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GIOI THIEU

Ky thi Olympic Toan hoc 1an thi 29 danh cho sinh vién cic truong dai hoc, cao
dang, hoc vién va hoc sinh phd théng céc trudng chuyén trong ci nudc da dién ra
tai trudng Dai hoc Su pham - Pai hoc Hué tir 2-8/4/2023. Quyén ky yéu nay chi
yéu danh d€ tap hop lai mot s6 bai dé xuét clia cac trudng tham du ky thi v6i mong
mudn cung cip thém mot tai liéu tham khdo cho nhiing ngudi quan tam. Do thdi
gian bién tap kha ngan nén ngoai mdt s6 bai dugc bién tap tuong ddi ky cang, cé
mot s6 bai chiing tdi gitt nguyén cach trinh bay nhu dé xuét, cong tc bién tap trong
truong hop d6 1a danh mdy lai, ki€m tra tinh chinh xdc vé noi dung va chinh ta.

Nhom bién tap
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Théng tin vé ky thi

Ky thi Olympic Toan hoc sinh vién c6 muc ti€u dong vién phong trao hoc toan trong
sinh vién va thic day cong tac doi mdi trong giang day, hoc tap. Ky thi da dugc Hoi
Toan hoc Viét Nam khdi xudng va phdi hop v6i Bo Gido duc va Pao tao, Lién hiép
cac Hoi Khoa hoc - Ky thuat Viét Nam, Trung uong Hoi Sinh vién Viét Nam thuc
hién thanh cong trong 30 nim qua, hién nay trd nén cang quan trong trong bdi canh
thdi lugng cidc mon toan & phan 16n céc trudng dai hoc giam. DE chuin bi cho ky thi,
nhiéu trudng dai hoc, cao dang, hoc vién da c6 su chudn bi rat tot va tich cuc tham
gia, nhiéu sinh vién yéu toan da rit mong doi ky thi nay. Ky thi ciing nhan dudc su
ing ho ctia 1anh dao céc trudng, hoc vién, su nhiét tinh cua cic thay co gido da to
chiic, dong vién, tham gia bdi dudng cho cac doan du thi Olympic, nhiing ngudi da
c6 dong gop hét stic quan trong cho viéc duy tri va thanh cong ciia cac ky olympic
Toan.

Ky thi Olympic Todn hoc Sinh vién va Hoc sinh 1an thi 29 nim 2023 dudc t& chiic
trong hai khoang thoi gian 18-19/3/2023 cho hoc sinh va 2-8/4/2023 cho sinh vién.
Do diéu kién di lai khdc nhau nén phan thi ctia hoc sinh THPT dudc t§ chiic truc
tuyén, phan thi cla sinh vién dugc t§ chic truc tiép tai Truong DH Su pham - Dai
hoc Hué.

Dudi day 1a mot s6 nét chinh vé chuyén mon ctia ky thi.

1. bai hoc:

Nim nay da c6 615 sinh vién ding ky du thi v6i 713 Iudt thi, cu thé 368 sinh vién
thi mon Pai sd (DS), 345 sinh vién thi mon Giai tich (GT). Trong m&i mén thi, cic
truong ding ki theo hai bang A va B, s6 luong cu thé nhu:

O mon Pai s6 ¢6 161 em du thi bang A va 207 em du thi bang B;

O mon Giai tich c6 168 em du thi bang A va 177 em du thi bang B.

Ky thi di dién ra sudn sé va nghiém tiic. Nim nay dé thi mon Giai tich tuong d6i
vita stic sinh vién, két qua mon Pai s6 ¢ su phan héa manh giita top trén va nhém
dudi.

Piém cao nhit 3 2 mon Pai s6 va Giai tich 1a 28,5 va 30; c6 4 sinh vién dat 2 giai
nhét 12 Ngoé Quy Ding va Tran Ngoc Hiéu (Trusng PHKHTN, PHQG Ha Noi),
Nguyén Mac Nam Trung (Trudng DPHKHTN, PHQG Tp. Ho Chi Minh), Duong
Thanh Tung (Trudng PH FPT), trong d6 sinh vién Ngo Quy Ping xuit sic 1a thi
khoa ddng thdi hai mon Dai s6 va Giai tich. C6 2 sinh vién nif xuat sac dat gidi nhit
12 Cu Thi Kiéu Trang (DH Hung Vuong, Pai s6, bang B) va Nguyén Thi Bich Ngan
(PH Tai chinh-Marketing, Giai tich, bang B).

S6 lugng gii thudng cho sinh vién: 62 giai nht, 126 giai nhi, 191 gidi ba. Ban T6
chiic ciing trao mot sb giai Khuyén khich cho nhiing thi sinh c6 diém gan giai chinh
thiic hoic cao nhat doi.

Céc doan & mang dai hoc c6 thanh tich tét:
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Bang A: Pai hoc Bach khoa Ha Noi, Truong PH Khoa hoc Tu nhién - PHQG Ha
Noi, Trudng PH Su pham Tp. Ho Chi Minh.

Béng B: Hoc vién Cong nghé Buu chinh Vién thong, Trudng DH VINUni, Trudng
bH FPT.

Thoi gian gan diy, Ban giam khao di c6 chu truong ra dé thi mang tinh tng dung
hon. Bén canh nhiing bai todn theo phong cich truyén théng, c6 thém nhiing bai
toan ing dung thuc té, trong d6 thi sinh cin xiy dung md hinh toan hoc, sau d6
diing cong cu todn hoc dé tim 19i gidi cho bai todn thuc té.

2. Trung hoc phd thong

Mang thi ctia THPT dudc t6 chiic tir 18-19/3/2023 theo hinh thiic truc tuyén. Pa c6
46 doan tham du v6i 380 hoc sinh. Céc hoc sinh da 1am hai bai thi trong hai budi.
MBbi bai thi 12 mdt chudi cau hdi lién két chit ché v6i nhau, gitip cac hoc sinh tim
hi€u mot van dé ctia todn so cip c6 lién quan t6i toan cao cAp.

S6 luong gidi thudng cho hoc sinh: 34 gidi nhit, 67 gidi nhi, 99 giii ba.

Thu khoa 1a em Pham Gia Hung (Truong THPT chuyén VO Nguyén Gidp, Quang
Binh); A khoa 1 12 em Tran Gia Dinh (Trusng THPT chuyén Luong Van Tuy, Ninh
Binh), A khoa 2 1a em Lé Manh Khiém (Truong THPT chuyén Ha Long, Quang
Ninh).

Céc trudng dat thanh tich t6t nhat 1a THPT chuyén Luong Vin Tuy, Ninh Binh,
THPT chuyén Ha Tinh va THPT chuyén Vinh Phuc.

Nhan ky thi nay, gan 1.000 hoc sinh THPT da dudc tham du mot s bai gidng vé
Hinh hoc, S6 hoc va Pai sd do cic chuyén gia boi dudng hoc sinh gidi day truc
tuyen.

Olympic Toan hoc Sinh vién va Hoc sinh 1an thif 29 da thanh cong tét dep vé ca
chuyén mon 1an cdng tac t6 chiic.
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PE THI






PE THI CHINH THUC

1 Dai s6
1.1 Bang A

BATI 1. Ky hiéu R[X]5023 12 R-khong gian vecto cac da thic mot bién véi bac nhéd
hon hoic bang 2023. Cho f 1a dnh xa dit tuong Wing mdi da thic véi dao ham cép
hai cta no:
£ R[X]2023 — R[X]2023,
p(X) = p(X).
DPit g = fo fo---o f1a anh xa hop ctia 870 1an 4nh xa f.
W
870 Ian

(a) Chiing minh ring g 12 mot dnh xa tuyén tinh tit R[X]5023 vao chinh né.

(b) Tim sb chiéu va mot co sé ctia khong gian dnh Im(g) va ctia khong gian hat
nhan Ker(g).

BAT1 2.

(a) Mot thanh phd c6 hai nha mdy: nha mdy dién (E) va nha may nudc (W). DE
nha may (E) san xuat dién thi né can nguyén liéu dau vio 1a dién do chinh né
san xult truéc d6 va nude ctia nha may (W). Tuong tu nhu vay dé€ nha mdy
(W) san xuit nudc thi n6 can dén nudc do chinh né san xuit ciing nhu dién
cta nha mdy (E). Cu thé

- D& san xuit dugc lugng dién tuong duong 1 dong, nha mdy (E) can luong
dién tuong duong 0,3 dong ma né san suat dudc trude d6 va lugng nuée
tuong duong 0,1 dong tif nha may (W);

- P& san xuit dugc luong nude tuong duong 1 dong, nha mdy (W) can
lugng dién tuong duong 0,2 dong tit nha may (E) va lugng nudc tuong
duong 0,4 dong do chinh n6 san suét trudc do.

Chinh quyén thanh phd yéu ciu hai nha mdy trén cung cip dén dudc véi ngusi
dan lugng dién tuong duong 12 ty dong va lugng nuéc tuong duong 8 ty dong.
Héi thuc té mbi nha mdy can san xuat tdng cong luong dién va luong nudc
tuong duong vSi bao nhiéu ty dong dé cung cap dd nhu ciu ciia ngudi dan?
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(b) ChoA = (ai j)zxz 12 ma tran théa man cic phan ti déu 12 s6 thuc khong Am va
t8ng céc phan t trén mbi cot cia A déu nhé hon 1. Véi d = (dy,d»)" 1a mot
vectd cot tity y, chiing minh ring ton tai duy nhit mot vecto cot x = (x1,x,)"
sao chox =Ax+d.

BAI 3. Cho o, 8,7, 8 1a cdc s6 phtic thda mén da thitc x* —2x> — 1 bing (x — o) (x —
B)(x—7)(x—9).

(a) Chitng minh rang cac sd a, B,7, 8 néi trén ddi mot khac nhau.
(b) Ching minh riing céc sé a®, 8,7, 8> ciing déi mot khdc nhau.
(¢) Tinh gid tri ctia biéu thiic a® + B> +y° + &°.

BAI 4. V6i mbi ma tran vudng A c6 phan ti 1a cac sd phiic, ta dinh nghia:

: : a (_1)n 2n+1
sinA = lim —‘A .
k—eo =t (2n+1)!

(O day ma tran gidi han c6 phin ti 13 gii han ctia phan ti tuong dng clia cic ma
k (_1)n

tran tong Sy = Z

2+ 1) 'AZ”H. Ma tran gi6i han nay ludn ton tai.)
= (2n !

(a) Tim c4c phan t clia ma tran sinA véi

a=(p 5

(b) Cho x,y 1 hai s6 thuc bat ky, hdy tim c4c phan tif cia ma tran sinA véi
_(* Y
=)

(c) Ton tai hay khong mot ma tran vudng A cip 2 v6i phan tit 12 cac sb thuc sao

cho
sinA = (1 2023) ?

theo x, y.

0 1
BAI 5. Ky hiéu P, 12 tip hop tt ca cac ma tran kha nghich A cip n sao cho cdc phan
tit ctia A va A~ déu bing 0 hoic 1.
(a) V6in =3 hay tim tAt ca cdc ma tran thudc P;.

(b) Tinh s phan tit ctia P, véi n 12 s6 nguyén duong tuy y.
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1.2 BangB

BAI 1.
(a) Cho x 12 mot s6 thuc. Tinh dinh thic ctia ma trin sau theo x:

x 2022 2023
A=12022 2023 x
2023 x 2022

(b) Tim cic s6 thuc x sao cho hang ctia ma trin A nhd hon 3. Tinh hang ctia ma
tran A vé6i x vua tim dudc.

BAI 2. Gid stt f : R* — R? 1a 4nh xa tuyén tinh cho bdi:
(x1,x2,x3,x4) — (x1 + Axp — x3 + 2x4,2x1 — X2 + Ax3 + Sxg,x1 + 10x — 6x3 +x4) ,
trong d6 A € R 1a tham sd.
(2) V6i A = 3, hiy tim
(al) Mot co s6 va sb chiéu ctia khong gian hat nhan Ker(f).
(a2) Mot co s6 va sd chiéu cia khong gian anh Im(f).
(b) Tim sd chiéu ctia khong gian anh Im(f) nhu mot ham s6 cta A.

BAI 3. Cho da thitc P(x) = x* —2x> — 1.

(a) Biét rang phuong trinh P(x) = 0 c6 4 nghiém phic (k€ ci bdi), ky hiéu bdi
a,B,7,5. Ching minh rang cac nghiém phtc néi trén d6i mot phan biét.

(b) Ching minh ring cic liy thita o, B3, 7>, 83 cling 1a céc sb d6i mot phén biét.

(¢) Tim mot da thic bac 4 nhan céc sé o, B3, 7°, 8> 1a nghiém.

BAI 4. V6i mbi ma tran vudng A c6 phan ti 1a cac s phiic, ta dinh nghia:

kAn

(O day quy udc 0! = 1, A® 1a ma trén don vi, ma trin gi6i han & vé phéi c6 phén tit
k An
1a giGi han clia phan ti tuong dng clia cdc ma trin tong Sy = Z — - Ma tran gidi
n!
n=0
han nay lu6n ton tai.)
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(a) V6i A la ma tran
=)
hay tim mot ma tran kha nghich C sao cho C ~1AC 1a ma tran dudng chéo.

(b) Tim céc phan ti ctia ma tran ¢* v6i A 1a ma tran cho & phan (a).

BAI 5. Ky hiéu P, 1a tip hop tit ca cdc ma tran kha nghich A cép n sao cho cic phan
ti ciia A va A~! déu bing 0 hoic 1.

(a) Vé6in = 3 hiy tim tit cd cdc ma trin thudc P;.

(b) Ching minh ri“mg ton tai mot song anh gilta P, va tap S, cac hodn vi trén n
phan ti. Tir d6 hdy tinh s6 phan ti cta P, v6i n 1a sb nguyén duong tly .

2 Giai tich
2.1 Bang A

BAI 1. Cho (uy,);r_; 1a ddy sd dugc xéc dinh bdi
L 1 1 1 1
=TT (1+50) = (14 30) (14 32) (14 35) =t
(a) Tim tit ca cac sb6 nguyén duong n sao cho u, > 5/4.
(b) Chiing minh rang u,, < 2023 v6i moi s6 nguyén duong 7.

(c) Chiing minh ring day sb (u,);r_, hdi tu va xac dinh gidi han ctia ddy s6 chinh
x4c dén 1 chil s6 sau diu phay thap phan.

BAI 2. Cho f:[—1,1] — R Ia ham sb dugc xac dinh bdi cong thic

—g néux € [-1,1]NQ,

fx) = )
x néuxe[-1,1]\Q.
(a) Chiing minh rang ham f lién tuc tai 0.
(b) Ham f c6 kha vi tai O khong?

(c) Ham f c6 gid tri 16n nhét trén doan [—1, 1] khong?



2. GIAI TICH 13

BAI1 3.
Hinh vé& bén canh m6 td mot phan dong sdng véi bd y
trdi dudc cho bdi dudng thang x = 0 va bd phai dudc
cho béi dudng thang x = 1. Mot con thuyén xuét phat
tir diém (1,0) va mudn vugt song d€ dén diém du kién 1
(0,0). X
Do dong chdy clia song nén duong di thuc té cla
con thuyén tring khép phan d6 thi ctia ham s6

{--
d= = -
{-=--
==
{-=--
d= = -
{--

-1

y:x3+2

vl 0 <x <.
(a) Con thuyén c6 dén dugc diém (0,0) nhu du kién khong?

(b) Trong truong hop khong dén dugdc diém (0,0) nhu du kién, con thuyén c6 cap
dugc bo trai hay khong?

(c) Hay xdc dinh vi tri cdia con thuyén khi khodng cach tit n6 dén diém dich (0,0)

12 ngan nhét trong ca qua trinh chuyén dong.

BAI1 4. Cho £ :[0,1] — R 1a mot ham s6 lién tuc.
(a) Chiing minh ring néu
1
/ F()(P())"dx =0
0

v6i moi s6 nguyén khong 4m m va v6i moi da thiic bac hai P thi f = 0 trén
[0, 1].

(b) Kétluan &y (a) con ding khong néu diéu kién P 1a da thiic bac hai dudc thay
bing diéu kién P la da thiic bac nhat?
BAI 5. Cho f: [0,1] — R 1a mot ham sb lién tuc trén [0, 1], kha vi trong (0, 1), va
co f(0) =0.
(a) C6 ton tai hay khong mot sd thuc d € (0,1) sao cho
2
F @)l < (£(d)"?

(Néu cau tra 15i 12 “c6”, hdy chiing minh; néu cau tra 18i 1a “khong”, hay chi
ra vi du vé mot ham f.)
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(b) Chiing minh rang néu
F@)] < (f(x)) véi moixe (0,1)
thi f =0 trén [0, 1].

(c) Chiing minh ring ton tai ¢ € (0,1) sao cho

(@) <I£(c)].

2.2 BangB

BAI 1. Cho (uy);r_, 1a ddy s6 dugc xéc dinh bdi
1 1 1 1 1
unzkrzll <1+4—k) = <1+ﬁ> (1+4—2) ---(1+4—n> Vn > 1.
(a) Tim tat ca céc s6 nguyén duong n sao cho u, > 5/4.
(b) Chiing minh ring u, < 2023 v6i moi s6 nguyén duong .
(c) Chiing minh ring day sd (u,):_, hoi tu.

BAI 2. Cho f:[—1,1] — R Ia ham sb dugc xac dinh bdi cong thiic

—g néux e [-1,1]NQ,

fx) = )
x néuxe [-1,1]\Q.
(a) Chiing minh rang ham f lién tuc tai 0.
(b) Ham f c6 kha vi tai 0 khong?
(c) Ham f c6 gid tri nhd nhit trén doan [—1, 1] khong?

BAI1 3.
Hinh v& bén canh m6 ti mot phan dong song véibs
trdi dudc cho bdi dudng thang x = 0 va bd phai dudc
cho bdi duving thang x = 1. Mot con thuyén xuét phat
tir diém (1,0) va mudn vugt song dé dén diém du kién

{--
d= = -
- - -
L= =
- - -
d= = -

{--

(0,0).
Do dong chdy ctia song nén duong di thuc té cla
con thuyén trung khép phan do thi ctia ham s6

-1

'St

v6i 0 <x< 1.
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(a) Con thuyén c6 dén dugc diém (0,0) nhu du kién khong?

(b) Trong truong hgp khong dén dudc diém (0,0) nhu du kién, con thuyén c6 cap
dugc bo trai hay khong?

(c) Hay xéc dinh vi tri ctia con thuyén khi khodng cach tit né dén diém dich (0,0)
12 ngin nhét trong ca qua trinh chuyén dong.

BAI1 4. Cho £ :[0,1] — R 1a mot ham s6 lién tuc.

(a) Chiing minh ring néu
1
| r@etodr=0

v6i moi ham s6 lién tuc g : [0, 1] — R théa man diéu kién

thi f =0 trén [0, 1].

. . R 1
(b) Kétluan 6y (a) con dung khong néu ta thém dicu kién g(i) =0?

BAI 5. . o
Hinh vé€ bén canh thé hién mot phan do thi

cua ham f dudc cho bdi y M
X 2| y=f(x)

X)) =
va do thi ciia ham f’ (dao ham cta ham f). 0

(b) Khong tinh f' va khong dung hinh
vé, hdy ching té ring phuong trinh

/ . . N ~ o
S (x) =0 c6 nghiém trén (1,4-o0). o y=f )

(c) Tim cong thic tinh f'(x) theo x.

(c) Tinh dién tich phan mit phflng (phan dudc gach chéo trén hinh) dudc gidi han
béi truc Ox, d6 thi ham £, va dudng thang x = 4.
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3 Trung hoc pho thong

3.1 Ngay thit nhét: Dai s6

Thi sinh duoc sit dung két qud ciia cdc cdu trudc trong loi gidi ciia cdu sau. Néu
mot cdu duoc gidi ma khong dua vao két qud ciia cdc cdu trude thi cé thé dung dé
gidi cdc cdu trudc.

A. Céc két qua cg ban vé da thirc bat kha quy
Ky hiéu Z[x] va Q[x] lan lugt 1a tp hdp céc da thiic hé sb nguyén va hé sb hitu ty.
Mot da thiic bac > 1 trong Z[x] (tuong tng, Q[x]) dugc goi la bt kha quy trong

Z[z] (tuong dng, Q[x]) néu né khong thé viét dugc thanh tich hai da thiic trong Z[x]
(tuong tng, Q[x]), mbi da thiic c6 bac > 1.

BAI 1. Ching minh ring da thiic
Px)=(x—1)(x=2)(x—3)—1

bat kha quy trong Z|[x].
BAI 2. a) Cho s6 nguyén t6 p va hai da thiic hé sb nguyén

P(x> =ax"+ - +ayx+ap; Q(x) =bu X"+ +bix+by.

Biét ring tich P(x)Q(x) 1a mot da thic c6 tit ca cac hé s chia hét cho p. Ching
minh ring mot trong hai da thiic P(x), Q(x) c6 tit ca cac hé sb chia hét cho p.

b) Mot da thic hé s6 nguyén c6 bac 16n hon 0 dudc goi 1a da thiic nguyén bdn néu
u6c chung 16n nhét ciia cic hé sb clia da thiic d6 bang 1 (néi cach khac, cac hé sd
ctia né 1a mot ho cdc s6 nguyén nguyén td cung nhau). Chiing minh rang tich cta
hai da thuc nguyén ban 1a mdt da thiic nguyén ban.

BAI 3. Cho da thiic hé s6 nguyén c6 bac n > 0:
P(x) =apx"+---+a1x+ap.

Gia st ton tai s6 nguyén td p thda man céc diéu kién sau:

a)pla; véimoi 0 <i<n,

b) p 1 an,

¢) p* tag. i )

Chiing minh rang P(x) bat kha quy trong Z|[x|.

BAI 4. Chiing minh ring mot da thic hé sé nguyén bat kha quy trong Z[x] khi va
chi khi n6 bét kha quy trong Q|x].

BAI 5. Cho da thiic

P(x)=x"+a, X" '+ +ax+ay € Z[x|
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vdi bac n > 2 va ag # 0. Chiing minh rang néu |a, 1| > 1+ |a,_2|+---+|a1| + |ao|

thi P(x) bat kha quy trong Z|x].
B. Ung dung ctia da thitc bat kha quy

BAI 6. Chiing minh céc da thic sau bt kha quy trong Q[x]:
p—1 2 . )
4L x4 1, v6i pla mot sb nguyén .

(p—1)! 21

b)x* +1,véinlasd nguyén duong.

xP
a) E‘f‘

BAI 7. Cho da thic hé s6 nguyén
P(x) =x"+a,_ X" "+ +ax+ay, n>1

théa man céc diéu kién sau:

a) |ag| khong 1a sb chinh phuong,

b) P(x) 1a bt kh& quy trong Q[x].

Chiing minh ring P(x?) 1a bit kha quy trong Q[x].

BAI 8. Ching minh ring da thiic
(=122 —2)%- (¥ —2023)> +1

bat kha quy trong Qlx].
BAI 9. Ching minh ring da thiic

22023

(x(x+1))"  +1

bét kha quy trong Q[x].
BAI 10. Chitng minh ring da thiic

22023

(x(x+1)(x+2)(x+3)) +1

bét kha quy trong Q[x].

3.2 Ngay tha hai: Hinh hoc

Thi sinh dugc sit dung két qud ciia cdc cdu trude dé chitng minh bai dang lam.

A. Cac duong dbi trung ctia tam gidc

Trong tam gidc ABC véi trung tuyén AM (M 1a trung diém BC), liy diém D trén

canh BC sao cho ZDAB = /MAC. Khi d6 dudng thang AD goi 1a dudng dbi trung
ting v6i dinh A ctia tam gidc ABC. Poan thang AD goi l1a doan dbi trung dng véi

dinh A. Thuat ngit "d6i trung" 1a viét tit ciia "ddi xing ctia dudng trung tuyén" (qua

duong phan giac).
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BAI 1. Cho tam gidc ABC véi duong dbi trung AD (D thudc canh BC). Chiing minh
ring

DB AB?

DC — AC*
BAI 2. Chitng minh rang ba dudng ddi trung ting vdi ba dinh tam gidc dong quy tai
mot diém; diém dong quy d6 dudc goi la diém Lemoine clia tam gidc da cho.

BAI 3. Cho tam gidc ABC can tai A. Piém P nam trong tam gidc sao cho /PBC =
ZPCA va M 1a trung diém BC. Chiing minh rang ZAPB+ /MPC = 180°.

BAI 4. Phai chiing ta ludn c6 do6 dai ctia duong dbi trung khong vuot qua do dai clia
dudng phan giac tai cing mot dinh?

B. Mot s6 tinh chét dinh lugng ciia duong dbi trung va diém Lemoine
Trong phan nay, véi tam gidc ABC, ta dit a = BC,b = CA,c = AB.
BAI 5. Cho tam gidc ABC vé6i diém Lemoine L. Chiing minh ring

LA +b*LB+ *LC = 0.

BAI 6.

a) Cho tam gidc ABC vudng tai A va c6 duong cao AH (H thudc canh BC).
Chiing minh ring diém Lemoine ctia tam gidc ABC 1a trung diém ctia AH.

b) Néu mot tam gidc c¢6 diém Lemoine 1a trung diém ctia doan dbi trung thi tam

gidc d6 c6 nhit thiét phai vuong khong, gidi thich vi sao?

BAI 7. Cho tam gidc ABC c6 cac duong dbi trung BE va CF (E, F 1an lugt nam trén
hai canh CA, AB) cit nhau tai diém Lemoine L. Ching minh ring AB = AC trong
mdi trudng hop sau:

a) LB=LC.
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b) BE = CF.

BAI 8. Cho tam gidc ABC c6 cac dudng dbi trung AD, BE, CF dong quy tai diém
Lemoine L (D, E, F lan lugt nam trén cac canh BC, CA, AB). Chiing minh rﬁng

LA+LB+LC >2(LD+LE+LF).

BAI1 9. Cho tif gidc ndi tiép ABCD. Goi L va J 1an lugt 1a diém Lemoine ctia tam
gidc ABC va ACD. Chiing minh ring AC, BD va LJ dong quy.

BATI 10. Cho tam gidc ABC c6 diém Lemoine 1a L. Liy céac diém X, Y, Z tuong ting
nam trén céc doan thfmg LA, LB, LC sao cho

/XBA=/YAB va /XCA=/ZAC.

Chiing minh riang Z/ZBC = /Y CB.



CAC BAI DE XUAT: PAI SO

MA TRAN

Bai 0.1 (PH Giao thong van tai, N.-H. Hoang). Cho A 12 ma tran vudng cip n hé s6
thuc thda man cac didu kién: A292% = A100 y3 A% = A2, Chiing minh ring A? = 0.

Bai 0.2 (DH Khoa hoc - PH Thai Nguyén, P.H. Nam).

a) Tim tt ca ma trin vuong cip 2 véi hé sb thuc sao cho binh phuong ctia ma
tran do bang ma tran don vi.

b) Tim tt ci cdc ma tran vudng A cip 2 vé6i hé s6 thuc sao cho A giao hoan véi
tAt ca cac ma trin vudng B cip 2 véi hé sb thuc, nghia 1a AB = BA.

Bai 0.3 (PH Kinh té va Quan tri Kinh doanh - PH Thai Nguyén, N. Q. Hoa). Tim
ma tran X thdéa man A = X .B, trong d6

1 1 1 1 37 0 1
1 1 -1 —1 2 1 -1 -1
A=11 211 B lo 2 1 -

I -1 -1 1 5 -1 -1 0

Bai 0.4 (DH Kinh té va Quan tri Kinh doanh - DH Thdi Nguyén, T.N. Binh). Chiing
minh ring v6i moi ma trin A, B € M,(R), ta ludn c6

det ((AB—BA)'*% + (AB + BA)'") > 0.

Bai 0.5 (PH Kinh t& va Quén tri kinh doanh - DH Thai Nguyén, T.N. Binh). Cho
A,B € M, (K) thda man BT A = 0. Chiing minh ring rank(A 4+ B) = rankA + rankB.

Bai 0.6 (PH Vinh, D.X. Gidp). Cho ma trin A cip 3 x 2 va ma trdn B cip 2 x 3
théa man (AB)?"*? = 2023(AB)**%* va rank(BA) = 2. Xac dinh cac phin tit ciia ma
tran BA.

Bai 0.7 (PH Vinh, D.X. Gidp). Tim tit ca cic ma trin vudéng A = (a; i) cip 2023
théa man a; = 2024 v6i moi i va a;; € {—1,1} v6i moi i # j va A 1a suy bién.

Bai 0.8 (PH Vinh, D.X. Gidp). Cho ma trin A vudng cip 2023 véi cic phan ti thuc
théa man AT = —A. Chiing minh ring ma trin A + 2023/ kha nghich, trong d6 I ky
hiéu 12 ma tran don vi cip 2023.
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Bai 0.9 (PH Cong nghé thong tin - PHQG Tp. H6 Chi Minh). Cho ma trin vudng

A 2015 —-2014
~\2014 —-2013)°

Hay xdc dinh s6 nguyén duong n sao cho ton tai ma tran vudng cip hai X véi cac
phan ti nguyén dé X205 + X" = 2A. Tit d6 hay chi ra X.

Bai 0.10 (PH Cong nghé thong tin - PHQG Tp. Ho Chi Minh). Cho A, B 1a cic ma
tran vuong thuc cp n va cic da thiic p(x),g(x) hé s6 thuc. Ching minh ring

det (p(A)p(B) +4q(A)q(B)) = det(p(B)p(A) +4(B)gq(A)).

Bai 0.11 (PH Cong nghé thong tin - DHQG Tp. H6 Chi Minh). Cho Aj,A», ..., Ag
1a cac ma tran vudng, thuc, cip n, thda man AA, ...A; = 0. Ching minh ring

rank(A;) +rank(Ay) +... +rank(A;) < (k— 1)n.
I ¢ )
Bai 0.12 (PH Tra Vinh, T.Q. Ha). Bt A(c) = 1 v6i moi so thuc ¢ # 0.

— -1
C

Chiing minh ring
a) A(c)A(d) = A(d)A(c) khi va chi khi ¢ = d.
b) (A(c)+A(2¢))*" khong phu thudc vao ¢ véi moi n € N. Tinh (A(c)+A(2¢))>".

Bai 0.13 (PH Tra Vinh, T.Q. Ha). Cho A € M,,(K) la m0t ma tran ldy linh. Ching
minh ring A chéo héa dudc khi va chi khi A = 0.

Bai 0.14 (DH Su pham Ha Noi 2). Cho ma tran

) 0 néui=j
A = (aij)exs trong d6 a;j = {1 hoic 2023  néui# j

Chiing minh ring dinh thic ctia ma tran A khac 0.

Bai 0.15 (PH Hung Vuong, Phu Tho). Cho A = (? Z) 12 ma tran vudng cip 2
v6i phan ti thuc. Gia st véi moi ma tran B vudng cip 2 ta ludn c6 AB = BA. Chiing

minh ring A c6 dang (l(; 2) voi k € R.
Bai 0.16 (PH M6 - bia chit, P.T. Cudng). Chiing minh ring néu A 1a ma tran thuc
c0 2 x 2 thi

3
det (A*+A+1) > 2 —detA)?.
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Bai 0.17 (PH Hai Phong, V.T. Diic).

a) Cho A 12 ma trin vudng phic cip 2 khic ma tran khong. Chiing minh ring
néu detA = 0 thi A c6 thé viét duéi dang

a b . _ (ka kb
A:(ka kb) hOaCA_(a b)’

v6i a, b khong dong thai bang 0.

b) Tim tit ca cac ma tran vudng phic B cip hai théa man phuong trinh
2 ap_ -2 -1
g (2D

¢) Tim tit cd ma tran vudng phiic C cAp hai théa min phuong trinh

3 2 . 0 —1
c3-3C +3c_<_1 o )

1 PINH THUC

Bai 1.1 (PH Pong Thép, N.T. Phic). Tinh dinh thiic ctia cdc ma tran sau:
a) A= (aij)nxn trong dén > 0vaa;j =min{i, j} 1< j<n-.
b) B = (bij)nxn trong d6 n > 0 va b;; = max{i, j}i<; j<n.

Bai 1.2 (DH Giao thong van tdi, N.H. Hoang). Cho ma trdn vudng A = (;j)nxn v6i
n=2023 vaa;=&;+2", i j=1,2,...,2023. O day,

1 néui=j,
6ij = Lo,
0 néui#j.
Hay tinh detA.
Bai 1.3 (DH Giao thdng van tai, N.H. Hoang). Cho M, M,, M3 la cic ma trdn vudng

cap 2, c6 cac phan tit nguyén, déi mot giao hoan véi nhau va théa man diéu kién

2023 —2012
4 oAb >
M+ My + My = (2012 —2001)'

Tinh det(MiM3 +M3M3 + M3M?).
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Bai 1.4 (PH Kinh té va Quan tri kinh doanh - PH Thai Nguyén, N.Q. Hoa). Cho
A 12 ma tran vudng cip 2n théa min diéu kién: Céc phan ti nim trén dudng chéo

chinh bang 0, cdc phan tif nam ngoai dudng chéo chinh hodc bang 23 hoic bing
2023. Chiing minh rang dinh thiic ctia A khac 0?

Bai 1.5 (PH Cong nghé thong tin, DPHQG Tp. H6 Chi Minh). Gia st A, B 1a cic ma
tran vuong thuc cip 3 théa man

detA = detB = det(A + B) = det(A — B) = 0.
Chiing minh ring det(xA +yB) = 0 v6i moi cip sb thuc x,y.

Bai 1.6 (DH Cong nghé thong tin, PHQG Tp. Hd Chi Minh). Cho ma tran

11 RS |
1 a o ... c
A=|1 &G ¢ ...
. n.—l n.—l ‘ n.—l

Tinh detA.

Bai 1.7 (DH Tra Vinh, T.Q. Ha). Cho ma tran

ay+c ap a
a a+c --- a
ai a cee aptc

a) Tinh dinh thic ctia ma trdn A.
b) Khi nao ma tran A kha nghich?
Bai 1.8 (Pai hoc Fulbright, N.T. Hiéu). Cho
x 2022 2023 2024
Flx) = 2024 2023 2022 «x
712023 2024 x 2022
2022 x 2024 2023

Giai phuong trinh F(x) = 0.
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2 HE PHUONG TRINH

Bai 2.1 (PH Pong Thép, N.T. Phic). Mot khau phan dn ctia cong ty thif nhét cung
clp 100 calo, 3g protein, 21 g carbohydrate va 3 g md. Mot khdu phan in cdia cong
ty thi hai cung cip 100 calo, 2 g protein, 25 g carbohydrate va 1 g md.

a) Lap ma trdn A vA ma trin cot B d€ tich AB cho biét luong calo, protein,
carbohydrate va m& chifa trong hén hgp gdm 3 khiu phin in clia cong ty
thd nhit va 2 khiu phan in clia cong ty thi hai.

b) Tinh ty 1& phdi tron d€ dugc mot hon hop chita 100 calo, 2.25g protein, 24 g
carbohydrate va 1.5g ma.

Bai 2.2 (PH Dong Thap, N.T. Phic). Tim cdc s thuc x1,xs,...,x, théa man hé
phuong trinh AX = B trong dé

1

A= (aij)n;aij €eZ;X = (xl,xz,...,xn)T; B= m

Bai 2.3 (DH Khoa hoc - PH Thai Nguyén, N.T. Son). Cho a; v6ii=1,2,3,4 1a cac
s6 thuc thudc khoang (0,1). Giai hé phuong trinh tuyén tinh sau:

aixy+xy+x3+x4 =0,
X1 +axxy+x3+x4 =0,
X1 +x2+azxz +x4 =0,
X1 +x2+x3+asxs =0.

Bai 2.4 (DH Vinh, D.X. Gidp). Cho ma trin A = (a;;) vudng cip n, phan ti thuc
thda man A? = A, va cho céc sb thuc by, i = 1,2, ...,n. Giai hé phuong trinh:

(1 +a11)x1 +apxy+...+agpx, = bl,
ar1x1 + (1 —|—a22))€2 + ...+ ayx, =by,

an X1 +ampmxy+ ...+ (1 —|—ann)xn =b,.

Bai 2.5 (PH Su pham Ha Noi 2). Cho ay,a»,a3,a4 1a bdn s6 nguyén chia hét lién
tiép cho 3, by, by, b3, by 12 bbn s6 nguyén chia hét cho 4 lién tiép. Gidi hé phuong
trinh sau

3 3 3

(a1 +b1)’x+ (a1 +b2)°y+ (a1 +b3)°z+ (a1 +bg)’t =0
(a2 +b1)3x+ (az +b2)3y+ (a2 —|—b3)3Z+ (az —I—b4)3t =0
(a3 +b1)3x+ (a3 +b2)3y—|— (a3 —|—b3)3Z+ (a3 +b4)3t =0
(as+b1)x+ (as +b2)’y + (as +b3)’z+ (as +bs)’t =0
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Bai 2.6 (DH Hung Vuong - Phu Tho). Tim ma tran X thoa man:

I 21 I 0 1
-1 1 1|X=12 1 -1
-5 0 2 0 -2 1

Bai 2.7 (PH Hung Vuong - Phii Tho). M6t nha mdy st dung bén loai vat liéu dé
san xuat bon loai san pham. Pinh mic vé vat liéu cho cdc san phim dudc thé hién
qua bang sau:

Vatlieu T | Vat icu I | Vat liéu I | Vat lieu IV
San pham A 1 3 2 2
San pham B 2 2 3 2
San pham C 1 2 1 2
San pham D 1 2 2 1

Hay tim sb luong céc loai san pham A, B, C, D khi nha may c6 s lugng cic loai
vat liéu loai I, II, III, IV 1an lugt 1a 50, 80, 80, 60.

3 KHONG GIAN VECTO

Bai 3.1 (PH Dong Thép, N.T. Phic,). Cho day cdc khong gian vecto hitu han chiéu
trén trudng K va cac 4nh xa tuyén tinh

08 v Ly By oty Iy

thda man Imf; = Kerfi,; v6i moi i =0, 1,...,n— 1. Chiing minh ring
dimV| — dimV, 4+ dimV3 — - - - + (—1)""'dimV,, = 0.

Bai 3.2 ( PH Giao théng van tai, N.-H. Hoang). Cho f : R" — R" la m6t anh xa
tuyén tinh. Chiing minh rang néu uy, u, u3,u4 1a cic phan ti ctia khong gian R” sao
cho

fluy —up) =2us; f(up —uz) =3uy; fuzs —uq) =4up; f(ug —uy) = u3

1
thi f(uz) = 1—0(18u1 +20uy —|—3u3).

Bai 3.3 (DH Giao thdéng van tai, N.H. Hoang).

(a) Cho uy,us,u3,us 12 cac phan ti khac 0 cia mot khdng gian tuyén tinh U. Gia
thiét rang ba hé sau day

{M],MZ,M?,}, {M],l/tz,l/t4}, {Lt],l/l3,l/t4}

déu khong phai 12 co s& cta U. Chiing minh rang hé {u,,us,us} ciing khong
phai 1a mdt co sG cua U.
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(b) Chiing minh rang trong khong gian tuyén tinh ctia cac ham s6 xac dinh trén
tap hop sb thuc R, tap hop cac ham s6 {cos2 Xx,C0822x, . .., cOS> 2023x} la mot
tap doc 1ap tuyén tinh.

Bai 3.4 (DH Khoa hoc - PH Thai Nguyén, T.D. Ding).

a) Cho Vi va V, 1a hai khong gian con cla khong gian vécto V hitu han chiéu.
Chiing minh ring néu dim(V; 4 V;) — dim(V; NV3) = 1 thi V; UV; 1a khong
gian con cua V.

b) Cho Vi, V5, V3 1a bakhong gian con ctia khong gian vécto V trén trudng s thuc

R c6 chiéu 2024. Chiing minh rang néu dim(V;) +dim(V5) +dim(V3) > 4048
thi ViNnV,NVs #£0.

Bai 3.5 (PH Tra Vinh, D.K. Ngoc). Ching minh ring néu hé vecto {vi,v,,...,vy} C

R™ doc 1ap tuyén tinh va ton tai vecto v € R” khong 1a t& hop tuyén tinh ctia hé vecto

{vi,va,...,vpthim<n—1.

Bai 3.6 (DH Tra Vinh, D.K. Ngoc). Cho E,F la cdc khong gian vecto hitu han

chiéu trén truong K va f,g la cic dnh xa tuyén tinh tit E va F. Chiing minh ring

rank(f + g) = rank f + rankg khi va chi khi

Im f NImg = {0},
Kerf +Kerg =E.
Bai 3.7 (PH Su pham Ha Ngi 2). Cho ho cdc ham s6
{fn ‘R — R‘fn(x) =™

neN’

Chiing minh rang ho { f"}n ¢ 1a mot hé doc lap tuyén tinh trong khong gian véc to
cda cdc ham sb lién tuc trén R.

Bai 3.8 (PH Hung Vuong - Phi Tho). Cho A 1a ma trin vudng cip n v6i cic phan
tir thuc. Gia st A 1a liy linh bac 4, nghia 1a A* = 0, A> # 0. Chiing minh ring
{1,A,A% A%} 1a hé doc lap tuyén tinh.

4 GIA TRI RIENG

Bai 4.1 (PH Vinh, D.X. Giap). Cho ma tran

2 =21
A= -1 2 O
-2 0 2

a) Tim tit ca cdc gid tri riéng va vecto riéng clia ma tran A.
b) Xéc dinh tt ca cdc phan ti ctia ma tran A20%3.
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Bai 4.2 (PH Cong nghé thong tin, PHQG Tp. Hd Chi Minh). Cho ma tran

-1 -3 0
A=|-3 2 1
o 1 -1

Tim cdc gid tri riéng ctia A va A%003,

Bai 4.3 (PH Cong nghé thong tin, PHQG Tp. H6 Chi Minh). Cho A, B 1a cic ma
tran vuong hé sd thuc lily linh cip n.

(a) Tim céc gia tri riéng va da thiic dic trung cia A.

(b) Gia st AB+A +B = O, trong d6 O,, 1a ma trin vudng cap n c6 moi hé sb
bing 0. Tinh det(I, +2A +3B).

Bai 4.4 (DH Su pham Ha Noi 2). Cho cac day s6 {x,},{y.},{z.} xdc dinh bsi
X0 = Yyo = zo = 1 va théa man

Xn+1l —=Xp— 3yn + 3Zn
Yn+1 = 3%, — Sy, + 32,
inyl = 6x, — 6y, + 4z,

v6i moi n € N. Tinh xp023, y2023,22023-

5 PA THUC

Bai 5.1 (PH Khoa hoc - PH Thai Nguyén, N.T. Hing).

a) Cho da thiic P(x) = x> 4 px+ ¢, trong d6 p,q 1a cic s6 nguyén. Chiing minh
rang ton tai s nguyén k sao cho P(k) = P(2022)P(2023).
b) Cho P(x) 1a mot da thic bac 6 thoaman P(1) =P(—1), P(2) =P(-2), P(3) =
P(—3). Ching minh ring P(x) = P(—x), véi moi x.
Bai 5.2 (PH Kinh té va Quan tri kinh doanh - PH Thai Nguyén, T.N. Binh). Cho
P(x) 1a da thic bac n véi hé sb thuc ¢6 n nghiém thuc phan biét khac 0. Ching minh
ring nghiém ciia da thiic Q(x) = x>P’(x) + 3xP’(x) + P(x) 1a céc sb thuc va phan
biét.

Bai 5.3 (PH Vinh, D. X. Giap). Cho P(x) la da thiic hé s thuc, c6 it nhat 4 nghiém
thuc (k€ ca nghiém boi). Ching minh ring da thifc

O(x) = 4P(x) —4P'(x) —2023P" (x)

ciing c6 it nhit 4 nghiém thuc (k&€ ca nghiém boi).
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Bai 5.4 (DH Su pham Ha Noéi 2). Tim tét ca da thiic f(x) € R[x] thda man:

FU@)+FFO) =2+ f(x—y),Vx,y R,
Bai 5.5 (DH Ngoai Thuong). Cho da thiic P(x) = x* —2x° — 1.
a) Chiing minh riang P(x) c¢6 2 nghiém thuc va 2 nghiém phiic.

b) Goi at, 8,8, y1a4 nghiém ciia P(x). Hay tinh gid tricia S = > + B> + 8> +7°.

6 TO HOP

Bai 6.1 (PH Pong Thép, N.T. Phic). Cho hinh duéi ¢6 cic diém bén nam trén cac
dinh ctia hinh vuong. Méi diém dugc gén gia tri 0 hodc 1. Chiing minh ton tai 1 hinh
chit nhat ctia 4 dinh 1a cic diém di cho, tdng cdc gia tri trén 4 dinh bang 0 hoic 4.

Bai 6.2 (DH Dong Thap, N.T. Phiic). Trong Pai hoi Toan hoc, c6 2023 thanh vién
tham gia. Hai thanh vién bat ki khi giip nhau thi bit tay nhau. Chiing minh ring lun
ton tai 2 thanh vién trong Pai hoi ¢6 cuing sb bat tay.

Bai 6.3 (DH Giao thoéng van tai, N. H. Hoang). C6 6 sinh vién cia ding chd tau
dién cta tuyén Cat Linh - Ha Dong tai ga Thuong Dinh. Khi thu dén, mdi sinh vién
c6 thé Iua chon mot toa bat ky clia doan tau dé€ di 1én. Poan thu cé 4 toa. Hay cho
biét c6 tat ca bao nhiéu phuong an Iya chon khac nhau ma 6 sinh vién nay c6 thé
thuc hién sao cho khong c6 toa nao ciia clia doan tau cé nhiéu hon 2 sinh vién di
1én.

Bai 6.4 (DH Khoa hoc - DH Thdi Nguyén, D.T. Hong). Cho tip A gdm 20 sé nguyén
duong dau tién. Hay tim s6 nguyén duong k nhd nhit sao cho véi mbi cach 1y ra k
s6 phan biét bat ky tir tip A déu c6 thé chon dudc hai s6 a, b trong cic sb6 dudc ldy
ma a+ b 1a mot sb nguyén td.

Bai 6.5 (PH Su pham Ha Ndi 2). Trong hinh vudng canh bing 1, ta dit 2023 diém
phan biét. Chitng minh ring c6 it nhét 25 trong sb 2023 diém da cho thudc cling

mot hinh tron ban kinh ——.

9v2
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Bai 6.6 (DH Hung Vuong - Phi Tho). Cho A = <ccl Z) 12 ma tran vuong cap 2 véi
cdc phan ti thudc tap X = {0,1,2,3,4,5}.
a) C6 bao nhiéu ma tran thdoa man |A| = 0?

b) Mot phan ti a # 0 trong X dudc goi 1a u6c clia khong néu ton tai phan ti
b # 0 trong X thda man ab chia hét cho 6. C6 bao nhiéu ma trin A gdm céc
phan ti 12 udc ctia khong trong X ?

Bai 6.7 (Pai hoc Fulbright, N.T. Hiéu). PageRank 1a thuit toan so khai ctia Google
dung d€ xép hang cac trang web trén Internet. PageRank st dung cong thiic lip dé
du dodn xdc suit mdi trang web 1a dich dén khi ngudi ding bAm ngiu nhién vao
cac duong link. Ban dau tt ca cdc trang web p; dugc gan cho chung mot xac suit
RO(p;)=1/N, 8d6 N 1a sb trang web. O céc budc k, k > 1, tiép theo:

1-d R*D(p))

ROpy<' =gy RV 1
») 10U (py) .

N
pj€IN(p

v6i 0 < d < 1 1a hé sb giam nhe, IN(p;) 1a tip céc trang web c6 dudng link di t6i
pi» |OUT (p;)| 1a tong s dudng link di ra tit trang web p;. N6i mot cdch ném na,
& méi bude: d phdn xdc sudt ciia méi trang duoc chia déu cho cdc trang ma né co
duong link di tdi, 1 — d phdn con lai dugc chia déu cho tdt cd cdc trang. Thut todn
diing khi x4c suét ctia cdc trang khong thay d6i hoic thay ddi rat it so véi gid tri clia
chung 6 budc truée. Mot mo hinh don gian cia mang Internet v6i 4 trang web cung
v6i x4c suat clia cac trang & budc 0 va 1 v6i d = 0.5 dudc cho & bén duéi:

@ @ Bu6c 0 | Buéc 1 | Budc 2
R(p1) 1/4 4/16
R(p2) 1/4 3/16
R(p3) 1/4 5/16
G R e | e

a) Tinh xdc suét & con thiéu & buée 2.
. N
b) Ching minh ring ¥ P®)(p;) = 1 véi moi k.
i=1

¢) Goi G la ma tran lién ké v6i G(i, j) 1a ty 1¢ gitia s6 dudng link ti p j dén p; va
tong s6 dudng link di ra tif p;. Tim ma tran A d€ c6 thé€ viét lai (1) dudi dang:

Pr=AP* D 5d6 P = [PX (py) PO (py) ... PY (py)]T.



CAC BAI DE XUAT: GIAI TICH

1 DAY SO

Bai 1.1 (PH Bich khoa - PHQG Tp. HCM, P.T. Thuc). Cho f : (—co,4o00) —
(—o0, +00) 12 mdt ham s6 c6 dao ham lién tuc tai moi diém va théa man £’ (x) < 0
v6i moi s6 thuc x. Xét day sb {a,} nhu sau:

aj =1
f(an) 4
a =ap— 7+, Vvoin2>1.
n+1 n f/ (an) ) -
a) Néu cho biét ring f (x) > 0 v6i moi s thuc x. Tinh gi6i han lirJIrl an.
n—r—+oo

b) Néu cho biét rang f(2023) =0, va f c6 dao ham lién tuc t6i cip hai sao cho
£ (x) > 0 v6i moi s6 thuc x. Tinh gidi han lirJrrl an.
n—r—+oo
Bai 1.2 (PH Cong nghé Thong tin - PHQG Tp. HCM). Cho day s6 {uy, }, théa min
diéu kién:

uo Z _27

u, =+/2+u,_1 VneN*.
a) Chung t6 ring day {u, }, c6 gi6i han hitu han. Tim 1i_r>n Uy.
b) Cho hai day {v,}, va {w,}, dugc xac dinh nhu sau:

v =4"u, —2|,
. uiup...uy

Wn=—0 Vn € N*,

Tim lim v, va lim w,,.
n—soo n—soo

Bai 1.3 (DH Dong Thap, N.T. Hiéu va V.D. Thinh). Xét day s6 {u,} xdc dinh bdi

3

> u, = 1+ —arctanu,,_; véin > 1.

upy =

Chiing minh ring day sb {u,} hoi tu.
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Bai 1.4 (DH Dong Théap, N.T. Hiéu va V.P. Thinh). Cho diy s6 {a,} xdc dinh bdi:

n?—1

ar=1,a,11= +2v6imoin>1.

an

a) Chiing minh rang n < a,, <n+ 1 v6i moi n € N.

n
S
b) PitS, = ) a;. Tim gi6i han lim =

ont’
=1 n—oon

Bai 1.5 (DH Giao thong Van Tai, N.T. Huyén). Cho day sb {a,} xéc dinh béi

Cl2

L Vn > 1.

a1>0;a 1=
n—+ a%—an-i—l’

Chiing minh ring day {a,} gidm va tim ILm ay.
n—so0
Bai 1.6 (DH Hung Vuong - Phu Tho). Cho day s6 (u,);-_, xac dinh bdi:

uoza,ulzﬁ

Upi] = %, Vn=1,2,...

a) Tim cong thdc s6 hang tdng quat ctia day s6 (uy,).
b) Tim gidi han cta day sb (uy,).

Bai 1.7 (PH Khoa Hoc - Thdi Nguyén, N.T. Hudng). Cho day s6 {x;} xc dinh bdi
cong thiic
2 k

1
L S
TR TR o s T

Tinh gi6i han

,}I_I}l YA X+ X3

Bai 1.8 (PH M6 - Dia chét, H.N. Huin). Tim gidi han

(112021 ‘222021 ”.nn2021>
lim

n—soo 11/2022

1 / 52022

Bai 1.9 (DH Su pham Ha Noi 2, H.T. Diing). Cho day sb {x,}_, dudc xc dinh
bdix; € (0,1) va

1 n
Xpp1=— Y, In(14x), Vn > 1.
3

a) Chdng minh ring ddy {x,} >, c¢6 gi6i han hitu han.
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b) Chiing minh ring
lim 7 (Xn — Xn41) — l

n—eo x2 2

Bai 1.10 (PH Tra Vinh, PM. Trién). Cho day sb (a,) x4c dinh theo hé thiic sau:

ar=ay=1, a2 = +a,, n=1,2,3,...

Ap+1
Tinh X2022.

Bai 1.11 (PH Tra Vinh, PM. Trién). Cho hai day sb (x,) va (y,) xac dinh bdi cac
cong thuc:

=1 =V3, X1 =20+ /1 +22, ypi1 = n=1,273,...

1
L1457

Chiing minh ring x,y, € (2;3) véin=2,3,4,... va lim y, = 0.

n—oo

Bai 1.12 (PH Vinh, N.V. Diic). Cho day sb {x,}:>_; xéc dinh béi

1 1 1
Xy = <1+§> (1+22) (1+§),VnEN*.

A 2 s A ~ 15
a) Tim tat ca cac sO nguyén duong n sao cho x,, > 3

b) Ching minh {x,},_, 1a day hdi tu.

2 CHUOI SO

Bai 2.1 (PH Cong nghé Thong tin - PHQG Tp. HCM). Cho {x,} 1a mot day sd
thuc duong théa man

Chiing minh rang

Bai 2.2 (DH Giao thong Van Tai, N.T. Huyén). Cho day sb {a,} xéc dinh béi

2
ay

-, Vn > 1.
a:—a,+1 "=

a1 >0; a,11 =

~+oo
Tinh Z a,.

n=1
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Bai 2.3 (DH M6 - Dia chit, H.N. Huén). Goi S 1a ddy con ctia diy diéu hoa
i1

T I TRSTInIEE

va c6 tong la hitu han. Goi ¢(n) 1a s6 luong cac phan tir clia S ¢6 s6 thi tu trong day

me (diéu hoa) ban dau khong vugt qua n. Ching minh rang

lim @ =0.
n—o n

1

3 HAM SO

Bai 3.1 (bH Bach khoa - PHQG Tp. HCM, P.T. Thuc).

a) Ching minh ring ton tai ham s f : (—oo, 4-00) — (—o0, 4-00) c6 dao ham lién
tuc tSi cp hai tai moi diém sao cho

xf" () +2f (x) =20
v6i moi sb thuc x.
b) Gid st g: (—o0,+o0) — (—oo, +o0) 1a ham s6 ¢6 dao ham lién tuc tdi cAp hai
tai moi di€ém va thda man
()42 (1) =

v6i moi sb thuc x. Chiing minh ring

2

1
2023
> —,
/x(g(x)+x )dx > 505
1

Bai 3.2 (PH Dong Thap, N.T. Hiéu va V.D. Thinh). Cho ham s
f(x) =2(x—1) —arctanx

véi x € R. Chiing minh ring phuong trinh f(x) = 0 c¢6 nghiém duy nhit 1a a €

(1,V/3).

Bai 3.3 (PH Dong Thép, N.T. Hiéu va V.P. Thinh). Luat binh phuong nghich d4o
phat biéu rang: Mdi sw gia ting khodng cdch tir nguon cho ra két qud gidm miic do
dm thanh theo ty 1é nghich vdi binh phuong cuia sy gia tang khodng cdch. St dung
luat binh phuong nghich d4o, hiy gidi quyét bai toan sau: Mot ngudi c6 mdt manh
dat 16n c6 chiéu dai mit tién 12 £ (mét) & gitta 2 hai quan karaoke thudng phat ra
am thanh c6 cudng do 1an ludt 1a I, I,. Ngudi nay dinh xdy mot ngdi nha nho trén
manh dit d6 nhung mubn tim vi tri sao cho chiu anh huéng ctia Am thanh tit 2 quan
karaoke 1a it nhit. Ban hay gitp ngudi nay néu biét riang:
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a) Cuong do am thanh I} = I,.
b) Cuong do am thanh I} = 81;.

Bai 3.4 (DH Giao thong Van Tai, N.T. Huyén). Trong hinh v&, cho bd tudng Cy
va mit dat Cx. Cim mdt cot d6 DH song song v6i bd tudng va cich bd tudng mot
khoang 0,4m, chiéu dai cot 6 DH = 3m. Ngudi ta thiét ké mot cdi thang AB sao
cho n6 c6 thé dua vao bd tudng Cy va cham vao mit dat Cx, dua vao cot dd DH.
Tinh chiéu dai nhd nhét clia c4i thang thda min yéu cau trén.

y
3m
X B D——C
0,4m
Bai 3.5 (DH Hung Vuong - Phd Tho). Cho ham s6
Psins + ax khi x # 0
fx) = x

0 khix = 0.

a) Tinh f'(x) khi x # 0.

b) Tinh f(0).

¢) Chiing minh ring ham f(x) khong don diéu trén mdi khoang mé chita diém 0.
Bai 3.6 (PH Hung Vuong - Phi Tho). Gia dinh bAc Nam mudn xay mot cdi bé hinh
hop vé6i ddy 1a hinh vudng c6 thé tich 1a 10m>. Biét ring gid thanh dé xdy mdi mét
vudng mot mit day 1a 700000 dong va mot mit bén 1a 500000 dong. PE tdng chi
phi xiy dung 13 nhé nhét thi bac Nam nén xay bé véi kich thu6c nhu thé nao?

Bai 3.7 (DH Khoa Hoc - Thai Nguyén, N.S. Ha). Hay tim cac ham lién tuc f: R —
R, khong dong nhét 0, thda man quan hé ham sau day:

flx+y) =2023"f(x) +2023" f(y), Vx,y€R.
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Tur d6 tinh cac gidi han
el
lim

x—0 M’
va
Bai 3.8 (DH M0 - Dia chét, H.N. Huan). Tim
lim sin(x?) + sin(y?) + sin(z?)
(x,,2)—(0,0,0) x2 4+ y2 + 72 :

Bai 3.9 (PH Mo - Dia chit, H.N. Huin). Goi y;(x),y2(x),y3(x) 12 nghiém cla
phuong trinh vi phan

Y +a(x)y" +b(x)y +c(x)y=0
va thoa man
VHE) +y3(x) +y3(x) = 1
v4i moi x. Hay tim céc hing s6 o, B sao cho ham

2= (1(0))>+ 0500)>+ (4(x))

la nghi€m cta phuong trinh vi phan

2

7+ aa(x)z+ Be(x) = 0.

Bai 3.10 (PH M9 - bia chit, H.N. Hu4n). Trén hinh ellipse

2 . Vo |

az b
hay tim tt ca nhitng diém T = (xg, yo) théa man: tam gidc bi gii han bdi cic dudng
thang x = 0,y = 0 va tiép tuyén vdi ellipse tai diém T c6 dién tich nho nhét.

Bai 3.11 (PH Ngoai Thuong - Ha Noi). Chiing minh ring da thiic
23 2022

e XL
%) o T m T T 2000

khong c6 nghiém thuc.

Bai 3.12 (PH Su pham Ha Noi 2, H.T. Diing). Cho f: R — R 1a mot ham sé lién
tuc va a < b 1a cac s6 thuc. Mot diém x dugc goi 1a mdt diém mi néu ton tai mot
diém y € R v6i y > x sao cho f(y) > f(x). Gia st ring tit ca cdc diém thudc khoang
mé I = (a,b) 1a nhitng diém mu va a, b khong phéi 1a nhiing diém mu. Ching minh

ring f(a) = f(b).
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Bai 3.13 (PH Tra Vinh, PM. Trién). Chiing minh rang ham s6
flx)=x"

dong bién trén (0;+0) va

lim f(x) =0.

x—0t

Bai 3.14 (PH Vinh, N.V. biic). Cho ham s6

1 2
V2 sin (m) neux # 0

flx) =

0 néu x = 0.
a) Chitng minh riang ham s6 f lién tuc tai x = 0.
b) Ham sb f c¢6 kha vi tai x = 0 hay khong? Vi sao?

Bai 3.15 (DH Vinh, N.V. Dic). Cho ham s6 £ : [0,1] — R lién tuc trén doan [0, 1],
kha vi trén khoang (0, 1) va théa man f(0) =0 va

/()] < 2023|f(x)], Vx € (0,1).
Chiing minh ring f(x) =0, Vx € [0, 1].

Bai 3.16 (PH Vinh, N.V. Piic). Gia st f : (0; +o0) — R 12 him s6 kha vi trén khodng
(0;+c0) va théa man hai diéu kién sau:

a) |f(x)] <2023, Vx € (0;+c0),
b) f(x)f (x) > 2022cosx, Vx € (0;-+oo).

Hoi 6 ton tai lim f(x) hay khong?
X—>+oo

4 PHEP TINH VI PHAN

Bai 4.1 (PH Cong nghé Thong tin - DPHQG Tp. HCM). Cho ham sb f : R — R kha
vi lién tuc dén cép hai théa man

\
VS
(@)
N—
I
vl\)
Y
—
(@n]
N—
|

=-2, vaf(l)=1.
Chiing minh ring ton tai s thuc ¢ € (0;1) sao cho

F)f' )+ f"(c)=0.
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Bai 4.2 (PH Pong Thap, N.T. Hiéu va V.D. Thinh). Cho f kha vi trén (a,+0) véi
moi a >0 va

. / .
Jim 16 =0
Chiing minh ring
im % o,
X—+o X

Bai 4.3 (DH Pong Thap, N.T. Hiéu va V.D. Thinh). Cho f 12 ham s6 c6 dao ham f’
ddng bién trén [0,2] va £(0) = —1, £(2) = 1. Chiing minh ring ton tai a, b,c phan
biét thudc [0,2] sao cho

f@)f'(b)f'(e)=1.

Bai 4.4 (PH Giao thong Van Tai, N.T. Huyén). Cho ham f kha vi vd han lan trén R
thda man
FX0) =0, v6imoi k=0,1,2,---

va
fROx) >0, véimoik=1,2,... vax > 0.

Chiing minh ring f(x) = 0, Vx > 0.

Bai 4.5 (PH Hung Vuong - Phi Tho). Gid st ham s6 f(x) lién tuc trén doan
[1;2023], kha vi trong khoang (1;2023) va f(2023) = 0. Ching minh ring ton tai
¢ € (1;2023) sao cho

2024 —2023c

1—c

f'(c) fle).
Bai 4.6 (PH Khoa Hoc - Théi Nguyén, T.M. Tuyén). Gia sit ham s6 thuc f(x) €
c[-1,1], f%(0) =0, k=0,1,2,... va tdn tai mot sb thuc & € (0,1) sao cho

sup [fO(x)| < akkl, VkeN.
xe[—1,1]

Chiing minh ring f(x) = 0 trén doan [—1,1].

Bai 4.7 (PH Su pham Ha Noi 2, H.T. Diang). Cho f : [a,b] — R lién tuc trén [a, D]
va khd vi trén (a,b) . Gid st ring f'(x) > 0 v6i moi x € (a,b). Ching minh ring véi
moi s6 thuc x;,x; thda man diéu kién a < x; < xp < b va f(x1) f (x2) > 0 thi luon
ton tai s6 thuc ¢ € (x1,x) sao cho

x1f (x2) —xaf (x1) f(e)

f)—f@) fle)
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5 PHEP TINH TICH PHAN

Bai 5.1 (DH Cong nghé Thong tin - DPHQG Tp. HCM). Cho hamsd f: (—1;1) =R
kha vi dén cAp hai thda méan diéu kién £(0) =1 va

) +2f (x)+ f(x) >1, Vxe(=1;1).
Tim gia tri nhé nhit clia

/_11 e f(x)dx.

Bai 5.2 (PH Dong Thap, N.T. Hiéu va V.b. Thinh). Cho f: [0,2023] — (0,+o0) la
ham s6 kha tich va

F(x)£(2023 —x) =1
véi moi x € [0,2023]. Chiing minh riing

2023
(x)dx > 2023.

Bai 5.3 (PH Giao thong Van Tai, N.T. Huyén). Cho ham f: [0, 1] — R lién tuc thoa
man

/lf(x)a’x:/le(x)dx.
0 0

Chiing minh ring ton tai ¢ € (0,1) sao cho
C
cf(c)+2023 /f(x)dx =0.
0

Bai 5.4 (DH Giao thong Van Tai, N.T. Huyén). Tinh tich phan

sin(nx)
I= d
/ (1+2023%)sinx

-7
Bai 5.5 (DH Giao thong Van Tai, N.T. Huyén). Cho ham f duong, kha tich trén
[a,b] va 0 < m < f(x) <M, Vx € [a,b]. Chiing minh ring

/ bdx  (m+M)?
(b—a? < [fiax [ 15 <

f(x) 4mM
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Bai 5.6 (PH Khoa Hoc - Thai Nguyén, M.V. Thuan). Cho ham s6 /(x) lién tuc trén
[0,1] va

1 1
/ xh(x)dx = / h(x)dx.
0 0
Chiing minh ring ton tai s6 B € (0,1) sao cho

2023 (P

Bh(B?) = = /s h(x)dx.

Bai 5.7 (PH Khoa Hoc - Thai Nguyén, D.T. Hong). Cho f 1a ham lién tuc trén [0, 7]
théa man f(0) > 0 va

/0 " flx)dx < 2.
Chiing minh ring phuong trinh
f(x) =sinx
c6 it nhat mot nghiém trong khoang (0, 7).

Bai 5.8 (PH M6 - Dia chit, H.N. Huin). Cho hai ham sb lién tuc f: [0,1] — R,
g:10,1] — (0,0). Trong d6 ham s6 f khong gidm. Chiing minh ring

/Otf(x)g(x)dx-/olg(x)dx < /Otg()c)dx-/olf(x)g(x)dx, refo,1].

Bai 5.9 (PH M6 - Pia chit, H.N. Huin). Cho f:[0,1] — R 1a ham lién tuc théa
man

1
/ F(x)dx=0.
0
Chiing minh ring ton tai diém ¢ € (0,1) sao cho

/chf(x)dx:O.

Bai 5.10 (DH Su pham Ha Noéi 2, H.T. Diing). Goi .% 1a 16p tht ca cac ham kha vi
f iR — (0,00) sao cho

|f/(x) = f'(y)| <2023]x—y]
v4i moi x,y, € R. Chitng minh rang néu f € .% thi

(f'(x))? < 4046 £ (x)

v6i moi x € R.
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Bai 5.11 (DH Su pham Ha Noi 2, H.T. Diing). Gid st f : [a,b] — R 1a ham s6 kha
vi lién tuc clp 2 sao cho f(a) # —f(b) va

b
L/f@ﬂx:a
a
Tim gia tri nho nhit ctia biéu thic

_ (b_a)3 b 1" 2
A= e, U s

Bai 5.12 (PH Tra Vinh, PM. Trién). Tinh tich phan

27
I = /ln (sinx+ l+sin2x> dx.
0

Bai 5.13 (PH Vinh, N.V. Diic). Cho ham sb f xac dinh va lién tuc trén doan [0; 1]
thda man
xf(y) +yf(x) <1, Vx,y € [0;1].

N 1
a) Chung minh rang f(x) < 75 Vx € (0,1].
x

1
mcm@mmﬁ@/f@wgg
0

6 PHUONG TRINH HAM

Bai 6.1 (DH Cong nghé Thong tin - PHQG Tp. HCM). Tim tit c4 cdc ham sb
f : R — (0;+o0) kha vi lién tuc dén cAp hai thda man

Fx)f(x) =>2(f(x)?, xeR.

Bai 6.2 (PH Hung Vuong - Phi Tho). Tim tit ci ciac ham sb f: R — R lién tuc
théa man f(1) = 2023 va

flx+y) =2023"f(y) +2023"f(x) v6i moix,t € R.

Bai 6.3 (PH Hung Vuong - Phi Tho). Tim tit ¢4 cdc ham s& f(x) kha vi lién tuc
trén [0; 1] c6 f(1) = £(0) va théa man

[ () s
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Bai 6.4 (DPH M6 - Dia chit, P.T. Cuong). Cho r,s 1a cc phan s hitu ty. Hay tim tat
ca cac ham sb f : Q — Q thda man

Fa+f)=fGx+r)+y+s
v6i moi x,y € Q (Q 1a tip hop céc s6 hitu ty).

Bai 6.5 (DH Ngoai Thuong - Ha Noi). Tim tat ca cac ham s6 thuc f : (0;+o0) —
(0;+c0) thda man diéu kién

fe+ o) =xf(1+72)),

v6i moi x,y > 0.

Bai 6.6 (DH Tra Vinh, P.M. Trién). Tim tit ca cac ham s6 f(x) thda diéu kién sau:

f(Hl) C )+ ——, Vr £ 1.
x—1

x—1

Bai 6.7 (DH Tra Vinh, P.M. Trién). Xéc dinh ham s6 f(x) kha vi lién tuc trén doan

[0;1] ma f(1) =ef(0) va 1
')
O/G(x)) ar=b







Phan 111
HUGNG DAN GIAI

43






PE THI CHINH THUC

1 Dai s6
1.1 Bang A

BAI 1. (a) Vi mdi 4anh xa f déu 12 4nh xa tuyén tinh, nén hop thanh ctia né ciing la
4nh xa tuyén tinh. Do d6 4nh xa g 1 tuyén tinh.

(b) Anh ctia g dudc sinh bdi cac vectd g(1),g(X),...,g (X 2023). Nhan thiy

X 0 néu k < 1740,
g(X") = k—1740 %
k(k—1)---(k—1739)X néu k > 1740.

Do d6 mot ¢ s cua Im(g) 1a (1,X7X27 ... ,X283). Vay s6 chiéu dim(Img) = 284.

Xét mot da thiic p(X) = ao+arX +axX> + -+ az23 X2 tdy ¥. Thé thi g (p) ¢6
dang
g(p) (X) = bo+b1X + -+ brg3 X283

Pa thitc p(X) € Ker(g) khi va chi khi by + b1 X + - - - + bagsX?®* = 0, khi va chi khi

ar740 = a1742 = - - = a3 = 0.

Do d6 mdt co s ctia Ker(f) 1a (1,X,X2,...,X "), Vay dimKer(f) = 1740.

BAI 2. (a) Gia st xq, x, tuong tng la gia tri (tdng thé) can san xult cia hai nha may
(E) va (W), do bang ty dong. Khi d6 ta c6 phuong trinh

x1 =0,3x1+0,2x; + 12,
xp =0,1x; +0,4x, + 8.

That viy, nha mdy (E) san xuét dudc x; (ty dong) gid tri vé dién thi né can dung
0,3x; dé 1am nguyén liéu cho chinh né va chuyén lugng dién tuong duong 0,2x,
ty dong cho nha mdy (W), va con lai lugng dién tuong duong 12 ty phuc vu ngusi
dan. Do d6 ta c6 phuong trinh thi nhat. Tuong tu ta c6 phuong trinh thi hai. Thé
thi x = Ax+d trong do

(03 02\  [(x) , (12
A= (03 6) == ()= (%)
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Do do6
a1, (22
x=(I—-A)"'d= (17 :

Vay tdng khdi luong can san xult cia nha may (E) 1a 22 ty dong, va ctia nha may
(W) 1a 17 ty dong.

(b) V6i A = (a;j),., . ta c6:

I_A:(l_all —alz)‘
—az1  1—axn
Ta chiing minh / — A 1a mot ma tran kha nghich. Gia st ngudc lai / — A khong kha

nghich. Thé thi cdc hang clia ma tran 13 phu thudc tuyén tinh, nghia 12 ton tai bd s6
(a1,a) khong dong thdi bang 0 sao cho

2x2’°

aio + a0 = (0,0),

trong do o; 1a hang thu i. Do do

ai(l—ayy) —azap; =0,
—a)an —|—a2(1 —azz) =0.

Khong mét tdng quét gia st |a;| = max{|a;],|az| > 0. Tt hé phuong trinh trén suy
ra
ap =aiaip; —axay.

Do do
0 <lai| <lai|(an +az) <lail.

Diéu nay vo ly. VAy diéu gia st 1a sai, suy ra I — A kha nghich. Tir d6 suy ra phuong

trinh c6 nghiém duy nhitx = (1 —A)~'d.

(Nhdn xét: khdng dinh vdn diing cho A la ma trdn vudng cdp n bdt ky.)

BAI 3. (a) DBit P(x) = x* — 2x* — 1. Nhén thiy da thiic dao ham P’ (x) = 4x° — 6x* =
3 .

x?(4x — 6) chi c6 hai nghiém x = 0 (bdi 2) va x = 5 (bdi 1). Cac nghiém nay déu

khong phéi 1a nghiém cla phuong trinh ban dau P(x) = 0. Do d6 cac nghiém clia

P(x) = 0 la phan biét.

(b) Nhan thiy P(x) = 0 khi va chi khi x* = 2x> 4 1. Do d6 néu gia sit a® = B thi

ot = B*. Tir d6 suy ra o = B.

(c) Pit y = x>, suy ra x* = 2y + 1. Lity thita 3 c4 hai vé suy ra x'? = (2y+ 1), suy

ray* = (2y+1)3. Do d6

Y-8y — 12> —6y—1=0.
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Viy két hop véi (b) phuong trinh y* — 8y® — 12y — 6y — 1 = 0 ¢6 4 nghiém phan
biet o2, 83,7, 8. Do d6 theo Dinh 1y Vieta ta ¢6 o + > +7° + 8° = 8.

BAI 4. (a) Nhan thdy A 12 ma tran chéo héa dugc:
1 1 1 -1 1 0
(o 1)'A'(0 1)‘(0 2)'
1 —1 1 O 11
=762 6

Tinh két hop ctia phép nhan ma trin suy ra

in(A)— 1 —1 _ sin 1 0 ' 1 1 _ sinl sinl —sin2
s o 1 0 sin2) \0o 1/~ \ 0o sin2 '

(b) Bang quy nap ta tinh dugc:
n xnfl
ar= (XYY
(O x"
. (x y\ _[sinx ycosx
Sm(o x) _( 0 sinx)'

(c) Ma tran A cp 2, phan tit phiic, ludn dong dang (bdi mdt ma tran C kha nghich,
phan ti phiic) v6i mot trong hai ma tran sau:

(6 26 2)

That viy néu A khong chéo héa dudc, thi da thiic dic trung c6 dang

Do dé

Do dé

Py(X) = (X — 1)
Chon o tuy y khong thudc V) = Ker(A —AhL), vaa; = (A—AL)(a) tacd

Aoy = /locl,
Ao = ap +Ao.

Do d6 vé6i C c6 cac cot la oy, o thi

i (A1
C AC—(O l)'
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Ta xét hai truong hop: A chéo hda dudc (trén trudng phic) va A khong chéo hoa
dudc trén truong phtic.

Truong hop 1: A 1a chéo héa dugc trén trudng phiic, nghia 12 ton tai ma tran kha
nghich véi cac phén tit phitc (C € GL,(C)) sao cho C~'AC 1a mdt ma trén chéo.
Thé thi

A =C-diag(A;, 1) -C !

trong d6 diag(A1,4,) 12 ma tran chéo vé6i cdc phan ti trén dudng chéo bang A1, A».
Tit tinh két hop ctia phép nhan ma tran suy ra

= C-diag(Af,A%).c!
v6i moi sd nguyén khong am k. Do d6
sin(A) = C-diag(f (M), f (R2))-C ',
trong do

— lim 2n+1

k—ro0 1= 0 2n+1

Thé thi sin(A) ciing 12 ma trn chéo héa dugc. Piéu nay mau thuin vi ma trn
1 2023
0 1

Truong hop 2: A khong chéo héa dudc trén trudng phic. Thé thi da thic dic trung
c6 nghiém kép A va ton tai C kha nghich véi cdc phan ti phic sao cho

e (A1
cuc= (3 1).

Vi ma trin A c6 phan tif 12 c4c s6 thuc nén vét clia A 1a thuc, do d6 A € R. Theo

khong chéo hoa dudgc.

phan (b) ta cé:
A 1\ ([sinA cosh
"o 2)7 0o sina)
Mat khac
Aol 1.
in (O l) =C" sin(A)C,
suy ra
1. _ (sinA cosA
C sm(A)C_( 0 sin/'L>'

Gia st ton tai A sao cho

. 1 2023
SinA = (0 1 > ,
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suy ra sinA = 1, kéo theo cosA = 0 suy ra C~'sin(A)C = L. Do d6 sin(4) = b.
Diéu nay vo ly. Vay khong ton tai ma trin thda man dé bai.

BAIS. (a) Didt A = (ajj),, 5 VAA™" = (b;j)5, 5. Kéthop véi viec A va A~ déu kha
nghich, ta c6 mdi hang ciing nhu c6t ctia né c6 it nhat mot sd 1. Vi 1 <k <3tacod

1 = ay1b1x + arobok + arzbsi.

Vay ton tai duy nhat m € {1,2,3} sao cho ay,, = b,z = 1. N6i riéng mdi hang cla
A c6 ding mot s6 1. Néu ¢6 hai s6 1 thudc ciing mot cot thi sé c6 mot cdt gdm toan
s6 0, suy ra vo ly. Vay mdi hang, mdi cot clia A c6 ding mot s6 1. Nghich dao ctia
A lic d6 cling gdm toan cac s6 0, 1. Tap P; bao gdm cac ma tran sau:

100\ /1 00\ /010 /o00T1\ /010y /001
o010, (oo1),{t oo],[1too0],[Ooo01],[010
001/ \o1ro/ \oot1/ \o1o/ \1t oo/ \100

(b) Ta chi ra ton tai mot song anh giiita P, va tap S, cac hodn vi trén n phan ti. Dit
A= (@) ., va A~ = (bij),, Kéthop v6i viéc A va A™! déu kha nghich, ta c6
moi hang ciing nhu ¢4t ctia n6 cé it nhat mdt so 1. V6i 1 < k < n taco:

n
1=Y abj. (1)
j=1

Vay ton tai m € {1,2,...,n} sao cho ay,, = b, = 1. Ta chi ra s6 m nhu vay 1a duy
nhét. That vay, gia st c6 mot s6 m’ # m sao cho ay,y = 1. Thé thi tir (1) suy ra
byx = 0. Vi hang thit m’ ciia A~ ¢6 it nhit mot s6 1 nén tdn tai [ # k sao cho
by = 1. Do d6 (AA™"),, > 1. Diéu nay VO 1y Vi k # 1. Vay s m ing v6i k nhu vay
la duy nhat, ky hiéu béi m = o(k). Vi moi cot ctia A déu c6 it nhat mot so 1, nén
o latoan anh tir {1,2,...,n} vao chinh n6. Do d6 & (phu thudc vao A) la mot song
anh (hoér\l vi) trén {1,2,...,n}. Tuong tng tit A = (a;;), . vao & cho béi Aro(r) 12
phan ti bang 1 duy nhat trén hang thi & xac dinh mot don anh tur P, vao S,,. Ta chi ra
anh xa nay la mot toan anh. That vy cho truéc hoan vi o € §,,, xét A = (a,- j)an la
ma trin ma hang thi k bt ky c6 phan ti ko (k) = 1, céc phan ti con lai déu bang 0.
Ky\hiéu B= (bij)nxq 1a ma trefin ma hang thit k bat ky ¢6 phan t& bys-1) = 1, cdc
phan ti con lai déu bang 0. The thi B 1a nghich dao ctia A. Do d6 A € P,. Vay tuong
ting giita A va o cho mdt song anh giita P, va S,,. Do d6 s6 phan tii ctia P, bang n!.
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1.2 BangB

BAI 1. (a) Dit a = 2022, ky hiéu dinh thiic ctia ma tran can tim 13 f(x). Cong hang
2 va hang 3 vao hang 1 suy ra

1 1 1
fx)=—=(x+4+2a+1)det| a a+1 x|,
a+1 X a

=—(x+2a+1) (xz— (2a+ 1)x+a2+a+1),
= —(x+4045) (x* — 4045x +4090507) .

(b) Hang ctia ma tran nho hon 3 khi va chi khi dinh thiic f(x) = 0. Vi biét thic
A= (Qa+1)*—4(a®+a+1) <0,

nén phuong trinh x*> — (2a+ 1)x+a* + a+ 1 = 0 khong c¢6 nghiém thuc. Do d6 c6
duy nhét mot sb thuc x = —2a — 1 = —4045 d€ f(x) = 0. Vay s6 thuc duy nhat dé
hang ctia ma tran nhé hon 3 1a x = —4045. Liic d6 hang clia ma tran biang hang ctia

0 0 0
2022 2023 —4045
2023 —4045 2022

Viy hang ctia ma trin A khi d6 bang 2.

BAI 2. Anh xa tuyén tinh d& bai cho ¢6 ma trin trong ciip cd s& chinh tic cia R* va
R 1a

1 2 -1 2
AV =2 -1 1 5
1 10 -6 1

(al) V6i A = 3, hat nhan Ker(f) 12 khong gian nghiém clia phuong trinh thuan nhét
v6i ma tran hé s6 1a

1 3 -1 2
AB)=12 -1 3 5
1 10 -6 1

Diing bién déi so cap suy ra sb chiéu dimKer(f) = 2 véi mot co s6

(—8,5,7,0):(—17,1,0,7).

(a2) Tu phan (al), dung cong thiic dimIm(f) = n — dimKer(f) suy ra sb chiéu cta
khong gian anh biang 4 —2 = 2.

Miit khac mdi vecto thudc Im(f) 1a mot t8 hop tuyén tinh clia céc vecto cot clia
A(3). Do d6 anh cua anh xa f 1a khong gian con sinh bdi cac vectd cot. Chuyén vi
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ma tran A rdi dung cdc phép bién ddi so cAp hang suy ra mot co s ctia Im(f) 1a
(1,2,1),(0,1,—1).

(b) S6 chiéu ctia 4nh chinh 13 hang ctia ma tran:

1 A -1 2
A =2 =1 2 s
1 10 -6 1
Dung bién d6i so cip hang thu dugc
1 10 -6 1 1 10 -6 1
1 A -1 2] — 110 A-10 5 1] —
2 -1 A 5 0 —-21 A+12 3

1 10 -6 1
0 —21 A+12 3
0 A—-10 5 1

1 10 —6 1
0 -21 A+12 3

- 0 o (F90=3) 2-3
21 7

Vay RankA = 2 néu A = 3, va RankA = 3 néu A # 3. Do d6 sb chiéu ctia khong
gian anh Im(f) biang 2 néu A = 3, va bing 3 néu A # 3.

BAI 3. (a) Nhan thiy da thic dao ham P'(x) = 4x° — 6x> = x*(4x — 6) chi c6 hai
3 \

nghiém x = 0 (bdi 2) va x = 3 (bdi 1). Cac nghiém nay déu khong phai 1a nghiém

ctia phuong trinh ban dau P(x) = 0. Do d6 cac nghiém ctia P(x) = 0 1a phan biét.

(b) Nhan thiy P(x) = 0 khi va chi khi x* = 2x* 4 1. Do d6 néu gia sit a® = B thi
ot = B*. Tt d6 suy ra o = .

(c) Pit y = x>, suy ra x* = 2y + 1. Liiy thita 3 ¢4 hai vé suy ra x'* = (2y+ 1), suy
ray* = (2y+1). Do d6

y =8y — 12y —6y—1=0.
Vay két hop véi (b) phuong trinh y* — 8y — 12y — 6y — 1 = 0 ¢6 4 nghiém phan
biét o, B3, 77, 8°.
BAI 4. (a) Da thiic déc trung Py X)_ 1)(X —2). Cac gia tri riéng 1a 1 va 2.
Cac vecto riéng tuong ung la (1,0)", (— 1 ,1)". Vay v6i ma tran

(o 1)
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thi

i (10
CAC_<02.

(1 0\
A_C(O 2)0 .

Cung v6i tinh két hgp clia phép nhan ma tran suy ra

(e 0 | [e e—é*
eA_c(O 62>C _(0 2 )

BAIS. (a) Dt A = (ajj)5, 5, VAA™" = (b;j)5, 5. Kéthop véi viec A va A~ déu kha
nghich, ta c6 mdi hang ciing nhu cot clia né ¢6 it nhat mdt sd 1. Véi 1 <k <3tacd

(b) Tt phan (a) suy ra

1 = ap1b1x + arabog + axzbsy.

Vay ton tai duy nhat m € {1,2,3} sao cho ay,, = b,z = 1. N6i riéng mdi hang cla
A c6 ding mot s6 1. Néu ¢6 hai s6 1 thudce ciing mot cot thi s&é c6 mot cdt gdm toan
s6 0, suy ra vo ly. Vay mdi hang, mdi cot clia A c6 diing mot s6 1. Nghich dao ctia
A lic d6 ciing gdm toan cac s6 0, 1. Tap P; bao gdm cac ma tran sau:

100\ /1 00y /010y, /00T1\ /01 0\ /001
o10|,loo 1|, (1t oo],[t oo, [oo0o1],[0o10
o001/ \o10o/ \oo1/ \o1o/ \1 0o/ \1o00o0

(b) Ta chi ra ton tai mot song anh gitta P, va tap S, cdc hoan vi trén n phan ti. Dit
A= (aij),,,., va A~ = (bij),,- Kéthop v6i viéc A va A™! déu kha nghich, ta ¢
moi hang cling nhu ¢4t cia né cé it nhat mot s6 1. Véi 1 <k < ntaco:

1= Zakjbjk. (1)
j=1

Vay ton tai m € {1,2,...,n} sao cho ay, = b, = 1. Ta chi ra s6 m nhu vay la duy
nhét. That vy, gia st c6 mot s6 m’ # m sao cho ay,y = 1. Thé thi tit (1) suy ra
by = 0. Vi hang thit m’ cia A~! ¢6 it nhit mot s6 1 nén tdn tai [ # k sao cho
by =1.Dod6 (AA™") > 1. Didu nay vo 1y vi k # [. Vay sb m ting v6i k nhu vay
1a duy nhét, ky hiéu béi m = (k). Vi mdi cot clia A déu c6 it nhat mot s6 1, nén
o latoan anh tir {1,2,...,n} vao chinh n6. Do d6 o (phu thudc vao A) la mot song
anh (hoan vi) trén {1,2,...,n}. Tuong tng thi A = (aij)nxn vao o cho bdi a4 12

phan i bang 1 duy nhét trén hang thit k xac dinh mot don anh tit P, vao S,.. Ta chira
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anh xa nay la mot toan anh. That vy cho truéc hoan vi o € §,,, xét A = (ai j)an la
ma trdn ma hang thi k bat ky o phan tt a;¢ ) = 1, céc phan ti con lai déu bang 0.
Ky higu B = (b;j),,,,, 1a ma trin ma hang thi k bat ky c6 phan tk bys-1(4) = 1, céc
phan tif con lai d&u bang 0. Thé thi B 1 nghich dio cia A.Do dd A € P,. Vay tuong
ung gitta A va ¢ cho mot song anh gitta P, va S,. Do d6 so phan tu cia P, bang n!.
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2 Giai tich

2.1 Bang A

BAI 1. (a) Khang dinh (u,) don diéu ting. Tit dinh nghia

1 1 1 1

v6i moi n > 1. Vay ta suy ra u, 1 > u, véi moin > 1.

Khang dinh u, > 5/4 v6i moi n > 2. Do u; = 5/4 nén tit tinh don diéu ctia (u,) ta
suy ra u, > 5/4 khi va chi khi n > 2.

(b) Khang dinh Inu, < 1 véi moi n > 1. Trudc tién ta nhac lai bat dang thic co ban
sau In(1+x) < x v6i moi x > 0. Sir dung bét dang thiic trén ta thu dudc

1 1
ln<1—|——> <gp V=1L

4k
Vay ta c6 danh gia
| 1 1

Khang dinh u,, <2023 v6i moi n > 1. O budc trén ta da c6 Inu, < 1 véi moi n > 1.
Viy u, < e <2023 v6i moin > 1.

(c) Day (uy,) don diéu tang va bi chan trén nén hdi ty. Ky hiéu L la gidi han cta day
(). Ta nhic lai bt ding thic co ban sau x —x*/2 < In(14x) Vx> 0. Sit dung
bét dang thic trén va bat dang thiic cd ban trong y trudc ta thu dugc

1 1/1\2 1 1
Tur d6 ta co . .
1 1(1)2} 1
Z[——— — <lnun<2— Vn>1.
= 4k 2 \4k k:14k
Chuyén qua gi6i han khi n — oo ta thu dugc
1/4 1

1
i: /4 ! 1/16 <InL < = .
10 1-1/4 21-1/16 1-1/4 3
Vay /10 < I < ¢'/3. Tinh gin diing ta thu dugc dap sb 1,3.
(x+3)%+3
Ghi chu. Thi sinh c6 thé dung may tinh bo tii hoac xap xi Padé e* ~ m
x_

v6i |x| < 1/2 dé tinh gin diing 31 ~ 1,349 va e'/3 ~ 1,395.
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BAI 2. (a) Tinh gi6i han cuia f tai 0. Tu dinh nghia cia f ta cé

% néux e [-1,1]NQ,

x| néuxe[-1,1]\Q.

f)] =

Do d6 taludn c6 0 < |f(x)| < |x| ¥x € [-1,1]. Theo nguyén ly kep lirr(l)f(x) =
x—
Khang dinh tinh lién tuc cta f tai 0. O budc trudc ta da cé lir% f(x) = 0. Dé thay
X—
f(0) =0 nén f lién tuc tai 0.
(b) Chuyén vé khio sat gi6i han cta £(x)/x khi x — 0. Xét su ton tai clia gidi han

i EHO=FO0) )

x—0 X x—0 X

Chi ra ring gidi han ctia f(x)/x khi x — 0 12 khong ton tai. Ti dinh nghia cda f ta
thy

—x/2 1
fim LW o 2L g SO Ay
Q>x—0 X Q3>x—0 Xx 2 Q#x—0 X Q#x—0x
J(x)

Vay gidi han hn%) 12 khong ton tai. Tir d6 ta két luan ham f khong kha vi tai 0.

X
(c) Ham f khong c6 gia tri 16n nhit trén [—1, 1]. Phan ching gia st f dat gia tri 16n

nhat M tai di€m xo € [—1,1]. Néu xp ¢ Q thi M = f(xp) = xo < 1. Néu xp € Q thi
\M| = |f(x0)| = |x0|/2 < 1/2. Vay ta phdi c6 M < 1. Néu M < 1 thi khi d6 biang
cach 14y bat ky mot s6 vo ti y nam gitta M va 1 ta thu dude f(y) =y > M. Diéu nay
trdi v6i gid st M 1a gid tri 16n nhit ctia f trén [—1,1]. Vay ta phdi c6 M = 1. Tuy
nhién diéu nay 1a khong xay ra vi tif ly luan trén ta phai ¢6 xo ¢ Q, va do d6 xo = 1.
Nhung 1 € Q.

Ham f khong c6 gia tri nhd nhit trén [—1,1]. Phan chiing gia st f dat gid tri nhd
nhét m tai diém xy € [—1,1]. Néu xo ¢ Q thi m = f(xg) = x0 > —1. Néu xo € Q thi
|m| = |f(x0)\ = |x0|/2 < 1/2 Viy ta phdi c6m > —1. Néu m > —1 thi khi d6 bang
cach lay bt ky mot sb vo ti y nam glu?a —1 va m ta thu dudc f(y) =y < m. Diéu
nay trdi voi gid s m 1a gia tri bé nhét cda f trén [—1,1]. Vay ta phéi c6 m = —1.
Tuy nhién diéu nay 1a khong xdy ra vi tif 1y luan trén ta phai c6 xo ¢ Q, va do do
xo = —1. Nhung —1 € Q.

Ghi chi. Thi sinh c6 thé chiing minh truc tiép rang 1 (tuong dng, —1) 1a can trén
ding (tuong tng, can dudi diing) trén doan [—1, 1] cia ham s6 f, nhung "cin” nay
khong phai 1a mot gid tri cia ham f.

BA1 3.
(a) Con thuyén dén dugc diém (0,0) khi va chi khi diém (0,0) thudc do thi ctia ham
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2
x —1
=55
Dé thiy diéu nay 1a khong x4y ra.
(b) Con thuyén cap dudc bd trai khi va chi khi ham s y xdc dinh (véi gid tri hitu
han) tai 0. D& thiy

. 1
va do d6 con thuyén cip dudc bo trai tai vi tri (0, _5)
(©)

Trong sudt qud trinh chuyén dong, vi tri clia con

N o y
thuyén dugc xac dinh bdi diém (x,y) trong do6 S
¥ -1 T !
Y==>375
x> +2 X
0

v6i 0 < x < 1. Khoang céch tir diém (0,0) dén diém

(x,y) la
)
xX3+2/

Xét ham sd f dudc xac dinh bdi

v6i0 <x<1.Trén [0,1] taco

200(x” +6x8 — x> + 16x° +4x? — 3x+ 4)
(X3 _|_2)3 ’

flx)=
D€ y ring

O 46x0 - 1657 +4x° —3x+4
= +6x+ (1 =)+ 152 +42 +3(1 —x)+1>0

nén f dong bién trén [0, 1]. Vay f dat gid tri nhd nhit khi x = 0 va khoang céch ngin
nhét can tim 1a 1/2 tudng Gng vdi vi tri ctia con thuyén khi né cap bo trai.

BAI1 4.
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(a) Tur tinh lién tuc clia f ta chi can ching
minh f =0 trén (0,1). Gid sd ton tai
x0 € (0,1) sao cho f(xp) # 0. Ta ¢ thé
gid thiét f(xo) > 0. Khi d6 ta tim dugc 1

O<xi<xp<xm<l1
sao cho f(x) > 0 véi moi x € [x],xp]. Bt

C_X1+XQ d_X0—|-x2
o2 T2

Tacodx; <c<xp<d<xp. Xétda thic

P(x)=(x—c)(d—x)+1.

Dé thiy P> 0 trén [0,1] va P > 1 trén [c,d] C [x1,x2] C (0,1). Tit tinh don diéu cta
P ta thiy
0<P(x)<Px;)<1 Vxe[0,x]

va
0<P(x)<P(x) <1 Vxe€x,1].

V6i da thic P 6 trén ta c6 danh gia
1 X1 c d X7 1
0= / FPE)dx = ( / w4 / + / + [ ) fPE)max
0 0 X1 c d b))

. </0x1 +/cd+ le)f(x)P(x)mdx
> —pa) [ e [ oo
—pt)” [ 1700

Do 0 < P(x;) <1va0<P(xy) <1 nén qua gidi han khi m — +oo ta phéi c6

/Cdf(x)dx <0.

Day 1a diéu vo ly do f lién tuc va f > 0 trén [c,d].
(b) Do moi da thiic P(x)" déu dugc viét dudi dang t6 hdp tuyén tinh ctia céc liy
thira nguyén khong am ctlia cac da thic bac 1 nén két qua cia y (b) van ding.

BAI 5. (a) thmg dinh khong ton tai d va dua ra dugc 1 vi du. Xét ham s f dudc
cho bdi
fx)=x 0<x<I1.
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Khi d6 f lién tuc trén [0, 1], kha vi trong (0, 1), va cé f(0) = 0.

Kiém tra dugc tinh diing din ctia vi du. Tinh todn ta thdy | f'(x)| = 1 > x* = (f(x)) 2
v6i moi x € (0,1).

(b) Do tinh lién tyc cta f nén ta chi can chiing minh f = 0 trén (0, 1) la du. Gia st
ton tai xp € (0, 1) sao cho f(xg) # 0. Khi d6 tap hgp

E ={x€[0,x]: f(x) =0}
bi chin (do E C [0,1]) va khong rdng (do O € E). Dit x; = supE. Dé thdy x| € E

do f lién tyc. Piéu nay c6 nghia 1a 0 < x; < xo, f(x1) = 0, va f(x) # 0 v6i moi
x € (x1,x0]. T d6 cung véi gia thiét ta thu dugc

<1 Vre (x1,x0].

LAy tich phan theo ¢ trén doan [x,xo] & ca 3 vé& clia bt dang thic kép ta thu dugc
x—xo < g(x) —g(x0) <xo—x,
trong d6 g 1a ham s dudc cho bdi g(x) = —1/f(x). Tt day ta thu dugc
lg(x) —g(x0)| <xp—x Vx €& (x1,x0].

Cho x — x; ' ta thu dugc diéu vo ly.

(c) Do f lién tuc trén [0, 1] nén ton tai M > 0 sao cho |f(x)] <M véi moi x € [0, 1].
Néu f(c) = 0 véi ¢ € (0,1) nao do6 thi ¢ chinh 1a di€ém can tim va do d6 ta chi can
xét trudng hop f # 0 trén toan (0,1). Do tinh lién tuc nén ta c6 thé gia thiét £ > 0
trén (0,1). Do £(0) = 0 nén ton tai xo € (0,1/2) sao cho

M

In f(xo) —lnf(%) < —>5-

Theo Dinh ly Lagrange ap dung cho ham In f(x) ta c6

—%4 > 1In f(xo) —lnf(%) = J}((Cc)) (xo— %) Vi ¢ € (xo, %) nao do.
Tir day ta thu duoc ];((CC)) > 0 vado dé —%4 > —%];8 Vay ];((;) = ];((;) >M

Ghi chii. Thi sinh c6 thé giai nhu sau va van dugc diém tdi da. Trong trudng hop
f =0, tacé thé chon c € (0,1) tuy y. Trong trudng hop con lai, néu két luan 1a sai,
tic 1a (f(x))2 > | /()| v6i moi x € (0,1), thi theo két luan cda y (b) ta phéi c6
f =0, mau thuan.
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2.2 BangB

BAI 1. (a) Khang dinh (u,) don diéu ting. Tit dinh nghia

1 1 1 1
””“:<1+41) <1+4n+1> <1+41> (1+4n>:””

v6i moi n > 1. Vay ta suy ra u,41 > u, véimoin > 1.

Khang dinh u, > 5/4 v6i moi n > 2. Do u; = 5/4 nén tit tinh don diéu ctia (u,) ta
suy ra u, > 5/4 khi va chi khin > 2.

(b) Khang dinh Inu,, < 1 véi moi n > 1. Trudc tién ta nhac lai bat dang thic co ban
sau In(1+4x) < x v6i moi x > 0. Sir dung bét dang thiic trén ta thu dudc

1 1
ln<1—|—4k> & k>l

Viy ta c6 danh gia
L 1 1

thmg dinh u,, <2023 v6i moin > 1. O budc trén ta da c6 Inu, < 1 véi moin > 1.
Vay u, < e <2023 v6i moin > 1.

(c) Day (uy,) don diéu ting va bi chin trén nén hdi ty. Ky hiéu L la gidi han cta day
Ta nhéc lai bit ding thic co ban sau x —x?/2 < In(14+x) Vx> 0. Sit dung bt
dﬁng thiic trén va bat dealng thic co ban trong y trudce ta thu duge

1 1/11\2 1 1
47—5(47) <1n<1+4?)<47 Vk>1.
T do ta co
n

i’[4k (4k”<h”‘" Z vzl

Chuyén qua gi6i han khi n — oo ta thu dugc

N VS U VA S VS |
10 1-1/4 21-1/16 1—1/4 3

Vay /10 < I < ¢'/3. Tinh gin diing ta thu dugc dap sb 1,3.

(x+3)%+3

Ghi chu. Thi sinh c6 thé dung may tinh bo tii hoac xap xi Padé e* ~ m
x_

v6i |x| < 1/2 dé tinh gin diing 31 ~ 1,349 va e'/3 ~ 1,395.



60
BAI 2. (a) Tinh gi6i han cuia f tai 0. Tu dinh nghia cia f ta c

% néux e [-1,1]NQ,

x| néuxe[-1,1]\Q.

f)] =

Do d6 taludn c6 0 < |f(x)| < |x| ¥x € [-1,1]. Theo nguyén ly kep lirr(l)f(x) =
x—
Khang dinh tinh lién tuc cta f tai 0. O budc trudc ta da cé lir% f(x) = 0. Dé thay
X—
f(0) =0 nén f lién tuc tai 0.
(b) Chuyén vé khio sat gi6i han cta £(x)/x khi x — 0. Xét su ton tai clia gidi han

i EHO=FO0) )

x—0 X x—0 X

Chi ra ring gidi han ctia f(x)/x khi x — 0 12 khong ton tai. Ti dinh nghia cda f ta
thy

—x/2 1
fim LW o 2L g SO Ay
Q>x—0 X Q3>x—0 Xx 2 Q#x—0 X Q#x—0x
J(x)

Vay gidi han hn%) 12 khong ton tai. Tir d6 ta két luan ham f khong kha vi tai 0.

X
(c) Ham f khong c6 gia tri 16n nhit trén [—1, 1]. Phan ching gia st f dat gia tri 16n

nhat M tai di€m xo € [—1,1]. Néu xp ¢ Q thi M = f(xp) = xo < 1. Néu xp € Q thi
\M| = |f(x0)| = |x0|/2 < 1/2. Vay ta phdi c6 M < 1. Néu M < 1 thi khi d6 biang
cach 14y bat ky mot s6 vo ti y nam gitta M va 1 ta thu dude f(y) =y > M. Diéu nay
trdi v6i gid st M 1a gid tri 16n nhit ctia f trén [—1,1]. Vay ta phdi c6 M = 1. Tuy
nhién diéu nay 1a khong xay ra vi tif ly luan trén ta phai ¢6 xo ¢ Q, va do d6 xo = 1.
Nhung 1 € Q.

Ham f khong c6 gia tri nhd nhit trén [—1,1]. Phan chiing gia st f dat gid tri nhd
nhét m tai diém xy € [—1,1]. Néu xo ¢ Q thi m = f(xg) = x0 > —1. Néu xo € Q thi
|m| = |f(x0)\ = |x0|/2 < 1/2 Viy ta phdi c6m > —1. Néu m > —1 thi khi d6 bang
cach lay bt ky mot sb vo ti y nam glu?a —1 va m ta thu dudc f(y) =y < m. Diéu
nay trdi voi gid s m 1a gia tri bé nhét cda f trén [—1,1]. Vay ta phéi c6 m = —1.
Tuy nhién diéu nay 1a khong xdy ra vi tif 1y luan trén ta phai c6 xo ¢ Q, va do do
xo = —1. Nhung —1 € Q.

Ghi chi. Thi sinh c6 thé chiing minh truc tiép rang 1 (tuong dng, —1) 1a can trén
ding (tuong tng, can dudi diing) trén doan [—1, 1] cia ham s6 f, nhung "cin” nay
khong phai 1a mot gid tri cia ham f.

BA1 3.
(a) Con thuyén dén dugc diém (0,0) khi va chi khi diém (0,0) thudc do thi ctia ham



2. GIAI TICH 61

Z
A

SO
2
x —1
=55
Dé thiy diéu nay 1a khong x4y ra.
(b) Con thuyén cap dudc bd trai khi va chi khi ham s y xdc dinh (véi gid tri hitu
han) tai 0. D& thiy

. 1
va do d6 con thuyén cip dudc bo trai tai vi tri (0, _5)
(©)

Trong sudt qud trinh chuyén dong, vi tri clia con

N o y
thuyén dugc xac dinh bdi diém (x,y) trong do6 S
¥ -1 T !
Y==>375
x> +2 X
0

v6i 0 < x < 1. Khoang céch tir diém (0,0) dén diém

(x,y) la
)
xX3+2/

Xét ham sd f dudc xac dinh bdi

v6i0 <x<1.Trén [0,1] taco

200(x” +6x8 — x> + 16x° +4x? — 3x+ 4)
(X3 _|_2)3 ’

flx)=
D€ y ring

O 46x0 - 1657 +4x° —3x+4
= +6x+ (1 =)+ 152 +42 +3(1 —x)+1>0

nén f dong bién trén [0, 1]. Vay f dat gid tri nhd nhit khi x = 0 va khoang céch ngin
nhét can tim 1a 1/2 tudng Gng vdi vi tri ctia con thuyén khi né cap bo trai.

BAI1 4.
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(a) Tur tinh lién tuc cla f ta chi can ching
minh f =0 trén (0,1). Gid sd ton tai
x0 € (0,1) sao cho f(xp) # 0. Ta ¢ thé
gid thiét f(xo) > 0. Khi d6 ta tim dugc

O<xi<xp<xm<l1

sao cho

f(xo)

> Vx € [x1,x2).

flx) >

Xét ham g trén [0, 1] dugc xac dinh bdi

(0 néu 0 < x < xy,
f(xo) (x—x1) néux; <x<x,
X0 — X1
8 = f(xo )
(xp —x) neéuxp <x<x,
X2 — Xo

0 néux, <x<I.

Khi d6 g > 0, lién tuc trén [0, 1], va c6 g(0) = g(1) = 0. V6i ham g dé, ta c6

0= [ rstar=( [+ [*+ [ ) rewetax
= [ fswas

@ /):zg(x)dx

_ Sf(x0) fx0) (2 —x1)
2 2

v

> 0.

Day 1a diéu vo ly.

(b) Két luan & y (b) van diing vi 1an ludt 4p dung cic ham trong 13i giai y (b) cho
1 1

doan [0, 5] va cho doan [5, 1] ta thu dugc

1 1
f=0trén [0, 5] va trén [5, 1].

Vay f=0trén [0, 1].

BAIS.
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(a) Dé thay
1 2
fa)= = =Va— 1+ >2
x—1 x—1
v6i moi x > 1, va d4u bang dat dudc khi x = 2. Vay 0,

ham f dat dudc gia tri nhd nhét trén (1,-+o0) tai
x=2.

T d6 ta két luan phuong trinh f’(x) = 0 c6 nghiém  —2 |

x=2trén (1,4o0).
(b) Tinh todn truc tiép thu dugc

x—2

flx) = 21

y=f"(x)

4
(c) Thiét 1ap cong thiic tinh / f'(x)dx. Hoanh d9 giao diém gitta do thi ctia ham f’
2

va dudng thang y = 0 1a x = 2. Do f don diéu ting (ngit) trén (2, +o0) nén ' >0

trén [2,4]. Vay ta ¢6 cong thic tinh dién tich can tim

/24 £ (x)dx.

4
Tinh tich phan / f'(x)dx. Theo cong thiic Newton—Leibniz ta c6
2

[ reom=r@ - =32

va day la dién tich can tim.
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3 Trung hoc pho thong

3.1 Ngay thit nhét: Dai s6
A. Céc két qua cg ban vé da thitc bat kha quy
BAI 1. Gié st da thic (x— 1)(x—2)(x—3) — 1 khd quy trong Z[x], tic 1a ton tai cac
da thdc v6i hé s6 nguyén P(x), Q(x) trong d6 deg P, degQ > 1 ma
P(x)- Q)= (x—Dx—=2)(x=3)—1=x>—6x* + 11x—7.

T d6 c6 thé gid st P(x), Q(x) 1a céc da thic don va mot trong hai da thic trén
12 da thiic bac nhét, da thiic con lai ¢6 bac hai. Khong mét tinh téng quat, gia st
P(x) = x+a va Q(x) = x>+ bx+c, v6i a, b, c 1a cic sb nguyén. Khi d6

P(x)-Q(x) = (x+a)(x* +bx+c¢) = x>+ (a+b)x* + (ab + c)x + ac.

Can bﬁng hé s6 ta thu dudc hé sau:

at+b =-6
ab+c =11
ac =-7

Tit phuong trinh ac = —7 ta thu dugce (a, ¢) € {(1, =7), (-1,7), (7, —1), (=7, 1) }.
Thi ting trudng hop ta khong thu dude bd cic sd nguyén a, b, ¢ théa man hé trén.
Vay diéu gia st 12 sai va ta c6 diéu phdi chiing minh.
BAI 2. a) Ta chiing minh bang phan chiing. Gia st ménh dé can ching minh sai.
bat

R(x) = P(x).0(x) = co+ c1x+ - + ™.
Tir gi4 thiét phan chiing, ton tai i 1a chi s6 nhé nhit ma a; khong chia hét cho p va
ton tai j la chi s0 nh6 nhét ma b; khong chia hét cho p. Khi d6, bang cach xét hé sb
ctia x'1/ ta thiy ring

Civj=aibj+ai1bjr1+--

c6 s6 hang a;b; khong chia hét cho p va tt c cdc s6 hang con lai chia hét cho p, vi
thé khong chia hét cho p, vo ly. Vay ta c6 diéu phai chiing minh.
b) Budc suy truc tiép tir a).

BA1 3. Gia stt P(x) kha quy trong Z[x]. Khi d6

vOi
G(x)=co+cix+--+cx", r>1,
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H(x)=dy+dix+---+dyx’, s>1.

Do p | ag = codo va p* 1 cody nén ta c6 thé gia sit: p | co va ptdy. Do p | a; =
codi + c1dy nén p | c1dp. Suy ra p I c1. Tuong tu tu p | ay = cody + c1d) + cady ta
suyra p | c3. Gia st p | co,c1,...,cr. Khi do p | ags1 = codis1 + - - -+ crdy + crr1do
nén p | cxy1do. Do p | do nén p | cxyq. Lap luan trén din dén p | co,c1,...,c,. Suy
ra p | a, = c,dy, mau thuan. Do d6 P(x) bat kha quy trong Z|x].

BAI 4. Hién nhién tinh bat kha quy trén Q[x] suy ra tinh bat kha quy trong Z[x]. Ta
can chi ra tinh bat kha quy trong Z[x] suy ra tinh bt kha quy trong Q[x].
Goi P(x) 1a mot da thic hé s6 nguyén va bét kha quy trong Z[x]. Gia st P(x) kha
quy trong Q|x]:

P(x) = Py (x)Py(x)
véi Py (x),P>(x) 1a cic da thifc bac nhd hon bac ctia P(x) va c6 hé sb hitu ty. Bing
cach quy dong cac hé sb roi dit nhan ti chung clia cc hé sb cia da thic & ti sb, ta
dé dang biéu dién dugc

Pi(x) = Z—in(x),Pz(x) = Z—in(X),

V6i ay,a2,b1,by € 7, ged(a;,bi) = 1 va Q1(x),02(x) 1a cac da thiic nguyén ban.

Khi do
_aja

)
véi (p,q) =1 va Q(x) = Q1 (x) Q2 (x). Tur két qua ctia 2 suy ra Q(x) 1a da thiic nguyén
b4n. Do P(x) 1a da thic hé s6 nguyén, Q(x) nguyén ban, va (p,q) = 1 nén g = 1.
Suy ra b1by = 1, dan dén by = by = 1. Suy ra Py (x), Py(x) € Z[x] va do d6 P(x) kha
quy trong Z[x|, mau thudn. Vay diéu gia s 1a sai, do vdy P(x) bat kha quy trong
Q[x].

BAI 5. Trudc hét ta chi ra P(x) c6 ding mot nghiém phiic o v6i modun |o| > 1.
That vay, xét o 1a mot nghiém bét ki ctia P(x). Khi do,

P(x) = P (x) Py (x) 01(x)Q2(x) = §Q<x>,

—an_la”’l =a" +an_1a"’2 +---4+aa+ap.

Néu |a| =1 thi|a, 1| = 0" +ay 10" >+ +ara+ag| < 1+|ay o+ +|ai|+
lap|, mau thuén véi gia thiét bai todn. Do d6 |a| # 1. Goi o, o, ..., o, la tht ca
cac nghiém phiic (khong nhat thiét phan biét) cta f(x). Ta c6

laol = lou - |0 --- |0l

Ma ap # 0 va nguyén nén || - |o|--- |a,| > 1.
Vi |ay] # 1 nén s& c6 mdt nghiém ¢; nao d6 c6 mddun > 1, chang han, |a;| > 1.
Viét

P(x) = (r— a1)p().
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véi p(x) =x""' 4 b, X" 2+ +bix+by. Can bing hé s6 ta c6
ap = —0hbg, a1 =byo—ouby,...,a, 2 =b, 3—01b, 2,a, 1 =by_>— 0.
Tur gid thiét ta c6 |b,_2 — ot| > 1+ |by_3 — Q1by_2| +--- +|aybg|. Suy ra
|bn—2| +[ou| > 1+ |ou|[bn—z| = [basz| + -+ |eu[[b1| = bo| + |0t |[bo].

= Jou|=1> (lou| = 1)(|bn—2]+[bn-3]+---+[bol)-
Vi || > 1 nén bit dang thiic nay cho thiy

|bp—a|+ |bn—3|+---+|bo| < 1.
V6i moi s6 phtic x c6 médun > 1, ta c6

p(x)| = X"+ byox™ E 4+ byx + by
> [x|" ! = By |x|" 2 — - — |by |[x] — |y
> 1—|bpa| =+ —|b1]| = |bo| > 0.

Nhu vay, moi nghiém phtc ctia p(x) déu c6 médun nhod hon 1, tic 1a P(x) c6 ding
mot nghiém o ¢c6 moédun 16n hon 1.

Gia st P(x) kha quy trén Z, khi d6 P(x) = g(x)h(x), véi g(x), h(x) € Z[x] va
degg(x), degh(x) > 1. Vi P(x) chi c6 mdt nghiém v6i mdédun 16n hon 1 nén c6
mot trong hai da thifc, chang han 12 g(x) c6 tit ca cac nghiém v6i modun nhé hon 1.
Goi 11, P, .- -, ¥ 12 tht ca cdc nghiém cla g(x) = x" + X Mt eix+ e Ta
6 |co| = 1|+ 1]+ || < 1, ma ¢ 1a s6 nguyén nén ¢y = 0, suy ra ag = 0, trdi v6i
gia thiét bai toan. Vay P(x) 1a bat kha quy trong Z|x].

B. Ung dung cia da thitc bat kha quy

BAI 6. a) Ta chi can chiing minh da thiic

2 p !
X X .

p!<1+x+—+---+—> :p!+p!x+p—x2
2! p! 2!

oo pxP T xP
2 R !
bat kha quy trong Q[x]. Do d6 chi can chiing minh p!+ p!x+ %xz oot pxP g xP
bat kha quy trong Z[x]. Chd y 1a p | p!/k! véi moi k < p nén theo 3, ap dung véi sd
!

nguyén té p, tacé p!+ plx+ %xz—k .-+ pxP~1 4 xP bit khi quy trong ZI[x].

b) Theo bai 4, ta cin chi ra P(x) bit kha quy trong Z[x]. Dit P(x) = x> + 1. Ta chi
can chiing minh P(x + 1) bat kha quy trong Z[x]. Ta c6

n n 2” n 2"
Plx+1)=@x+1D)¥+1=x>+ (2"—1>x2 ‘1+---+(1>x+2.
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) 2" L
Ta chiing minh v6i moi s6 nguyén duong k < 2" thi ( I ) 1a sO chan. That vdy, theo

(0)-3CG2)

? .Y 2" —1 s A A N ~ 9 A . N A ~
bé y rang < X ) la sO nguyén va so mi cda 2 trong phan tich ra thua sO nguyén

hé thiic Pascal,

t6 ctia k nhdé hon n (vi k < 2"), nén sd mii ctia 2 vé& phai 1a mot s6 chin.

Tir d6, bang cach ap dung bai 3 v6i p = 2 suy ra P(x + 1) 1a bat kha quy trong Z[x].
Tit d6, ta d& dang chi ra dudc ring P(x) = x* + 1 ciing bt kha quy trong Z[x] (va
Q[]).

BAI 7. Ta chi cin ching minh P(x?) bt kha quy trong Z[x]. Gia sit P(x?) khi quy
trong Z[x]. Khi d6 P(x?) = g(x)h(x) v6i g(x), h(x) 1a cc da thitc hé s6 nguyén bac
nhé hon bac ciia P(x?). Hon nita ta c6 thé gia st g(x) bt kha quy (néu g(x) kha quy
ta c¢6 thé lay mot nhan ti bat kha quy clia g(x)) va hé sb cao nhét clia cac da thiic g
va h1a 1 (do hé s6 cao nhit ctia P(x?) 1a 1). Viét g(x) va h(x) dudi dang

g(x) = G(x?) +xL(x?), h(x) =H(x*)+xT(x?),
v6i G(x),L(x),H(x),T(x) 1a cac da thiic hé s6 nguyén. Khi d6
P(2) = g(0h(x) = GEAH () +PLOAT () +x(GOAT () + LA H(2)).
Suy ra

P(2) — G(P)H(P) — PLA)T () = x(GEA)T () + LEAH(E)). (1)

2

Do vé tri ctia (1) 12 da thiic ctia x* nén ta phai c6

P(x*) — G(P)H(x*) = LA T (x*) = 0 = G(*)T (x*) + L(x*)H (x?).
Suy ra
P(x) = G(x)H (x) +xL(x)T (x), (2)
G(x)T(x)+L(x)H(x) =0. 3)

Néu L(x)T (x) = 0 thi P(x) = G(x)H (x); nhung diéu nay khong thé xdy ra do P(x)
bat kha quy. Nhu véy, L(x)T (x) # 0. Do g(x) = G(x?) +xL(x?) va g(x) bit kha quy
nén G(x) va L(x) nguyén t6 cung nhau trong Q[x]. Tt (3) suy ra G(x) | H(x). it
H(x) = G(x)M(x) v6i M(x) € Q[x]. Thay vao (3) c6

G(x)T (x)+G(x)M(x)L(x) = 0.

Suy ra T'(x) = —M (x)L(x). Tt (2) suy ra
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Do P(x) bit kha quy trong Q[x] nén M(x) phai 1a I da thiic hing. Chd y ring cac
da thdc g(x) va h(x) c6 bac cung 1a chdn hay cing 1é nén hoic 1a cac hé s cao nhat
ctia G(x) va H(x) déu bang 1 hoic 1a cac hé s6 cao nhét ctia L va T déu bang 1. Tt
do, vi H(x) = G(x)M(x), T (x) = —M(x)L(x) ta phai c6 M(x) = +1.Suy ra

P(x) = £(G(x)* — xL(x)?).
Do d6 |P(0)| = |G(0)|*, 1a mot s6 chinh phuong, méau thuin véi dé bai. Vay P(x?)
bat kha quy.

BAI 8. Trudc hét ta c6 két qua quen thudc:
Bo dé. Cho a; < ap < --- < ay 1a cic sd nguyén khic 0 (n > 2). Khi d6

P(x)=(x—ar)*(x—a)*--- (x—a,)* +1

bét khé quy trong Q|x].

Chiing minh bé dé. Theo bai 4, ta chiing minh P(x) bAt kha quy trong Z[x]. That vay,
gia st P(x) = g(x)h(x) trong d6 g(x),h(x) € Z|[x] va c6 bac nho hon 2n. Khong giam
tong quat, ta c6 thé gia st g(x),/(x) c6 hé s6 cao nhit bing 1. Ta ¢6 g(a;)h(a;) = 1
véimoii=1,2,...,n. Suyrag(a;) = h(a;) = +1 v6i moi i.

DE y ring, néu ¢6 2 chi s6 i < j ma g(a;) va g(a;) trdi du thi g s& c6 nghiém thuc
trong khoéng (a;,a;), din dén P c6 nghiém thyc. Tuy nhién, dé thiy P(x) > 0 v6i
moi x, miu thuan. Nhu vy,

glar) =glax) = =glay) =h(a;) =--- = h(a,) = 1
hoac
glar) =glaz) = --- = glan) = h(ar1) = --- = h(a,) = —1

Néu g(x) hodc h(x) c6 bac nhd hon n thi do g(x) & 1,h(x) & 1 c6 n nghiém, ta phai
¢6 g(x) hodc h(x) 1a da thic hing, mau thuin. Do vay, g(x),/(x) 12 hai da thic bac
n. Hon ntta, theo cac 1ap luan trén,

g(a;) —h(a;) =0,
véimoii=1,...,n. Ma g(x) — h(x) co bac <n—1 (do g(x),h(x) cd bac n va cé cac
hé sb cao nhit bing 1). Tir d6, g(x) — h(x) = 0, hay g(x) = h(x). Do d6
(x—a)?(x—a2)?...(x—an)*+ 1= (g(x))?,
Dén dén
(a1as...a,)* +1=(g(0))>.

Chu y phuong trinh x*+1=y%chicé nghiémnguyénx=0,y==+1nénaja,...a, =
0, vo ly. Vay P(x) bét kha quy trong Z[x].
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Quay trd lai bai toan, chon
P(x)=(x— 1)} (x—2)%... (x—2023)2 +1.

Khi d6 P(x) bt kha quy trong Q[x] (theo b8 dé). Lai c6 P(0) = (2023!)? + 1 khong
1a s& chinh phuong do phuong trinh x> + 1 = y* chi ¢6 nghiém nguyén x = 0 va
y = 1. Nén theo bai 5 ta c6 P(x?) bit khi quy trong QIx].

BAI9. Ta chitng minh, mot cach tdng quat, v6i moi s6 nguyén duong » thi da thiic
P(x) = (x(x+1))* +1 bt kha quy trong Q[x]. Gia s ngudc lai, P(x) kha quy trong
QIx]. Khi d6 hién nhién 4%" P(x) ciing kha quy trong Q[x]. Do

#'P(x) = (2x+1)2 = 1)¥ +42 = P (),

v6i Py (1) = (t—1)* +4%" var = 2x+1, nén P, (¢*) kha quy trong Q[¢]. Suy ra P, (x)
kha quy trong Q[x]. P& y riing da thic P;(x) c6 Py (0) = 144" khong 1a sé chinh
phuong. Vi thé nén theo bai 5, P (x) = (x— 1)*" +4%" kha quy trong Q[x]. Do d6
x*" +4% kha quy trong Q[x]. Suy ra (x/4)* + 1 kha quy trong Q[x]. Nén x> + 1
kha quy trong Q[x], vd ly theo bai 6. Vay P(x) bt kha quy trong Q[x].

Nhan xét. C6 thé 1ap luan truc tiép dua vao viéc phan tich thanh nhan ti trong Z|x].

BAI 10. B§ dé. Phuong trinh 3% 4 4% = y? chi ¢6 nghiém nguyén duong x = 1 va
y=23.

Chitng minh. Hién nhién néu x = 1 thi y = 5. Xét x > 1. Khi d6
(y—4)(y+4%) = 3>

Tacoylénén ged(y—4",y+4")=1.Doy—4" <y+4"nénphdicoy—4"=1va
y+4% =3 Suyra

32x_1 :y+4x_(y_4x) :22x+17
nhung diéu nay khong thé x4y ra do véi moi x > 1 thi
3 =9 —1=(841)"—1>84+1—1=2%>2"F

B& dé dugc chiing minh.
Quay tr4 lai bai todn. Ta chiing minh véi moi sd nguyén duong 7 thi da thic

P(x) = (x(x+1)(x+2)(x+3))" +1
bét kha quy trong Ql[x]. Gia st ngudc lai, P(x) kha quy trong Qlx]. Ta ¢

P(x)

(% 43x) (2 +3x+2))%" +1

(2 (2-3)) =
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Nén
162 P(x) = (2x4+3)2 = 9)((2x+3)2 = 1))* +16% = P (%),
v6i P (1) = ((1—9)(t —1))* +16*" vat = 2x+ 3. Do P(x) kha quy trong Q[x] nén
Py (%) kha quy trong Q[t]. Do P;(0) = 9% 4+ 16" khong 1a sb chinh phuong véi moi

s6 nguyén duong n (phuong trinh 3% +4% = y? chi ¢6 nghiém nguyén duong x = 1
vay =5 theo bd dé), nén theo bai 5, Py (¢) kha quy trong Q[t]. Ta c6

Pi(t) = ((t—5)*—16)*" +16* = P,(t —5),
v6i Py (1) = (1> — 16)*" +16%". Do d6 Py (¢) kha quy trong Q[r]. Lai c6 Py(r) = P3(¢?)
v6i P3(1) = (1 — 16)* + 16%". Nén P;(t?) kha quy trong Q[t]. Do P3(0) = 2- 16
khong 1a sb chinh phuong, nén theo bai 5, P5(¢) kha quy trong Q[t]. Tir d6 Ps(t +

16) = 1*' 416" kha quy trong Q[¢]. Suy ra (1/16)" + 1 kha quy trong Q[¢]. Do d6
1" 41 kha quy trong Q[t], vo ly theo bai 6. Viy P(x) bt kha quy trong Q[x].

3.2 Ngay tha hai: Hinh hoc

A. Céc dudng dbi trung cta tam giac

BAI1 1.

Theo dinh nghia dudng dbi trung ZDAB = /MAC, ta ciing suy ra dugc ZDAC =
/MAB. Véi chi y rang tit MB = MC, ta dé c6 Syap = Suac, ti d6 ta c6 bién d6i

DB Sagp 3AB-ADsin/BAD AB®> ;AC-AMsinZMAC AB*> Syap AB?
DC  Sacp  1AC-ADsin/DAC ~ AC? 1AB-AMsin/MAB AC* Syac  AC*

D6 1a diéu phai chiing minh.

BAI 2.
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B D C

Trén canh BC, CA, AB lan luct liy cic diém D, E, F sao cho AD, BE, CF 1a ba
dudng dbi trung ctia tam gidc ABC. Theo PT1 thi

DB AB*> EC BC? FA CA?

DC ~ AC>’EA  BA2 FB CBY
Vay

DB EC FA _AB® BC® CA* |

DC EA FB AC? BA? CB? '
Vé6i chd y D, E, F déu ndm trén céc canh clia tam gidc ABC, theo dinh ly Ceva d4o
thi AD, BE, CF dong quy. D6 1a diéu phdi chiing minh.

BAI1 3.

Tir gia thiét /PBC = Z/PCA va tam giac ABC can tai A, dé suy ra ZPCB = /PBA.
Goi giao diém ctia PA va BC 1a D. Ta c6 bién déi ty sd

DB Spag  3BP-BAsin/PBA  BPsin/PCB _ PB?
DC  Spc  1CP-CAsin/PCA  PCsin/ZPBC ~ PC*’
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Theo bai 1 thi PD 1a dudng ddi trung ctia tam gidc PBC, ta thu dugc ZMPC =
/DPB = 180° — ZAPB hay ZAPB+ /MPC = 180°. D¢ la diéu phai chiing minh.

BAI1 4.
A
B D E M C

Bit ding thitc khong ding, phan vi du nhu hinh vé trén. Goi M 1a trung diém BC,
theo dinh nghia duong dbi trung thi AE 12 phan gidc ZDAM. Trong mot tam gidc
d0 dai phan gidc van c6 thé bé hon hai canh tam gidc.

B. Mot s6 tinh chét lugng ctia dudng dbi trung va diém Lemoine

BAIS.

B D C

Goi giao diém ctia LA, LB, LC véi BC, CA, AB lan lugt1a D, E, F. Dung hinh binh
hanh AMLN vé&i M, N 1an lugt nam trén BE, CF. Theo bai 1 ta da c6

DB ¢* EC da* FA V?
DC b2 EA ¢2’FB a?
Tt AM || LC ta cé

. AM EA - % .
LC EC a?
Tuong tu thi
L b2
AN = —2LB.
a

Tu tinh chit hinh binh hanh, ta c6

[A = LM +IN = —AN — &M = -5 0 — 2 B
a a
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hay
a* LA+ b*LB +*LC = 0.

D6 1a diéu phai chiing minh.
BAI 6.

B H C

a) Goi L 1a trung diém AH. Goi E 1a trung diém AC. Dé thiy hai tam gidc BAH va
BCA dong dang (g.g), c6 trung tuyén tuong ung 1a BL va BE. Do d6 hai tam gidc
ABL va CBE ddng dang. Dan t6i /LBA = ZEBC. Vay BL 1a dudng dbi trung ctia
tam gidc ABC. Tuong tu CL 13 dudng ddi trung ctia tam gidc ABC. Vay L 13 diém
Lemoine. D6 1a diéu phai chiing minh.

b) Tam gidc d6 phai vuong. That viy, xét tam gidc ABC c6 dudng ddi trung AD va
diém Lemoine L 12 trung diém AD. Khi d6 tir bai 5 ta c6

LD 4

LA D>+
Ma L 1a trung diém AD suy ra b* + ¢* = ¢*. Theo dinh ly Pythagorean déo thi tam
giac ABC vudng tai A.

BA1 7. a) Goi BM va CN la trung tuyén ctia tam gidc ABC. Theo dinh nghia dudng
ddi trung thi
/MBA = /LBC, /NCA = ZLCB.

A
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Néu LB = LC thi ZLBC = ZLCB, két hop hai dang thic trén ta suy ra ZMBA =
/NCA hay tii gidc BCMN noi tiép. Mit khiac MN || BC, suy ra BCMN 1a hinh thang
can hay ZABC = ZACB. Tit 46 AB = AC. D6 1a diéu phai chiing minh.
EA b? - L . . .
b) Tir -~ = — ta suy ra a@®EA + ?EC = 0 hay a>BA + ¢?BC = (a* + ¢*)BE. Binh
a
phuong vo hudng, cho ta

- - \2 - -
(a*+c*)?BE? = (azBA + czBC> = a’c(a® +c*)+2a°c*BA-BC = a*P (> + P+ a* + - b?).

T d6 ta thu dugc

BE? — 2a%c? B a’b*c? .
2+ (@+c2)?
Tuong tu
CF? 2a*b? a’b*c?

T2+ (D)
Vay BE = CF khi va chi khi

2a*c? a*b*c? B 2a*b? a*b*c?
612—’—6'2 (a2_|_6.2)2 - a2+b2 (a2+b2)2

2 b? 1 1

2a? — = d’b*? —

a2+C2 a2_|_b2 ((12+C2)2 (a2+b2)2

c?—b? _ 22 (b* — c?)(2a* + b+ ?)
(a% +c?)(a? + b?) (a% + c?)%(a% +b?)?
20 (c* — b?)(a® + *)(a® 4+ b*) = b*A(b* — c*) (2a* + b* +?)
(¢ —b*)(2a*(a® + 2)(a® 4+ b*) + D> 2a> +b* 4+ ¢*)) =0
b=c.

24*

1T r v

Vay BE = CF thi tam gidc ABC can tai A. D6 1a diéu phéi chiing minh.
BAI 8.
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Tt bai 5 ta c6 a?LA + b*LB + c*LC = 6 ta suy ra

LD a* LE bV LF ¢
LA D+ LB 2+a*’ IC  a*+b*

Vay bt dang thiic dé cho tuong duong véi

a? b? 2
<= LA+LB+LC22< 2LA+ LB+ LC)

b2 +4c 2+ a? a? + b?
b+ % —2a? c?+a* —2b? a?+b* —2¢?
~— IA L >0
b? 42 2+ a? +IC a?+b? -
LC LB LA LC
B2 2 _ 2 2 _
( <) (a2+b2 cz+a2) (e —a) b*+c2  a*+D?

LB LA

2 2

—b — >0
Tla )(c2+a2 b2+c2) -

— (b*>—c*)(CF —BE) + (¢ —a®)(AD — CF) + (a* — b*)(BE —AD) > 0

Khong mit téng quat gid sit a > b > ¢, theo ching minh bai 7 thi AD < BE < CF
viy bét dang thic

(b* — ¢*)(CF — BE) + (¢* — a*)(AD — CF) + (a* — b*)(BE — AD) > 0

luon diing. P6 1a diéu phai chiing minh.

BAI19.
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Goi (0) 1a dudng tron ngoai tiép td giac ABCD. Tiép tuyén qua A, B, C, D ctia (0)
cat Tiép tuyén qua B, C, D, A clia (O) tai X, Y, Z, W. Theo bai 3 thi L 1a giao diém
clia AY va CX con J 1a giao diém ctia AZ va CW. Ti gidc XYZW ngoai tiép nén
dé thiy XZ, YW, AC, BD dong quy tai P. Tit d6 theo dinh ly Pappus cho hai bo ba
diém thang hang (W,A,X) va (Z,C,Y) ta dé thiy J, P, L thang hang. D6 1a diéu phai
ching minh.

BAI 10.

Pudng d6i song qua X cit cic canh CA, AB tai K, S; dudng d6i song qua Y cat céac
canh AB, BC tai M, N; dudng d6i song qua Z cat cac canh BC, CA tai P, Q.

Dé thiy cic tii gidc BCKS, CAMN, ABPQ noi tiép va vi AX, BY, CZ la cic dudng
ddi trung nén X, Y, Z 1a trung diém cta KS, MN, PQ.

Tit /XBA = /YAB va ZASK = ZACB = /BMN (vi BCKL va CAMN ndi tiép), ta
thu dugc AAMY ~ ABSX (g.g). Nhung vi X va Y 1a trung diém cia KS va MN
nén AAMN ~ ABSK (c.g.c), vi thé nén /SBK = /MAN = ZMCN (vi CAMN noi

tiép). (1
Tuong tu ta c6 LSCK = ZQBP. (2)
Tit BCKS ndi tiép, ta c6 ZSBK = /SCK. (3)

T (1), (2), (3), ta nhan dugc ZMCN = /QBP. Mit khac dé thiy ZQPC = /BAC =
/MNB (Vi céc ti gidc CAMN va ABPQ noi tiép). Tut d6, ACMN ~ ABQP (g.g),
nhung Y va Z 1a trung diém ctia MN va PQ. Vi thé ABZP ~ ACYN din dén
/ZBC = /YCB. b6 1a diéu phai chiing minh.



CAC BAI DE XUAT: PAI SO

1 MA TRAN
Bai 1.1 (PH Giao thong van tai, N.H. Hoang). Ta c6 A% = —A%. Ta ¢
A2023 — (46431439 — (L A2)31430 — 4101,

Do d6 A0 = —A!91 St dung A% = —A2, ta c6 A0 = —AF A0 = 43 va
A3 — 739

St dung A% = —43% ta c6 A% = A8 A% = —A3° 420 = A%,

Hon ntra, tu A% = —A% ta suy ra A? = —A3 va véi k > 2 thi AR = A2 AF2 =
—A3 AR = AR Vi AR = — AR y6i moi k > 2 nén ta suy ra dudc AS? =A%,
Nhu vy, A> = —A? nén A% = 0.

Bai 1.2 (DH Khoa hoc - PH Thai Nguyén, P.H. Nam).

1 0
01

a= (@b iy (10),

Do do6 ta c6 hé phuong trinh

a) Cho ma tran thuc A = (CCZ Z) sao cho A> = ( ) . Khi do ta co

a*+bc= 1,
(a+d)b=0,
(a+d)c=0,
d*>4bc=1.

Giai hé phuong trinh tim dugc A = (CCZ b ) v6i a® + be = 1.

b

4) Vi A giao hodn v6i moi ma tran vudng B cAp

b) Cho ma tran thuc A =

2 v6i hé sb thuc nén véi B = (é 8) hoic B = (8 (1)) ta c6 AB = BA.

v~ (10 o
leB—(O O) tasuyrab=c=0.
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p_ (01 _ . [a O\ (1 0\
leB—(O 0) tasuyraa—d.DodoA—(O a)_a(O 1)—611.

V6i moi ma tran cp 2 véi hé s6 thuc B ta c6

~ . (a0
VayA-(O a)'

Bai 1.3 (PH Kinh té va Quan tri kinh doanh - PH Th4i Nguyén, N.Q. Hoa). Ta c6

AB = alB = aBI = B(al) = BA.

1 1 1\°

1
1 1 -1 -1
1
1

A% = =41,

-1 1 -1
-1 -1 1

Suy ra
(detd)? = det(A?) = 4* £ 0.

Do d6 A kha nghich. Hon ntta

A=A
11 9 -5 -3
o, 1]l =31 -3 -3
A o 1t
VyX=BA"=712 2 4 _4
35 5 7

Bai 1.4 (PH Kinh té va Quan tri Kinh doanh - PH Théi Nguyén, T.N. Binh). V&i
moi A € My(R), ta c6 A2 —tr(A).A +det(A).I = 0 véi I 1a ma tran don vi cip 2. Ta
co

tr(AB—BA) = 0= (AB—BA)* = al = (AB— BA)'" = B?I.

Dit C = (AB+BA)*™ thi (AB—BA)'°% 1 (AB+ BA)'%% = B2 + %, ma

det(B>I +C?) = det(BI +iC).det(BI — iC)
= det(BI +iC).det(BI +iC) > 0.

Nén ta co
det ((AB — BA)'" 4 (AB + BA)'*) = det(B*1 +C?) > 0.
Bai 1.5 (PH Kinh t& va Quén tri Kinh doanh - DH Thai Nguyén, T.N. Binh). Gia

st f va g 1a cac tu dong ciu tuyén tinh ctia R- khong gian vécto V c¢6 ma tran 1an
lugt 1a A, B v6i ¢6 sG nao do cua V (dimV = n).
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Khi d6 ta c6 rank(A) = rank(f) = dim(Imf) va Im(f + g) = Im(f) + Im(g). Mat
khac ta co

dim(Im(f + g)) = dim(Imf) + dim(Img) — dim(Imf NImg).
Gia st y € Imf NImg, khi d6 ton tai x;,x, € V sao cho Ax; = Bx, = y. Do dé
Tpl _ . T
xB" =y".
ViBTA=0 nénngTAxl =yI'y=0,tacéy=0.Viy ImfNImg =0 va
dim(Im(f + g)) = dim(Imf) + dim(Img).
Viéy rank(A + B) = rankA + rankB.

Bai 1.6 (DH Vinh, D.X. Gidap). Nhan bén trdi v6i ma trdn B va nhan bén phai véi
ma trin A vao hai vé clia ding thiic (AB)?**? = 2023(AB)*** ta c6

B(AB)(AB)...(AB)A = 2023B (AB)(AB)...(AB) A.

2022 1an 2023 lan

Diéu nay tuong duong vdi
(BA)?% =2023(BA)?"** (*)
Do ma tran BA c6 cp 2 x 2 va theo gia thiét rank(BA) = 2 ta suy ra ma tran BA kha
nghich. Didu nay din t6i ma tran (BA)?°? kha nghich. Tir d6 nhan hai vé déng thic
_ 1
(*) v6i ma tran ((BA)?*) ™" ta thu dugc T = 2023(BA), hay 1a BA = 005! (trong
d6 I ky hiéu 1a ma tran don vi cép 2).

Bai 1.7 (PH Vinh, D.X. Gidp). Gi4 st ta tim dudc ma trin A théa min yéu cau bai
toan. Theo tinh chat déng du, ta c6 detA = detB (mod 2), trong do

0o 1 ... 1
B_ 1 0 ... 1
1 1 .. 0

2023 %2023

Bai 1.8 (PH Vinh, D.X. Gidp). Gia sit X = (x; x3 ... x2023)7 12 ma trén cot thda
man

(A+20231)X = 0. (1)
Bing cach iy chuyén vi 2 vé ctia (1) ta c6
X7 (AT +20231) = 0= X" (~A+20231) =0

= —XTA+2023xT =0
= —XTAX +2023x"x =0. )
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Mait khac, (1) kéo theo AX = —2023X, dem thé vao (2) ta c6
—XT(—2023X)42023X"X =0 = XTX =0.

Diéu nay tuong duong véi x7 +x3 + ...+ x3003 = 0, din t6i x; = xp = ... = xp023 = 0.
bicu nay suy ra diéu phai chiing minh.

Bai 1.9 (DH Cong nghé thong tin - PHQG Tp. Hd Chi Minh). Dt M = G j)

thi phuong trinh da cho tuong duong
X215 1 X" = 21, +4028M.

Ta chi ra X théa man phuong trinh MX = XM va gidi phuong trinh nay dé thu dugc
X=ah+BMvéia,p €.
St dung M? = 0 dé chira

X201 L x" — (22015 + o)l + (20150 + no" M.
Tit 46 quy vé hé phuong trinh

02015 L gn — 9
(20150 +-na" 1B = 4028

Tur day o 1a u6c cia 2 nén ta c6 o = 1. Thay a = 1 vao phuong trinh thu hai, ta thu
dudc
(2015 +n)B = 4028.

Dua vao n+2015 1a uéc sb cia 4028, ta c6 n+2015 = 4028 hayn=2013vaf3 =1.

Viy n =2013 va X = G —01)

Bai 1.10 (PH Cong nghé thong tin - DPHQG Tp. Ho Chi Minh). Ta thay p(A),q(A)
giao hoan véi nhau, p(B),¢(B) giao hoan v4i nhau. Xét cac ma tran

= ()= (i )=o)

det(M) = det[p(A)p(B) +4(A)q(B)],
det(N) = det[p(B)p(A) +q(B)q(A)].
Ma det/ = —1, M = JNJ nén detM = detN va ta c6 diéu phdi chiing minh.

Ta co
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Bai 1.11 (PH Cong nghé thong tin - PHQG Tp. H5 Chi Minh). Tir bat dang thic
Sylvester vé hang ctia ma tran, ta c6

rank A + rank B < rank(AB) +n
nén
0 =rank(AA;...Ax) > rankA| +rank(Ay ... Ag) —n
> rankA| + rankA; +rank(As ... Ay) —2n

>
> rankA| +rankA, + ... +rankA; — (k— 1)n.
Bai 1.12 (PH Tra Vinh, T.Q. Ha).

a) Taco

-5 d-c R
& 1 d|= ¢
—_ = 1 == _l_|_l I_E
c d c d ¢ d
Sce=d
2 3¢
b) Tac6A(c) +A(2c)=| 3 o]
2c
1
L[5 0
(A(c) +A(2c))" = 02 1
2

Do d6 (A(c) +A(2¢))*" khong phu thudc vao ¢ véi moi n € N. Hon nita

1 n
— 0
(A(c) +A(20))" = ( 2

Bai 1.13 (PH Tra Vinh, T.Q. Ha). Gid st A € M, (K) chéo héa dudc, nghia 1a ton
tai P € M,,(K) kha nghich va ma trin chéo D € M,,(K) sao cho A = P~'DP véi

¢t 0 - 0
0 ¢ -+ 0
D= . .
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Suy ra
A0 - 0
an_p| O O,
0 0 - "
Ma A la lay linh nén A™ =0 nén D™ =0, do d6 ' =¢5 = --- =)' =0 hay
co=cy=--=c,=0.

Chiéu ngugc lai cia ménh dé 14 hién nhién.

Bai 1.14 (PH Su pham Ha Noi 2). Xét tinh chin 1& ctia dinh thic clia A, ta c6

011111 111111

101111 101111
“hro1 11 110111
detA=\1 1 1 g1 1|Z51 11 01 1] (Md2)

111101 111101

111110 111110

11 1 1 1 1

0 -1 0 0 0 0
oo =1 0 0o o __

00 0 0 -1 0

00 0 0 0 -1

suy ra detA 1a mot s6 nguyén 1é. Vay detA khac khong.
Bai 1.15 (PH Hung Vuong - Phi Tho). Ta goi

1 0 0 1
5= (o 0)2= (o o)

a 0 a b
AEl_(C 0>_E1A_(O 0)

Tir gia thiét, ta c6

suyrab=c=0.Tu
suyraa=d =k.

Bai 1.16 (PH M6 - Dia chit, P.T. Cudng). Ta c6

p(x) = det(A —xI) = x> —ax+b,
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trong d6 a = Tr(A), b = detA. Dat € = ¢'F . Khidé e+e>=—1. Tudé suy ra
det(A>+A+1) = det(A —el) (A — €%I) = p(e) p(€?).

Thay p(x) vao ta dugc

det(A2+A+1) = (e —ae+b)(e —ag’® +Db)
— 1 —ae +be? —ae® + a* — abe + be — abe® + b* =
=1+ (—a+b—ab)(e+€*)+a*>+b* =
=l+a—b+ab+a*+b* =d*+ (1+b)a+ (b*>—b+1).

Tam thiic bac hai dat gid tri cuc tiéu tai di€ém

b+1
a=———
2
va c6 gia tri cuc tiéu bang
3
~(1—b)%
Ya-n)

Vi b = detA nén day chinh la diéu phai chiing minh.
Bai 1.17 (DH Hai Phong, V.T. Diic).

a) Ta c6 ma tran A khac khong va detA = 0 nén A c6 hang bang 1, do d6, n6 c6
it nhAt mot dong khac khong. Nhu vay A c6 thé viét dudi dang:

a b y ka kb
A:(ka kb) hOaCA_(a b)

v6i a, b khong dong thdi bang 0.

b) Ki hiéu I, 1a ma tran don vi phtic cap 2. Ta c6:

-2 -1 -1 -1
2 _op_ ) —
B~ —2B (_1 _2) < (B—1) (_1 _1)
bat A =B — I, ta c6 detA = 0 va A la ma tran khac khong nén n6 c6 dang

a b ,
A= (ka kb)’do do

b
A% = (a+kb) (kc; kb).



Tir gia thiét suy ra

(a+kb)a=—1,

(a+kb)b=—1,

(a+kb)ka=—1,

(a+kb)kb = —1
Rut gon ta dugc

k=—1,

a=nb,

(a+kb)a=—1

Tu do ta giai duge

wn<{ () ()

Khi d6 hai ma tran B thda man yéu ciu dé bai:

i i i —i

1+— — 1l-— —

B=A+1h¢ l-\/z \/Ql_ ; _>/§ \/ii
_— 14+ — - 1— —
V2 V2 V2 V2

¢) Taco:

3 a2 am [0 -1 5 (—1 -1
c3-3cC +3C_( Lo )ee-nr=(", _|)

biatA =C — I, taco detA = 0 va A 1a ma tran khac khong nén n6 c6 dang:

o a b 3 2 a b
A_(ka kb) = A" = (a+kb) (ka kb)'

Tir gia thiét suy ra

(a+kb)*a=—1,

(a+kb)*b=—1,

(a+kb)*ka = —1,

(a+kb)?kb = —1
Rut gon ta dugc

k=—1,

a=>h,
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Tu do ta giai dugc
—1

a=b= %
Khi d6 c6 duy nhat mot ma trin C théa man yéu cau dé bai

P

c=| Y+ V4
i

2 PINH THUC
Bai 2.1 ( PH Dong Thép, N.T. Phic).

a) Liy dong i trit dong i — 1 v6i 2 < i < n, ta dudc

1 1 1
0 1

detA=] 0 0 1 =1.
0 0 O 1

b) Lﬁy dongitritdongi+1v6il <i<n-—1,tadudc

10 0 .. 0
-1 -1 0 .. 0

detA=| -1 -1 -1 .. 0 |=(-1)""'n
n n n n

Bai 2.2 (DH Giao thong van tai, N.H. Hoang). Dt A = I + B v6i B = (b;;)nxn va

bij =2""7. Do ma tran B c6 cic hang ty 1& v6i nhau nén rank B = 1 va B c6 céc gid
n+l

tririéng A =0 (boin—1)vadl =tr(B) = —5 (bdi 1). T d6 ta suy ra da thic

dac trung cia B 1a

n+1 _
Pa(A) = det(B— A1) = (~1)'A" (4 - 4 4).
4n+1 -1

Nhu vy detA = Pg(—1) = 3
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Bai 2.3 ( PH Giao thong van tai, N.H. Hoang). Dit M = G j) D@ théy
2023 —2012
2012 —2001

v6i nhau nén

) = 117+ 2012M va M? = 0. Do M,,M,, M5 ddi mét giao hodn

My (M} + M3+ M3) = (M} + M3 + M3)M) < MiM = MM,.
St dung MM = MM, ta suy ra dudc riang ton tai hai s6 nguyén oy, dé M| =

ol + BiM. That vay, néu M, = (CCI Z) thi

B a+b —a—-b\ (a—c b—d b=—c
MlM_MMI@(c—l—d —c—d>_(a—c b—d)ﬁ{d:a_zc
Vay M{M = MM thi M c6 dang

a —c
M= (c a—ZC) =(a—c)[+cM

va day 1a biéu dién da néi & trén.
Tuong tu, ta c6 M = 0l + BoM, M5 = ol + B3M. St dung céc biéu dién nay va
M?=0,ta nhan dudc
M} + M3+ M3 = (o + o + 03T + (405 B + 405 By + 205 83)M.
Két hop vdi gia thiét ta c6
(of + 05 + 03)1 + (40 B1 +405 o + 203 83)M = 111 +2012M.
Do hé {I,M} doc 1ap tuyén tinh nén tir dang thiic trén ta suy ra:
of +og a3 =11 (1).
Tir (1) ta c6 o < 11,05 < 11 nén két hop véi oy, 0 nguyén ta suy ra af < 1,05 <

1. Diéu nay dan t6i 11 > of = 11 —of — 5 > 9 nén o3 = 9 (do o 1a mot sb

chinh phuong). Nhu vay af + 061 = 2 va diéu nay suy ra ocf = 0(24 =1 vahéquala
2 2

061 - 052 - 1

St dung cac két qua phan tich trén ta nhan dudc:
M3 = 031 +20353M = 91 + a3M,

v6i a3 = 2a3f33. Tuong tu ta thu dugc M12 =S I—i—alM,M% =1+ ayM véi a; =
2001, a2 =200
Viy ta c6 dang thuc

M3?M2 + M3M3 +M3M? = 191+ (10a; + 10a; +2a3)M.
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X+y =y

St dung déng thiic det(x +yM) = ry

‘ = x27 ta nhan dudc

det(MIM3 + M3M3 + M3M?) = 361.

Bai 2.4 (PH Kinh t& va Quan tri Kinh doanh - DH Thai Nguyén, N.Q. Hoa). Nhan
xét rang dinh thiic ctia A 1a mot s6 nguyén va néu thém hay b6t cac phan tir ctia A di
mot s6 nguyén chén thi tinh chin 1€ ctia dinh thiic khong déi. Do d6

01 1 1
101 1
detA=|1 1 O 1| (mod2).
111 0
Ta co
01 1 ...1 [22—1 11 1
101 ... 1 |2n—1 1.1
110 ... 1=2n—110 1= 2n—1)(=1)*"1 = 1(mod2).
111 ...0 [22—=1 11 ...0

Tu d6 suy ra detA 1€ nén khac 0.

Bai 2.5 (PH Cong nghé thong tin - PHQG Tp. Hd Chi Minh). Néu x = 0 thi
det(xA + yB) = det(yB) = y*detB = 0.

Néu x # 0 thi det(xA + yB) = x>P(t), trong d6 ¢ = > va P(t) = det(A +B) 1a da
thic bac 3 theo «. g

Theo gia thiét, ta c6 P(0) = P(1) = P(—1) = 0 nén P(t) phai c6 dang

P(t)=ou(*—1)

v6i a 1a hing sb. Mit khdc ta c6

1 1
o= lim —=P(f) lim det (;A +B> = detB = 0.

oo 3 oo
T d6 ta c6 P(t) = 0 v6i moi ¢.

Bai 2.6 (PH Cong nghé thong tin - DPHQG Tp. Hd Chi Minh). Pit D, = detA. Ta
bién d6i dinh thic theo thd tu:

LAy dong n trit cho dong n — 1.

 Liy dong n — 1 trit cho dong n — 2.
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» LAy dong 2 trii cho dong 1.

Léy két qua thu dugc khai trién theo cot 1. Tiép theo, ta bién ddi dinh thiic theo thi
ty:

» LAy cot n— 1 trit cho dong n — 2.

 Liy dong n — 1 trit cho dong n — 2.

* LAy dong 2 trii cho dong 1.
Pén day ta thu ducgc D,_;. Do dé D, = D,_;. Viy tacé D, = Dy = 1.

Bai 2.7 (DH Tra Vinh, T. Q. Ha).

a) Taco
ay+c ar a
a a+c --- a
deta=| 1 % "
aj ar e ap+c
n
Zai—l-c az e Ay
i=1
n
_ Zai-l-c a+c -+ ay
— |i=1
n
Zai—l—c a e AptcC
i=1
n
Za,-—l—c a -+ ap
i=1
= 0 c 0
0 0 c

n
Do d6 detA = (Z a,--l—c) L
i=1
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b) Tacd

A kha nghich < detA #0
n
& (Zai+c> 40
i=1

n

Z ai+c#0

i=1

c#0
Bai 2.8 (DH Fulbright, N.T. Hiéu). Trudc tién, ta nhan thay F(x) 1a mot da thic bac
4 theo bién x.
Cong cac hang 2, 3 va 4 vao hang 1, ta thiy F(x) = 0 khi x+ 2022 + 2023 + 2024 =
x+ 6069 = 0. Nhu vay x = —6069 1a mot nghiém.
Tuong tu, cdng hang 2 vao hang 1, ta thly x = 2023 +2022 — 2024 = 2021 1a mot
nghiém khac. Cong hang 3 vao hang 1, ta thly x = 2024 +2022 — 2023 = 2023 1a
mot nghiém khac. Cong hang 4 vao hang 1, x = 2024 42023 — 2022 = 2025 la mot
nghiém khac.

Do da thiic bic 4 chi c6 nhiéu nhit 4 nghiém khéc nhau, chiing ta di c6 di bo
nghiém ctia phuong trinh 1a {—6069,2021,2023,2025}.

3 HE PHUONG TRINH

Bai 3.1 (DH Pong Thép, N.T. Phic).

100 100

3 2 .o (3
a) A= 21 25 VaB—<2).

3 1

b) Tatim x vay dé

100 100 100
302 x\ | 225
21 25 ( y > | 24
3001 1.5

Tinh dugec x = 1/4,y =3/4.

Bai 3.2 (DH Dong Thap, N.T. Phic). Chuyén cot B clia hé phuong trinh AX = B
sang Vé trai va nhan tit ca cac phuong trinh véi 2023 ta duge hé A’X = 0 trong d6

A’ = (aj;)nsa;; = 2023a;; va a;; = a;; — 1 v6i v6i 1 <i# j<n.
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Chi ra detA’ # 0 va két luan hé chi c6 nghiém tam thudng. Chang han

-1 0 O 0
0O -1 0 .. O

detA’= 0 0 -1 .. 0 |=(—1)(mod2023)
0 0 O -1

nén detA’ # 0.

Bai 3.3 (DH Khoa hoc - PH Thai Nguyén, N.T. Son). Goi D la dinh thiic ctia ma
tran hé sd clia hé phuong trinh da cho. Ta c6

ap 1 1 1

o 1 ar 1 1
D=1y 1 az 1
I 1 1 a4

LAy cdc dong i, v6i i = 2,3,4 trit di dong 1, r6i dua c4c nhan tif chung (1 —a;) & cot
thi i = 2,3,4 ra ngoai ta co

ai 1 1 1
4 1—611 1—a2 1—a3 1—a4
D= ]—al 1 —1 0 0
i=1 1 0 —1 0
1 0 0 -1

Cong tat ca cac cdt vao cot 1 ta dugc

4 1 1 1

4 IZZ 1—a1 l—ay 1—a3 1—ay
D=]](1-a) 0 -1 0 0
i=1 0 0 —1 0
0 0 0 -1

ﬁ(l ) i ! - <0
i=1 A=

T d6 hé phuong trinh tuyén tinh da cho c6 duy nhét nghiém (0,0,0,0).

Bai 3.4 (DH Vinh, D.X. Gidp). Pit B= (by by ... by)T vaX = (x; x5 ... x,)7. Khi

do, hé da cho tré thanh MX = B, trong d6 M = I + A véi I ky hi€u 1a ma tran don vi

cipn.Tacé

M?> = (A4+1)? =A2 424 +1=3A+1=3(M—1)+1=3M—2I.
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:>I:M(§I—%M> :M(gl—%(A—I—I)) =M<I—%A).

1
Do d6, ma tran M kha nghich va M~ =1 — A Tir d6, hé da cho tuong ducng voi

1 1
X=M'B=(I—-A)|B=B— -AB.
2 2

Do do

.

1
x1 =by—=(bian +brain+ ...+ byan,),

X =by— E(blaﬂ +braoy + ...+ byazy),

1
\ Xn :bn—i(blanl+b2an2+...+bnann).

Bai 3.5 (PH Su pham Ha Noi 2). Xét dinh thic ctia ma trin hé s6 ctia hé phuong
trinh

(a1+b1)° (a1+b2)° (a1+b3)° (a1+bs)
(a2+b1)3 (a2+b2)3 (a2+b3)3 (a2+b4)3
(a3+b1)3 (a3+b2)3 (a3 +b3)3 (a3 —|—b4)3
(as+b1)° (as+b2)° (as+b3)’ (as+bs)’

=9(ay —ay)(az —a1)(as —ay)(az — ax)(as — az) (as — az)
X (bz —bl)(b3 —bl)(b4 —bl)(b3 —bz)(b4 —bz)(b4 —b3)
=9.122.3%.45 £ 0.

Vay hé phuong trinh c¢6 nghiém duy nhitx =y=z=1=0.
Bai 3.6 (DH Hung Vuong - Phi Tho). Dat
1 1
1|, B=|2 1 -1
-5 0 2 0
Do detA # 0 nén ma tran A kha nghich. Ta c6

2 4 1

5 —-10 3
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-6 -6 7
Khid6 X =A"'B=1[ 11 11 —12
~15 —15 18

Bai 3.7 (PH Hung Vuong - Phii Tho). Goi x,y,z,¢ 1an lugt 1a s6 lugng sdn phidm A,
B, C, D. Khi dé ta c6 hé phuong trinh sau:

X+2y+z+t =50,
3x+2y+2z+2t =380,
2x+3y+z+2 =80,
2x+2y+2z+t  =60.

Giai hé ta dugc nghiém 1a (0,10,20, 10). Do d6 s6 lugng san pham A, B, C, D lan
lugt 12 0, 10,20, 10 san pham.

4 KHONG GIAN VECTO

Bai 4.1 ( PH bong Thap, D.X. Gidp). Vi f; 1a cdc 4nh xa tuyén tinh nén ta c6
dimV; = dimIlmf; 4+ dimKerf; (1 <i < n). Do dé

dimV; — dimV5 4 dimV3 — - - + (—1)""'dimV,, = dimKerf; + (—1)"" 'dimImf,.

Mait khac, ta ¢c6 Imfy = 0 va Imf,, = 0 nén dimKer f; = dimIm fy = 0 va dimImf, =
0. Suy ra
dimV; — dimV5 +dimV3 — - -- 4 (—1)""'dimV,, = 0.

Bai 4.2 ( PH Giao thong van tai, N.H. Hoang). Do
(g —up) + (up —uz) + (uz —ug) + (ua —uy) =0

va f la anh xa tuyén tinh nén ta suy ra

3 1
Bup +4ur +uz +2us =0 & uy = _Eul —2u2—§u3_

3 3
Do d6, uz —u4 = Eul +2uyr + §u3 nén 2(143 —u4) —3(141 —u2) —1-3(142 —ug) = 10u;.
Bdi vay ta co

F(10up) = uy + 8uy — 6us = 18uy + 20uy + 3us
hay

1
flup) = E(lgul +20uy + 3u3).
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Bai 4.3 (DH Giao thong vén tai, N.H. Hoang).

a)

b)

Ta st dung ching minh phén ching. Gia st rang {us, u3,u4} 12 mot co sd ctia
U. Khi d6 dimU = 3 va u; phai bi€u dién dudc qua co s6 {uy,uz,us}. Gia st
biéu dién dé6 1a

U] = XpUp +X3U3 + X4U4.
Do u; # 0 nén cic hé sb x,x3,x4 khong dong thdi biang 0. Do vai trd cia
cac hé sb x»,x3,x4 nhu nhau nén khong mit tinh tdng quat ta xét trudng hop
xp # 0. T xp # 0 ta suy ra dugc hé {uy,u3,us} doc 1ap tuyén tinh. That vay

Auy + Azuz + Aqug = 0 = xp A + (As +x3A1 )uz + (Ag +x441 )ug =0
Vi hé {uy,u3,us} 1a co sé sta U nén x4 = A3 +x34; = A4 +x44; = 0. St
dung x # O tasuy ra Ay = A3 = Ay = 0 va hé {uy,u3,us} doc lap tuyén tinh

nhu da néu ra & trén. Vi dimU = 3 va hé {uy,u3,us} doc 1ap tuyén tinh nén
hé {u,u3,us} phdi 1a mot co s6 clia U va diéu nay mau thuin vdi gia thiét.

Nhu vay, {us,us,us} khong phai 1a mot co s6 cta U.
Pit n = 2023. Xét dang thic
A1 cos?x+ Ay cos?2x + ... + A, cos’nx =0, (1)

trong khong gian cac ham s6. O ddy, vé phai ctia (1) 1a ham hing c¢6 gid tri 0.
LAy dao ham 2 vé cta (1) theo bién x, ta nhan dudc

A sin2x+2A;sindx + ... +nA, sin2nx = 0. (2)
Dé dang chi ra dudc hé ham sb {sin2x,sin4x, ..., sin2kx} 1a hé doc 1ap tuyén

tinh v6i moi k > 1. St dung két qua ndy va (2) tasuy radudc Ay = A, = ... =
A, = 0 va day 1a diéu can chiing minh.

Bai 4.4 (DH Khoa hoc - PH Thai Nguyén, T.D. Diing).

a)

Tir gia thiét ta c6
dim(V1 + Vz) - dirn(Vl) + dim(Vl) - dim(Vl N Vz) =1.
Ma dim(V1 —l—Vz) > dim(Vl) > dim(V1 ﬂVg). Do d6

dim(V; +V,) —dim(V;) = 0 hodc dim(V;) —dim(V; NV,) = 0.

Suy ra V, C V;j hoac Vi C V,, nghiala Vi UV, =V; hoac ViUV, = V,.
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b) Xét anh xa tuyén tinh f: V; x V5 x V3 — V2 véi fx1,x0,x3) = (x1 —x3,%0 —
X3). Khi do f(xl,)Cz,X3) = 0 khi va chi khi (xl,XQ,X3) = ((X,(X,OC) v6i moi
oacVi xVy,xVs.

Do d6 dim(V; NV, NV3) = dim (ker f) va
4049 < dim(V}) 4+ dim(V;) +dim(V3) = dim(V; x V, x V3)

= dim (Ker f) + dim (Im f).
Ta co
4049 < dim (Ker f) +dim (V?) = dim (Ker f) + 4048.
Vi vay

dim(V; NV, NV3) =dim(Kerf) > 1
hay ViNV,NV3 # 0.
Bai 4.5 (PH Tra Vinh, D.K. Ngoc). Gia st phan ching m > n — 1, suy ra hé vecto
{vi,v2,...,Vm,v} ¢6 s vectd 1a m+ 1 > n 16n hon sb chiéu cta R" nén phu thudc
tuyén tinh. Do d6 ton tai m + 1 sb thuc &y, @, ..., 0y, & khong dong thdi bang 0
sao cho
v+ vy +...+ Oy vy, +av =0.

Do v khong 12 t6 hgp tuyén tinh cta hé {v{,vy,...,v,;} nén a = 0. Vay

avi+ vy +...+ 0y, =0,

hay )y = ap = ... = @, = 0 do hé {vy,v2,...,v,y} C R" doc 1ap tuyén tinh. Do d6
0=0 =0 =...= 0, =0 (miu thuin). Suy ra ta c6 diéu phai chiing minh 1a
m<n-—1.

Bai 4.6 (DH Tra Vinh, D.K. Ngoc). Tir gia thiét ta c6 dimIm(f + g) = dimImf +
dimImg. Mét khac

dimIm(f+g) < dim(Imf + Img) = dimImf + dimImg — dim(Imf N Img).
Suy ra Imf NImg = {0}. Vay
Im(f+g)=Imf @ Img

nén Imf C Im(f +g). Do d6 v6i moi v € E, ton tai t € E sao cho f(v) = (f+g)(t).
Vi vay ta cé

g(t)=f(v)—f(t)=f(v—1) € ImfNImg = {0}.
Tudov=(v—1)+t € Kerf + Kerg, tic la Kerf + Kerg = E.

Ngugc lai, tir gia thiét Kerf + Kerg = E, ta chiing minh Im(f + g) = Imf + Img.
That vay ta c6 Im(f +g¢) C Imf +Img. Néu f(u) +g(v) € Imf +Img thi ta c6 phin
tichu=x+yvav=z+t v6ix,zecKerf vayt e Kerg.

Khi d6 f(u)+g(v) = (f+¢g) (u+v) e Im(f +g).
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Bai 4.7 (DH Su pham Ha Noi 2). Ta chiing minh moi tdp con hitu han {"*,"2*, ... "*}
doc 1ap tuyén tinh.
Xét dang thic

are" +ae"™ + .. 4+ aqe =0

véiay,ay,...,aq; € R. Dit e =1, ta dugc
at" +ax+..  Faqr"=0

suyraa; =as = ... = a; = 0 do vé trdi c6 dang da thiic.
Vay ho {e™M*,e"* ... ™} 1a mot hé doc 1ap tuyén tinh trong khong gian véc to clia
cac ham so lién tuc trén R.

Bai 4.8 (PH Hung Vuong, Phii Tho). Gia st x.J 4+ y.A +z.A> +1.A> = 0. Nhan ca
hai vé& v6i A%, ta duge x.A°> = 0. Do A* £ 0 nén x = 0. Suy ra y.A+z.A% +1.A> = 0.
Nhan ca hai vé v6i A2, ta thu dugc y = 0. Tiép tuc qua trinh trén, ta thu dugc ¢ = 0.
Vay hé {I,A,A% A%} 1a hé doc 1ap tuyén tinh.

5 GIA TRI RIENG
Bai 5.1 ( PH Vinh, D.X. Giap). a) Ta c6

2-A -2 1
paAdetA—Al)=| -1 2-12 0 |=(2-21).
-2 0 2-A

Tir d6 suy ra ma tran A c6 duy nhét gia tri riéng A = 2. Ung véi gid tri riéng A = 2,
20i X = (x1,x2,x3) # (0,0,0) 1a vecto riéng tuong ting. Khi d6, AX = 2X. Diéu nay
tuong duong véi hé

—2x14+x3 =0,
—X1 - 09
—2x1 =0.

Giai hé ta thu dudc x; = 0, x» = «, x3 = 2a. Tur d6 ta suy ra tit ca cac vecto riéng
cla ma trin A (ing v6i gid tri riéng A = 2) 1a (0, or,2) v6i moi @ # 0.
b) Tacé A = B+2I (I1ky hiéu 1a ma tran don vi cap 3), trong d6 ma tran

0 -2 1
B=| -1 0 O
-2 0 0

théa man B® = 0 v6i moi s > 3.
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Tu do ta cod

n
A" = (B+20)"=Y CkBFanfF =2" 14+ 02" B
k=0
2" —p2" p2"!
= —n2vt 2n 0
—n.2" 0 2"
Thay n = 2023 ta thu dugc
2205 —2023.2%9% 2023.2%0%
A2023 — _2023'22022 22023 0

Bai 5.2 ( PH Cong nghé thong tin - PHQG Tp. Ho Chi Minh). Ta c6 céc gid tri
riéng cia A la A = —1,4; = —3,A3 = 4. Hon nia véi

-1 -3 -3
T=10 -2 5
-3 1 1
thi
-1 0 O
D=T7'AT=10 -3 0
0 0 4
SuyraA=TDT ! va
—1 0 0

A2003 -7 0 _32003 0 Tfl )
0 0 42003

Do db tacod

—1+9.4200 —3—3.42003 —3—3.42003

42003 _ -3 —130.42003 -9 4.3%(%3 142003 g4 10_3]2(303 | 42003
—3— 4.3%53 442003 _9_ 10.3%03 +4%2003  _9_ 25.3]2%03 + 42003
35 35 35
Bai 5.3 (DH Cong nghé thong tin - PHQG Tp. H6 Chi Minh).
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(a) Do A liiy linh nén né chi c6 gi4 tri riéng A = 0 (k€ ca phiic). Tir d6 suy ra da
thifc dac trung clia ma tran Iy linh A 1a p4(X) = X".
(b) Tu diéu kién AB+A+B = Oy, tacé (I, +A)(I, +B) = I,, do d6
(I, +B)(I, +A) =1,
nén AB = BA. Suy ra C = 2A + 3B cling la ma tran 1ty linh.

Ta c6 C chi nhan 0 1a gia tri riéng, do d6 ma trdn C + [,, chi nhén gia tri riéng
la 1. Suy ra det(l, +2A+3B) =det(C+1,) = 1" = 1.

Bai 5.4 (DH Su pham Ha Noi 2). Ta cé
2023

X2023 1 -3 3 X2022 1 -3 3 1
w3 | =13 =5 3| |y»2n]|=...=[3 -5 3 1
22023 6 —6 4/ \z202 6 —6 4 1
1 -3 3
PitA= |3 —5 3|, tatinh A%,
6 —6 4
Pa thuc dac trung cua A
1-1 -3 3
A-All=| 3 —5-2 3 |=-A+122+16=—(2—-4)(A+2)%

6 -6 4-2
Do do
det(A — AI) = 0 khi va chi khil =4 hodc A =2.

11

Véi A = 4, ta chon dugc mot vectd riéng la | = 1) .

22
V6i A = —2, ta chon dudc hai vecto riéng 1a (1,1,0) va (—1,0,1).
1
-1 -1
Chon ma tran P = i 1 o | khi do
2
1 0 1
4 0 0
P'AP={0 -2 0 | =D
0o 0 -2
Tu do ta cod
42023 | (L0)2023 42023 | (_0y2023 42023 _ (2023
42023 _ ppy2023p—1 _ | 42023 _ %_2)2023 42023 +23(_2)2023 42023 _ %_2)2023

42023 _ %_2)2023 42023 +2(_2)2023 42%23
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Viy ta co
42023 + (_2)2023
X2023 = 2
42023 (_2)2023
Y2023 = 2
o003 = 42023
6 DA THUC

Bai 6.1 (DH Khoa hoc - PH Th4i Nguyén, N.T. Hing).

a) Tacé P(P(x)+x) = (P(x)+x)>+ p(P(x) +x)+¢
= (P +px+q+x)°+p(’+px+q+x)+q
= (4 px+)* +2( + px+q) + 5+ p(x* + px+q+2) +xp+q
= (+px+q)(F+pxt+q+2x+p+1)
= (P +pr+q)((x+1)° +plx+1)+9)
=P(x)P(x+1).
Dit k = P(2022) + 2022.
Vi p,q 1a céc s6 nguyén nén suy ra P(x) 1a da thic hé s6 nguyén. Do d6 k 1a
s6 nguyén. Ta suy ra P(k) = P(2022).P(2023).
b) Tacod P(x) = agx® + asx® + asx* + asx® + arx® + ayx + ap, trong do6 ag # 0 va
caca; € Z,v61i=0,...,6.
Xét da thic f(x) = P(x) — P(—x), ta cd
f(x) = 2asx’ 4 2a3x> + 2a;x. Do d6 ta c6 deg f(x) < 5.
Dé thiy (1) =0, £(2) =0, £(3) =0, f(—1) =0, f(~2) =0, £(~3) =0.
Do vay da thic f(x) c6 bac nhd hon hoic bing 5, nhung lai c6 6 nghiém. Ta
suy ra f(x) = 0. Vay P(x) = P(—x), v6i moi x. Ta c6 diéu phdi chiing minh.

Bai 6.2 (Pai hoc Kinh t& va Quan tri kinh doanh - PH Thdi Nguyén, T.N. Binh).
bit O(x) = xP(x). Vi cdc nghiém ctia P(x) la nghiém thuc phén biét va khac 0 nén
cac nghiém cua Q(x) ciing la nghiém thuc va phan biét. Theo Pinh ly Rolle, cac
nghiém ctia Q' (x) 1a thuc, phan biét va khac 0.

Dit H(x) = xQ'(x). Khi d6 nghiém ctia H (x) la céc sb thuc va phan biét, do d6 theo
Dinh 1y Rolle thi cac nghiém ctia H'(x) cling 1a s6 thuc va phan biét. Mit khéc, ta
co

H'(x) = x*P'(x) 4 3xP'(x) 4+ P(x).

Viy ta c6 diéu phai ching minh.
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Bai 6.3 (DH Vinh, D.X. Gidp). Dit

g(x) = (aP(x) —2023P' (x)) "
va R(x) = aP(x) —2023P'(x). Ta c6

8092

¢ (x) = (4P(x)+(a - )P’(x)—2023P"(x)) ea*,

S6 thuc o & trén dudc xdc dinh khac 0 va thda man ding thic

8092
o—— =
a

—4.

Véi s6 thuc « dudc chon & trén thi g’ (x) = Q(x).e%x.
Dit h(x) = —2023P(x).e 5%, ta c6

K (x) = (aP(x) — 2023P'(x)) 305" = R(x).e 7%,
Tt d6, néu P(x) c6 it nhit 4 nghiém thuc (k€ ca nghiém boi) thi ta xét 2 trudng hgp
sau.

Truong hop 1: deg P 13 s6 chin.

Theo dinh ly Rolle ta suy ra A'(x) c6 it nhit 3 nghiém thuc, hay R(x) c6 it nhat 3
nghiém thuc. Do degR = deg P 1a s6 chdn nén R(x) c6 it nhit 3 nghiém thuc thi sé
c6 it nhat 4 nghiém thuc.

Truong hop 2: deg P 1 s6 18.

Khi d6, P(x) c6 it nhit 4 nghiém thyc thi s& ¢ it nhat 5 nghiém thuc. Theo dinh ly
Rolle ta suy ra 2’ (x) c6 it nhit 4 nghiém thuc, hay R(x) c6 it nhit 4 nghiém thuc.
Nhu vy, ta suy ra R(x) ciing c6 it nhit 4 nghiém thuc (ké ca nghiém boi). Bang lap
luan tuong tu va dp dung dinh Iy Rolle cho ham sb g(x) ta thu dudc Q(x) cling c6 it
nhét 4 nghiém thuc (k€ cd nghiém boi). D6 1a diéu phai chiing minh.

Bai 6.4 (DH Su pham Ha Noi 2). Phuong trinh ham cho bdi
FUE)+FFW)=2y+f(x—y), VxyeR. (D
bat a = f(0). Trong (1) cho y = x ta dugc
£ () :x+g VxeR.
Vay (1) trg thanh:

a a
xto+y+s =2y+f(x—y)
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hay
fx=y)=x—y+avxyeR 2)

v6i moi x,y € R. T (2) cho y = 0 suy ra f (x) = x+a,Vx € R. Thay vao dé bai ta
duogc:
x+2a+y+2a=2y+x—y—+a,Vx,yeR.

Hay a = 0. Viy c¢6 duy nhit mot da thic théa man yéu cau dé bai 1a:
fx)=x VxeR.
Bai 6.5 (DH Ngoai Thuong).
a) Lap bang bién thién.
b) Pity=x>,tacé

-2 —1=0
(:)x4:2y—|—1
sxl?=02y+1)°
eyt -8y — 12y —6y—1=0

¢6 4 c¢6 nghiém 1a o, 83, 8°,7°. Do d6 theo Pinh ly Viét thi § = 8.

7 TO HOP

Bai 7.1 (PH Pong Thap, N.T. Phiic). Ta can chi ra ton tai 1 hinh chit nhat c6 4 dinh
cung 12 0 hodic cling 1a 1. Goi S 1a tip hdp céc cip diém clia hinh chit nhat dudc
danh cling s6 trén ciing cot. Goi a; 12 s6 diém dugc danh s6 0 trén cot i, 1 <i < 7.

Khi do ;
’S’ _ Z (ai(ai— 1) 4 (7—a,~)(6—a,~)) .

i=1 2 2

Mat khac ta c6

ai(ai— 1) (7—61,')(6—61,')
2 + 2

= (a,-—3)(al~—4)+929

do a; 1a s6 ty nhién. Do d6 |S| > 7.9 = 63.
7.6 R \
Mait khac, ta co 5 = 21 cap hang nén theo Nguyén ly Dirichlet, ton tai 3 phan ti

trong S nam trén cling mot cip hang. Tiép tuc 4p dung Nguyén ly Dirichlet, ton tai
2 ciip trong s6 chiing dudc danh cling 1 s6. 2 ciip diém nay tao thanh hinh chit nhat
théa man.
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Bai 7.2 (PH Pong Thap, N.T. Phic). S6 bat tay clia mot thanh vién trong dai hoi
c6 thé nhan gid tri 0,1,...,2022. Tuy nhién, néu c6 mdt ngudi khong bat tay voi ai
thi ciing khong cé ngudi nao bat tay vé6i tit ca moi ngudi (tic 1a c6 sb bit tay bing
2022) va diéu ngudc lai ciing diing. Do d6 s bit tay ctia cac thanh vién trong dai
hoi chi c6 thé nhan 2022 gia tri, ma dai hoi c6 2023 thanh vién nén theo Nguyén ly
Dirichlet nén ton tai hai ngudi c6 cing sb bat tay.

Bai 7.3 (DH Giao thong van tai, N.H. Hoang). Ta goi mot phuong an Iua chon cua
nhém 6 sinh vién sao cho khong c6 toa nao ctia doan thu cé nhiéu hon 2 sinh vién
1a mot phuong 4n t6t. DE thiy rang, ting véi mot phuong 4n tt c6 it nhét 2 toa tau
¢6 2 sinh vién di 1én. Do d6, ta chia cdc phuong 4n tot thanh 2 phan. Phan thi nhit
1a cdc phuong an ¢6 3 toa ma mdi toa c6 2 sinh vién di 1én va ta goi cac phuong an
thudc phan nay 1a phuong 4n loai A. C4c phuong 4n ctia phan con lai dugc goi 1a
phuong an loai B va d6 l1a nhiing phuong an tng véi 2 toa tau ¢6 2 sinh vién di 1é€n
va 2 toa con lai mdi toa c6 1 sinh vién di 1én.

Mot phuong an loai A ¢6 thé thuc hién theo cac budc nhu sau: Goi X 1a mot trong 6
sinh vién. Budc 1, chon 1 trong 4 toa d€ sinh vién X di 1én. Budc 2 chon 1 trong 5
sinh vién con lai d€ di Ién cling toa v6i X. Budc 3 chon 2 trong 3 toa con lai. Budc
4 chon 2 trong 4 sinh vién con lai d€ dua 1én toa c6 s6 thi tu nhé trong 2 toa dudc
chon & budc 3. Budc 5, dua 2 sinh vién con lai 1én toa c6 s6 thi tu 16n dudc chon &
budc 3. Nhu vy s6 phuong an loai A la n; = 4.5.C5.C3.1 = 360.

Mot phuong an loai B ¢6 thé thuc hién theo céc bude nhu sau: Buée 1, chon 2 trong
4 toa ctia doan tau. Budc 2 chon 1 trong 6 sinh vién dé€ dua Ién toa c6 sb thi tu nhod
trong 2 toa dugc chon & bude 1. Budc 3, chon 1 trong 5 sinh vién con lai d€ di 1én
toa c6 s thif tu 16n dudc chon & budc 1. Budc 4, chon 2 trong 4 sinh vién con lai dé
dua 1én toa c6 s6 thi tu nhd trong 2 toa khong dudc chon & buée 1. Budc 5, dua 2
sinh vién con lai 1én toa toa c6 sb thi tu 16n trong 2 toa khong dudc chon & budc 1.
Nhu véy s6 phuong an loai B 1a n; = C3.6.5.C3.1 = 1080.

Nhu vy s6 luong phuong 4n tot 12 1y +no = 1440.

Bai 7.4 (DH Khoa hoc - PH Thai Nguyén, D.T. Hong). Ta c6 k > 2. Vi k < 10 ta
14y k s6 chin dau tién 2,4,6, ..., 2k. Tong clia hai sb bat ky trong k s6 nay hoan toan
1a chiin va 16n hon 2, nén khong phai 1a s6 nguyén t6. Ta suy ra k > 11.

Ta di ching minh k = 11. That vay, ta phan hoach A thanh 10 ciip (c6 nhiéu cach dé&
thuc hién viéc nay), chang han

{1,2}, {3,4},{5,6},...

Ta c6 tdng clia hai s6 trong mdi ciip nay déu 1a s6 nguyén tb. Khi lay 11 ciip s6 trong
tap A, theo nguyén ly Dirichlet, c6 hai s6 nam trong cling mot cip trén, vi thé ching
c6 tong 1a mot s6 nguyén t6. Vay k = 11 1a s& nhod nhat can tim.

Bai 7.5 (PH Su pham Ha Noi 2). Chia m6i canh ctia hinh vudng thanh 9 canh bﬁng
nhau, tif d6 ta chia hinh vuong da cho thanh 81 hinh vudng bang nhau, c6 do dai
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canh béng 1/9.
Mbi diém déu thudc it nhat mot hinh vudng nhd, theo nguyén ly Dirichlet, c6 it nhit
25 di€m da cho thudc cing mot hinh vudng nho, canhhj 1/9.

Lai c6 hinh vudng canh 1/9 ndi tiép mot dudng tron ban kinh ——, do d6 ton tai it

9v/2

nhat 25 diém thudc cung mot hinh tron ban kinh ——.

9v/2

Bai 7.6 (DH Hung Vuong - Phid Tho).

a)

b)

Ta c6 detA = 0 khi va chi khi ad = bc. Do a,b,c,d € {0,1,2,3,4,5} nén ta
¢0 cac truong hgp sau.

THI. V6ia=b = c =d. Khi d6 c6 6 cach chon ma trin A.
TH2. Ma trin A c6 1 thanh phin x # 0 thudc X, c4c thanh phan con lai bang
0. Khi d6 c6 5.4 = 20 cach chon ma tran A.

R . x 0 Xy 00 0 X\ .. v x4
TH3. Ma tran A c6 dang (y 0)’(0 0)’(x y)'(O y) véi x 1a so khac

0 bét ky thudc tap X. Khi d6 c6 5.5.4 = 200 cach chon ma tran A.

TH4. Ma trdn A c6 dang (x x)’<x y>’<y x).<y y) véi x,y,x #yla
y y Xy y X X X

hai s6 khac 0 bt ky thudc tp X. Khi d6 c6 5.4.4 = 80 cach chon ma trin A.
THS5. Matran A c6 a.d =b.c =4,v6ia,d € 1,2vab=c=2hoac b,ce 1,2
vaa=d =?2.Do db c6 4 cach chon ma tran A.

Viy ta c6 210 cach chon ma trin A thda man.

Ta c6 cac udc ctia khong trong tip X 12 2.3,4 vi 2.3 = 6,3.4 = 12 chia hét cho
6. Do d6 a,b,c,d déu c6 3 cach chon. Tit d6 ¢6 3* = 81 ma tran thda man yéu
cau dé bai.

Bai 7.7 (PH Fulbright, N.T. Hiéu). a) Ap dung cong thic (1), ta cé:

@ @ Budc O | Bu6e 1 | Bude 2
1/4 4/16 8/32

R

R

(r)—(ro) s

1/4 5/16 9/32
1/4 4/16 9/32

p1)

p) | 14 3/16 | 6/32
)
)

b) Ta chiing minh bang phuong phéap quy nap.
R6 rang dang thic cAn chitng minh ding véi k = 0.
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Gia st dang thiic ding v6i k — 1, chiing ta sé chitng minh né ciing ding véi k. Ta cé:

Al No[1-d R&D(p))
k
LRY) =L\ X (o0
i=1 i=1 PjEIN(p;) J
& R¥D(p))
=(1-d)+d) Y ——
i=1p;eIN(pi) [OUT (p))]

(=) +d YR (p)

i=1

=1-d+d=1.

O day trong budc gan cubi chiing ta da sit dung thuc té 1a tit ca trang web va tat cic
duong link déu da dudc tinh dén trong tdng doi.
¢) Goi E 1a ma tran kich thuéc N gdm toan s 1. St dung két qua cau b) ta c6:

A= (1—d)E+dG.

ctia thuat to4n lip mii d&€ tim mot vector riéng tuong Ging véi gid tri riéng 16n nhat
ctia ma tran lién ké da dudc chinh stia A.



CAC BAI PE XUAT: GIAI TICH

1 DAY SO

Bai 1.1 (PH Bach khoa - DHQG Tp. HCM, P.T. Thuc).

a) Tu f(a,) > 0va f' (a,) <0, ta két luan dudc a, | > a,. Vay diy {a,} ting.
Néu day {a,} bi chan trén thi né phéi hoi tu vé mot so thuc L. Tir cong thiic
cua day va tinh lién tuc cua f, f ' ta suy ra

L
L:L—{()
f'(L)
Din dén f (L) = 0. Mau thuin. Nhu vay diy {a,} khong bi chan trén. Tic 1a

lim a, = +co.
n— oo

Ghi chii: M6t ham s6 f thda man yéu cau dé bai la f (x) = e .

b) Tu f 1a ham gidm ta c6 f(a;) = f(1) > £(2023) = 0. S& dung khai trién
Taylor ta c6

> (an) +f (an) (¥ — an).
Cho x = a, 4 ta dugc
fant1) > f(an) + f'(an) (ant1 —an) = f(an) — f(an) = 0,¥n > 1.

Ta két luan dudc £ (a,) > 0 v6i moi n > 1. Tir cong thiic clia dy ta suy ra day
{a,} khong giam. Thém nita day {a,} bi chan trén bsi 2023 vi

f(an) = 0= f(2023)

va f 1a ham gidm. Nhu vy day {a,} hoi tu v& mot sb thuc L. Tl cong thiic
clia ddy va tinh lién tuc ctia f, f', ta suy ra

~—

L
L:L—ﬁ(x
f'(L)
Vay f (L) =0. Tut day dan dén L =2023 vi f laham giam. Tiicla lim a, = 2023.

n——oo
Ghi chii: Mot ham sb f thda man yéu cau dé bai 1a f (x) = e~ — e 205,
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Bai 1.2 (DH Cong nghé Thong tin - PHQG Tp. HCM).
a) Xét 3 truong hgp sau:

- Néu —2<uy<2:Didtug=2cos@ (0 < ¢ <m).Suyra

uy =+/2(1+cos@) = w/2.2coszg = 2005%.

Dé chiing minh quy nap rang

_ P o imu =21 ¢ _
un—20052n :r}ggun—Zgl_r&coszn =2.

- Néuug =2: Tacé u; = v/2+2 = 2. Tt d6 theo quy nap dé thiy {u,} 1a
day hing = lim w, = 2.
n—>o00

. ) 1
- Néu ug > 2: Ta ludén tim dudc o > 0 thoa ug = ¢ + —.

o
;»ul:,/2+a+$:,/(\/&+%)2:\/&+%.

Dé chitng minh theo quy nap rang

n 1
u, = Vo+

n 1 : 1
= Tim u, = lim (V@ + =) =lim (x+ ) =2
n—oo n—o0 (04 x—1 X
véix = ¥a.
Vay trong moi truong hdp, ta cé lim u,, = 2.
n—oo
b) Trudc tién ta tinh lim v,,.
n—soo
- Néu —2 < ugy < 2: Theo cau a): u, = 2cos Z—q:l

=SV, =4"2—u,) = 4"2(1 —cos 2%) — 4"t gin? _2;’11 _

i@
sin =21\ 2

2 @ :lim< 5“) = ¢,
on+1

. . 1 .-
= lim v,, = lim 4" sin
n—oo ' n—yeo 2ntl g e

- Néu—2§u0<2:Déth§yvn:O(Vn€N*):>lgnvnzo.
n—oo
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- Néu ug > 2: Theo céu a): u, = 3/a+

1

e dg ) e )

n Ina 2
bit o = x? :>lnoc:2"1nx:>4":(n—) :
Inx

. . 2n+l 1 2
= lim v, = lim ( ﬁ——)

n—oo n—oo

Cuoi cung ta tinh lim wy,.
n—oo

- Néu —2 < uy < 2: Theo cau a): u, = 20052—(’;
1 (0] [0) cos%...cosz—ﬂsinzﬂn sin @
= W,; = — COS —...COS — = —5 = — -
n 2 n 27 8in 55 2" sin 2
2 2
sin @ ) 2% sing  sin@
= lim w, = lim (p—hm - = .
n—yeo n—e 2SNy noe SNy @ ()

- Néu —2 < up < 2: Dé thiy w,, = 1 (Vn € N*) = 1i_r>nwn:1.
n—so0

- Néu ug > 2: Theo cau a): u, = v

1
Va

H

2%)(%_%)
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Inox

Inx’
li li il

= lim w,, = Iim
n—oo " p—yoo 2n( 200 — an )

(04

2

Détazxnilna:2”lnx:>2":

1
Inx a—a

x—>1x—)—lc Ino
1 1
— a__

x—>11+xi lnae  2hha’

a_

Bai 1.3 (DH Pong Thap, N.T. Hiéu va V.D. Thinh). Pit f(x) = 2(x— 1) —arctanx
voix € R. Taco )
1 2x°+1
flx)y=2- =

1+x2 142
v6i moi x € R hay f ddng bién trén R. Ta lai ¢6 f lién tuc trén [1,v/3] va f(1).£(V/3) <
0. Do d6, phuong trinh f(x) = 0 c¢6 nghiém duy nhét 1a a € (1,/3). Ta tiép tuc dit

>0

1
glx)y=1+ Earctanx véix € R. Taco
1
/() —
§0) =364

v6i moi x € R. Do a 1a nghiém duy nhét ctia f(x) = 0, tic 1a f(a) = 0, nén g(a) = a.
Do do,

jun — al = 8(un—1) = g(a)| = [g'(c)]ltn—1 —a

1
< §|un71 _a|

1\2 1\ n—1
< (3) bl =< () -l
) 1\ n—1
,,15‘;<§) =0

Bai 1.4 (PH Dong Thap, N.T. Hiéu va V.D. Thinh).

nén lim u, = a.
n—oo

a) Ching minh n < a, < n+ 1 v6i moi n € N bing phucng phap quy nap todn
hoc. That vay,taco 1 <a; <1+ 1. Giast k < a; <k+1 v6i k € N nao do.
Khi do

-1 -1 2 —
k+1= 2< 2= <

+ 1 t2s t2=apy =

1
+2<k+2.
Ag

Do dé, theo nguyén ly quy naptacén < a, <n-+1 véimoin € N.
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a) Tun<a,<n+1véimoinéeN,taco

n n n
YE<Y <Y (k+1). (1)
k=1 k=1 k=1
Mat khéc, ta cling c6:
2 1 2
13+23+...+n3:% )
va
n n+1
Y (k+1)P =Y K -1 (3)
k=1 k=1
Tu (1), (2) va (3) ta co:
k3 3
11 1\? kgl k§1ak<1 1+121+22 1
4 n) ot T ot — 4 n n
Do do
i 3
a
fim L L
n—oo  p4 4’

Bai 1.5 (DH Giao théng Van Tai, N.T. Huyén). Theo dé bai, ta ¢

ap41 dp
= <1
a, a,% —ap,+1—

(Vi a2 —2a,+1 > 0). Vay {a,} 1a day don diéu giam. Mt khac

2
an
a1 = ——"—>0
T2 —a,+1

nén ton tai lim a, =1> 0.
n——+too
- Néu a; > 1 thi theo quy nap a,, > 1, Vanén [ > 1. Cho n — +oo, ta c6
1=0 (loai)
[=1

12
|=— &P 21 =0&
2—1+1 + [

Viy ngTwan =1.

- Néu 0 < a; < 1 thi theo quy nap a, < 1, Vn. Day don diéu gidm nén [ < 1.
Cho n — +oo, ta cO

12

|=— &P 2P4]=0&
I?—1+1 - {

Viy lim a, =0.

n——+oo

[=0
[=1 (loai)
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Bai 1.6 (DH Hung Vuong - Phu Tho).

a) Tacou,y = Lzun_l, Vn=1,2,3,... = 2uy 11 = up+Up_|
1
= 2(Upy1 —un) = — (Up — Up—1) = Upsr1] — Uy = —3 (thy — Up—1)-
1
biatv,=u, —u,—1,Vn=1,2,....Suyrav,;| = —Evn. Ta co

U, = (un—un_l)—l— (I/tn_l —un_z) —l—...—l—(ul —u()) + ug.

. % 1
Nén u, = vy, +vyp—1+...+vi +up. Do (v,) la mot cap s6 nhén véi g = —3
nén ta co:
ln
ot m[1=(=9)"] {1 (1)]
Vi+vat ..ty = =zvi|1—-|(—3 .

Thayv1:ul—uozﬁ—avéuoz(xtadm)c

w=>(p—a) {1— (—%H ta
o+2pB

limunzlim(g(ﬁ—a) {1—(—%)1 +oc> zg(ﬁ—a)—i-oc: 7

Bai 1.7 (DH Khoa Hoc - Thai Nguyén, N.T. Huong). C6

b) Tacod

k+1 >0
X, — X = .
k+1 — Xk (k+2)!

Do d6 X1 > Xi > 0,Vk.

:>X3023 <xr1l+xg+...+xgoz3 <2023.X3023

= X2023 < {l/x,f +Xg + ... "'%023 < \172023.)62023

Nhin xét k k+1-1 1 1
' (k+1)!  (k+1! k' (k+1)!

_ 1 1+1 1+ +1 1 . 1
=—-—+--—=+t=-——=1-—
A TR YR TR Y k' (k+1)! (k+1)!

1
=1
;xxz‘ml 20241 1
1
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Bai 1.8 (PH M9 - Dia chét, H. N. Huén). Thay 2021 bang p va liy loga biéu thiic
l4y gi6i han.

1
117027 ot 1 & (k\? 1
Ay timn [ - ") i —Z(—> Ink— ——

n—peo n p+1

1 & P 1 1 & P
= lim —Z(f) k- ———Z<§) Inn
n—ee | 0 =\ n n p+l n=\n

Luu y riang sb hang dau tién chinh 1a tdng tich phan, ta c6 thé tinh né bang tich phan

tiing phan:
1 & (kNP k 1 1
lim-) (= ln—:/ xPInxdx = — :
n—seo 1y n n Jo (p+1)2

k=1
(s ) ) »

Sp(n) Z”:kp.
k=1

Dé tinh tong trén ta st dung nhi thiic Newton

Xét s6 hang thi hai:

S| =

(k= 1P = kP —Cp P+ C kP — L+ (= 1)PCh k= (= 1)P

(k=17 —kPH = —Cp kP + Co kP! — L (=1)PC k= (= 1)P.

Lan luot thay k = 1,2,...n, sau d6 cong cac dang thifc lai. V& trdi ¢ su triét tiéu
dang ké, con vé phai 1a tdng S;,1 < p:

—nP = —Cp 1S, () +CpiySpi(n) — ...+ (=1)PCh S1(n) — (—1)"So(n).
Tu day, ta tim dugc

8,(1) =~ G Sy () =t (S1PCL S0 = (<17Sof) (2)

Bing phuong phdp quy nap, tif (2) ta suy ra dudc S »(n) 1a da thic bac p+ 1 chan,
1
. V6i k = 0 thi So(n) = n, day la gia
’ : 7 1 o(n) ylag
thiét quy nap. Gid st rang khang dinh trén ding véi céc tong So(n), S1 (n),...,Sp—1(n).
Khi d6 trong vé& phéi ctia (2), ta thu dugc da thiic bac p + 1 clia n v6i hé s6 bac cao

trong do hé so tng v6i sO mi cao nhat la

1 . R
T Nhu vay khang dinh ding véi S, (), ddy chinh la diéu phai chiing minh.
n

nhat
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Nhu vay véi (1), thi khi n — oe:

1 1 & |
- Y kP Inn~ et 40
p+1 il & n

Tuc la

Gidi han cin tim bang

e (p+1)2 .

Bai 1.9 (DPH Su pham Ha Noi 2, H.T. Ding). a) Vi x; > 0 nén tit cdng thic truy
hdi cda day sb {x,}_, ta dugc x, > 0, Vn > 1. St dung bét dang thic In(x+ 1) <
x, Vx > 0 va phuong phap quy nap toan hoc, ta dugc

1 n
Xngl = Zln 1+x) < —Z X <1,Yn>1.
=1 Ly
Nhu vay, ta co
€(0,1) Vn> 1.

Miit khéc, ta thiy rang

In(1 —1 —1
0 <y = MAH%) (=D o (=D oy
n n n n

Nhu vay, day {x,}, _, la mot day giam va bi chdn dudi bdi 0 nén c6 gidi han hitu
han. Dat li_r>n x,=Le][0,1).
n—oo

b) Ta thdy ring
n(%p —Xpy1) = Xy —log (1+x,), Vn > 1. 4)

V6i Vt > 0, ta c6 bét dang thiic sau

2 12
———=<t—log(l+t¢ —.
5~ 5 <t-log(l+1) <3 (5)
Tu (4) va (5), ta dudc
I 1 1 1 x n@—x41) 1
Ce oo <. 6
6 2 3°2 3 2 2 ©)
Diéu nay suy ra
I 1 1 1 x nx—xg1) 1
—=s o< <= 7
6 2 3°2 3 2 2 0
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Tiép theo, ta sé chiing minh lim x,, = 0. Chd y ring, tit két qua trén, ta dugc
n—soo

x; <
— <Xp—X
6n n n+1
Do dé, ta co
N 2 N
Z;n Z — Xp+1 —6(X1—XN+1)<6
N2
Diéu nay chiing té L = 0 vi néu trai lai thi ddy tdng riéng bi chin Z — oo khi
n=1"

N — oo (v0 1i!). Két hop diéu nay véi (6) cung nguyén ly kep, ta dugc diéu phai
ching minh.

Bai 1.10 (PH Tra Vinh, PM. Trién). Theo gia thuyét ta c6:

ap+2 = —l—an:>an+2an+1—anan+1 :1,11:1,2,3,...

ap+-1

Do d6 day s6 u, = a,an+ 1) 1a mot cap s6 cong véi u = 1 va cong sai d = 1. Khi
do

n+1 n+1
apio = = ap.
2 an+1) n
Suy ra
2022 2020 3 3.5.7....2023  2023!!
a =——.—....=.a .
20237 202172019722 T 2.4.6....2021 202111
<. < Xy .o o T .
Bai 1.11 (DH Tra Vinh, PM. Trién). Pat x; = cota = \/§,a =5 taco
 cosa+1 20082%
X3 =cota+V/ 1+ cot?a = cota+ —
sina_ sina _ 2sin¢ 5.C0S8 5
/4
= coti = cotﬁ cot2 23"
Bing quy nap ta chiing minh dudc ring
T
Xn = COt%,n > 1.
Tuong tu: Bat y; = tanb = V3,b= 3 ,taco
tan b tan b sinb 2sin? 5. €08 g b T

= =tan - =tan —.
¥ 1+vVItanlb 1+ " I4cosh 2cos2% 2 3.2
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Bing quy nap ta chiing minh dudc ring

T
Yn :tanm,n > 1.

Tu do suy ra

(T T 2tan 55 2 Vn> 1
X =CO an ——— = COo . = n .
Oy e 3 T i T man? T I —tanl
Ta thiy

2 . 2 7 1
tan %>0, tan %<tan g—g,

nén x,y, € (2,3); Vvn=2,3,4,... Va

=0.

I lim tan ——
im y, = lim tan
n—>ooyn n—oo n—13
Ta c6 diéu phéi chiing minh.

Bai 1.12 (PH Vinh, N.V. Pc).

a) Dé thﬁy X, >0, Vn e N¥, x,01 = x, (14_%

) > Xu, Vn € N* nén day
{xn},—; la day ting ngdt. Hon nita x, = 5 nén tap tat ca cic sd6 nguyén

15
duong n sao cho x, > < la{neN*":n>3}.

b) Vi {x,};, la day ting ngdt nén d€ chiing minh day {x, }—_, hoi tu, ta chi can
chiing minh day {x, };~_; bi chin trén. Cu thé, ta sé ching minh

xXp <3, Vn e N%. (8)

Bit dang thic (8) tuong ducng vdéi

1 1 1 1 i}

X 1
V6i0<x<1tac60<1—x < 1.Didunay kéo theo 1 +x < T xe (0,1).
—X

Ap dung bt ding thiic nay ta cé

(1+%> (1+%> (1+%) < (1_%)(1_1) (1_l)‘ (10)

> 23 o
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Ap dung bét dang thic (1 —x)(1—y) > 1—x—y, ¥x,y € (0,1) tacé

| 1 | 1 1
11 1

T G S S O D

G-2)=3t%>3 (D

Két hop (10) va (11) ta c6 bat dang thiic (9). Do d6, bat dang thiic (8) dudc
ching minh.

2 CHUOI SO

Bai 2.1 (DH Cong nghé Thong tin - PHQG Tp. HCM). bat

o) X [} X ) o 1
P PIER WML NS
k=1n=1 1<n<k n—1 i—n
Ta co
I 16k - 16k
K3 16k* T 16k* —8k2+1
 2(2k+1)2—2(2k—1)?
T (2k—1)2(2k+1)?
2 2
- - Yk > 1).
(2k—1)2 (2k+1)2 (V2 1)
= — < [ . ] _ .
/;,1"3 ,;,, (2k—1)2  (2k+1)2]  (2n—1)2
Suy ra

vVl _ v, 2 N_,v_ 2
S‘E(”,{Z;lm<n§<x”(2n—1)2>_Zg(zn—1)2<2'

Bai 2.2 (PH Giao thong Van Tai, N.T. Huyén). Ta c6

2

a 1_1:L_ _ a1l
" az—ap+1 az—ap+1
N 1 :a,%—an—l—lza,%—an 1 gt 1
apy1— 1 a,— 1 a,—1 a,—1 a, —1
1 1
éan: -

an+1—1 an—l'
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Do d6
i 1 1
ay = —
=1 k an—l a1—1
i 1 1
:>Zan: lim —

Tir bai tru6c ta biét ring day {a,} hdi tu va

- Néua; >1thi lim a,=1;
n——+oo

- NéuO<aqay<1thi lim a,=0.
n—r—+oo

Vay

- Néua; < 1thi

= 1 ay

a;—1 - 1—a;
- Néua; > 1 thi
~+oo
Z a, = ~+o0
n=1
(chudi phan ky).
Bai 2.3 (DH M5 - bia chit, H. N. Huin). Goi S C Z 1a cic phan ti dugc luya chon

va goi

d(n) :%#(Sﬂ[l,n]): @

Khi d6 v6i mdin > 1, ta co
lyes=n-d(n)—(n—1)-d(n—1),

(v6i d(0) = 0). Khi d6
#(SN[1,n]) =Y lies.

k<n

Xét tong riéng cia chudi con

S(N) _ Z lkeS‘

n<N N

St dung dang thiic trudc d6 1;cg, ta thu dudc

sV) = (Y d(n)) - (Z ”‘1> —dN)+ Y

n<N n<N n
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Theo diéu kién thi s(N) c6 gidi han hitu han, tic 1a n6 sé hdi tu. Tt ddy ciing suy ra

d(n
Z()

n<Nn+1

hi tu vi chudi ting va bi chin trén. Day d(N) hoi tu vi 1 tong clia hai day hoi tu. Ta

sé chiing minh ring Jim d(N) = 0. Gia st diéu ngugc lai, tiic 12 gidi han nay bing
—>00

mot s6 duong a nao d6. Khi do, ta tim dudc sd Ny > 0 di 16n d€ v6i moi N > N thi

d(N) > g. Diéu do6 ciing c6 nghia 1a day

)}

n<nN

a(n)
n+1

khi N — oo, B&i vi chudi diéu hoa 1a phan ky nén phan du ctia né bat dau tir phan tir
c6 sb thif tu 12 N ciing sé phan ky. Diéu ny ngudc véi gia thiét, tic 1a Al{im d(N)=0.
—>00

3 HAM SO

Bai 3.1 (PH Bach khoa - PHQG Tp. HCM, P.T. Thuc).
a) Ham s6 f c6 thé chon tudng minh 1a
x2024

F &) = 502452005

Ham sb nay c6 thé nhan dudc bang viéc gidi phuong trinh vi phan dang
Bernoulli xf” (x) +2f (x) = x*9%3.

b) Tir xg” (x) +2¢’ (x) > x*°* ta nhan dugc

52025 "
kg (1) > [m]
Tur d6 ham a0s
h(x) :==xg(x) — 094 <3035

c6 dao ham cap hai khong am. Theo khai trién Taylor ta c6

h(x)=h(0)+H (0)x+ %h” (E)x* > h(0)+H (0)x.

Dan dén
X2025 10 h, 0
> .
¥ (X) 2 5050 5005 TO) H1(0)x
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Chi ¥ tich phan vé phai clia bat dang thiic nay trén [—1,1] bing 0 vi 4(0) =0
va x hay %2923 13 cdc ham 18. Ta nhan dugc

1

1
/ x(g(x) +x%) dx > / X202y =
| 21

2
2025

Bai 3.2 (PH Dong Thap, N.T. Hiéu va V.D. Thinh). Ta c6

1 2x% +1

— = >0
1+x2  1+x2

fl)y=2

v6i moi x € R hay f dong bién trén R.
Ta lai ¢6 £ lién tuc trén [1,v/3] va £(1).f(v/3) < 0. Do d6, phuong trinh f(x) =0
¢6 nghiém duy nhét 1a a € (1,/3).

Bai 3.3 (DH Dong Thap, N.T. Hiéu va V.b. Thinh). Goi x 1a khoang cach tif vi tri
du kién xay ng6i nha dén quan karaoke c6 cudng do 4m thanh ;. Ap dung luét binh
phuong nghich déo, ta thiy rang, mic 4m thanh tit hai quan karaoke anh hudng dén
ngoi nha la:
L b 0 /
flx)= 2 + e VeI 0 <x < /.
Khi d6
by 2[Lx> — 1) (£ — x)?]
f(x)_ x3(£_x)3

Do do ta co P

——
1+ /147

, 61 61
0 =G+

fx)=0&x=

Hon nta, ta cling c6

Diéu nay suy ra ring
Xo = —1 . 361 7
I
1a cuc ti€u ctia f(x). So sanh f(xq) v6i )161_13(1) f(x) va )1(1_% f(x) takét luan f(xo) 1a gia

tri nho nhét ctia f trén (0, 7).

) l
a) Neul; =D thi xg = 7 Khi d6 nguti nay nén xay nha & chinh gitta hai quan
karaoke.
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. 2/
b) Neéu I} = 8/, thi xg = —. Khi d6 nguoi nay nén xay nha cach quan karaoke I;
. 2
khoang cach bang 3

Bai 3.4 (DH Giao thong Van Tai, N.T. Huyén). Goi khoang cach tif chan thang dén
BH BD
chan cot d6 BD = x (m). Ta c6 BH = \/9+x2. Theo dinh 1i Ta - 1ét, 1B - BC =

BH - BC 0,4 .
AB = 2D =5 -1v/9+x2. Bai todn trg thanh tim x > 0 d€ f(x) = AB =
x

0,4 5
x+04 V' 9+ x? dat gid tri nho nhat.

) 0,4vV9+x2 x+04
A (x) == 2 + .
X V9 +x2
f(x)=0<04 (9—|—x2) = x*(x+0,4) & x> =3,6 © x = /3,6. Ta c6 bing bién
thién

X 0 v/ 3,6 +o0

f(x) - 0 +
oo oo
f(V/39)

Vay chiéu dai nhé nhit clia c4i thang théa man yéu ciu 12 AB i, = f < y 3,6) ~5,9
m.

Bai 3.5 (DH Hung Vuong - Phu Tho).

1 1 1
a) Khix #0, ta cé f(x) = x*sin— +ax. Khi d6 f'(x) = a + 2xsin — — cos —.
X X X

b) Khix=0.Taco

— £(0 Zsind + o 1
lim L =S Fsiny o (xsin—+a).
x—0 x—0 x—0 X x—0 X
Vi x la mot vo cung bé khi x — 0 va ham sin — 1a ham bi chan nén lim <xsm—>:

X x—0 X
0. Do d6 f(0) = o
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¢) V6i mdi a > 0, xét khoang mé chira di€ém 0 1a (—a;a). Ta chiing minh ham
f' d6i dau trén khoang (—a;a). That vay

f (%) = a—}-Z% sin(n7) — cos(nm) = o — cos(nm) = o+ (—1)"+1

1N 1
f (W) = (x+2m sin((n+ 1)) —cos((n+ 1)x)

=a—cos((n+1)m)=a+(—1)"

Theo gia thiét 0 < a < 1 nén tich

() 7 (e <0

Chon n du 16n sao cho

Ta c6 f/ doi dau trén (—a;a). Do d6 f' d6i diu trén mbi khoang mé chia 0
nén ham khong don diéu trén mdi khodng mé chua 0.
Bai 3.6 (PH Hung Vuong - Phd Tho). Goi x (mét) 1a do dai mot canh ctia day bé
va y (mét) 1a chidu cao ctia bé. Piéu kién x,y > 0. Theo dé bai ta c6 x’y = 10. Suy
ray = —. Theo dé bai ta c6 tong chi phi d€ xdy dung bé dugc bi€u thi bdi ham so:
X
20 000

10
f(x) :2~x2-700+4-x-x—2-50021400x2—|— —

Ap dung bit dang thiic Cauchy, ta dudc

20 000
f(x) = 1400x* + ——

X
10000 10000
+

= 1400x> +
X X
10000 10 000
> 3\3/140x2- :
X X

= 3000v/14.

L 50 49
Déu bang xay ra khi va chi khix= {/ =-. S =10{/ v
au bang xay ra khi va chi khi x - Suyray 3500
- . o3/50 cin3l 49
Viy kich thuéc canh day la - mét va chiéu cao la 10 2500 mét.
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Bai 3.7 (DH Khoa Hoc - Thai Nguyén, N.S. Ha). Dat g(x) = 20237 f(x). Ta ¢6
g(x) 12 ham s6 lién tuc trén R. Dé thiy ring

glx+y) =glx)+g(y),vx,y eR

(c6 dang phuong trinh ham Cauchy loai 1). Suy ra g(x) = Ax, & diy A 1a hing sb
thuc. Tir d6 suy ra dang ham can tim 13

f(x) = Ax2023",
& day A 12 hing sb thuc khac 0 (vi f khong ddng nhét 0). Ta c6
f/(x) = 2(2023* +x2023"In(2023));  sin’(f(x)) = f'(x)cos(f(x))

va
lim f/(x) cos(f(x)) = A #0.
x—0
St dung quy tac L’Hospital ta c6
fx) "(x)ef )
lim < L iy S0 =1.
x—0sin(f(x))  x—0 f'(x)cos(f(x))

bat u :=u(x) =xvav:=v(x) =2023". Tacé

W' = 1;u™ =0,vn > 2;v" = 2003%(1In2023)",Vn > 0.

Suy ra
£ (x) = A[x2003*(1n2023)" + 20231 (In2023)" 1]
va vi thé
£ (0) = 22023(1n2023)" .
Ta co
lim — = lim - = lim ! ~0
n—eo f(1)(0)  n—e 22023(In2023)7~1 " n5e A2023(n — 1)(In2023)"-2

(Chd ¥ In2023 > 1).

Bai 3.8 (OH M9 - Pia chét, H.N. Hu4n). Ton tai hang s6 ¢ > 0 thda man sint — ¢ <
clt]? véimoir € R. Néu x> +y* 472 = * > 0, thi

sinx? + siny” + sinz? | < |sin(x?) — x?| 4 - -- - c(x®+y° + 2% <
x2+y2—|-Z2 — 72 — 72 —
/6
<— = et —0
p

Vay gidi han cin tim 1a 1.
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Bai 3.9 (DH M9 - Dia chit, H.N. HuAn). Nhan c4 hai vé& clia phuong trinh vi phan
ban dau véi y, sau d6 thay vio phuong trinh cdc ham yq,y,,ys. Tiép dén ldy cic vé
cta ba phuong trinh thu dugc cong lai v6i nhau duge

" /1

(! +y2y5 +y3y5 ) +a(x) (yiy] +y25 +y3y3)

+b(x) (1Y) + 25 +y3y5) +c(x) (7T +¥3 +33) = 0.

1. LAy dao ham hai vé ctia phuong trinh, ta thu

Ta da bibt y2(x) +)3(x) +y3(x) =
. Liy dao ham thém mot 1an nita va thu dudc

duge (y1y] +y2ys +y3)3) =
VY Fyayh + sy = —yE - ¥ — i

LAy dao ham lan thd ba, ta thu dugc

T +y2ys +y3y3 )+ O] 005 +5y5) = —2.
Luu ¥ 1
1
YT+ +¥5)5 = 57

Diéu do c6 nghia la

3
iyl +y2ys +ysys = —=7.

2
Thé tit c4 cac két qua da cho vao phuong trinh dau, ta c6
3,
57— a(x)z+c(x) =0.

C o . 3 . A
Chia ca hai vé cho —5 ta thu dudc phuong trinh can tim, tic la

2 2
(X—g, ﬁ——§

Bai 3.10 (PH M3 - Dia chit, H.N. Huén). Tiép tuyén tai diém x, yo c6 phuong trinh

la

XXo  YYo
@t =t

2 2
Cen . e e s [a . b
Tu day, ta tim dugc giao diém cua no véi cac truc toa do la (—,O) va (0, —).
X0 Yo
272

ool Ta sé& di 14y gid tri cuc tiéu ctia mau sb |xoyo|.
X0Y0
St dung bat dang thiic Cauchy cho trung binh cong va trung binh nhan:

Dién tich cia tam giac vudng la

2 2
f73+b_°> X5 Yo _ xoyol
2\ a*br  ab|

<
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e et £ . X% }’(2) P ., ) ) a b?
Gia tri 16n nhat dat dudc khi 2 N6 tuong ung voi (xo —I—yo) =77/
a
Nhu viy c6 tit ci 4 diém nhu sau

(

\
Bai 3.11 (PH Ngoai Thuong - Ha Noi). Ta chiing minh bai to4n tdng quét ring

)C2 x3 x2n

fn(x): l—x—f-j—a—‘r...‘f‘ (21’1)'

khong c6 nghiém thuc. Hién nhién riang f,(x) > 0, Vx < 0. V6i x > 2n, ta c6:

2 2n 2n—1

fulx) = 1+<Z_X>+"‘+ ((211)! a (2n—1)!>
X 2n—1

V6i 0 < x < 2n thi ham sb f;,(x) s€ nhan gia tri nho nhit trén doan do6 tai x = xo.
Néu xg = 0 hodc xo = 2n thi f(x) > f(xo) > 1 > 0. Néu 0 < xo < 2n thi f,(x) dat
cuc tiéu tai d6 nén

xZ x2n—1 xzn
Fa) =0 —T4x0— T4+ (2;10— i = (22)! — fulx0) =0.
Suy ra
x2n
fn(xo) = (220' >0

Véy f,(x) >0,Vx eR.

Bai 3.12 (DH Su pham Ha Noi 2, H.T. Diing). Gi4 st ring ton tai mot diém ¢ € (a, b)
sao cho f(c) > f(b). Theo dinh ly Weierstrass, f ¢6 mot gia tri cuc dai m trén [c, b];
gid tri nay dat dugc tai diém d € [c,b]. Vi

f(d) =max f > f(c) > f(b)

[c.D]
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néntacédd # b, do vay d € [c,b) C (a,b). Ta thiy ring diém d € (a,b), 1a mot di€ém
mu. Diéu nay chiing t& f(y) > f(d) v6i y > d. Két hop véi cac két qué & trén, ta
dugc f(y) > f(d) > f(b). Tiép theo, ta xét hai trudng hgp sau.
Truong hep 1: y > b. Khi d6 f(y) > f(b) mau thuin vé6i gia thiét b khong phai 1a
mot diém mu.
Trudng hgp 2: y < b. Khi d6 y € (d,b] C [c,b]. Diéu nay din dén

) > fld)=m= max f = fo),
mau thuln vé6i gia thiét. Nhu vay, diéu gia 1a sai. Do d6 f(x) < f(b) v6i moi x €
(a,b). Mit khéc, vi a < b va a khong phai la di€m mu nén ta c6 f(a) > f(b). Tu
tinh lién tyc tai a ta suy ra

fla) = lim f(x) < lim f(b) = f(b)

Nhu vy, ta c6 f(a) > f(b) va f(a) < f(b). Do d6 f(a) = f(b).

Bai 3.13 (PH Tra Vinh, PM. Trién). Ta c6

X

. ((eXInx)’lnx+xx_1>
X (¥ (Inx+ 1) Inx +x"")
X

X

1
= ((lnx+1)lnx+—).

Néu x > 1 thilnx > 0nén f'(x) > 0. Néu 0 < x < 1 thi

(Inx+1)Inx= ( In 41 2 b, 1
n fr— p— [E— _—
X X X 3

1 5 2
va — > 1 nén f/(x) > 0. Do d6 f(x) dong bién trén (0;+co). Ta c6
x

lim xInx

lim .Xx = ex—0t =1
x—0t
Vi
. . Inx . 1/x
lim xInx= lim — = lim / 5 =0.
x—0t x—0t l/X x—07t —1/x

Vay lim f(x)=0.

x—0t
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Bai 3.14 (DH Vinh, N.V. Dic).
a) Taco

1
2023

0 < |f(x)| = |Va2sin —=| < Va2, Vx #£0.

Vi lim Vx2 = 0 nén lim | f(x)| = 0. Tt ddy suy ra lim f(x) = 0 = £(0). Vay
x—0 x—0

x—0
ham so f lién tuc tai x = 0.

b) Dit

3 1
f) = f(0) Va2 M R\

Xét day {x,}7_, xéc dinh béi

1
= ——— VYne N
2023/%_{_2””
Ta co lim x, =0 va
n—oo
; ; /X2 sin)ﬁ
A g) = i =
/x2sin (£ 4+ 2nm 1
= lim ~2 (3 ):nm3—:+oo. (1)
n—oo Xp n—o \| Xy

T (1) ta suy ra khong ton tai gi6i han hitu han liII(l) g(x), tic 1a khong ton tai
X—

gi6i han hitu han lim Sx) — f(0)

. Do d6 f khong kha vi tai diém x = 0.
x—0 x—0

Bai 3.15 (DH Vinh, N.V. Diic). Ta c6 nhan xét ring néu |a| < |b| thi (a — b)b <
0. That vy, néu b > 0 thi tii |a| < |b| ta suy ra —b < a < b. Diéu nay kéo theo
(a—b)b < 0. Néu b < 0 thi tif |a| < |b| ta suy ra b < a < —b. Diéu nay ciing kéo
theo (a —b)b < 0. Ap dung nhan xét trén vao bai todn ta c6 bt dang thic sau

2023 f(x) (f'(x) —2023f(x)) <0, Vx € (0,1). ()

Xét ham s6 P(x) = e 29" f(x), x € [0,1]. Khi d6 P 1a ham lién tuc trén [0, 1], kha
vitrén (0,1) vataco
P/ (X) — 6—2023,\7](/ (x) _ 20236_2023xf()€)
= e 2085 (f'(x) —2023f(x)), Vx € (0,1). (3)
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Tu (3) ta suy ra
e—4046x
2P(x)P (x) = 5033 (2023 £ (x) (f'(x) —2023f(x)))
<0, Vx € (0,1) (theo (2)). 4)
Bit dang thiic (4) kéo theo
(P(x))" = 2P(x)P'(x) <0, Vx € (0,1). (5)

Ta thiy Q(x) = P?(x) 1a ham lién tuc trén [0, 1], kha vi trén (0, 1), khong ting trén
[0,1] va Q(0) = 0. Do d6 ta c6 Q(x) < Q(0) =0, Vx € [0,1] hay P?(x) <0, Vx €
[0, 1]. Biéu nay kéo theo P?(x) =0, Vx € [0, 1] hay f(x) =0, Vx € [0, 1].
Bai 3.16 (DH Vinh, N.V. Biic). Xét ham g(x) = f2(x) —4044sinx, x € (0, +o). Ta
c6 g la ham kha vi trén (0, 4-o0) va
g (x) = 2f(x)f (x) — 4044 cosx
= 2(f(x)f(x) — 2022cosx) = 0, Vx € (0, -oo). 6)

Diéu nay ching t6 g 1a ham ting trén (0,+4o0). Mit khac, vi |f(x)| < 2023, Vx €
(0,+4o0) nén ta c6

lg(x)] 2(x) — 4044 sin x|

=|f
< |f(x) ] 4 4044/ sinx| < 20232 + 4044, Vx € (0, +oo). (7)
Do d6 g la ham bi chan trén (0,+c0). Nhu vdy g 1a ham tang ngat va bi chan trén
(0,4o0). Tur diéu nay ta suy ra ton tai giéi han lirf g(x). Gid sl ton tai gidi han
X—> 100
lim f(x). Khi do, vi

X—> o0

f2(x) —g()

FRYVIRNE Vx € (0,+o)

sinx =

nén ton tai lim sinx. Pay la diéu vo ly. Do d6, khong ton tai gidi han lim f(x).
X—> oo X—> 00

4 PHEP TINH VI PHAN

Bai 4.1 (DH Cong nghé Thong tin - PHQG Tp. HCM). bat

8() = 57700+ ().
Suy ra g(0) = %fz(O) +£(0)=0vag'(x) = f(x)f (x) + f”(x). Xét hai trudng hgp
sau day:
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- f(x) khéng c6 nghiém thudc (0;1): Dt

x 1 LA GO {C))
h(x)==———=H"(x)==+ = .
2T T T e T
1 R
Taco h(0) =h(1) = —3 nén theo dinh ly Rolle, ton tai a € (0;1) théa A’ (a) =
0= g(a) = 0. Tt d6, theo dinh 1y Rolle, ton tai ¢ € (0;a) C (0;1) thda g'(c) =
0 (dpcm).

- f(x) c6 nghiém xo € (0;1): Ap dung dinh 1y Lagrange, ton tai a € (0;xo),
b € (xp; 1) sao cho:

" fo) - f(1) _ 1
X()—l 1—x0
Se(@)=f@<0 va gb)=fb)>0,

suy ra g(x) c6 nghiém d € [a;b]. Suy ra, theo dinh Iy Rolle, ton tai ¢ € (0;d) C
(0;1) thda g'(c) = 0 (dpcm).

f(b) = > 0.

Bai 4.2 (DH Pong Thap, N.T. Hiéu va V.D. Thinh). Ly € > 0 batki. Vi lim fl(x)=
X—ro0
0 nén ton tai M > 0 sao cho v6i moi x > M ta c6

£
/
< -
F)] <3
£ 4 . .. f(xo) .. X—Xg A
Co dinh xg > M. Tacd lim =0va lim = 1. Do do, ton tai M| > M
x—+e0 X — X x—feo X

sao cho v6i moi x > M, ta co

f(xo)‘ € . ‘x—x()’ 3
a )
2

X —Xp 3 X

Ta viét

f&)  f) = flxo) | flxo)y x—x
( x—x00+x—())co>< xo)'

V6i x > My, theo Dinh li Lagrange va gi thiét ta c6

Fe) — o)
el <5
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Suy ra
SO () = fxo) | fxo) fjx— € &3
Tl =< G e
Viy Jim 7 =0

Bai 4.3 (DH Pong Thap, N.T. Hiéu va V.D. Thinh). Vi ham s6 f c6 dao ham f’
dong bién trén [0,2] nén f lién tuc trén [0,2]. Ap dung Dinh Ii Lagrange, ton tai

2)—f(0
c € (0,2) sao cho f'(c) = % =1.
Xétham g(x) = f(x)+x—1 véix € [0,2]. Ta cé g lién tuc trén [0,2] va

2(0)g(2) =—-4<0.

Do do, theo Dinh 1i Rolle, ton tai xo € (0,2) sao cho g(xg) = 0 hay f(xg) = 1 — xo.
Ap dung Pinh li Lagrange, ton tai a € (0,x0) va b € (xg,2) sao cho

f(xo>—f(0): I-—x+1_ 2-x

f(a): XO—O X0 X0
* f@)—fe) 1-1
iy —flx) I—-I+4+x  xo
fb)= 2 —xg  2—xyp 2—xp
, , ron 2—Xx9 Xo B
Suyra f'(a)f (b)f'(c) = 1. 0 2_XO—I.

Bai 4.4 (DH Giao théng Van Tai, N.T. Huyén). Véi x > 0 tuy y, Vk € N, theo cong
thuc Maclaurin, ta cd

f©) ) FEVO) gy, fO) 4o
f(x)=f(0)+ T x+ T x2+---mxk Ly i XK, v6i0< 6 < x.
Suy ra,

k) (g
f =10
Do f*+D (1) >0, Vt > 0 nén £¥(¢) ting trén [0,+oo), tit d6 f¥)(0) < £¥)(x). Suy
ra
(k)
f <L k!(x)xk.
V6i x > 0 va Vn € N, khai trién Taylor ham f(2x) tai x, ta dugc
fx) ) fUV) ey SOUB)
f(2x) = f(x)+ TR x2+~--mx 1+Tx,

trong d6 0 <x < B < 2x.Nén f(2x) > nf(x) v6i moix >0 vaVn € N. Vay f(x) =0,
Vx> 0.
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Bai 4.5 (DH Hung Vuong - Phi Tho). Xét ham

g(x) — (x_ 1)6_2023xf(x),

ta thiy g 1a ham lién tuc trén doan [1;2023], kha vi trong khoang (1;2023) va g(1) =
2(2023). Do dd, theo dinh Ii Rolle, ton tai ¢ € (1;2023) sao cho g’(c) = 0. Mt khac,

gdx) = (f(x) +(x—1)f'(x) —2023(x — l)f(x)) o—2023x

Do do6
(F00)+ (= 1)f(x) =2023(x— 1) f(x)) e P =0.
e 2024 — 2023
fle) = ==—"=1(0).

Bai 4.6 (DH Khoa Hoc - Thai Nguyén, T.M. Tuyén). Ta c6 khai trién Mac-Laurin
ham f(x) véi sé du dang Lagrange 1a

f,,(o)xz - f(n)(())xn N f(n—i-l)(ex)xn—H7
21 nl (n+1)!

f@x) = £(0)+ f'(0)x+

& day 6 € (0,1). Vi £%(0) = 0 v6i moi k € N nén

B FOED ()t
fx) = CESN
Tur d6 suy ra
(n+1) 0x )1 1
70)] = ‘f s R i AL
Do dé
|
lf(x)| = mv(nﬂ)(gxmxml’ < m(an(’H_l)! — 't

v6imoix € [—1,1] va o € (0,1). Chon — oo tacé o1 — 0 (vi o € (0,1)). Vi thé,
ta nhan dudgc
f(x)=0, vxe[-1,1].

D6 1a diéu can chiing minh.
Bai 4.7 (DH Su pham Ha Noi 2, H.T. Diing). Tir gia thiét ta thiy ring, f 12 mot ham

don diéu tang trén [a,b]. Vi f(x1) f(x2) > 0 nén f(x) # O trén [x1,xp] (trai lai thi
f(x1) <0< f(x2)). Xét cac ham sb
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trén [x1,x2]. Ta c6 F va G la cac ham lién tuc trén [x1,x;], va kha vi trén (x7,x2).
Hon nira, ta ¢6

G'(x) = ;;((?) #0, Vxe (x,x).

Theo dinh 1y Cauchy, ton tai s6 thuc ¢ € (x;,x2), sao cho

xif (x2) —xaf (x1) ~70e) T 70
_ = 1 1
f(x2) = f(x1) —m+m

_Fln)-F)
- G(x)—-Gx)
F

—f(e)+ef'(c)
©_"re _. [
el f'(c) "(c)
(c) e f'(c)

5 PHEP TINH TICH PHAN

Bai 5.1 (PH Cong nghé Thong tin - PHQG Tp. HCM). bit g(x) = ¢*(f(x) — 1),
suy ra g(x) ciing kha vi dén cip hai va g(0) = 0. Ta ¢6

gx) =€ (f'(x)+f(x)-1)

va
g'(x) =€ (f"(x) +2f (x) + f(x) = 1) 20, Vxe(-L1).
Suy ra g(x) 1a mot ham 16i trén khoéng (—1;1). Panh gid g(x) thong qua tiép tuyén
tai x = 0, ta dudc
g(x) > g(0) +£'(0)x = g'(x)x
= e'f(x) =g(x) +e =g (0)x+e'
1 1 1
= / e f(x)dx > / (&' (0)dx+e")dx=e— ~.
-1 -1 e
Chon f(x) = Cxe *+1 = f"(x) +2f(x) + f(x) = 1 théa diéu kién dé bai dong
thoi
1 1 1
/ e f(x)dx = / (Cx+e)dx=e——.
-1 -1

e

Viy, gid tri nhé nhit clia

/l e f(x)dx

-1

lae— —.
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Bai 5.2 (PH Dong Thap, N.T. Hiéu va V.D. Thinh). C4ch 1: Tir gia thiét, ta c6
2023 2023 2023 |
/0 fx)dx = /0 f(2023 — x)dx = /0 mdx.
Do d6, theo bit dang thic Cauchy-Schwarz, ta c6

2023 2 2023 2023 ] 2023 2 )
( 0 f(ydx) = e [ s> ( /0 dx) = (2023)2

2023
Suy ra (x)dx > 2023.
0

Cach 2: Sit dung bit dang thitc Cauchy, ta c6
F(x) 4 £(2023 —x) > 24/ f(x)£(2023 —x) = 2.

Khi do,

2023 2023 2023
/O Flx)dx = /O Fx)dx+ /2023 F(x)dx

2
2023 2023

_ / 2 )+ / * £(2023 — x)dx
0 0

= [ @)+ 72023 —x))ax

> / 2dx = 2023.
0
X
Bai 5.3 (DH Giao thong Van Tai, N.T. Huyén). Xétham F(x) — / F(t)dt,x € [0,1].
0
Tacoé F(0)=0, F'(x) = f(x) va

F(1) :/Olf(x)dx:/ole(x)dx: /leF/(x)dx
sz(x)‘:)—/OlF(x)dsz(l)—/OIF(x)dx.

1
Do d6 / F(x)dx=0 ().
0
Ham F(x) lién tuc trén [0,1]. Ta nhan thdy rang néu F(x) > 0,Vx € (0,1) thi
1 1
/ F(x)dx > 0, néu F(x) < 0,%x € (0,1) thi / F(x)dx < 0, d8u tréi v6i (%).
0 0

Vay phdi ton tai b € (0,1) d€ F(b) = 0.
Lai xét ham g(x) = x’023F (x). Tacé g'(x) = 2023x?°22F (x) + x*023 f (x), g(0) =
g(b) =0.
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Theo dinh ly Rolle ton tai ¢ € (0,b) C (0,1) sao g’(c)

C
2023¢2% / Fx)dx+c B f(c)=0 hay
0
Bai 5.4 (DH Giao théng Van Tai, N.T. Huyén).

sinnx sinnx

131

=0. Tu do

C
c)+2023/ flx)dx =
0

sinnx

1 +2023%) smx 1 +2023%) smx (1

T 0
/i =/
- -7
sm
142023~

sm

T

(

0

n/
2023%sinnu

+2023%)sinx o

+/ =

sinnx

Slnl’lx
2023%)sinx "

g
[

1+ 2023“ smu

xu—|—0/(

sin nx

sinx

T T

1+ 2023%) sinx

+ 2sinx [cos(nx — 2x) cosx — sin(nx — 2x) sinx]

dx

Vn > 2.

sinnx sinnx
Tacodl, = dx = dx.
4C0 / (1+2023%) sinx / sinx
-7 0
Vé6in > 2, thi
sin(nx) = sin(nx — 2x) cos 2x + cos(nx — 2x) sin2x
= sin(nx — 2x) (1 — 2sin?x) + 2 cos(nx — 2x) sin.x. cos x
= sin(nx — 2x)
= sin(nx — 2x) + 2 sinxcos(nx — x).
Do do
T
sinnx
I, = / - X
sinx
0
T . 2
= / (w +2cos(nx—x))
sinx
0
T
=1, >+ sin(xn—x)| =1I,_,
1 0
Vay
[ Ip=0 néun=2k,
""Ih=n néun=2k+1.
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Bai 5.5 (PH Giao thong Van Tai, N.T. Huyén). Ap dung bit ding thiic Cauchy-
Scharz, ta co:

_ (/ab\/m\/%dx>z</ab

Vio<m< f(x) <M nén

(f(x) —m) (M — f(x))

1
<0< f(x)—(m+M)+mM—— <0, véia<x<b

f(x) f(x)
Ta cé ) , )
[ 1@ mm) [ g [ <
@/f dx+mM/—<m—|—M a)
@mM/ f < (m+M)(b—a) /f
Do do:
mM/ —<(m—|—M)(b—a)/abf(x)dx— (/abf(x)dx)z.

k 2
Xét ham f(t) = —t> + k. Ham nay dat cuc dai tai r = 5 vGi gia tri cuc dai la R

b
V6i k = (m+M)(b—a) vat :/ F(x)dx ta o

(m+M)(b—a) /abf(x)dx— (/abf(x)dx>2 < <m+M)i(b —a)?

b dx  (m+M)*(b—a)?

b
Do do, mM/a f(x)dx e < 1
Vay
/f e m+11:/[4) (b—a)>.

Bai 5.6 (DH Khoa Hoc - Thai Nguyén, M.V. Thuan). Dit

2

g(x) = e~ 207 /O " h()ar.
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1
Khi d6 g(0) = 0,g(1) = e 2% / h(x)dx. Dit
0

H(x) = /O h(t)dt = g(x) = e 2 H ().
Khi do
H(1) = /O () = /0 ' eh(x)dx
_ /0 ' (2)dx

x=1

= xH (x)

—/O]H(x)dx:H(l) —/OIH(x)dx

x=0

1
Suy ra / H(x)dx = 0. Vi H(x) lién tuc nén ton tai s d € (0, 1] sao cho H(d*) = 0.
0

Suy ra g(d) = 0. Ap dung Dinh Iy Rolle cho ham g(x) trén [0,d], ton tai s6 B € (0,d)
sao cho g’(B) = 0. Ta lai c6

g (B) =202 { —2023 /0 g h(t)dt + 2xh(x2)} :

Suy ra
y ;
g’(B):O<:>—2023/0 h(t)dt+2ﬁ/’l(ﬁ2):()_

Tu d6 suy ra

2023 (P

Bh(B*) = =y h(t)dt.

Bai 5.7 (PH Khoa Hoc - Théi Nguyén, D.T. Hong). Pit F(x) = f(x) — sinx. Khi
d6 F(x) lién tyc trén [0; 7]. Ta c6

T T
/ F(x)dx = / (f(x) — sinx)dx
0 0
T T
= / f(x)dx—/ sinxdx
0 0
T
= / fx)dx—2<0.
0
Suy ra, ton tai ¢ € [0; 7] sao cho F(c) < 0. Mitkhac, vi £(0) > 0 nén suy ra F(0) > 0.

Do d6, ton tai b € (0; ) sao cho F(b) = 0. Hay phuong trinh F(x) = 0 c6 nghiém.
Vay phuong trinh f(x) = sinx c6 it nhit mot nghiém trong khoang (0; 7).
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Bai 5.8 (PH Mo - Dia chit, H.N. Hu4n). Lap mot ham méi F : (0,1] — R nhu sau

R (e dx
FO= S ax

Dé thdy F(¢) kha vi trén (0, 1] vi f, g lién tuc va g khong nhan gid tri khong (ham
s6 duong). LAy dao ham ctia ham F (¢)

F(f) = F(0)g(t) Jyg(x)dx—g(t) o f(x)g(x)dx _ o(t) Jolf (1) = F(x)g(x)dx

(Jig(x)ax)? (Jig(x)dx)?

Diéu d6 c6 nghia la F () 1a ham khong giam, tic la F(¢) < F(1). Day chinh la diéu
phai chiing minh.

X
Bai 5.9 (DH Mo - DPia chit, H.N. Hu4n). Dit F(x) = / tf(t)dt. F xéc dinh trén
0

doan [0, 1] va kha vi vi ham f 1 lién tuc. Theo quy tic I’'Hoopital

fim £ gy 200
x—0 X x—0 1

=0.

Chon a € (0,1) va lay tich phan tiing phan:

/alf(x)dx _ /al )%xf(x)dx _ G -F(x))

Cho a tién t6i 0. Khi do, ta thu dugc

1 | 1
F(x)-—=dx.
+ | P

F
(; ) dx.
X

O:/Olf(x)dx:F(l)Jr/ol

Tir day suy ra néu F(1) > 0 thi ton tai xo € (0,1) thda min F(xq) < 0. Va ngugc
lai néu F(1) < 0, thi ton tai xy € (0,1) thda man F(xp) > 0. Vi F(x) lién tuc nén
ton tai ¢ € (0,1) sao cho F(c) = 0. Trong trudng hgp F (1) = 0, khi d6 ¢6 hai diém
x1,% ma tai d6 ham F(x) nhan céc gid tri trai ddu. Piéu d6 c6 nghia 1a ton tai di€ém
c gitta ching sao cho F(c) = 0. Trong truong hgp F(x) = 0 thi khong c6 cac gia tri
trdi diu ctia ham F (x).

Bai 5.10 (PH Su pham Ha N6i 2, H.T. Diing). Liy x € R va &€ > 0 bat ky. Ta chiing
minh ton tai § > 0 (c6 thé phu thudc vao x va €) sao cho | f(x) — ()| < € v6i moi

) € )

y € R théa man |x —y| < 8. That vdy ta lay 6 = ——. Khi d6 véi y € R bat ky thoa

2023
man [x—y| < 6 tasé co

|/ (x) — f/(y)| <2023|x —y| < 20235 =e.
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Diéu nay chiing td néu f € .Z thi f' 12 mot ham lién tuc trén R. Do d6 f' 1a mot

ham kha tich. Xét x € R 1a mot diém tuy y va dit d = f'(x). Ching ta sé ching minh
2

N d
rang f(x) > 2046 Néu d = 0 thi bit dang thiic (??) hién nhién ding. Néu d > 0 tit

gia thiét clia bai todn, ta thiy ring

f(x—1t)>d—2023t >0,

d
< ——. T
vGi 0 t<2023 u day, ta suy ra

2

d 53 d
f(x)>f(x)—f(x 2023) 0 f(—t)dtz/o (d—20230)d1 = 0.

thi tir
Flx+1) <d—+2023t = —|d|+2023¢

va két hop véi 1ap luan tuong tu nhu trén, ta c6

|d|

f(x) >f(x)—f<x+ %) = /02023 (—f'(x+1)) dt

3023 d?
> 20230)dr = 4.
_/O (1d] —20230)dr = 0

Ta dudc diéu phai chiing minh.
Bai 5.11 (PH Su pham Ha N6i 2, H.T. Dang). St dung cong thic tich phan tung
phan két hop véi gia thiét, ta dugc

b 1 / b b /
/a(b—x)(x—a)f ()dx = [(b—x)(x—a)f'(x)]" - /(b—i—a 20) f (x)dx

=0—[(b+a—2x)f —2/
= (b—a)(f(a) +f(b)).

Theo bét dang thiic Cauchy-Schwarz, ta c6

2

(Lb(b—x)(X—a)f”(x)dx) S/ab(b—x)z(x—a)zdx/b (f”(x))zdx

)
e /ab (/" ()" dx.

Tur day cung véi két qua thu dugc & trén, ta suy ra

A/ " dx>30
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Chii y ring da thifc

f(x)=10(x—a)*(2b—a—x)—3(b—a)*

c6 tinh chét /bf(x)dx =0,f(a)+ f(b) =4(b—a)* #0va
(b - a)3 b 1 2,
T i, () s =0
Nhu vay, minA = 30.

Bai 5.12 (PH Tra Vinh, PM. Trién). Ta c6

2n

1 :/ln (sinx+ 1+ sinzx) dx
0
T 2T
:/ln (sinx+ 1+ sinzx) dx+ /ln (sinx—f— 1+ sinzx) dx
0 T

T
:/ln (sinx+ 1+ sin2x> dx
0

+ /nln <sin(27r —x)+ \/1 +sin?(27 —x)) d(2m —x)
0

T

T
:/ln (sinx+ 1+sin2x> dx—l—/ln (— sinx + 1+sin2x> dx

0 0
T
:/lnldx
0
0

Bai 5.13 (PH Vinh, N.V. Diic).

1
a) Thay y = x ta dugc 2xf(x) < 1. Suy ra f(x) < o Vx € (0,1].
X
. T .
b) Thay x = sint,y = cost,t € [O’E]’ ta co

sint f(cost) +cost f(sint) < 1, Vr € [O,g]. (1)
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Tir bat dang thiic (1) ta suy ra

/2 (sint f(cost) 4 cost f(sint)) dt < /2 dt. (2)
0 0
Bit dang thic (2) tuong ducng véi
5 I - T
—/ f(cost)d(cost)+/ f(sint)d(sint) < = (3)
0 0 2
hay
0 1 1
g> - /1 F(X)dx+ /O F(x)dx=2 /0 F(x)dx. @)

Tir bat dang thiic (4) ta suy ra

1 T
Afww<z

6 PHUGONG TRINH HAM
Bai 6.1 (PH Cong nghé Thong tin - PHQG Tp. HCM). bit g(x) = arctan f(x). Ta

- o FW
R ESEE

va

_ "0+ ) =21 () (f'(x))?
(14 f%(x))?
_ R F6) = 2(f (1))
(14 f2(x))?
Viy g(x) 12 ham 15i trén R. Ta chitng minh rang g(x) 1a ham hiang. That viy, gi st

f(x) khong 12 ham héng thi ton tai a,b € R sao cho g(a) > g(b). Vi g(x) 1a ham 16i,
suy ra

g"(x)

>0, VxeR.

gAx+(1=2A)y) <Ag(x)+(1—-2)g(y), VA €[0:1].

—-b
Chox:aT—i—b,y:b
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Cho A — 07 thi

g(Cl}%b +b> +g(b) — oo,

suy ra g(x) khong bi chin. Diéu nay vo ly vi ham arctan 12 ham bi chin. Vay g(x)
12 ham hing, kéo theo f(x) ciing 1a ham hing. Ngudc lai, néu f(x) = C = f'(x) =
f"(x) = 0 thda man yéu cau dé bai.

Bai 6.2 (PH Hing Vuong - Phd Tho). Tir gia thiét ta suy ra 2023~ %) f(x+y) =
202377 f(y) 420237 f(x) v6i moi x,y € R. Dat g(x) =2023"*f(x). Ta co

glx+y) =g(x)+g(y), voimoixyeR.
Pay la phuong trinh ham Cauchy, nhé tinh lién tuc ciia ham g(x) ta c6 dudc nghiém

la g(x) = ax. Suy ra
f(x) = ax-2023".

Mit khéc tir diéu kién f(1) =2023,tacéa =1 va
f(x)=2023"-x
Thi lai ta thdy ham thda man dé bai. VAy ham can tim 1a f(x) = 2023" - x

Bai 6.3 (DH Hung Vuong - Phd Tho). Ta ¢6
J'(x) J'(x) J'(x)
o= (Y (2
1 ) 1
X X
/(x)d—ZInf /(x)d—l.
0 0
TN
X
O/(ﬂx)) “=h

Tu do ta cod

Mt khdc, theo gia thiét

Do doé
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f'(x)
f(x)
ra f(x) = f'(x),x €[0;1], do d6 f(x) = ce*, ¢ > 0. Do

Do ham s f(x) kha vi lién tuc trén [0; 1] nén ta c6 =1 v6i moi x € [0;1]. Suy

nén ta suy ra ¢ = 0. Vay khong c6 ham sd f nao théa min yéu cau clia bai todn.
Bai 6.4 (DH M6 - Dia chét, P.T. Cudng). Dit
gx)=f(x)—r—s
Khi d6 ta thu dudc dang thiic sau
gx+gy) =g+ fy)—r—s)=f((x—r—s)+f(y)—r—s=
=flx—s)+y+s—r—s=glx—s)+y+s.
Tac dong ham g 1én cac vé mot 1an nita c6
g (x+g(y) =g(y+s+g(x—s)) =gy)+x.
Diéu d6 ciing c6 nghia g 12 phép bién ddi ddng nhit g? = id v6i cac phan ti dang

x+ g(y). Néu cb dinh y = y, thi g2 = id trén tap hop {x+ f(yo)|x € Q}. Tap hop
ndy tring véi tap Q. Piéu d6 ciing c6 nghia g~ = id trén toan bo Q.

gx+y) =g [x+g(g(y))} =gx—s)+g()+s.

Tuong tu
glx+y) =g(x)+g(y) —2(0).
Giai tuong tu bai toan Cauchy, ta thu dugc

g(x) =Ax+g(0) =Ax+z.
Trong d6 A,z 1a céc gid tri hang. Thay tat ca ngudc trd lai diéu kién ban dau
g-g(x+g(y) =glx+Ay+z) =Ax+ A%+ (A +1)z

Mat khac
gix+g(y)=g(x—s)+y+s=Ax—As+z+y+s.

Tic 1a A2 =1 (hé s ciia y), con Az+z = —As+z+s (hé s6 cia hiing s6). Tic 1a
Az = (1—A)s. Khi do6 ta thu dugc hai nghiém:

1. A=1, z=0.Tuday cho két qué g(x) = x,

2. A=—1, z=—2svathudugc g(x) = —x—2s.
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Chiing dan t6i hai nghiém
l. f(x)=x+r+sva
2. f(x) =—x—s5+r.
Dé dang kiém tra hai ham s nay thda man phuong trinh ban dau.

Bai 6.5 (DH Ngoai Thuong - Ha Noi). Ta c6

fr+f) =xf(1+f(1)) =cx, vx>0 (1)
(c = f(1+ f(1))). Thay x thanh x + f(x) vao (1) ta dugc:

fa+f)+fx+7x)) =clx+f(x), Yx>0  (2).
Thé (1) vao (2) ta dudc:
flx+ f(x)+ex) = c(x+ f(x), Vx>0.
Suy ra

flle+Dx+f(x) =clx+f(x), ¥x>0  (3).
Mat khac theo dé bai ta cé:

f(et et s ) = e e (147 () @)

Tu (3) va (4) suy ra
1

(c+1)xf<1+f(chl

)) =c(x+ f(x)), Vx>0.

Suy ra f(x) = ax, Vx > 0 = a > 0. Th{ lai thiy théa man.

. 1 1
Bai 6.6 (DH Tra Vinh, PM. Trién). Daty = i =x= yt2

1.
= y_l,y#

Thay vao phuong trinh da cho ta c6

f(y)zzf(y“)+ )

y=1) -

hay
B y+1 3(y—1)
oy =27 (F) + 207

Thay y bdi x, ta co

f(x)zzf(x+1)+3(x2—1).
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Nhan dang thiic da cho v6i 2 rdi cong v6i dang thiic nay, ta dugc:

2f (xH) +/(x) :4f(x)+xi+2f (x“) Nl

x—1 —1 x—1 2
Suy ra
3(x—1) 6 l—x 2
Thi¥ lai ta thiy thod man diéu kién. Viy cac ham s6 can tim 1a:
1—x 2
= — 1

va £(1) 1a mot s6 tiy .
Bai 6.7 (PH Tra Vinh, PM. Trién). Ta c6

1 'y 2 1 'y 2 1 'y
o[- (s e

Suy ra

Ma theo gia thuyét thi

] "(x
[ ()=t
Oj(f;g;;l)zdxo.

fl(x)— x ; uyra f/(x) =
) =1,Vx€[0;1]. Suyra f'(x)

f(x), Vx € [0:1], f(x) = ce*, ¥x € [0;1], ¢ > 0. Thit lai ta thAy ham nay thda man dé
bai.

Nén ta co

Do f(x) kha vi, lién tuc trén [0; 1], nén ta dugc



