > 0, it means that weight P moves
upward and steadily fast. Kg< 1 if a < 0, it means that weight P moves upward and steadily

slowly or moves downward and steadily fast.

Example 1: A IN°30-steel beam is raised in vertical direction at acceleration a = 5m/s
(structure as in the figure 8.2a). The cross-section’s area of cable is F = 1cm? Determine the
maximum normal stress in the cable and beam. Know that a = 1m; | = 8m. (as calculating, we

ignore longitudinal force)

|a| | Ia|

Figure 8.2a

Solution: The weight of beam acts on beam as
uniformly distributed load with intensity q = y.F.
Consult the index of IN°30, we have q = 357N/m; Wy =
472cm?
Dynamic factor here is:

K, =1+ =14 ~15

g 9,8

N, = q(I+2a) = 3570N

The bending moment diagram of beam is in the
figure 8.2b. The maximum static bending moment is in the
middle of beam.

M, = 2677,5Nm

The maximum normal stress in the cable is:Figure 8.2b
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ol =0 .Kd=£170.1,5=5355N/cm2

Zmax = O-zmax
The maximum stress in the beam is:
26775.10°

.15 =8509N /cm?
472

d _ s _
O-zmax _O-zmax'Kd -

8.3. The problem of rotational motion with constant angular velocity

In case of the problem of rotational motion, we consider a rim having thickness t <<
D, the area of the cross-section of the rim is F. The specific gravity of material is v, it rotates
around axis 0-0 with constant angular velocity o.

In fact, between the rim and the rotational center, there are spokes; however, we
ignore their effects here (figure 8.3a). As the rim rotates with constant angular velocity, the

points of the rim only have centrifugal acceleration which equals %mZ.D while tangential

acceleration equals 0.

(b)

Figure 8.3
On each unit of the length of the rim, there is a centrifugal force:

F 1,
0y . .Za) D (@)
Assume that we cut the rim by a plane going through the center and dividing the rim into
halves (figure 8.3b). Because the area of the cross-section of the rim is very small, we
consider that stresses are distributed uniformly on it. Consider the equilibrium of half the rim,
we have equation:

ZGdF—J.qd.ds.sinq):O (b)
0
. . D
Differental length is: ds =Ed(p (©
Subtitute (a) and (c) in (b) and integrate, we get:
'Y(DZDZ
Gy =

49

We realize that in the problem of rotational motion, there is not corresponding static
problem. Hence, we can not have clear dynamic factor as in the problem of translational
motion.

Example2: The column BC of governor has rectangular section which has dimensions
60x20mm. It is attached to the column AB which is considered to be absolutely hard. At the
end C, we attach a weight P = 100N. This governor rotates around axis O; - O, with speed o =
30s™. Determine the maximum normal stress in the column BC and the lateral displacement
of the point C. (figure 8.4)
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Solution: As the governor rotates, there will be a 0'2
centrifugal force Pcen acting on the weight P.

Pav = 0 "B T |

0,2.% "

Here CC' is the displacement of the point C and it is also ’ ‘ Ra100M "\
the deflection of the beam BC. \ 3|
_ 100 A £

Peent = —30°x10= 917,431 N \ n
981
At that moment, the column BC is pulled by the weight P

and bended by Peent. = \
Draw diagram (N,), (My). \C b
The maximum normal stress at the cross-section R and its f—0—s} () ; w}—-_‘
magnitude IS c =
t P=100
ws _ N, M, _100 91743150 Figure 8.4
™R oW, 62,6
6
Jom _ N, _[M,| 100 91743150
TR W, 62 , 6"
6

s =3830,96N /cm”®

O-zmax

o™ = _3814,29N /cm?

The lateral displacement CC’ of the point C is the deflection at C of the beam BC and is

calculated as below:

P 3 3
ot (BC) il = 2ab

3EJ,

E =2.10" N/cm®
CC>=5,31.10%cm

CC'= =36 cm*

8.4. The problem of oscillation
8.4.1. The concept of oscillation
As we said at the beginning of the gl &
chapter, oscillation is one type of motion A ,,,;,
which has the acceleration of elastic
system. Because it is acceleration-having
motion, in oscillation, it appears inertial b) P M ‘me
forces. These forces are added to increase 74}/ m;”
the deformation and internal forces of
system. Therefore, oscillation problem is
the problem relating to dynamic load.Figure 8.5
To research oscillation, we need to know some following concepts:
- The degree of freedom of an elastic system:
The degree of freedom of an elastic structure is the number of independent parameters to
determine the position of structure. If we ignore the gravity of beam, in the figure 8.5a, the
structure has single degree of freedom because the position of the beam is determined by the
position of a mass m.
In the figure 8.5b, the structure has two degrees of freedom determined by the position of two
masses my va my,
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If we include the gravity of beam, in both two beams, the structure has multi-degree of
freedom.

- The oscillation frequency of system
The oscillation frequency of elastic system is the number of oscillation in a unit of time. It is
usually the number of oscillation in one second and signed f. In technique, people use angular
frequency which is the number of oscillation in time 27 and signed o.

o = 2nf
Frequency is measured by Hz.

- The oscillation period of elastic system

The oscillation period of system is the time which system performs a full oscillation.
Period is signed T:

=10

- Amplitude of oscillation:
Amplitude of oscillation is the distance which is furthest from equilibrium position in
oscillation.
The oscillation of system is also divided into free oscillation and forced oscillation.
Free oscillation occurs when we affect to push system out of equilibrium position, then we do
not affect any more. During the oscillation, there is not stimulating force.
Forced oscillation is the oscillation of system under the effect of external force which
changes cyclically by time. For example, a motor is put on beam. Because the rotor of motor
has eccentric weight, as rotating, it will cause centrifugal force which changes cyclically by
time. This centrifugal force makes beam be oscillated forcedly.

Hereafter, we will consider the oscillation of the system which has single degree of
freedom.
8.4.2. The free oscillation of the system having single degree of freedom

Consider a system which is brought back to a beam having an intermediate mass m

(figure 8.6). Assume that we take the system out of equilibrium position. At that moment, the
2

dcy

system will oscillate. During the oscillation, there will be an inertial force m.Facting onm

in opposite direction of oscillation. Here,
y(t) is the displacement of mass m.

If we ignore resistive force,
displacement y(t) is only caused by
inertial force, so:

- smdY
y(t) =-86.m e @)

Sign (-) shows that inertial
force’s direction is opposite to the direction of oscillation. Figure 8.6

Pute® = SL . According to the expression (a), we have the equation of escillation without
m

resistive force as below :
2

d7y

dt—z + (Dzy =0 (b)
The root of equation is:
y(t)=C,sinot +C, cosmt = Asin(t + ) (c)
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Figure 8.7
Here C;, C,or A, ois constants of integeration. The expression (C) expresses an
oscillation with amplitude A and frequency . This oscillation can be expressed by the chart
as in the figure 8.7. Frequency  is called specific frequency of oscillation (or the frequency
of free oscillation) of system and it is calculated by the following expression:

o= | L -9 _ ]9
am \ang \y,

ysis static displacement caused by the weight of mass m.
8.4.3. Free oscillation with resistive force

In fact, as system oscillates, because it is contacted with surrounding environment,
system will be resisted by friction. Resistive force is very complicated. However, to be
simple, people consider that resistive force is directly proportional to the speed of oscillation

and it equals Py. Its direction is opposite to oscillation’s direction (figure 8.8). Bis
proportional coefficient and it depends on the property of surrounding environment. People
consider that it is determined.

Therefore, the displacement of mass m is caused by inertial force and resistive force:

d’y o0y
t)=—md—-—Po— d
y(t)=-md" -3y (@)

B

1 .
We also putm* = — and 2o = — and have equation:
om m

d’y ay
—-+200—+ =0 e
a a0 ©)
The root of equation is:
y(t) = Ae™sin(ont + ¢1) (9)
Herem; is the frequency of free oscillation with resistive force and its magnitude is:

o, =Vo’-ao’

T By

Figure 8.8
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This amplitude of oscillation is Ae™®and it depends on time in inverse proportion. It
means that the more time is, the smaller amplitude is. After a period of oscillation, amplitude

—at
T

reduces =g

e—(x(l+T)

Figure 8.9

Hence, this oscillation is called damping vibration. We realize that damping becomes
faster if resistive force becomes bigger, it means that o becomes bigger (figure 8.9).
8.4.4. Forced oscillation of system with single degree of freedom
We also consider oscillation of system with single degree of freedom which is brought back to
a beam as in the figure 8.10. As system oscillates, besides inertial force and resistive force,
there is also a stimulating force which changes by time P(t) = PosinQt and acts on mass m in
the same direction of motion of m.

Pois the maximum magnitude of stimulating force, Qis the angular frequency of
stimulating force. The displacement y(t) of mass m will be:

403 Pl0)-m Y -5

We have the equation of oscillation:

d’y dy , P, .
—2 4+ 20—+ =-LsinQt h
a Y Y Tm ")
The root of above equation will be:

Y=Yoty1
in which:

Yo is the general root of homogeneous equation as the expression (g).
y1is the specific root of inhomogeneous equation
y1 = C18inQt + C,cosOt 0]

\\ > =
Poms
dt
. T gy
Pt
Figure 8.10
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The constants Ciand Coare determined by substituting the expression (i) in the equation (h)
and interpolating the coefficients of sinQt and cosQt in both sides, we get:

P, o’ -Q°
C,=—. >
m (o2 -Q?f +40’Q? "
P, 2002
Co=-rrv 2 2\ 22
m (o2 -Q?f +4a?Q
If we put:
. 2002
siny =
Jlo? 0% + 40707
o’ -Q?
cosy = -
Y2 -02f + 40202
and substitute the expression Ciand C,in the root (i), we get:
P 1 .
y, = 2. . sin(Qt — ) ()
M (02 Q%) + 40202
Fod sin(Qt—v) (m)

ory, = >
\/( QZJ 40,2Q°
()] ()]

The root (m) expresses an oscillation with the frequency which equals the frequency of
stimulating force. Its amplitude is:

A, = Poo = L P85 =K, .At

02\ 40202 02\ 40202
()] ()] ()] ®

Here, the magnitude Pydis displacement at the cross-section which brings the mass m. This
displacement is caused by the force P, putting statically on the beam and is called static
displacement A; = Pgd.

Therefore, the expression of dynamic factor

will be: Kg
1 5
Ky = > Fh 20|
2 22 — =0,1
Q 40,72 ©
I+ \L 2 l
® ® 4 =X - 0,15
oy !
We realize that dynamic factor depends on l \\\ 20 (]) .
the ratio9 and resistive coefficienta. 3 / ‘“ il
® / £e 58
The figure 8.11 expresses the relationship \ <] ’]
between dynamic factor Kgand the ratio9 2 A 20 —

" R\
with some values ofa. I |

Q | 22 .05
When = =1, it means that as the 1 AT
®
frequency of stimulating force equals the
specific frequency of oscillation, the value —
of  Kgincreases  significantly.  This 0,1 0,5 1 1,5 2

phenomenon is called resonance. The fact
shows that as the frequency of stimulating force does not Figure 8.11
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much differ from the frequency of free oscillation, the amplitude of oscillation increases
clearly and creates a resonant region. In technique, to avoid resonance, the frequency of
stimulating force has to much differ from the frequency of the free oscillation of system.

In the figure (8.11), we also see that as a is different, the curve of dynamic factor Kq4

will differ each other much in resonant region with the ratio 9which Is within 0,5 -2. On the
(O]

other hand, as the above ratio is not in resonant region, Kq does not depend on resistive
coefficient a.. Therefore, if system works outside resonant region, dynamic coefficient can be
calculated by the following formula:

1
Ky=1r—
1

(02

In other problems relating to dynamic load, as we knew dynamic factor Ky, the stress
and deformation of system are determined by multiplying stress and deformation caused by
the maximum value of stimulating force putting statically on system with dynamic factor.

In oscillation problems, besides the mass m put on system, if we include the mass of
beam and this mass is considered to be small in comparison with the mass m, we can
substitute it by equivalent concentrated mass. This mass has the magnitude which equals
converted factor p. The magnitude of converted factor u is determined by using principle of
Kinetic energy conservation. The magnitudes of p and the corresponding positions to put the

equivalent concentrated mass of system are shown as below:
Mtg

’%‘ /2 ? /2 7;” o

a)

b)

>
EEENNNNNN\N
\ 3
-
[l
o (%)

0 QAN
1
H=3
Mtg
Figure 8.12
Example3: A beam has two hinged

ends. Its length is 3m, its cross-section is S——
IN®24a. In the middle of the beam, we put a F'
motor which weighs Q = 12.10°N and rotates e al
with n = 1200 revolutions/minute. Centrifugal 2 l 2
force is caused by the mass m = 2 kg which is " l | I N2 24a

put at a distance 0,3cm from axis. (we ignore

resistive force and the gravity of beam).

Determine the maximum stress in the beam

(figure 8.13).Figure 8.13
Solution: Consult the index of IN°24a, we have
Jy = 3800cm*; W, = 317cm®

The angular frequency of free oscillation is:
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Ys
Static deflection caused by Q is:

3 3
y = 123000 _, 44102¢m

© 48EJ, 48.2.10°2.3800
Substitute numerical value, we have the angular frequency of free oscillation:

o= |2 _14864¢})
4,44.10 s

The angular frequency of motor is: Q= 27.1200

~125, 6(%)

The maximum value of stimulating force is:

P, = mQ’r = 92_5(3)1 (1256)°.0,03=0,972kN

Dynamic factor in case of not including resistive force is:
Kd = : 2] - 2| 3’5
‘1_ @ | (125,6)
@ (148,64)°
Bending moment caused by force Py put statically on beam at the section which puts load is:

M = %I = 9723 =72,9KkN.cm

The corresponding static stress is:

a;"aX:MX :ﬂzo,llskN/cm2
W, 2317

The stress caused by dynamic load is:
o™ =o™ K, =01153,5=0,402kN / cm?
The static stress caused by the gravity of motor is:
max  12.300 )
o, = =1,42kN /cm
4.2.317
The total maximum stress on the beam is:

=0 + o™ =1,42+0,402=1822kN /cm’

Om

8.5. The problem of impact

Figure 8.14
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8.5.1. The concept of impact. Hypotheses

Assume that we have a weight Q moving to Q’ which is put on elastic system (figure
8.14).
As moving to Q’, Q collides with Q’, attach to Q’ and moves with Q’ until elastic system is
deformed. The above phenomenon is called impact. The problem which researches impact
phenomenon is called the problem of dynamic load or impact problem. In this item, we only
research the impact problem in case of system with single degree of freedom.
To be convenient in researching this problem, people publish the following hypotheses:

- Impact is flexible, central and this phenomenon occurs immediately.

- During the process, impact is not lost its energy to surrounding environment.
Thanks to two above hypotheses, we can apply principle of momentum conservation and
principle of energy conservation in researching the problem of impact.
Hereafter, we will research two popular impact problems. They are the problem of vertical
impact and the problem of horizontal impact.
8.5.2. The problem of vertical impact with single degree of freedom

Assume that we have an elastic system with single degree of freedom which is brough
back to a horizontal beam attached a weight Q’ as in the figure 8.15.
After falling from height h into the beam, the weight Q attaches to the weight Q’ and
continues to move and makes the beam have the maximum displacement yy at the section

occurring impact.
i) 9
|

Figure 8.15

Q

The speed of Q before the impact is vo, its momentum will be =v,
g

Q+Q
9

The speed of Q and Q’ after the impact is v, their momentum is: V.

According to principle of momentum conservation, we have:

Q, _Q+Q @)

=V, = v
g g
Therefore, we infer the speed v:

Q
V=—"—V b
Q+Q " ®)
The weight Q falls from height h, so vo = \/2gh
The kinetic energy of Q and Q’ after the impact is:
T= E.M.VZ (C)
2 g

1 Qv

27 QL
1
(+ng

The weights Q and Q’ begin moving after the impact and lower their height yq, so their
potential energy reduces:

Substitute (b) in (c), we get: T = (d)
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I1=(Q + Q')yq (e)
Now, we determine elastic strain potential energy.
Initially, on the beam, there is only Q’. The deflection of the beam is Yy's and elastic strain
potential energy accumulating in the beam will be:

1 1y?
U =-Q'y.'==2s
1=5QY =5 (9)
Here, & isthe deflection caused by unit force which is put at the section containing Q’, so
Q=Y

o
Similarly, as the impact occurs, the beam have the total deflection ys + y'sso elastic strain
potential energy will be:

\2
_1 (yd + yt) h
U, =530 (h)
Therefore, elastic strain potential energy caused by the impact will be:

Yo . YsYs _ Vi . oy .
Uu=U,-U,==24+220=-4 i
27 P17 o + S 25 +Q'Y, ()
According to principle of energy conservation, we have:
U=T+II (k)
Subtitute (d), (e) and (i) in (k), we get equation:
2 1 V2 ,
Yo 1@y, =5 2+ (Q+ Q) 0
26 2 ( Q )
g 1+
Q
Ys is the static deflection at the impact section caused by putting Q on the beam statically, so
Ys =0.Q (m)
Subtitute the expression (m) in the equation (1), we get:
V2
Y2 -2y,y, — e =0 (n)

&

The root of the equation (n) will be:

V2
Yo=Yt |y +— 20 °Q,
g(1+ J
Q
Take the positive value of ys. (o)

Take the positive value of ysand subsitute v, = 2gh, we get:

(p)

As we include the effect of the weight of beam, we have to add converted weight into the
weight Q’. In particular case, if there is not the weight Q’ on beam:
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Ky =1+ /1+2—h
Yi

In case that Q is put suddenly on beam, it means that h =0, Kq = 2.

After we have Ky, the dynamic stress and deformation of system will be determined by the

product of static stress, deformation and dynamic factor.

Example4: We have an IN°22a-steel beam and a weight Q = 200N falling from height
h = 4cm into the free end of the beam. The length of the span of beam is shown in the figure
8.16a. We ignore the gravity of the beam. Determine the maximum stress on beam. Know that

E = 2.10* kN/cm?

Solution: Consult the index of IN%22a-steel, we have the properties of section:

Jx=2760 cm”

W, = 251 cm®
Bending moment diagram caused by the weight Q
which is put on beam statically is drawn as in the
figure 8.16bh.
The maximum bending moment is: a)

M®,max =Q.b = 600N il
The maximum static stress is: a=5m

o =M=239N /cm?
W

max
X b)

To determine static deflection at the section
occurring impact, we establish unit state. Bending
moment diagram is shown as in the figure 8.16c.
Multiply the diagram (b) and (c), we get:

Qb

2 2
y, = Qb (a+b):—200'3070 800 _ 4 695.102cm (w)
3EJ, 3.2.10'.2790

Dynamic factor is :

Ky =1+ 1+2—h :1+Jl+ 2'4_3 =10,644
Y, 86.10

The maximum normal stress at the moment of @
impact will be:
6% max = 6°max-Ka = 0,234.10,644 = 2,544 kN/cm?Figure 8.16

8.5.3.The problem of horizontal impact with single degree of freedom
Assume that there is an elastic system with single degree of freedom
which is brought back to the vertical beam which is attached a weight Q’
as in the figure 8.17. A weight Q moves in constant speed vy which
follows horizontal direction and collides with Q’, attaches to Q’ and
continues to move and makes the beam have displacement yy. v is the
speed of Q and Q’ after the impact. According to principle of
momentum conservation, we have:

Q, _Q+Q,
g g

We infer: v= Q Vv, (a)
Q+Q’

The momentum of system after the impact is:Figure 8.17

61




Q+Q ._1 Qv (b)

vi==,

g 2 Q'J
1
%+Q

According to the expression (g) in the item 8.5.2, the elastic strain potential energy
accumulating in the beam is:

T-1
2

1y;
u=-.24 c
5 5 (©)
According to principle of energy conservation, we have:
u=T (d)
Subsitute (b) and (c) in (d), we get equation:
2 2
1y _l. Qv, )

28 2 Q
1
g(+QJ

ysis the static displacement caused by the weight Q which is put at the impact section. We
have ys = 6.Q. Subsitute in (), we have:

VE
yi =2 2?.
g[1+ J
Q
v
or Vg = ys—OQI (f)
(122
=
Hence, dynamic factor will be:

— Vo

Ky=——-0
Ql
1
gy{ +QJ

If there is not the weight Q’,

v
K, =2

9Ys

8.5.4. Method to reduce dynamic factor

According to the expression of dynamic factor in impact, we realize that to reduce the
value of dynamic factor, we have to increase the static displacement ys of beam. To increase
static displacement without affecting the strength of beam, we have to replace the hard
supports of system into elastic supports. The parts used in practice to decrease dynamic
effects are usually cylindrical spring in trains or springs in cars...

We have many practical examples illustrating the above methods.

8.6. The critical speed of shafts

As designing the parts of machine with high speed, we need to pay attention to the
effect of centrifugal force caused by the eccentricity of the weights put on shaft.

We consider a shaft bringing eccentric wheel (figure 8.18).
As shaft increases the number of revolutions to a certain value, shaft has the maximum
deflection and rises noise.
If we continue to increase, noise and deflection reduce. As shaft has the maximum deflection,
the speed of shaft is called critical speed.
y is deflection at the section bringing wheel; | is eccentric distance; Q is the angular speed of
shaft; m is the weight of wheel.
Centrifugal force is:
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F = mQ*(e+y)

(/77774
77777

dis displacement caused by a unit of load which is put at the section
bringing wheel. We have:

ory=

y = F.5 = m.8Q%(e+y)

QZ

lQZ

The deflection y is maximum when Q? = — or the critical speed of

shaft

m
equals the frequency of horizontal oscillation of system

|
|
|
1 |
mo | — -
1 | \/
|
|
|

o= i. Therefore, we need to notice:

mo

- As designing shaft, we have to choose angular frequency % E

which differs from critical speed.

- IfQ>>m, ys~ -e, so the center of wheel is on the shaft.Figure 8.18

These notes play an important role in designing turbines and centrifugals.

oo

Theoretical questions
Distinguish between dynamic load and static load? Raise direction to solve dynamic
problem.
Raise the methoad to solve the problem of motion (translation and rotation) with
constant acceleration.
Raise concept about the degree of freedom of an elastic system and the types of
oscillation. Write the equation of oscillation, the chart of oscillation, the angular
frequency of oscillation of system with single degree of freedom.
Write and explain the formula Ky in the problem of forced oscillation with single
degree of freedom. Take specific example to illustrate this problem.
What is resonant phenomenon? Raise the method to solve resonant phenomenon.
Write and explain the formula Ky in the problem of impact. Raise the methods to
reduce effects.
What is the converted factor of mass? Write formula to calculate converted factor in
case of cantilever beam, simple beam and spring. As we calculate dynamic load, if we
include the mass of elastic structure, what is the difference from ignoring the mass of
beam?

Numerical problems

Exercise 1:

A structure A weighs 20 kN and is used to pull an object which weighs P = 40 kN in a

steadily fast motion and in the first second, it moves a length 2.5m.

Check the strength of the string and beam. Know that [¢] = 16 kN/cm?.
a, Ignore the weight of the beam.
b, Include the weight of the beam.

[A] A
- \’N°30a

| 2=25m 112 Ty

d=2cm

—

A P =60 KN
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Exercise 2:

An object weighs P = 100 N and falls from height h into the beam AB and causes the

maximum deflection f =8 mm.

a, Determine the height h and the maximum normal stress on the beam.
b, With the found value of h, determine the maximum normal stress in the beam in two

cases:

hi-at C, we put a spring which has D = 6 cm; d = 0,5 cm; n = 10; G = 8.10° N/cm?.
ho-at B, we put a spring which has hardness C = 2 kN/cm.

hy b N°12
p < .
A X
14 m _l
2m y
P
he <
ﬂ C B
he P
7 _ct_n
2] c B
Exercise 3:
Q falls from height h to collide with Q’. Know 0
that Q’=1200 N; Q=5000 N; 1=2m; h=4cm; d =
12 ¢m; [c] = 160 MN/m?* E = 2.10° MN/m? 1 o .
@
Tl b c pe
| | 300 L 2 . 12 i

Check the strength and stiffness of the beam:
a, Ignore the weight of the beam.
b, Include the weight of the beam.

Exercise4:

A structure is shown in the figure.

Know that E = 2.10"* N/m?; F = 2 cm?; [o] = 160
MN/m? a=0,5 m.

Determine h.

Exercise 5:

A weigh Q = 200 N falls from height h =5 cm to
collide with the section D of an absolutely hard bar AD.
Know that | = 120 cm; d = 20 cm; [c] = 12 MN/m?; [&,] =
2.10% E = 10 MN/m?

Check the strength and stiffness of the structure.
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Exercise 6: Q N°24

Determine the maximum stress and deflection in < |
the beam in the figure. Know that Q = 5 kN; h = A,\Q, j” C X
10cm; 1=2m; =2 m; E =2.10° MN/m? ™ s |
y
Exercise 7: S Vo
Determine the maximum value of V, so that the beam satisfies the o _'5xp
condition of strength and stiffness. Know that [c] = 160 MN/m?; 2
{1} _ 1 E=10"MN/m? m 4
I 500 N
N X
Z
> 1

=

N

—

1
Exercise8: /ﬂ%
A weigh Q =500 N flies with speed V, =5 m/s to collide with the
bar ABC as in the figure. Know that d = 12 cm; a=8 cm; AB =2
m; BC = 60 cm; [6] = 160 MN/m?; E = 10* MN/m?.
Check the strength of the bar ABC. ﬁ:— v o

a o
e c S
d

>
Determine the maximum dynamic normal stress at the dangerous section of |
the bar. Know that the unit weight of the bar is g, the area of cross-section is F

and flexure-resistant moment is W. L

(0]

Exercise 9: o
At the free end of the bar having the length | and sloping to create with (P
horizontal axisan angle o, people attach an object with weight Q. The bar
rotates aound vertical axis 0-0 in constant angular speed o (in the figure). -
()

Exercise 10:
A motor is put on two timber beams and rotates in speed n = 1400rev/min, the weight of
motor is Q = 1,6 kN. Determine the dimension of the cross-section of the beam so that the
frequency of specific oscillation is 30% larger than thee frequency of stimulating force.
Know that the maximum value of stimulating force is 400N; [c] = 10 MN/m?. Check the
strength of the beam (ignore the weight of the beam and resistive force).

Q

e

1,4 m 0.4 m

o|=

=15
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Exercise 11:

A motor is put on a steel beam and rotates in N"12
n = 800 rev/min. The weight of motor is Q = 2 Q
6 kN. As rotating, the motor creates a <
Q
y

centrifugally inertial force Py = 4 kN. 7/1
Determine the maximum deflection and the | l=1m -
maximum normal stress in the beam.

Determine the number of revolutions of motor to occur resonant phenomenon.
Calculate in two cases:

a, Ignore the weight of the beam and resistive force.

b, Include the weight of the beam and resistive force.

Know that: E = 2.10" N/cm?; o = 2 (1/5).

Exercise 12:

A motor has weight Q = 48 kN and is put in N°24
the middle of IN°24 beam. The beam’s Q

length is 4 m, the rotational speed of the A B

motor is 510 rev/min. As rotating, the motor Af Q WL X
creates a centrifugally inertial force Po = 4,8 L 2 — 2 |

KN.

- Determine defletion and the maximum normal stress in the beam.

- Determine the number of revolutions of motor to occur resonant phenomenon.

- Determine the length of the beam to occur resonant phenomenon.

Calculate in two cases:

a, Ignore the weight of the beam and resistive force.

b, Include the weight of the beam and resistive force. (know that a. = 2 (1/s))
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CHAPTER 9: CURVED BAR

9.1. Concept — Internal force diagram
9.1.1. Concept

Besides the straight bars
researched in the previous chapters, in
fact, we also have seen bars with curved
axis. They are called curved bars.

If the axis of bar is in plane, it is

N

called planely curved bar.

In this chapter, we research the
planely curved bars whose symmetric
plane contains the axis of bar and
external forces which affect the bar are

in that plane.

Example: crane hooks, chain
links, rings...

To evaluate the curvature of P
beam, people rely on the ratio between
the radius of curvature (ro) and the depth a)
of the beam (h).Figure 9.1

oA

- The beam has large initial curvature if %0 <4=+5

- The beam has small initial curvature if %0 >4+5

To be simple, people can use the formula which calculates normal stress in straight bar to
calculate stress for beams with small curvature.
9.1.2. Internal forces and internal force diagram

In case of planely curved beams, as loads are in the symmetric plane of the beam
(yOz), on its cross-sections, there are three internal forces: longitudinal force N, shear force
Qy and bending moment My. To determine the above internal forces, we use the known
section method. The position of each section will be the trigonometric function of that co-
ordinate.

The sign convention of longitudinal force and shear force is similar to straight bar.
Only bending moment M is positive if its length makes bar more curved.

Example 1: Draw the internal force diagram of curved bar AB supported and subjected
to loads as in the figure 9.2a.

Solution: Use the section (1-1) to cut the bar into haves. Consider the right part as in
the figure 9.2b.

The angle created by the section (1-1) and vertical direction is ¢(0 <p< g).

On the section, there are three internal forces:
- Longitudinal force: N = -Psing
- Shear force: Q = P.cos 1)
- Bending moment: M = P.r.sing

Internal force diagram is drawn as similarly as in the straight bar.

Here, the directrix of the diagram is the curvature which is parallel to the axis of bar.
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(N)

Q@

i

(b)

d

A=

Figure 9.2

From (1), we have: atp =0, N=0,Q=P,M=0

(p=g,N:-P,Q:0,M:Pr
The diagrams N, Q, M of the bar AB are drawn as in the figure 9.2c.

Example 2: Draw the internal force diagrams of curved bar AB with the radius of
curvature ro. It is subjected to load P at the point C. Load P creates with vertical direction an
angle 30°. The distance of two supports A, B is | = 10m. The bar is supported as in the figure
9.3a.

Solution:

1. Determine the reactions of the supports

Establish co-ordinate system x-y with the origin A. The projections of P in direction x

and y are Py, Py.
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P =P.sin30° = 40.% = 20kN
P, = P.coss30° = 40.0,866 = 34,6kN
Take the moment of the load and reactions with the point B and A, we get:

M, =R,.I- Py%— Pf=0

=R, = P.l+P.f 1:23,3kN
A y2 X I

M, =R,.I- Py.%+ Pf=0

=R, = [Py.% - PX.fj.% =11,3kN

Establish projective equation on the direction of axis x:
XX =-Py+Hg=0
Hg = Px = 20kN
2. Determine unknown quantities
The angle created by the line which goes through the center of curvature and the
support A and vertical direction is o.
According to the figure 9.3a, we have:

Sin(o:i;ro =L;COS(0= ’?) _f
2r, 2r, A

o

2 2
sin® @ +cos’ @ = L + =/ =1
2r, A

Assume that we get :
o =5,67cm
sing = ZL =0,882 hay ¢ = 6154'
0
3. Determine internal forces in the bar
We divide the bar into two segments
- Consider the segment 1: (0 <a<o)
Use the section (1-1) to cut the bar into haves. Consider the equilibrium of the left part. xi,
ysare the co-ordinates of the centroid of the section (1-1) in the co-ordinate system x-y.
X1 = 0,5 - ro.sin(p-a) = 5-5,67sin(¢-o)
yp = f-ro[1-cos(¢-a)]=5,67cos(p-a)-2,67
The internal forces on this section are:
N; = -Ra.sin(p-a) = -23,3.sin(p-a)
Q1 = Ra.cos(¢-a) = 23,3.cos(¢p-or)
M; = -Ra.X1 = 23,3[5-5,67.Sin((p-cx)]
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Figure 9.3

- Consider the segment 2: (p<o< 2¢)
Use the section (2-2). Consider the right part

Xz, Yoare the co-ordinates of the centroid of the section (2-2) in the co-ordinate system x-y.
X, :%+ r,sin(o— @)
y, =f-1,[L-cos(a~¢)]
The internal forces on this section are:
N2 = (Ra - Py)sin(a.— ) + P, cog(o. — )
Q2 = (Ra - Py)cos(a-¢) -Pxsin(o-¢)
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M2 = -Ra.X2 + Py(X2 - 0,51) + Py(f - y2)
or

N, = -11,3.sin(a-¢) +20.cos(o-¢)

Q2 =-11,3.cos(a-¢)-20.sin(o-)

M, = -3,1+64,1.sin(o-¢)-113,4.cos(o-¢)
4. Draw internal force diagrams N, Q, M

To draw internal force diagrams, we form the table expressing the changes of internal
forces by the angle a.

2 4
a=0 a:% az?(P a=o OL=?(P O(.=5?(p OL:2([)

N2 (kN) -20,6 154 8,2 0

Q1(kN) 11 175 21,8 23,3
My (KNm) 0 295 70 -116,5

N,(kN) 20 14,7 75 -0,6

Q, (kN) 113 17,6 217 22,9
M, (kNm) -116,5 -87 -46,3 0

9.2. Calculate curved bar subjected to pure flexure
9.2.1. Concept
9.2.2. Stress on cross-section
a. Basic hypotheses

As calculating the curved bar subjected to pure flexure, people have to reply on two
following hypotheses:

- Hypotheses about plane section: before deformed, section is plane and perpendicular
to the axis of bar. After deformed, section is still plane and perpendicular to the axis of bar.

- During the process of deforming, layers do not affect each other. It means that they
do not push or press each other.
b. The deformation of bar and the relationship between stress and deformation

Assume that we have a curved bar subjected to pure flexure as in the figure 9.4a. On
the bar, we split a segment by two sections (1-2) and (3-4). These two sections create together
an angle d6. Thanks to the effect of bending moment M, the bar is curved more (bending
moment M is positive). At that moment, the bar appears neutral layers. The line of
intersection between neutral layers and cross-sections is neutral line (figure 9.4b).

a) Neutral |
plane Neutral
(b) -

Figure 9.4
The radius of curvature of neutral layer CD is ry,and O, O; are the centroid of the sections (1-
2) and (3-4) in turn.
After deformed, the section (3-4) is rotated. The relativeslope between the sections (1-2) and
(3-4) is AdO (figure9.4c).
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Consider the arbitrary layer AB of the segment having the radius of curvature r. The length of
the layer before deformed is:
ds =r.do
After deformed, the strain of the layer AB is:
Ads = (r-rn)Ado
The relative strain of the layer AB is:
_Ads _r—r, AdO

ds r do
According to the hypothesis 2: the stress state of curved bar is single stress state.
According to Hook’s law, we have: o =E.e =E. Ad—dee - @)
r

c. The position of neutral layer
According to the relationship between internal force and stress, we have:

N = [odr (b)
SubstFitute (@) in (b):
N = j £ 800 M= 4 ©)

r

The ratio Ad—%e is constant in all points on section.

Bring constant quantities out of integration and note that N = 0. At that moment, (c) can write:

£ A0 T e
ao ¢ r

jﬂszjde—jrt—hszo
A a = T
Therefore:

. F

" rdF

=T

This is the formula to determine the radius of curvature of neutral layer. Here, neutral line
does not go through the centroid of section. It turns to the center of curvature.
d. The expression of normal stress

We have: the sum of moments of internal forces towards the axis which is
perpendicular to symmetric plane and goes through the center of curvature of bar equals
bending moment M.

(9-1)

M = [ordF (d)

F
Subsitute (a) in (d):
M = j EAO'Or rdF ©)
r

Ade

M=E=— dF
O Je-ra)

E

Integration j(r — Iy )dF is the static moment of section towards neutral axis.
F

Put: [(r=r,)dF =5

F
S is calculated as below:
S=a.F (9)
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In which: a = rq - ris distance between the centroid of section and neutral line.

Subsitute (g) in (e):M = Eij—?a.F
E_A_de = M (h)
do aF
i i . M lin
Subsitute (h) in (a): c=—oIl1--1 (9-2)
a.F r

This is the formula to calculate normal stress at an arbitrary point which is at a distance r from
the center of curvature,
In which:
M is bending moment on horizontal plane.
F is the area of cross-section.
riis the radius of curvature of neutral layer.
e. The diagram of stress distribution
According to the expression to calculate normal stress (8-2), we draw the diagram of stress
distribution as in the figure 9.5.
It is the hyperbola having two asymptotes which are perpendicular each other.
- A line goes through the center of curvature and it is parallel to the normal of section.

. M .
- A I|nec=—F|s parallel to the
a.

symmetric axis of section.
Through the diagram, we realise that normal
_— stresses increase slowly by the depth of beam
e = from neutral layers to the outermost edge of
P 3 section (r > ry,). In case of the points belonging
/ b 1= A to the center of curvature (r < rg), normal

stresses increase fast.

The direction of normal stress relates to

- Omax

N\ M the direction of bending moment.
2 af The outermost points r = rpaand the
points with r = ry, have the maximum

compressive and tensile normal stress.
In case of the sections with constant

width, the absolute value of the points inside is
Figure 9.5larger than the ones outside.

To reduce stress inside, people usually increase the horizontal dimension of section
towards the center of curvature such as:

/ + Lz
| 1
Figure 9.6
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9.3. Determine the radius of curvature of neutral layer

: : . F
In case of the cross-section having arbitrary shape, we use the formular,, :Fto

r

calculate the radius of curvature of neutral layer.
9.3.1. Rectangular section

Assume that there is a rectangular section with the
sides h, b. Its radiuses of curvature are rmax = r, fmin = 2. 5) dF
At radius r, we take a strip of area dF in horizontal AWWW \
direction. We have dF = b.dr G =
The area of section: F = b.h }
Hence, according to (8-1), we have:
. b.h
th — I, - b
¢dr =l [ I
b.|— “l S
E :
_bh
th —
r
b.In-%
r, .
h Figure 9.7
orry, = T (9'3) >y
1
In—=
r.2
9.3.2. Circular section
Assume that a circle has diameter d. B
2
The area of circle is F:%. We take a
B
strip of area dF in horizontal direction. We LLIIIII I,
have dF = b,.dr.
In which: G| &0 °
b, =d.cose _\ J
r=r0+§sm(p [ : ;
d
d, = Ecoscp.d(p

e Figure 9.8
dF = ?COS2 ¢.de

Subsitute the value dF, F and r in (8-1), we get:
d2

9.3.3. Trapezoidal section [d
Assume that trapezium has height h, big bottom and small

bottom b, b;. b,
B b, +b, =

ln = 4(2]‘0 _m) o) —‘_“\ 5
1
‘\

F

br :b1+(b2 _bl)rrl__rr 4
1712

dF = b, .dr

Figure 9.9
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Apply the formula (8-1), we calculate ry,

b, +b, h

rth: b _b2 r (9-5)
[t>1+rl Zh 1}Inrl—(b2—bl)

2
According to the formula (8-3), we get:
- As by = by: this is rectangular section. This formula turns to the formula (9-3).
- As b; = 0; b = by, it means that triangular section has the bottom which rotates
towards the center of curvature. At the moment, ry,will be:

My = b b.r; (9-6)
2rlﬁln—1—2b

P

9.4. Calculate the curved bar subjected to complicated loads

In case of curved bar subjected to complicated loads, internal forces contain three
components. They are longitudinal force N, shear force Q and bending moment M.

- Bending moment M creates normal stress and that stress is calculated by the formula
(9-2). The normal stress caused by M is o).

M r
Gy = —| 1T
™ a.F( r]

- Longitudinal force N also creates normal stress and it is considered to distribute
uniformly on section. The normal stress caused by N is oy.

N
O(n) “E
o= G(M) + G(N) (9-7)
G N MM Tw
F aF r

- Shear force Q only creates shear stress and it does not affect the distribution of
normal stress.
The value of shear stress can be calculated correctly gradually by Durapxki’s formula for
straight bar.

e QS,

J..b°

In which Jyis the static moment of section about axis x. Axis y concides with the symmetric

axis of section and goes through the centre of curvature. x and y are centroidally principal
axes of inertia of section.

Example 3: Build normal stress diagram on the cross-section of the bar having large
curvature. Section is isosceles trapezium. Bending moment M = 40kNm (stretch outer layers),
longitudinal force N = 0.

Solution:C is distance from the centroid of section to big bottom.

_h2b+b, 20210420 g0
3 b,+b, 3 10+20
The radius of curvature of the bar’s axis is:
r,=r,+C=20+8,89=2889cm
Accoding to the formula (9-5):

(9-8)
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1

~(10+20)20
My, = 23 10T 20 =27,79cm
{10+ 40.5%— }In—(ZO—lO)
10
a="ry-rn=28,89-27,79=1,10cm
F=10%20 56 _300em?
oo M 1_n_h _ 4000 1- 27,79
a.F r 11.300 r
c=1212- E
r
b, =10cm
3.7
2,49
é | |o 089 (kKN/cm)
i [ o \
o T L. 1,96
é b, = 20cm 479
A é G (o)
"
(a) kS ®)
Figure 9.10
Atr=40cm:c :12,12—% =3,7kN /cm?
r=35cm o = 2,49kN/cm?
r = 30cm o = 0,89kN/cm?
r=25cm o = -1,36kN/cm?
r = 20cm o = -4,73kN/cm?
After having the value of stress, at each radius r, we draw stress diagram as in the
figure 9.10b.
Example 4: Calculate the maximum stress and the minimum stress of crane hook as in
the figure 9.11.

Know the weight P = 150kN.

The dimension of cross-section is given in the figure 9.11.

Solution: The most dangerous section is at AB. Because at that section, both M and N
have the maximum value:

M=P.ry;N=P
The area of cross-section F:

F= (8+3)% =66cm’ =66.10*m?

C:ﬂ_Mzg_m:aogmm
3 b,+b, 3 3+8

The radius of curvature ryis:
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8+3

2012 66
fn = é 20 _  (3+8,333)(2,9957—2,0794) 5=12’265cm
(3+2012j|n—5 TOSSSREIIS = SUISH=

Therefore:
rh=r,+c=8+5,091=13,091cm
a=r,-ry\ 13,091 - 12,265 = 0,826cm
M = -P.r, = -150.10°.0,1309 = -19,63.10°Nm
N =P =150.10°N
The maximum compressive normal stress at the point B at the
outer edge is
Mmax = 1 = 20cm
- 15010°  (~19,63)10° (1 12,265]

C...=0O

= +
min ~7(®) 66,10  66.10*.82,6.10° 20 nm—
Bt Toog
Grin = -115,8MN/m’ | =
The maximum tensile normal stress at the point A:
o Lo _15010°  (-19.63).10° (12,265 X "I' -
" 66,107 66.107.82,6.107 8 5 , A
£ b, ={8cm
e I
Omax = 213,6MN/m? 3 &
Note: the value of a is very small in comparison with the -
value of roand ry. Therefore, we need to accurately calculate a8
the value of ro and ryto ensure the accurate result of a. Fieure 9.11

Theoretical questions

1. When we use section method to draw internal force diagram for curved bar, what is
the difference from drawing internal force diagram for straight bar?

2. Clearly raise the distribution of stress on the cross-section of curved bar subjected to
plane flexure. Write formula and explain the formula calculating normal stress on
cross-section. Draw the diagram of stress distribution and raise the suitable shape of
section.

3. Write formula and explain formula to determine the radius of curvature of neutral
layer for rectangular section, circular section and trapezoidal section.

4. On the cross-section of curved bar subjected to complicated load, which stress exits?
Write formula to calculate. Present the condition of strength of curved bar subjected
to complicated load and the way to solve three basic problems.

Numerical problems
Exercise 1:
Draw bending moment diagram, longitudinal force diagram and shear force diagram of
the following curved bars.
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Exercise 2:
Determine the maximum tensile stress and the maximum compressive stress at
dangerous section and the normal stress at the point A of dangerous section.

P
a a

I/K g{ A-B
ol L

N
%y TP=2.103N 1= 60 mm

Exercise 3:

A cast iron ring has circular section as in the figure.

Determine allowable load. Know that [6]iens = 6 kN/ecm?; [6]comp = 10 kN/cm?; cho R =
16 cm; d =8 cm.
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Exercise 4:A curved bar has rectangular section and it is subjected to load as in the figure.

Know that P = 6 kN; g = 12 kN/m; a = 16 cm; E:%; [c] =200 P %
MN/m?,
]

Determine the dimension of cross-section.

J
Lhg !
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APPENDIX 1 - LABORATORY MANUAL

TABLE OF CONTENTS
The number of experiments: ...05............. The number of lessons: ...05.........
Ordi THE
NUMBER
nal EXPERIMENT PLACE OF PAGES NOTE
No.
© LESSONS

Determine the deflection of
1 | straight bar subjected to planely | 118 - B5 01
horizontal flexure

Determine the critical load of
2 | straight bar subjected to axial 118 - B5 01
compressive load

Determine the displacement of
3 | the beam subjected to oblique 118 -B5 01
bending
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PART | - INTRODUCTION
1. The general target of experiments of the subject

Strength of materials as a basic subject in engineering field is defined as a branch of
mechanics of deformable solids that deals with the behaviours of solid bodies subjected to
various types of loadings. It provides the future civil engineers with the means of analyzing
and designing so that all types of structures operate safely.

The method to study Strength of materials is association between theory and
experiments. The study by experiments not only decreases or replaces some complicated
calculations but also raises assumptions to establish formulas and checks the accuracy of the
results found by theory.

The laboratory manual of Strength of materials is compiled in order to instruct
students the most basic experiments of the subject. Hence, it helps students to get used to
research method relying on experiments and understand the importance of experiments in
study.

2. General introduction about equipment in the laboratory

The laboratory of Strength of materials has: versatilely tensile (compressive) machine,
tensile (compressive) machine FM1000, torsion testing machine K5, two fatigue testing
machines, two impact testing machines, deflection of string measuring machine, torsion
testing table, plane bending testing table, axial compression testing table. Besides, there are
measuring equipments: calipers, ruler, steel cutting pliers...

3. Progress and time to deploy experiments

After finishing the chapter “Torsion in round shaft”, students start experimenting the
first three lessons. After finishing the chapter “Buckling of columns”, students experiment the
last two lessons.

4. The assessment of the experimental results of students

The experimental results of students are assessed by answering questions in class,
observing students during the process of experiments and checking reports.
5. The preparation of students

Before experimenting, students have to carefully study experiments. The leader of
class prepares list of students, divide students into small groups and sends it to lecturer two
weeks before experiments.

Experimen
tal curator

Pham Thi Thanh
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PART II: DETAILED CONTENT OF EXPERIMENT
LESSON 4 -DETERMINE THE DEFLECTION OF STRAIGHT BAR SUBJECTED
TO PLANELY HORIZONTAL FLEXURE
1.Thepurpose of experiment:

Determine the deflection and slope of the straight bar subjected to planely horizontal
flexure by experiments. Hence, we can evaluate the accuracy of the deflection and slope
calculated by theoretical methods.

2. Theoretical content

To determine the deflection and slope of the beam subjected to planely horizontal

flexure, we have the following methods:

- Indefinite integration method

- Initial parameter method

- Artificial load method

- Morh’s integration method associated with multiplying Veresaghin’s diagram.
Use Morh'’s integration method associated with multiplying Veresaghin’s diagram to calculate
the deflection at B and the slope at A for the simple beam subjected to loads as in the figure 7.

It is carried out by the following steps: p

- Draw diagram M,™ caused by the load. | . NN _l_x’
. . —k A B c NN

- Establish state “k” and draw diagram M X % 1/2 1/2 /r$>_. b

- Use Morh’s integration method associated ty y

with multiplying Veresaghin’s diagram, we
have:

1 (1P1 21 PI®
Vo= — | == 22 2=
EJ \27472°34) 48E),

1£1PII2 1PII1)

TE) 2423 274723
P2

" 16EJ,

Pa

Figure

3. Experimental layout

The gauge K; determines the deflection at B.
The gauge K, measures the displacement a.
The slope at A is calculated by a, e.

a 1T :
@, =arctg—

e Q}_ [ @
4. Theprocedure of experiment
- Assemble experimental layout. A B c
- Measure the dimensions of the bar: I, b, h, e. 1/2 1/2 79
- Put loads P in turn, read and write indexes on
gauges. b

==

Figure 8
5. Experimental result
The experimental result is written in the table below:
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Pi(N) | ya

ex

Ys

th

Da

ex

(2N

(pA
¢A

Ay =

yB — yB }1000/0 Ag =

B

(pA

—A——2-100%

P1=4

Ps = 20

6. Comments

- Comment the accuracy of experimental result.
- Analyse reasons.

LESSON5-BUCKLING OF COLUMNS
1.Thepurpose of experiment:

Determine critical load by experiments and observe the stability of the column
subjected to axial compressive load. Compare and check again the formula to calculate
critical load by theory.
2. Theoretical content

Assume that there is the bar subjected to axial compressive load. The bar will be lost
its stability as compressive load reaches critical load or compressive load is larger than critical

load. Critical load is determined by Euler’s formula:
_z EJmIn

(u)*

In which:

E - modulus of elasticity about tension or compression
Jmin-the minimum moment of inertia

cr

| -the length of bar

u - the factor depending on supports

3. Experimental layout

Figure 9

4. Theprocedure of experiment

- Measure the dimensions of the bar:ly, by, hy, I,

b, ho.

- Put loads P in turn until the bar is lost its stability.
Write the value of the critical load of bar.

5. Experimental result

The experimental result is written in the table £

below:

P

P

o

|>
[>

P

AN
ANANRNNN

<

7777

/74

77777

Layout

P ex (N)

th ex
Pr(N) AP, = Fo ~Fe q009
cr P

cr
cr

1

2

6. Comments

- Comment the accuracy of experimental result.
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- Analyse reasons.

LESSON 6-DETERMINE THE DEFLECTION OF THE BEAM SUBJECTED TO
OBLIQUE BENDING
1. ThePurpose of experiment:
Determine the total deflection of the bar subjected to oblique bending by experiments.
On that basis, we evaluate the accuracy of the total deflection determined by theory.
2. Theoretical content
Consider the cantilever beam subjected to oblique bending as in the figure 10.

Consider section at free end A: f, = /f** + f* . Use the methods of determining the
displacement (deflection) of the beam subjected to plane flexure, we get:

(A P.sina.l®
3EJ,
(A _ P.cosal®
y 3EJ, C—
In which: g

fyis the deflection at A following the direction y.
f Ais the total deflection at A.Figure 10
3. Experimental layout

Figure 11
The gauge K; measures the deflection following the direction x. The gauge K, measures the
deflection following the direction y. After measuring fy, f, by experiments,we determine the

value of total deflection:

f=f24f?

4.The Procedure of experiment

- Measure the dimensions of cross-section: |, b, h.

- Put loads P in turn, read and write indexes on gauges.

5. Experimental result

The experimental result is calculated and written in the table below:
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fth fth fex th_feX
) I R A S R B B fiot Af = e 100%
tot
P]_ =4
P5 =20
6. Comments

- Comment the accuracy of experimental result.

- Analyse reasons.
The sample of laboratory report

The cover of laboratory report is published the same sample. The content of report is
handwritten and framed. The content of report needs to present purpose, content, internal
force diagram, used methods to calculate theory clearly. The layout of experiment, necessary
dimensions, the methods of calculation and the results of experiments, comments about the
accuracy of theoretic formula are presented obviously in the report.
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APPENDIX 02

¥ VIETNAM MARITIME UNIVERSITY

N7 ,# Subject of Strength of materials t Y
|
PROPERTIES OF SHAPED STEEL Me P
I -Section M
' OCT 8239-56
R r
L zzézf
L5 .
The The e
sign Dimensions ( mm) area The properities of area
numb | Gravity of
er of N/m sectio X-X y-y
secti h | b | d t R r|ncm’ 3 W, ix S | wy iy
on cm* em* | em | cm® | em* | cm® | cm
10 111 100 | 70 4,5 7,2 7,0 3,0 14,2 244 48,8 | 4,15 | 28,0 35,3 10 1,58
12 130 120 | 75 | 50 | 73 | 7,5 | 3,0 | 16,5 403 67,2 | 494 | 385 | 438 | 11,7 | 1,63
14 148 140 | 82 | 50 | 75 | 80 | 3,0 | 18,9 632 90,3 | 578 | 515 | 582 | 14,2 | 1,75
16 169 160 | 90 5,0 7,7 8,5 3,5 21,5 945 118 6,63 67,0 77,6 17,2 | 1,90
18 187 180 | 95 | 50 | 80 | 9,0 | 35 | 238 1330 148 | 4,47 | 83,7 | 946 | 199 | 1,99
18a 199 180 | 102 | 50 | 82 | 9,0 | 35 | 254 1440 160 | 553 | 90,1 | 119 | 23,3 | 2,06
20 207 200 | 100 | 5,2 8,2 9,5 4,0 26,4 1810 181 8,27 102 112 22,4 | 2,17
20a 222 200 | 110 | 5,2 8,3 9,5 4,0 28,3 1970 197 8,36 111 148 27,0 | 2,29
22 237 220 | 110 | 53 | 86 | 10,0 | 4,0 | 30,2 2530 230 | 9,14 | 130 155 | 28,2 | 2,26
22a 254 220 | 120 | 5,3 8,8 10,0 | 4,0 32,4 2760 251 9,23 141 203 33,8 | 2,50
24 273 240 | 115 | 56 | 95 | 105 | 4,0 | 34,8 3460 289 | 9,97 | 163 198 | 34,5 | 2,37
24a 294 240 | 125 | 56 | 98 | 105 | 4,0 | 37,5 3800 317 | 10,1 | 178 260 | 41,6 | 2,63
27 315 270 | 125 | 6,0 9,8 110 | 45 40,2 5010 371 11,2 210 260 415 | 2,54
27a 339 270 | 135 | 6,0 | 10,2 | 110 | 45 | 43,2 5500 407 | 11,3 | 229 337 | 50,0 | 2,80
30 365 300 | 135 | 6,5 | 10,2 | 12,0 | 55 | 46,5 7080 472 | 12,3 | 268 337 | 49,9 | 2,69
30a 392 300 | 145 | 6,5 | 10,7 | 12,0 | 55 | 49,9 7780 518 | 125 | 292 346 | 60,1 | 2,95
33 422 330 | 140 | 7,0 | 11,2 | 13,0 | 55 | 538 9840 597 | 135 | 339 419 | 59,9 | 2,79
36 486 360 | 145 | 75 | 123 | 140 | 6,0 61,9 13380 743 14,7 423 516 71,1 | 2,89
40 561 400 | 155 | 8,0 | 13,0 | 150 | 6,0 | 719 18930 974 | 16,3 | 540 666 | 759 | 3,05
45 652 450 | 160 | 86 | 142 | 16,0 | 7,0 83,0 27450 1220 | 18,2 699 807 101 3,12
50 761 500 | 170 | 9,3 | 152 | 17,0 | 7,0 | 96,9 39120 | 1560 | 20,1 | 899 | 1040 | 122 | 3,28
55 886 550 | 180 | 10,0 | 16,5 | 18,0 | 7,0 | 113 54810 | 1990 | 20,2 | 1150 | 1350 | 150 | 3,46
60 1030 | 600 | 190 | 10,8 | 17,8 | 20,0 | 8,0 | 131 75010 | 2500 | 23,9 | 1440 | 1720 | 181 | 3,62
65 1190 650 | 200 | 11,7 | 19,2 | 22,0 | 9,0 151 100840 | 3100 | 25,8 | 1790 | 2170 | 217 3,79
70 1370 | 700 | 210 | 12,7 | 20,8 | 24,0 | 10,0 | 174 | 133890 | 3830 | 27,7 | 2220 | 2730 | 260 | 3,76
70a 1580 | 700 | 210 | 15,0 | 24,0 | 24,0 | 10,0 | 202 | 152700 | 4360 | 27,5 | 2550 | 3240 | 309 | 4,01
70b 1840 700 | 210 | 17,5 | 28,2 | 24,0 | 10,0 | 234 175350 | 5010 | 27,4 | 2940 | 3910 | 373 4,09
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P N
VAN
é @ g VIETNAM MARITIME UNIVERSITY Zo . ——
LN 3 Subject of Strength of materials
— y
PROPERTIES OF SHAPED STEEL A
C -Section d
I OCT 8240-56 h 11"

b
Dimensions ( mm ) The properties of area
; hri The X-X y-y
nu?nb Gravit area of
erof | N/m ’ section Ix Wy ix Sx o wy |y 7
I h b d t R r s om? 4 X 4 4 A 0
secti cm cm cm | cm cm cm cm

on

6 54,2 50 37 | 45| 70 6,0 | 25 6,90 26,1 104 | 1,94 | 6,36 | 841 | 3,59 | 1,10 | 1,36

6,5 65,0 65 40 | 45| 74 6,0 | 25 8,28 54,5 16,8 | 257 | 10,0 | 11,9 | 458 | 1,20 | 1,40

8 77,8 80 45 | 48| 74 65 | 25 9,91 99,9 250 | 3,17 | 148 | 178 | 589 | 1,34 | 1,48

10 92,0 100 | 50 | 48| 75 70 | 3,0 11,7 187 37,3 1 399 | 219 | 2506 | 7,42 | 1,48 | 1,55

12 108,0 | 120 | 54 | 50 | 7,7 75 | 3,0 13,7 313 52,2 | 4,78 | 305 | 34,4 | 9,01 | 1,58 | 1,59

14 1230 | 140 | 58 | 50 | 8,0 80 | 3,0 15,7 489 69,8 | 559 | 40,7 | 451 | 10,9 | 1,70 | 1,66

l4a 1320 | 140 | 62 | 50 | 85 80 | 3,0 16,9 538 76,8 | 5,65 | 446 | 56,6 | 13,0 | 1,83 | 1,84

16 1410 | 160 | 64 | 50 | 83 85 | 35 18,0 741 92,6 | 6,42 | 53,7 | 62,6 | 13,6 | 1,87 | 1,79

16a 1510 | 160 | 68 | 50 | 8,8 85 | 35 19,3 811 101 | 6,48 | 585 | 77,3 | 16,0 | 2,00 | 1,98

18 1610 | 180 | 70 | 50 | 87 90 | 35 20,5 1080 120 | 7,26 | 69,4 | 856 | 169 | 2,04 | 1,95

18a 1720 | 180 | 74 | 50 | 9,2 90 | 35 21,9 1180 131 | 7,33 | 752 | 104 | 19,7 | 2,18 | 2,13

20 1840 | 200 | 76 | 52 | 9,0 9,5 | 40 23,4 1520 152 | 8,07 | 87,8 | 113 | 20,5 | 2,20 | 2,07

20a 196,0 | 200 | 80 | 52| 99 9,5 | 40 25,0 1660 166 | 8,15 | 95,2 | 137 | 240 | 2,34 | 2,57

22 2090 | 220 | 82 |53 | 99 | 100 | 40 26,7 2120 193 | 891 | 111 | 151 | 254 | 2,38 | 2,24

22a 2250 | 220 | 87 | 53 | 10,2 | 10,0 | 40 28,6 2320 211 | 9,01 | 121 | 186 | 29,9 | 2,55 | 2,47

24 2400 | 240 | 90 | 56 | 10,0 | 105 | 4,0 30,6 2900 242 | 9,73 | 139 | 208 | 316 | 2,60 | 2,42

24a 2580 | 240 | 95 | 5,6 | 10,7 | 10,5 | 4.0 32,9 3180 265 | 9,84 | 151 | 254 | 37,2 | 3,78 | 2,67

27 2770 | 270 | 95 | 6,0 | 10,5 11 | 45 35,2 4160 308 | 109 | 178 | 262 | 37,3 | 2,73 | 2,47

30 318,0 | 300 | 100 | 6,5 | 11,0 12 | 50 40,5 5810 387 | 120 | 224 | 327 | 436 | 2,84 | 2,52

33 3650 | 330 | 105 | 7,0 | 11,7 13 | 50 46,5 7980 484 | 13,1 | 281 | 410 | 51,8 | 2,97 | 2,59

36 4190 | 360 | 110 | 7,5 | 12,6 14 | 6,0 53,4 10820 | 601 | 14,2 | 350 | 513 | 61,7 | 3,10 | 2,68

40 483,0 | 400 | 115 | 8,0 | 13,5 15 | 6,0 61,5 15220 | 761 | 15,7 | 444 | 642 | 73,4 | 3,23 | 2,75
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1. THE INDEX OFA

The Tri s6 ¢ dbi véi
sle?gggaess Stgfz?lhgT Steel CT5 Alloy steel Cast iron Timber

10 0,99 0,98 1 1 1

20 0,96 0,95 0,95 0,91 0,97

30 0,94 0,92 0,91 0,81 0,93

40 0,92 0,89 0,87 0,69 0,87

50 0,89 0,86 0,83 0,54 0,80

60 0,86 0,82 0,79 0,44 0,71

70 0,81 0,76 0,72 0,34 0,6

80 0,75 0,7 0,65 0,26 0,48

90 0,69 0,62 0,55 0,2 0,38

100 0,6 0,51 0,43 0,16 0,31
110 0,52 0,43 0,35 0,25
120 0,45 0,36 0,3 0,22
130 0,4 0,33 0,26 0,18
140 0,36 0,29 0,23 0,16
150 0,32 0,26 0,21 0,14
160 0,29 0,24 0,19 0,12
170 0,26 0,21 0,17 0,11
180 0,23 0,19 0,15 0,10
190 0,21 0,17 0,14 0,09
200 0,19 0,16 0,13 0,08
2. THE MATERIAL INDEX (Ao, A, E, &, b)

. E a b
Material Ao Mol (kNem?) | (KNIemd) | (KNfem?)
Steel CT2, CT3, CT4 100 70 2.10* 31 0,114
Steel CT5 100 72 2.10* 46,4 0,326
Timber 70 40 10° 3,68 0,0265
Cast iron 80 30 1,5.10* 77,6 0,415

3. THE INDEX OF p
P
o—cg P P i
A =
7;);77 7777, 77777777 77777777
pu=1 =2 n=0,7 u=05
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Subject of Strength of materials

VIETNAM MARITIME UNIVERSITY

d
e~ Yo
NG
Xo
PROPERTIES OF SHAPED STEEL
Equal angle steel - /B
I OCT 8240-56 X X
o
T
Xo Yib IL\YO
Dimensions, mm The properties of area
The Gravity
sign The area per X-X y-y Yo - Yo Xo — Xp
number of section meter
of b d r R cm? N _ ) )
Section ‘]X IX ‘]xomax |xomax \]xomin |x0min \]xomax ZO
cm? cm cm* cm cm? cm cm* cm
3 1.13 8.9 0.4 0.59 0.63 0.75 0.17 0.39 0.81 0.6
2 20 3.5 1.2
4 1.46 115 0.5 0.58 0.78 0.73 0.22 0.38 1.09 0.64
3 1.43 11.2 0.81 0.75 1.29 0.95 0.34 0.49 1.57 0.73
2.5 25 3.5 1.2
4 1.86 14.6 1.03 0.74 1.62 0.93 0.44 0.48 2.11 0.76
2.8 28 3 4 1.3 1.62 12.7 1.16 0.85 1.84 1.07 0.48 0.55 2.2 0.8
3 1.86 14.6 1.77 0.97 2.8 1.23 0.74 0.63 3.26 0.89
3.2 32 4.5 1.5
4 2.43 19.1 2.26 0.96 3.58 1.21 0.94 0.62 4.39 0.94
3 2.1 16.5 2.56 1.1 4.06 1.39 1.06 0.71 4.64 0.99
3.6 36 45 15
4 2.75 21.6 3.29 1.09 5.21 1.38 1.36 0.7 6.24 1.04
3 2.35 18.5 3.55 1.23 5.63 1.55 1.47 0.79 6.35 1.09
4 40 5 1.7
4 3.08 24.2 4.58 1.22 7.26 1.53 1.9 0.78 8.53 1.13
3 2.65 20.8 5.13 1.39 8.13 1.75 2.12 0.89 9.04 1.21
45 45 4 5 1.7 3.48 27.3 6.63 1.38 10.05 1.74 2.74 0.89 12.1 1.26
5 4.29 33.7 8.03 1.37 12.7 1.72 3.33 0.88 15.3 1.3
3 2.96 23.2 7.11 1.55 11.3 1.95 2.95 1 12.4 1.33
5 50 4 55 1.8 3.89 30.5 9.21 1.54 14.6 1.94 3.8 0.99 16.6 1.38
5 4.8 37.7 11.2 1.53 17.8 1.92 4.63 0.98 20.9 1.42
3.5 3.66 30.3 11.6 1.73 18.4 2.18 4.8 1.12 20.3 1.5
5.6 56 4 6 2 4.38 34.4 13.1 1.73 20.8 2.18 541 1.11 23.3 1.52
5 5.41 42.5 16 1.72 25.4 2.16 6.59 1.1 29.2 1.57
4 4.96 39 18.9 1.95 29.9 2.45 7.81 1.25 33.1 1.69
6 63 7 2.3
5 6.13 48.1 23.1 1.94 36.6 2.44 9.52 1.25 415 1.74
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6 7.28 57.2 27.1 1.93 42.9 2.43 11.2 1.24 50 1.78
4.5 6.2 48.7 29 2.16 46 2.72 12 1.39 51 1.88
5 6.86 53.8 31.9 2.16 50.7 2.72 13.2 1.39 56.7 1.9
7 70 6 8 2.7 8.15 63.9 37.6 2.15 59.6 2.71 155 1.38 68.4 1.94
7 9.42 73.9 43 2.14 68.2 2.69 17.8 1.37 80.1 1.99
8 10.7 83.7 48.2 2.13 76.4 2.68 20 1.37 91.9 2.02
5 7.39 58 39.5 231 62.6 291 16.4 1.49 69.6 2.02
6 8.78 68.9 46.6 2.3 73.9 2.9 19.3 1.48 83.9 2.06
7.5 75 7 9 3 10.1 79.6 53.3 2.29 84.6 2.89 221 1.48 98.3 2.1
8 115 90.2 59.8 2.28 94.9 2.87 24.8 1.47 113 2.15
9 12.8 101 66.1 2.27 105 2.86 275 1.46 127 2.18
55 8.63 67.8 52.7 247 83.6 3.11 21.8 1.59 93.2 217
6 9.38 73.6 57 2.47 90 3.11 235 1.58 102 2.19
8 80 9 3
7 10.8 85.1 65.3 2.45 104 3.09 27 1.58 119 2.23
8 12.3 96.5 73.4 2.44 116 3.08 30.3 1.57 137 2.27
6 10.6 83.3 82.1 2.78 130 3.5 34 1.79 1.45 243
7 12.3 96.4 94.3 2.77 150 3.49 38.9 1.78 1.69 2.47
9 90 10 | 33
8 13.9 109 106 2.76 168 3.48 43.8 1.77 1.94 251
9 15.6 122 118 2.75 186 3.46 48.6 1.77 2.19 2.55
6.5 12.8 101 122 3.09 193 3.88 50.7 1.99 214 2.68
13.8 108 131 3.08 207 3.88 54.2 1.98 231 2.71
8 15.6 122 147 3.07 233 3.87 60.9 1.98 265 2.75
10 100 10 12 4 19.2 151 179 3.05 284 3.84 74.1 1.96 330 2.83
12 22.8 179 209 3.03 331 3.81 86.9 1.95 402 291
14 26.3 206 237 3 375 3.78 99.3 1.94 472 2.99
16 29.7 233 264 2.98 416 3.74 112 1.94 542 3.06
7 15.2 119 176 3.4 279 4.29 2.7 2.19 308 2.96
11 110 12 4
8 17.2 135 198 3.39 315 4.28 81.8 2.18 353 3
8 19.7 155 294 3.87 467 4.87 122 2.49 516 3.36
9 22 173 327 3.86 520 4.86 135 2.48 582 3.4
10 24.3 191 360 3.85 571 4.84 149 2.47 649 3.45
12.5 125 14 | 46
12 28.9 227 422 3.82 670 4.82 174 2.46 782 3.53
14 334 262 482 3.8 764 4.78 211 2.45 916 3.61
16 37.8 296 539 3.78 853 4.75 224 2.44 1051 3.68
9 24.7 194 466 4.34 739 5.47 192 2.79 818 3.78
14 140 14 | 46
10 27.3 215 512 4.33 814 5.46 211 2.78 914 3.82
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12 32.5 255 602 421 957 5.43 248 2.76 1097 3.9
10 31.4 247 774 4.96 1229 6.25 319 3.19 1356 4.3
11 344 270 844 4.95 1341 6.24 348 3.18 1494 4.35
12 37.4 294 913 4.94 1450 6.23 376 3.17 1633 4.39
16 160 14 16 | 53 43.3 340 1046 4.92 1662 6.2 431 3.16 1911 4.47
16 49.1 385 1175 4.89 1866 6.17 485 3.14 2191 4.55
18 54.8 430 1299 4.87 2061 6.13 537 3.13 2472 4.63
20 60.4 474 1419 4.85 2248 6.1 589 3.12 2756 4.7
11 38.8 305 1216 5.6 1933 7.06 500 3.59 2128 4.85
18 180 16 | 53
12 42.2 331 1317 5.59 2093 7.04 540 3.58 2324 4.89
12 47.1 370 1823 6.22 2896 7.84 749 3.99 3182 5.37
13 50.9 399 1961 6.21 3116 7.83 805 3.98 3452 542
14 54.6 428 2097 6.2 3333 7.81 861 3.97 3722 5.46
20 200 16 18 6 62 487 2326 6.17 3755 7.78 970 3.96 4264 5.54
20 76.5 601 2871 6.12 4560 7.72 1182 3.93 5355 5.7
25 94.3 740 3466 6.06 5494 7.63 1432 3.91 6733 5.89
30 1115 876 4020 6 6351 7.55 1688 3.89 8130 6.07
14 60.4 474 2814 6.83 4470 8.6 1159 4.38 4941 5.93
22 220 21 7
16 68.6 538 3157 6.81 5045 8.58 1306 4.36 5661 6.02
16 78.4 615 4717 7.76 7492 9.78 1942 4.98 8286 6.75
18 87.7 689 5247 7.73 8337 9.75 2158 4.96 9342 6.83
20 97 761 5765 7.71 9160 9.72 2370 494 | 10401 | 6.91
25 250 22 24 8 116.1 833 6270 7.69 9961 9.69 2579 493 | 11464 7
25 119.7 940 7006 7.65 | 11125 | 9.64 2887 491 | 13064 | 7.11
28 1331 1045 | 7717 7.61 | 12244 | 9.59 3190 489 | 14674 | 7.23
30 142 1114 | 8117 759 | 12965 | 9.56 3389 489 | 15753 | 7.31
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