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Chuong 1

HAM SO NHIEU BIEN SO

1.1. Khai niém mdé dau

1.1.1. Khong gian metric

Ky higu R™ 1a tap cdc bo c6 thit tu n 6 thuc z = (21, 29, ..., 2,,), ma ta cling goi 14 cic diém.
Ta goi khodng cach gitta hai diém x = (11, 2o, ..., 7,) VA y = (Y1, Y2, ..., Yn) clia R™ I3 biéu thitc

d(z,y) = /(21— 91)% + (23— 42)2 + oo + (20 — yn)? (1.1)
Dé thay khoéng cach trong R"™ duge cho bdi (1.1) ¢6 ba tinh chat co ban sau ciia metric:

(a) d(z,y) > 0,Vz,y e R", d(z,y) =0z =1y;
(b) d(z,y) =d(y,x),Vz,y € R™;

(c) d(z,y) < d(z,2)+d(z,y), Vo, y,z € R".

Nhu vay tap R™ véi khoang cach duge cho béi cong thitc (1.1) 1a khong gian metric [2, tr
39].
Gia stt x* € R" va € > 0. Ta goi € - lan can cua x* la tap hgp sau ctia R" :

Vo(z*) = {z € R"|d(z,z") < e}.

Ta goi lan can ctia z* 1a moi tap ctia R™ chita duge mot € - 1lan cén nao do6 cua x*. Lan can
cia z* duge ky hieu 1a V' (z*). Tap ‘Z(QJ*) = V.(x*)\{z*} dugc goi 1a e- 1an can thing cla z* .
Tap 13(90*) = V(a*)\{z*} dugc goi 1a lan can thing cia x*.

Gia st D C R Diém z* € D dudc goi 1a diém trong ctia D néu ton tai mot ¢ - 1an can ctia
2* ndm hoan toan trong D . Tap D dudc goi 1a mé néu moi diém ctia D déu 1 diém trong cua
no.

Diém y* € R™ dugc goi 1a diém bién cia D néu moi e- lan can cta 2* déu vira chita diem
thuoc D, vita chita diém khong thuoc D. Diém bien cia D c6 thé thuoc D, ciing c6 thé khong
thuoc D. Tap cac diém bién ctia D dude goi 1a bien ctia né va duge k¥ hieu 1a 0D.

Tap D dude goi 14 déng néu né chita tat ca cac diém bién ciia no.

Vi du e- 1an can V.(z*) clia x* 1a tap md. Ta goi Vo(z*) 1a qua cau md tam z*, ban kinh e.
Bién ctia qua cau ay 1 tap cac diém 2 € R™ sao cho d(z,2*) = ¢ . Tap {r € R*|d(x,z*) < ¢}

1a mot tap dong va dugce goi 1a qué cau déng tam z*, ban kinh e.
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Tap D dudgc goi 1a bi chan néu ton tai mot qua cau chita no.

Tap D dugc goi 1a lien thong néu c6 thé ndi hai diém bat k¥ ctia D bing mot dudng lien
tuc ndm hoan toan trong D. Tap D lién thong dude goi 1a don lién néu bién clia né gom mot
mit kin, duge goi 1a da lien néu bién clia n6 gom nhiéu mat kin roi nhau ting doi mot.

1.1.2. Dinh nghia ham sé n bién sé

Gid st D Cc R" . Anh xa

f D — R
(x1, o, ...ky) +— u= f(x1,T2, ..., T,)

dugc goi 1a ham s6 n bién s6. Tap D dudgc goi 1a tap xac dinh, 1, 7o, ..., 7, dudc goi 1a cac bién
doc lap, u dugc goi 1a bién phu thuoc ctia ham.

Ham hai bién thudng duge ky hieu la 2 = f(z,y), con ham ba bién thuong duge ky hieu la
u= f(x,y, z).

Vé sau ngoai cic chit cai nhu z,7, 2, ... ta con ky hiéu cac diém ctia R” bing cic chit cai in
hoa nhu M, N, P, .... Ciing giéng nhu v6i haim mot bién s6, véi ham nhiéu bién s6 ta c6 quy ude
sau: Néu ham nhidu bién s6 duge cho bing biéu thitc gidi tich u = f(xy, 1y, ...,7,) vh khong
no6i gi thém vé tap xac dinh clia ham s6 d6 thi ta quy udc tap xac dinh ciia n6 1a tap tat ca
cdc diem M € R™, sao cho f(M) c6 nghia.

eVi duy 1.1. Tap xéc dinh clia ham z = \/4 — 22 — ¢ 1 tap céc diém (z,y) € R? thod min

-2 —yP >0 +y2 <4

D6 1a hinh tron tam O(0,0), ban kinh béang 2.

1.1.3. Giéi han ctia ham nhiéu bién

Cac khai niem trong muc nay, muc 1.1.4, va trong cdc phan 1.2, 1.3 dugc trinh bay cho ham
hai bién. Chiing c6 thé duge mé rong cho ham nhiéu hon hai bién.

x Dinh nghia 1.1. Ta néi day diem M, (x,,y,) € R?, n € N*, dan dén diém My(zo,yo) € R?
va viét M, — My khi n dan dén vo cue hay M, — My(n — oo) néu d(M,, My) — 0(n — o0).

Dé thay rang M, — My(n — o0) & =, — To, Yn — Yo(n — 00).

0
* Dinh nghia 1.2. Gid st ham z = f(z,y) xac dinh trong lan can thing V(M) cia
diem My(zo,70). Ta noéi ham f c6 giéi han [ khi M(x,y) din dén My(xo,y0) v viét

lim  f(r,y) = lhay lim f(M) = [ néu v6i moi diy diém M,(x,,y,) thoa min
(z,y)—(z0,90) M—Mo

0 N
M, € V(My),¥n € N*, M,, — My(n — o0) ta déu ¢6 lim f(z,,yn) = [.
n—o0
Dinh nghia ham c6 giéi han vo cyc tuong tir nhu dinh nghia trén.

Nhan xét 1.1. Céc tinh chit co ban clia ham s6 nhu: gi6i han clia tdng, hieu, tich, thuong,
dinh 1y kep,... vAn con ding vé6i gidi han clia ham hai bién.

oVidu 1.2.
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(a)  lim (22+9%) =02+0%=0.

(z,y)—(0,0)
A.Gid st {(xn, yn) }n 1a mot diy dan dén (0,0) va 22 +y2 > 0. Khi d6, lim z, = 0, lim y, =
0,
= lim (22 +y2) =0 g (22 +y*) =0 0.
n—00 (z,y)—(0,0)
P . x % N x P . ~ 2 o
(b) Xét (ijl)lg%o’o) \/xTyTJ? Ta thay ham \/xTyTyQ xéc dinh tren R*\{(0,0)}. Véi (z,y) # (0,0)
ta co
< Ty — |z| < 1. —
ma lim |y| =0, nén theo dinh 1y kep vé gi6i han clia ham s6  lim v = .

(,4)—(0,0) (2,9)—(0,0) /22 +y?

1.1.4. Su lién tuc ctia ham nhiéu bién

x Dinh nghia 1.3. Gid st ham f(z,y) x4c dinh trong tap D C R2, diem My(xo,y0) € D. Ta
n6i ham f lien tuc tai M, néu véi moi e > 0 tdn tai § > 0 sao cho v6i moi diém M(x, y) thda
man cac diéu kien M € D, d(M, My) < 4, ta déu ¢6

|f(z,y) — fzo,90)| <e.

Theo dinh nghia trén, néu M, la diém co lap cta D, tic 1a trong mot lan can ndo dé cia
M, chi ¢6 mot diém duy nhét ctia D (chinh 1a diém M,), thi ham f lien tuc tai M,. Néu M, 1a
diém giéi han ctia D, tic 13 trong moi lan can thiing ctia M, déu c6 it nhat mot diém cta D,
thi ham f lién tuc tai M, khi va chi khi

Jim f(M) = F(M),

trong d6 gidi han & vé trai dugc hiéu theo nghia cia dinh nghia 1.2 v6i mot thay doi nho 1a déi
v6i day diém M,, c¢6 them doi hoi M, € D,Vn € R*.
Ham f lien tuc tai moi diém ctia D duoe goi la lien tuc tren D.
Ham f dugce goi 1a lien tuc déu trén D néu véi moi € > 0 ton tai 6 > 0 sao cho v6i moi cap
diem M, N € D théa man diéu kien d(M, N) < § ta déu c6
|f(M) = f(N)| <e.

Ham f lien tuc trén tap dong, bi chin D (tap compact) ¢6 cac tinh chit twong ty nhu ham
mot bién, d6 1a: f bi chan trén D, f dat dugc gia tri 16n nhat va nhoé nhat trén D, f lien tuc
déu trén D.

Nhan xét 1.2. Cac tinh chat co ban ctia sy lien tuc ctia tong, hieu, tich, thuong clia cdc ham
mot bién lién tyc van con dang v6i ham hai bién.

oVi du 1.3. Khéo sat sy lien tuc clia ham sb
khi(z,y) # (0,0)
0 khi (z,y) = (0,0),

trong d6 o > 1.
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Bai giai. Ham f lien tuc tai moi (z,y) # (0,0) vi khi d6 ham f 1a ti s6 clia hai ham lien
tuc ma mau s6 khac 0. Dé xét tinh lien tuc clia ham f tai (0,0) ta tinh gi6i han ctia ham s6 Ay
tai (0,0). Theo bat dang thitc Cauchy

oyl < [Z5£]°,

do d6 véi (x,y) # (0,0) ta co

224427 22442 a—1
0< f(x,y) < [ ;y } mQJlryQ = +2ya)
Via—1>0nén
lim @)
(@y)—00) =

Theo dinh 1y kep vé gi6i han clia ham sb ta suy ra

lim  f(z.y) = 0= £(0,0),

(z,y)—(0,0)

ttic 13 ham f lien tuc tai (0,0). Vay ham f lién tuc tai moi (z,y) € R

1.2. Dao ham riéng va vi phan

1.2.1. Dinh nghia dao ham riéng

» Dinh nghia 1.4. Gi4 sit ham z = f(z,y) x4c dinh trong l1an can ctia diem My (zo,yo). Vi
Ax c6 gia tri tuyet ddi di nho dit

Apf = f(zo+ Az, y0) — f(0, yo)-

Dai luong A, f dude goi 1a s6 gia rieng ciia ham f theo bién x tai M,. Dao ham riéng ciia
ham f theo bién z tai M, 1

P A,
a—i(Mo) - AlgchEo Al‘f

néu gisi han & vé phai ctia dang thitc trén ton tai. Dao ham rieng Ay ciing dudc ky hiéu bing
mot trong cac ky hiéu sau:
fo(Mo), G2 (M), 24,(Mo).

Dao ham riéng ctia ham f theo bién y tai M, dudc dinh nghia tuong tu.

T dinh nghia 1.4 ta suy ra quy tic thuc hanh sau: khi tinh dao ham riéng ctia ham hai
bién theo bién nao do6 ta coi bién con lai 14 hing sb.

oVi du 1.4. V6i z = arctan ¥ ta c6




1.2 Dao ham riéng va vi phan 13

1.2.2. Vi phan toan phan

» Dinh nghia 1.5. Gi4 sit ham z = f(z,y) x4c dinh trong lan can cta diem My (zo,yo). Vi
Az, Ay c6 gia tri tuyéet d6i da nho dit

Af = f(zo+ Az, yo + Ay) — f(w0,Yo)-
Dai lugng Af duge goi 1a s6 gia toan phan ctia ham f tai My(xg, ). Néu Af ¢6 dang
Af = AAz + BAy + o(p), (1.2)
trong d6 A, B la cdc s6 thyc khong phu thuoc vao Az va Ay, p = \/m, o(p) 1a vo
cling bé bac cao hon p khi p dan dén 0, thi ham f duge goi 1a kha vi tai M, v& biéu thic
df = AAz + BAy (1.3)

dugc goi 1a vi phan toan phan ciia ham f tai M,.
O Dinh 1y 1.1. Néu ham f(x,y) kha vi tai My(zo,yo) thi f ¢6 cac dao ham rieng tai M, va vi

phan toan phan ctia ham f tai M, Ia

df = f,(Mo)Az + f,(Mo)Ay. (1.4)

A.Ap dung biéu dién (1.2) véi Ay = 0, dé ¥ ring khi d6 Af = A, f, p = VAz? = |Az], ta
duoc
A, f = AAx + o |Axl).
V6i Ax # 0 chia hai vé ctia déng thiic trén cho Ax ta duge

Amf _ 0(|A37‘)
o =ATTR

Vé phai ciia déng thitc cudi cing dan t6i A khi Az — 0 vi A2 — 42— 0 Khi

Ax — 0. Suy ra Awaf c6 gidi han bang A khi Az — 0, titc 1a f ¢6 dao ham riéng theo x tai M,
va A = fi(Mp). Tuong tit ta c6 ham f c6 dao ham rieng theo y tai M, va B = f;(M). Cudi

cing thay A = f;(My) va B = f,(Mo) vao (1.3) ta dugc (1.4) .

Dinh 1y d4o ctia dinh 1y 1.1 khong ding, tic & tinh ¢6 cac dao ham riéng ctia ham s6 tai
mot diém khong kéo theo tinh kha vi ctia ham s6 tai diem ay. Day 13 diém khac biet giita ham
hai bién v& ham mot bién. Dinh 1y duéi day cho ta mot diéu kién di ctia ham kha vi.

O Dinh ly 1.2. Néu ham f(z,y) ¢6 cdc dao ham riéng trong lan can ctia My(xg,yo) va céc
dao ham riéng ay lién tuc tai M, thi ham f kh& vi tai M,.

Ta thita nhan Dinh 1§ 1.2. Ap dung dinh 1y nay ta thiy ham f(z,y) = x c6 cac dao ham
rieng f, =1 va f, = 0 lién tuc trén toan R* nén khd vi trén toan R?. Theo cong thitc (1.4) ta
c6 dr = 1.Az + 0.Ay hay Az = dz. Tuong tu ta ¢6 Ay = dy. Do d6 cong thic (1.4) con c6
dang

df = f,(Mo)dz + f,(Mo)dy (1.5)

oVi du 1.5. Tim vi phan toan phan ctia ham z = /22 + y2. Ta c6
dz = zdx + z,dy,

!/ /
2= =z, = —Z

x W? Y \/x2—'~‘3127

do do6

dZ xdx ydy

- Varty? ety
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Trong phan cudi clia muyc nay ching toi gidi thieu mot tng dung clia vi phan toan phan.
Gia st ham f(x,y) kha vi tai M,(z,,y,). Khi d6 s6 gia toan phan Af c¢6 dang (1.2). B6 qua vo
cing bé o(p) bac cao hon p ta duge cong thite xap xi

Af = AAz + BAy = f,(Mo)Az + f,(My)Ay
hay
[0+ Aw,yo + Ay) = f(20,y0) + fr(Mo)Ax + f,(Mo)Ay. (1.6)
Cong thite (1.6) cho phép ta tinh gia tri gan ding ctia ham f tai diém da gan diém M,.

oVi du 1.6. Tinh gan ding gia tri biéu thitc

A =1/2.98% +4.01%.

Lai giai. Dit z(z,y) = /2?2 +y? thi A = 2(2.98,4.01). Viét A dudi dang A = 2(3 —
0.02,4 + 0.01), roi 4p dung cong thie (1.6) ta duge

A 2(3,4) + 25(3,4)(—0.02) + 21 (3,4)0.01,

trong do
2(z,y) = Va2 +y? = 2(3,4) = V32442 =5,
3

/ —
(3.4) =

x

2 (1Y) = ————= = 2.,
x4+ 1y?

Yy

2 (x,y) = ———e
NN =

4
Ta suy ra A~ 5+ g(—0.0Q) + 50.01 = A ~ 4.996.

Y

Ut = ol W

.
4 JR—
VETE

= z;(3,4) =

1.2.3. Dao ham riéng va vi phan cip cao

1.2.3.1. Dao ham riéng cap cao

Gia st ham f(x,y) ¢6 cdc dao ham riéng f; va f, trén tap mé D C R? . C4ac dao ham riéng
nay 13 cac ham hai bién xac dinh trén D. Néu cac dao ham riéng clia cdc dao ham riéng nay
ton tai thi ta goi ching 1a cdc dao ham riéng cap hai cia ham f. C6 bon dao ham riéng cap
hai cia ham f nhu sau:

%(%). Dao ham riéng cap hai nay con duge ky hieu 1a % hay f7 hay fI,.

0% f
Oyox
0%f
0xdy

9 (91) Dao ham rieng cAp hai nay con duge ki higu la

"
a—y Oz hay zy*

9 (9L) Pao ham rieng cip hai nay con duge ky hieu la

8 /0 N N % PN N PERTETR NG
8—y(8—£). Dao ham riéng cap hai nay con duge ky hiéu la a_y]; hay f7 hay f;’g

Cac dao ham riéng cia cac dao ham riéng cip hai clia ham f néu ton tai dude goi l1a céc
dao ham riéng cap ba ctia hamf ...

oVi du 1.7. V6i ham z = 2 — 3z + 2%y? ta lan lugt c6

2, = 32 — 3+ 2xy?, 2, = 227y,

2V =6x+ 2% 2! =dxy, 2 =

— " __ 2
y = ye = dxy, 2y, = 2x°.
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Cac dao ham 27, va z;, dudc goi la cdc dao ham hén hop ctia ham z. Trong vi du trén ta
thiy cac dao ham hdn hgp clia ham z bang nhau. Khong phai ham s6 nao ciing c¢6 tinh chat
nay. Dinh 1§ sau cho ta mot diéu kien di dé cac dao ham hén hgp bing nhau.
¢ Dinh ly 1.3. (Dinh 1y Schwartz). Néu ham f(x,y) ¢6 cdc dao ham hén hgp trong lan can
ctia My(z,,Y,) va cdc dao ham hén hgp &y lién tuc tai M, thi cdc dao ham hén hgp ay béng
nhau tai M,.

Ta ciing thita nhan khong chitng minh dinh Iy 1.3.

1.2.3.2. Vi phan cap cao

Ta goi phan toan phan df = fldz + f)dy cia ham f(z,y) tal mot diém la vi phan cdp mot
clia né tai diém 4y. Gia sit ta d& dinh nghia vi phan cAp n > 1 ctia ham f tai mot diém. Néu vi
phan cip n ctia ham f xac dinh trén mién D vi kha vi tai diém M, ndo d6 thi vi phan clia vi
phan cap n ay tai M, duge goi la vi phan cap (n+1) cia ham f tai M,. Vi phan cip n nguyén
duong cia ham f tai M, duge ky hi¢u la d" f(M,).

Gia st f 1a ham s6 ctia hai bién doc lap x va y, ¢6 cdc dao ham riéng cap hai trong lan can
ctia Mo(2o, Yo), va cic dao ham riéng cap hai ay lien tuc tai M, (do d6 f7, (M) = f,.(Mo) theo
dinh 1y Schwartz). Khi d6 f! va f; kha vi tai M, theo dinh 1y 1.2. Vi x v& y 1a cac bién doc lap
nén dr = Ax va dy = Ay la cac hang s6, do d6 df = f,dx + f,dy kha vi tai M, va vi phan cia
df tai M, thoa man

d(df)(Mo) = d(f',dx + [f',dy)(Mo)

d( [ dx)(Mo) + d(f',dy)(Mp)

d(f',)(Mo)dx +d(f",)(Mo)dy

= (["pe(Mo)d + f",,(Mo)dy)dx + (f",,(Mo)dx + [, (Mo)dy)dy

= [ pu(Mo)da® + f",, (Mo)dxdy + f",.(Mo)dxdy + f",,(Mo)dy?.

Trong day ding thitc trén, thay biéu thiic dau tién bing d?f(M;) theo dinh nghia, vi thay
(M) = fI,(Mp) trong biéu thitc cudi cing ta duge cong thitc clia vi phan cap hai clia ham
f
d? f(My) = fu (Mo)da? + 27 (Mo)dxdy + f,,(Mo)dy?. (1.7)
Ngudi ta thuong ding ki hieu tuong trung dé biéu dién cong thitc tren nhu sau
& f(Mo) = (gpdw + 5,dy)* f (M),

trong d6 (Z)? chi phép 1y dao ham riéng hai lan theo x, (%)2 chi phép 1ay dao ham riéng hai
lan theo y, %;y chi phép 1ay dao ham riéng mot lan theo y, mot lan theo x. Tuong ty néu f 1a
ham s6 clia hai bién doc 1ap x va y, ¢6 cdc dao ham riéng cap n trong lan can ctia M,(z,,y,),
va cac dao ham riéng cap n lién tuc tai M,, thi kh& vi dén cap n tai M,. Trong truong hgp nay
ta cling c6 cong thic liy thita tugng trung sau

& F(My) = (Zd + Ldy)" F(My).
eVi du 1.8. Vi ham z = 2 — 3z + 2%y?, theo cong thic (1.7), ta ¢6
d*z = 2 da* + 22! ydrdy + 2] dy ,
do d6 theo két qué ctia vi du 1.7 d?z = (6x + 2y*)dz? + S8xydrdy + 2x*dy?.

Noéi riéng ta c6
d?z(1,0) = 6dz* + 2dy>.
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1.2.4. Coéng thitc Taylor dbi v6i ham nhiéu bién

Duéi day chiing toi phat biéu khong ching minh mot dinh 1y, duge sit dung dé khao sat cue
tri cia ham s6 hai bién sb.

¢ Dinh ly 1.4. Gia sit ham f(x,y) ¢6 cdc dao ham riéng dén cap n+1 lién tuc trong e - lan
can V.(M,) cta diem M,(z,,y,) va (zo + dz,yo + dy) € Vo(My). Khi dé 30 € (0,1) sao cho

Af = f(zo+dz,yo + dy) — f(zo,y0) =
= df(M()) + %d2f(M0) + ...+ %dnf(Mo) + 1 dn—Hf(Io + le’, Yo + de)

(n+1)!

(1.8)

1.3. Cuc tri cia hAm nhiéu bién

Trong muc nay ching toi sé xem xét ba loai cic tri cia ham nhiéu bién, dé 1a cyc tri tu
do hay cyc tri khong diéu kién, ciyc tri ¢6 diéu kién, va gid tri 16n nhat va nhé nhat clia ham
nhiéu bién trén mién doéng, bi chin. Nhu da néi tir trude, chiing toi sé xét cac khai niem nay
déi v6i ham s6 hai bién s6.

1.3.1. Cuc tri tu do ctia ham nhiéu bién

x Dinh nghia 1.6. Ham f(z,y) dugc goi 1a ¢6 cyce dai tai diém My(xo, yo) néu ton tai lan can
V (My(xo,10)) clia diem My(x, o) sao cho

F(M) < F(Mp),YM € V(Mp).

Khi d6 diém M, duge goi la diém cyc dai cia ham £, f(M,) duge goi la gia tri cuc dai clia
ham f va duge ky hieu 1a fia.(Mo).

Diém cyc tiéu, gia tri cuc tidu ctia ham hai bién duge dinh nghia tuong tu. Gia tri cue tidu
cia ham f duge ky hieu & fim (Mo).

Diém cuc dai va diém cyc tidu cia ham hai bién duge goi chung 1a diém cuc tri. Tuong tu
nhu vay déi véi gia tri cuc dai va gid tri cyc tiéu ctia ham nhiéu bién.

Chung toi dua vao st dung cac ky hiéu sau doéi véi ham z = f(z,y):
p=z(2,9), ¢=z(7,y), a=z,(z,y), b= 25, (2,y), c=2z,(z,y).
O Dinh 1y 1.5. Néu ham f(x,y) c6 cuc tri va c6 cdc dao ham riéng tai dieém M,(z,,vy,) thi

p(Mo) =0, q(Mo) = 0.

A.Tit gia thiét ctia Dinh 1y 1.5 suy ra ham mot bién g(z) = f(z, yo) ¢6 cuc tri tai x,. Ham
g ¢6 dao ham tai z, 1a ¢'(z0) = f.(x0,y0). Theo dinh 1§ Fermat, ¢'(zo) = f.(x0,y0) = 0 hay
p(My) = 0. Hoan toan tuong tu ta c¢6 q(My) =0 .

Ta goi cac diém t6i han ctia ham hai bién I3 cac diém ma & d6 céc dao ham rieng né ton
tai va triet tieu hodc & d6 it nhat mot trong hai dao ham rieng ciia ham s6 ay khong ton tai.
Tt dinh 1y 1.5 suy ra néu mot diém la diém cuc tri ciia ham hai bién thi né 1a diém t6i han.
Khing dinh nguge lai khong ding.

Dinh 1y duéi day cho phép ta kiém tra mot s6 diém t6i han ctia ham hai bién c6 phai la
diém cic tri ctia ham s6 ay hay khong.
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¢ Dinh 1y 1.6. Gid st ham f(z,y) c¢6 cac dao ham riéng dén cap hai lién tuc trong lan can
nao do cta diém M,(z,,vy,). Gid sit p(My) = 0, q(My) = 0. Khi dé tai M,:

(i) Néu b* — ac < 0 thi M, Ia diém cue tri ctia ham f. D6 la diém cuc tiéu néu a > 0, Ia
diém cuc dai néu a < 0.

(i) Néu b — ac > 0 thi M, khong la diém cuc trj clia ham f.

(iii) Néu b*> — ac = 0 thi M, c6 thé Ia diém cuc trj clia ham f, ciing c6 thé khong la diém
cuc tri ciia ham f.

A.Gia st h? + k? # 0 va h? 4+ k2 di nho. Ap dung cong thiic (1.8) va sit dung gia thiét
p(My) =0, ¢(My) =0 ta duge

Af = f(xo+h,yo+ k) — f(xo,%0) =
J" wa(@o + Oh, yo + Ok)R? + 2", (20 + Oh, yo + Ok)hk + [, (x0 + O, yo + Ok)k?] =
f//xx(an yO)h2 + QfI/Iy(:EU7 yo)hk + f”yy<x0’ yo)kZ] + % [ahQ + 2Bhk + ’7k2] )

1
2
1
2

trong do
o= f//xx(xo + Hha Yo + ek) - f”:m:(x()? yo)?
6 = f”xy(xﬂ + 9h’7 Yo + ek) - f,,my(x()) yO)v
7= f//yy(x(] + 8h’7 Yo + Hk) - f//yy(x(]u yO)

Do cac dao ham cap hai clia ham f lién tuc tai My nén «, 3, dan dén 0 khi p = V/h? + k2
dan dén 0. Tir d6 ta c6

Af =1 [ah® 4 2bhk + ck*] + o(p?) (1.9)
trong do
a = f”m(xoy yO)a
b == f”my(x07y0)7
c= f”yy(iCo,yo)-

Gid st b? — ac < 0. Khi d6 a # 0. Gid st a > 0. Xét ham

g(u,v) = L [au® + 2buv + cv?] .
Vi g lien tyc trén duong tron u? + v* = 1 nén dat dugc gid tri nhdé nhat tai (ug,vy) nao dé
trén duong tron dé. Ta co

g(u,v) > g(ug,vo) = 5 [(auo)2 + 2aupbug + acvoﬂ

=L [(auo + bug)® — (0% — ac)vgﬂ > 0,Y(u,v) : u? +0? = 1.

T (1.9) suy ra
2
Af = p? {% [(Jm2 + 2buw +cv2} + %} ;

D |

h
trong db u = —,v =
p

Theo ching minh trén

o 2
Af>p? {9(“077)0) + (ppz)} > 30°9(uo,v0) > 0

v6i moi p dit nhd. Diéu nay chitng té My 1a diém cuyc tiéu ctia ham f. Chitng minh tuong ty ta
duoc néu a < 0 thi M, la diém cyc dai cia ham f.
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. 1 2. 1z
Gia stt b — ac > 0. Néu a # 0 thi 3 [at? 4 2bt + ¢] 1a tam thic bac hai. N6 doi dau tren R

vi b — ac > 0. Gid st ¢, t5 12 hai gid tri théa man
% [at12 + 2bty + c} <0,
1 [ats® + 2bty + ] > 0.

Ap dung cong thitc (1.9) véi h = t,0,k = 6,6 # 0. Khi d6 p? = (t,2+1)d% nén o(p?) = o(6?).
T d6 ta cod

Af =3 [at12(52 + 2bt,6% + 0(52} + 0(6%) = 62 {% [at12 + 2bt; + ] 0(5 } <0

v6i moi § ¢6 gia tri tuyet déi di nhé. Tuong tu ap dung cong thite (1.9) v6i h = to A, k = A\, X # 0,
ta dugce
Af =N {L[at* +2bt +c] + 2} >0

v6i moi A ¢6 gia tri tuyét déi di nho. Ta thiy Af doi dau trong moi lan can ciia M, didu dé
chitng té M, khong 13 diém cuyc tri cia ham f. Néu ¢ # 0 lap luan tuong tu ta ciing c6 két
luan M, khong 1a diém cuec tri cia ham f. Néu a = ¢ = 0 thi b # 0. Dau tién &p dung (1.9) véi
h=k=¢#0, khi dé p? = €24 €2 = 2¢2, do dé o(p?) = 0(£?), ta duge

Af =1 +o() =€ b+ °E]

suy ra Af cling dau v6i b khi € ¢6 gia tri tuyet doi dit nho. Sau d6 ap dung (1.9) véi h = (, k =
_C7C 7é 07 ta dlIOC

Af =0 +o(@) = [-b+ %]

suy ra Af trai dau véi b khi ¢ ¢6 gia tri tuyet déi dit nhé. Cac lap luan trén ching té6 Af doi
dau trong moi lan can cta M, didu dé ching t6 M, khong la diém citc tri ctia ham f.

Dé két thtc chiing minh dinh 1y ta dua ra hai vi du vé diém t6i han ma tai d6 b> — ac = 0.
Trong mot truong hop diém t6i han 1a diém cuc tri, trong truong hop con lai diém t6i han
khong 13 diém cuec tri.

Dautlenxet hamf(z,y) = 2* + y*. Ta c6 p = f. = 423 4= 1, =4yda=fI =122%b =
" =0,c= f" =12y%

zy
Didm t6i han ctia ham f la nghiém cta hé

{sz @{ 0@{1’:0
q=0 4y =0 y = 0.

Ta thdy f c6 mot diém t6i han duy nhét 1a O(0,0). Tai diém t6i han d6 a = 0,b=0,c =0
= b2 —ac = 0. Dé biét O(0,0) ¢6 1a diém cyc tri khong ta lay h, k thda man h%+k? # 0, h? + k>
di nhd, va xét dau ctia Af = f(h, k) — £(0,0). Ta c6

Af = f(hk) — f(0,0) = h*+ k* - 0" = 0" = h* + k' > 0,

Suy ra O(0,0) la diém cie tiéu ctia ham f.

Tiép theo xét ham g(x,y) = 23+ 3. Tuong tu nhu d6i véi ham f, ham g cling c6 mot diém
t6i han duy nhét 13 O(0,0) va tai d6 b* — ac = 0. V6i h, k théa man k= 0,h # 0 ta c6

Ag = g(h,0) — g(0,0) = h* + 0> — 0° — 0° = h®.
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Ta thay Ag doi dau dit h c6 gia tri tuyét déi nhé bao nhiéu ching nita, tic 13 Ag ddi dau
trong moi lan can cta O(0,0). Didu d6 chitng t6 O(0,0) khong 1a diem cyc tri ctia ham g O.

Tir cac dinh 1y 1.5 va 1.6 ta suy ra thudt toan tim cuc tri cia ham z = f(x,y) c6 cac dao
ham riéng dén cap hai lién tuc trén tap xac dinh ctia ham s ay nhu sau:

Bude 1. Tinh cac dao ham riéng cdp mot p = 2., ¢ = Z,-
0

Budc 2. Tim diém t6i han ctia ham z bing cach giai he phuong trinh { ]qg i 0

Bude 3. Tinh cac dao ham rieng cap hai a = 2,, b=z, c =z,

Budc 4. V6i mdi diém t6i han ctia ham z, kiém tra xem trudng hgp ndo trong cic trudng
hop (i), (ii), (iii) ctia dinh 1§ 1.6 x4y ra. Néu xay ra truong hop (i) hodc (ii) thi dua ra két luan
tuong tng. Néu x4y ra trudng hop (iii) thi can khio sat them vé diém t6i han bing cdc cong
cu khac dé biét diém t6i han 4y c6 phai la diém cyc tri khong. Chéng han cé thé dua vao dinh
nghia citc tri nhu trong chitng minh cta dinh 1y 1.6. Chiing t6i khong di sau vao phan tich cac
phuong phap khao sat déi v6i diem t6i han trong trusng hop nay.

Dé dé nhé dinh 1§ 1.6 chiing t6i dua ra bang sau:

b? — ac a Két luan

>0 Diém t6i han 1 diém cuc tiéu

<0 biém t6i han la diem cuc dai

>0 Bat ky | Diém t6i han khong 1 diém cuc tri

Chua két luan duoce. Diém t6i han c6 the 1a diem cuc tri,
c6 thé khong 1a diém cuc tri

<0

= Bat ky

oVi du 1.9. Tim cyc tri clia ham s6 z = 32* + 823 — 622 — 242 + 2312

Lai giai. Ta ¢o

= 3at + 823 — 622 — 24x + 232,

=2, = 1223 4+ 242% — 122 — 24 + 32%y2,
=7, = 223y,

= 2", = 3622 + 482 — 12 + 6xy?,

= 2", = 62%y,

=z, = 22°.

QO TR T N

Ta tim c4c diém t6i han clia ham z bang cach gidi hée

r=—2

{sz {12x3+24x2—12x—24+3x2y2:0 o r=—1

qg=20 203y = 0 r=1
y = 0.

Suy ra ham z c¢6 ba diém t6i han 13 M(—2,0), N(—1,0), P(1,0). Ta c6 bang sau:

Diém t6i han a b c b? — ac | Két luan
M(-2,0) 360 0 -16 | 5760 | M khong la diem cyc tri cia ham z
N la diem cuc dai ctia ham z,
N(-1,0) -24<0 0 -2 -48<0 (V) = 13
P I3 diém cyc tieu ctia ham z,
P(1,0) 720 0 2| -144<0 coin(P) = —19
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1.3.2. Cuc tri c6 dieu kién ctia ham nhieu bién

Nguoi ta goi cuc tri clia ham s6

z = f(z,y), (1.10)
trong d6 céc bién sd bi rang buoc bdi hé thic
g(z,y) =0 (1.11)

1a cuce tri ¢6 didu kien.

O Dinh 1y 1.7. Gid sit My(zo,y0) 1a diém cuc tri c6 diéu kien ciia ham s6 (1.10) véi diéu kién
(1.11). Gia sit
(i) Trong lan can ctia My cdac ham so6 f(z,y) va g(z,y) ¢6 cdc dao ham riéng cap mot lién
tuc,
(ii) Cdc dao ham riéng g,,, g, khong dong thoi bang khong tai M.
Khi doé tai M
fe 1y

=0. 1.12
o (112)

Ta thita nhan dinh 1y nay.
Hé thic (1.12) cung véi diéu kién (1.11) cho phép ta xac dinh (z,,y,).

Chii thich 1.1. Heé thitc (1.12) c6 thé viét lai thanh
f2(Mo) g, (Mo) — f,(Mo)g,(Mo) = 0,

hay
(M) fy(Mo)
7o) — &, (o) (1.13)

Dit cic gia tri chung ctia cdc vé § dang thiic (1.13) 1d —\ ta duge

{ f'o(Mo) + Mg’ (M)
fy(Mo) + Ag',, (Mo)

0
0.

<z PN . - x PPN s (Mo s 'y (Mo
Ngugce lai neu ton tai A thoa man hé trén thi 700 Y g

Tiic 1a he thic (1.13), do d6 (1.12) thoéa man. Vay néu M, thoa man cac diéu kien (i) va (ii)
ctia dinh 1y 1.7 thi ton tai A sao cho tai M,

; bang nhau vi déu bang —\.

fo(@y) + A (z,y) =0
{ f/y(xvy) + /\g/y(x,y) =0. (114)

He (1.14) cung vdéi diéu kien (1.11) cho phép ta xac dinh (xg, yo, A).
bat

F(z,y,A) = f(z,y) + Ag(x,y) (1.15)
thi
F'y = [ (z,y) + Ad (2, y)
Fy=f,(z,y) + g, (7,9)
F'\ = g(z,y),
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do d6 he (1.14) cling véi didu kien (1.11) ¢6 thé viét lai thanh

Flo=0
F',=0 (1.16)
F'y=0.

Ham F(x,y,\) trong cong thic (1.15) duge goi 1a ham Lagrange.

Ta goi diém t6i han ctia ham s6 (1.10) véi didu kien (1.11) 14 diém thuoc mot trong hai loai
sau:

- Loai 1: Gom cac diém (z,y) théa man cac didu kien (i) va (i) clia dinh 1y 1.7 va he (1.16)
véi A nao do.

- Loai 2: Gdm céc diém tai d6 mot trong hai diéu kien (i), (i) cta dinh 1§ 1.7 khong théa
man.

Tit dinh 1§ 1.7, cac lap luan sau dinh 1y ay, vi chi thich 1.1 suy ra néu M, la diém cuc tri
¢6 didu kign clia ham s6 (1.10) véi didu kien (1.11) thi M, Ia diém t6i han. Khéng dinh ngugc
lai khong ding.

Dinh Iy dudi day cho phép ta kiem tra mot s6 diém t6i han loai 1 cia ham s6 (1.10) véi
diéu kien (1.11) ¢6 phai 1a diém cyc tri ¢6 didu kién ctia ham s6 ay khong.

O Dinh 1y 1.8. Gia sit M,(x,,y,) 1a diém tdi han loai 1 ctia ham s6 (1.10) véi diéu kien (1.11).
Gid st (o, Yo, o) la nghiem ctia (1.16). Xét vi phan cap hai

d*F (0,90, Xo) = F(My)h* + 2F (Mo)hk + Fy”y(MO)k2

khi h, k khong déng thoi bang 0 va théa man
9o (Mo)h + g, (Mo)k = 0.

(a) Néu d?F(zg,yo, \o) > 0 thi M, la diém cuc tiéu clia ham s6 (1.10) véi diéu kign (1.11).

(b) Néu d?F (o, yo, \o) < 0 thi M, la diém cuc dai ctia ham s6 (1.10) vdi diéu kien (1.11).

(¢c) Néu d?F (w0, v0, \o) = 0 thi M, c6 thé I diém cuc tri, ciing c6 thé khong la diém cuc tri
ctia ham s6 (1.10) véi diéu kien (1.11).

Ching toi khong chiing minh dinh 1y trén, chi néu mot vi du ap dung dinh 1y &y.
oVi du 1.10. Tim cyc tri clia ham s6 z = 3x + 4y véi didu kien 22 + y? = 1.

Bai giai.

Rang buoc dbi véi x, y 1a g(x,y) = 0, trong d6 g(z,y) = 2> +y* — 1.

Dé thdy cac ham z v g ¢6 cdc dao ham rieng lien tuc trén R?. Hon nita g, = 2z, g, = 2y
khong dong thoi bang khong vi 22 + y? = 1. Suy ra ham z v6i diéu kieén g(x,y) = 0 chi ¢6 céc
diém t6i han loai 1. Ham Lagrange 13

F(x,y,\) =3z 4+ 4y + \a? +y* — 1).

Ta ¢6

F', =3+ 2\x,

F'y =442y,

F/)\:x2+y2_17
do d6 hé (1.16) trd thanh

442y=0 < B
22+’ —1=0

8
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Suy ra bai todn c6 hai diém t6i han la: M(—%, —%) tuong tng \ = g, Vi N(%, %

)\:—g. Ta ¢c6

tuong in
) g tng

F' oo =2\ F"y =0, F",, = 2,

/

Khi 2= ~3,y = 4\ = § ta 6 FYy = 5, Yy = 0,Fl, = 5,6, = ~$,, = %

Do d6 ta can xét
d*F(=32,-%,3) = F/,h* + 2F) hk + F,, k* = 5h* + 5k%,
khi /, k khong dong thoi bang 0 va bi rang budc bdi diéu kién

=3+~ ~ k= 5= k=0 (17

N N N 4
T rang bude (1.17) va dieu kién h, k khong dong thoi bang 0 suy ra h = —gk va k #£ 0,

h, k khong dong thoi bing 0, do d6 d*F(—2, -3, 2) = £22k* > 0. Theo dinh 1y 1.8, M (-2, -3)

14 diém cuc tiéu c6 diéu kien ctia ham z. Gia tri cyc tiéu 1a
me(M> = —5

Tinh toan tuong tu khi z = %, y = %, A= —% ta thay N(%, %) 13 diém cuc dai c¢6 didu kien
cua ham z. Gia tri cuc dai la
Zmax(N) = 5.

Tren day ta da dua vao dinh Iy 1.8 dé xét xem diém M(—g, —%) ¢6 1a diém cuc tri ¢6 diéu

kien ctia ham z khong. Ta c6 thé két luan d?F(—2,—2,2) > 0 v6i moi h, k khong dong thoi
bing 0 va bi rang budc bdi diéu kién (1.17) nhanh hon nhu sau. Ta ¢6

PF(—2,—-2,2) =50 +5k* > 0

v6i moi h, k khong ddng thoi bing 0. Bat ding thitc trén vAn ding khi A, k bi rang budc them
boi diéu kien (1.17).

1.3.3. Gia tri 16n nhat vA nhé nhat ctia ham nhiéu bién trén mién
doéng, bi chan

Gia st ham f lien tuc trén mién D déng va bi chin. Theo tinh chat ctia ham lién tuc suy ra
f dat gia tri 16n nhat v gia tri nhé nhat trén mién D. Gid sit gia tri 16n nhat cia ham f dat
duge tai M, € D. Khi d6 f(M) < f(My),VM € D. Gia st M, la diém trong cta D. Khi d6
ton tai lan can V(My) ndo d6 ciia didm M, sao cho V(M) C D. Néu M € V(M) thi M € D
do d6 f(M) < f(My). Suy ra M, la diém cuc dai khong nghiém ngit, do d6 1a diém t6i han
ctia ham f. Diém M, ciing c6 thé 1a diém bién ctia mién D.
T cac 1ap luan trén ta suy ra thuat toan tim gia tri 16n nhat ctia ham z = f(x,y) ¢6 cac
dao ham riéng tai tat ca cdc diém trong ctia mién D déng va bi chin nhu sau.
Bude 1. Tinh cdc dao ham riéng cap mot clia ham z 1a p = 2, q = 2.
Bude 2. Tim cac diém t6i han ctia ham z 1a cac diém trong cia mién D c6 toa do thoéa man
hé phuong trinh
{020
q=0
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va tinh gia tri ctia ham f tai cdc diém Ay.

Budc 8. Tim gia tri 16n nhéit ctia ham f trén bién ctia mién D.

Budc 4. Tim gia tri 16n nhat trong s6 cac gid tri tim dude & bude 2 va bude 3. Gia tri 16n
nhat Ay chinh 13 gid tri 16n nhat ctia ham f trén mién D.

Néu céc diém t6i han & bude 2 khong ton tai thi ham f dat gia tri I6n nhat trén bien cia
mién D, titc 1a gia tri 16n nhat ctia ham f trén bién cia D tim duge & bude 3 cfing chinh 1 gia
tri 16n nhat ctia né trén toan mién D.

Thuat toan tim gia tri nhdé nhat ctia ham f trén mién D tuong ty thuat toan tim gia tri 16n
nhat ctia ham s6 Ay trén mién D.

oVi du 1.11. Tim gia tri 16n nhat va nho nhat cia ham sé 2 = 222 + y? — 2%y trén mién
0<z<30<y<2z

Hinh 1.1

Loi gidi. Ky hieu D la mién 0 < 2 < 3,0 <y < 2z. Ta ¢6

x=0
- /x :4 —2 = — = { —
P z/ x fy’dodé{p_o @{4x_22xy_ 0 o y_O
y = 2.

Trong ba diem (0,0), (-2,2) va (2,2) chi ¢6 diém (2,2) la diém trong ctia D. Ta c6
2(2,2) =4 (1.18)

Xét ham z(z,y) khi (z,y) 1a diém bien cta D.
Viy=0,0<xr<3tachd

z=f(r)=22*0< 2 <3,
f(z)=4r=0&2=0¢ (0,3),
f(0) =2(0,0) =0 (1.19)
F(3) = 2(3,0) = 18 (1.20)
Véi x =3,0<y <6 taco
2=g(y) =y -9y +18,0<y<6,d(y) =2y—9=0&y =13 €(0,6),

o3 =#(3.9) = 3 (121
g(6) = 2(3,6) =0 (1.22)
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Véiy=2x,0<z<3tacdz=h(r)=62>—-2230<z<3,
R (z) =122 — 62 = 0 &

h(2) = 2(2,4) = 8 (1.23)
So sanh cac giad tri tai (1.18) - (1.23) suy ra

_ — ; — 9y — _9
%gﬁz(M) =2(3,0) = 18,]\%161% 2(M) =2(3,3) T

oVi du 1.12. Tim gid tri 16n nhit va gia tri nho nhat cta ham s6 z = 22 + y? — 122 + 16y
trén mién 22 + y? < 25.

Hinh 1.2

Loi gidi.
Ky hi¢u D 1a mién z? 4+ y* < 25. D6 1a hinh tron déng tam O(0, 0) ban kinh bang 5.
=, =212, - —12= =
Taco !l ° ’ dodé{p O,@{Qw 12 O,@{x 6
Vi 62 4+ (—8)2 = 100 > 25 nén diém (6, -8) khong phai 1a diém trong ctia mién D. Suy ra
trong D ham z khong c6 diém t6i han nén né dat duge gia tri 16n nhat va nho nhit trén bien
cia D.
PRI . S 42 laa s R 2 T = dcost,
Xét ham z(x,y) khi (x, y) 1a diém bién cia D. Khi d6 z° + y* = 25 hay y = 5sint
suy ra z = 25 — 60 cost + 80sint, z = 25 + 100(—%00515 + %sint).
Dt cosa = —2, sina = 7 ta ¢6 z = 25+ 100(cos cvcos t+sinasint), z = 25+ 100 cos(t — ).
Tu d6 suy ra —75 < 2z < 125.
Dau bang thit nhat xay ra khi va chi khi
cos(t —a) = —1,
sSt—a=n+k2n (k€ Z),
St=a+ 7+ k27,
x=5cost = —5cosa = —5(—32) =3,
=
y=>5sint = —5sina = —5(

ol
SN—
Il
|
W

Dau bang thit hai x4y ra khi va chi khi

cos(t —a) =1,
sSt—a=kn (keZ),
St=a+ k2r,

x=5cost =5cosa =5(—2) =3,
=
y=>5sint = 5sina = 5(%) — 4.
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Suy ra max z(M) = max z(M) = 125, gia tri 16n nhat dat duge tai (—3,4),

MeD MedD
va min z(M) = min z(M) = —75, gia tri nho nhat dat duge tai (3, —4).
MeD MeoD

Bai tap chuong 1

Bai 1.1. Tinh dao ham riéng ctia cdc ham sb sau

) z = i21327
b) z = ln( 2 4+ y?),
¢) z =1y Smg

oL

) z=a x>0,
e) z = arctan g
f) 2 = arcsm(x — 2y),

o \ r2+y2—zx
g) z=1In e
h) z = arctan\/%,
i)u=a¥,2,y>0,
i) 4 = TR
k) u = e™*sin £.
Bai 1.2. Chiing minh réing ham s6 z = yln(2? — y*) thod mén phuong trinh 12/ + iz; = Z.
Bai 1.3. Tim vi phan toan phan ciia cac ham s
a) z = sin(z® +y?),
) z = €*(cosy + xsiny),
¢) z=Intan ¥,
) z = arctan ‘Hy,

a—y

)u=a"" x> 0.
Bai 1.4. Tmh gan ding
a) &/1,022 + 0,052 ,
b) In(/T,08 + /0,98 — 1) .
Bai 1.5. Tinh cac dao ham riéng cap 2 cia cdc ham so sau:
) 2= 5/ (2% +42)°
)z =2%n(z +y),
) z=In(x+ /2?2 +y?),
d) z = arctan ¥.
Bai 1.6. Tim ham f(x,y) thod méan

=3

o

[¢”]

SRR

a) é/y = 07
b) fi.=0,
c) fr, =122%+2, fi =2 —30xy°, £(0,0) =1, f(1,1) = -2,

d) fi =2 —2xy*+ 3, f, =y* — 22°y + 3.

Bai 1.7. Tim ham u(z,y, z) thod mén u,, = 0.

Bai 1.8. Chitng minh réng :

a) Ham s6 u = In \/x;TyQ thod man phuong trinh d guy ay =0,
-t
N
Bai 1.9. Tim cuc tri ctia cadc ham s sau
a) z=4(v —y) —2° —

b) z=2*+ay+vy*+z—y+1,

b) Ham s6 u = thod man phuong trinh 2 a 9u 4 9 ay2 + 2 822 = 0.
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z=x2%—y?, D la mién tron 2% + y? < 4,

z = a2*y(4 — x —y), D 14 hinh tam gidc giéi han bdi cac dudng thing x=0, y=0 va x}+y=6,
2 = 2% + 22y — 4z + 8y, D 13 hinh chit nhat gi6i han bdi cac dudng x—0, x—1, y=0 v y—2,
2= e @ +°)(222 4 3y?), D 1a mién tron 22 + 42 < 1,

z = sinx + siny + sin(x + y), D 1a hinh chit nhat giéi han bdi x=0, x = g ,y=0vay = g
Bai 1.11. Tim cuyc tri cla

a) z:%—i—ivéidiéukién#—l—y%:a%, a>0,

b) z = zy v6i diéu kien x +y = 1.

Pap s6 bai tap chuong 1

Bai 1.1.
) 2 ot +32%y% = 2xy® oyt + 32%y? — 228y
Z, = 2y By = ;
/ l(xQ +,y2)2 yy (22 + 12)?
b = = —
) “r 22 4y2’ y 2+4y2 4z /22 4y2’

! T ! 3 T x
c) 2 =ycos,z, =2ysiny —xcosy
/

3_ 3
d) 2, =yPa¥ 1, 2, = 2V Inx.3y%

/o Yy ! T .
e) Zx $2_’_y2 9 Zy - x2+y2 9
f) 2/ = —L Zl =
) % Vi-(z—29)?" Y 1-(z—2y)?’
/ 2 / 2z
g) z, = — z, = ;
) z z24+y2 Y yr/z2+y2’
2
h) 2/ = —~ 2= ——FL
) z zy/xt—yt’ Y ri—yt’
. z__ z
i) u, = y*a¥ 1,% =¥ Inz.2y* v, = 2¥ Inz.y® Iny;
J) u/ — —2xu u/ _ —2yu I —2zu .
T (m2+y2+z2)2’ Y (12+y2+z2) z (x2+y2+z2)2’
[ TYZ o1 y A TYz Yy TYz l Yy A TYZ o1 Yy _ xyz Y y
k) u), = yze™? sin ¥ vy, = xze™*sin £ 4 ™72 cos ¥, ul, = wye™*sin ¥ — e™* % cos L.
Bai 1.2.

2008($ + y?)(zdx + ydy);

a)
b) e* [(zcosy — siny)dy + (siny + cosy + xsiny)dz] ;
(zd dx)
) a:2dsu:? 23;/9[:
d) x$g+52$7
e) Y222’ Vdx + a¥ % Ina2yzdy + ¥ Inxy?dz.

Bai 1.3. a) 1,013; b) 0,005.

o

Bail1l.4
a) . 2x2 442 oM zy o/ 224292 |

Tz /x2+y27 Ty /12+y2’ vy /:c2+y2 ’

"o 2z 2242zy v _ 2z a? oz
b) 2/ =2In(z+y) + iy Gt 2oy = aey T G A = ey
C) —— z py Yy S — 23+ (22 —y?) /22 +y?

T (1,2+y2)3/2 ) Py (x2+y2)3/2 ’ Yy (a:2+y2)3/2(x+\/m)2 )

"o 2xy o y?—x? v 2xy
d) Rre = (224y2)2 “TY T (22442)27 Zyy T (@21y?)?
Bai 1.5.

a) f(x,y) = F(z) + G(y), F(x) la ham khé vi, G(y) 13 ham bat ky ;
b) f(z,y) =2F(y) + G(y) , F va G 1a 2 ham bat ky;
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) flx,y) = x4y Sy + 2%+ 1;

d) f(x.y) = =55 2% +3(z +4) + C.

Bai 1.6. u(m, y, z) =Gy, z) + H(z,2) + F(z,y), F c6 dao ham rieng cap 2 F},, H c6 dao ham
theo x, G 13 ham bat ky.

Bai 1.7.

a) Zmax = 8 tai (2,-2) ;

b) zZmin = 0 tai (-1,1);

¢) Khong c6 cuyc tri;

1 1 1 1
) Zmin = —3 tai (5, 1> , (5, —1> , (—5, 1> , <—§, —1), VA Zmae = 0 tai (0,0) ;

e) Zmin = 0 tai (0,0) , zmax = % trén duong tron 22 + 9% =1
(trong dap s6 nay cuc tri duge hiéu theo nghia khong ngat).
Bai 1.8.
a) Gia tri 16n nhat 1a 4 tai (2,0) va (-2,0), gia tri nhé nhat 1a -4 tai (0,2) va (0,-2);
b) Gié tri l6n nhat 1a 4 tai (2,1), gia tr1 nh6 nhat 1a -64 tai (4,2);
¢) Gia tri 16n nhat 1a 17 tai (1,2) , gia tri nho nhét 1a -3 tai (1,0);
d) Gid tri 16n nhéat 1a 2 tai (0,1) va (0,-1) , gid tri nho nhat 1a 0 tai (0,0);
e) Gid tri 16n nhat 1a %g tai (5, %) , gid tri nho nhat 1a 0 tai (0,0).
Bai 1.9. Y

2
a) Zmin = ——— tai (_a\/§> —Cl\/i), Zmaz = % (CL 2 CL\/_)

a

b) Zmas = 5 tai (3,3)-

o
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Chuong 2

TICH PHAN KEP VA TICH PHAN
DPUONG LOAI II

2.1. Tich phan kép

2.1.1. Dinh nghia
2.1.1.1. Bai toan tinh thé tich vat thé hinh tru

Cho z = f(x, y) 1a mot ham s6 xac dinh, lién tuc, khong am trong mot mién D déng, bi
chin, c6 bien L trong mit phang Oxy. Tinh thé tich ctia vat thé hinh tru giéi han béi mat
phing Oxy, mit z = f(x, y) vA mat tru c6 dudng sinh song song véi Oz tya trén L.

Chia mién D mot cach thy § thanh n manh nhd. Goi tén va cad dién tich cia
cac manh do la AS;, AS,, ... , AS,. Lay mdi méanh nhdé d6 lam day, duyng vat
thé hinh tru ma mit xung quanh c6 dudng sinh song song véi Oz vh phia trén gi6i
han bdi mit cong z — f(x, y). Vay vat thé hinh tru da dugc chia thanh n vat thé
hinh try nhé. Trong mdi manh AS; (i=1,..., n) ta ldy mot diém tuy 7 M(x;, vi).
Tich f(x;,v;).AS; 1a thé tich hinh tru thing c6 day 1a AS;
va chiéu cao 1 f(z;,y;), n6 khac rat it thé tich AV} cia vat
thé hinh tru nhé thi i néu manh AS; c¢6 dudsng kinh d;' kha
nhé, vi ham s6 f(x, y) lién tuc. Vay c6 thé xem thé tich V
ctia vat thé hinh tru xap xi bang >°7 | f(@, v;).AS..

V =~ Z f(fEi, y»ASZ
i=1

Phép tinh gan ding nady cang chinh xic néu n cang lén
va cac AS; c¢6 duong kinh cang nhé. Do d6 thé tich V clia
vat thé hinh tru da cho bing gidi han (néu c6) cla tdng trén Hinh 2.1
khi n—o0 sao cho duong kinh 16n nhat trong cdc duong kinh
d; clia cac manh AS; dan téi 0, giéi han d6 khong phu thuoc
vao cach chia mién D thanh cidc manh nhé ciing nhu cach
chon diém M; trong AS;.

n

max d;—0 4
i=1

!Duong kinh d; ciia mot mién S; 13 khodng cach 16n nhit giita cdc diém trén bien clia mién Ay.
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2.1.1.2. Tinh khéi lugng ctia ban phing khong dong chét

Cho mot ban phing chiém mot mién D trong miat phing Oxy. LAy mot manh tuy ¥ clia
ban &y c6 dien tich AS va gid st khéi lugng ctia manh Ay 14 Am. Gi6i han néu c6 cla ty s6
A . N 2 . ‘. . " 1n .
A—Tg khi AS — 0 sao cho manh ay thu ve moét diem P duge goi 1a khoi lugng riéng ctia ban tai
P va dugc ky hiéu 1a p(P). Néu ban ddng chat thi p khong ddi. Néu ban khong dong chat thi
p 1a mot ham s6 clia P.

Bay gio, gid st khoi luong rieng cta ban 13 mot ham s6 lien tuc p(P) = p(z,y). Hay tinh
khoi lugng ctia ban. Chia mién D thanh n mién nhé AS;, AS,, ... , AS, ¢6 duong kinh tuong
ting 1& d; va chon trong mdi manh AS; mot diem tiy § Py(x;, y;). Khéi lugng clia ban duge
tinh xap xi bang tong

> p(P)AS;.
i=1

Gi6i han néu cé cta tong trén khi n — oo sao cho d = maxd; — 0 dugc goi 1a khéi lugng

i=1,n
cua ban
m = lim Z p(P;).AS;.

=1

2.1.1.3. Dinh nghia tich phan kép

Nhiéu bai toan trong cac linh vitc khac nhau ciia khoa hoc ky thuat dua dén viéc tim gidi
han clia tong c6 dang trén. Ta dua ra dinh nghia sau:

Cho ham z = f(x, y) xac dinh trong mot mién déng, bi chin D. Chia mién D mot cach tuy
¥ thanh n manh nhd, goi tén va dién tich cla cdc méanh d6 1a AS;, AS,, ... , AS,,. Trong mdi
manh AS; lay mot diém tuy ¥ M;(x;, yi). Tong L, = >0 f(zi,v:).AS; duge goi la tong tich
phan ctia ham sb f(x, y) trong mién D.

Néu khi n — oo sao cho d — 0 ma I,, dan t6i mot gidi han xdc dinh I, khong phuy thuoc vao
cach chia mién D vi cach lay diém M, trong mdi manh AS; , thi gi6i han dé duge goi la tich
phan kép ctia ham s6 f(x, y) trong mién D va duge ky hieu la [[ f(x,y)dS.

D

Vay

J[ #@vds =1m > flai.as, 2.1)
D =1

f(x, y) duge goi 1a ham dudéi dau tich phan, D 1a mién 1ay tich phan, dS la yéu t6 dien tich, x,
y 1a bién tich phan. Néu ton tai tich phan (2.1) thi ham f(x, y) dugce goi la khé tich trong mién
D.

Ngudi ta ching minh duge réing néu f(x, y) lien tuc trong mién D thi [[ f(z,y)dS ton tai,
D

tic 1a f(x, y) kha tich trong mién D.
* Cha y: Vi tich phan kép khong phu thudc vao cach chia mién D thanh cdc manh nhé nhu
da néu trong dinh nghia nén ta c6 thé chia mién D bing hai ho dudng thang song song véi cac
truc toa do. Do d6 dS = dx.dy va [[ f(z,y)dS = [[ f(z,y)dzdy.

D D
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2.1.1.4. CAc tinh chat ctia tich phan kép

Gia SfI f(:z: y) g(z,y) 1a cac ham s6 kha tich tréen mot mién D.
LU y) + gl y)]dxdy—fff 7 y)dedy + [ 9w, y)dudy.

2. ffk;f z,y)dedy = k. [[ f(z,y)dzdy (k 1a hang s6 ).
D D

3. Néu mién D c6 thé chia thanh hai mién Dy, D, sao cho dién tich ctia mién D; N Dy bing 0

thi: //f(a:,y)difdy = // f(z,y)dzdy +/ [z, y)dzdy.

4. Néu f(x, y) < g(x, y), V(z,y) € D thi:

/ fxydmdy<// (x,y)dzdy.

5. Néum < f(x, y) < M, V(z,y) € D, m va M 1a hing s6 thi:

m.S < / f(z,y)dzdy < M.S, S la dién tich ctia mién D.

6. Néu f(x, y) lién tuc trong mién doéng, bi chin, lién thong D thi trong D c6 it nhat mot diém
(Z,7y) sao cho:

/ f(z,y)dxdy = f(T,7).S, S la dien tich clia mién D.

2.1.2. Céach tinh tich phan kép trong hé toa do Décac
2.1.2.1. Mién D 1a hinh chit nhat
Gid st phai tinh tich phan kép: I = [[ f(z,y)dzdy trong d6 D l1a hinh chit nhat a <x < b;
¢ <y <d vaham f(x, y) lién tuc trongDD. Ta can dinh 1y sau:
O Dinh ly 2.1. (Dinh Iy Fubini).
Gid st f(x, y) 1& ham s6 kha tich trong hinh chit nhat D = [a;b] x [c; d]. Khi ay:
a. Néu Vz € [a,b], ham s y — f(z,y) kha tich trén [c,d] thi ham s6 z — I(x) = ff(m, y)dy

C

khé tich trén |a, b| va
[ sizay - /b I(@)d = /b ( /d F (@, y)dy)d = /b dz /d fdy.  (22)

b
b. Néu Vy € [¢,d], ham 86 x — f(z,y) kha tich trén [a, b] thi ham s6 y — J(y) = [ f(x,y)dx

a

kha tich trén [c,d| va

[[ st say - /d J(y)dy = /d /b f (2, y)dz)d / dy /b f(,y)d (2.3)

Dinh 1y nay ta khong chitng minh.
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v Hé qud 2.1. Néu {(x,y) lién tuc trén D = [a, b] x [c, d] thi:

// flz,y)dzdy = /bdx/df(:w)dy = /ddy/bf(x,y)dw- (2.4)

Nhu vay viéc tinh tich phan kép trén duge dua vé viéc tinh hai tich phan don lién tiép,
d

khi tinh tich phan don tht nhat [ f(z,y)dy ta coi x la hing s6 (ho#c khi tinh tich phan don

b
[ f(x,y)dz coi y 1a hing sd).

* Chi y: Néu f(x,y) = fi(x).f2(y) thi:

uﬁ}@wmwzjmmMjﬁ@@. (2.5)

eVidu 2.1. Tinh I = [[(2* + y*)dzdy, trong d6 D lamién: 0 <x <1;0 <y < 1.
D

Loi giai. Vi x?+y? lién tuc trén D nén

1 1

11 1 % 1 1 B 5
I=[da[(a*+yP)dy = [(2®y+ )| do = [(a®+ S)do = <_+_) _2
0 0 0 370, 0 3 3 3/, 3

oVi du 2.2. Tinh I = [[ 2?ydzdy, trong d6 D la mién: -1 <x < 2; 0 <y < 1.
D

2 1

3

Lai giai. Theo cong thitc (2.5) ta c6 I = f r2dx. fydy = 3;
21

2
—1. 2 0
2.1.2.2. Mién D la mién bat k¥

0 Dinh Iy 2.2.

Gia st D = {(z,v) : a<z<b;y1(2)<y<ya(z)}, y1(x) va yo(x) la nhitng ham s6 lién tuc trén
la,b], y1(x) < y2(x) v6i Vz € [a,b]. Gid st f(x, y) 1a ham s6 kha tich tréen D. Néu Vz € [a, b],

y2(z)
ham s6 y — f(z,y) kha tich tren doan [yi(z),y2(z)], thi ham s6: z — I(z) = [ f(z,y)dy
v1(z)
kha tich trén [a, b] va:
b b y2(x)
[ s sty = [ 1030 = [a [ sy 2.6)
D a a y1(x)

0 Dinh Iy 2.3.

Gidst D = {(z,y);c <y < d;z1(y) <z < x2(y)},21(y) v 22(y) 1a hai ham s6 lien tuc trén
le,d], z1(y) < z2(y) v6i Vy € [c,d]. Gia st f(x, y) la ham s6 khé tich tren D. Néu Vy € [c, d],
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ham s6 x + f(z,y) kha tich tren doan [z1(y),z2(y)] , thi ham s6 y — J(y) = [ f(z,y)d=

kha tich trén [c,d] va:

/f@wmwzjﬂww:j@/ywwM- (2.7)

v Hé qua 2.2.

e Gid st D = {(z,9) : a <z < biy(z) <y <
yo(z)}; y1(z) va yo(x) 12 hai ham s6 lien tuc tren [a,b|. Néu f
12 mot ham s6 lien tuc trén D thi:

b y2(x)
//f(x,y)dfvdyz/d:v / [z, y)dy.
D a y1(x)

e Gidsit D = {(x,v);c <y <dixi(y) < x <%}
x1(y) v& x2(y) 1a hai ham s6 lien tuc trén |c,d|. Néu f 1a mot
ham sé lién tuc trén D thi

z2(y)

//f(:c,y)drcdyz/ddy / flz,y)dz.

z1(y)

+ Chu y: Gid sit mdi dudng thing song song véi Ox va Oy
déu cit bién ctia mién D nhiéu nhét tai hai diém. Dung hinh
chit nhat a < x < b; ¢ <y < d ma céc canh clia né tiép xic vdi
bién ctia D tai cac diém M N, P, Q. Cac diém M, P chia bién

ctia D thanh hai cung MNP va cung MQP c6 cac phuong
trinh theo thit tu 1a: y = yi(2),y = y(x). Cac ditm N, Q
chia bién ctia mién D thanh hai cung NMQ va cung NPQ
¢6 cac phuong trinh theo thi tu la x = 21(y), z = z2(y).
Néu f(x,y) lien tuc trén D, ta ¢6 thé tinh [[ f(x,y)dzdy
D

theo cong thiic (2.6) hodc (2.7). Khi d6 ta ¢

b y2(w) d  z2(y)

[ie [ t@wdy=[ay [ swpin 29

a y1(z) c z1(y)

D6 1a cong thite ddi thit tu lay tich phan.

oVi du 2.3. Xé4c dinh cic can tich phan trong tich phan kép

=[] fz,y)dedy,
/

trong d6 D la mién {y > 0,y < 2%,z +y <2,z > 0}.

Hinh 2.2

Hinh 2.3
y
Q
M P
N
a b
Hinh 2.4
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Loi gidi. (Xem hinh 2.5)
Mién D duge xac dinh béi: 0 <y < Lyy<z<2-—uy.

12—
Do d6 ff f(z,y)dxdy = fdy fyf(:p,y)dx.
D 0 vy

Dé doi thit tu tich phan ta chia mién D thanh hai mién
D1 va Dy b6i duong x = 1, trong d6
D, dude xéc dinh: 0 < x < 1;0 <y < 22.
Dy dugc xac dinh: 1 <2 <2;0<y<2—x.
2

T 2—x

Do do I = fldacff(x,y)dy—i—}dx [ f(x,y)dy.
o0 1 0

Z «o -, y
R6 rang cach tinh thi nhat don gian hon. Qua vi du
trén ta thay khi tinh tich phan kép can chon thi ti tich
phan sao cho cach tinh don gian hon. 9 y =’
oVi du 2.4. .
4375
Tinh I = [[ (2 — 22y + 4y) dady, trong d6 D la Y <
A T e TR B, VRS RS E e | A
mién giséi han bdi cac duong: y = 22 — x; y = 2. O 1 N: 2—x
Loi giai. (Xem hinh 2.6)
Mién D duge xac dinh bdi cac bat dang thiec: Hinh 2.5
0<x<3;22—-2<y<2x Y )
3 % y=x"—=x
Do d6: I = [dx [ (2* —2zy+4y)dy
0 a2 ) y=2z
3 2z i
= [(@Py -2y’ +2¢°)|  da i
0 z2—x !
3 |
= [(2° — ba* + 42 + 62%)dx |
0 I
. 3 o /X
:(I——x5+x4+2$3) = —. 1 3
6 0o 2

eVi du 2.5. Tinh I = [[ zydxdy, trong d6 D la mién
D
gi6i han bdi cac duong y — x - 4, y? = 2x.
Loi giai. (Xem hinh 2.7)

Hai duong da cho cit nhau tao thanh mot mién kin
D.

Truée hét ta tim giao diém cia hai dudng

x4 42 =2
{y2 T4 {(x ) x
ye =2 y =r—4

r =8
y =4

{x =2 Hinh 2.7

=

y =-2

Vay hai duong cit nhau tai hai diém
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M(8; 4) va N(2; -2).
Mién D duge xac dinh béi cac bat déng thiic:

2
—2<y<4T<a<y+s

Do d6
4 y+4 4 4
2 1y+4 5
1
I:/dy / acydﬂz::/K dy = —/(y3—|—8y2+16y—y—)dy
2 |20 2 4
—2 422 Z9 2o
Lyt 8 yﬁ) !
=3 <z+7+8y o), =

2.1.3. Doi bién sb trong tich phan kép
2.1.3.1. Coéng thic doi bién sb trong tich phan
kép
Nhiéu trudng hop tich phan kép [[ f(z,y)dzdy tinh
D

trong toa do Dé-cic khong thuan lgi, khi d6 ta c6 thé
dung phuong phap déi bién sau:
Xét tich phan kép I = [[ f(xz,y)dzdy trong d6 f(x,y) lien tuc tren D.
D

Thuc hieén phép déi bién sb

{ = z(u,v) (2.9)

y = y(u,v)
Gia st rang:
1. x(u,v), y(u,v) 1a nhitng ham s6 lién tuc va ¢6 cac dao ham rieng lién tuc trong mot mién
déng D’ cia mat phang O'uv.
2. Céc cong thic (2.9) x4c dinh mot song anh tit mién D’ lén mién D ctia mit phing Oxy.

3. Dinh thuc Jacobi J = M =
D(u,v)

/ /
wu xi}
/ /

v

Y # 0 trong mién D’.

Khi do6 ta ¢6 cong thic:

// f(z,y)dzdy = //f(x(u,v),y(u,v)) |.J| dudv. (2.10)

Cong thite (2.10) duge goi 1a cong thitc doi bién trong tich phan kép.

% Chu y: Khi tinh tich phan kép ngudi ta thuong chon phép ddi bién sao cho dudng bién cia
mién D khi chuyén sang bién méi c6 phuong trinh don gian dé cho viéc xac dinh can clia u vi
v don gian hon.

eVi du 2.6. Tinh [ = [[(z + y)dzdy v6i D la mién giéi han bdi cac dudng:
D

y=—-z,y=—-c+3,y=2zr—1,y=2x+1.
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7777777777777777777777
4 ey
7 Ry
/7 7] Ry
| X VIIIIIIIIIIII I 777777 u
2l Ry
77 77777
7 2077
77
77

1777777777777 777777

Hinh 2.8

v
Ldi giai. Thuyc hien phép déi bién { v= VN 3 3
. . 3 v = _21, + y _ u v
—1

1
3 1

Dinh thitc Jacobi J=| 8§ | =< #0.
3

Cong thtic trén xac dinh mot song 4nh bién mién D thanh hinh chit nhat D’ gidi han bdi
cac dusngu =0, u =3, v=-1,v=1.

1
Do J = 3 # 0 nén ap dung cong thic (2.10) ta duge:

eVi du 2.7. Tinh I = [[ zydzdy, trong d6 D la mién xac dinh béi:
D

r <y < 3ux; x2§y§3x2.

‘
!
!
!
/
i
!
74
4
2 V4 = 2
o —
=Bz Y=
g
23 !
’ 1
’7 ! /1112727777777 7)
Ve 1 s 12 s s 2777777
L___fo7 | ey
77 [ /7777777777777
b =T
2
g
p

O 1 3

Hinh 2.9
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Y _U
u = — xr = —
L&i giai. Thuec hien phép ddi bién H e e
V= — —_— —
) Yy v
1 U
. . : P u’
Dinh thac Jacobi J = ou 02 :5.

w0
Cong thitc trén x4c dinh mot song anh bién mién D thanh hinh vuong D’ gidi han bdi cac
2
duonggu=1,u=3v=1v=3 Do J= u_d # 0 trong mién D’ nén ap dung (2.10) ta duge:
v

3
61)4

J//Eﬂ%mm_/‘—w@_/5m —m_—
v v 6 |,

2.1.3.2. Tinh tich phan kép trong hé toa do cuc

57280
—4|, 243~

Cong thitc lién he gitta toa do Dé-cac (x, y) va toa do cuc
(1, ) clia cing mot diém 1a: y
{x = r.c?sgo (2.11)
Y= Tr.8ine.
Néur > 0, 0 < p< 27 thi cong thitc trén xac dinh mot
song anh giita toa do dé cac (x, y) va toa do cuc (r, ¢) cla r = i)

cling mot diem. Rieng diém gbc toa do co 1 — 0 va ¢ tly ¥. 5
Xem cong thitc (2.11) nhu mot phép bién ddi bién s6,

ta ¢o:
@)

cosp —rsinp
siny rcose

':r#Otrﬁ’taigécO.

Hinh 2.10

y
Do do6 tir cong thic (2.10) ta ¢6

é / o, y)dady = Z / F(rcos o, rsing)rdrdp.  (2.12) / X
& Som

Cong thtic trén van dang khi mién D chita goc O.
Néu mién D 1a mién gi6i han bdi cdc dudng cong
r=r1(p),r = ra(p) va cic tia cuc ¢ = o, p = Bla < )

thi ta co:
Hinh 2.11
B r2(p) v
// f(z,y)dzdy = /dgo / f(rcosp,rsinp)rdr. (2.13)
D o e
D6 1a cong thitc tinh tich phan kép trong hé toa do cuc. b
Chii thich 2.1. 5 < >

Hinh 2.12
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e Néu mién D chita goc toa do O va moi tia xult phat tir
O déu cit bién ctia mien D tai mot diém cé ban kinh cuc?
r = r(p) thi:

2 ()
// f(z,y)dzdy = /dgp / f(rcose,rsinp)rdr, (2.14)
D 0 0
dac biét khi D 1a hinh tron tam O ban kinh R thi:

27 R
flz,y)dzdy = | do | f(rcose,rsing)rdr. (2.15)
s

e Néu mién D ¢6 bién di qua O va ¢6 tai do hai tiép tuyén xac dinh bdi p = «, ¢ = B(a < )
va bién ctia D ¢6 phuong trinh r = r(p) thi:

B ()
flzyy)dedy = | de [ f(rcosp,rsinp)rdr. (2.16)
[ = foe |

* Chii y: Ngudi ta thuong tinh tich phan kép trong hé toa do cuc khi bién hay mot phan clia
bién ctia D la cung tron.

oVidu 2.8. Tinh [ = [[ /1 — 2? — y?dzdy véi
D
a) D 1a mién gi6i han béi duong tron x* + y? = 1.
b) D 1a mot phan tu hinh tron 2?+ y* < 1 nam trong goc phan tu thit nhat.
Lai giai.
a) (Xem hinh 2.13) y

T =TCcosp

Chuyén sang toa do cuc, dit { .
Yy =rsinp

khi d6 phuong trinh dudng tron trong toa do cuc la r = 1.

2m 1
Vay: I = [dy [ V1 —r2rdr
0o 0

1271' 1
= —54 dapof(l — rz)l/zd(l —1r?)

——zo| 5 (1=
2| 3 =)
b) (Xem hinh 2.14)

Chuyén sang toa do cuc ta co

1 1 27 Hinh 2.13

o 3 y

w/2 1
Iz/dgp/\/l—r?rdr:%.
0

0

Hinh 2.14
y

2Ban kinh cyc cia diém M 13 khodng cach r tit goc O dén né.




2.1 Tich phan kép 39
dxd .
eVidy 2.9. Tinh I = [[ ———2 trong d6 D la mién
54— 22 — 2
gi6i han bdi duong tron x? + y? = 2x.
Loi giai. (Xem hinh 2.15)
Chuyén sang toa do cuc, dit { r=r C.OS v
y =rsing,
khi d6 phuong trinh duong tron trén trong toa do cuc la
r = 2c08p.
Mién D’ duge xac dinh bdi: —g <p< g; 0 <r < 2cosp.
Do d6
/2 2cos w/2 2cos p
r 1 -1/2
— _ _Z _ 2 _q2
I—/dgp/\/mdr— 2/dgp/(\/4 r) d(4—r*)
—n/2 0 —n/2 0
/2 w/2 /2
2\1/2 2cosp )
=— (4—1r°) . dp = 2dp — 2|sinpl|dy
—7/2 —7/2 —7/2
w/2 w/2
= [ 2dp—14 f sinpdp = 2p|™ 7r/24—4<30sg0|7r/2 =27 —4.
—7/2
eVi du 2.10.
Tinh I = [[ zdzdy, D 1a mién thoa mén
D
2+ y? <2,y < Y
Loi giai. (Xem hinh 2.16)
. — 2| r=2sin
Chuyén sang toa do cic, dat { =T C.OS 4 4
y =rsing,
khi d6 phuong trinh dudng tron trong toa do cuc la r = 2sing. y=X

Mién D’ duge xdc dinh béi 0 < ¢ < %;0 <r <2singp.

/4 2sin ¢ /4 3 2singp
Dodo I = [dp [ r*cospdr= fcosgo-g dp
0 0 0
8 /1 8 8 KA
:§bfcosgo.sin3<,0d30:§bf sin® ¢d (sin ) = 331114@0 =<
* Chﬁ y: Néu D 1a mién gidi han bdi duong elip
x_2 + ?Z— = 1,a > 0,b > 0 thi thyc hién phép ddi bién sang he

T = a.r.cosp
y= b.r.sinp,
khi d6 J = abr va mién D’ dugc xac dinh béi:

0<p<2m0<r<1.

toa do cyc suy rong bang cach dat {

Néu D 13 mién gidi han boi duong tron
(x —a)? + (y — b)2 = R? thi thyc hien phép ddi bién:
{ rT=a+rcosy
y=0b+rsing

Hinh 2.16

Hinh 2.17
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khi d6 J = r vA mién D’ dudc xac dinh béi

0<p < 2m; 0<r<R.
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2.2. Ung dung cuia tich phan kép
2.2.1. Ung dung hinh hoc va cd hoc cua tich
phan kép
2.2.1.1. U’ng dung hinh hoc cua tich phan kép

a. Tinh dién tich hinh phing.

Dién tich S ctia hinh phing D duge cho béi cong thiic:

(2.17)

S://dxdy.
D

eVi duy 2.11.

Tinh dien tich hinh phing D giéi han béi cac dudng v =
Inx,y=0,z=e.

Loi giai. (Xem hinh 2.18)

Mién D duge xac dinh 1 <2 <e;0 <y <Inz.

e Inz e e
Vay S = [dx [ dy:fy\gwdx:flnxdx
1 0 1 1
¢ dx

=Inzal] - [z.— =Inza|] — [de =1
1T 1

oVi du 2.12. Tinh dién tich hinh phing D x4c dinh béi
2v <2’ +y? <dx;0<y <z

Loi giai. (Xem hinh 2.19)
Chuyén sang toa do cuc, dit {x - T'CO,SSO

Y= Tr.8inQ.
Phuong trinh hai duong tron trong toa do cyc lan luot Ia:
r = 2cosp va r = 4cosp.
Mién D duge xac dinh béi:

0<p< %,2005@ < r < 4cosep.
% dcosyp 4 7"2 4cosp %
S:/dgp/rdr:/dgog :6/cos2god<p
0 2cosp 0 2cosp
; in2p\ |1 1
sin 4 m
=3 [+ coszado =3 (o + 25| 3] + )
2 0 4 2
0

b. Tinh dién tich méat cong.

Hinh 2.18

Hinh 2.19

Gia st (S) Id mot mit cong ¢6 phuong trinh 14 z = f(z,y), goi D la hinh chiéu ctia mit
cong da cho lén mat phang Oxy, ham f(x, y) ciing cdc dao ham riéng cap mot cla né lién tuc
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trén mieén D. Ky hieu p = f/(z,y); q = f}(2,y). Khi d6 dién tich ctia mat (S) duge tinh theo

cong thitc:
S = // V 1+ p? + ¢Adzdy. (2.18)
D

Hinh 2.20



2.2 Ung dung cta tich phan kép 43

oVi duy 2.13. Tinh dién tich ctia phan mat cau x*> + y? + z2 — 4 ndm bén trong mit try
2+ y? =2y

Loi giai. (Xem hinh 2.21) Do tinh déi xttng nén chi can xét phan mit ndm trong goc phan

tam thi nhét. p
Khi d6 z = /4 — 22 — 12 9
o —y
= :Z‘;:—, :Z,:—
P 4—x2—y2q Y 4 — x2 — g2
22 + 92 2
= J1+p2+¢2=4/1 = , 2
+p +q \/‘{'4_1.2_3/2 /4—x2—y2 2 y
2
Vay S =4 ([ dxdy véi D 1a mia hinh tron v

D 4 —x2—y?

r? + y? < 2y ndm trong géc phan tu thit nhat. Hinh 2.21
Chuyén sang toa do cyce, dat {m - T'C‘.)&P
Y= T7r.sime.
Mién D’ duge xéc dinh 0 < ¢ < g ,0 < r < 2sing.
Do d6
/2 2sin ¢ w/2 2sin ¢
2rdr 1y
v Va4 —r? ¥ ( ) ( )
0 0 0 0
w/2 /2
2sin
= —8/ (\/4 — T‘2) ‘0 “”dgo =—-16 /(cosgp—l)dgp = —16 (sing — ) 3/2 _ 16(g_1>.
0 0

eVi du 2.14.

Tinh dién tich clia phan mat paraboloit z — x? + y? ndm
trong mat tru x* + y? = 1.
Loi giai. (Xem hinh 2.22) Ta ¢6
p:z’z:2x,q:z;:2y:>1+p2+q2:1+4(X2+y2).
Vay S = [[ /14 4(2? + y?)dzdy trong d6 D 1a mién gisi
D

han béi dudng tron x> + y? = 1 trong mit phang Oxy.

) T = Tr.cos
Chuyén sang toa do cuc, dat { , ?
Y= Tr.sing.

Mién D’ duge xac dinh 0 < ¢ < 27,0 <r < 1.
Do do6 Hinh 2.22

2T 1 2T 1
1
5— /dgp/mrdr:/dgog/md(lJrélrQ)
0 0 0

0

1 o 2 !
:§g0|0 .§(1+4T2)3/2

- 2(5\/5—1).

0
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2.2.1.2. Ung dung co hoc ciia tich phan kép

a. Tinh khéi lugng cia mot ban phang khong déng chét

Cho mot ban phing chiém mot mién D trong mit phing Oxy va c6 khéi lugng rieng tai
mdi diém M(x, y) 1a p(x, y), trong d6 p(x, y) 1a ham lien tuc trén D. Khi d6 khéi lugng m ciia
ban phing dugc tinh theo cong thic:

m = / / oz, y)ddy. (2.19)

oVidu 2.15. Tim khéi luong ctia mot ban phing chiém mién D gi6i han béi cac dudng y = e?,

y = 1, x = 1 biét ring khdi luong rieng tai mdi diém 1a p(z,y) = —.
Y

O 1

Hinh 2.23

Loi giai. (Xem hinh 2.23) Theo (2.19) ¢6

1 1
1 d 1
m://—dxdy:/dx/—y:/lmyﬂl dx—/xdx:—.
y y 2

D 0 1 0

b. Momen quan tinh ctia ban phing.

Cho mot ban phing khong dong chat chiém mot mién D trong mat phing Oxy va c6 khbi
lugng rieng tai mdi diém M(x, y) 1a p(x, y), trong d6 p(x, y) 14 mot ham lién tuc trén D. Khi
dé momen quan tinh ctia ban phéng da cho lan lugt déi véi truc Ox, Oy va gbc toa do la:

I, = //y2.p(x,y)dxdy,]y = //xQ.p(x,y)dxdy. (2.20)
L= [[ @+ )t sy
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eVi du 2.16.

Tim momen quén tinh ctia mot ban phing D xic dinh
bdi 0 <z < 1—9%y > 0 déi véi truc Oy néu khdi lugng y
riéng clia ban tai mdi diém 1a p(z,y) = y. Y

1
1 =
Iy://x2yda:d /d:c/xydy—Q/ y|01
D 0

1

Loi giai. (Xem hinh 2.24) Ta ¢6 \
O

l\.’)l»—l

Hinh 2.24

oVi duy 2.17. Tim momen quan tinh déi véi truc Ox cla
: r=a(l+ cosp)

ban phiang D gidi han bdi dudng r = a(l+cosp), a>0, biét 1
rang p(x, y) = 1. /\

Loi giai. (Xem hinh 2.25)
Ta c6 L, = [[ y*dady.
D

-1
Chuyén sang toa do cuc, dit { =T C.OS v
y =rsing.
Hinh 2.25
Khi do
2 a(14-cos )
I, = // r?sin® prdrdy = /dap / sin? pridr
D’ 0 0
2 4 [all+cosp) a7 91
/sm Y ) dp = — 1 /sm (1 + cosp)idp = 3—27ra4
0 0

c. Trong tam ctia ban phing

Cho mot ban phing khong dong chit chiém mot mién D trong mit phing Oxy va c¢6 khéi
lugng riéng tai mdi diém M(x,y) € D 1a p = p (%, y), trong d6 p(x, y) 1a mot ham lien tuc
tren D. Khi d6 toa do trong tam G ciia ban phing duge x4c dinh bdi cong thitc

{)f zp(z, y)dzdy fo yp(z,y)dxdy

fo plx,y)dedy Yo = {)fﬂ(%y)dxdy : (2.21)

g —

Néu ban phing dong chat thi p khong ddi, do do

1 1
¢=3 // xdxdy, yg= S // ydxdy. (2.22)
D D

trong d6 S 1a dién tich ctia mién D.
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Vi du 2.18.
Xac dinh toa do trong tam G ciia ban phiang dong chat D
xac dinh boi: x2 +y2 <1,y > 0. y
Loi giai. (Xem hinh 2.26)
Do mién D nhan Oy lam truc déi Xfmg nén xg = 0.

Ta ¢6 yg = — ff ydzdy v6i S = (dlen tich nita hinh tron

ban kinh bang 1).
Do do6

T Hinh 2.26
o T2 2
Yo = — z yay = — ) -+ T
T _1 0 T 2
1 4
fl—x —.
T o " 3

4
Vay toa do trong tam G/(0, 3—)
T

eVi du 2.19.

Xac dinh toa do trong tam G cia ban phang dong chit D gisi han bdi céc duong y? — 2x,
x = 2.
Loi giai. (Xem hinh 2.27)

Do mién D nhan Ox lam truc déi xting nén yg — 0. y
1
Co xg = = [[ xdady véi:
Sp
2 2 2
16
://dxdy_/dy/dx—/:c| Q/Qdy—/( — 2)dy:§.
D S22/ )
2 2 2 .o 2 ) -
I://xdxdy:/dy/xdx:/x— d:z:z/(?—y—)dy:—
2 |2 5 Hinh 2.27
D S22 e )
I 6 6
= 10 = =% Vay toa do trong tam G(S’())‘

2.3. Tich phan dudng loai hai

2.3.1. Dinh nghia va tinh chéat
2.3.1.1. Céng ctia mot luc bién d6i

Cho mot chit diém M di chuyén theo mot cung phing L tit A dén B
dudi tac dung ciia mot lyc ? ) bién thién lien tuc doc theo cung
AB. Hay tinh cong W ctia lyc ay.

Chia cung AB thanh n cung nhd bdi cac diem A =
Ag, A, As, ... A, = B. Goi Ax;, Ay; 13 cac thanh phan cia vécto A;_, A;.
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Néu cung A;_;A; kha nho co thé xem nhu luc ? khong d6i trén cung

do6 va bang ?(Ml), v6i M;(&,m;) 1a mot diém nao dé trén cung A;_ 1 A;.

Xem cung A;_1A; xap xi nhu day cung A;_; A;, thi cong AW, cua luc

lam cho chat diém di chuyén tit A;_; dén A; tren L xdp xi bing

? A . N X 2 F ~ ~

AW,; = F(M;).A;_1A;. Néu hai thanh phan cia luc F (M) 1a P(M) va

QM) thi AW; = P(&,n:)-Ax; + Q(&, m;)-Ay;. Néu moi cung A; 1 A; déu
kh& nho ta co:

W~ Z (P& mi) Azi + Q& mi) Ay (2.23)
i=1

Phép tinh gan ding ndy cang chinh xac néu n cang lén v cic cung
mi déu cang nho6. Do dé cong W clia lyc T 1am cho chét didm di
chuyén tit A dén B trén duong L 1a gi6i han, néu c6, clia tong & vé phai
clia (2.23) khi n — oo sao cho max As; — 0, As; 1a chiéu dai cung mz

i=1,n

2.3.1.2. Dinh nghia tich phan dudng loai hai

Cho hai ham s6 P(x, y) va Q(x, y) x4c dinh trén cung AB. Chia cung
AB thanh n cung nhd béi cac didm A = Ay, Ay, Ao, ..., A, = B. Goi hinh
chiéu cta véc to A;_1A; len hai truc Ox, Oy 1a Az;, Ay;, M, (&, n;) 13 mot
diém tiy ¥ trén cung ml Néu khi n — oo sao cho max Ax; — 0,

1=1n
n

max Ay; — 0, tong I, = > [P(&, i) Ax; + Q(&;,m;) Ay;] dan t6i mot gisi

i=1n i=1

han xac dinh, khong phu thudc cach chia cung AB va céch chon diém M,
trén cung A;_1A; thi giéi han d6 duge goi la tich phan duong loai hai cua
cac ham s6 P(z,y) va Q(x,y) doc theo cung AB va duge ky hieu 1a

I / P(a, y)dz + Q(z, y)dy. (2.24)

AB

Ngudi ta chitng minh duge ring néu cung AB tron® va

cac cdc ham s6 P(x, y), Q(x, y) lien tuc trén cung AB thi

tich phan dudng loai hai (2.24) ton tai.

* Cha y: Trong tich phan dudng loai hai, chiéu trén duong

14y tich phan déng vai tro quan trong. Néu ta ddi chiéu tren Ay
N P . ~ [EETRS P3 o 2 T .

duong lay tich phan thi hinh chieéu cta vécto A; 1 A; 1én hai

truc Ox, Oy ddi dau, do dé:

/P(w,y)daz + Q(z,y)dy = — / P(z,y)dz + Q(x,y)dy. O
AB BA

Néu duong lay tich phan 1a mot dudng kin L, ta quy udc
chon chiéu duong trén L 1a chiéu sao cho mot ngudi di doc L

Hinh 2.28

P =x(t

3Dudng cong c6 phuong trinh tham s {x z(t)
y =y

dao ham va cac dao ham do6 khong ddong thoi bing khong véi moi t € (o, §).

x4c dinh trén (o, 8) duge goi 1a tron néu x(t) va y(t) c6
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theo chiéu ay sé thay mién gidi han bdi L gan minh nhat &
vé bén trai. Ta thuong ky hiéu tich phan duong doc theo duong cong kin L theo chiéu duong
1a ¢ Pdz + Qdy.

L

2.3.1.3. Tinh chéat

Tich phan duong loai hai c¢6 cac tinh chat nhu tich phan xac dinh.

2.3.2. Cach tinh

Ta gid thiét rang cung AB 13 mot cung tron, cac ham P(x, y), Q(x, y) lién tuc doc theo
cung AB.

Néu cung AB dugc xéc dinh béi phuong trinh tham s6 = = z(¢),y = y(t), cic mit A, B
tng v6i cac gia tri ¢, ¢, cla tham s6. Khi d6 ta c6 cong thic:

to
/ P(z,y)dx + Q(z,y)dy = / [P(x(t), y(t)x' () + Qx(t),y()y' ()] dt (2.25)
iB i
Néu cung AB duge cho bdi phuong trinh y = y(z), a 13 hoanh do cfia A, b 14 hoanh do cfia B,
ta co:

[ Py + @y = [ Pay@) + Q@) @) (220)

eVi du 2.20. Tinh I = [ ydz — zdy v6i
L

a) L 1a nita duong tron tam O ban kinh R ndm trong nita mat

phang trén tit A(R;0) dén B(—R;0). y
2 .2
b) L 1a duong ellipse — + % — 1 di theo chidu duong. R
a

Loi giai.

a) (Xem hinh 2.29)

Phuong trinh tham s6 clia duong tron tam O B

r = Rcost -R O R

ban kinh R la _
y = Rsint.

Theo cong thiic (2.25) ta co: Hinh 2.29
I = [[Rsint(—Rsint) — Rcost.Rcost]dt
0

= —R? [ (sin’t + cos?t)dt = —m R
0

b) (Xem hinh 2.30)
Phuong trinh tham s6 ctia elip 13 :

T = acost
o, 0Lt < 2m,
y = bsint

A
\/

Hinh 2.30
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Chiéu tang cta t tng véi chiéu duong cia L, ta c6:

27 2m 2m
I= / [bsint(—asint) — acost.bcost|dt = —ab/ (sin?t + cost)dt = —ab/dt = —2mab.
0 0 0

eVi duy 2.21. Tinh [ = [(2? — 2zy)dx + (y* — 2zy)dy trong do
L
a) L 1a duong gap khic ABO véi A(1; 0), B(0; 1) va O(0; 0).
b) L 1a duong = + y? = 1 néi tit diem A(0; -1) dén B(0; 1).
Loi giai.
a) (Xem hinh 2.31)

Chia L thanh 2 duong: AB ¢6 phuong trinh x +y = 1, BO ¢6 y
phuong trinh z = 0.

Tinh I, = [ (2* — 2zy)dz + (y* — 2zy)dy. 1 Q\A
AB
X

Toz+y=1=y=1—x=y =—-1

; o] 1
Vay I = [ [:p2 —2z(1—xz) + ((1 —2)® —2x(1 — x)) (—1)} dx
o Hinh 2.31
= — [(2z —1)dx = — (2> — 2)|, = 0. y
0 B

Tinh I, = [ (2% — 2zy)dx + (y* — 2zy)dy.

BO
1 y31 1 C x

0
Tie=0=de=0=L= [y*dy=— [y*dy=— =
1

0 3 0 - 3 O 1
1
Vay I =L+ 1=~ AL
b) (Xem hinh 2.32) Minh 2.32

Tir+yl=1=2=1—9y>=12" =2y
Vay:

= [ (0= =21 = ) - (-20) + (- 200~ )] dy

1
= /(—2y5 — 4y4 + 6y° + 5y2 — 4dy)dy

-1

26
15

Trong vi du nay néu ta mudn tinh I bing cach dwa vé tich phan xac dinh theo x thi ta phai
chia cung AB thanh 2 cung AC va C'B, phuong trinh cung AC' la y = —v/1 — x , con phuong
trinh cung CB la y = V1 — .

2.3.3. Cong thic Green

Cong thitc Green cho ching ta mdi lien he gitta tich phan duong loai hai doc theo mot
duong kin L 14y theo chiéu duong va tich phan kép trong mién D gidi han bdi duong L.
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¢ Dinh ly 2.4. Néu cdac ham P(x, y), Q(x, y) va cac dao ham riéng cap mot ctia chiing lién
tuc trong mot mién D thi ta c¢6 cong thiic:

// a—Q — a—P dxdy = j{Pd:c + Qdy (2.27)

L
trong d6 L 1a bién ctia mién D, tich phan doc theo L lay theo chiéu duong .
Cong thic (2.27) duge goi 1a cong thitc Green.
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A.
y
a) Trude hét gid stt rang D 14 mién don lien va moi dudng
thang song song véi cac truc toa do cit L nhiéu nhat tai hai
diém.Vay mién D dugc xac dinh baéi:

a<z<by(r) <y < yalz)

Theo cong thic tinh tich phan kép ta co:

b b y2(z)
ffg—dedy:fdxfa—de—foy dx O
D YY 1 (z) vi(2)
b b Hinh 2.33
= [ P(z,ya(x))dx — [ P(a,y1(x))da. y
a a y = y2(x)
Theo cong thitc tinh tich phan duong: H K
b
AMB
b I 1 J
[ P(x,y1(x))de = [ P(z,y)de=— [ P(x,y)dz. Y= (@) |
a ANB BNA |
Do d6 [[ a—dxdy = [ P(z,y)de = — ¢ P(z,y)dz. o) a b
D 0¥y AMBENA L
0Q ( s
Tuong tu ta ¢6 [[ %dxdy = ¢ Q(z,y)dy. Hinh 2.34
D L

Tit hai két qua trén ta dudc:

5’_Q _ 5’_P _ |
// dxdy fpdx + Qdy

b) Bay gio xét mién don lien D 14 mién c6 bien la dudng
L gom hai cung 7. vi KH ¢6 phuong trinh lin lugt 1a y =
y1(7),y = y2(7),a < x < b va hai doan thing IH v KJ song
song véi Oy (Hinh 3.36). Tuong tu nhu trén ta co:

/ —dxdy— /P(x,y)dx+/P(x,y)dx.

—_

JI

Do f P(x,y)dz, f P(x,y)dz = 0 vi duong TH va KJ ¢6 phuong trinh x = a, 2 = b = dx =
TH KJ

0, nén ta co: ff—Pda:dy— fde+dex—i—dea:—i—dex——foyd
KJ Ji TH

Tuong tu ta ¢6 [[ a—Qdmdy = $Q(z,y)dy
p Or L

T d6 cong thite (2.27) duge chitng minh.

¢) Néu mién D 1a mién don lién tong quat hon trong d6 c6 nhitng dudng song song véi truc
Oy cit bién cfia mién D qué 2 diém thi ta chia mién D thanh mot s6 hitu han mién nhd ma
bién ctia chiing c¢6 tinh chit néu 6 dau ching minh nay. Vi du trén hinh 2.35 c¢6 thé chia mién
D thanh 3 mlén Dl, DQ, Dg.
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Ap dung cong thitc (2.27) cho c¢i 3 mién trén 1di cong lai, ta dugc:

// 8_@_8_2’ d:cdy:j{Pd:c—i-Qdy

L

vi tdng céc tich phan dudng ctia Pdr + Qdy trén cing mot cung dudng cong hai 1an theo hai
huéng nguge nhau bing 0.

d) Gia st mién D 13 mién da lien. Chang han bién ctia né
gom hai duong kin L;, Ly rdi nhau (hinh 2.36). Chia mién D y
thanh 6 mién nho ma bién clia ching déu thoa man cac gia
thiét tren. Ap dung cong thitc (2.27) cho ci 6 mién trén rdi
cong lai, ta dugc

P
// @_G_y dxdyzfﬂix%—@dy
L

vi tong cac tich phan dudng cta Pdr 4+ Qdy trén ciing mot 0
cung duong cong hai lan theo hai huéng nguge nhau bang 0.
Vi L gdm hai duong kin L, L, r3i nhau nén chiéu duong trén
L phai chon theo quy uéc da néu & trén, chicu duwong trén Hinh 2.35
L, 1a ngugc chiéu kim dong ho, chiéu duong trén L, 1a thuan y
chiéu kim dong ho.

eVi du 2.22. Tinh

I = §(xsinz + y*)dx + (z + 22y + In(1 + y?))dy, véi L 1a
L
duong tron a2 + y? = 2y.

Loi giai. (Xem hinh 2.37)

oP O
Ta c6 : P = zsinx +y*> = — =2y
dy
2y _, 9Q Hinh 2.36
Q:x+2xy+ln(1+y):>a—:1+2y Inh 2.
x

Ap dung cong thiic Green c6:

I—// 8_@_0_P da:dy://da:dy:S
dy
D

trong d6 S 1a dién tich mién D. Do D Ia hinh tron c6 ban
kinh bing 1 nén [ = S = 7.

oVidu 2.23. Tinh I = [ (avy+y?)dx + (v + y)’dy trong Hinh 2.37
ABC '

d6 ABC 1 duong gip khic A(0, 0), B(-2, 2), C(-4, 0). y
Loi giai. (Xem hinh 238) R 2

Dudng ABC chua phai 1 duong kin nhung néu ta bo sung
thém duong CA thi sé dugec mot duong kin, khi do:

I = / (zy + y?)dz + (x +y)°dy -4 -2 O
ABC

Hinh 2.38
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/ (zy + y*)dz + (x + y)Qdy—/ (zy + y*)dx + (z +y) dy
ABCA CA

=11-12.

Doan CA c¢6 phuong trinh y = 0 = dy = Odz, do d6
[2 - O

Vay I= [ (zy+y?)de+ (x+y)°dy
ABCA

Ap dung cong thic Green véi

oP
P=xy+y’= — =1+2y,
y

Q=(x+y7 =20 a1y,

Ox
9, oP .
Dodo 1= [f (-Q - a_> drdy = [[ zdzdy, v6i D 1a mién tam gidc ABC.
Y D

Mién D dugc xac dinh bdi: 0 <y <2,y —4 < x < —y.

2 -y 2 x2 -y 1 2 1
Vay [ = [dy [ zde= [ — = - [(8y —16)d —(4y—16y)|0

0 y-a A 29 2

v Hé qua 2.3. (Hé qua cia cong thitc Green.)

Néu duong kin L 1a bién ctia mién D thi dién tich S ciia mién D dugce cho bdi cong thiic

1
S = > %xdy — ydz (2.28)

L

That vay, ap dung cong thitc Green v6i P = -y, Q = x ta co:

%xdy ydx—// @_8_5 dxdy //d:cdy—QS

1
S = 3 ]{xdy ydx.
L
. 2?2 P
eVi du 2.24. Tinh dién tich ctia mieén gi6i han bdi elip — + = 1,a, b >0.
a

Ldi gidi.

Phuong trinh tham sb ctia elip 1a x — acost, y — bsint, 0 < ¢ < 2. Chiéu ting clia t @ng
v6i chiéu duong clia elip.

Ap dung cong thic (2.28) ta dugc:

2 2

1 1
S = 3 / l[acost.bcost — bsint.(—asint)|dt = Eab/dt = mab

0 0
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2.3.4. Diéu kién dé tich phan dudng khong phu thudc dudng lay tich
phan

Qua cdc vi du trén ta thiy réing tich phan dudong [ P(z,y)dz + Q(z,y)dy khong nhiing
AB
phu thuoc vao 2 dau mat A, B ma con phu thudc vaho dudng AB. Bay gio ta xét xem véi diéu
kién nao thi tich phan duong dé chi phu thudoc vao hai mit A, B ma khong phu thudc vao
duong 1ay tich phan. Ta c¢6 dinh 1y sau:

¢ Dinh ly 2.5. Gia sit hai ham P(x, y), Q(x, y) lién tuc cing vdi cac dao ham riéng cap mot
ctia chiing trong mot mién don liéen D nao dé. Khi dé 4 ménh dé sau day la tuong ditong vdi
nhau:
00 _or
or Oy
2) ¢ Pdx + Qdy = 0 doc theo moi dudng kin L nidm trong D;
L

V(x,y) € D;

3) | Pdx+ Qdy, trong do AB la mot cung bat ki nim trong D, chi phu thuoc hai miit A,
AB
B ma khéng phu thuoc duong di tir A dén B;
4) Biéu thitc Pdx + Qdy la vi phan toan phan ciia mot ham s6 u(x, y) nao dé trong mién
D.

A.Ta s& chitng minh dinh 1§ theo so do sau 1) = 2) =
3)=4)=1).

a) 1) = 2) (Xem hinh 2.39) Gia st L 14 mot duong kin bét L
ky n¥m trong D. Goi Dy 1a mién gi6i han béi L. Ap dung cong
thac Green ta c6: § Pdx + Qdy = [[ <8—Q — @) dzxdy = 0 D
L Dy

Jor Oy
) 0 oP
vi theo gia thiét 1) ta c6 E)_Cj = a—yV(az, y) € Dy C D.
b) 2) = 3) Gi4 sit AMB va ANB Ia hai duong bit ky
ndi A véi B (hai duong nay déu nam trong D) (hinh 2.40). Hinh 2.39
Theo gid thiét 2) ta c¢6: [ Pdr+Qdy = 0 hay
AMBNA
[ Pde+Qdy+ [ Pde+Qdy=0= [ Pde+Qdy=
AMB BNA AMB
— [ Pde+Qdy= [ Pdz+ Qdy.
BNA ANB
Vay [ Pdx + Qdy chi phu thuoc vao hai mit A, B ma
AB
khong phu thuoc duong di tir A dén B.
¢) 3) = 4) Gia stt A(xo, o) 1a mot diém cd dinh trong D,
M(x, y) 1a diém chay trong D. Xét ham sb:

Hinh 2.40

u(z,y) = / Pdx + Qdy + C, C la hing sb. (2.29)

AM

Ham s6 trén hoan toan xac dinh vi tich phan & vé phai
khong phu thuoc dudng lay tich phan. Lay diém M, (z +
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h,y) € D v6i h ¢6 gia tri tuyet d6i kha nhd ta co:

Ou u(@+hy) —u(ry) L1
2 (w,y) = lim _}L%E[/de+Qdy_/de+Qdy].

h—0 h
AM, AM

Chon m gom cung AM va doan thﬁ’mg M M, song song véi truc Ox (hinh 2.41) ta duge:

x+h
ou o1 1
M =pmy [ P+ iy=tm T [ Peyie
M My x

Theo dinh 1y vé gia tri trung binh déi véi tich phan x4c dinh ta co:
z+h
/ P, y)d§ = P(z,y).h, véiz =2+ 60.h, 0<60<1.

xT

Khi A — 0 thi T — z do d6 P(z,y) — P(z,y).

ou . _
Vay o (2,y) = lim P(z,y) = P(z,y).

Tuong tu nhu viay c6 thé ching minh duge ring
0
5y (59 = Q)

Do d6 Pdx + Qdy 1a vi phan toan phan cia ham s u(x,
y) cho béi cong thic (2.29).

d) 4) = 1) Gid st Pdx + Qdy la vi phan toan phéan cua
ham s6 u(z, y) nao dé. Khi do
o°P  0*u 0Q  du
By M’ dr  0xdy

Q_(?u

Cac ham s6 trén lién tuc trén D, nén theo dinh 1y Schwarz

oP  0Q
ta o 9 %,‘v’(x,y) e D.

v Hé qud 2.4. Néu Pdx + Qdy la vi phan toan phan ctia ham sb u(x,y) thi:

/ P, y)dz + Q(z, y)dy = u(B) — u(A) (2.30)

—_—

AB
doc theo moi dudng cong AB nim trong mién D.

v Hé qud 2.5. Néu D la toan bo R? thi Pdx + Qdy la vi phan toan phan ctia ham u(x,y)
cho béi cong thitc:

uw(z,y) = /P(x,yo)dx+/P(x,y)dy+C (2.31)
hoéac:
u(z,y) :/P(:B,y)dx+/ (xo,y)dy + C (2.32)

Zo Yo
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v6i M,(z4,9,) 12 diém tity chon trong D. That vay vi y
tich phan u(z,y) = [ Pdx + Qdy+ C khong phu thudc vao
ani gl L M

duong 14y tich phan nén néu chon AM 1a duong gap khic
ANM (hinh 2.42) thi ta duge cong thite (2.31), con néu chon
duong lay tich phan 1 duong gap khiic ALM thi ta dugce cong

thite (2.32). Yol - | |
. . A | ! N
oVi du 2.25. Ching minh rang biéu thic: ! !
0O Xo x
eV (1+z+y)de+ e Y. (1 —x—y)dy la vi phan toan
phan ctia mot ham s6 u(x, y) nao d6.Tim ham u(x, y).
Hinh 2.42

Lai gidi.

oP
Taco P=e"Y.(l1+z+y) = 50 = —e"Y(z+y)
Y

Q=Y (1—-z—y) = g—cj = —e"Y(x +vy).

Vay % = %—J;, V(z,y) € R% Do d6 Pdx + Qdy la vi phan toan phan clia mot ham s6 u(x,
y) nao d6 xac dinh tren toan R2. Ap dung cong thitc (2.31) véi o = yo = 0 ta dudgc:
T Y
u(z,y) = /ex(l + x)dx + / eVl —z—ydy+C
0 0
T Yy
=e (1+2)|; — /emdx -V (1—z -y — /ex_ydy+ C
0 0

=" (14a)|y—€lg—e"?1—z—y)y+ e"”*y‘g—i-C =e"Y(x+y) +C.

2.3.5. Truong hop dudng lay tich phan 12 mot dudng trong khong
gian

Néu AB la mot cung trong khong gian, P(x,vy,z2),Q(x,y, z), R(x,y, z) 1a ba ham s6 xac
dinh trén cung AB, nguoi ta dinh nghia tich phan duong loai hai:

I= [ Pla.y 2o+ Qg 2)dy + Ry, 2)dz
AB
tuong tu nhu tich phan dudng loai hai trong mit phing. Néu cung AB dugce cho bdi phuong

trinh tham s6 z = z(t),y = y(t), 2 = z(t), cdc mat A, B ting vdi cac gia tri t1,ty clha tham s
thi ta c6 cong thiic:

to

I= / [P(x(t), y(t), 2(1))2"(t) + Q(z (1), y(t), z(1))y (1) + R(x(t), y(1), 2(t))2'(¢)] dt.  (2.33)
eVidu 2.26. Tinh I = [ (z +y)dz + (z + 2)dy + (y + 2)dz doc theo doan thing AB tit diem

) AB
A(1;1;3) dén diem B(3;2;1).



2.3 Tich phan duong logi hai b7

L&i giai. Phuong trinh tham s6 clia doan thing ABla: 2 = 1+ 2t,y =1+t,2=3 — 2t
diem A tng véi t = 0, diem B ing véi t = 1. C6 2/(t) = 2,y/(t) = 1, 2/(t) = —2. Do dé:

1 1
I_/[(1+2t+1+t).2+(1+2t+3—2t).1+(1+t+3—2t).(—2)]dt_/Stdt_4.
0 0
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Bai tap chuong 2

Bai 2.1. Déi thit tu tich phan trong céc tich phan sau:
2 4
) [ dx. [ f(z,y)dy;
-2 22

y [ (o y)de

Of
N
x Of f(z,y)dy.

d
c)
s6:
d

3
J
1
2
J
1
bap
4 VY
J
0
2
b) |
0

y [ f(z,y)dx
Y

3
xffxydy—i—fd
1

d
d

(7, y)dy;

2 2 2
dy [ f(z,y)de+ [dy [ flz,y)dx
i VB o igp

Bai 2.2. Tinh céc tich phan kép:

B ff dxdy

I — ffx — x)dzdy, D 1a mién gi6i han béi duong y = x? va x = y?%

o%a

a) I 5> D 1a mién giéi han béi x > 1,y > 1, x +y < 3;
b) 2,
) I = ff:p — x)dzdy, D 1a mién gidi han béi duong y = x? va 3x + y = 4;

o

d)I= ff |z + y| dzdy, D 1a mién duge xac dinh béi |z|< 1 va
D

¢”]

) I = [[(x — y)dzdy, D la mién giéi han béi dudngy = 2-x* viy = 2x - 1;
D
f) I = [[e"dady, D 1a mién giéi han béi dudng x = 0,y = 2,y = €%;

D
g) I = [[(z+y)*(x —y)*dady, D 1a mién giéi han bdi duong:
D

X+y—1 x -y =1, X+y—3xfy——1
) I = f T —y dxdy, D 1a mién gigi han bdi
+1 3 = +7 = +5
— X —= X - _ ——=X — —_ ——=X .
y Y Y 3 9 3 ;

i) I = [[(2* 4+ y* + 1)dady, D 1a mién giéi han béi dudng x* + y* —x = 0;
D

i) I = [[ /2 + y?dzdy, D 1a mién duge gidi han bdi cac dudng tron x? + y? = a?, x? + y? =
D

4a?, a > 0;
k) I = [[(xz + 2y + 1)dzdy, D la giao ctia hai hinh tron x* + y? < 2y va x? + y? < 2x;
D

)I= [[+/4—a?—y?dzdy, D 1a mién xac dinh béi x* + y? -2x < 0,y > 0;
D

2
m) T = y %dxdy, D la mién 1 < x* + y? < 2x;

2 2 2 2

n)I:}gf 1———b2dq:dy,Dlam1eng101hanbdldu’dngx—+‘Z—2—1 a>0,b>0;

0) I = [[aydxdy, D la mién (x-2)? + y>* < 1lvay > 0.
D
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Dap sb:
1 1 5. 1
a) 35 f) 3 k) 5(5 —1);
20 , P 8 m 2
— 2 (Di big N2~ 2y
36875 X+y=ux-y=v); 3v3
c) 1o 38 m) T — ——;
8 h) ) 2
d) =; 3 2
3 1r n) gmab;
o 0. V5 i
15’ « ldrad o) 3
j) B

Xy =0

b) y? = x, y?* = 8(6-x)*;
C)y:2I7y___7y 47
d) x —1xy*8y—xy—8x
D'p s6:
) 1
3) =
o
b) —;
5
) 97 7
4  2In2’
d) 7In2.
Bai 2.4.

2

Tinh dién tich ctia phan mat nén z2 = x + y2, z > 0, ndm & trong mat tru x2 + y2 = 1,
y g y

2 .2 2 " .9
b) Tinh dién tich clia phan mit z = — + ‘% (a > 0,b > 0) nim § trong mit tru x_ + ‘z—Q =
a
c¢) Tinh dién tich ctia phan mat cau x* + y2 + z2 = a? nam trong mit tru
(x* +¥%)? = a’.(x* = y?) (a > 0);
2 2
d) Tinh dién tich ctia phan mat cau x? + y2 + z> = 9 nim trong mit tru % + yz =1
Pap sb:
a) ™w2;
b
b) %(5\/3 —1);
c) 8a2(£ +1—+/2);

)
d) 36(m — Qarctang).

Bai 2.5. Xac dinh trong tam ctia cadc ban phing ddng chit gisi han béi cac dudng:

a)y? =4x +4,y% = -2x + 4

P Ty s STy
b)%+§_ 5+§—1vanamtrongm1eng—ngl,
)y =xx* —

d) y=+v2x—22,y =0

e)r=a(l + cosp), (a>0).

Dap sb:
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0
.6. Tinh cac tich phan duong:
(x — y)?*dx + (z + y)*dy, ABC la duong gap khac A(0, 0), B(2, 2), C(4, 0);

(22 — 2zy)dx + (2zy + y*)dy, AB la cung x* + y? = 2x, x > 1, A(1, 1), B(1, -1).
AB

z

Dbap so:
a) —32,
3 3
b) 4;
) —(m+2).
Bai 2.7. Tinh f (zy — 1)dx + 2*ydy, A(1, 0), B(0, 2) theo dudng
AB
a) 2x + y = 2;
) 4x + y = 4;
c) x =1 theo chiéu duong.
Dap Sé
a) 1;
17
b) —-
) Z;II: ?
C) §
Bai 2.8. Tinh Cac tich phan duong
a) §xy [—( §)dm + (5 - y)dy}, L la bien cia tam giac ABC, A(-1, 0), B(1, -2), C(1, 2);
L
b) [ 2(x*+y?)dx + (4y + 3)zdy, OAB la dudng gap khiac O(0, 0), A(1, 1), B(0, 2);
OAB

(xy +x + y)dx + (vy + = — y)dy, L 1a duong x> + y? = ax (a >0);

o
~—

L
d) §x3( + %)dy — 3z + %)dx, L 13 duong x? + y? = 2x.
T
Dap sb:
a) 4;
b) 3;
3
™a
c) ;?,
™
d) —.
) 2

2
Bai 2.9. Tich phan duong f (1-— y—cos )dx + (sin Yy - Y eos? )dy ¢6 phu thuoc vao duong lay
x? r

tich phan khong? Tinh tich phan ay tir A(l, 7) dén B(2, 7) theo mot cung khong cit Oy.
Dap sb:
Khong néu duong 1ay tich phan L khong cit Oy; 1 + 7.

2 2 3 2,2 3 2
Bai 2.10. Tich phan duong [ £ < A P
L Ty x Yy

2
dy> c¢6 phu thudoc vao duong
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lay tich phan khong? Tinh tich phan dy theo cung L = AB xéc dinh bdi x =t + cos’t,y = 1
+sin?t,0 <t < g
Dap sb:

(7% +16)2

Khong néu duong lay tich phan L khong cit cac truc toa do; o
T

Bai 2.11. Ching minh ring cac biéu thitc Pdx + Qdy sau day la vi phan toan phan ctia mot
ham s6 u(x, y) nao d6. Tim u:
a) (x* — 2xy? + 3)dx + (y* - 2x%y + 3)dy;
b) (2x — 3xy? + 2y)dx + (2x — 3x%y + 2y)dy;
¢) [e"TY + cos(z — y)] dx + [e*1Y — cos(x — y) + 2]dy;
d) e*[e"(w —y +2) +yl do + € [e(z —y) + 1] dy;
xdx 1 — 2 —y?
°) :1:'2 + y T2+ y?

ydy.

1

) x2y2+3$+§y3+3y+0;
3

)x + 9 —§x2y2+2xy+0'

c) “y+sm(x y) + 2y + C;

d) ey +e’lw—y+ DI+

)

y?
C.
2+

Bai 2.12. Tim m dé biéu thic

e —ln(ac +y%) —
(x —y)dx + (x +y)

($2 + yQ)m

d N .
Y 13 vi phan toan phan cia mét ham so
u(x, y) ndo d6. Tim u.
Dap s6:
1
m = 1;u -3 In(z? + %) + arctan? + C.
T

(ax? + 2zy + y*)dx — (22 + 22y + by?)

2 ? d .
Bai 2.13. Tim a, b dé biéu thic Y 13 vi phan toan

(22 + y2)?
phan ctia mot ham s6 u(x, y) nao d6. Tim u.
Dap sb:
b a2V o
x? 4 12

y(1 — 22 + ay?)dr + x(1 — y* + Ba?)
(1+ 22 +y2)?

thuoc dudng ldy tich phan. Tinh tich phan ay tit diém A(0, 0) dén diém B(a, b) ting véi céc

gid tri o, f da tim dugc.

d
Bai 2.14. Tim «, 3 dé tich phan duong [ Y khong phu
L

Dap sb:

ab
= :]_ _ .
a=p=1 1+ a?+0? .
. ) xdzr + ydy s LTty
Bal2.15.T1nhfLm7Lladlrongehp——%—ﬁ—l a>0 b>0
Dap sb6:

ld(z>+y* +1)

0; bidu thitc dudi dau tich phan la = .
P 2 (x2+y2+1)2
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Chuong 3

PHUONG TRINH VI PHAN

Phuong trinh vi phan 1a phuong trinh c6 dang F(z,,%/, %", ...,y™) = 0 trong d6 x 1 bién
doc lap, y = y(x) 1a ham phai tim, v/, 5", ..., y™ 14 cidc dao ham clia né.

Cap cao nhat clia dao ham clia y ¢6 mit trong phuong trinh goi 1a cap clia phuong trinh
vi phan. Vi du 4/ + 2zy — y = sinx 1a phuong trinh vi phan cadp mot; y” + 4y = e 1a phuong
trinh vi phan cip hai.

Nghiém clia phuong trinh vi phan 14 moi ham s6 théa méan phuong trinh, titc 1a moi ham
s6 sao cho khi thé n6 vao phuong trinh ta dugc mot dong nhat thic. Vi du cdc ham s
y = Cicos2x + Oy sin 2z trong d6 O, Cy 1a céc hang s6 ty ¥ déu la nghiém clia phuong trinh
y"+4y = 0. Cho C1, Cy nhitng gia tri khac nhau ta duge nhiitng nghiém khac nhau ctia phuong
trinh. Vi vay phuong trinh trén c6 vo s6 nghiem.

Giai phuong trinh vi phan la tim tit ca cac nghiém cta né. Vé mit hinh hoc nghiém cia
phuong trinh vi phan xac dinh mot duong goi la duong tich phan cia phuong trinh. Giai phuong
trinh vi phan 1a tim tat c& cac duong tich phan clia no, cdc duong ay dude xac dinh bdi phuong
trinh y = f(x) ho#ic phuong trinh ®(z,y) = 0 hodc phuong trinh tham s6 = = z(t), y = y(t).

Trong bai gidng nay ta chi xét phuong trinh vi phan cip mot va cap hai.

3.1. Phuong trinh vi phan cap 1

3.1.1. Dai cuong vé phuong trinh vi phan cap 1
3.1.1.1. Dinh nghia

La phuong trinh ¢6 dang
F(z,y,y") =0 (3.1)

hay
y' = f(z.y). (3.2)

Trong d6 y 1a ham phai tim, ¢’ 1a dao ham cap 1, x 1a bién doc lap. Bién doc lap va ham
phai tim c6 thé khong c6 miit nhung bit budc phai c6 mat dao ham cap mot y'.
3.1.1.2. Dinh 1y (Su t6n tai vd duy nhat nghiém)

Cho phuong trinh vi phan cdp mot ' = f(z,y). Gid st f(x,y) lien tuc trong mién D nao
d6 ctia mit phing Oxy va (zg, o) € D . Khi d6 trong mot 1an can ndo dé cla diem z = z ton
tai it nhat mot nghiem y = y(z) cta phuong trinh (3.2), nghiem d6 18y gia tri yo khi x = .
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., 0 R .
Néu a—f(x, y) lién tuc trong mieén D thi nghiém d6 1a duy nhat.
Y

Diéu kién Ylpewy = Yo 801 12 diéu kien dau. Bai todn tim nghiém clia phuong trinh (3.2)
thod man diéu kién dau goi 1a bai toan Cauchy.

3.1.1.3. Nghiém téng quat, nghiém riéng, tich phan tong quit, tich phan riéng

- Nghiém tong quat cia phuong trinh vi phan cap mot 1a ham s6 y = ¢(z, C), trong d6 C
12 hing s6 tuy ¥ théa méan phuong trinh vi phan.

- Nghigm nhan dugc tit nghiem tdng quat bing cich cho C = Cj sao cho y = ¢(x, Cp) thod
mén diéu kien dau y|,_, = yo goi la nghiém rieng.

- Khi nghiém téng quat duge cho duédi dang an thi duge goi la tich phan téng quat, ky hiéu
1a ¢(z, y, C) =0 . Cho C mot gia tri cu thé C' = Cj sao cho ¢(z, y, Co) = 0 thod méan diéu
kien dau y[,_, = o thi é(z, y, Cy) = 0 dugc goi la tich phan rieng.

3.1.2. Phuong trinh khuyét
3.1.2.1. Phuong trinh vi phan cap 1 khuyét y
Phuong trinh vi cap mot khuyét y 1a phuong trinh ¢6 dang:
F(z,y) = 0. (3.3)

Trudng hop 1: Gidi duge iy = f(x) =y = [ f(x)dx = F(z) + C.

eVi du 3.1. Gidi phuong trinh ¢/ — cosz =0 = y = [ coszdx = sinz + C.

Trudng hop 2: Giai duge z = f(y'). Tham s6 hoa y' bang cach dit y' = p, p 1a tham sb.
Khi d6 x = f(p) va dx = f'(p)dp.
Mit khac dy = y'dx = p.f'(p)dp nen y = [ pf’(p)dp.

x = f(p)

Vay tich phan tdng quat 1a {
W P &4 y= [ pf(p)dp.

eVi du 3.2. Giai phuong trinh vi phan x = siny’ + cosy’.

Lai giai. Dat ¢ = p ta duge x = sinp + cosp. Do d6 dx = (cosp — sinp)dp.
Ta ¢6 dy = y'dx = p(cosp — sinp)dp.
= y = [ p(cosp — sinp)dp hay y = p(sinp + cosp) + cosp — sinp + C.
~ . , N . J x=sinp+cosp
Vay nghiém cua phuong trinh 1a { Y= (p—1)sinp+ (p+1)cosp+ C.
Trudng hop 3: 6 thé gidi phuong trinh vi phan cAp mot khuyét y bing cach tham s6 héa
caxvay.
Dat x = f(t), v = g(t). Ta c6 dy =y dx = g(t)f" (t)dt = y = [ g(¢) f'(t)dt.
A~ [N 2 N N xr = f(t)
Vay nghiém ctua phuong trinh la {
e A PRERS y=[g(t)f (t)dt.

oVi du 3.3. Gidi phuong trinh vi phan 2% + ¢ = 1.
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La&i giai. Diat x = sint, ¢y = cost.
Khi d6 dy = cost dx = cost. cost dt.

1 2t 1 1
Sy= %dt = §t + é_lSiDQt + C (C: const).
T =sint
Vay nghiém ctia phuong trinh la y— %t 4 isin %+ C.

3.1.2.2. Phuong trinh vi phan cap 1 khuyét x
Phuong trinh vi cdp mot khuyét x 13 phuong trinh ¢6 dang:

F(y,y") =0. (3.4)

Trudng hgp 1: Gidi ra duge y = ¢(y'). Tham s6 hoa y' bang cich dit v/ = p.
Ta c6y = ¢(p) va dy = ¢'(p)dp. Mat khac dy = y'.dx = p.dx nén:

(m:wm@:x:/w@@.
p

p
r=[ Mdp
Vay nghiém cta phuong trinh 1a P
y = ¢(p)-
) " W)
oVi du 3.4. Giai phuong trinh y = o
e

2
Lai gidi. Diat ¢y = ptacoy = p_p va dy = (2pe™? — p?e P)dp.
e

2pe P — pPe P

Mat khac dy = y'dx = pdx nén dx = dp nén

== [(2e7? — pe P)dp
=>x=-2eP+peP+e?P+C=(p—1e?+C.

r=(p—1e?+C

Vay nghiém cta phuong trinh 1a P
Ter
Truong hop 2: Giai duge y' = f(y) = dy _ fly) = dx = Ay hay x = fﬂ = F(y)+C
' ' du fy) fw)
- N P ~ [ - N / -V 1- y2 2 ~
eVi du 3.5. Tim tich phan riéng cta phuong trinh y’ = ————— thod man y| | =
Y e
V2
1
7
. d 1—92 d
L giai. Phuong trinh viét lai duge 2 = V2" ¥ o gp— YW
dx Y 1— 2
_ ydy Y
-y
1 1
Thay = = Y = ta c6 C = 0. Vay tich phan riéng 1a =z = /1 — 2.

V2

S|
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Trudng hop 3: C6 thé giai phuong trinh vi phan cip 1 khuyét x bing cach tham s6 hoa ca
y va iy
bit y = 1(t), 3" = g(t).

Ta c6 — _ f’(t) z”(t)

a cody = f/(t)dt = g(t)dx = dx dt hay © = dt = C(t C
( ) g( ) 9(75) Y f g(t) ( )

Vay nghiém ctia phuong trinh la { 5 - JCj((tt)) +C

oVi du 3.6. Gidi phuong trinh y? + 3% = 1.

d
Lai giai. Diat y =sint, v =cost . Viy = d_y nén dy = costdt = costdz.
x
C6 2 truong hop:
- Néu cost # 0 thi dt = dv, t = x + C' = y = sin(z + C) la nghiém téng quat.
- Néu cost = 0 ta c¢6 t = (2k + 1)% = y = #1. Hai nghiém nay khong nidm trong ho
nghiém tong quat 13 hai nghiem k¥ di.
x Cha y:
1. Cac hiang s6 trong cong thiic nghiem cé thé chon thich hgp dé cong thitc nghiém gon, dep.

2. Khi gidi phuong trinh vi phan ta c6 thé xem y 13 ham clia x va ngudc lai ¢6 thé xem x la
ham cuaa y.

3.1.3. Phuong trinh vi phan cAp mot c6 bién s6 phan ly (Phuong trinh
vi phan cAp mot tach bién )
3.1.3.1. Dinh nghia
La phuong trinh c6 dang:
filz)dz + fa(y)dy =0 (3.5)

trong d6 f1(x) 1a ham s6 cia bién doc 1ap x, fo(y) 1a ham s6 cta bién doc lap y.

3.1.3.2. Cach giai

LAy tich phan hai vé clia phuong trinh duge nghiem téng quat cho dudi dang tich phan
tong quat [ fi(zx)dz + [ foly)dy = C.

oVi du 3.7. Cho phuong trinh vi phan Y iz +

Yy
x2 42 1+ 92

dy =10
a) Giai phuong trinh vi phan trén.

b) Tim nghiém théa man diéu kién y(0) = 0.

Lt gidi.

a) Lay tich phan 2 vé ta dugc

v 2y 1, .
/x2+2dx+/1+y2dy—lnC:>21n(x +2) +In(1+9*) =InC

hay In(1 + y*)v22 +2 =InC.
C

Vay (1+ Vel +2=C=y=+ | ——=—1
x2 42
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b) Véi diéu kien y(0) = 0 ta duge C = v/2.

/2
Va hiém riéng la y = £+ -1
ay nghiém riéng la y PO

3.1.3.3. Phuong trinh vi phan cip 1 c¢6 thé dua dudc vé dang c6 bién sb phan ly

a. Dinh nghia. La phuong trinh ¢6 dang:

Mi(z)N1(y)dz + Ma(z)Na(y)dy = 0. (3.6)

b. Céch giai.
+ Néu Ny (y).My(x) # 0, chia ca 2 vé ctia (3.6) cho Ny(y).Ma(x) ta dugce:

Ml(ZIJ)

5
!
<

dx +

Lay tich phan 2 vé ta dugc

M), L [,
Mg(x)d + Nl(y)dy C.

+ Giai phuong trinh Ny (y).Ma(x) = 0 <> Ni(y) = 0 hoiic My(z) = 0.

Néu coi x 1a bién chi d6i, y 1a bién chi ham thi ta chi can gidi phuong trinh N (y) = 0.
Gid sit y = yo 1a nghiém, thay tryc tiép vao (3.6) thi d6 cling 13 nghiem.

Néu coi y 1a bién chi d6i, x 1a bién chi ham thi ta chi can gidi phuong trinh M, (z) = 0.
Gid st & = zy 14 nghiém, thay tric tiép vao (3.6) thi d6 ciing 1a nghigm.

eVi duy 3.8. Tim tich phan tdng quét ctia phuong trinh 2(1 + y?)dz + y(1 + 2?)dy = 0.

Ldi giai. Chia ca 2 vé ctia phuong trinh cho (1422)(1+y?) ta dugc T ot —2

dy = 0.
1+ a2 1+42"

T
14 22

d
dr + [ 1y+ny el

Tich phan tong quat [
1 2y L 2

Hay 5111(1—1—1: )+ Eln(l—l—y )=1In|C|.

Vay tich phan téng quat clia phuong trinh 1a (14x2) (1+y?) = C2

2x\,,2 _ .z
oVi du 3.9. Gii phuong trinh vi phan biét { (L +e™)ydy = e"du

Yl,—q = 0.
Loi giai. Chia ci 2 vé cho 116 ta c6 y2dy = ——du
1+ e2®
e yS
= [yidy= [ o dx hay 3= arctane® + C
3
Véi y|,_, =0 =C = —% hay % = arctane® — %

, 3
Vay nghiém riéng cua phuong trinh la y = €/3a7“ctcme~"f — Zﬂ
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3.1.4. Phuong trinh vi phan dang cap cép 1 (Phuong trinh vi phan
thuan nhat cap 1)

3.1.4.1. Dinh nghia

La phuong trinh c6 thé dua duge vé dang:

y=0(%). (3.7)

3.1.4.2. Cach gidi
Dat u = J hay y = ux = y' = v/ + u. Thay vao phuong trinh (3.7) ta c6:
x

u -z +u=¢(u) hay u' -z = ¢(u) — u.
du dx

- Néu ¢(u) —u # 0 thi phuong trinh dua duge vé dang ¢6 bién s6 phan 1y¢()— = — vi
u)—u x
, d .
tich phan tong quét laln|z| = [ ﬁ = ®(u)+In |C| nén c6 nghiem tdng quat x = Ce®W/),
u) —u

- Néu ¢(u) — u =0 thi ¢(u) = u, Yu. Phuong trinh trd thanh 3 = Y e nghiém y = C.x
T

(C: const).
- Néu ¢(u) - u = 0 tai u = up thi y = upz 1a nghiem.
eVi du 3.10. Tim tich phan téng quat ctia phuong trinh 3 = Y + e¥/®,
x

Lai giai. Dit Y _wtaco y=ux vay =u'zr+u.
x

Thay vao phuong trinh da cho ta duge v'z +u = u + e*
/ u —Uu dx —Uu
= u'z = €" hay e “du = — hay [ e “du=In|Cz|
x

= —¢ “ =1n|Cx|.

Y
Thay u = Y ta dugc tich phan tong quét ctia phuong trinh ld e = + In |Cz| = 0.
x
eVi du 3.11. Tim tich phan riéng cta phuong trinh xy —y = Ly théa man diéu kién
arctan=
x
y(1) = L.
1

Lai giai. Phuong trinh da cho viét lai duge dudi dang ' — % = ———.
T arctan=
xr

Dit J_ u, ta ¢y = ux va ¢y = zu’ + u. Thay vao phuong trinh ta dugc:
x

1

vr+u—u=——
arctanu

dx
hay — = arctanudu = In|Cz| = [ arctanudu
x

1
hay In|Cz| = u-arctanu — 5 In(1 + u?)
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= In [(1 4 v*)C%2?] = 2u - arctanu

hay In [C*(2® +y?)] = 2Y arctan?
x x

T
N 1 —
Véi diéu kien y|,_, =1 ta ¢6 2arctanl = In2C? g =1n2C%*= C? = 562.

2., ,2
Vay tich phan riéng ctia phuong trinh la 2¥ arctan? = g +In z 42—y .
x x

3.1.5. Phuong trinh vi phan tuyén tinh cip 1
3.1.5.1. Phuong trinh vi phan tuyén tinh cip 1 thuan nhat

a. Dinh nghia. La phuong trinh dang:
y +p(x)y =0. (3.8)
b. Cach giai
- Néu y # 0 phuong trinh tuong duong véi dy _ —p(z)dx 1a phuong trinh ¢6 bién s6 phan
ly. Suy ra In|y| = — [ p(z)dz + In|C| véi CHA0. 1%0 d6 y = C.e~ Jp@)dr,

- Néu y = 0 bang cach thé tryc tiép vao phuong trinh thi y — 0 ciing 14 nghiém.
Toém lai, nghiém téng quat ciia phuong trinh da cho 1a y = C.e/P@4 y6i C tuy .

3.1.5.2. Phuong trinh tuyén tinh cip 1 khéng thuan nhét

a. Dinh nghia. La phuong trinh dang:

Y +p(x)y = q(z) (3.9)
trong do6 p(x), q(z) 1a cac ham sb lien tuc.
b. Cach giai
Bué6e 1: Gidi phuong trinh thudn nhat tuong tng v+ p(x) y = 0 ta duge nghieém téng quat:

y = C.e” IP@d(C - const). (%)
Budc 2: Coi C 1a ham cia x. Tim C(x)?
Ta c6 f = C'(x)e” /P@d _ O (z)p(z)e~ /P,
Thay y, vy’ vao phuong trinh (3.9) ta dugc:
C'(z)e” IP@d _ O(z)p(x)e™ PO 4 p(2)C(x)e [P@ = ¢(x)

hay C(z) = [ q(z)el P4y + K (K = const).
Thay C(x) vita tim duge vao (* ) ta duge nghiem tdng quét clia phuong trinh (3.9) la:

y = K.e~[P@dz 4 o= [p@)ds / q(z)el P@dz g, ()

+ Cha : Trong cong thitc (**) s6 hang thit nhit ctia vé phdi 7 = Ke~/P(#)413 nghiém tdng
quéit clia phuong trinh thuan nhat tudng tng, con s6 hang thit hai Y = e~/ P@de [ g(2)el P@) gy
13 mot nghiém rieng ctia phuong trinh khong thuan nhat. Do d6 nghiém tong quat ctia phuong
trinh khong thuan nhat bing nghiém téng quét ctia phuong trinh thuan nhit cong véi mot
nghiém riéng clia phuong trinh khong thuan nhét.
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eVi du 3.12. Gii phuong trinh vi phan y + 22y = z.e™*",

Lai giai.

Budce 1: Gidi phuong trinh thuan nhat tuong tng v + 22y = 0.

Hay dy = —2xydz ¢6 nghiem tong quat 1a y = C.e~ /22 = C'e=* (C: const).
2

Budc 2: Coi C = C(x) tacoy =C" e —2z-C-e .
Thay v,y vdo phuong trinh da cho ta duge C'e " — 22Ce™ + 2zCe™™ = ze~

22

= (e = ge*°
2

= dC(x) = xdx hay C(z) = % + K.

2
Do d6 nghiem téng quét clia phuong trinh da cho la y = K.e @ + %e*"’“ﬂ (K: const).

oVi du 3.13. Chimg t6 ring phuong trinh z(z? + 1)y’ — (222 + 3)y = 3 ¢6 mot nghiém rieng
13 mot tam thic bac hai. Tim nghiém tdng quét ciia phuong trinh dé.

Lai giai. Dat y = az? + bz + c. Ta can tim a, b, ¢ dé tam thic nay 1 nghiém ctia phuong

trinh da cho. Ta ¢6 3’ = 2ax 4+ b. Thay vao phuong trinh ta dudgc:
r(z? +1)(2az +b) — (22 + 3)(a2® + br +¢) =3
hay — bz — (2c + a)2z® — abr — 3c =3

ddéng nhat cic he sé ta duge b =0, ¢ = -1, a = 2.

Vay y = 2x? -1 1a mot nghiém riéng ctia phuong trinh da cho.

+) Tim nghiém téng quét ctia phuong trinh thuan nhét tuong tng: z(22+1)y — (222 +3)y =

222 + 3 dy 222 + 3

y = 0 hay —

0. Chia ca 2 vé cho x(z2+1) v6i diéu kien z # 0 ducec y — —— — — dx
( ) 7 oy (2?2 +1) y  x(x241)

| 22% +3
. Suy ra nghiém tong quat y = Ce z(2z? +1)

222 + 3
o 2552 (2
Cx3

N

jz|°
2+1

1
>dx:31n|a:] ——In(z?+1)=1In

x2+1 2

Do d6 y = (C: const) 14 nghiém tong quat ctia phuong trinh thuin nhit tuong

ing.
3

, Cx
Vay nghiém tong quét ciia phuong trinh da cho 1a y = ——— + 222 — 1.
eVi du 3.14. Giai phuong trinh e¥dz + (ze¥ — 1)dy = 0.
Loi gidi. Néu xem y 13 ham phdi tim cia bién s6 x vad viét phuong trinh dudi dang
(xe¥ — 1)y’ + €Y = 0 thi phuong trinh khong thuoc dang dang xét. Néu xem x 1a ham s6 phai
1 .
tim cta y ta duge phuong trinh 2/ + z = — trong doé o' = d_x D6 1a phuong trinh tuyén tinh
€ Y

. . . . . d d
cap 1 do6i v6i ham s6 x(y). Giai phuong trinh thuan nhat tuong tng d—z +x =0 hay ?I = —dy

ta duge x = Ce V.
Coi C=C(x) khi d6 2’ = C'e™¥ — Ce™¥, thay vho phuong trinh khong thuan nhéit ta dugc:

CleV=eV=(C' =1=C=y+K.

Do d6 nghiém tong quat clia phuong trinh 1a 2 = (y + K)e ¥ (K: const).
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3.1.6. Phuong trinh Becnully

3.1.6.1. Dinh nghia
La phuong trinh ¢6 dang:
Y + @)y = q(x)y” (3.10)

trong d6 p(x),q(x) 1a cdc ham lién tuc va a € R.

3.1.6.2. Céach giai

- Néu a = 0 hodc o = 1 thi (3.10) 1a phuong trinh tuyén tinh khong thuan nhat hogc thuan
nhat.

-Néu a # 0vaa #1. V6iy # 0 ta chia ca 2 vé cud (3.10) cho y* ta duge:
vy +p(a)y " = q(@). (3.11)
Diat z =y = 2/ = (1 — o)y *y thay vao (3.11) ta dugc:
24+ (1—a)p(z)z = (1 —a)q(z). (3.12)

Day 1a phuong trinh tuyén tinh cap 1 doi v6i bién x, ham z.
Giai phuong trinh (3.12) tim duge nghiem téng quit z = z(x, C). Sau d6 ta thay trd lai
bién cii z = y'~ dé tim nghiem téng quat y = y(x, C).

eVi du 3.15. Tim nghiém tong quét clia phuong trinh v + v _ T
T
Loi giai.
- V6i y = 0 la nghiem ctia phuong trinh (thit tryc tiép).

. 1
- V6i y # 0 chia c 2 vé clia phuong trinh cho y* ta duge y~*y' + ;y_?’ =22

Dat z = y =3 ta ¢6 2/ = —3y~ %/, thay vho phuong trinh trén ta dudgc:
3 . . £ .
2 — —z = —32% (*) 1a phuong trinh tuyén tinh cap 1 ddi v6i bién z.
T
N . 3 d d
+) Giai phuong trinh thuan nhat 2/ — —z = 0= £ o3 hay In ‘g‘ =3In|z|= 2 = C2?
T 2 T
(C: const).
+) Coi C=C(x) thi 2’ = C'z? + 32?C. Thay z, 2’ vao phuong trinh (*) ta dugc
ac 3
C'z? + 32%C — 32°C = —32°= = =3 hay C' = —3In|z| + K.
T T

Do d6 nghiém ciia phuong trinh (*) 1a 2 = K2® — 323 1n |z| (K:const).
1

r/K —3n|z|

Thay z = y—° ta dugc nghiém téng quét ctia phuong trinh da cho la y =

(K:const).

3.1.7. Phuong trinh vi phan cip 1 toan phan
3.1.7.1. Dinh nghia

La phuong trinh ¢6 dang:
Pz, y)dz + Q(z,y)dy =0 (3.13)
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trong d6 P(x, y), Q(x, y) la cac ham lién tuc cling cadc dao ham riéng cAp mot cla ching trong
mdt mién don lien D thoa man diéu kién
oQ 0P

TR (3.14)

3.1.7.2. Cach giai

Tu diéu kign (3.14) nen vé trai phuong trinh (3.13) 1a vi phan toan phan clia ham u(x,y)
nado do, tic 1a du(x, y) = P(x, y)dx + Q(x, y)dy véi u(x, y) duge xac dinh béing mot trong hai

cong thitc sau:
x

u@w:/P@wm+7m%w@

Zo

x Y
hodic u(z,y) = [ P(x,yo)dz + [ Q(x,y)dy trong do (xo, yo) € D.

o Yo

Vay tich phan tong quat clia phuong trinh vi phan toan phan (3.13) la:

)
/P@wM+/m%w@=c

o

T Y
hodc [ P(x,yo)dz + [ Q(x,y)dy = C.

Yo

eVi du 3.16. Giai phuong trinh vi phan sau (4zy? + y)dz + (42%y + x)dy = 0.

Loi giai. Ta c6 P(z,y) = 4oy* +y; Q(z,y) =42’y + 2 = P, =8xy + 1;Q), = 8y + 1.
Cac ham P, Q, P, Q}, lién tuc va Q, = P, nén phuong trinh da cho la phuong trinh vi
phan toan phan. Chon xq — yo — 0 ta dugc:

T Yy

u(z,y) = /(4xy2 + y)dx + /Ody = 22°%y% + y.
0 0

Vay tich phan tong quat ctia phuong trinh 1a 22%y? 4+ 2y = C.
x Chu y: Néu P(x, y), Q(x, y) lien tuc cing véi cac dao ham rieng cap 1 clia ching trong
mot mién D nao d6 ma 7 #+ 0 trong D thi Pdx + Qdy = 0 khong phai 1a phuong trinh vi
T Y
phan toan phan. Tuy nhién, trong mot s6 trudng hop ngudi ta c6 thé chon duge ham h(x, y)
dé phuong trinh
h(z,y) [P(z,y)dx + Q(z,y)dy] = 0 (3.15)

12 phuong trinh vi phan toan phan. Ham h(x, y) goi 1a thita s6 tich phan. N6i chung, khong c¢6
phuong phap tong quat dé tim thira sé tich phan. Ta xét 2 trudng hop dic biet sau:

/ !/

a. Néu % = ¢(x) tite 1a khong phu thuoce vao y thi chon h(x, y) = h(x) = e/ ?@®d=

That vay, dat R(x, y) = h(x, y) P(x, y); S(x, y) = h(x, y) Q(x, y).
Ta ¢6 R = Pel ¢@1dz — R, = P;ef ¢(z)dx

S = Q.el ¢t — S = Q;:.ef Hz)de 4 Q.gb(x).ef $(z)dz — Q)+ Qo(z)] e o(@)dx
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Pl _ /

my 4——= @
Q

Vay R, = S, nén (3.15) la phuong trinh vi phan toan phan.

= ¢(z) = P, =Q, + Q.¢(x)= S, = P, - el 6@,

/ /

b. Néu %Qx = ¢(y) tiic 1a khong phu thudc vao x thi chon h(x, y) = h(y) = e~/ ¢W

(chiing minh tuong tu nhu trong truong hgp a).
eVi du 3.17. Giai phuong trinh vi phan (2y + xy?) dx + (x+x%y?) dy = 0.
Loi giai. Dt P =2y +xy®, P =2+ 3zy% Q = x+x°y°, Q), = 142xy”.

dz
2,2 =
Taco P, —Q, = 1+xy* = TEHETY Q Vay thia s6 tich phan h(x) = ef r =l = g,
T x

Nhan 2 vé ctia phuong trinh da cho véi x ta duge phuong trinh vi phan toan phan:
22y + xy*)dr + x(x + 2%*y?)dy = 0.

.

2

z 3

X
+y° =
Oy3

y 3,3

Chon xg = yo = 0 thi u(x,y) = [, 2ay+2*y*)de+ [ 0dy = 2y :
0

3,3
Vay tich phan téng quat ctia phuong trinh 1a ya? + % = C hay 3yx? + 23y® = C.

3
eVi du 3.18. Giai phuong trinh vi phan (22 + y?)dz + (2zy + y*z + %)dy = 0.

3
Loi giai. Dit P = 2?4+ y°, P, =2y, Q = 2zy + y°r + % Q. =2y +1y?+ 22

P —qQ
Ta ¢6 % — —1 nén thita s6 tich phan h(y) = e/ % = ¢v.

Nhan 2 vé ctia phuong trinh véi e¥ ta duge phuong trinh vi phan toan phan:

3
(2% + y*)dx + ¥ (2zy + v’z + %)dy =0.

3

x Y c
Chon xg = yo = 0 thi u (z,y) = [(e¥z? + y?e¥)dx + [ Ody = ey% + eYylx.
0 0

3
Vay tich phan tong quat ctia phuong trinh 13 ey% + e¥y*r = C hay e¥ (a3 + 3xy?) = C.

3.2. Phuong trinh vi phan cap 2

3.2.1. Dai cuong vé phuong trinh vi phan cap 2
3.2.1.1. Dinh nghia
La phuong trinh ¢6 dang:
F(z,y,y,y") =0 (3.16)
hoac
y' = f(z,y,y) (3.17)

trong d6 y: ham can tim, x: bién doc lap.
y', y": dao ham cap 1, cip 2 ctia ham can tim. Bién doc lap, ham can tim va dao ham cap
mot c6 thé khong c6 mot cach tudng minh nhung bit budc phai c6 miit dao ham cip hai.
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oVi du 3.19. Cac phuong trinh : ¢ =0, v"y + (y)? = 0, 22y” + zy' + y = 0 14 cac phuong
trinh vi phan cap 2.

3.2.1.2. Dinh Iy (Su t6n tai vd duy nhat nghiém)

Cho phuong trinh vi phan cap 2: 3’ = f(z,y,v').

) of 0 . 5
Néu f(x,y,y), a—(w,y,y') G a—f/(:t,y,y') lién tuc trong mot mién D nao d6 trong R3 va
Yy Y

néu (o, %o, yp) 12 mot diém thuoc D thi trong lan can ndo dé6 ctia diém z = zy ton tai mot
nghiém duy nhit y = y(x) clia phuong trinh (3.17) théa man céc diéu kién:

Ylo—ay = Y0 5 Y laeay = W1- (3.18)

Bai toan tim nghiém ctia phuong trinh (3.17) thda man cic diéu kién (3.18) duge goi 1a bai
toan Cauchy.

3.2.1.3. Nghiém téng quat, nghiém riéng, tich phan tong quat, tich phan riéng
- Nghiém tdng quat ctia phuong trinh vi phan cip 2 12 ham s6 y = ¢ (x, Cy, Cy) trong do6
Cl, CQI héng Sé.

- Nghiém nhan duge tit nghiém tong quat bing cach cho C; = C?, Co= CY sao cho ham s6
y = p(x,C?, CY) théa man Ylomzy = Y0, Y|y, = Y1 gOI la nghiem riéng.

- He thitc ¢ (x,5,C1,Cs) = 0 x4c dinh nghiém tong quét ctia phuong trinh (3.17) duéi dang
an goi 1a tich phan tong quat.

- Khi cho Cy, Cy cac gia tri cu thé C; = C¥, 0y = C9 tit tich phan tdng quat ta nhan dugc
he thic ¢(z,y, CY, CI)= 0 goi la tich phan riéng.

3.2.2. Phuong trinh khuyét

3.2.2.1. Phuong trinh vi phan cap 2 khuyét v, 1/

a. Dang:
F(r,y") = 0 hay y" = f(). (3.19)

b. Cach giai. Lay tich phan theo bién x hai lan ta dugc cong thiic nghiem téng quét:

y:/(/f(x)dq:) dr + Ciz + Cy

hodc dit 3/ = p ta duge F(x,p') = 0 1a phuong trinh cdp mot d6i véi p. Néu nghiém tong quat
ctia phuong trinh dé 1a p = f(x, Cy) thiy = g(x, C;) + C, trong dé g(x, C;) 1a nguyén ham
cua f(x, Cy).

oVi du 3.20. Giai phuong trinh vi phan y” = 2sinz cos? x — sin® x.
Loi giai. LAy tich phan theo bién x hai lan ta dugc:

y:/{/ (2sinx0032$—sin3x) dx} dx + Cix + Cy

dl’+011’+02

- / [/ (—2c082x +1— coszac) dcosz
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= /(Coszv — cos® x)dz + Cix + Cy

3 3
= /(cosm _ <ol m)4+ cosx)dx + Ciz + Cy
B /(— cos(3x) + cosx

B 4
—sin3xr  sinx

)dl‘ + Cll’ + 02

3.2.2.2. Phuong trinh vi phan cap 2 khuyét y

a. Dang:
F(z,y',y") =0 hay y" = f(z,y'). (3.20)
b. Cach giai. Dat p = ¢/ ( p 1a ham cua x).
Khi d6 y” = p’ va phuong trinh (3.20) trd thanh p'= f(x, p) 1a phuong trinh vi phan cap 1 doi
véi p. Gidi ra ta duge p = ¢ (x, C1). Do d6 nghiém tong quét ctia (3.20) 1a y=[ ¢(x, Cy)dz + Cs.

/

eVi du 3.21. Giai phuong trinh ¢’ = LA
x

Lai giai. Dit o = p = ¢” = p’ thay vao phuong trinh da cho ta duge p’ — P_q (*)
x

(*) 1a phuong trinh tuyén tinh c¢ap 1 ddi v6i p. Gidi phuong trinh (*).

dp dx

+) Phuong trinh thuan nhat p’ — = = 0 hay = p= Cz (C:const).
T

+) Coi C=C(x) thip’ = C'xz+ C. Thay p,p’ vao phu’Ong trinh (*) ta duge C'z+C —-C =2z
hay C' = 1= C = x + C (Ci: const).

Do d6 nghigm tong quét ctia phuong trinh (*) 1a p = (z + Cy)z (Cy: const).

3 72
Vay nghiém tong quat clia phuong trinh da cho la y = [2(C) + z)dz = ? + C’l— + Cs.
3.2.2.3. Phuong trinh khuyét x
a. Dang:
F(y,y',y") = 0 hay y" = f(y,y/). (3.21)
b. Cach giai. Dt ¢/ = p trong d6 p 1a ham cta y tic 1a p = p [y(z)]
d
Khi dé y" = pyy, = pd—p. Thay vao phuong trinh (3.21) ta duge:
Y
dp
— = 3.22
g, =1 (v, p) (3.22)

(3.22) 1a phuong trinh vi phan cdp mot ma ham can tim Ia p, con bién la y. Gidi phuong trinh
=dx.

dy
nay ta c¢6 nghiém p = ,C1) ha
y ghiem p = ¢(y, C1) hay . )

, d
Do d6 tich phan tong quat clia phuong trinh (3.21) 1a [ Y

o(y,C1)

eVi du 3.22. Tim nghiém ctia phuong trinh yy” — (y/)* = 0 thoéa man diéu kien y| _, =
L Y|, =2

:fL‘—|—02
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El(‘ji gidi. Dat o =p =ply(v)] = y" = p,y'r = pp, thay vao phuong trinh da cho ta duge:
P
ypg = p* hay y.p.dp = p*dy. (*)

- V6iy = 0 thit trye tiép vao phuong trinh 13 nghiem.
-V6ip =0=y = 0=y = C thay vao phuong trinh la nghiém.
- Véi y - p? # 0 chia ca 2 vé clia phuong trinh (*) cho y - p? ta duge:

d d
B Y p—Cy=y=Cy
p Yy
d d
hay—y:Clyé—y:Cldx
dx Y

= In|y| = C1z +In|Cy| hay y = Cye™'™.

Cy =2

Thay diéu kien dau ¢/|,_, = 2, y|,_, = 1 ta dugc { o1
9 = 1.

Vay nghiém riéng ctia phuong trinh 1a y — €.

3.2.3. Phuong trinh vi phan tuyén tinh cip hai c6 hé sé thay doi
3.2.3.1. Dinh nghia
La phuong trinh vi phan ¢6 dang:
v+ @)y +q(@).y = f(z) (3.23)

trong do6 p(x), q(z), f(x) 1a nhitng ham s6 lién tuc.
- Néu f(z) =0 thi (3.23) la phuong trinh thuan nhat.
- Néu f(z) # 0 thi (3.23) 1a phuong trinh khong thuan nhat.

3.2.3.2. Phuong trinh tuyén tinh cap 2 thuan nhat
a. Dang:
v +p(x)y +q(zx)y =0. (3.24)
b. Cac dinh 1y vé ciu tao nghiém
¢ Dinh 1y 3.1. Néu y;(x),y2(x) la hai nghiém ctia (3.24) thi y = Cyi(z) + Coya(x) (Cy, Cy:
hing s6) cting la nghiém ctia phuong trinh thuan nhat (3.24).

y1(x)
y2()

y = C1y1(x) + Coya(x) 1 nghiém téng quat ctia phuong trinh thuan nhat (3.24).

Dic biet yi(z) va yo(z) 1a hai nghiem doc 1ap tuyén tinh clia (3.24) (tuc la # C) thi

¢ Dinh 1y 3.2. Néu biét mot nghiém rieng y,(x) (vdi y(x) # 0) ctia phitong trinh thuan nhat
(3.24) thi ta c6 thé tim duge nghigm riéng thit hai y,(x) ctia phitong trinh thuan nhat (3.24)
doc lap tuyén tinh véi y,(x) bing cach dit yo(x) = vi(x).u(x).

% Chii y: Dé tim nghiém rieng tht 2 ta c6 thé sit dung cong thic Liouville:

e—fp(x)dx
Yy2(r) = y1(l’)/mdl’-
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oVi du 3.23. Giai phuong trinh (1 — 2?)y” — 22y’ + 2y = 0 biét mot nghiém riéng clia né 1a
y(z) ==

Loi giai. Dt yo(z) = u.x = yh(x) = u+ 2/, y5(r) = 2u' + zu” thay vho phuong trinh ta
duoc

(1 —2*)(2u + 2u") — 2x(u + 2u') + 20u = 0 hay (v — 2*)u” + (2 — 42®)u’ = 0.

dp  4a2® —2
Diat «/= p, phuong trinh trd thanh (z — 23)dp = (42 — 2)pdx hay — = s dx
P r—x
42 — 2 2 1 1 b g
$1n|p|:/x_:p dx-/(—;—i—l_x—ler)dx:ln(x [1—2%)  +n|C|.
C
Dod6p=———.
oo z2(1 — 22)
Chon C = 1, thay p = o ta ¢6
dz 1 1 1 1 1+
du=——— = = <— >d =——+ =1 K.
“ x2(1 — 22) u(@) / ZB2+1—[E2 v x+2n1—x +
1 1 1 1 1
ChQnK:OtadUOcu(:U):—;—l—éln 1—_kx Do d6 yo(z) = u(x)-x:—1+§:cln 1i_z :
. 2 2 2 < < 1—’_‘/1;
Vay nghiém tong quat ciia phuong trinh 1a y = Cz + 50256 In ] — Ch.
—x

Nhan xét 3.1. Dé tim nghiém riéng y»(7) ta c6 thé sit dung cong thiic Liouville va c6 két qua
1+
1—xz|

1
tuong tu yo(z) = —1 + §xln

oVi du 3.24. Cho phuong trinh (22 —2?)y” + (2* —2)y’ +2(1 —x)y = 0 ¢6 mot nghiem y = €°.
Hay tim nghiém riéng ctia phuong trinh trén biét y| _, =0, ¢/|,_, = L.

Loi giai. Dit y(x) = e®. Ta tim ya(x) doc 1ap v6i yi(x) theo cong thitc Liouville:

x?—2
— dzx

e d 2x — 22
R

T1nh—f2x_x2dx—f dr =z + In|z(x —2)| + C.
—-2
Cho C = 0 ta duge yy(x _ef‘”” ) g

=e" /(:172 —2z)e "dr = € [~ (2% — 2z)e " — 2ze”"] = -2,

Vay nghiém tong quat ctia phuong trinh 13 y = Cie® — Coa®. Do d6 v = Cre® — 2052,

1
Thay diéu kién ban dau vao y vd ¢/ ta dugdc { Cre—C2=0 hay G = e
016_202:1 02:_

Vay nghiém riéng can tim 1a y = —e® ! + 22,

eVi du 3.25. Giai phuong trinh (2% — 1)y” + 22y’ = 0.
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LdJi giai. Phuong trinh da cho 1a phuong trinh vi phan cip 2 khuyét y. Vay ta co thé giai
bang phuong phap gidm cap, dong thoi né ciing 1 mot phuong trinh vi phan tuyén tinh cap
2 thuan nhat c6 he s6 thay doi nén c6 thé giai biing cach tim hai nghieém riéng doc lap tuyén
tinh.

Cach 1. Diat o = p thi y” = p’ thay vao phuong trinh ta dugc:

2x
d 2 d — dzr
(@~ 1p +2mp=0hayp + 5——p=0= ~ = "L hayp=Cre 22-1 =
x?—1 D x2—1

Ch

22 —1
Cl Cl 1 x—1
Thayp:y’tadudc?/,:w2_1hayyzfg;z_ldx:5011n x+1'+02.
2 _1
Vay nghiém tong quat ctia phuong trinh 1a y = C; In $+1‘+02_
x

Cach 2. Bing cach thay y — C vao phuong trinh thi y = C 1a nghiém. Chon C = 1 ta dugc
y = 1 la mot nghiém riéng ctia phuong trinh da cho. Tim nghiém riéng thit 2 theo cong thic

2z
_f B dz z—1
Liouvill = > =1 de=1 K.
iouville yo(z) = [e r=1In :1:+1’+
r—1
Chon K =0 = =1 :
on ya() nx+1‘

. —1
Vay nghiém tong quat ciia phuong trinh 14 y = C; 4+ Cs In ’ 1 ‘ .
x

3.2.3.3. Phuong trinh tuyén tinh cap hai khong thuan nhét

a. Phuong trinh tuyén tinh cap hai khéng thuan nhét 14 phuong trinh c6 dang:
y' + @)y +a(z)y = f(z) (3.25)
trong d6 f(x) # 0.
b. Cac dinh 1y vé cau tao nghiém
¢ Dinh ly 3.3. Nghiém tong quat ctia phuong trinh khong thuan nhat (3.25) bing tong ctia
nghiém tong quét ciia phitong trinh thuan nhat tuong iing (3.24) vdi mot nghiém riéng nao dé
ctia phitong trinh khong thuan nhat (3.25) ky hieu y =y + Y.
{ Dinh 1y 3.4. (Nguyén ly chong chat nghiém) Cho phuong trinh:
y' + @)y +a(2)y = filz) + -+ fal2). (3.26)

Néu y;(x) (i = 1,n) la nghiém riéng ctia phuong trinh y" + p(x)y + q(z)y = fi(x) thi
y=1v1(z) +y2(z) + - - + yn(x) la nghiém riéng ciia phuong trinh (3.26).
O Dinh 1y 3.5. Néu y,(x) va yo(x) la hai nghiém riéng ciia phuong trinh khong thuan nhat
(3.25) thi y(x) = y1(x)—y2(x) 1a nghiém riéng ciia phuong trinh thuan nhat (3.24).

c. Phuong phap bién thién hing s6 Lagrange

Néu biét 7 = Cyy; + Coys (C1, Co: const) 1a nghiem tdng quat ctia phuong trinh thuan nhat
(3.24) thi ¢6 thé tim nghiem tdng quét ctia phuong trinh (3.25) dudi dang y = C1(2)y1 +Ca(2)ys.

Dé tim C;(x), Cy(x) ta gidi hé phuong trinh:

{ Cly1 +Cyy2 =0
Ciyy + Cyys = f(x).
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Khi d6 C] = ¢1(x), C) = pa(z). Tt d6 suy ra:
f(pl d$ = ( )—l—Kl; 02 f(pg d$ = (I)g( )—I—KQ (Kl, KQZ COIlSt).
Vay nghiém tong quét cia (3.25) [a y = Ky + Kaoyo + 1 (2)y1 + Po(2)y2 (K1, Ky: const).

/

oVi du 3.26. Tim nghiém tong quat ctia phuong trinh " — LA—
x

/
Loi giai. Xét phuong trinh tuyén tinh thuan nhat tuong tng y” — Lap—
x
Phuong trinh khong chita ham y, do dé n6 ¢6 mot nghiém riéng yi= 1.
72
5
Vay nghiém téng quat clia phuong trinh thuan nhét 14 7 = C12? + Cy (C1,Ca: const).

Nghiem rieng y, tim béng cong thic Liouville yo(z) = [ e~ 2 gy =

Ta tim nghiém téng quat cla phuong trinh khong thuan nhat biing phuong phap bién thien
hing s6 Lagrange. Nghiém tong quat c6 dang y = C)(x)z? + Cy(x) trong d6 Cf(x), Cy(x) 1a
nghiém ctia hé:

1 x
{c;(a;)-xuo;(x).lzo hay Cilz) =5 N Cl(ﬂv)—§+3K1
/ X ! .0 = 2 T
Cilw) - 20+ Cyf) - 0= Oyl = - Cola) =~ + Ky,
, 23 3 23
Vay nghiém tong quat cia phuong trinh la y = 76 + K22+ Ky = 3 + K22 + K.
oVi du 3.27. Giai phuong trinh (2% —1)y” + 4y’ +2y = 6. Biét hai nghiém riéng clia phuong
trinh By o . ?+r+1
rin =x =
Y1 y Yo T+ 1
N sz U <. L , N 5 ~ 1
Loi giai. Vi yf, y5 la hai nghiém riéng ctia phuong trinh da cho nén y, = y; — ¥ = 11
x

la mot nghiém riéng clia phuong trinh thuan nhét twong tng (2% — 1)y” + 4oy’ + 2y = 0. (¥)
Nghiém riéng yo clia phuong trinh (*) duge tim bdi cong thitc Liouville:

4x

1 [e mz—lxd 1
yQ_:c—i—l/ 1 x—xz_l.

(x+1)?

. . . 1 1
Do d6 nghiém tong quat ciia phuong trinh thuan nhat tuong tng la y = C T +Co— T
x x? —

Vay nghiém tong quat clia phuong trinh da cho la
1 1 1

C Cq,C5 t
x—i—1+ 2x2—1+x—|—1< 1, Cy : const).

y=0C

3.2.4. Phuong trinh vi phan tuyén tinh cip hai c6 hé s6 khong doi
3.2.4.1. Phuong trinh thuan nhat

a. Dang phuong trinh:
y' +py +qy=0 (3.27)

trong d6 p, q 1a cic hing sd thuyc.
b. Cach giai
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Tim nghiém riéng ctia n6 dudi dang y = e** trong d6 k 13 hing s6. Ta c6 i = kek®, 3" = k2ek=.
Thay v, y" vao (3.27) ta dugc e (k? + pk + q) = 0. Suy ra

E*+pk+q=0 (3.28)

(3.28) dugc goi 1a phuong trinh dic trung clia (3.27).

Gidi phuong trinh dac trung k% + pk + ¢ = 0.

- Néu phuong trinh (3.28) ¢6 2 nghiém thuc k; # ko thi nghiém tong quét ctia phuong trinh
(3.27) la g = CeM® + Coek2® (Cy, Cy : const).

- Néu phuong trinh (3.28) c¢6 nghiém kép k; — ko = k thi nghiem tdng quat clia phuong
trinh (3.27) 1a ¥ = C1e" + Coxe?=(C} + Cyz)e*® (Cy, Cy : const).

- Néu phuong trinh (3.28) ¢6 nghiém phitc k = o & i3 thi nghiém tong quat ctia phuong
trinh (3.27) 1a § = **(C} cos Sz + Cysin fx) (Cy, Cy @ const).

oVi du 3.28. Giai cac phuong trinh vi phan sau:
a) y" — by + 6y = 0;
b) y" — 2y’ + 3y = 0;
c)y" — 4y +4y =0.

Loi gidi.

a) Phuong trinh dic trung 13 k> — 5k +6=0=k; =2, ky = 3.

Vay nghiém tong quat clia phuong trinh da cho 14y = C1e® 4 Coe®® (Cy, Cy : const).
b) Phuong trinh dic trung 1a k> — 2k + 3 = 0= k = 1 +4v/2.

Vay nghiém téng quat ctia phuong trinh da cho 1a 7 = *(Cy cos v/2z + Cy sin /2x).
c¢) Phuong trinh dic trung 1a k% — 4k +4=0=k = 2.

Vay nghiém tong quat ctia phuong trinh da cho 1a 7 = C e + Chxe?®.

3.2.4.2. Phuong trinh khéng thuan nhét

a. Dang phuong trinh:
y'+py +qy = f(z) (3.29)

trong d6 p, q la hing s6, f(x) # 0.

b. Cach giai chung

Dé gidi (3.29) ta gidi phuong trinh thuan nhit twong ing (3.27) sau d6 ding phuong phap
bién thién hing s6 Lagrange. Nhung trong mot s6 trudng hop diic biet duéi day cia vé phai
c6 thé tim duge mot nghigm riéng ciia (3.29) bing cich gidi cAc phuong trinh dai s6. Khi d6
nghigm tong quat ctia phuong trinh (3.29) bing tdng nghiém téng quét ctia phuong trinh thuan
nhit tuong ng (3.27) cong v6i mot nghiém riéng cia (3.29).

* Trudng hgp 1. Véi f(z) = e**P,(z) trong d6 « 1a hing s6, P, (x) la da thitc bac n cla

- Néu « khong 1a nghigm clia phuong trinh dic trung (3.28) thi ta tim nghigm riéng clia
(3.29) dudi dang Y = e**Q,(z) trong d6 Q,(x) la da thic cung bac n véi P, (x).

- Néu « la nghiém don ctia phuong trinh diic trung (3.28) thi ta tim nghi¢m riéng cta (3.29)
dudi dang Y = ze**Q,(x) trong dé Q,(x) la da thitc cung bac n véi P, (x).

- Néu « la nghiém kép ctia phuong trinh dic trung (3.28) thi ta tim nghiém riéng ctia (3.29)
duéi dang YV = 2%e**Q,,(z) trong d6 Q,(x) 1a da thic ciing bac n véi P, (x).
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* Truong hop 2. Véi f(x) = €** [P, () cos Bz + Q(x) sin fz] trong d6 a, S 1a hing sb;
P,.(x), Qm(x) 1an lugt 1a cac da thic bac n, m.

- Néu « £ if khong 1a nghiém ciia phuong trinh diic trung (3.28) thi ta tim nghiém rieng
cia (3.29) dudi dang Y = e** (Ry(x) cos fx + Hj(x) sin fx) trong d6 Ry(x), H;(x) 1a cac da thic
bac I,1 = max(n,m).

- Néu a + i 1a nghiem cia phuong trinh diic trung (3.28) thi ta tim nghiem rieng clia
(3.29) dudi dang Y = ze® [R;(x) cos fx + Hj(x)sin fx] trong d6 R;(x), H;(z) 1a cac da thic
bac I,1 = max(n,m).
oVi du 3.29. Giai cac phuong trinh vi phan:

a) y// _ 4?/ +3y — 641;

b) v + 4y — by = e (x + 1);

C) y// _ 6y’ + 9y _ 6333.

Lot giai.
a) Budc 1. Phuong trinh thuan nhét tuong ting y” — 4y’ + 3y = 0 ¢6 phuong trinh dic
trung:
B2k 4+3=0= k=1 ky = 3.
Do d6 nghiém tong quat ctia phuong trinh thuan nhat tuong ing 1a 7 = Cre® + Cye’®.
Budc 2. Vi vé phai clia phuong trinh di cho 1a f(z) = ', a = 4 khong 1a nghiém cia
phuong trinh dic trung nén ta tim mot nghiém riéng ctia phuong trinh dudi dang:

YV =Ae™ =Y =44 7" = 16.A.*.
Thay Y, Y/, Y vao phuong trinh da cho ta dugc:

1
16Ae* — 4.44e* + 34 = e =34 =1 A= 3

1
Vay nghiém riéng ctia phuong trinh 3 Y = 56496.

. 1
Do d6 nghiém tong quét ctia phuong trinh 14 y = Cie® + Che®® + ge“.

b) Budce 1. Phuong trinh thuan nhit tuong tng y” + 4y’ — 5y = 0 ¢6 phuong trinh dic
trung k% +4k —5=0=k; = 1;ky = —5.

Do d6 nghiem téng quat ctia phuong trinh thuan nhat tuong tng 1 7 = C1e® + Cre ",

Budc 2. Vi vé phai clia phuong trinh 1a f(x) = e"(z 4+ 1), @ = 1 1a mot nghiém don cia
phuong trinh dic trung nén ta tim mot nghiém riéng ctia phuong trinh dudi dang:

Y = ze*(Az + B) = ¢*(Az? + Bx)
V' =e*[A2x? + (B + 2A)x + B]
V"' =" [Ax® + (B + 4A)x + 2A + 2B].

Thay Y, Y, Y vao phuong trinh da cho va rat gon ta duge: 12Ax +2A+6B — x-+1

1

:>{12A:1 o AZ@
2A+ 6B =1 B_5

36"

Vay nghiom rieng cin tim 13 Y = @ <x2 + 533)
ay 1n 1em rieng can tim la = € — — .
1y nghie g TR
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2 2 5
Do d6 nghiém tong quat clia phuong trinh 1a y = Che® + Cre ™ + €° (% + 3—2) :

¢) Bugce 1. Phuong trinh thuan nhit tuong tng y” — 6y’ + 9y = 0 ¢6 phuong trinh dic
trung k2 — 6k +9=0=k, = ko = 3.

Do d6 nghiem téng quét ciia phuong trinh thuan nhét tuong tng 1a 7 = C1e3* + Chzed®.

BuGce 2. Vi vé phai ctia phuong trinh da cho 1a f(x) = €3*, o = 3 13 mot nghiém kép ctia
phuong trinh dic trung nén ta tim mot nghiém riéng ctia phuong trinh duéi dang:

Y = 223 A = Ax?ed”
Y' = (24z + 3Az?)e’
Y" = (2A + 124z + 9Ax?)e>?.

Thay Y, Y/, Y vao phuong trinh da cho va ta dugc:

(2A + 12Ax + 9A%%) — 6(2Ax+3Ax?) + 9Ax* =1

1
:>2A:1:>A:§.

2

Vay nghiém riéng ctia phuong trinh [a Y = %egx.

, T
Do dé nghiém tong quét clia phuong trinh 13 y = C1e3* 4 Coze®® + —¢

Vi du 3.30. Giai cac phuong trinh vi phan sau:

a) vy +y = cos2x;

b) ¥’ +y = cosx;

c) ¥y’ +y = cos2x + cos z.

Lai giai.

a) Budc 1. Phuong trinh thuan nhét tuong tng y” +y = 0 ¢6 phuong trinh diic trung
2+1=0= k=i

Do d6 nghiem téng quat cia phuong trinh thuin nhat tuong ng 12 7 = C) cos z + Cysinx.

Budc 2. Vé phai cia phuong trinh 13 f(z) = €% cos2z do d6 a + i = 0 + i2 khong 1a
nghiém ciia phuong trinh dic trung va bac cia da thic bang 0 nén ta tim mot nghiém riéng
cua phuong trinh dué6i dang:

Y = Acos2x + Bsin2z
Y' = —2Asin 2z + 2B cos 2x
Y" = —4Acos2x — 4B sin 2z.

Thay Y, Y, Y vao phuong trinh da cho va riat gon ta duge:
—3Acos2x — 3Bsin2x = cos2x
:{ —3A=1 _ A1t
—3B=0 B-0
o , NN 1
Vay nghiém riéng ctia phuong trinh 1a Y = —3 cos 2.

. 1
Do d6 nghiém tong quat ctia phuong trinh la y = C cosx + Cysinx — 3 cos 2.
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b) Budc 1. Phuong trinh thuan nhit tuong ing y” + y = 0 ¢6 phuong trinh diic trung
+1=0= k=i
Do d6 nghiem téng quat ctia phuong trinh thuin nhat tuong tng 1a § = C} cos z + Cysinx.
BuGc 2. Vé phéi cia phuong trinh 1a f(z) = €* cosx do d6 a + i = 0 47 1a nghiém ctia
phuong trinh diic trung va bac clia da thitc bang 0 nén ta tim mot nghiém riéng ctia phuong
trinh dudi dang:
z(Acosz + Bsinx)
(A+ Bx)cosz + (B — Ax)sinz
" = (2B — Az)cosx — (2A + Bz)sinz.

/

Y
Y
Y
Thay Y,Y’,Y” vao phuong trinh va rit gon ta dugce :

2Bcosr — (—2Asinz) = cosx

= { 24 =0 = 4= 01
2
Vay nghiém riéng cua phuong trinh 1a Y = gsin x.

- . T .
Do d6 nghiém tong quat ctia phuong trinh la y = Ccosx + Cysinx + 5 Sinz.

¢) V& phai clia phuong trinh 14 tdng ctia hai ham fi(z) = cos 2z, fo(z) = cos .
Theo nguyén 1y chdng chat nghiem, tong nghiem riéng ctia phuong trinh trong (a) véi mot
nghiém riéng ctia phuong trinh trong (b) 1a mot nghiém riéng ctia phuong trinh da cho.

1
Vay Y = —3 cos 2x + %sinx 1A mot nghiém riéng cua phuong trinh da cho.
2 1 .
Do d6 nghiém tong quat ctia phuong trinh la y = Cycosx + Cysinx — 3 cos 2z + gsm x.

el‘

14 et

eVi du 3.31. Giai phuong trinh ¢y —y =

Loi giai.
Buéc 1. Gidi phuong trinh thuan nhat ¢6 phuong trinh dic trung k> — 1 =0 = k = £1.
Vay nghiém tong quét cia phuong trinh thuan nhat tuong tng y = Cie” + Che™™.

x

BudGc 2. Vé phai clia phuong trinh & f(z) =

khong c¢6 dang dac biét. Ta st dung
1+e®

phuong phap bién thién bang s6 Lagrange tim nghiém ctia phuong trinh khong thuan nhat duéi
dang y = Cy(z)e” + Cy(x)e* trong d6 C(x), Cy(z) 1a nghiém cia he:

Ci(z)e® + Ch(x)e ™ =0
{ Cl(x)e” — Ch(x)e ™ =

1 1
Gidi ra ta duge Cy(z) = 5 [z —In(e® + 1) + K], Cy(x) = —3 [e* —In(e” + 1) + K.

Vay nghiém tong quat ctia phuong trinh la:

1 1
y = §€$ [z —In(e” + 1) + K3] — ie_x [e® —In(e® + 1) + K.
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Bai tap chuong 3

Bai 3.1. Giai cdc phuong trinh vi phan cé bién sb phan ly:
a) (1+ x)ydaz +(1— )xdy = 0;
(22 —yz)y + y* + xy* = 0;

)
) 224/y% —y + ldx — (1 + 2?)dy = 0;
)

o o

d) z\/1 4+ y? d;v+y\/1+x2dy—0 Yo =
e) 1+62‘”) *dy = e*dx, y|,_, = 0.

Dap

a) In |xy|+x—y=0,

b)x+y ‘g e

1
) 1+a% = <y—§+\/y2—y+1>;
) VItaZ+/1+y2 =vV2+1;

3
e) y* = 3arctane® — T,

4
Bai 3.2. Giai cac phuong trinh vi phan ding cip mot:
. 2zy+y?
a)y = — 5

b) zdy — ydx = \/m;

c) zyy +° —2y* = 0;

d) (32% + v}y + (v* — 2%)ay’ = 0.

Dap sb:

a) z(z +y) = Cy;

) 1+ 2Cy — C%*2? = 0;

) y = +xv1+ C%a?;

d) z(z* + y*) — C*y = 0.

Bai 3.32. Giéfil cic phuong trinh vi phan tuyén tinh cap mot:
T —

a)y — 5 —y=1

b) i + 2ay = ze

c) (L+a%)y —2zy = (1 +2°)%

=3

2y
P4y 3. _ 2t
Dap sb:
r—1
a)y:(ln ‘—FK) (2? — 2);
T
2
b)y=e " <C—|—%>;
¢)y=(1+2%)(x+C);

d)y=(x+1)? (%2+x+%)

Bai 3.4. Giai cac phuong trinh vi phan Becnully sau:
a) (1 + 2?)y — 4%y = 2(1 + 2%)*/y;

)y — 2y cot gr = |/ysinda;

¢) ytxy = Xy

9
d) v +y=e2. VY y\m:ozz

=3
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a) y = (In|z| + K)* (1 +2?)?;
b) y = (sme/S—i—Slnx—i-K) sin? x;
) (22 + 14 Ke*’) = 1;

d)y= <%em + 1)2.

Bai 3.5. Giai cdc phuong trinh vi phan toan phan:
a) (x+y+1)de+ (z —y* +3)dy = 0;
b) 2(3zy?* 4 22°)dx + 3(22%y + y*)dy = 0;
¢) (2z + y)evdr + (2 + zy + z)evdy = 0;
2z 2
O (14 )i (g w=o
Dap sb:
22 %
a) ?+x+$y—§~l—3y:C;
b) 2t + 322y + 3 = C;
¢) (22 + zy)e? = C,
d)z+y+Inz2+y*+1)=C.
Bai 3 6. Giai cac phuong trinh vi phan cap 2 khuyét:

a) xy" — = ze”;

)
b)y' == —wle=1)=0; yly =15 ¥l =L
1
)y +2y(1=2y) =0; ylog =05 ¥lmy = 3
4
d) vy’ —y =2*Inz; yl,_, = —5 Y|, =—1.
Dap sb:
a)y=e*(z— 1)+ C1a? + Cy;
1
b) y = % (3z* — 423 — 3622 + T2z + 8);
) 1 1
c)y=——
YT T w1y
5 (me3)

Hy="(me-2

)y 7 \nz— g2
Bai 3.7. Giai cac phuong trinh vi phan

a) 22(Inx — 1)y” — 2y’ + y = 0 biét ring n6 c¢6 mot nghiem rieng dang y;(x) = x*, a € R.
b) (Zm + 1)y” + (4o —2)y — 8y =0 biét ring n6 c6 mot nghiém rieng dang yy(x) = e**,a € R.
c) (x? ) — 6y = 0 biét rdng n6 c6 mot nghiem rieng y;(x) ¢6 dang da thic.

d) 2z —2?)y" + (2* = 2)y' +2(1 —2)y =0, y|,_, =0, /| ,_, =1 biét ring n6 c6 mot nghiem
rieng Y1( ) = e’

1 2z ~ X £ kd
e) z(z+1)y" + (x +2)y — y =  + — biét rang phuong trinh thuan nhat tuong ting ctia né cé
x

mot nghiém riéng dang da thic.

f) (20 — 2?)y” +2(x — 1)y’ — 2y = —2 biét ring n6 c6 hai nghiem rieng 1a y;(x) = 1, yo(x) = x.
Pap sb:

a) Yy = 0113 + C2 In |LL’|,

2 1)
b) y = Cie > + Cy [—(I; ) —21:};
3z(z* — 1) x+1}
_ 3 _ _ T2
c)y=Cy(x x)—i—CQ{l 5% 1 lnx—l"
d) Y= 3:2 - ex—l,
2 1 3
&) y =" nfa] + G2 +2) + Co +
f)y=Cix? +Co(xr — 1)+ 1.
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Bai 3.8. Giai cac phuong trinh vi phan sau:
a)y'+2y +y=3e"Vr+ 1
b) y' +y = tgx;

"By 46y = ——.
€)Y+ 5y + 6y =

Dap sb:
4
a)y=e" <C’1 + Cox + 5(1 + x)5/2>;

b) y = C} cosx + Cysinx — cosz In ‘tan (g + %) ;

1
¢) y=Cre 2 4+ Che™® + —e 2 In(1 + **) + e 3%arctane®.

2
Bai 3.9. Giai cac phuong trinh vi phan sau:
a) y" — Ty + 6y = sinx;
b) y" + 9y = 6¢37;
y' — 3y =2 — 6ux;
) y" — 2y + 3y = e "cosx;

5sinx + 7cosw
74 5
= (Y cos3x + Cy sin 3z + %e?’”;
= C} + Cye3® + 2%
-

Y
)

d) y = e”(Cicosv/2x + Cysinv/27) + 1
)

= (Cc082x + Cysin 2 — gCOSQm.

(5cosx — 4sinx);



Chuong 4

MA TRAN - DINH THUC - HE
PHUGNG TRINH TUYEN TINH

4.1. Ma tran

4.1.1. Khai niém ma tran

* Dinh nghia 4.1. Mot bang s6 chit nhat c¢6 m hang n cot duge goi 1a mot ma tran ¢ m x n.
a;; 12 phan t ndm & hang ¢ cot j clia ma tran A. Ta viét:

aix Qa2 - Qip 11 Q2 - Qip

(21 Q22 -+ Qg < Q21 Q22 -+ Ay
A= " hoac A= "

Am1 Qm2 = Qmp Am1 Am2 - Amnp

Dang thu gon 1& A = [a;;]mxn hodc A = (@ij)mxn-
Ky hiéu tap cdc ma tran ¢ m x n 1a M,,xn
oVi du 4.1. Bang sb
A= B _52 —47}

14 mot ma tran ¢d 2 x 3 v6i cdc phan ti

an =1; app=-2; a3 =4
a1 = 3; Qg =9; Qg = —1.

+ Chii y: Trong khuon kho bai gidng nay, ching ta chi xét chi yéu cac ma tran thuc, tic I3
cdc ma tran véi a;; € R

4.1.2. Mot s6 dang dic biét cia ma tran
a) Ma tran khong

Ma tran khong 13 ma tran ma tat ca cac phan tit déu bing khong. Ma tran khong duge ky
hiéu la O.
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oVi du 4.2.

la mot ma tran khong cd 2 x 4

b) Ma tran hang, ma tran cot
Ma tran hang 1a ma tran chi ¢6 mot hang. Ma tran c¢ot la ma tran chi ¢6 mot cot.

1
[1 2 3] la ma tran hang; 2| 14 ma tran cot
3

¢) Ma tran vuéng cap n
Ma tran vuong cap n la ma tran c6 n hang va n cot, ky hieu A = [a;;], hodc A = (a;;)y

11 Az - Qip
Q21 Qg2 -+ Q2p
A—
An1 Gp2 " Gpp
Cac phan t a1, s, . . ., an, duge goi 1 cac phan tii chéo, chiing tao thanh duong chéo

chinh clia ma tran vuong. Ky hiéu tap cdc ma tran vuong cap n la M,,
d) Ma tran tam giac:

Ma tran vuong A = [a;j], trong d6 a;; = 0 néu i > j duge goi 1a ma tran tam gidc tren.
(Ma tran c¢6 cac phan tit nam phia dudi dudng chéo chinh déu bang 0)

11 Qg - Qin @11 Adiz - Qi
0 axp - az . 2 Q22 -+ Q2p
con viéet
0 0 T Qpp Qnp,

Ma tran vuong A = [a;], trong d6 a;; = 0 néu ¢ < j dude goi la ma tran tam gidc dudi.
(Ma tran ¢6 cac phan tit ndm phia trén dudng chéo chinh déu bing 0)

a1 O s O a1
a1 az -+ 0 . s 21  A22
con viet
Ap1 Ap2 - Qpn Ap1 Ap2 - Qpn

Ma tran tam gidc trén hodc ma tran tam gidc duéi duge goi chung la ma tran tam giac.
e) Ma tran chéo

Ma tran chéo 13 ma tran vuong cip n trong d6 a;; = 0 néu i # j:
(Ma tran c6 cac phan tit ndm ngoai dudng chéo chinh déu bing 0)

a1 O s O aiq
0 ap --- 0 R 2 a22
con viet
0 0 - apn Ann

f) Ma tran don vi cap n
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Ma tran don vi cap n 1a ma tran chéo vdi tat cd cac phan tit chéo déu bang 1. Ky hiéu I,
hosic E,. Khi n da rd hosic khong can thiét phai nhic téi ta c6 thé ky hitu ma tran don vi la 1
(hoac E).

1 0 --- 0 1
0 1 - 0 . 1
con viét
0 0 1 1

4.1.3. Phép toan trén ma tran

a) Ma tran bing nhau

x Dinh nghia 4.2. Hai ma tran A vd B dugc goi 14 bang nhau néu ching c6 cuing ¢d va cac
phan tit cung vi tri bing nhau.

b) Cong ma tran

x Dinh nghia 4.3. Tong clia hai ma tran ciing ¢d A = [ai;]mxn V& B = [bij]mxn 12 ma tran
A+ B ¢d m x n xac dinh béi: A+ B = [a;; + bijlmxn

Nhu vay mudn cong hai ma tran cung cd ta cong cac phan ti cling vi tri.

RS e

<& Tinh chat Véi A, B, C, O 1a céc ma tran ¢d m x n dé thiy:

eVi du 4.3.

A+B=B+A
A+0=0+A=A4A
(A+B)+C=A+(B+0)

¢) Nhan ma tran v6i mot s

*» Dinh nghia 4.4. Tich ctia ma tran A = [a;;]mxs V61 s0 thuc k 1d ma tran kA ¢d m x n xac
dlIl]’] béi: kA = [k’aij]an

Nhu vay muén nhan ma tran véi mot sé ta nhan s6 d6 véi tat ca cac phan tit ciia ma tran.
Vi du 4.4.

2{1 2—4}:{2 4—8} ;

Y
-3 1 7 -6 2 14 1 -3

O =
co| l ol ro
—
O

<& Tinh chat Véi A, B € Mo, k, 1 € R ta c6:
kE(lA) = (kl)A

(k+1)A=kA+IA
k(A+ B) = kA + kB

d) Nhan hai ma tran
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* Dinh nghia 4.5. Tich ctia ma tran A = [a;;|mxp V6l ma tran B = [b;;]pxn (theo thi tu d6)
13 ma tran AB = C = [¢ij]mxn V0L cac phan tit duge xac dinh nhu sau:

p
Cij = E aikbkj = ailblj + aigbgj + -+ Clipbpj
k=1

Nhu vay khi lay hang 7 ctia ma tran thi nhat nhan tuong tng véi cot j clia ma tran thi
hai ta duge phan tit ¢;; clia ma tran tich.

oVi du 4.5. )
-3
1 =2 3] | 2| =[L(-3)+(-2)2+34] = [5]
K
oVi du 4.6. )
-3 -3 6 -9
2|1 =2 3]=]2 -4 6
4 | 4 -8 12
oVi du 4.7.
129 o [0y
2 4 )| 5 4
oVi du 4.8.
{1 —2H4 2}{0 0} {4 2H1 —2}{—2 4}
-3 612 1] 1o o) 2 1J1-3 6] -1 2

<& Tinh chat Véi A, B, C 1a cdc ma tran sao cho céc phép toan dudi day thuc hien duge va
k € R ta co:

(AB)C = A(BC) A(kB) = k(AB)
A(B+C)=AB+ AC (A+ B)C = AC + BC
Al =T.A=A

* Chii y: : Phép nhan ma tran khong c6 tinh chat giao hoén.
e) Luy thira ma tran

* Dinh nghia 4.6. Cho A 1a ma tran vuong cap n, k € N*. Liiy thita bac k clia ma tran A 1a
ma tran vuong cing cap dugc xac dinh nhu sau:

k ma tran A
Nhan xét 4.1. Do tinh chat két hop clia phép nhan ma tran nén:

AP = (AR A= A (AR

Vi du 4.9. Cho A = B i}.TﬁﬂlA@
Lo gidi.
Ta co:

=lo o 1] =lo 1
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B AL I-b

n_ |1 n
A_{o J

Du doan cong thiec:

Ta chiing minh c6ng thitc trén bang quy nap:

e Cong thitc da diang trong truong hgp n = 1,n = 2.

1 k

0 J. Khi dé:

e Gi4 sit cong thitc ding véi n = k > 2, titc 1a: A¥ = {

Akﬂ_[l k} {1 1}_{1 k+1}
0 1o 1) 1o 1

titc 1a cong thie ding v6i n =k + 1.

Vay cong thitc dy doan da duge chitng minh xong.
f) Chuyén vi ma tran

% Dinh nghia 4.7. Ma tran chuyén vi clia ma tran A 13 ma tran c6 dude tit A sau khi doi
hang thanh cot va doi cot thanh hang, ky hieu A*

Nhu vay néu A = [a;j]mxn thi A* = [bjilnxm : bji = a;,Vi=1,...,m,5=1,...,n.

eVi du 4.10.

1 2 3

t __
45 6}:>A_

W N =
S O

<& Tinh chat Véi A, B,C 1a cic ma tran sao cho cic phép toan dudi day thuc hien dudge va
k € R ta co:

(A+ B)!= A"+ B, (KA =Fk.A

(AB)" = B". A% (Am)F = (AT)m

4.1.4. Bién doi so cap trén ma tran

Céc bién ddi sau day dude goi 1a bién ddi so cip trén ma tran:
+) Chuyén vi ma tran;
+) Doi chd 2 hang (cot);
+) Cong nhiéu hang (cot) vao mot hang (cot);
+) Nhan mot hang (cot) v6i mot s6 khéc 0;
+) Nhan mot hang (c¢ot) v6i mot s6 roi cong tuong ing vao hang (cot) khac.
+ Chu y: Hién nhien khi thuc hién céc bién déi trén thi ma tran thay déi. Cac phép bién déi
chi thuc hien tren hang dugc goi 1a bién doi so cip vé hang, cac phép bién ddi chi thuc hién
trén cot duge goi 1a bién doi so cap vé cot.
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4.2. Dinh thic

4.2.1. Dinh nghia

Xét ma tran vuong cap n:

@11 a2 - Qip
A= Q21 Qg2 -+ Q2p
Ap1 Ap2 - Qpnp

* Dinh nghia 4.8. Ma tran con tGng v6i phan ti a;; cua A la ma tran c6 duge tir A sau khi
bé di hang i va cot j, ky hiéu la M;;

oVi du 4.11. Vi ma tran

1 2 3
A= 14 5 6
78 9
ta co:
5 6 1 2
Mll - |:8 9:| I M23 - |:7 8:|

x Dinh nghia 4.9. Dinh thitc cia ma tran A 1a mot s6, ky hieu 1a det(A) hoiic |A] duge dinh
nghia nhu sau:

A 13 ma tran cap 1: [an] thi det(A) = aq;

11 Q12

i| thi det(A) = 110929 — Q120921
Qo1 A2

A la ma tran cap 2: {
A la ma tran cap n thi:
det(A) = a1y det(Myy) — arp det(Myg) + ... + (=1)"*"ay, det(My,,)
(cong thitc nay con duge goi 1a cong thitc khai trién dinh thitc theo hang 1)
oVi du 4.12.

1 2 =3
-4 5 6 :1’

5 6‘_2‘—4 6
7 -8 9

—4 5
-8 9 7 9‘_3‘ ’

7 =8

—1(45 + 48) — 2(—36 — 42) — 3(32 — 35) = 258

4.2.2. Tinh chat

a) Tinh chat cd ban ctia dinh thic
<& Tinh chat 1. det(A4) = det(A?)
Do d6 mot tinh chat ctia dinh thitc khi phéat biéu ding véi hang thi ciing sé ding véi cot.
<& Tinh chat 2. Ddi chd hai hang (hay hai cot) ctia dinh thic thi dinh thitc ddi dau.
<& Tinh chat 3. Cong thitc khai trién dinh thic theo hang i:

n

det(A) = Z(_l)i—’—jaij det(M;;)

=1
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<& Tinh chat 4. Cong thitc khai trién dinh thtc theo cot j:

n

det(A4) = Z(—l)iJrjaij det(M;;)

i=1
oVi du 4.13. Xét ma tran

1 2 =3

A=|—-4 5 6

7 =8 0

Khai trién dinh thitc cia A theo hang 2 ta co:

det(A)_4‘2 -3 1 -3 1 2‘

-8 0 70 7 -8
—4.(0 — 24) + 5(0 4 21) — 6(—8 — 14) = 141

ok o]

Khai trién dinh thitc theo cot 3 ta cé:

-4 5 1 2
7 =8 7 -8

= —3(32—35) — 6(—8 — 14) = 141

det(A)——?)’ ‘—6’ ‘+O

b) Dinh thic cta ma tran tam giac
Stt dung cong thitc khai trién dinh thitc theo hang 1 hoidc cot 1 dé thiy dinh thitc cia ma
tran tam gidc bang tich cac phan tit chéo:

11 Q12 -+ Qin ai o .- 0
0 azxp --- a a21 A22
= 011022 - . - Anp; ... ... .| T auna... G
O O s Qpp Ap1 Ap2 - App

c) Cac phép toan trén dinh thic
Tong hai dinh thitc. Khi tit cd cdc phan tit cia mot hang (hay mot cot) c6 dang téng clia
hai s6 hang thi dinh thitc c6 thé phan tich thanh tdng hai dinh thitc. Ching han:

a1 a2 + b2l |ann aro air bio

a1 Gz + boy (91 Q22 ag  boy
aip + b aig +bia|  |ann aiz bir bio

21 22 G21  G22 21 22

Nhan dinh thic v6i mot s6. Khi nhan dinh thitc v6i mot s6 ta nhan s6 dé véi mot hang
(hodic mot cot) clia dinh thite. Nguge lai, khi cac phan tt cia mot hang (hodc mot ¢ot) ¢o thira
s6 chung thi ta c6 thé dua thita sé chung d6 ra ngoai dau dinh thitc.

eVi du 4.14.

1 =3 5 2 —6 10

217 =1 4|=|7 -1 4 Nhan s6 2 vao hang 1
5 —9 8 5 —9 8
2 —6 5
=27 =1 2 Dua s6 2 G cot 3 ra ngoai

5 =9 4
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Dinh thiic ctia tich hai ma tran. Néu A va B 1a hai ma tran vuong cling cap thi co:

det(AB) = det(A). det(B)

oVi du 4.15. Cho ma tran

a b c d
-b a d -—c
A —c —d a b
—d ¢ —=b
Tinh det(AQOlO)
Loi giai.
[ a b c d a —b —c —d
-b a d —c|l|b a —-d c
t_
A4 = —c —d a b c d a —b
|—d ¢ —=b a d —c b a
[a? +V? + 2+ d? 0 0 0
B 0 a? + b+ + d? 0 0
N 0 0 a?+ b+ d? 0
i 0 0 0 a? + b+ + d&?
Suy ra:

det(A.A") = (a® + b* + & + d*)*

Ma det(A) = det(A?) nén det(AA?Y) = det(A). det(A?) = [det(A)]*. Do do

Vay:

[det(A)]* = (a® +b* + & + d*)*

det(A2010) = [det(A)]?10 = {[det(A)]2}"™
_ {(a2+b2 +02 —|—d2)4}1005 _ (a2 +62 +02 +d2)4020

d) Cac truong hgp dinh thic bing 0

Néu ma tran c6 mot trong cac dic diém sau day thi dinh thic ciia né bang khong:

C6 mot hang (hay mot ¢ot) bang khong;
Co6 hai hang (hay hai cot) ty 1g;

C6 mot hang (hay mot cot) 1a t6 hgp tuyén tinh clia cdc hang khac (hay clia cdc cot
khéc).

e) Anh hudng cta cac bién ddi so cAp dén dinh thic

Néu chuyén vi ma tran thi dinh thtc ctia ma tran khong doi;
Néu ddi chd hai hang (hodc hai cot) thi dinh thitc ddi diu;

Néu cong nhiéu hang (hodc nhidu cot) vao mot hang (hoic mot cot) thi dinh thic khong
doi;

Néu nhan mot hang (hodc mot cot) cia dinh thite v6i 6 k # 0 thi dinh thitc méi bing k
nhan véi dinh thic ci;

Néu nhan mot hang (hodc mot cot) véi mot s6 roi cong vao hang (hoiic cot) khac thi dinh
thitc khong ddi.
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4.2.3. Tinh dinh thiic bing bién doéi so cap
Dé tinh mot dinh thiic bing bién ddi so cap ta lam nhu sau:

Budce 1. Ap dung céc bién déi so cip dua dinh thite da cho vé dang tam gidc, nhé ghi lai tac
dung ctia timg phép bién doi duge st dung;

Budc 2. Tinh dinh thitc clia ma tran tam gidc bang tich céc phan tit chéo, vi ké dén tac dung
tdng hop ciia cac bién doéi da st dung.

+ Chii y: C6 thé két hop cac cong thic khai trien dinh thdc va bién ddi so cap dé tinh dinh
thiec.

oVi du 4.16. Tinh dinh thiec:

31 11
1 3 11
A=l 131
1113
Loi giai.
6 6 6 6
1 3 11 ~ PR S Tos
A= 113 1 cong cac hang vao hang 1
1 11 3
1 1 11
1 3 11 NP SR .
= 6 113 1 dua thita s6 6 § hang 1 ra ngoai
1 11 3
1 1T 11
0200 R PO PP .
= 6 00 2 0 cong —1 lan hang 1 vao cac hang khac
000 2
= 6.1.2.2.2 =48
oVi du 4.17. Tinh dinh thtec:
1 2 -1 3
3 6 7 =2
A= 2 7 -8 15
-4 —6 5 =2
Loi giai.
bzl Cong —3 hang 1 vdo hang 2
00 10 11 ong ang 1 vao hang
A= Cong —2 hang 1 vao hang 3
Vo6 Cong 4 hang 1 vao hang 4
02 1 10 ong 4 hang 1 vao hang
12 -1 3
g 01 -2 3 Dua thita s6 3 ¢ hang 3 ra ngoai
0 0 10 —11| Doichd hang 2 v hang 3
0 2 1 10
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12 -1 3

01 -2 3
= =3 Cong —2 hang 2 vao hang 4

00 10 11| ° g g

00 5 4

10 —11 e, ez s N
= -3 _— Khai trien dinh thic theo ¢ot 1 (2 lan)

—  —3(40 4 55) = —285

4.3. Ma tran nghich dao

4.3.1. Dinh nghia

* Dinh nghia 4.10. Cho A 1a ma tran vuong cap n. Néu ¢6 ma tran B vuong cling cip sao
cho:
AB=BA=1,

thi n6i A kha dao va goi B la ma tran nghich dao ciia A. Ky hiéu ma tran nghich dao ciua A
la AL

Nhu vay ta c6: AAt=A1TA=1,
Khi A ¢6 ma tran nghich ddo ta néi A khong suy bién.

. o4 121 oo 3 —1 N
oVidu 4.18. Xét A = [5 3} va B = [_5 9 }, ta co:

AB:E ﬂ {—35 _21}:{(1) ﬂ:b? BA:EE) _21} {2 1}:{1 O}:]Q

Vay B=A"'vd A= BL

4.3.2. Tinh chat

¢ Dinh 1y 4.1. Ma tran nghich dio cila ma tran vuong A néu cé thi duy nhat.
A.Gia st B va C' déu 1a ma tran nghich do ctia A, nghia la:
AB=BA=1, AC=CA=I,
T AB = I, suy ra:
C(AB)=CI, = (CA)B=C = I,B=C = B = CL..
¢ Dinh ly 4.2. Néu ma tran vuong A kha ddo thi det(A) # 0.

A Vi A ¢6 ma tran nghich dio nen ton tai A~* va A. A1 = I,. Ap dung cong thic tinh
dinh thite cta tich hal ma tran ta cé:

det(AA™") = det(I,,) = det(A)det(A™") =1
Vay phai ¢6 det(A) # 0. Ta cling ¢6 det(A™1) # 0 0.
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¢ Dinh 1y 4.3. Néu ma tran vuong A € M,, ¢6 det(A) # 0 thi A khd ddo va:

. ¢
det(A)

G dé C = [c¢ij], Ia ma tran phu hop clia ma tran A va ¢;; = (—1)" det(M,;).

A.Ap dung cong thitc khai trién dinh thitc theo hang (i) ta c6:

i(— 1) a;; det(M,;) = det(A)

= i1C1 + QiaCia + + F AinCip = det(A).

Vi dinh thitc ¢6 hai hang gidng nhau thi bing khong nén suy ra:

aklci1+ak26i2+"'+akncin:{ 0 néu k£i-

Do d6 ACt = det(A).I

Ap dung cong thitc khai trién dinh thtc theo cot va lap luan tuong ty ta ciing co:

C" A = det(A).I

1 1 N
Nhu vay A. (det(A) C’t> = <det(A)Ct> .A = I suy ra diéu phai chitng minh 0.

O Dinh 1y 4.4. Cho A la ma tran vuong cap n.
i) Néu B la ma tran vuong cung cap vdi A sao cho AB = I thi A khd diao va B = A~
ii) Néu B la ma tran vuong ciing cap vdi A sao cho BA = I thi A kha ddo va B = A~

A.i) Vi AB = I nén det(AB) = det(/) = det(A) det(B) = 1. Do d6 det(A) # 0. Theo dinh
Iy (4.3) suy ra A kha ddo va ¢6 ma tran nghich ddo AL
Nhan déng thitc AB = I ben trai véi A~! ta co:

AN AB)= A= (A'A) B=A"=B=A"

Phan (ii) ching minh tuong tu 0.
¢ Dinh 1y 4.5. Gia sit A, B € M,, la cac ma tran kha dao. Khi dé:

i) A7! ciing khd ddo va (A~1)~1 = A;

ii) Vm € N* ta ¢6 A™ ciing khd dao va (A™)~! = (A=H)™;

iii) Yk # 0 ta ¢6 kA ciing kha ddo va (kA)™' = —A~;

iv) AB ciing kha dao va (AB)™' = B~1A™L

| =

A.Céac phan duge chiing minh tuong t, ching han ching minh (iv):
(AB)(B'A™ ) = A(BB YA ' = ATA' = AA =T

Vay theo dinh 1y (4.4) suy ra AB kha ddo va ¢6 ma tran nghich déo la (AB)~! = B~'A~! 0.
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4.3.3. Tim ma tran nghich dao bang phu dai s6

Dé tim ma tran nghich ddo cia ma tran A = [a;;], ta ap dung cong thic ctia dinh 1y 4.3:

. ¢
det(A)

6 do:
C = [¢ij]n 1a ma tran phu hgp clia ma tran A;
ci; = (—1)" det(M;;) 1a phu dai s6 clia phan tif a;j;
M;; 1a ma tran c6 dudc tit A sau khi b di hang i va cot j.

oVi du 4.19. Tim ma tran nghich dao cua:

1 2 3
A=12 5 3
1 0 8
Loi giai.
2 3 1 2
w11 3 st = o
Céac phan tif clia ma tran phy hop Ia:
5 3 2 3 2 5
011:+O 8:407 012:_1 8:_137 613:+1 0:_5
2 3 1 3 1 2
C21:_0 8:_16) 022:+1 8:57 623:_1 0:2
2 3 1 3 1 2
031=+53=—9; G2 =~ |, 323; 633:+25=1
Do do: )
40 —-13 =5 40 —-16 -9
C=1|-16 5 2| =Ct=1|-13 5 3
-9 3 1 -5 2 1]
Vay ma tran nghich dao cia A la:
1 40 =16 =9 —40 16 9
Al = — -13 5 3|=]13 -5 -3
- -5 2 1 5 -2 —1

eVi du 4.20. Tim ma tran X, biét:
1 2 1 -1 2
{—1 3} X = {3 1 —4}

Lai gidi.

(12 1 -1 2
DatA_Ll 3}’ B_{s 1 —4}‘
Ta c6: det(A) =5 # 0 nén A c6 ma tran nghich ddo A~L.

Phuong trinh ma tran da cho trd thanh: AX = B< X = A™'B.
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Ma tran nghich ddo A~! duge tim nhit sau:
731 t_{?) —2} L1 t_1[3 —2}

Vay ma tran X can tim [a:

-3, u
1, _1{3 _2H1 ~1 2]_1{—3 -5 14}_—— =
X_SCB_51131—4_540—2_§O—_2

5 5

4.3.4. Tim ma tran nghich dao bang phuong phap Gauss-Jordan

Mubn tinh ma tran nghich ddo A~! clia ma tran A bing céc bién ddi so cip vé hang ta lam

nhu sau: !

e Viét ma tran don vi I bén canh ma tran A.

e Ap dung cac phép bién déi so cAp vé hang dé dua din ma tran A vé ma tran don vi I,
tac dong dong thai phép bién ddi so cAp vao ma tran 1.

e Khi A di dugc bién ddi thanh ma tran I thi I tré thanh ma tran nghich dado A~L.

Al - I|B=B=A"

oVi du 4.21. Tim ma tran nghich dao cuia:

1
A= 12
1

S ot N
o W W

L&i giai. Qua trinh bién déi c6 thé ghi tom tit thanh bang sau:

1 2 3 1 0 0 H,

2 5 3 0 1 O H,

1 0 8 0 0 1 H;

1 2 3 1 0 0

o 1 3| -2 1 O0|-2H,+Hy,— Hy
0 -2 5| -1 0 1| —H,+ H;— H;
1 0 9 5 -2 0| —2Hy+ Hy — H;
o 1 3| -2 1 O

0 0 -1| -5 2 1| 2H,+ Hy — Hs
1 0 0|40 16 9| 9H3+ H, — H,
0 1 0| 13 -5 -3|—-3H3+ Hy,— Hy
o 0 -1 -5 2 1

10 0|-40 16 9

0o 1 0} 13 -5 -3

0 0 1 5 -2 -1 —H3 — Hj

1Co 6 1y thuyét ciia phuong phap nay dé nghi xem & phan 4.5.4
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Vay ma tran nghich dao cia A la:

—40 16 9
A'=1]13 -5 =3
5 -2 —1

4.4. Hang cila ma tran

4.4.1. Dinh nghia

* Dinh nghia 4.11. Cho A 13 ma tran cap m x n. Ma trgn con cap p cia A 1a ma tran co
duge tir A sau khi bd di m — p hang va n — p ¢ot. Dinh thic cta ma tran doé 1a dinh thic con
cap p cia A.

*» Dinh nghia 4.12. Hang cta ma tran A 1a cap cao nhat cia dinh thitc con khéac khong clia
ma tran A, ky hieu p(A) hoac r(A).

oVi du 4.22. Xét ma tran:

1 -2 3 4
A=12 -4 1 3
-1 2 0 -1
Céac dinh thitc con cap 3 clia A la:
-2 3 4 1 3 4 1 -2 4 1 -2 3
41 3|=0 |2 1 3|=0; |2 -4 3|=0 |2 -4 1]=0
2 0 -1 -1 0 -1 -1 2 -1 -1 2 0
Cac dinh thitc con cip 2 clia A la:
1 -2 1 3
A

Vay cap cao nhat trong cic dinh thitc con khéac 0 clia A 1 cap 2, do d6 p(A) = 2.

@ Nhan xét Cac bién doi so cAp khong lam thay déi hang céia ma tran.
4.4.2. Tim hang ctia ma tran bing bién doi so cap

% Dinh nghia 4.13. Ma tran bac thang la ma tran c6 cac dic diém sau:

e Céc hang bing 0 6 duéi cac hang khac 0; (néu ma tran vira c6 cac hang bang 0, viia ¢6
cac hang khac 0).

e D&i v6i 2 hang khac khong lien tiép, phan tit khac 0 dau tien (ké tit trai sang) ctia hang
trén ndm bén trai phan tit khac 0 dau tien ctua hang dudi.

eVi du 4.23.
123 0 4
056 0 0],. s . . .
000 7 8 la ma tran bac thang c¢6 3 hang khéc 0
00 00O

Nhan xét 4.2. Hang clia ma tran bac thang bang s6 hang khac khong ctia ma tran do.
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Quy tac thyc hanh tim hang cGia ma tran: Dé tim hang clia ma tran A ta st dung céc
bién doi so cap dua ma tran A vé ma tran bac thang B. Khi do:
p(A) = p(B)= s6 hang khéc khong clia B

oVi du 4.24. Tim hang ctia ma tran:

1 -2 3 4
A=1|2 —4 1 3
1 2 0 -1
Lai giai.
1 —2 3 1 -2 3 4] . . 1 -234
A= |2 —4 1 3| Z22tbzth g o 5 5| 2272 o 0g 0 11
-1 2 0 —1] MR o o 3 3| MEPETE g o 0 0

Ma tran cudi cing la ma tran bac thang véi 2 hang khac khong. Vay: p(A) = 2.
oVi du 4.25. Tim m dé ma tran sau c6 hang bé nhat trong cic gia tri ma né c6 thé nhan:

3 1 1 4 -1
B m>+m 4 10 1 m+5

1 7 17 3 8

2 2 4 3 1

Véi gia tri d6 cia m hang cia B bang bao nhieéu?

Loi giai.
3 1 1 4 -1 1 4 3 —1
B_ m2+m 4 10 1 m+5| ceccecs [4 10 1 m?>+m m+5
- 1 7 17 3 8 C3+Cy 7 17 3 1 8
2 2 4 3 1 2 4 3 2 1
1 1 4 3 —1 1 1 4 3 —1
Ho<>Hy 2 4 3 2 1 —2H1+Ho—H> 0 2 _5 _4 3
“lrar s 8 o 010 =25 —20 15
410 1 m>+m m+5 7% o 6 15 mPtm—12 m+9
—4H{+Hs—Hy
1 1 4 3 -1
—3Ho+Hs—Hy R O 2 _5 _4 3
4 2
—5H2—|—H3 —>H3 0 0 0 me+m m
H, < H, 000 0 0

Vay hang(B) nhan gia tri nhd nhat néu m = 0. Khi d6 p(B) = 2.

4.5. Hé phuong trinh tuyén tinh

4.5.1. Dinh nghia

x Dinh nghia 4.14. Heé phuong trinh tuyén tinh m phuong trinh, n an la hé phuong trinh cé
dang:
anry + aprs + -+ AT, = b1
a211 + G2 + o+ Qopd, = b2

(4.1)

Am1T1 + QpaTs + -0+ GppT, = bm
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trong do:
® Ti,%o,...,%, l& cic an;
e a;; 12 hé sd clia an x; trong phuong trinh thit ();
e b, la vé phéi clia phuong trinh thit (7).

Dang ma tran cia hé phuong trinh tuyén tinh

Dat:
11 Q2 - Qin X1 by
Q21 Q22 -+ Q2 X2 by
A= " x = : b=
Am1 Am2 **° Omp Tp bm

thi hé phuong trinh (4.1) con ¢6 dang ma tran:
Az =0

trong d6 A la ma tran hé so ; x 1a ma tran an; b 14 ma tran vé phdi.

4.5.2. Giai hé phuong trinh bing ma tran nghich dao
Cho A 1a ma tran vuong cap n khong suy bién. Khi d6 hé phuong trinh Az = b ¢6 nghiém
duy nhat: . = A1)

2I1+3l’2 = 5
4[L‘1—$2 =7

oVi du 4.26. Giai he: {

Lai gidi.

Tim ma tran nghich dao cua A:
-1 — 1 [—1 —
det(A) = —14 £ 0: c—{ ;) 4}; Al——{ 1 3}

suy ra:

4.5.3. Giai hé phuong trinh bing phuong phap Cramer
¢ Dinh ly 4.6. (Dinh ly Cramer) Hé phuong trinh tuyén tinh Ax = b, vdi A la ma tran
vuong khong suy bién thi hé c6 nghiém duy nhét:

Y17 det(A)

=12 ....n

d do A; la ma tran c6 dugc tit A sau khi thay cot thit j bdi cot vé phai b.
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A Vi A la ma tran khong suy bién, det(A) # 0 nén A ¢6 ma tran nghich dao:

. ¢
det(A)

T phuong trinh Az = b, nhan bén trai hai vé véi A™! ta c6:
AN A=A (A A r=A" b lr=A"ber=A""

vay * = A7'b Ia nghiém ctia hé phuong trinh.
St dung biéu thitc ctia A~! & dinh Iy (4.3) ta suy ra:

L1 cii Cy e D
T2 1 Cl2 C2 -+ Cp2 by
~ det(A)
Tn Cin Con " Cnpn bn
nghia la ¢6
g - Cljbl + ngbg + -+ anbn _ det(Aj)
! det(A) det(A)

Mat khac, gia sit hé ¢6 hai nghieém la x va y:

Suy ra:
Ar —Ay=0= Az —y) =0

Nhan hai vé v6i AL

A Az —y) = A 0= (2 —y)=0=2=y
Vay hé c¢6 nghiem duy nha
oVi du 4.27. Giai hé phuong trinh:

Ty + 223 = 6
—3$1 + 41‘2 + 61‘3 = 30
—x1 — 2x9 + 3x3 = 8
Loi giai. Ta cé:
1 0 2 6
A=1-3 4 6|; b= 130
-1 -2 3 8
Tinh duge:
1 0 2 6 0 2
det(A)=|-3 4 6| =44#0; det(A;) =30 4 6| = —40
-1 -2 3 § -2 3
1 6 2 1 0 6
det(As) = |[-3 30 6| =T72; det(A3) = |-3 4 30| =152
-1 8 3 -1 -2 8

Vay hé da cho c¢6 nghiém duy nhat la:

—40 10 72 18 152 38

S VI T U VI TR P VIR 1
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4.5.4. Giai hé phuong trinh bing phuong phap Gauss

a) Hé tam giac trén la he phuong trinh tuyén tinh c6 dang:

anry + apry + -+ apr, = b
Ao9To2 + -+ + QAopTp = b2
Apndn = bn

vGi ma tran he s6 14 ma tran tam giac trén:

@11 Aiz2 -+ Qip
A= Q2 -+ A2p
aTLTL

V6i gia thiét det(A) # 0 tie 1a ay; # 0,Vi = 1,2,...n, he tam gidc duge gidi dé dang bang cach
thé nguoc tir dudi len.
b) Thyc hanh giai hé phuong trinh bing bién ddi so cap.
Xét hé phuong trinh
Arx =b;A e M, voi det(A) #0

Lap ma tran md rong bang cach viét ma tran A va ma tran cot b bén tay phai né
A=[A|b] (A con duge goi 1a ma tran bd sung ciia A)

@ Nhan xét Céc bién déi so cAp vé hang trén ma tran A twong tng véi cac phép bién déi
tuong duong hé phuong trinh.

Do d6 dé giai he phuong trinh tuyén tinh ta thuc hien nhu sau: Ap dung céc bién déi so cap
vé hang trén ma tran A dé dua ma tran A vé dang tam gidc. Hé phuong trinh da cho tuong
duong vé6i he tam giac cudi cung. Giai he tam giac (bdng cich thé ngugce tir dudi len) ta thu
dugce nghiém can tim.

Phuong phap vita trinh bay con c¢6 tén la phuong phdp Gauss.

eVi du 4.28. Giai hé phuong trinh:

2[E1 —|— 4%2 —|— 31‘3 = 4
3I1 + i) - 21‘3 = -2
4.(131 + 111’2 + 7[['3 = 7
Loi giai. Ta cé:
2 4 3|4
A=3 1 —2|-2
4 11 7|7

Ap dung cac phép bién déi so cAp vé hang ta co:

2 4 3| 4 2 4 3 4
A 2o g 10 13 16 Hs Mo, 03 1| -1
—2H1+H3—Hs 0 3 1 _1 —3H2+10H3—Hs O 0 _29 —58
Hé da cho tuong duong véi:
2.131 + 41’2 + 3$3 = 4 ry = 1
3ry + X3 = -1 < Ty = —1

— 2923 = 58 r3 = 2
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4.5.5. Giai va bién luan hé phuong trinh dua vao dinh 1y Kronecker-
Capelli

¢ Dinh 1y 4.7. (Dinh ly Kronecker-Capelli) Hé phuong trinh tuyén tinh Az = b c6 nghiem

khi va chi khi p(A) = p(A).

Giai va bién luan hé phuong trinh tuyén tinh tong quat Az = b, A = [a;;]mxn
Lap ma tran A = [ A | b], stt dung céc bién doi so cip vé hang dia ma tran A vé ma tran
bac thang (khi d6 A ciing duge dua vé ma tran bac thang)

e p(A) # p(A): he phuong trinh vo nghiém;

e p(A) = p(A) = n: hé da cho tuong duong véi he tam gidc gdm n phuong trinh, n an. Giai
hé bing phuong phap Gauss ta nhan duge nghiém duy nhdt ctia phuong trinh;

e p(A) = p(A) = r < n: hé c6 vo s6 nghigm va duge giai nhu sau: Tit ma tran bac thang
duge bién ddi tit A, chon mot dinh thitc con cip r khac khong, cic an tng véi cac cot
ctia dinh thic trén duge goi 1a an chinh, cac an con lai goi 14 an phu. Hé phuong trinh
ban dau tuong duong véi hé mdi gom r phuong trinh tuong tng v6i cdc hang ciia dinh
thitc trén. Giai he d6 déi véi cac an chinh ta duge nghiem ciia hé da cho (nghiém cua he
nay phu thudc vao n — r an phu).

oVi du 4.29. Giai hé phuong trinh:

xr1 + 21’2 - 3[E3 = 2
—2x17 + x9 + 4dz3 = 1
—I1 + 31’2 —+ I3 = —4
Loi giai
1 2 —3] 2 1 2 —3] 2 1 2 —3] 2
A= | —2 1 4| 1|2ty 5 o 5| — |05 —2| 5
1 3 1| -4 | M g 5 o _o | TR g g g 7

Vi p(A) = 2; p(A) = 3 nén hé phuong trinh da cho vo nghiem.

oVi du 4.30. Giai hé phuong trinh:

Ty + 2%2 + 3273 = —06
2131 + X9 — X3 = 3
—SZL‘l -+ 21’2 + T3 = 4
—2513'1 + 31’2 + 2$3 = 2
Loi giai
1 2 3| —6 1 2 3| —6
Z 2 1 -1 3 —2H1+H>—H> O _3 _7 15
= L
-3 2 1 4 SHy+Hys Hy 0 &8 10| —14
-2 3 2 2 2+ HymsHy 0 7 8| -—10
1 2 3| —6 1 2 3| —6
8Ho+3Hs—Hs | 0 =3 =7 | 15 55 Ha—Hs 0 -3 =715
5 Ny
THy+3Hy—Hy 0 0 —26| 78 — 25 [y 4 Hy— Hy 0 0 1]-3
0 0 —25| 75 0 0 0 0



106 MA TRAN - PINH THUC - HE PHUONG TRINH TUYEN TINH

suy ra p(A) = p(A) = 3 nén he c¢6 nghiém duy nhat:

Ty + 2.172 + 31‘3 = —6 ry = —1
— 329 — Tr3 = 15 & Ty = 2
I3 = —3 r3 = —3

oVi du 4.31. Giai hé phuong trinh:

rT — ) + 233'3 — 2.1'4 = 1
—21’1 — 3.7)2 + T3 + 4LL’4 = -2
—21’1 + 2%2 — 41’3 + 4ZE4 = -2
31’1 + 2ZE2 + T3 — 61’4 = 3
Loi giai.
1 -1 2 =2 1 1 -1 2 =211
i -2 =3 1 4]-=2 °Hi+Ha—H, | 0 =5 5  0]0
-2 2 —4 41 -2 OH,+Has Ha 0 0 0 00
3 2 1 -6 3 vt Haos Ha 0 5 =5 00
1 -1 2 =211
L, —Hy 0 -1 1 010 —
5 JE— —_—
om0 00 olol|r  PA=AA)=2
0 0 0 010
Chon an z; va 3 13 an chinh, hé da cho tuong duong véi:
r + 21‘3 = 1 + x9 + 2[L‘4 e 21’4 + 1
T _ T T3 = X2
3 2 ro 3wy € R

oVi du 4.32. Giai va bién ludn hé phuong trinh sau theo m:

mer + y + =z = 1

r + my + 2z = m

r + y + mz = m?

Loi giai.
m 1 1|1 1 1 ml|m?
A= 1 m 1| m e Hs 1 m 1| m
1 1 m|m? m 1 1 1
1 1 m m?
—Ht e 0 m—1 1—m | m—m?
TS s g gy 1 —m2 | 1 — B

m—1 1—m m(1 —m)

Ho+Hs—H
2+Hs—Hs (1—m)(m+2)|(1—m)(m+ 1)

1
0
0 0
< m # 1 s T PR <
+ Neu (1 —=m)(m+2)#0< { m A thi p(A) = p(A) = 3, hé ¢6 nghiem duy nhat:

—2
( m+ 1
r = ——
r + y + mz = m? m1+2
y - z = —m Sy = —
m + 2
(m+2)z = (m+1) oo (m1)y
L  om+2
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3 nén hé phuong trinh vé nghiém;

3 nén hé phuong trinh ¢6 vo s6 nghiem phu thude 2 tham
s6 nhu sau:

r,y eR

m+y+Z:1<:>{Z:1_x_y

4.5.6. Hé phuong trinh tuyén tinh thuan nhét

* Dinh nghia 4.15. Hé phuong trinh tuyén tinh

a11T1 + a19T9 + -+ ATy — 0
anry + awry + - + agr, = 0 (4 2)
U1y + A2z + 0+ A, = 0

dugc goi hé phuong trinh tuyén tinh thuan nhat.

Dang ma tran ctia he thuan nhat 1a: Az = 0, A = [aij]mxn

Hé thuan nhat (4.2) luon ¢6 nghiem khong: 6 = (0,0, ...0), nghiem nay duge goi 1a nghiem
tam thuong ctia he.
<& Tinh chat He thudn nhat (4.2)) c6 nghigm khong tdm thuong khi va chi chi p(A) < n.
Dic biét, néu he thuan nhat 14 hé ¢6 s6 phuong trinh bing s6 an thi né c6 nghiem khong tam
thuong khi va chi khi det(A) = 0.

oVi du 4.33. Xéc dinh a dé heé sau c6 nghiem khong tam thuong:

ax — 3y + z =0
2 + y + z =0
3r + 2y — 2z = 0

Lai gidi.

1 1
2 =2

2 1
3 =2

21

a
det(A)=12 1 1|=a
3 3 2

‘+3‘ ‘+1‘ ':—4a—20

Hé ¢6 nghiem khong tam thuong khi det(A) =0 < a = —5.
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Bai tap chuong 4

Bai 4.1. Tinh dinh thuac

2 3 1 1
3 1 1 1
D= 1 0 -2 2
-2 2 1 1
Bai 4.2. Tinh dinh thrtc
1 0 0 -2
3 1 3 -1
D= 2 21 2
-2 1 2 1
Bai 4.3. Tinh dinh thrtc
1 0 2 =2
2 1 -2 -3
D= -3 2 —4 4
-2 2 1 7
Bai 4.4. Tinh dinh thic sau:
1 4 9 16
4 9 16 25
9 16 25 36
16 25 36 49
Bai 4.5. Tim dinh thic clia ma tran X biét ring:
2 -1 -1 a 2 2
3 4 2| X=12 a 2
3 -2 4 2 2 a
Bai 4.6. Tinh dinh thitc cia ma tran
1 4 9 mt
3
A 4 9 16 m2
9 16 25 m
16 25 49 m
Bai 4.7. Giai phuong trinh
1 T r+1 —x
T 2 r—1 xz+1] 0
2 24+x 2z 1 |
3 - 1 T
Bai 4.8. Giai phuong trinh
COST 1 0 0
1 2cosx 1 0

0 1 2cosx 1 =1

0 0 1 2co8x
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Bai 4.9. Giai bat phuong trinh

x+1 T T T
1
x x + 5 x T
>0

x x T+ = x
n 1
T T T T+ -
4

Bai 4.10. Cho ma tran

a b c d

-b a d c

A= —c —d a b

—d ¢ —=b a

Tinh A.A* va det(A?019)
Bai 4.11. Tinh dinh thdc ciia ma tran sau

1 1 1
A= | a+7 b+ 7 c+7
a’+7a VP+Th A +7Tc

Bai 4.12. Giai phuong trinh

0 z = =«
2 0
) ‘g i:(x+1)2+3
2 2 2 0
Bai 4.13. Tinh dinh thac cia ma tran
1 3% 52 7
32 52 7 92

A=1lp » g qp

7292 112 13?2
Bai 4.14. Tinh dinh thitc ctia ma tran

a+1 b+ 11 c+1
A= 1la®>—=3a b¥*—-3b *—3c
2a+1 2b+11 2¢+1

Bai 4.15. Cho ma tran :

m m
Dat B = A.A!. Tinh det(B?°1°)
Bai 4.16. Cho ma tran :
15 2016 m
A=1m m 0
1 m 0

Tim m biét A kha ddo va det(A?°17) = —2det[(A.AY)1008]
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Bai 4.17. Cho ma tran Y c6 dang:

- V2cosa b
N c V2cosa

Tim biéu dién ctia b, ¢ theo a biét Y.Y* = 2I. Tinh det(Y20%)
Bai 4.18. Cho ma tran

Y

a b c d
-b a d -—c

X = —c —d a b
—d ¢ —=b

Tinh X. X", tir d6 suy ra det (X214).
Bai 4.19. Tim 2 € R néu biét ma tran A dugc cho dudi day kha dao:

2014 x» =«
A= 0 1 =«
T 0 0

va det (A2015) = —2det (A.A1)"" .
Bai 4.20. Tim 2 € R néu biét ma tran B dudc cho dudi day kha dao:

1 z 0
B = z x 0
2014 0 =x
va det (B20%) = 2 det (B.B)""".
Bai 4.21. Giai phuong trinh f(x) = 0 biét:
1 T r—1 z+1
| = 1 z+1 -1
f(z) = r—1 =z 1 x+1
z+1 x—1 T 1
Bai 4.22. Cho ma tran
. {1 —1}
m m
Dit B = A. At Tinh B?016
Bai 4.23. Tim tat ca cac ma tran X biét
4 1
2 __
X = {0 4}

Bai 4.24. Tim ma tran Y biét

4 0 16 16
Y {0 4} = [16 16}

Bai 4.25. Cho ma tran
-1 _\/ﬂ

A= L/ﬁ ~1

Tinh A%, A3 va A°.
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Bai 4.26. Cho ma tran A = {8 (ﬂ Tim moi ma tran X giao hoan véi A?

Bai 4.27. Cho ma tran
=[5 Y
_\/g -1
Tinh A2, A% va A°.
Bai 4.28. Tim tat ca nhitng ma tran vuong cip hai X thoa man déng thic:

1 2 1 2
{2 0} A =X {2 0}
biét phan ti ding & hang 1 cot 2 clia X béang 0.
Bai 4.29. Tim ma tran X biét

1 2 1 1 -2 3 2
0 3 21.X=12 0 51
3 -1 3 0 0 41
Bai 4.30. Cho X 14 ma tran thdéa man
1 31 1 20 1
31 0[.X=123 20
1 00 33 2 m
Bién luan theo m hang cia X
Bai 4.31. Tim ma tran X biét:
1 2 =3 1 =3 0
X. |13 2 —4| =110 32 7
2 -1 0 10 7 8
Bai 4.32. Tim ma tran X biét:
1 -2 1 1 2 0
X 12 0 1| =13 7 2
-1 1 1 1 =2 0
Bai 4.33. Tim ma tran B biét:
1 31 121 0
31 0.B=1]2 30 2
1 00 35 2 m
Bai 4.34. Tim ma tran X biét:
1 -1 1 1 1
-1 2 1/-X=|0 2
-2 3 1 -2 2

Bai 4.35. Tim m dé ma tran A sau kha ddo. Véi céc gia tri vita tim dudce ctia m hiy tim ma
tran nghich dao. (m € R)

1 2 m
A= 1[0 -1 2
1 -2 3
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Bai 4.36. Cho ma tran

1 2 m
A=11 m 3
2 1 2
Tim céc gia tri thuc cia m dé A kha dao.
Bai 4.37. Tim ma tran X thoa méan
2 -3 1 3 2
4 -5 2. X=1]2 -1
5 =7 3 —4 0
Bai 4.38. Cho cac ma tran:
1 2
1 =2 0 2 -3 7
A:{o 2 3}’32 5_31 ’0_{—1 4 6}

Tim ma tran X biét rang: A(BX) = C.
Bai 4.39. Tim ma tran nghich d4o ctia ma tran A = BC néu:

1 20 100
B=|1010]|,C=]101 2
0 01 0 01
Bai 4.40. Tim ma tran B théa min ding thic:
1 31 1 2 0 1
3 1 0|B= 32 0
100 35 2 m
Bai 4.41. Cho a,b,c € R va
11
A=|a b ¢
b c
Tinh det(A) va tim a, b, c dé A khong kha dao.
Bai 4.42. Tim m dé ma tran sau c6 hang bé nhit:
1 8 m+5 -1
3 3 1 4
A= 14 17 10 1
2 7 4 1
2 1 m 3

V6i gia tri d6 ctia m thi 7(A) biang bao nhiéu?
Bai 4.43. Tim m dé ma tran sau c6 hang bé nhét:

3

m
A_l
2

NI BTN
—_
\]

W W
oo
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V6i gia tri d6 ciia m thi r(A) biang bao nhiéu?
Bai 4.44. Tim hang ctia ma tran A tuy theo m

1 -4 m+21 -6
1 1 3 2
1 2 -1 3
2 3 -1 -1
3 =1 m+23 -1

Bai 4.45. Tim m sao cho ma tran sau c6 hang bé nhét trong cac gia tri ma né cé thé nhan.

1 8 m+5 -1
2 -5 —m—4 5
B=1|1 14 9 -3
2 7 4 1
2 1 m 3

Véi gia tri d6 ctia m thi hang cia B bang bao nhiéu?
Bai 4.46. Tinh hang clia ma tran sau néu biét ad — bc # 0:

> /Lo
o 2 OO
QL O

Q o o 2

Bai 4.47. Tim A dé ma tran sau c6 hang nho nhét:

A1 -1 2 3
3 -1 A+1 =2 0
-1 2 2 1 1
1 -2 4 -4 =3

A:

Bai 4.48. Giai hé phuong trinh

r +y -2z = 1
2v 4y = 6
or +3y —2z = 14
dr 2y 4z = 11

Bai 4.49. Giai va bién luan hé phuong trinh

r -y 4z = 4
r +4y +2z = 1
r —y H4az = 2(a+1)

Bai 4.50. Tim m dé hé phuong trinh sau c6 nghiém

r 2y +3z —t = 1
20 3y +z +3 = 2
3 4y +2z 44t = m
Tr +8y 49z +5t = 3Im+

Bai 4.51. Giai va bién luan hé phuong trinh
r 4y  F2z = 6

20 +d5y -2z = 6-—3m
2v 4y +4mz = -3
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Bai 4.52. Tim m dé he phuong trinh sau c6 nghiém

—r 45y -9z = -10
—r 43y -4z = =5
=3z +10y —14z = -—17
2 =3y +z = m
Bai 4.53. Giai he phuong trinh sau bang phuong phap Gauss:
(2 +2y —4t = -3
2¢ =3y +z 45t =-3

3r —2y —Hz +t =3
. —y —4z +9t =22

Bai 4.54. Giai hé phuong trinh sau bing phuong phap Gauss:

(2 — 2y + 2z = 2
—x + 3y — 4z = =5
2 — Ty + 10z = 12

(| 22 — 3y — =z = 1

Bai 4.55. Giai hé phuong trinh sau bang phuong phap Gauss:

r+2y—3z2=1

20—y +2z=-2
—r+3y+z=-1
4o +3y — 4z =0

Bai 4.56. Cho hé phuong trinh:

r+2y+3z =m
r+my+z =m+1
r+y+mz =2

Tim céc gia tri thuc cia m dé hé c6 nghiem duy nhét.

Bai 4.57. Giai hé phuong trinh sau bang phuong phap Gauss:

r+y—2z =2
x+ 2z =4
2v+y—3z =3
r+2y+2z =11

Bai 4.58. Tim céc gia tri thuc cia m sao cho hé thuan nhat sau ¢6 nghiem khong tam thuong

T+ 2y + 2z =0
3r + 5y + 3z =0
mx +3y+ (1 —5m)z =0

Bai 4.59. Tim céc gia tri cia tham s6 thyc m sao cho hé thuan nhat sau c6 nghiém khong
tam thuong
T+ 2y + 2z =0
3+ Ty + 32 =0
2 +my+ (3—2m)z =0
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Bai 4.60. Tim cac gia tri cia tham sé thiyc m sao cho hé thuan nhat sau c6 nghiém khong
tam thuong
T+ 2y +mz =0
2@ 4 3y + 22 =0
r+3y+@2m—-1)z =0
Bai 4.61. Giai he phuong trinh sau bang phuong phap Gauss:
2042y —z =2
xr+y—2z =2

20 +2y+ 3z =10
x+ 3z =38

Bai 4.62. Giai hé phuong trinh sau bing phuong phap Gauss:

2v+y—=z =4
T — 2z =—1
20 -2y + 3z =-—1
3r—3y+2z =-4

Bai 4.63. Tim cac gia tri thic cia m sao cho hé thuan nhét sau c6 nghiém khong tam
thuong
0T + 2y + 2z =0
T+ 3y + 22 =0
mz+3y+ (3m—2)z =0

Bai 4.64. Giai hé phuong trinh:

20 +5y —8 =38
dr+3y—9z =9
20 +3y —Hz =7
r+8y—7z =12

Bai 4.65. Giai hé phuong trinh sau bing phuong phap Gauss:

204+2y+2z =7
Jr+y+2z =9
or +3y —3z =10
T+ 4z =6

Bai 4.66. Cho hé phuong trinh:

T+ 3y + 2z =6
20+Ty+22 =28
do + 13y + 72 =22
3r+9y+72 =m+16

Tim m dé he vo nghiem.
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Bai 4.67. Tim m dé hé phuong trinh sau c6 nghiém:

r+2y+3z—-t=1

20+ 3y + 243t =2
3r+y+2z+4t=m
dr+Ty+72z4+t=2m+1

Bai 4.68. Tim m dé he phuong trinh sau c6 nghiem:

r 2y +3z —t =1
2t 43y +z 43t =2
3r 4y +2z +4t =m

dr +7y +7z +t =2m+1
Bai 4.69. Giii hé biang phuong phap Gauss:

2 +2y —2z +t =4
dr +3y —z 42 =6
8r +dy —3z +4t =12
3r +3y —2z +2t =6

Bai 4.70. Gii va bién luan hé phuong trinh dya vao dinh ly Cramer (a la tham s6 thyc)

r -y 4z = 4
r +4y +2z = 1
r —y “az =2(a+1)

Bai 4.71. Gii va bién luan hé phuong trinh dya vao dinh ly Cramer (m 1a tham s6 thuc)

r 4y F2z =6
r +4y —4z = -3m
2 +y +4mz = -3

Bai 4.72. Giai he phuong trinh bang phuong phap Gauss:

r+2y+32—-2t =6

2v4+y+224+3t =-4
r+2y—2+2t =4
20 —3y+22+t =-8

Bai 4.73. Giai he phuong trinh sau bang phuong phap Gauss:

r+y+2z+3t =1

2e+3y—z—t =-6
3r —2y—2—2t =-4
r+2y+3z—t =-4

Bai 4.74. Cho hé phuong trinh:

T—2y+z =2
—x + 3y — 4z =95
—2x+ Ty —10z = —12

20 — 3y + 2 =m
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Tim m dé heé ¢6 nghiém.
Bai 4.75. Tim céac gia tri thuc clia m dé hé thuan nhat dudi day chi c6 nghiem tam thuong.

-mr +2y +3z +4 =0
20 —my +3z +4t =
2 +3y —mz +4t =0
2 +3y +4z —mt =0

Bai 4.76. Tim m dé hé phuong trinh sau c6 nghiém khong tam thugng

2z +3y +z = 0
r 42y +2z =0
mz +3y +(1—5m)z = 0

Bai 4.77. Tim m dé hé phuong trinh sau c6 nghiém khong tdm thudng

r +2y +mz = 0
3v +by +(m+2)z = 0
r +3y +2m—1)z = 0

Bai 4.78. Tim m dé hé phuong trinh sau chi c¢6 nghiém tam thuong

2v +y = 0
o +2y +2z = 0
mzr +3y +@Bm—2)z = 0

Bai 4.79. Gidi cac he phuong trinh tuyén tinh thuan nhat sau:

1 +2x9 “4x3 Hx4= 0
a) S x1 4xe +2x3 +x4= 0
r1 +x9 H4x3 +2ry= 0
Al —|—2£L’2 +5l’3 +4l’4 = 0
21’1 +3l‘2 +6?L’3 +8£L’4 = 0
b) Aty —6xa —9r3 —20z4= O A#0
41’1 +x9 +4l‘3 +)\l’4 = 0
Bai 4.80. Giai ciac hé phuong trinh tuyén tinh sau:
Tt +x9 —21’3 = 6 T +X9 +x3 +T4 = 2
a) 2ZL‘1 —|—3ZL’2 —71'3 = 16 f) T +2[E2 +3173 +4l’4 = 2
5r1 +2r9 43 = 16 21 +3r9 +5x3 491, = 2
I +2X9 —21’3 = 6 ( T +x2 +3 +x4 = 2
b) < 2x1 +3xy —Tzz = 10 1 2y +3w3 +4xy = 2
51’1 +21’2 +xr3 = 16 g) 2$1 +3I2 +5.733 —|—95L’4 = 2
Tx1 +2x9 +3z3 = 15 (71 T2 +2x3 +Tr4= 2
C) { 5551 —3.232 +2.CL’3 = 15 (2.171 +X9 +5333 +x4 = 5
101‘1 —11%2 —|—5.I'3 = 36 T +Z2 —3.1'3 —41'4 = -1
h)
r1 +x9 223 = 1 3r1 +6xy —2x3 Hx4= 2
d) {2zy —x9 223 = 4 (277 279 +273 —314= 2
41‘1 “+29 —|—4CL'3 = 2 21’1 +29 —|—5£B3 +x4 = 5
3r1 +2x9 —+x3 = 5 . T, +xy —3x3 —4dry= -1
i)
e) 2.%‘1 +3I2 +xr3 = 1 3513'1 +6SL’2 —21'3 +T4 = 8
{Qxl +xy +3x3 = 11 201 +2x9 +2x3 —3x4= 2
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T +Zo +x3 +x4 = 5 T +Zo +3 +x4 = 5
J) T +21’2 +3ZL‘3 +4ZE4 = 3 1) T —|—2$2 +3ZL‘3 +4ZE4 = 3
41’1 +29 —|—2IE3 —|—3$4 =7 21’1 —|—3ZL‘2 —|—4333 +5$4 = 8
3r1 +2x9 +3x3 +4xrs= 2 Ty  +2x3 +3x4= -2
2.7}1 +2$2 —XI3 +x4 = 2I1 +21’2 —T3 +x4 = 2
4[E1 +3I‘2 —XT3 +2I4 = 41’1 +3I2 —T3 +2[E4 = 3
8I1 +5l’2 —31'3 —|—4ZL‘4 = 61‘1 —|—5ZL‘2 —21‘3 —|—3$4 = 6
3r1 +3z9 —2x3 +2x4 = 3r1 +3x9 —2x3 +2x4= 3

2
; m
3

Bai 4.81. Giai va bién luan cac hé phuong trinh tuyén tinh sau:

mx, +2r9 +3r3 = 1

1 +xe  Hx3 = 1 d) { —2z1 +mwxy +3x3 = 5
a) 1 +mzry +x3 = m mx; +2r9 4x3 = 6
T, +xe  +mxzz = m? r1 4ars +a’rs = a
ary +T2 +r3 = a e) T +bxo +b2fE3 =
b) ¢ &1 +bry +x3 = b r, +cry vz = 3
.  +xe +cxz3 = ¢ ry +(m— 1)z, —3x3 = 1
A N A f) < 224 —4xy +(4m —2)zy = —1
c)Qx +may +x3 = 3 3z, +(m+ 1)z, —9x4 = 0
I +2$2 —|—Ig = 4
mxy +x9 +T3 = m
g) {2y +(m+1Dzy +(m+1zxy = m—1
{ T +X2 +mxs = 1
(m + 3)$1 +Zo +2JI3 = m
h) { may +(m — 1)z, +x3 = 2m
3(m + 1)x; +mas +(m+3)zs = 3
(Bm -1z +2mzxs +@Bm+1zz; = 1
i) { 2mr, +2mzy  +(Bm+1)a; = m
(m+ 1)z, +(m+ 1)z +2(m+1)xg = m?
mx; +xa +r3 H+x4= 1
j) { 1 +mze +x3 Frs= 1
T +Z2 +mxrs +IT4 = 1
Ty H+2my —x3  Fr4= m
k) < 22y +bxe —2z3 +2x4= 2m+1
3x1 4+T7xre —3x3 +3x4= —m
mai +Zo +x3 +T4 = 1
) { T, +mzy x5 +rs= 1
T +r9 +mxrs3 Hr4a= 1
T +To +r3 F+mxg= 1
mx;  +Ts +x3 +x4 = 1
m) xr1 +Fmxzo  +x3 +x4 = m
T +x9 +mxry +ry= m?
T +29 +x3  +mry = m3>
T +X9 +x3 +mxy = 1
n) T 4+x9 +mx3 Hrs= 1
T,  +mzy a3 +rs= 1
mry  +To +T3 +ry= 1
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0)

(
X1

xy
T
\mazl
( 7
21’1
3.’L’1
\51'1
(2I'1
x
x
\4$1
(21’1
A
21’1
X1
2£L'1
T
31’1
5£L'1
sl
21’1
3$1

\

\
(

X1

+xo +r3 +mrys= 1

+z9 +mxry +x4= m
+mzy  Hx3 Fri=  m?

+xy w3 Hxa= m?
—X9 +2I3 —2274 = 0
+r9 —w3 twy= 3

+r3 —x4= 3
+29 = m
—T9 +x3 +x4 = 1
+21’2 —XI3 —|—4ZE4 = 2
+Txy —4dz3 +1lzy = m
+8£L’2 —41‘3 —|—16[E4 = m+1
49 —x3 H+2x4= 4
—X9 +x3 —|—2.7)4 = 3
+21’2 —21‘3 +x4 = 3
+I9 —21‘3 +r4= mMm
—T2 +3 +2l‘4 +3£E5 = 3
+xo —I3 —XT4 +T5 = 1
+xy 4x3 —314 +da5= 6
+2£L’3 —5£L‘4 +7ZE5 = 9 —m

+2x5 +2x4 +x5 = 1
+4LE2 +3 +3374 = 3
+6l’2 +2Z‘3 +3ZL’4 +x5 = m
+2x9 x5 +x5 = 2m — 8
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Phu luc A

PHEP TINH VI, TICH PHAN HAM
SO MOT BIEN SO

Chiing téi cho rdang ban doc trudc khi bude chin qua ngudng cia truong dai
hoc dd dugc trang bi cdc kién thidc vé tap hop, sé thuc, sé phic, ham sé, gidi
han cia ham sé, ham s6 lién tuc, dao ham, tich phan bat dinh, tich phdn xdc
dinh cia ham sé. Tuy nhién, qua kinh nghiém nhiéu nam, ching to:i thdy van
can trang bi lai cho sinh vién mot sé trong cdc kién thic trén dé cdc em cé thé
tiép thu dudc cdc chuwong tiép theo mot cich dé dang hon. Vdi muc dich dé trong
chuwong 1 ching téi sé xem xét cic van dé vé dnh xa va ham sb, phép tinh vi
phdan ham mot bién, phép tinh tich phdan ham maot bién.

A.1. Anh xa va ham sb

A.1.1. Cac dinh nghia vé Anh xa va ham sb

Trong muc nay, trudce tién ching to6i dua ra khai niem vé anh xa, mot khai niem quan trong,
dugde st dung rat nhiéu trong toan hoc. Cho hai tap khac réng X, Y. Ta c6 dinh nghia anh xa
sall.

* Dinh nghia A.1. Anh xa tit tap X vho tap Y la quy tic tuong tng f, dit tuong tng maoi
phan t z € X v6i mot phan t duy nhat y € Y. Phan tit y tuong ng v6i phan ti x duge ky
hieu la y = f(x). Anh xa trong dinh nghia nay thudng duge ky hieu la:

f: X =Y.
Tap X dugc goi 1a tap ngudn, tap Y dude goi I tap dich. Dé chi ring phan tit  dugce cho

tuong ttng v4i phan t1t y qua anh xa f ta ky higu x — y = f(x).

Dé nghién citu vé cac anh xa ngudi ta phan loai chiing thanh don anh, toan 4anh, song anh.

* Pinh nghia A.2. Anh xa f: X — Y dudc goi 1a don anh néu Vo, 25 € X, 71 # 29, ta ¢
f(x1) # f(x2).

*» Dinh nghia A.3. Ta goi anh cta tap A C X qua anh xa f la tap f(A) = {f(x)|z € A}.

Theo dinh nghia A.1, VA C X = f(A) C Y. Néi riéng ta c6 f(X) C Y. Trong truong hop
f(X) =Y ta co dinh nghia sau.
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* Dinh nghia A.4. Anh xa f: X — Y dugc goi la toan anh néu f(X) =Y.

Theo nhan xét sau dinh nghia A.3 ta c6 f(X) C Y. Vi vay, dé ching minh f 1 toan anh,
titc 1a f(X) =Y, ta chi con phai chitng minh Y C f(X).

* Dinh nghia A.5. Anh xa f: X — Y dudc goi 1a song dnh néu né vita 1a don anh va vita la
toan anh.

Véi song anh f: X — Y ta ¢6 nhan xét sau. Gia sit yg € Y. T dinh nghia A.5 suy ra f
la toan anh, do d6 f(X) =Y theo dinh nghia A.4. Suy ra ton tai o € X sao cho f(zg) = vo
theo dinh nghia A.3. Gia st ton tai them ty sao cho f(tg) = yo. Khi d6 f(z0) = f(to). Tt dinh
nghia A.5 suy ra f 1a don anh, do d6 zy = ty. Vay Vyo € Y ton tai duy nhat o € X sao cho
f(xo) = yo. Nhan xét d6 1a co s6 dé ta dua ra dinh nghia sau.

* Dinh nghia A.6. Gid sit f : X — Y 1a song 4nh. Anh xa tit tap Y vao tap X ¢6 quy tic
tuong ing 14 y — z sao cho f(z ) = y dugc goi 14 anh xa ngugce clia anh xa f ky hieu la f~1.
Vay

iy =2 & flz) =y

Quan hé tuong duong trén cho ta mot phuong phap xac dinh quy tic ctia 4nh xa ngudc:
mudn x4c dinh quy tic z = f~!(y) ta chi viec “rat” z tit “phuong trinh” f(z) = y.

oVidu A.1. Xét anh xa f : R* = R, f(x) = 1/2,Vo1, 29 € R* 27 # 19, ta c6 1/x1 # 1/xs.
Suy ra f(z1) # f(z2). Suy ra f la don dnh theo dinh nghia A.2.

oVi du A.2. Xét anh xa g : R — R, g(x) = 2% Trudc tién ta ¢6 nhan xét véi moi r € R
thi g(r) = 2> > 0 nén g(z) € R,. Nhu vay ding la g tac dong tit R vao R,. Ta ching minh
g la toan anh theo dinh nghia A.4. Theo nhan xét sau dinh nghia d6, ta phai ching minh
R; C g(R). That vay, gia st yo € R4. Khi d6 yo > 0 nén ton tai \/yo. Dit zo = \/yo. Ta ¢6
zo € R, g(zo) = 25 = (/o)? = g(x0) = Yo = o € g(R) theo dinh nghia A.3. Vi y, € Ry suy
ra yo € g(R) nén R, C g(R).

Ban doc hay tht ty ching minh anh xa f trong vi du 1.1 khong la toan anh, con anh xa g
trong vi du A.2 khong la don anh.

oVi du A.3. Xét anh xa h : R — R, h(z) = 22 + 1. Ta ching minh h 14 don dnh theo dinh
nghia A.2. That vay, v6i z1, 19 € R, 21 # 29, ta ¢6 221 + 1 # 225 + 1 hay h(zy) # h(zs), do d6
h la don anh.Ta ching minh A la toan anh theo dinh nghia A.4. Theo nhan xét sau dinh nghia
do, ta phai ching minh R C A(R). That vay, gid st yo € R. Dt g = (yo — 1)/2. Ta ¢6 zg € R,
h(zo) =2x0+1 = h(xg) = 2(yo — 1)/2+ 1 = h(xg) = yo = yo € h(R) theo dinh nghia A.3. Vi
Yo € R = yo € h(R) nén R C h(R). Ta da chitng minh A 1a don anh va toan anh. Theo dinh
nghia A.5, h 14 song anh. Dé tim quy tdc tuong ting ciia anh xa nguge h~! theo dinh nghia A.6
ta dya vao nhan xét sau dinh nghia d6. Vé6i z,y € R ta c6

hz)=ye22r+l=ysr=(y—1)/2
Vay quy téc tuong ting clia anh xa nguge h=' 1a A1 (y) = (y — 1)/2.
Tiép theo ta dua vao sit dung phép lay tich cac anh xa.
* Dinh nghia A.7. Cho cac anh xa f: E — F,g: F — G. Tich ciua anh xa g va anh xa f 1a
anh xa tit tap E vao tap G, duge ky hieu 1a go f, v6i quy tic tuong ting la go f(z) = g(f(x)).

Nhu vay méi phan tt + € E duge cho tuong tng v6i mot phan tif 2 € G xac dinh béi
z = g(f(x)). Dé ¥ ring vi méi x € E ta c6 f(x) € F. Lai ¢6 g 14 énh xa tit F vao G. Do d6
g(f(z)) c6 nghia va z = g(f(z)) € G.
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oVidu A.4. Xét cac anhxa f: R - Ry, f(z) =2+ 1vag: R, = R, g(x) = /2. Tich cia
g va f 1a anh xa tit R vao R, ¢6 quy tac tuong dng la

go f(x)=g(f(x)) =g(x*+1)=Va? + 1.

Trong céc dinh nghia vé 4nh xa duge dua ra & trén, khi tap ngudn va tap dich 1a cac tap so
thuc sé nay sinh cac thuat ngit méi. Mot s6 trong cac thuat ngit ay sé dugde trinh bay dudi day.

* Dinh nghia A.8. Cho X,Y la céc tap sb thuc khéac rdng. Anh xa f : X — Y duge goi la
ham sb.

Tap X dugc goi la tap xac dinh ctia ham f, thuong duge ky hiéu 1a Dy, anh f(X) ctia X
qua anh xa f dugc goi la tap gia tri ciia f, thuong duge ky hiéu la R;. Trong ky hitu y = f(z),
x duge goi 1a bién doc 1ap hay ddi s, y dugce goi 1a bién phu thuoc hay ham so.

Néu ham s6 f : X — Y 1a song a4nh thi 4nh xa ngugce ciia anh xa iy dude goi 1a ham ngudge
cia ham f. Tich ctia cac anh xa g : ' — G, f : E — F trong dinh nghia A.7 khi cic anh xa
ay 1a cac ham s6 duge goi 1a ham hop clia cdc ham g va f.

Dé két thic muc nay ching t6i dua ra mot quy uéc quan trong sau vé ham s6. Néu ham
s6 c6 quy tac tuong ing y = f(x) duge cho dudi dang mot biéu thiic gidi tich vi tap xac dinh
ctia ham s ay khong dugc chi 6 thi ta quy ude tap xac dinh ctia n6 1a tap tat ca cac so thuc
x, sao cho biéu thitc f(x) cé nghia.

oVidu A.5. Ham s6 y = (22 + 1)/(x — 1) ¢6 tap xac dinh 1 tap céc s6 thyc z, sao cho phép
chia (22 +1)/(z — 1) ¢6 nghia hay sao cho x — 1 # 0. Tt d6 ta ¢6 x # 1. Vay tap xac dinh cia
ham s6 tren 1a R\ {1}.

A.1.2. Ham sb so cap

Dé xay dung khai niem ham s6 so cip ta dua ra khai niem vé cdc ham s so ciAp co ban.
Ham s6 so cap co ban 1a ndm loai ham sé sau: ham s6 lity thita; ham s6 mi; ham s6 logarit;
cac ham s6 lugng gidc; va cdc ham s6 luong giac nguge. Chung ta sé lan lugt xét ting loai mot.

A.1.2.1. Ham liy thirta

Ham liiy thita 14 ham c¢6 dang y = 2% v6i « 1a s6 thuc ¢6 dinh. Ham y = 2% ¢6 tap xac dinh
va tap gia tri phu thuoc vao a. Ching han, tap xac dinh va tap gia tri ciia ham y = 2® 1an lugt
1a R vd R; cia ham y = 2% 1a R va R_; clia ham y = 272 1a R* v R*; c¢tia ham y = 272 1a R*
va R%; clia ham y = 2%/% = (/2)* la Ry va Ry; clia ham y = 2'/3 = Yz AR va R; ... Ta ¢6
quy udc sau: véi o 1a s6 vo ty duong ta chi xét ham y = 2 véi z € R, khi d6 tap gid tri clia
ham s6 ay 1a R;; vOi a 1a s6 vo ty am ta chi xét ham y = 2 v6i « € R*, khi d6 tap gia tri ciia
ham s6 ay 1a R%. Ve tinh don diéu cia ham liy thita tréen R* | khi o > 0 ham y = 2 don diéu
tang, khi o < 0 ham y = 2 don diéu gidm, khi o = 0 ham y = 2° luon luon nhan gia tri bang
1.

A.1.2.2. Ham sb6 mii

Ham mi 1& ham ¢6 dang y = a%,0 < a # 1. S6 a duge goi 1a co sb ctia ham s6 ay. Tu day
trd di ta quy udc co s6 a clia ham mi y = a® luon théa mén diéu kien 0 < a # 1. Him mi
y = a” c6 tap xac dinh 1a R, tap gia tri 1a R*. Ham mi y = «” luon nhan gid tri bang 1 tai
= 0. Khi @ > 1 ham mil y = a® dong bién vi thoa méan cac ding thic

lim ¢ =0; lim a® = 4o00.
T——00 T—r—+00
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Khi 0 < a < 1 ham mii y = a® nghich bién va thda man cic dang thiic

lim o = +o0; lim a® = 0.
r—r—00 T—>+00

A.1.2.3. Ham Logarit

Ham logarit ¢6 dang y = log, x,0 < a # 1. S6 a ciing dudc goi 1a co s6 clia ham s6 ay va ta
ciing quy ude tir day trd di diéu kien 0 < a # 1 luon duge thoa man. Ham logarit y = log, = ¢6
tap xac dinh 1a R, tap gid tri 1a R. Ham logarit y = log, x luon nhan gia tri bang 0 tai z = 1.

Khi @ > 1 ham logarit 3 = log, x ddng bién va théa méin cac ding thitc

lim log, x = —o0; lim log, r = +o0.
x—07t T——+00

Khi 0 < a < 1 ham logarit y = log,  nghich bién va théa man cic dang thiic

lim log, x = +o00; lim log, x = —o0.
x—0t+ T——400

A.1.2.4. Ham lugng giac

Cac ham lugng giac 1a cac ham y = sinx, y = cosx,y = tanz,y = cot x.
Céc tinh chat clia cdc ham s6 nay, cac cong thitc lugng giac, phuong trinh y
lugng giac, ... da duge xem xét kha k¥ & cAp trung hoc phd thong. Vi vay
trong phan nay ching t6i chi han ché bdi viéc nhic lai dinh nghia cic ham ﬁ* -\M
s6 tren. Ky hieu M la diém biéu dién cung z trén dudng tron lugng giac,
P, @ 1a hinh chiéu cta M lan lugt lén cac truc Oy va Oz. Khi d6 ta dinh Qﬂ
nghia

COs X

sinz’ N
L ) o ) Hinh A.1
trong d6 OP 1a do dai dai so cua OP, OQ 1a do dai dai so cua OQ.

. - S sinx
sinz = OP,cosxz = OQ,tanx = ,cotx =
cos T

A.1.2.5. Ham lugng giac ngudc

Vé6i nhiéu ban sinh vién nam tht nhat, cdc khai niem vé ham luong gidc nguge c6 18 1a cac
khai niem hoan toan méi mé. Vi vay cac ban can doc k§ cac khai niem nay dé khong bi ling
tang vé sau. C6 bén ham luong giac nguge ma ta sé lan lugt xét dudi day.

T

~ ~ £ £ §’ §
[—1;1] ¢6 quy téc tuong la f(z) = sinz. D& thay ham sd d6 1a song anh theo dinh nghia A.5,
do d6 ¢6 ham nguge f~' : [~1;1] — [—g,g} Vi y € [~1;1] ta ky hieu f~'(y) 1a arcsiny
(arcsiny doc la ac-sin y). Theo dinh nghia A.6, ta ¢6

a) Thit nhat 134 haim y = arcsin 2. D& dinh nghia ham y = arcsin z ta xét ham f : [— | —

: . T
arcsiny = x < sinz =y,x € [—-=, =|.

272
Nhu vay dé tim arcsiny véi y € [—1;1] ta phdi gidi phuong trinh an z & vé phai clia quan
N ? 7 & N 2yt Tr 7T S <
hé tuong duong trén. Luu ¥ rang ta chi xét phuong trinh nay véi x € [—5, 5] vi quy tac

y 1
f(z) = sinzx chi duge dinh nghia cho = € [—g, g} Vi du dé tim arcsin 3 ta phai gidi phuong

trinh
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. 1

Phuong trinh d6 c6 nghiém duy nhat 1a x = %, do d6 arcsin 3= g V6i quy ude dung chit

x dé chi déi s6, dung chit y dé chi ham s6, quy tic cho = tuong ting véi y = arcsin z xac dinh
B T

mot ham s6 ¢6 tap xac dinh 1a [—1; 1], tap gia tri 1a [_57 5] Ham nay tiang trén tap xdc dinh

clia no.

b) Thit hai 1a ham y = arccos . Dé dinh nghia ham y = arccosx ta xét ham f : [0,7] —
[—1;1] ¢6 quy tic tuong 1a f(x) = cosx. D& thay ham s d6 1a song anh theo dinh nghia A.5, do
d6 ¢6 ham nguge f~1: [—1;1] — [0,7] . Véi y € [—1;1] ta ky hieu f~!(y) la arccosy (arccosy
doc 1a ac-cos y). Theo dinh nghia A.6, ta c6

arccosy = = < cosx =y, € [0, 7.

Nhu vay dé tim arccosy vdi y € [—1;1] ta phai gidi phuong trinh dn 2 & vé phai clia quan he
tuong duong trén. Luu ¥ ring ta chi xét phuong trinh nay véi x € [0, 7] vi quy téc f(x) = cosx

, 1
chi duge dinh nghia cho x € [0, 7]. Vi du dé tim arccos 3 ta phai gidi phuong trinh
1
cosT = 5, @ € [0, 7].

. 1
Phuong trinh d6 ¢6 nghiém duy nhat 1a z = %, do d6 arccos 3= % V6i quy uéc dung chit

x dé chi déi s6, ding chit y dé chi ham s6, quy tic cho x tuong tGng v6i y = arccosz xac dinh
mot ham s6 ¢6 tap xdc dinh 1a [—1;1], tap gid tri 1a [0, 7]. Ham nay gidm trén tap xac dinh
cua nob.

T

¢) Thit ba I3 ham y = arctan z. D& dinh nghia him y = arctan x ta xét ham f : (—5, 5) —R

c6 quy téc tuong 1a f(z) = tanz. D& thiy ham s6 do6 1a song anh theo dinh nghia A.5, do d6
c6 ham nguge f~!: R — (—g, g) . V6i y € R ta ky hieu f~(y) la arctany (arctany doc la
ac-tan y). Theo dinh nghia A.6, ta c6

).

T
arctany = x < tanx =y, x € (_E’

| S

Nhu vay dé tim arctany véi y € R ta phai gidi phuong trinh an x & vé phai ctia quan

X ? 2 N N 202 ™ T ~ <

hé tuong duong trén. Luu § rang ta chi xét phuong trinh nay véi © € (—5, 5) vi quy tac
™ . C g

f(z) = tanx chi duge dinh nghia cho x € (—5, E) Vi du deé tim arctan(—1) ta phai giai

phuong trinh

T
t =—-lzrxe(—=, o).
Phuong trinh d6 c¢6 nghiém duy nhat 1a z = —%, do d6 arctan(—1) = —%. V6i quy ude

dung chit x dé chi déi s6, diing chit y dé chi ham s6, quy tdc cho x tuong ng véi y = arctan =
xac dinh mot ham sb ¢6 tap xac dinh 1a R, tap gia tri & (—5, 5) Ham nay ting trén tap xac
dinh cta né.

d) Cubi ciing 13 ham y = arccotx. Dé dinh nghia ham

y = arccotx ta xét ham f : (0,7) — R ¢6 quy téc tuong 1a y
f(x) = cot z. D& thay ham s6 d6 1a song anh theo dinh nghia /2

A.5, do d6 ¢6 ham nguge f~1 R — (0,7) . Véiye Rtaky -------"--p----ooo--
hieu f~!(y) la arccoty (arccoty doc la ac-cot y). Theo dinh
nghia A.6 ta co X

arccoty =x < cotx =y, x € (0, 7).

T .. L A O TT>>_. DY A
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Nhu vay dé tim arccoty véi y € R ta phai gidi phuong
trinh an « & vé phai clia quan hé tuong duong trén. Luu ¥
ring ta chi xét phuong trinh nay véi z € (0,7) vi quy tic
f(x) = cot x chi dugce dinh nghia cho z € (0, 7). Vi du dé tim
arccot(—1) ta phai giadi phuong trinh

cotx = —1,2 € (0,7).

. 3
Phuong trinh d6 c6 nghiém duy nhat 1la z = Zﬁ, do do6

3 2 L. Z
arccot(—1) = Zﬁ V6i quy ude dung chit x de chi doi so, dung

chit y dé chi ham s6, quy tic cho x tuong ing véi y = arccot x
xac dinh mot ham s6 ¢6 tap xac dinh 14 R, tap gia tri1a (0, 7).
Ham nay giam trén tap xac dinh cia no.

A.1.2.6. Ham sb sc cép

Ta con can cac khai niem vé tong, hieu, tich, thuong cac ham sé trude khi dua ra dinh nghia
ham s6 so cip. Cho hai ham s f va g ¢6 tap xdc dinh lan lugt 1a Dy va D,. Ta ¢6 thé tao ra
cac ham s6 méi véi cac quy tic tuong ing sau:

x>y = f(z)
vy =f(r)—g
xHy—(@QQL

Ty ="

Céc ham s nay lan lugt duge goi 1a tong, hiéu, tich, thuong ciia cac ham f va g. Tap xac
dinh ctia ba ham s6 dau tien 1a Dy N D, tap xac dinh cta ham s6 cudi cung la Dy N D, trir
tap cc s6 z ma g(z) = 0. Bay gid ta da c¢6 thé dua ra dinh nghia ham so cip sau.

% Dinh nghia A.9. Ham so cip la ham dugc tao bdi mot sé hitu han phép iy téng, hieu,
tich, thuong va ham hop clia cac ham so cap co ban va cac hing sb.

oVi du A.6. Cac ham s6 sau 1a cdc ham sb so cap: y = 322 + sinz, y = cos(z? + 1).

Trong s6 cdc ham so cip ngudi ta dic biét quan tam dén cac da thitc va cac ham phan thic
vi tinh thong dung ctia ching. Da thic 14 ham s6 ¢6 dang

P(z) = ap2™ + ap12™ " + ... + a17 + ay,

trong d6 n 1a s6 nguyen duong, a; € R,Vi = 0,n,a, # 0. Da thic P(x) trén dudc goi 1a c6 bac

bing n. Ta quy udc moi sb thuc ag # 0 1a da thitc bac 0, s6 0 1a da thitc bac —oo. Bac ctia da

thitc P dugc ky hicu 13 deg(P). Doi khi ngudi ta dung ky hiéu P, dé chi da thitc P ¢6 bac 1a n.
Ham phan thite 1a ti s6 ctia hai da thitc va c6 dang

amx™ + ...+ ag

R(z) —
(x) bnl’n—i-—FbO ’

trong d6 a,, # 0,b, # 0. Néu m < n thi R(z) dugc goi la phan thite thye sy, néu m > n thi
R(z) duge goi la phan thitc khong thuc sy. Ham phan thic con duge goi 1a ham hiu ti.

Sau khi nhic lai cdc khai niém vé ham s6 va lam quen v6i cac ham s6 mdi 1a cac ham luong
gidc ngude, trong bai sau chiing toi sé nhic lai cdc khai niém vé phép tinh vi phan ham mot
bién.
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A.2. Phép tinh vi phan ham mot bién

A.2.1. Dao ham va vi phan cip mot

A.2.1.1. Dinh nghia dao ham

Mot trong cic bai toan dan dén khai niem dao ham cia ham mot bién 13 bai toin vé van tdc
clia chuyén dong thing. Xét chuyén dong thang c¢6 quang dudng di duge & thoi diém ¢ 1a s = f(¢).
Quéang dudng di dugc tai cac thoi didm ¢, va to + At 1an luct 1a so = f(to) va s = f(to + At).
Quéang duong di duge tir thoi diem ¢y dén thoi diém ¢y + At 1a As = f(to + At) — f(to). Van
téc trung binh trong khoang thoi gian tit thoi diém ¢, dén thoi didm ¢, + At 1a

v —E
tb — At

Néu dai lugng vy, dan dén mot gidi han xac dinh khi At — 0 thi giéi han dé duge goi 1a
van téc titc thoi ctia chuyén dong tai thoi diém to, ky hieu 1a v(tp). Trong toan hoc gidi han d6
duge goi 1a dao ham ctia ham f tai ¢y. Dudi day ta sé dua ra dinh nghia chinh x4c vé dao ham
ctia ham mot bién.

Cho ham f xac dinh tréen khoang (a,b),zo € (a,b). V6i Az ¢6 gia tri tuyet d6i di nho ta
dit Af = f(xg + Ax) — f(xg). Céac dai luong Az va Af 1an lugt duge goi 1a s6 gia clia dbi s6
va s6 gia ciia ham s6. Ta ¢6 dinh nghia sau.

* Dinh nghia A.10. Ham f dugc goi la ¢6 dao ham tai zq 1a

Af
/ T =2
S (o) = Alilllo Ax

néu gidi han & vé phéi clia diing thic trén ton tai.
Dé thay ring néu ham f c6 dao ham tai z, thi ta ciing c6 thé tinh dao ham Ay theo cong

thic
o) = 1im )= Iaw)
T—rx0 T — :EO
Vé6i dinh nghia A.10 vé dao ham, van t6c¢ ctia chuyén dong duge mo ta & trén 1a v(to) = f'(to).
Duéi day ta dua ra hai nhan xét lien quan dén dinh nghia A.10 dé sit dung vé sau.

Nhan xét A.1. Néu ham f c¢6 dao ham tai z thi v6i Az c¢6 gia tri tuyet déi di nhoé thi s6
gia ham s6 Af c¢6 dang
Af = f'(xg)Ax + o(Ax), (A.1)

trong d6 o(Ax) la vo ciing bé bac cao hon Az khi Az — 0 [1, tr. 87] va o(0) = 0.

A )
That vay, véi Az # 0 dit A—i — f'(z0) = a(Ax). Thé thi a(Az) — 0 khi Az — 0 theo

dinh nghia A.10. Ta c6 % — f'(z0) = a(Azx) & Af = f'(xo) Az + a(Az)Az. Vi % =
x T

a(Ar) — 0 nén a(Ar)Az 1a vo cling bé bac cao hon Az khi Az — 0, titc 1 ta c6 bieu dién
(A.1). V6i Az = 0 dang thic (A.1) ciing thda man vi ci hai vé déu béng 0.

Nhan xét A.2. Néu ham f ¢6 dao ham tai zo thi tit biéu dién (A.1) suy ra f lien tuc tai z.
Khing dinh ngugc lai khong ding.
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Néu gidi han 6 dinh nghia A.10 chi ton tai khi Az — 0 tir phia phai hofic phia trai thi ta
c6 khai niem vé dao ham phai, dao ham trai sau.

* Dinh nghia A.11. Ham f ducgc goi 1a ¢6 dao ham phai tai zq 1a
Af

/ o . =/
P = iy 37

néu gisi han 6 vé phai ctia ding thic trén ton tai vi duge goi la c6 dao ham trai tai zo &

L Af
Fowo) = Jim

néu giéi han & vé phai ctia ding thic trén ton tai.

Dé thay néu ham f c6 dao ham tai xy thi ham f c¢6 dao ham phai vh dao ham tréi tai o
déu bing f’(xo). Nguge lai néu ham f ¢6 dao ham phai vad dao ham tréi tai xyp bing nhau thi
ham f ¢6 dao ham tai g 1a f'(20) = f.(20) = fL (o).

Khi ham f ¢6 dao ham phai (trai) tai zo ta ¢6 cdc nhan xét twong tu nhu nhu cac nhan xét
A.1 vd A.2 nhu sau.

Nhan xét A.3. Néu ham f ¢6 dao ham phai (trai) tai zo thi s6 gia ham s Af ¢6 dang
Af = fi(xo)Az + o(Ax) (A.2)
trong d6 o(Ax) 1a vo cing bé bac cao hon Az khi Az — 0% (Az — 07) va o(0) = 0.

Nhan xét A.4. Néu ham f ¢6 dao ham phai (trdi) tai zo thi ham f lien tuc phai (trai) tai
zo. Khing dinh nguge lai khong ding.

A.2.1.2. Phuong phap tinh dao ham

A.2.1.2.1. Dao ham cac ham thong dung

Dua vao dinh nghia A.10 ching toi sé lan lugt thiét lap cong thitc tinh dao ham clia ham
hiing v cdc ham s6 f(z) =z, f(x) = sinz, f(x) = €.
a) Voi f(z) = ¢,Vx € (a,b), va zg € (a,b) ta c6 Af = f(xo+ Az) — f(zg) = ¢ — ¢. Suy

ra Af =0, do d6 A_f = 0, v6i moi Az # 0 vd Az ¢6 gid tri tuyet dbi du nhd. Tu do ta co
x

A
AhmoA_f = 0, tic 1a f'(z9) = 0. Suy ra f'(x) = 0,Vx € (a,b). Ta nhan dugc cong thic thi
r— xr
nhét
(¢) =0,Vx € (a,b).

b) Véi f(x) = x,Va € (a,b), va zg € (a,b) tacd Af = f(xo+ Az) — f(z9) = (xo+ Az) — .

Suy ra Af = Az, do do N 1, v6i moi Az # 0 vad Ax c¢6 gia tri tuyét d6i da nho. Tu do ta
x

A
co AhmoA_f =1, tic la f'(xg) = 1. Suy ra f'(z) = 1,Vx € (a,b). Ta nhan dugc cong thic thit
r— A
hai

(x) =1,Vz € (a,b).

¢) V6i f(z) = sinz,Va € (a,b), va xo € (a,b) ta c6 Af = f(xo+ Ax) — f(zo)= sin(zo +
. Ax
. Ar. . Ax Af Ap S5~
Arx) — sinzg = 2cos(zg + 7) sin —- Suy ra Ay cos(xg + 7>A—x’ v6i moi Az # 0

2
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. Az

. A Ax S
va Az ¢6 gia tri tuyét doi di nhé. T d6 ta ¢6 lim — = lim cos(zg + —) lim =

Az—0 AL Az—0 2 7 Az—0 Az

) 2
s -, , .. sina
cos xg.1= cos xg, tic 1a f'(xg) = coszy (ta da sit dung gidi han co ban hH(l) =1). Suy ra
a—r (@]

f'(x) = cosz,Vz € (a,b). Ta nhan dugc cong thic thi ba
(sinz) = cosx,Vx € (a,b).

d) V6i f(x) = e*,Va € (a,b), v 1o € (a,b) ta c6 Af = f(xg+ Ax) — f(x0)= e™0TAT — eT0=

e™(eA* —1). Suy ra i_m = e‘”oeAZ—;l, voi moi Az # 0 va Az ¢6 gia tri tuyét doi du nho. Tu
d6 ta c6 lim af _ e™ lim e -1 =e™.1 = €™, titc 1a f'(z) = €™ (ta da sit dung gi6i han

Axﬁg €T Az—0 Az ’ ) )
o ban lim —— = 1). Suy ra f'(x) = €",Vx € (a,b). Ta nhan dugc cong thic thi tu

a—0 o

(e*) = e€",Vx € (a,b).

A.2.1.2.2. Quy tic tinh dao ham

Dudi day ching toi dua ra ba dinh 1y vé dao ham clia ham s6. D6 13 dinh 1y vé dao ham
clia tong, hiéu, tich, thuong cac ham s6; dinh 1y vé dao ham ham hgp; dinh 1y vé dao ham ham
nguge. Ching to6i ciing 4p dung cac dinh 1§ nay va cdc két qua clia muc 1.2.1.2.1 vé dao ham
cac ham thong dung dé nhan duge cac cong thite tinh dao ham méi.
O Dinh 1y A.1. (Dinh Iy vé dao ham ciia tong, hiéu, tich, thwong cic ham s6). Gid sit cdc ham
u(x),v(x) xdc dinh trén khodng (a,b), ¢6 dao ham tai xy € (a,b). Khi d6 u(x) + v(z),u(x) —
v(x),u(z)v(zr) cing c¢6 dao ham tai xo théa man

() (u(x) + v(2))|,—y, = w'(20) + ' (x0);

(i) (u(x) = v(2))'] =g, = ' (w0) — V' (20);

(i) (u(2)0(@))' ]y, = o (20)0(z0) + ulzo)(0);
u(z)

v(x)
<wm)w _ w/(o)v(wo) — ufeo)v/ (o)

v(x) v?(z0)

T=x0

(iv) Néu ngoai ra v(xg) # 0 thi ciing ¢6 dao ham tai o théa man

Dinh 1§ vé dao ham ctia tong, hiéu, tich, thuong cac ham s6 di dugc xem xét kha ki & cap
phd thong, vi vay chiing t6i khong chiitng minh dinh 1y nay & day. Tit dinh 1§ A.1 va cong thic
tinh dao ham ham hing ta dé dang nhan duge hai hé qua sau.

v Hé qud A.1. Néu ham u(x) xdc dinh trén khodng (a,b), ¢c6 dao ham tai xo € (a,b), thi véi
moi hing s6 ¢ ham cu(z) ¢6 dao ham tai xy théa man (cu(z))’| = cu/(xo).

T=x0

v Hé qud A.2. Néu ham u xdc dinh trén khodng (a,b), c6 dao ham tai zy € (a,b), u(xg) # 0,

1 1 !
thi ham — ¢6 dao ham tai xy théa man <—> =Y (o) )
u u(x) u?(xg)
T=x0

¢ Dinh ly A.2. (Dinh Iy vé dao ham ham hop). Néu ham u(x) ¢6 dao ham tai xy, ham f(u)
¢6 dao ham tai ug = u(xo) thi ham hop g(x) = f(u(x)) ¢6 dao ham tai xo théa méan

g (wo) = f'(uo)u'(20).
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A.Dat Au = u(xg + Azx) — u(xg), Ag = g(xo + Ax) — g(z0). Ta cb

Ag = glwo+ D) — glao)
= flu(wo + Az)) — f(u(z0))
= f(uo+ Au)) — f(up).

Vi ham f(u) ¢6 dao ham tai ug nén f(up + Au)) — f(ug) = f'(uo)Au + o(Au) theo nhan
xét 1.1, suy ra Ag = f'(ug)Au + o(Au). Tt d6 v6i Az # 0 ta ¢

Ag Au  o(Au)

Y — / -
Az f'(uo) Ax * Ax (A.3)
Khi Az — 0 s6 hang thit nhat ¢ vé phai clia (A.3) ¢6 gi6i han 1a
_ Au
A (' (uo) =] = f*(uo)u' (o). (A.4)

Gidi han ctia s6 hang thit hai ¢ vé phai cia (A.3) duge tinh nhu sau: Néu Awu = 0 thi o(Au) =

o(Au) p . ono(Au) o o(Au)Au, B
0 dodo iy "py =0 Nowduz Ot i, " = IRy Ayl = O/l =0 (hm

¥ rang vi ham « ¢6 dao ham tai xy nén lién tuc tai zo theo nhan xét A.2, do d6 Au — 0 khi
Az — 0). Trong ca hai truong hop ta déu c¢6

. o(Au)
Alggo Ax

— 0. (A.5)

T (A.3), (A.4), (A.5) suy ra lirgoi—i = f'(up)u'(xo) hay ¢'(xo) = f'(ug)u'(zo) theo dinh

nghia A.10 L.

Lién quan dén dinh 1§ A.2, chiing t6i dua ra mot s6 nhan xét, sé duge st dung vé sau.

Nhan xét A.5.

(i) Néu ham u(z) ¢6 dao ham tai xo, ham f(u) ¢6 dao ham phai (trai) tai ug = u(x), ton
tai khoang (a,b) chita zq sao cho u(x) nhan gia tri § bén phéi (trai) cia ug, Va € (a,b), thi ham
hop g(x) = f(u(zx)) c6 dao ham tai o théa man

g (x0) = fi(uo)u' (x0).

(i) Néu ham u(x) ¢6 dao ham phai (trai) tai zo, ham f(u) ¢6 dao ham phai tai uy = u(xy),
ton tai khoang (a,b) chita xy sao cho u(x) nhan gia tri ¢ ben phai cia ug, Vo € (a,b), va z &
bén phéai (trai) cltia xg, thi ham hop g(z) = f(u(z)) c6 dao ham phai (trai) tai zo théa man

9 (z0) = [ (uo)ul (o).

tai zo, ham f(u) c6 dao ham trai tai ug = u(zo), ton
an gid tri ¢ bén trai ciua ug, Vo € (a,b), vi © & bén

Néu ham u(x) ¢6 dao ham phai (tréi)

nha

f(u(z)) c6 dao ham phai (trai) tai xy thdéa man
o) =

ra
tai khoang (a,b) chita zo sao cho u(x)
phai (trai) clia o, thi ham hop g(z) =

g l(x

(ili) Néu ham u(z) c6 dao ham phai (trai) tai zo, ham f(u) c6 dao ham tai ug = u(xg), thi
ham hgp g(x) = f(u(x)) c6 dao ham phéi (tréi) tai zo thoa man

(Uo)ui(iﬂo)

9 (o) = f'(uo)uly(xo).

Chitng minh ctia cac khing dinh trén tuong tiy chiing minh ctia dinh 1y A.2. Chi luu § ring
& day ¢6 thé phai st dung ca biéu biéu dién (A.1) 1an (A.2).
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0 Dinh 1y A.3. (Pinh ly vé dao ham ham ngugc). Gia sit ham [ : [a,b] — [c,d] 1a ham
ngugc ciia ham lién tuc g : [¢,d] — [a,b](a < b,c < d). Néu ham g ¢6 dao ham tai yo € |c, d],
g (yo) # 0, thi ham f ¢6 dao ham tai xo = g(yo) théa man

f(wo) =

gl(yo) '

A.Gia st xy € [a,b),x > xg,|xr — 29| di nhd. Dat f(x) = y. Vi ham f 1a don anh nén
f(z) # f(zo) hay y # yo. Ta c6

f(x) = flxo)  y—o

T—zy g(y)l— 9(yo)

~ g9(y)—g(wo)
Y—yo

Cho x — ¢ thi y — yo vi ham f lién tuc trén [a,b] [1, tr. 104]. Suy ra

f@) = fla) 1

lim — 7
ooz T — T v=yo 9(y) — 9(%)
Y — Yo
hay
Fl(o) = ——
0 =
" 9'(vo)
Ching minh tuong tu véi zq € (a, b] ta c6
1

f () = -
9' ()

Tit hai ding thiic cudi ciing ta nhan duge khiang dinh ciia dinh 1y A.3, trong d6 dao ham
cua ham f tai a 1a dao ham phai, tai b 14 dao ham trai 0.

Stt dung ba dinh 1y trén ta c6 thé bd sung két qua ctia muc 1.2.1.2.1 nhu sau.
oVidu A.7.
(i) (cosz) = —sinz.

That vay, ta c6 cosz = sin(x + g), do d6 néu dat f(u) = sinu,u(zr) = x + g thi cosxz =

f(u(z)). Theo dinh 1y A.2 vé& dao ham ham hop, (cosz) = f'(u(x))u/(x). Ta c6 f'(u) =

cosu,u'(r) = 1= (cosz) = cos(u(z)).1 = cos(xz + g) = —sinx = (cosx) = —sinz.
ii) (tanx) = .
(it) (tanz)' = —5—
That vay, sit dung dinh 1§ A.1 vé& dao ham ciia tong, hieu, tich, thuong cac ham s6 ta dugc:
, sinx, (sinz) cosx —sinz(cosz)’ cosxz.cosz —sinz(—sinz)
(tanz) = ( ) = 5 = 5
cos cos? x cos? x
cos® x + sin® x 1 . (tanz) 1
= = anx) = .
cos? x cos? x cos? x
1
(iii) (cotz) = ————.
sin®

Chiing minh tuong ty nhu (ii).

(iv) (¢*) = a*Ina.
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That vay, ta c6 a® = (e!?)? = "% do d6 néu dat f(u) = e*, u(z) = xlna thia® = f(u(x)).
Theo dinh 1y A.2 vé dao ham ham hop, (a*) = f'(u(z))u/(z). Ta c6 f'(u) = e*, v/ (z) = Ina =
(a*) = e"@Inag = e*™%nag = a®Ina = (a*) = a*Ina.

1
!/

(v) (Inz) = .

That vay, ta c6 ham y = Inz 14 ham nguge clia ham z = €Y. Ham x = €Y lién tuc, c6 dao
ham (e¥) = e # 0,Vy € R, nén theo dinh 1y A.3 vé dao ham ham nguge, ham y = Inx ¢6 dao

1 1 1
ham tai moi x = e¥ > 0 théa man (Inz) = =—=—= (Inz) = —.
(e¥) e x
1

(vi) (logg 2)" = ——.

That vay, theo hé qua A.1,

Inx 1 (Inz) 1 1

1 i V| - 1

(log, =)' = (1 a) (lna no) = Ina xlna = (log, )’ = rlna

(vii) (%) = az* ! (r théa man: 22! xac dinh).

That vay, ta c¢6 2% = (e*)® = 2% ¥z > 0, do d6 néu dat f(u) = e*,u(zr) = alnz thi
r® = f(u(z)). Theo dinh 1y A.2 vé dao ham ham hop, (%) = f'(u(x))u ( ). Ta c6 f'(u) =
e u(r) = — = (2%) = e = gamal _ el ppe-1 o (z%) = az*"!. Néu x* xéc

x T x T

dinh khi 2 < 0 thi v6i z < 0 ta viét z* = (=1)*(—x)%, do d6 néu dat f(u) = u*, u(x) = —x
thi z* = (—=1)*f(u(x)). Ta ¢6 f'(u) = au®"!,Vu > 0 theo ching minh trén, u/(x) = —1 . V6i
x < 0 ta c6 u(xr) > 0 nén theo dinh Iy A.2 vé dao ham ham hop, (%) = (=1)*f"(u(x))u'(z) =
(=D)*a(u(x))*1(=1) = a(=1)*"H—z)*' = az*t = (%) = az*"!. Cudi cling, vé dao ham
clia ham x® tai 0. Néu ham 2 xac dinh trén R (néi rieng tai 0, do d6 o > 0) thi ham s6 ay ¢6
R *“—0
dao ham tai 0 khi va chi khi ton tai giéi han cta ac 5 = 27! khi x — 0, hay khi v& chi khi
x P
a—1>0< a>1.Véi a>1dao ham cia z* tai 0 1a lin(l):co‘_l =0 = a0}, titc 13 thdéa man
T—

cong thitc chung (z%) = az®~!. Tuong ti, néu ham x* xac dinh trén R, (n6i riéng tai 0, do
d6 o > 0) thi ham s6 iy ¢6 dao ham phai tai 0 khi va chi a > 1, v6i a > 1 dao ham phai tai 0
dy thoa man cong thic chung (%) = az®~!. Tom lai, néu z% ! xac dinh thi (z%) = az®'.

1
V1—2x?

That vay, ta ¢6 ham y = arcsin z tit doan [—1, 1] vao doan [ — g, g] 14 ham ngugce clia ham
xr = siny tit doan [ — g, g] vao doan [—1,1]. Vi ham 2 = siny lién tuc trén doan | — g, g],
dao ham (siny)’ = cosy # 0,Vy € (—g, g) nén theo dinh 1y A.3 vé dao ham ctia ham nguoc,

(viil) (arcsinz) = (—l<z<l).

co

ham arcsinz ¢6 dao ham tai x = siny € (—1,1) thdéa man:

1 1 1 1 1
(arcsinz) = — = = = = (arcsinz) = ———.
(siny)  cosy \/1 —sin’y  V1-—a? V1 — 22
1
(ix) (arccosz) = ———=(—1 <z < 1).
1 — a2
1
(x) (arctanz)’ = =
1
i ta) = — .
(xi) (arccot x) e

Céc cong thite (ix) — (xi) duge chitng minh tuong tu nhu cong thite (viii).

A.2.1.2.3. Bang dao ham cac ham s6 so cap co ban
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Tong hop cac két qua ctia muc 1.2.1.2.1 va ctia vi du A.7 muc 1.2.1.2.2 ta c6 bang dao ham
ciac ham s6 so cap co ban sau.

1. (C) =0; 2. () = az* ! (z théa man: x> xdc dinh);
3. (a®) = a"lna; 4. () = €%
1 1
5. (1 F= 6. (Inz) = —
(log, 2)' = —— (na) = -
7. (sinz) = cos; 8. (cosx) = —sinz;
1 1
9. (tanz) = ——; 10. (cotx)' = ————;
cos? x sin®
. 1 , 1
11. (arcsinz)’ = (—l<z <) 12. (arccosz) = ———=(—1 < x < 1);

v/ 11— 2 11— 2

13. (arctanz)’ = 14. (arccotz) =

1+x2; 14 a2

A.2.1.3. Vi phan cap mot

x Dinh nghia A.12. Ham f xac dinh trén khoéng (a, b) duge goi 1a kha vi tai zy € (a,b) néu
voi Az ¢6 gid tri tuyet doi di nhé s6 gia ham s6 Af = f(xg + Ax) — f(xg) ¢6 dang

Af = AAx + o(Ax), (A.6)

trong d6 A khong phu thudc vao Az, o(Az) la vo cung bé bac cao hon Az khi Az — 0 [1, tr.
87|. Biéu thitc df = AAz duge goi la vi phan cia ham f tai .

Theo nhan xét A.1, néu ham f ¢6 dao ham tai zo thi Af = f/(x¢)Az + o(Ax), tic 1a Af
c6 dang (A.6) v6i A = f'(xg), do d6 f kha vi tai zo. Nguoce lai, néu f kha vi tai xo, tiic 1a ta
¢6 bicu dién (A.6), thi ham f ¢6 dao ham tai zo 1a f/(z¢) = A. That vay, véi Az # 0 chia hai
vé cta (A.6) cho Az ta dugc % =A+ O(AA;:), tir d6 suy ra AlixIEU N A vi O(Aj) — 0 khi
Az — 0, hay f'(zo) = A. Nhu vay tinh c6 dao ham va tinh kha vi tai mot diém ctia ham s6 1a
nhu nhau, ngoai ra khi f kha vi tai xg, vi phén ctia né tai zq 1a

df = f'(x¢)Az. (A.7)

Ap dung cong thie (A.7) v6i f(z) = z, khi d6 f'(x) = 1, ta dugc dr = 1.Azx = Az = du.
Do d6 cong thite (A.7) ¢6 thé viét dudi dang khéc nhu sau:

df = f'(xg)dz. (A.8)
Tu (A.8) lai suy ra
d
o) = T (4.9)

Tiép theo ta xét mot tinh hudng dan dén tinh chat kha dic biét cta vi phan cia ham sb.
Gia st ham z(t) kha vi tai to, f(z) kha vi tai zog = 2(tg). Khi d6 theo dinh 1y A.2 vé dao ham
ham hop, ham g(t) = f(z(t)) kha vi tai to va ¢'(to) = f'(z0)2’(to). Ap dung cong thitc (A.8)
dau tien v6i ham g(t), sau d6 v6i ham x(t), ta duge vi phan ctia ham g(t) = f(x(t)) tai to 1a

dg = ¢ (to)dt = f'(xo)x' (to)dt = f'(xo)dx.

Ta thiy dang ctia vi phan ctia ham f(x) khi z 1 bién phu thuoc (6 day la phu thuoc vao
bién t) khong thay ddi so véi dang ctia vi phan ctia f(z) khi o 14 bién doc lap. Tinh chit nay
goi 1a tinh bat bién dang clia vi phan.
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A.2.2. Pao ham va vi phan cap cao

Gia st ham f c6 dao ham tai moi diém thuoc khoing (a,b). Néu f'(x) c6 dao ham tai
zo € (a,b) thi dao ham dy dugc goi 1a dao ham cip hai ctia ham f tai x,, ky hieu 1a f@® ().
Tiép tuc qua trinh trén ta c6 khai niem vé dao ham cAp n ctia ham f tai o, ky hieu 1a £ (z),
nhu sau:

. ~f fl(x) khin =1,
fO(x) = { (FOD ()Y khin > 2.

Dao ham cap mot, cap hai, cap ba cta ham f cling dugce ky hiéu lan lugt 1a f/, f”, f. Can
néi r6 them ring, dé ham f c6 dao ham cap n, n > 2, tai o, ta cdn ham f c6 dao ham cép
n-1 tai moi diém thudc khodng (a,b) ndo do chita x, va f"Y(z) c6 dao ham tai z,.

Ta ¢6 cac quy tac tinh dao ham cap cao sau:

() (af (@) + B9(2))® = af®)(z) + Bg (x), Yo, § € R,n € N

(ii) (f(2)g(2)™ = 34 Chf ) (2)gW ().

Cong thitc thit hai ¢ trén duge goi 1a cong thitc Lepnit (Leibniz). o) day ta st dung quy udc
dao ham cap 0 clia ham u bit k¥ xdc dinh tai z 1a u© (1) = u(z).

oVi du A.8. Ta chitng minh bang quy nap

(e = gne(a # 0), (A.10)

vl moi n € N.

A.That vay, ta ¢6 (A.10) thdéa man v6i n = 0 vi khi d6 ca hai vé ctia n6 déu bang e**. Gia
stt (A.10) ding v6i n ndo d6, n € N. Theo dinh nghia dao ham cip cao va quy téc tinh dao
ham ham hop

(eam)(n—i—l) — [(6ax)(n)]/ _ [aneax]/ —a"qe®* = an+leax = (eax>(n+l) _ an-l—leaac‘

Theo nguyén 1y quy nap toan hoc, (A.10) ding v6i moi n € N. No6i rieng khi a = 1 ta ¢6
(")) = e v6i moi n € N 0.

Vi du A.9. St dung quy tic Lepnit tinh dao ham cap cao ta nhan dugc
(e%x)™ = e®(z +n)
vl moi n € N*,

A.That vay, ta co

(e®z)™ = Zk:o CF(e®) R () ®),

Céc sb6 hang tng véi k > 2 trong téng & vé phai clia ddng thic trén bing 0 vi khi d6
(z)® =0, do do6

(0) = 5k Chler) " D)™
= CGR(e)=0a) + Ch(e) D ) V.

St dung két qua ctia vi du A.8 khi @ = 1 va céc ding thic C0 = 1,0} = n, (1)© =
z, ()M =1 ta duge (e*z)™ = 1.e®.x + ne®.1 = e*(z +n) = (e%2)™ = e*(z +n) 0.

Trong phan tiép theo cia muc nay chiing t6i gidi thieu so luge vé vi phan cap cao ciia ham
s6. Gia stt ham f ¢6 dao ham (kha vi) tai moi diém thuge khoang (a,b). Theo cong thitc (A.8),
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vi phan ctia ham f 1a df = f'(x)dz. Ta thiy df vé phan minh lai 1a ham s6 cla , ta c6 thé
xét tinh kha vi ctia n6 tai diem nao dé. Néu df kha vi tai diém ndo dé thi vi phan ctia df dude
goi & vi phan cip hai ctia ham f tai diém Ay, k¥ hieu 1a d2f. Tiép tuc qué trinh &y ta c6 khai
niém vé vi phan cap n clia ham f tai z, k¥ hiéu 1a d" f, nhu sau:

d”f—{ df khin = 1;
— Ld(dtf) khin > 2.

Xét ham f clia bién doc lap x. Vi phan (vi phan cip mot) ctia né 1a df = f/'(z)dw, trong do
dr = Ax 1a hang s6. Do d6 vi phan cap hai clia ham f 13

d*f = d(df) = d(f'(z)dz) = (f'(z)dz)dz = [(f'(z)) dz]dx = [f"(z)dz]dz = f"(z)dz*.

Suy ra d*f = f"(z)dx?. Tuong tu v6i n > 2 ta c6 d"f = f™(z)dx™. Vay v6i moi n €

n

d
N*, d"f = f"(x)dz™. Tit dé ta ciing nhan dugce cong thite f™)(z) = d_f
xn

Litu ¥ réing, khdc véi trusng hgp n=1, véi n > 2 biéu thitc clia vi phan cip n d"f cia f(z)
khi x 1a bién doc lap va khi z 1a bién phu thudc 1a khac nhau. Ta néi rang, vi phan cap cao
(cAp m > 2) ctia ham s6 khong ¢6 tinh bat bién.

A.2.3. Cac dinh ly vé gia tri trung binh vA mot sé Wng dung cua
ching

A.2.3.1. Cac dinh ly vé gia tri trung binh

Trong muc nay chiing t6i phét biéu va chitng minh dinh 1§ Phéc-ma (Fermat), dinh Iy Rolle,
dinh 1y Lag-rang-gio (Lagrange), dinh Iy Co-si (Cauchy), dua ra cong thitc khai trién Tay-lo
(Taylor) hitu han ctia ham s6 tai mot diém.

Trude hét ta nhic lai dinh nghia vé cire tri cia ham so.

x Dinh nghia A.13. Ta n6i ham f ¢6 cyc dai (cye tiéu) dia phuong tai z, néu tdn tai khodng
(a,b) chita z,, sao cho f xac dinh trén khodng (a,b) va Vo € (a,b)\{zo} ta c6 f(z) < f(xo)
(f(x) > f(zo)). Khi d6 diém z, dugce goi 1a diém cyc dai (cyc tiédu) dia phuong cia ham f.
Diém cuc dai dia phuong va diém cyc tiéu dia phuong cia mot ham s6 dude goi chung 13 diém
cue tri dia phuong ctia ham s6 ay. Dé cho gon, cum tit cyc dai (cuc tiéu, cue tri) dia phuong sé
duge thay bing cum tir cuc dai (cuc tidu, cye tri).

Néu trong dinh nghia A.13 thay bat dang thitc f(x) < f(zo) (f(x) > f(z0)) bdi bat dang
thic khong ngit f(x) < f(zo) (f(x) > f(x0)) thi ta c6 mot loai cyc tri khac. Dé phan bict, ta
goi loai thit nhat 1a cuc tri ngat, loai thit hai 1a cyc tri khong ngét. Khi néi ham s c6 cyc tri
tai mot diém ta hidu 14 né c6 cuc tri ngat tai didm do.

¢ Dinh 1y A.4. (Dinh Iy Fermat). Néu ham f ¢6 cuc tri va khd vi tai z, thi f'(xy) = 0.

A.Gid sit ham f ¢6 cuc dai va kha vi tai 2, va (a,b) 1a khodng duge néi téi trong dinh nghia
A.13. Khi d6 f(z) < f(zo),Vz € (a,b)\{zo} = f(x) — f(xg) < 0,Vz € (a,b)\{zo}. T do,

mot mit ta cé fa) = Fao) < 0,Vx € (x0,b), do d6 va do f kha vi tai z,, f'(z0) = f\(20) =

lim —f(x) — f(xo) <0 = f'(zo) < 0. Mat khéc ta c6 —f(x) ~ f(zo)

v do f khi vi tai 20, f(z0) = [ (20) = lim L8 =S(@0)

=T T — Xo

> 0,Vz € (a,z), do d6

> 0= f'(x9) > 0. Do f'(z9) <0



136 PHEP TINH VI, TICH PHAN HAM SO MOT BIEN SO

vd f/(29) > 0 nén f'(x9) = 0. Tuong tu khi ham f c6 cye tidu va kha vi tai z, ta cling c6
f’(Io) =0 Ll

Nhan xét A.6. Tit chitng minh cta dinh 1y A.4 dé thay ring, néu thay diéu kién ham f c6
cic tri tai z, bdi diéu kien ham f ¢6 cuc tri khong ngit tai x,, diéu kien ham f kha vi tai z,
giit nguyén, thi dinh 1y A.4 vin dang.

¢ Dinh ly A.5. (Dinh Iy Rolle). Néu ham f lién tuc trén doan [a, b], khd vi trén khodng (a,b),
f(a) = f(b) thi ton tai c € (a,b) sao cho f'(c) = 0.

A Vi ham f lien tuc trén doan [a,b] nén ton tai x1,x9 € [a,b], sao cho f(z;) < f(z) <
f(x3),Yx € [a,b] |1, tr. 99]. Néu z1, x5 € {a,b} thi f(x1) = f(x3) vi déu bang f(a) = f(b). Vi
fla1) = fz2) va f(21) < f(x) < f(22), Vo € [a,b] nén f(z) = f(z1) = f(x2),Vx € [a,0]. Suy
ra f'(c) = 0,Vc € (a,b). Néu z; ¢ {a,b} thi z; € (a,b). Ta c6 21 € (a,b) va f(x) > f(x1),Vz €
(a,b) nén ; 1a diém cife tiéu khong ngét cia ham f. Theo nhan xét A.6 ta c6 f'(x; ) 0. Néu
Ty ¢ {a,b} thi 1ap luan tuong ty ta duge f'(z2) = 0. Vay trong moi trudng hgp déu 6n tai
¢ € (a,b) sao cho f'(c) =0 0.

¢ Dinh 1y A.6. (Dinh Iy Lagrange). Néu ham f lién tuc trén doan [a,b], khd vi trén khoang
(a,b) thi ton tai c € (a,b) sao cho

f() = f(a)

ey f'(c). (A.11)

A.bat g(z) = f(z) — f(a) — %(as — a). D& thiy ham g lién tuc tren doan [a, D],
kha vi trén khodng (a, b) ( ) = g(b) vi déu bang 0 nén theo dinh ly Rolle ton tai ¢ € (a,b)
sao cho ¢'(¢) = f'(c) — b J) = fla) =0 hay w = f'(c) O.

Cong thic (A.11) ¢6 dang khac nhu sau:

f(b) = fla) = f'(c)(b— a).
bat Ax =b—a < b= a+ Ax ta duge

fla+ Az) — f(a) = f'(c)Ax (A.12)

Cong thitc (A.12) duge goi la cong thite s6 gia hitu han. N6 cho phép ude lugng sb gia clia
ham s6 Af = f(a+ Az) — f(a) theo s6 gia ciia d6i s6 Ax.

¢ Dinh 1y A.7. (Dinh Iy Cauchy). Néu cdc ham f,g lién tuc trén doan [a,b], kha vi trén
khoéng (a,b), ¢'(x) # 0,Vz € (a,b), thi ton tai c € (a,b) sao cho

f) — fa) _ f(e)
g(b) —g(a)  g'(c)

A.Néu g(a) = g(b) thi theo dinh 1y Rolle ton tai & € (a,b) sao cho ¢'()

(A.13)

0 trai véi gia

thiét ctia dinh 1y. Suy ra g(a) # g(b). Dat h(z) = f(z) — f(a) — %(g(m) — g(a)).

D& thay ham f lien tuc trén doan [a, b, kha vi trén khodng (a,b), h(a) = h(b) vi déu bing

0 nén theo dinh 1y Rolle ton tai ¢ € (a,b) sao cho W (c) = f'(c) — fEZ;; — f((a))g/(c) = 0 hay
g\w) —gla

) = fa) _ F1(c) do ¢'(c) # 0 theo gia thiét ctia dinh 1y 0.

g(b) —g(a) ~ g'(c)
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Duéi day ching toi phat biéu khong chitng minh dinh Iy md rong ctia dinh Iy Lagrange.
Ban doc c¢6 thé tim thiy chitng minh ctia né trong |1, tr. 147-150).

¢ Dinh 1y A.8. (Cong thic Taylor véi phan du dang Lagrange). Néu ham f kha vi lien tuc
dén cap n € N trén doan |a,b], kha vi dén cap n+1 trén khoang (a,b), xo € (a,b) thiVz € [a, ]
ton tai 0 : 0 < 6 < 1, sao cho

"(xo "(xq (n) Zo
f(x) :f($0)+¥($—930)+ f ; )($—:L“o)2—|—...+ / n(‘ >(x—x0)"
! . f(n+1)(~770 + (9(1’ - .To)) ( B )n+1 (A14)

(n+1)!

Cong thitc (A.14) dugce goi 1a cong thitc Taylor hay khai trién Taylor hitu han ctia ham f
tal z, voi phan du dang Lagrange.

Vé6i z, = 0 cong thicc (A.14) tr6é thanh
FO0) L, FE)

SO O " +

f) =10+ 2! n! (n+1)!

(A.15)

Cong thite (A.15) duge goi 1a cong thitc Maclaurin hay khai trién Maclaurin hitu han ciia
ham f.

Ban doc c¢6 thé kiém tra lai ring, dinh Iy A.8 vAn ding véi didu kien yéu hon 1a ham f
lien tuc trén doan [a, b], kha vi dén cap n+1 trén khodng (a,b). Mot dang khac clia cong thic
Taylor dugc cho trong dinh 1y sau.

O Dinh ly A.9. (Cong thiic Taylor véi phan du dang Peano). Néu ham f ¢6 dao ham dén cap
n-1 (n € N*) trén (a,b), ¢6 dao ham cap n tai ro € (a,b) thi

f(n)(a;0>

n!

(o)
1!

f(x) = f(xo) + (x —x0) + ... + (x —20)" 4+ o((x — 20)") (A.16)

trong dé o((x — xo)") 1a vo ciing bé bac cao hon (v — x¢)™ khi x — x¢ [1, tr. 87].

A.V6i n =1 gid thiét cta dinh 1y c¢6 nghia 13 ham f ¢6 dao ham tai z,. Theo nhan xét A.1
ta c6 biéu dién
Af = f(wo+ Ax) — f(20) = f'(20) Az + o(A)
& f(wo+ Ax) = f(xo) + f'(w0) Az + o(Ax),
trong d6 o(Ax) 1a vo cing bé bac cao hon Az khi Az — 0 [1, tr. 87]. Dat z = xo + Az. Ta ¢6
Az =1 — 29, Ax — 0 < o — x9. Do d6 cong thiic cudi ciing ¢6 thé viét lai dudi dang

f(@) = f(xo) + f'(wo)(z — m0) + o(z — x0),

trong d6 o(x — xg) 1a vo cling bé bac cao hon (x — z¢) khi z — x¢ [1, tr. 87|, tic 1a dinh 1§ A.9
ding v6i n = 1. Gia st dinh Iy A.9 ding véin =k > 1. Véin =k + 1 dit

" (k+1) (g
g(m) = f(l’) - f(iUO) — 1 (1!0) (m - xO) e d (k+1()!0) (.I - xU)kJrla

ta ¢o
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Ap dung gia thiét quy nap cho ham f'(z) ta dugc

F@) = fxo) = L0 (@ — g) — o = LR (1o )E = o(( — a)¥),

tie 1 ¢'(x) = o((z — x0)*). Theo dinh 1y lagrange Vx € (a,b)\{xo} ton tai ¢ § gitta z, va x sao
cho g(x) — g(zo) = ¢'(¢)(z — x9) < g(x) = ¢'(¢)(xz — x0) Vi g(z9) = 0. Tt d6 ta co

g(z) = o((c — z0)")(w — o)

- 9@ o((c=2z0)*)(@=20) _ o((c=20)") (c=20)"

@—20) 7 (@—xo) (c—w0)" (a—g0)"

x OC*CEk CcC—X Cl’k
= | 9( k+1|:‘(( o))|‘|( o)k|<| o))|

(z—=0)" (c—z0)" (z—x0 (c—z0)"
k
= | 2o k+1| <|° (CC i)o))k”
Khi z — o thi ¢ = o vi ¢ § gitta z, va x, do d6 lim |i] = 0. Vi vay tir bat ding
Tr—T0

thitc cudi cung ¢ trén suy ra gcll)rgo # =0, tiic la g(z) = o((x — x0)*™!) hay

e (k+1) z
f(a) = flao) + H2 (@ = 20) + o+ D (o = 20)" 4 of (@ — 20)**)

khi  — x¢. Vay dinh Iy A.9 ding v6i n = k+ 1. Theo nguyén Iy quy nap toan hoc dinh 1y A.9
ding v6i moi n nguyén duong L.
Trong phan cudi ciing ctia muc nay ching toi gidi thieu khai trien Maclaurin ctia mot sé
ham s6.
(a) Khai triéen Maclaurin ctia ham f(z) = e*. Ta ¢6

e””:l—f—x—k%—i—...—i—%—l—%x”“. (A.17)

— 0, fH) (0) = €.

That vay, tacé f(z) = e* = f®(2) = e*,Vk € N = f*)(0)
Do d6 ap dung cong thic (A.15) ta nhan duge cong thite (A. 17)
(b) Khai trién Maclaurin ctia ham f(x) = sinx. Ta c¢6

: x’ P n—1 g2n—1 n sin(fz n
sing =z — 4 + 4 — .+ (1) gy + (- 1) e (A.18)
That vay, biing phuong phap quy nap ta chitng minh duge f*)(z) = sin(x + E),Vk € N.
Tit d6, mot mat ta co f*)(0) = sin%’r,sz =0,2n — 1. Suy ra

f(Qm)(O) = sm2mT7r = sin(mmr) =0 = f(Qm)(O) =0,Ym=0,n—1;

f(2m71)<0) _ sinw _ (_1)m71 - f(2m71)(0) _ (_1>m71’vm =0,n

2

Mat khac ta co

FOM(0x) = sin(0z + 227) = (—1)"sin(0z) = @ (0z) = (—1)"sin(fz).

Do d6 ap dung cong thic (A.15) ta nhan duge cong thie (A.18).

(¢) Khai trién Maclaurin clia ham f(z) = cosz. Ta ¢6

x2 z? n x n sin(fx n
cosw =1 — 3 4+ 5 — .+ (—1)" G 4 (— 1) R e (A.19)
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Ching minh cong thic (A.19) tuong ty ching minh cong thic (A.18). O day ta dya vao
két qua f(z) = cosz = f®(z) = cos(z + &),Vk € N ma ta c6 thé nhan duge bang phuong
phap quy nap.

(d) Khai trién Maclaurin ctia ham f(x) = (1 + z)®. Ta c6

a—n—1
(1+2)*=1+azr+ a(a a2 4+ a(a_l)';b(!a_nﬂ)x" + a(a_l)“'(a&ﬂ)ﬂwm) 2"t (A.20)

That vay, dé thay f®(z) = a(a —1)...(a — k+ 1)(1 4+ 2)*7*, ¥k € N*. Do d6

fO) =1, f®0) = ala—1)...(a—k+1)Vk = T,n, f"*V(0z) = a(a—1)...(a—n)(1 + z)> L.
Thay céc két qua trén vao cong thitc (A.15) ta nhan duge cong thic (A.20).
Diac biét v6i o = —1 ta ¢o

=1l—a4+2>— .. +(=D)"2" + (-1 —L "t

1
1+x (1+9x)n+2$

Thay = b6i —x ta nhan duge khac

1 2 n 1 n+1
ﬂ_l—i-a:—l—x + ...+ +m$ .

(e) Khai trién Maclaurin ctia ham f(x) = In(1 + x). Ta c6

In(l4+z)=2—% 4.+ (=1)" ' 4 (=~ ntl, (A.21)

1
D Gy

That vay, ta ¢6 f(x) =In(l + x) = f’( ) = HLW

do d6 f®(z) = (k — 1)!(=1)*"1(1 + 2)7* Vk € N*. Ta suy ra
F(0) =0, fM(0) = (k= DI(=1)*1,Vk = Tn, fD (02) = nd(=1)"(1 + )"

Thay céc két qua trén vao cong thitc (A.15) ta nhan duge cong thic (A.21).

Ap dung dinh 1§ A.9 ta con c6 thé nhan dugc cac cong thitc khac kha thuan tién, bén canh
cc cong thitc tit (A.17) dén (A.21). Chang han 4p dung dinh 1y A.9 ta nhan dugc cong thic
sau bén canh cong thic (A.17)

e =1+a+2 4.+ +o(z")
khi z — 0. St dung céc cong thitc dang nay trong nhiéu trudng hop ta c6 thé tinh giéi han clia
ham s6 mot cach kha nhanh gon.
A.2.3.2. Mot s ting dung ciia cac dinh ly vé gia tri trung binh

Trong muc nay chiing t6i dua ra hai tng dung ctia cic dinh 1y vé gia tri trung binh 1a ap
dung quy tic L’Hospital tinh gidi han ctia ham s6 va sit dung cac dinh 1y vé gia tri trung binh
khio sat su bién thién ctia ham sb.

A.2.3.2.1. Quy tac L’Hospital

¢ Dinh 1y A.10. (Quy tidc L’Hospital 1). Gid sit cdc ham f, g kha vi trén khoang (a,b) nao
dé chita z, € R ¢6 thé trit tai v,. Néu lim f(r) = lim g(z) = 0,¢'(z) # 0,Yx € (a,b)\{zo},
T—T0 T—rT0

va gidi han lim L@ 50 tai thi gidi han lim Iz) ciing ton tai va lim @) iy L&)
T—T0 9 ( ) T—T0 g(:c) T—rT0 9 ‘r) T—rT0 9 (I)
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AVif, g kha vi trén (a,b)\{zo} nén f,g lién tuc trén (a,b)\{zo}. Néu f khong xac dinh
tai z, thi ta bo sung gia tri clia n6 tai x, bing cach dat f(x¢) = 0. Tuong tu d6i véi ham g.
Khi d6 tir gid thiét suy ra cdc ham f, g con lién tuc tai x,. Gid st x € (a,b)\{zo}. Theo dinh
ly Cauchy, ton tai ¢ § gitta z, va x sao cho

[@)=fo) _ [  [l=) _ ['(c)

9(x)—g(zo) — g'(c) g(@) — g(c)

vi f(zg) = g(xp) = 0. Cho x — =, thi ¢ = x, vi ¢ § gita x va z,. Khi d6 58 ¢6 gi6i han

theo gid thiét. Suy ra fg 3 ciing ¢6 gidi han va giéi han ciia n6 bang giéi han cia ,( ) . Vay khi
z — x, bitu thic L% ¢6 gisi han va lim M = lim £@ .
( ) a:—)aco ) T—rT0 g( )

¢ Dinh 1y A.11. (Quy tac L’Hospital 2). Gia sit cac ham f, g kha vi trén khodng (a,b) nao
dé chita v, € R ¢6 thé trit tai x,. Néu lim g(x) = oo, ¢'(x) # 0,V € (a,b)\{z¢} va gidi han

r—x0
iy @) (@)
T—T0 g'(z) T—T0

ton tai thi gidi han lim L& ciing ton tai va lim {& = lim L&
(l‘) m—}xo

v
8
1
8
o
Q
~
B
3

A Vi lim g(z) = oo nén g(x) # 0 v6i moi x da gan z,. Khong mét tong quat c6 thé gid

Tr—xT0

thiét g(z) # 0,Vx € (a,b)\{zo}. Dat
lim £ — . (A.22)

x—xg I '(2)

Gid st € > 0. Do (A.22) ton tai A > 0 sao cho zg+ A < b va Ve € (xg, 9 + A)

(A.23)

Gid st z,y € (wg, v0 + A),z # y. Theo dinh 1y Cauchy, ton tai ¢ § gitta x va y sao cho

Tit dang thitc trén va (A.23) suy ra

f@)—fly)
ls@=st — U <3

& |(f(x) = f(y) = Ug(z) — g(W)] < 5lg(x) = g(y)].
Khi # =y € (z9, 70 + A) thi hai vé ctia bat ding thitc cudi ciing biing nhau vi déu bing 0.

Vay Va,y € (20,7, + A) tacé [(f(z) — f(y)) — U(g(z) — g(v))| < 5lg(x) — g(y)|-
Két hop bat ding thitc cudi cling v6i bat ding thitc

|f(x) = lg(z)| < [(f(z) = f(y)) — Ug(z) — gw)] + |f(y) — lg(y)]

ta duge
|f(z) —lg(x)| < 5lg9(x) — g(y)| + [f(y) — lg(y)]-

Chia hai vé ctia bat ding thitc trén cho ]g(a:)\ > 0 ta duge

58— <sh-

9(»)

-1
g(x |+ |f g(y)|

Khi # — zg thi vi g(x) — oo theo gid thiét, vé phai ctia bat dang thic trén dan dén

g. Do d6, véi y ¢6 dinh thuoc khodng (zg, 29 + A) ton tai 6 thoa man 0 < § < A sao cho

Vo € (zg, 0 + J) ta cb
|% - l‘ <ég,

2)
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c6 nghia la lim % = [. Chitng minh tuong tu ta dugc lim (—§ =[,do d6 lim % = 1. Dang

J:—):co T—Ty z—zo I
thitc nay cling ding thitc (A.22) chitng minh khang dinh ciia dinh 1y .
Nhan xét A.7. Néu lim g:éi; oo ho#c néu xy = oo thi dinh Iy A.10 va A.11 vaAn ding.
T—T0

Sau day 1a mot s6 vi du ap dung cac quy tac L'Hospital.

eVi du A.10.
(a) Xét hm . . Ap dung quy tdc L’Hospital 1 (dinh 1y A.10) ba lan ta dugc
lim — lim —  — Jim -
a:—)()x sinz 20 (:c(gsl;l;:) 20 GCOSJJ
o alcl_% (1— C?sx) = xl}%m
— Jim 62— Jim 6 —¢
p—0 (8inx) I COST
Vay lim - S?M = 6.
Tr—r
(b) Xét liril Iz v6i o > 0. Ap dung quy tic L'Hospital 2 (dinh 1§ A.11) ta dugc
Tr—r+00
lim e — iy 2l gy, e
z—+o00 ¥ T—+00 (%) z—>+o00 ¥
= lim - =0.
x——+o0 T
- . Ine _
(c) Xét lim [(2* — 4) tan Z2]. Ta ¢6 lim [(2? — 4) tan %] = lim —2—"—~_ Do d6 ap dung quy
T—2 z—2 4 z—2 COt(ﬂ’I/4)
tdc L’Hospital 1 (dinh 1y A.10) ta duge
' 2 _ oy T EON €’y L 2z
lim [(2° — 4)tan 5] = lim ey = i — e
— lim 2x.4sin? (rx /4) _ _16
x—2 - T’

Vay lim [(2? — 4) tan Z2] :
T—2 &

Chi ¥ ring, cic dinh Iy A.10 vi A.11 khing dinh sy tdn tai ctia gidi han lim % kéo theo

T—rT0

sy ton tai clia gi6i han lim £ (— nhung khong khing dinh diéu ngude lai. Vi vay, khi giéi han

x%wo
lim g,(x)) khong ton tai chua thé néi duge gi vé si ton tai ctia giéi han lim £ ﬂ Sau day la
T—x0 z—zo 9
mot vi du khi lim £ tdn tai nhung lim f,(z khong ton tai. Ta c6
T—T0 g(x) T—T0

hm T+sin T — hm [1 + smx] — 1
z—4o0 T T—+00 z

~

1322 <dlyz > 0va lim L =0nén lim ¥2% =0. Suyra lim 522 —1 Con
:c—)—i—oom z—+oo * T—+00 z

(z+sinz)’

@ = 1+ cosx

khong c¢6 gidi han khi x — 400 vi gia tri clia ham 1+ cosx tai cac day dan dén +oo 1a 2nm va
(2n + 1)7 lan luot 14 1 + cos(2nm) = 2 va 1 + cos((2n + 1)7) = 0 ¢6 cac giéi han khac nhau 1a
2 va 0.
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A.2.3.2.2. Khao sat sy bién thién cta ham sb

Céc dinh Iy duge xét trong muc nay 1a céc cong cu dé khao sat sy don dieu [1, tr. 46] va dé
tim cuyc tri clia ham s6. Trude tien 1a dinh 1y vé sy don diéu ctia ham sb.

O Dinh ly A.12. Gi4d sit ham f lién tuc trén doan [a,b|, kha vi trén khoang (a,b). Néu
f'(z) > 0,V € (a,b) thi f ting nghiém ngit trén [a,b]. Néu f'(z) < 0,V € (a,b) thi f gidm
nghiém ngat tréen |a, b].

A.Gia st f'(z) > 0,Vx € (a,b) va x1,29 € [a,b],21 < x5. Theo dinh 1y Lagrange ton tai
¢ € (1,x2) sao cho f(x2) — f(z1) = f'(c)(xe — x1). VI f'(c) > 0 theo gid thiét v 25 — z; > 0
theo cach chon z1, x5 nén f'(c)(xe — 1) > 0= f(x2) — f(x1) > 0 hay f(z1) < f(z2). Suy ra f
ting nghiém ngit trén [a,b]. Phan tht hai cia dinh 1y duge ching minh tuong tu .

Tiép theo ta c6 dinh 1y vé cyc tri clia ham sb.

¢ Dinh ly A.13. Gia sit ham f lién tuc trén doan [a,b], kha vi trén khodng (a,b) trit mot s6
hita han diém. Gid sit zy € (a,b).

(a) Néu khi x vugt qua x, va f'(x) doi dau tir duong sang am thi f c6 cuc dai tai z,;

(b) Néu khi x vugt qua x, va f'(x) doi dau tir am sang duong thi f ¢ cuc tieu tai x,;

(c) Néu khi x vuot qua x, va f'(z) khong doi dau thi f khong cé cie tri tai .

A.Trudc tien ta chitng minh khéng dinh (a). Tit cdc gid thiét vé ham f suy ra ton tai s6
duong e sao cho (xg —e,9+¢) C (a,b), ham f kha vi tai moi x € (xg — &, 29 +¢)\{zo}, /()
duong khi z € (g — €, 20), f'(x) am khi = € (29,20 + ). V6i 1 € (x¢g — €, x0) thi ham [ ting
nghiém ngit trén [, zo] theo dinh 1y A.12 nén f(z1) < f(xo), v6i x5 € (29, o + €) thi ham f
giam nghiém ngit trén [zg, x2] theo dinh 1y A.12 nén f(z2) < f(z0), do d6 f(z) < f(zo) v6i
moi & € (19 — &, 20 + €)\{20}, tiic 1a 2, 1 diém cyc dai ctia ham f.

Khing dinh (b) dugce chitng minh tuong tu.

Dé chitng minh khing dinh (c) trudc tién ta thay tit cac gid thiét vé ham f suy ra ton tai
s6 duong ¢ sao cho (g — &,29 + €) C (a,b), ham f kha vi tai moi z € (x¢ — €, 29 + €)\{zo}
va ¢6 dao ham f'(x) khong ddi dau khi @ € (zg — g, 10 + )\ {zo}. Gid st z; € (2 — €, 70),
Ty € (29,70 +€). Néu f'(x) duong khi x € (g — &, 20 + ) \{zo} thi chitng minh tuong ty phan
(a) ta c6 f(x1) < f(x0) < f(x2), suy ra z, khong 14 diém cuc tri ciia ham f. Tuong tu néu
f'(x) am khi € (zg — &, 20 +¢)\{zo} thi 2, ciing khong 1a diém cyc tri cia ham f 0.

Bén canh dinh 1y A.13 ta ciing c6 thé st dung dinh 1y sau dé tim cyc tri ctia ham sb.
¢ Dinh ly A.14. Gia sit n € N*, ham f kh4 vi dén cap n — 1 trén khodng (a,b) nao dé chita
T, va kha vi cap n tai z,. Ngoai ra gid sit f'(x¢) = ... = f™@ D (x) = 0, f™(x0) # 0. Khi dé6

(a) Néu n chin thi x, l1a diém cuc tri ctia ham f. Hon thé nita, néu f™(x) > 0 thi z, la
diém cuc tiéu ctia ham f, néu f™(xzy) < 0 thi x, la diém circ dai clia ham f.

(b) Néu n 1é thi x, khong 13 diém cuc tri ciia ham f.

A.Theo dinh Iy A.9 ta c6

F(@) = Flao) + 280 (@ — ) 4 ..o 4+ L2800 (1 )" 4 o(( — o)),

n:

trong d6 o((z — xo)™) 1a vo cing bé bac cao hon (z — )" khi # — x¢ [1, tr. 87]. T d6 va cac
gia thiét ctia dinh Iy A.14 suy ra

Fl@) = flwo) = L0 (o — )™ + o((x — x0)")

(n)

= f(x) = f(xo) = (& — zo)" L5 + o(1)],
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trong d6 ky hiéu o(1) chi ham s6 dan dén 0 khi z — z,. Khi 2 — x, thi % +o(l) — £ (o)

n!
£ (o) £ (20) )

nén véi x di gan z, va © # o dau ctia I—7 + o(1) dugc xdc dinh bdi dau cta —;
Suy ra dau cta (z — xo)”[% + o(1)] hay cta f(z) — f(zo) dude xéc dinh bdi dau cla

) (x .
£ (z0) n(, o) (1 — xo)™.

Gia st n chin. Khi d6 (z — 20)" > 0 v6i moi o di gan x, vd © # x,. Néu f (1) > 0 thi
£ (20)

5z — 20)" > 0, do d6 f(z) — f(zo) > 0 v6i moi x dlt gin z, vA = # x,, suy ra z, la diem

cuc tiéu ctia ham f. Néu f(™(zy) < 0 thi %(m —1x9)" < 0,do dé f(x) — f(zo) < 0 v6i moi
x dl gan z, va © # x,, suy ra z, la diém cuc dai clia ham f.
Gia st n 18. Khi d6 (z — 2)" ddi dau, do d6 %(m — x9)" ddi dau khi z vugt qua x,, x

dt gan z,. Suy ra f(x) — f(xo) ddi dau khi z vugt qua x,, z di gan z,, do dé z, khong la diém
cuc tri cia ham f 0.

A.3. Phép tinh tich phan ham mot bién

Cac noi dung chinh clia bai nay 13 tich phan bat dinh, tich phan xac dinh va tich phan suy
rong trong truong hgp can lay tich phan 1a vo han.

A.3.1. Tich phan bat dinh
A.3.1.1. Nguyén ham va tich phan bat dinh

A.3.1.1.1. Dinh nghia nguyén ham va tich phan bat dinh

Trong muc 1.2.1.1 ta da biét néu chuyén dong thing c6 quang dudng di 14 ham s6 s = f(¢)
ctia thoi gian ¢ thi van tdc tidc thai ctia chuyén dong tai thoi diém ¢ 1a v(t) = f'(¢). Vay néu
biét van toc titc thoi ciia chuyén dong thing tai thoi diém t 13 v(¢) thi dé tim quing duong di
clia chuyén dong ta phai tim ham f(¢) sao cho dao ham f/(¢) clia n6 bing v(t) vdi moi t. Bai
toan nay la mot trong céc bai toan dan dén dinh nghia sau vé nguyén ham ctia ham sb.
* Dinh nghia A.14. Gia st ham f xéc dinh trén khoang (a,b). Ta n6i ham F xac dinh trén
khoadng (a,b) 1a mot nguyén ham ctia ham f néu ham F kha vi trén (a,b) va F'(x) = f(x),Vz €
(a,b).
¢ Dinh ly A.15. Gia sit F' 1a mot nguyén ham cia ham f trén khoang (a,b). Khi dé6

(a) Vi moi hiang s6 C' ham F(z) + C ciing la nguyén ham ciia ham f(z) trén (a,b);

(b) Néu ® ciing la nguyén ham ctia ham f trén (a,b) thi ton tai hing s6 C sao cho ®(x) =
F(x)+ C,Vx € (a,b).

A.(a) Taco (F(z)+C) = F'(z)+(C) = f(2)+0 = f(z) = (F(2)+C) = f(x),Vz € (a,)).
Dang thiic cubi ciing chitng t6 F(x) + C ciing 1a nguyén ham ctia ham f trén (a,b).
(b) Gia st ® ciing 1a nguyén ham ctia ham f trén (a,b). Dat G(x) = ®(z) — F(z) . Ta ¢

G'(z) =¥ (x) — F'(z) = f(z) — f(z) =0,Vx € (a,b) = G'(x) = 0,Vz € (a,).
Gié st z1,x, € (a,b), x1 < z,. Theo dinh 1y Lagrange
Jde € (x1,22) : G(x2) — G(x1) = G'(¢)(xg — 1) = 0.(x2 — 1) =0

= G([EQ) — G(fl) =0= G([L'1) = G(zg)
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Suy ra G(x) 1a ham héng, titc 1a ton tai hing s6 C, sao cho G(z) = C,Vx € (a,b) hay
O(z) — F(x) = C,Vx € (a,b) & ®(z) = F(x) + C,Vx € (a,b) 0.

Nhu vay tap cac ham F(z)+ C v6i C € R trung véi tap cac nguyén ham ctia ham f. Ta ¢6
dinh nghia sau.

x Dinh nghia A.15. Gii sit F' 12 mot nguyén ham ctia ham f trén khoang (a,b). Biéu thitc
F(x)+ C v6i C la hing s6 bat ky duge goi 1a tich phan bat dinh c¢lia ham f trén khoang (a, b),
va duge ky hiéu la

/f(x)dx =F(z)+C.

Déau [ duge goi 1a ddu tich phan, = duge goi 1a bién 1ay tich phan, f(z) dugc goi la ham s6
lay tich phan, f(x)dz dugc goi la biéu thitc dudi dau tich phan.

Ta thiy néu biét mot nguyén ham ctia ham f trén khodng (a,b) thi c6 thé biét tat ci cac
nguyén ham ciia ham s6 ay. Van dé 1a ham s6 f nao ¢6 nguyén ham trén khoang (a,b). Hay
téng quat hon ham s6 nao c¢6 nguyén ham trén mot tap sé thyc lien thong. Nhan xét A.8 muc
1.3.2.4 cho thay moi ham s6 x4c dinh lién tuc trén doan [a,b] ¢6 nguyen ham treén doan &y.

A.3.1.1.2. Céc tinh chat ctia tich phan bat dinh

Tinh chat 1. Néu ham f ¢6 nguyén ham trén khoang (a,b) thi véi k 1 hing s6 khac 0
ham k.f cling c¢6 nguyén ham trén khoang (a,b) va

/kf(x)dx = k/f(a:)dm. (A.24)

Tinh chéat 2. Néu cac ham f, g c6 nguyen ham trén khoang (a,b) thi ham f + g ciing ¢6
nguyén ham trén khoang (a,b) va

/(f(x)+g(x))dx:/f(x)dx%—/g(x)dz. (A.25)

A.Ta chitng minh (A.24). Gi4 st F' 1a nguyén ham cta f trén (a,b). Thé thi vé phai clia
(A.24) Ia k(F 4 C) v6i C € R. Mit khac (kF) = k(F) = kf, suy ra k.F la nguyén ham cta
k.f, do d6 vé trai clia (A.24) 1a kF + D v6i D € R. M&i ham s6 ¢6 dang k(F + C) déu ¢6 dang
kF + D v6i D = kC. Nguge lai mdi ham s6 ¢6 dang kF + D déu ¢6 dang k(F + C) vé6i C = %.
Tic 1a hai vé clia (A.24) trung nhau.

Bay gio ta chitng minh (A.25). Gid sit F, G lan lugt 1a nguyen ham cia f, g trén (a,b). Thé
thi vé phéi cia (A.25) 1a F+C) + G+ C, v6i O, Cy € R. Mat khac (F+G) = F'+G = f+g,
suy ra F'+ G la nguyén ham cia f + g, do d6 vé tréi ctia (A.25) la F+ G + C v6i C € R. Mai
ham sb ¢6 dang F' + C, + G + Cy déu ¢6 dang F + G+ C véi C = O + Cy. Ngudce lai mdi ham
s6 ¢6 dang F + G+ C déu c6 dang F + C, + G+ Oy véi Oy 1a s thite ndo d6, con C, = C' — (.
Titc 1a hai vé clia (A.25) trung nhau 0.

A.3.1.2. Cac phuong phap tinh tich phan bat dinh

A.3.1.2.1. Phuong phap d6i bién

Khi tinh tich phan bat dinh d6i khi can diing phuong phap doéi bién. Duéi day ching toi
trinh bay hai dang ddi bién khi tinh tich phan bat dinh.

O Dinh 1y A.16. (Déi bién dang 1). Gia sit
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(i) Ham f xdc dinh trén khodng (a,b), f(x)dx = g(u(x))u' (x)dz,Vx € (a,b), u(z) khé vi
trén (a,b) va u'(z) khong dong nhat bang 0 trén (a,b);
(i) [g(t)dt = G(t) + C tren tap I = {u(x)|z € (a,b)}.
Khi do
/f(m)dx = G(u(x)) + C.

A.Vi u(x) khé vi trén (a,b) nén u(x) lién tuc trén (a,b) theo nhan xét A.2. Do d6 dnh I clia
(a,b) qua ham wu(z) la tap lien thong [2, tr. 103], tic 14 ¢6 mot trong 4 dang sau: 1) [m, M] ;
2) [m, M); 3) (m, M]; 4) (m, M) |2, tr. 54]. Néu I ¢c6 mot trong céc dang 2) 3) 4) thi m < M.
Vi «/(x) khong dong nhat bang 0 trén (a,b) nén u(z) khong 1a ham hing, do d6 néu I ¢6 dang
1) thi ta cling ¢6 m < M. Vi vay viéc xét tich phan [ g(¢)dt trén I 1a ¢6 § nghia.

Dit F(x) = G(u(x)). Gid st xg € (a,b), to = u(xg). Néu tg € (m, M) thi theo dinh 1y A.2
vé dao ham ham hgp ta c6

F'(z0) = G'(to)u' (o) = g(to)u'(z0) = g(u(z0))u (20) = f(70) = F'(0) = f(0).
Néu m hitu han, m € I va t, = m thi theo nhan xét A.5 ta c6
F'(x9) = G (to)u/(z0) = g(to)u' (o) = g(u(xo))u'(x0) = f(x0) = F'(x0) = f(0)-
Tuong ty néu M hitu han, M € I va to = M thi F'(x¢) = f(xg). Nhu vay F'(xq) = f(z0)
trong moi truong hop, suy ra F(x) 1a mot nguyén ham cia f(z) .

O Dinh Iy A.17. (Déi bién dang 2). Gia sit
(i) ¢ : (o, B) — (a,b) 12 song 4nh, ¢ c¢6 dao ham khong doi dau trén (o, 5);
(i) [ ()¢ (t)dt = G(t) + C tren (a, B).
Khi do
[ H@de = Gluw) + ¢

trong dé t = u(x) la ham ngugc cla ham x = ¢(t).

A.bat F(x) = G(u(x)). Ham ¢t = u(z) c6 dao ham trén (a,b) théa mén u'(z) = ﬁ
dinh 1y A.3 vé dao ham ham nguge, ham G(¢) ¢6 dao ham théa man G'(t) = f(e(t))¢'(t

moi ¢ € (a, §) theo gid thiét (ii). Suy ra ham F ¢6 dao ham la

F'(x) = G'(u(@)'(z) = f(p(t)¢' (t) 55 = f(e(t)) = f(2) = F'(x) = f(2).

theo
) v6i

Tit d6 suy ra khing dinh cta dinh ly .
oVi du A.11.

dx
2 _ a2

d _ 1 1 1 _ 1 d 1 d
/mzzaz—/[ﬁ(n—m)]d“f—% e |

de 1 de 1 dx
:>/m2—a2 T 2a T—a Za/x—l—a'

Xét tich phan thi nhat & vé phai ciia ding thitc cudi cing. Dat t = 2 — a. Ta ¢6 dt = dx,

L fdo _ 1 [dt_ 1 R 1 de _ 1y,
suy ra 5. | = =5 [T =g Inft| +C1=g5-In|r —a| +C, = 5. [ 2 = 5-In|z —a| + C1.

(a) Tinh [ Ta c6
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Tuong ty ta co 5 %z%ln\x+a|+02.8uyra
/IQ"l_xGQ:ﬁln]:z:—a]—i—Cl—ﬁln]:c—i—M— Linjz=e| 4 0, - G

:/xZ a2~ 2a 1n|z+a|+0
véi C = O — Oy 1a hing s6 bat ky
. dr z+vVr2+a)dz
(b) Tinh f Vrita® Ta c6 f vV 2+a - f oc+\/13[:2+a( \/m2+a)

At = N (z+ve ta)ds
Datt =z + vV +a=dt = ===, dodo

== %:ln\t|+Czln]a:+v:E2+a|+C:>/\/;2L+a:ln|a:+Vx2+a|+C.

(¢) Tinh [ W;l—%z, a > 0. Tap x4c dinh ctia ham duéi dau tich phan 1a —a < z < a.

Dit © = asint,—% < t < 5. D& thiy phép ddi bién nay théa man didu kien (i) ctia dinh

1§ A.17. Ta c¢6 dov = acostdt, a2 — 22 = \/a? — a’sin*t = Va2cos?t = a|cost| = acost vi

cost >0do —F <t < 5. Suy ra

[ = [ = [a=rro= [ =tic

Ta Céx:asint —E <t< £:>t:arcsin£.
a

= arcsin 7 L4+ C.

(d Tlnh f
Ham duéi dau tich phan xac dinh v6i moi z. Dat z = atant, —5 <t<3.

Ta c6 dv = 2% 2 4 2% = a® + a’tan’t = a?(1 + tan’t) =

cos?t”’

de adt 1 at 1 _ 1
/a2+562 - / coth’a2/C052t - / t+ C= / 2+x2 - Et+ C.

Ta c6 v = atant, —3 <t < 3 &t = arctan .
-1 z
= carctan £ + C.

2+I2

Vay

a2+ 2

A.3.1.2.2. Phuong phéap tich phan tirng phan

Gid st u,v 1a hai ham 6 ¢6 dao ham lién tuc trén khoang (a,b). Khi d6 w.v ¢6 dao ham
trén khodng (a,b) va thoa mén

(u(z)v(z)) = v'(x)v(x) + u(z)v' ()

v6i moi o € (a,b). Cac s6 hang & vé phai ctia dang thic trén déu lien tuc nén c6 nguyén ham
tren khodng (a,b). Do d6 theo tinh chat thit hai ctia tich phan bat dinh ta ¢6

/ (w(z)v(z))ds = / o (2)o(z)de + / u(z)v'(z)dz.

Tich phan & vé trii ctia dang thic trén bing u(z)v(x) vi dao ham cia u(z)v(x) bing ham
s6 duéi dau tich phan (hing so ciia tich phan & vé trai ta don sang céc tich phan & vé phai clia
dang thitc trén). Tir d6 thay u'(z)dx = du(z),v'(z)dx = dv(x) ta duge

u(z)v(zx) :/v(a:)du(x)+/ z)dv(x :>/ x)dv(z) = u(x)v (x)—/v(x)du(x)
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Vay ta c6 cong thic sau, goi 1a cong thitc tich phan timg phan

/u(x)dv(m) = u(x)v(z) — /v(:v)du(:v)
oVi du A.12.

a) Tinh [ Va2 + adz.
Dit u = v22 4 a va chon v sao cho dv = dx. Khi d6 du = —222— va ¢6 thé chon v = z. Ta

Va2+a
co
J Va2 +ade = 2va? v a— [o A

=V +a— f\/xz—l—adxjtf\/%.

:>2/\/a:2+adx—x\/a:2+a+ ads :>/\/x2+adx— sVa?ta+§ \/jfiw.
T d6 4p dung két qua ctia vi du A.11 phan (b) ta duge

h/Vﬁ4wa:§WH+a+%hﬂx+Vﬂ+%ﬂ+C.

b) Tinh [va? — 2%dz,a > 0.

Dat u = va? — 22 va chon v sao cho dv = dz. Khi d6 du = \/;;”% va ¢6 thé chon v = x.

Ta ¢o

[Va? — 2?dx = ava? — 2? — fx\/;;”%
2./1:
=zva? — 22— [Va? —22dx + [ Tiﬁ'

= 2/\/&2 — 22dx = zva? — x? +/ %ZE‘ZQ = /\/@2 —22dr = £vVa? — 2% + “2—2 —%.
T d6 ap dung két qua ciia vi du A.11 phan (c) ta duge

2 .
/\/@2 — 22%dr = $Va* — 2% + G arcsin £ 4 C.

1.3.1.2.3. Bang tich phan cc ban
Tt bang dao ham cac ham s6 so cap ¢d ban (muc 1.2.1.2.3) va cdc két qui clia muc 1.3.1.2
ta nhan duge bang tich phan cac ham thoéng dung sau.

[ 0dz = C; [dz=z+C;

[ x%dz = ﬂ;ll —1; [ % =1n|z| + C;

Jatde = &+ C; [e“dr =e"+C

[sinzdzr = —cosx + C} fcosxdx—sinx—i-C;
fsifﬁx:—cotx—i—c; COSQ =tanz + O}
f\/aglxﬁ:arcsin§~l—0; f\/aZ—xzda:— 2Va? — 22+ % arcsm L+,
/ a;-lfa:? = Larctan £ 4 C; S = - In |22+ G

J 7%= =In|z+ V22 +a| +C;

A.3.2. Tich phan xac dinh

f\/a:Q—i—adx— svVrita+§njz + Va2 +al +C.
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A.3.2.1. Dinh nghia tich phan xac dinh

Trong muc nay ta can khéai niém vé can trén dang va can dudi dang clia mot tap sd thuc.
Cho E la tap s6 thuc khac rong. Néu ton tai s6 y sao cho x < y,Va € E thi tap E dugce goi la
bi chin trén, va s6 y dugde goi Ia can trén clia tap E.

Can dudi duge dinh nghia tuong ty. Néu tap E bi chdn trén va bi chin duéi thi E duge goi
l1a bi chan.

% Dinh nghia A.16. Néu tap E bi chiin trén thi can trén nhé nhat trong sb cac can trén duge

goi 1a can trén ding clia £ va duge ky hieu 1a sup £ hodc sup {z}. Néu tap F bi chin dudi thi
el

can dudi 16n nhat trong s6 cac can dudi dude goi 1a can dudi dung cia E va dude ky hieu la
inf F hoac inf {z}.

zelE

T dinh nghia trén dé& thay mdi tap sé thuc c6 khong qua mot can trén diang, va khong qua
mot can dudi ding. Sy ton tai cta can trén ding duge chitng minh trong [2, dinh 1y 1.36]. Su
ton tai clia can dudi dung duge ching minh tuong tu.

*» Dinh nghia A.17. Gia sit ham f xdc dinh va bi chan trén doan [a,b], a < b. Chia doan
[a,b] thanh n doan nhd bdi cac diém xg, 21, ....,2, : 70 = a < 7, < ... <z, = b. Tap P =
{20, 21, ..., 2, } dugc goi la mot phan diém clia doan [a, b]. Dt

Al’i =XT; —CL’z’,l,Z' = l,n

=
||
E

M; = sup{f(z)|x € [z;_1, 7]},
=inf{f(z)|x € [x;_1,2]},i = 1,n,

U = inf U(P) (A.26)
L =sup L(P) (A.27)

trong d6 can trén ding va can dudi ding liy theo tat cd cAc phan diém cta doan [a, b).

O & & T16L%2 G

Zo T,

Hinh A4
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Néu U = L thi ta n6i ham f kh4 tich trén [a, ], gid tri chung clia cac dai lugng (A.26) va
(A.27) sé dugce ky hieu la

b
/ f(z)dz (A.28)

va duge goi 1a tich phan xac dinh cia ham f trén doan [a,b]. Cac ky hiéu a, b, z, f(x), f(x)dz
lan lugt dude goi 1 can dudi, can trén, bién lay tich phan, ham s6 lay tich phan, biéu thitc dudi
dau tich phan.

Ta dinh nghia thém:

Néu a > b va ham f kha tich trén doan |b, a|, thi fabf(x)dx = — [ f(z)dz, con néu a = b
va ham f xéc dinh tai a, thi [* f(z)dz = 0.

Vi ham f bi chin nén ton tai cadc s6 m vad M sao cho
m < f(z) < M,Vz € [a,].
Nghia 13 véi moi phan diém P
m(b— a) < L(P) < U(P) < M(b —a),

vi vay cac s6 U(P) va L(P) tao thanh céc tap bi chin. Diéu d6 chiing t6 ring cdc dai lugng
(A.26) va (A.27) ton tai. Van dé vé sy trung nhau gita cac dai lugng Ay, hay tinh kha tich ctia
ham f trén doan [a,b], 1a van dé tinh té hon. Ta sé& xem xét van dé iy trong phan tiép theo.
A.3.2.2. Diéu kién kha tich
Ta goi phan diém Q ciia doan [a, b] 12 sy tdn nho ctia P néu Q D P. Trudce tien gia st Q
chita nhiéu hon P ding mot diém. Ky hiéu diém méi dy 1a z*. Gid st z,_; < * < ; Vi 2,_;
va x; 13 hai diém lien tiép ctia phan diém P. Dat
wy = inf{ f(z)|z € [z,-1, 2"},
wy = inf{ f(z)|z € [z*, z,]}.
Ro& rang 1a wy > m; vA we > m;, trong d6, van nhu trude
m; = inf { f(2)|z € @1, ]}
Tic la

L(Q) — L(P) =wi(z* —xi_1) +walx; — %) —my(x; — xi—1)
= (w1 —m;) (2" —2;21) + (wo — my)(z; — %) >0,

hay L(Q) > L(P). Néu Q chtia nhiéu hon P k diém thi 13p lai 1ap luan trén & 1an ta nhan duge

L(P) < L(Q) (A.29)

Chitng minh tuong tu ta dugc
U(Q) <U(P) (A.30)

¢ Dinh 1y A.18. S6 U trong cong thitc (A.26) va so6 L trong cong thitc (A.27) théa man

L<U.
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A. Gid st P; vd P, 13 hai phan diém ciia [a,b], P = P; U P,. Theo (A.29) va (A.30)

L(P)) < L(P) < U(P) < U(Py).

Tuc 1a
L(Py) < U(Po) (A.31)

Coi P, ¢b dinh, iy can trén ding ctia tap {L(P;)} theo tat ca cdc phan diém P, tit (A.31)
ta nhan duge
L<U(P,) (A.32)

Lay can dudi ding cta tap {U(P2)} theo tat cd P, trong (A.32) ta nhan duge khang dinh
cua dinh 1y .

O Dinh 1y A.19. Ham f kh4 tich trén doan |a,b] khi va chi khi véi moi ¢ > 0 ton tai phan
diém P sao cho
U(P)— L(P) <e. (A.33)

A. V6i moi phan diém P ta c6
L(P)<XL<U<U(P).
Vi vay tit (A.33) suy ra Ve > 0 ¢6 bat ding thitc:
0<U-L<e. (A.34)

Nghia 13, véi moi € > 0 bat ding thitc (A.34) duge thda méan, do dé U = L, hay f kha tich
trén doan [a, b].

Bay gio gid st f kha tich trén doan [a, b] v& cho s6 ¢ > 0. Khi d6 ton tai cac phan diém P,
va P, thda man

b
U(Py) — / F(z)da <% (A.35)

(A.36)

DO ™

b
/f(x)dx — L(P1) <
Chon P = P; U P,. Khi d6 cac bat diang thite (A.29), (A.30), (A.35), (A.36) cho thay

U(P) < U(Py) < /f(m)dm +E<LP) +e<L(P) e,

d6i véi phan diém nay (A.33) duge théa man .
St dung dinh 1y A.19 ngudi ta chitng minh dugce tinh kha tich ctia ba 16p ham quan trong.

O Dinh 1y A.20. Néu ham f lién tuc trén [a,b] thi f kha tich trén [a,b].

O Dinh 1y A.21. Néu ham f bj chin trén |a,b] va ¢6 chi mot s6 hitu han diém gidn doan trén
[a,b] thi f kha tich trén [a,].

O Dinh 1y A.22. Néu ham f don dieéu va bi chin trén [a,b] thi f kha tich trén [a,b].

Tiép theo ching toi sé phat bidu va ching minh mot dinh 1§ cho phép tinh tich phan xéc
dinh nhu 1a giéi han cia mot tong. Nhung trude tien ching to6i dua ra hai dinh nghia sau.
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» Dinh nghia A.18. Dudng kinh ctia phan diém P la

A(P) = max{Az;|i = 1,n}.
x Dinh nghia A.19. Gid st P la mot phan diém ndo dé ctia doan [a, b]. Chon cac diém ¢; sao
cho z;_1 <t; <y, i =1,n, vh xét tong

Z f(t) Az (A.37)

Ta dinh nghia
lim S(P)=1. (A.38)
A(P)—0
néu véi moi € > 0 ton tai § > 0 sao cho véi A(P) < ¢ ta ¢6
|S(P) — 1| <e. (A.39)

Can n6i ro them rang vé phai cla (A. 37) ngoai phu thudc vao P con phu thudc vao bo cac
sO ti: i <t; < i, i = 1,n nitta, nhung dé cho cong thic do cong kénh ching t6i khong thé
hién sy phu thuoc dy trong ky hieu S(P).

0 Dinh 1y A.23.
(a) Néu ton tai lim S(P) khi A(P) — 0 thi ham f kha tich trén [a, b] v

lim S(P / fla (A.40)

A(P)—0

(b) Néu ham f kha tich trén [a,b] thi théa man (A.40).
A.Trude tién gia st riang giéi han & vé trai clia (A.40) ton tai va bang I. Gia sit € > 0. Ton
tai § > 0 sao cho véi A(P) < § ta 6

I-5<S(P)<I+3 (A.41)

N[

Chon mot phan diém P sao cho )\(P) < §. Cho t; chay trén [z;_q1,2;], 1 = 1,n
tren dung va can dudi ding ctia cac s6 S(P) nhan duge bang cdch dy ta di dén

<
gj/
S
<
o
)
=

[—:<LP)<UP)<I+:.

2_

Theo dinh 1§ A.19 f kh4 tich trén [a,b] vh diéu d6 két thic ching minh khang dinh (a) vi
b
< /f(:c)d:cg U(P).
Dé chitng minh khang dinh (b) gia stt riing f kha tich trén [a, b]. Ton tai Q sao cho

b
< / f(x)d:v+i (A.42)

Dat M = sup{f(z)|x € [a,b]}.
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Chon &, = g, trong d6 n la s6 doan nhé cta phan diém Q. Gia st P la phan diém bat
k¥, sao cho A\(P) < §;. Xét céc tong U(P),U(P U Q). Hai tong ay trung nhau trén cic doan
con clia P khong chita cac diém ctia Q & phia trong. Trén cac doan con clia P c6 chita cac diém
ctia Q & phia trong do lech ciia hai tong ay c6 gia tri tuyéet doi khong vudt qué

(n— 1)2% Ax;2M < (ng]l&snzM <

3
Két hop véi (A.42) bat ding thitc cubi ciing cho
b £
U(P) < / fle)dr+ 5, (A.43)

v6i moi P théa man A(P) < d;.

Ciing béng cach 4y ta c6 thé ching minh ton tai 6, > 0 sao cho
b 5
L(P) > / f(x)dx — 5 (A.44)

véi moi P théa méan A\(P) < da.
Dit § = min(dy, d2) ta thay (A.43) va (A.44) théa man véi moi P sao cho A\(P) < 4.
Vi 16 rang la

L(P) < S(P) <U(P)

nén tir (A.43) va (A.44) suy ra

S(P) < f(z)dz + g,
b €
sy > [ flayde

con tit hai bat ding thic cudi ciing dé& thay
b
S(P) ~ [ fa)dal <<

v6i moi P sao cho A(P) < ¢ 0.
Dé két thic phan nay ching toi néu mot vi du don gian ap dung céc dinh Iy A.20 va A.23.

eVi du A.13. Ap dung dinh 1y A.20 ta thiy ham f(z) = 2 kha tich tren doan [0, 1] vi f lien
tuc trén doan &y. Do d6 ham f théa méan déng thic (A.40). Chon phan diém clia doan [0, 1] 1a
P = {%,n € N*,i = 0,n} théa man \(P) = % — 0khin —oco. Lay t; = * € [%,%], i=1,n.

Ta co

S(P) = i = "5 = 3(1H3),

lim S(P) = lim [1(1+ 1) =1

A(P)—0 n—00

Vay fol zdr = 3.
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A.3.2.3. Tinh chit ctia tich phan xic dinh

Trong cac tinh chat dudi day ta co giad thiét a < b.

Tinh chat 1.

(a) Néu ham f kha tich trén doan [a, ] thi v6i moi hing s6 C ham Cf ciing kha tich tren
la,b]. Hon nita fab Cf(x)dr = Cf;f(:v)dzv

(b) Néu cac ham f, g kha tich trén doan [a, b] thi hAm f + g cling kha tich trén [a, b]. Hon
nita f; [f(x) + g(z)]dz = ff f(x)dx + fabg(x)dx
Tinh chat 2. Néu ham f kha tich trén doan [a,b] thi kha tich trén [a, c] v& [c, b] v6i moi

€ (a,b). Hon nita
b c b
/ F(a)dz :/ F(w)da +/ f(w)da
Tinh chat 3.

(a) Néu ham f kha tich trén [a,b], f(z) > 0,Vz € [a,b], thi f f(x)dz > 0.
(b) Néu cac ham f, g kha tich tren [a,b], f(z) > g(x),Vx € [a,b], thi

/a > [ gl

(c) Néu ham f kha tich trén [a,b] thi |f| kh& tich trén [a,b]. Hon nita

[ sl < [ 1r@)a

(d) Néu ham f kha tich tren [a,b], m < f(x) < M,Vz € [a,b], thi

m(b—a)g/ f(z)dz < M(b—a).

Tinh chat 4.

(a) Dinh 1§ trung binh tht nhat. Néu ham f kha tich trén [a,b], m < f(x) < M,Vz € [a, 1],
thi thi ton tai u € [m, M] sao cho
/ f()dz = b — a).

Dic biet néu ham f lién tuc trén [a, b] thi ton tai ¢ € [a, b] sao cho

/ f(@)ds = F(S)(b - a).

(b) Dinh 1§ trung binh thi hai. Néu cac ham f, g kha tich tren [a,b], g khong am hosic
khong duong trén [a,b], m < f(x) < M,Vz € [a,b], thi thi ton tai u € [m, M] sao cho

/f z)dr = /:g(x)dx.

Dic biet néu ham f lien tuc trén [a,b], g kha tich trén [a, b], ¢ khong am hodc khong duong
tren [a, b], thi ton tai ¢ € [a,b] sao cho

[ e =50 [ otwrae
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A.3.2.4. Dinh ly dao ham theo can trén. Cong thitic Newton-Leibniz
Gid st a < b vd ham f kha tich tren [a, b]. Theo tinh chat 2 cta tich phan xdc dinh (muc
1.3.2.3) f kha tich trén [a,z] v6i moi = € [a, b]. Dit

O(x) = / " f@)dt,x € [a,b]. (A.45)

0 Dinh 1y A.24.

(a) Ham @ trong cong thic (A.45) lién tuc trén [a, b].

(b) Néu f lién tuc tai zg € [a, b] thi ® ¢6 dao ham tai z, thoa man
@’(xo) = f(x0). (A-46)

A.Vi ham f bi chin nén ton tai cdc s6 m va M sao cho m < f(x) < M,Vz € [a, b].
Gid st xg € [a,b). Vi h > 0,29 + h < b theo tinh chdt 2 cia tich phan xac dinh (muc
1.3.2.3)

<I>(x0+h)—<1>(x0):/mﬁhf(t)dt—/jof(t)dt:/x0+hf(t)dt

a o

do d6 theo tinh chét 4 phan (a) cla tich phan xac dinh (muc 1.3.2.3) ton tai pu sao cho

O(zg + h) — ®(x9) = ph. (A.47)

C [m, M]. (A.48)

pe | mf f@), s f@0)
telxo,zo+h] te[zo,zo+h]
Cho h — 07. Vi p bi chan do (A.48) nén ph — 0, suy ra ®(xg + h) — () — 0, tic la
ham & lién tuc phai tai x,.
Bay gio gia st f lién tuc tai x,. T (A.47) suy ra

P(xg+h)—P(z
(o)) _ |,

Cho h — 0. Vi f lién tuc tai z, nén  inf  f(¢) va sup  f(¢) déu dan dén f(zo). Do
te[xo,zo+h] te[zo,zo+h)

(A.48) p ciing dan dén f(xg), tiic 1a

hm (I>(:U0+h)7q’(mo) — T
h—s0+ h f(wo)
hay @' (x9) = f(z0).
Gia st zo € (a, b]. Mot cach hoan toan tuong tu c¢6 thé ching té ham & lién tuc trai tai x,

va néu f lien tuc tai z, thi ® (z9) = f(xo). Diéu d6 két thic chiing minh ¢4 hai phan (a) va
(b) ctia dinh 1y .

Nhan xét A.8. Tu dinh Iy A.24 suy ra néu ham f lién tuc trén doan [a,b] thi ®'(z) =
f(z),Yx € [a,b]. C6 nghia la ® 14 mot nguyén ham cia ham f trén [a, b].

¢ Dinh 1y A.25. Gi4 sit a < b. Néu ham f lien tuc trén doan |a,b] va F la mot nguyén ham
ciia f trén [a,b] thi

b
/ f(x)dx = F(b) — F(a).
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Hieu s6 F(b) — F(a) thuong dugce ky hieu 1a F(x)|°, do d6 cong thitc trén con c6 dang
b
/ f(z)dz = F(z)|. (A.49)

Cong thic (A.49) duge goi 1a cong thic Newton-Leibniz.
A.Vi F' la mot nguyén ham clia f trén [a,b] va theo nhan xét A.7 thi ® ciing 1a nguyén
ham cta ham f trén [a, b] nén
/ f(t) (z) + C,Vx € [a,b)].
Cho z = a ta dugc 0 = @ F(a)+C = C=—F(a). Do dé

/ £(1) (z) — Fla), ¥z € [a,b)].

Cudi cung cho x = b ta duge cong thite (A.49) 0.

2
oVidu A.14. Vi % la nguyén ham cla ham z trén doan [0, 1] nén theo cong thitc (A.49)

1 2
/ rdr = —
0 2

Ta thay lai két qua cta vi du A.13.

Loz o2 g

. 2 2 2

8

A.3.2.5. Cac phuong phap tinh tich phan xac dinh

A.3.2.5.1. Phuong phap d6i bién

Trong cac dinh 1y A.26 va A.27 a va b 1a cac s6 thyc thda mén a < b.
O Dinh Iy A.26. (Déi bién dang 1). Gia sit

(i) Ham f lién tuc trén doan [a, b];

(ii) Ham u(z) khé vi tren [a,b], «/(z) khong dong nhat bing 0 trén [a,b], va f(xz)dr =
g(u(x))v' (z)dz,Va € [a,b];

(iii) g(t) lién tuc trén tap I = {u(x)|z € [a, b]}.

Khi do
b u(b)
/ Fla)de = / g()dt.
a u(a)

A.Vi ham g lién tuc trén tap I nén c6 nguyén ham trén tap ay. Gia st G 1a mot nguyén
ham ctia g trén 1. Dit F(x) = G(u(z)). Ching minh tuong ty nhu dinh Iy A.16 ¢6 thé thiy
F 13 nguyén ham ctia f trén [a,b]. Diém khac & day I1a khing dinh F'(z) = f(z) tai * = a v
x = b. Ta thita nhan khang dinh nay. Theo dinh 1y A.25

b
[ Fadds = FO) - Fla) = Glulh) - Gluta)),

u(b)
|ttt = Gu(v) - Glu(a),

u(a)
Tit cac ding thic trén ta nhan duge khiang dinh ctia dinh ly L.
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O Dinh 1y A.27. (Déi bién dang 2). Gi sit
(i) Ham f lién tuc trén doan [a,b];
(ii)) Ham ¢(t) ¢6 dao ham lién tuc trén |«, 5];
(i) o(0) = o, 0(B) = b;
(iv) o(t) € [a,b],Vt € |a, B].

Khi do
b B
/f@wszMWMWt

A.Gia st F(z) la nguyén ham cta f(z) trén [a,b]. Khi d6 F(p(t)) 1a nguyén ham cia
fle(t)¢'(t) trén [o, B]. Theo dinh 1y A.25

L/ﬂ@sz@—F@,

E
/ Fle@)'t)dt = F(p(B)) — Flp(a)) = F(b) — F(a).

Tt cac dang thic trén ta nhan duge khing dinh cta dinh ly .
oVi du A.15.

(a) Tin hfﬂ/z cos xdx
1+sin’z’

Ta

Dit t = sinz = dt = coszdx. Do dé biéu thic dudi dau tich phan trd thanh e

thay ham lien tuc trén tap [0,1], 1a &nh ctia doan [0, 5] qua ham sinz. V6i x = 0 thi ¢ = 0,

- 1+t2
=g thi ¢ = 1. Theo dinh 1y A.26

/2 1
cos zdx

/ —_— = / & = arctant|é = arctan 1 — arctan0 = 7 — 0 =
0

us
. 2 4
1 +sin®x o 4

(b) Tinh fo m
Dat r = tant,0 <t < 7, = dor =

r=1=1t=7, tant € [0,1], VtE[ ] TheodinhlyA27

0,7]. Taco 2 =0=1t =0,

Tf/4 dt

1 dx _rm/4 /4
fO \ (1+$2)3 o f(] COS2t\/ 1+tan2t f COS2tﬂ / (1/0052t COSQtll/COS3t|
V2 V2

/4 /4 . /4 ) .
:fo/ #t/ms?)t:fo/ costdt:smt|0/ :81n(7r/4)—81n027—0:7.

A.3.2.5.2. Phuong phéap tich phan tirng phan

Néu cac ham w,v ¢6 dao ham lién tuc trén [a,b] thi ta ¢6 cong thiic sau goi la cong thiic
tich phan ting phan

/a budv = (w)|” — / bvdu (A.50)

eVi du A.16. Tinh
w/2
I, :/ sin"xdx, (A.51)
0
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w/2
Iy = / cos"xdx, (A.52)
0

v6in € N. Ta ¢o
w/2
m:/)cm:xw?_g
0

w/2
L = / sin zdx = —(:osst:|7r/2 =1
0

Véin > 2taco

I, = Oﬂ/ n"" 1fd( cosx) = —sin"~ xcosx|?2 +f0 cos rd(sin" " 'z) =
=(n-1) Oﬂ/ sin"*zcos’zdr = (n — 1) [ “22(1 — sin’z)dx =
=(n-1) fOW/Z sin"2x — sin"x)dr = (n — 1)In_2 — (n—1)I,.
-1
Suy ra [,, = n—]n—2-
n
2m—12m—-3 1
2m  2m—2727"
v6i moi m € N*. Ky hieu tich cdc 6 16 lien tiép tir 1 dén 2m — 1 1a (2m — 1)!! (doc 1a 2m — 1
giai thira cach), tich cdc s6 chdn lien tiép tir 2 dén 2m 1a (2m)!! (doc 1a 2m giai thita cach), va

Tir d6 bang phuong phap quy nap ta nhan dugc Iy, =

T (2m — D«
thay Iy = — ta dugc Iy, = ————.
o=y M ale & 2m)ll 2
Cemt
TU.’OHg tu’ [2m+1 = m vOl mo1 m &€ N*,
Tinh toan tuong tu véi J, ta di dén
L = Joym = %g, Lmy1 = Jomi1 = % v6i moi m € N*.

A.3.3. Tich phan suy rong trong trudng hop can lay tich phan la vo
han

Gia st ham f kh4 tich trén doan [a,b] v6i moi b thoa man b > a. Néu ton tai gidi han

b
bggrnoo /av f(l')dl'

thi gi6i han d6 dugce goi la tich phan suy rong cia ham f trén khoang [a, +00), va duge ky hiéu
la

+oo
f(z)dx = lim / f(x (A.53)
a b—+o0

Tuong ty, néu ham f kha tich trén doan [a, b] v6i moi a théa man a < b, va ton tai gidi han

b

lim f(z)dx

a——00 a

thi giGi han d6 duge goi 1a tich phan suy rong ctia ham f trén khoang (—oo, b], va duge ky hiéu
la

/C f@yde = tim_ [ fa)dz (A.54)

a——0o0
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Néu vGi moi a tich phan suy rong clia ham f trén cac khoang (—oo,a] va [a, +00) ton tai
thi tich phan suy rong ctia ham f trén khoang (—oo, +00) 1a

—+00

h f(z)dx = /a f(z)dx + f(z)dx. (A.55)

Khi vé trai clia cdc cong thie (A.53) - (A.55) ton tai thi ta no6i cac tich phan suy rong ay
hoi tu. Trong truong hgp nguge lai ta néi ching phan ky.

Vi du A.17.
4 [TOO dzx 7 b de 1 b1 1. o z
(a) Taco [, % = bginoo 0 T = bginoo[arctan zlg) = bginoo arctan b = 5
<4 0 . 0 . 0 . ™
(b) Tiép theo |~ 119;2 = agr_noo Ik 119;2 = agr_noo[arctan z|,] = aEr_noo[— arctana) = 5

(¢) Tt két qua cta cac phan (a) va (b), va cong thitc (A.55) ta ¢

+o0 0 +o0
de dx + de z + z =T
1422 1422 1422 2 9 -
—00 —00 0

(d) Xét ffoo re®dr. Ta ¢6

a a

0 0 0
/ re®dr = / zde® = ze®|” / edr = —ae® — €®° = —ae? — 1+ e = e*(1 —a) — 1.

Ap dung quy tdc L'Hospital ta c6

lim [e*(1—a)—1]= lim =2 —1= lim —% — 1= lim ¢*—1= -1
a——00 a——00 a——oo € a——00

Vay ffoo re®dr = lim fao retdr = —1

a—r—0o0
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