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DE CUONG CHI TIET HOC PHAN

. Tén hoc phan: Dai s6 tuyén tinh - Nganh k§ thuat
. S6 tin chi: 3 = 60 tiét
. Phan b6 thoi gian:
e Ly thuyét: 42 tiét
e Bai tap, kiém tra: 18 tiét
. Diéu kién tién quyét: Khong.

. Muc dich ctia hoc phan: Trang bi cho sinh vién nhiing kién thitc co ban nhét vé nhém,
vanh, truong, dai s6 da thitc, dai s6 tuyén tinh. Nhitng kién thic nay 1a dieu kién tién
quyét, gitp sinh vién c6 thé tiép thu cac kién thiic clia cac hoc phan giai tich 1, 2, vat i,
co hoc, héa hoc, cdc mon toan chuyén dé va mot s6 mon chuyén mon ciia cac nganh ki
thuat.

. No6i dung cht yéu: Tap hop va anh xa. Cau tric dai s6. S6 phiic. Da thite. Phan thiic
hitu ti. Ma tran. Dinh thitc. Hé phuong trinh tuyén tinh. Khong gian véc to. Khong gian
Euclid. Anh xa tuyén tinh. Tri rieng v véc to rieng. Dang toan phuong.

. Ngudi bién soan: ThS Nguyén Dinh Duong va ThS Nguyén Thi D6 Hanh - Gidng vién
B06 mon Toan - Vién Khoa hoc co ban.

. Noi dung chi tiét hoc phan:

Tén chuong muc Phan phdi chuong trinh
TS| LT | BT | TH | KT
Chuong 1. Tap hop va anh xa 6 ) 1

1.1. Tap hop va phan ti

1.1.1. Khai niém vé tap hgp va phan tit
1.1.2. Quan hé thudc va ki hiéu €
1.1.3. Cach mo ta tap hop
1.1.4. Mot s6 tap hop thong dung
1.1.5. Tap rong
1.1.6. Sy bang nhau ctia hai tap hgp
1.1.7. Quan hé bao ham. Tap con
1.1.7. Quan hé bao ham. Tap con
1.1.7. So do Ven

1.2. Céac phép toan trén tap hgp
1.2.1. Phép hop
1.2.2. Phép giao €
1.2.3. Tinh chat
1.2.4. Hiéu ctia 2 tap. Phan bu
1.2.5. Luat DeMorgan
1.2.6. Suy rong
1.2.7. Phu va phan hoach
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1.3. Tich Decartes

1.4. Quan hé tuong duong va quan hé thi tu

1.4.1. Quan hé hai ngoi

1.4.2. Do thi ctia quan hé hai ngoi

1.4.3. Tinh phan xa, tinh ddi xing, tinh bic cau
trong quan hé 2 ngoi

1.4.2. Quan hé tuong duong va I6p tuong duong

1.4.2. Quan hé tht ty. Tha ty bo phan va tha tu
toan phan

1.5. Anh xa
1.5.1. Dinh nghia anh xa. Anh va nghich anh
1.5.2. Cac loai anh xa dac biét: don anh, toan anh,
song anh
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1.6. Tap dém duge va khong dém dude

Chuong 2. Cau tric dai s6. S6 phiic. Da thiic va
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2.1.1. Dinh nghia
2.1.2. Céac tinh chat ctia luat hgp thanh trong
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2.4.2. Tinh chat

2.5. 56 phitc

2.5.1. Dinh nghia s6 phiic

2.5.2. Truong s6 phiic

2.5.3. SO thyc 1a truong hgp riéng clia s6 phiic

2.5.4. S6 thuan 4o

2.5.5. Dang dai s clia sd phiic

2.5.6. Mat phéng phic

2.5.7. Dang luong gidc clia sd phitc. Cong thiic
Moivre

2.5.8. Can bac n cia sd phiic

2.6. Da thuc
2.6.1. Dinh nghia da thic
2.6.2. Nghiém ctia da thitc. Dinh 1i Dalambe
2.6.3. Su phan tich mét phan thtc thuc sy v6i hé
s6 thuc thanh tong cac phan thic don gian
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Chuong 3. Ma tran - Dinh thic - Hé phuong
trinh tuyén tinh

15
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3.1. Ma tran
3.1.1. Dinh nghia ma tran
3.1.2. Sy bang nhau clia 2 ma tran. Ma tran khong
3.1.3. Cong hai ma tran
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3.5.4. Dinh 1i Kronecker-Capelli

3.5.3. Tinh ma tran nghich ddo bang phuong phap
Gauss-Jordan.

Chuong 4. Khong gian véc to-Khong gian Euclid
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4.1. Dinh nghia
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quat
4.1.2. Cac vi du
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5.2. Hat nhan va anh ctia anh xa tuyén tinh
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Chuong 6. Tri riéng, véc to riéng. Dang toan | 7 ) 1 1
phuong
6.1. Tri riéng, véc to riéng ctia ma tran
6.2. Dang toan phuong
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(a) Nguyén Dinh Tri (cht bién), Ta Van Dinh, Nguyén H6 Quynh, Toan cao cap - tap
1, NXB Giao duc - 2003.
(b) Nguyén Dinh Tri (chti bien), Ta Van Dinh, Nguyén Ho Quynh, Bai tap toan cao cap
- tap 1, NXB Giao duc - 2001.
(c) Lée Ngoc Lang (cht bien), Nguyén Chi Béo, Tran Xuan Hién, Nguyén Phu Trudng,
On thi hoc ki va thi vao giai doan 2, NXB Gido duc - 1997.
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10. Hinh thic va tiéu chuan danh gia sinh vién

e Thi viét roc phach, thoi gian lam bai: 75 phit.
e Thang diém: thang diém chit A, B, C, D, F.
e Diém danh gia hoc phan: Z = 0,2X + 0,8Y.

Bai gidng nay la tai lieu chinh thic va thong nhat cia Bo mon Toan va dude dung dé gidng
day cho sinh vién

Ngay phé duyét: .../.../2010

Truéng Bo mon: T.S Pham Van Minh



Chuong 1

Tap hop va anh xa

1.1 Tap hop

1.1.1 Cac khai niém cd ban

Tap hop 1a mot khai niem “nguyen thiy”, khong duge dinh nghia, ma duge hiéu mot cach
truc gidc nhu sau: Mot tdp hop 1d mot sy quan tu cac ddi tugng cé cling mot thuoe tinh nao
do6; nhitng ddi tuong nay goi 1a cac phan tii cta tap hop do.

Nguoi ta thuong goi tat tap hop 1a “tap”. Vi du tap hop cac sinh vién cia mot truong dai
hoc, tap hop céc xe tai ciia mot cong ty, tap hop cac sé nguyen to, ...

Cac tap hgp thuong duge ki hiéu béi cac chit in hoa: A, B,C,..., XY, Z.

Céac phan tit ctia mot tap hgp thuong dugde ki hiéu béi cac chit in thuong: a,b,c, ..., x,y, 2.

Dé n6i = 1a mot phan tii clia tap hop X, ta viét z € X va doc 1a “z thuoe X7. Trai lai dé
n6i y khong 1a phan tit ctia X, ta viét y ¢ X , va doc 1a “y khong thuoc X”.

Dé xac dinh mot tap hop ta c6 thé liet ke tat ca cac phan ti clia n6, chang han:
A=1{0,1,2,3,4,5,6,7,8,9}.

Ngusi ta ciing c6 thé xac dinh mot tap hop bdi mot tinh chéat dic trung P(x) nao d6 cha
cac phan tii ctia n6. Tap hgp X céc phan tit x ¢6 tinh chat P(z) duge ki higu la

X = {z|P(z)} hoac la X = {x: P(x)}

e Vidu 1.

= {z|z la so tu nhién}.
{z|z la s6 nguyén}.
{z|z la so hitu ti}.
= {z|z la so thuc}.

PO N Z
Il

Néu cac phan t1t ctia tap hop A ciing 1a mot phan ti clia tap hgp X thi ta néi A 14 mot tdp
hop con ctia X, va viét A C X. Tap con A gom céac phan tit z cia X c¢6 tinh chat P(x) duge
ki hieu la

A={zeX|Px)}

Hai tap A va B dugc goi 1a bang nhau néu mdi phan ti ctia tap hgp nay ciing 1a mot phan
ti ctia tap hop kia va ngugc lai, tiic 1d A € B va B C A. Khi d6 ta viét A = B.
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Tap hop khong chita mot phan tit nao duge ki hieu béi § va dude goi 1a tap rong. Ta quy
u6c rang @ 1a tap con ctia moi tap hop.
1.1.2 Cac phép toan trén tap hop

Cho cac tap hgp A va B.
Hogp ctia A va B dugc ki hiéu bsi AU B va duge dinh nghia nhu sau

AU B = {z| z € A hodc = € B}.

Giao ciia A va B dugc ki hiéu béi AN B va duge dinh nghia nhu sau

ANB={z|z € Avaz € B}.

Hiéu ctia A va B dugce ki hiéu béi A\ B va duge dinh nghia nhu sau
A\ B ={z|x € Avax ¢ B}.

Néu A C X thi X \ A dugc goi 1a phan bu cia A trong X va duge ky hieu 1a Cx(A) hay
don gidn 14 A néu X da dugc xac dinh.

Cac phép toan hdp, giao va hiéu c6 cac tinh chat so cap sau day:

Giao hodan: AUB=BUA, ANB=BnNA.

Két hop: AU(BUC)=(AUB)UC, AN(BNC)=(AnB)NnC.

Phan phéi: AU(BNC)=(AUB)N(AUC), AN(BUC)=(ANnB)U(ANCQO).

Cong thitc De Morgan: X \ (AUB) = (X\A)N(X\B), X\(ANB)=(X\A)U(X\B).

1.1.3 Luong tit pho bién va lugng tir ton tai

Ta thudng can phai phat bicu cac ménh dé c6 dang: “Moi phan ti& = clia tap hop X déu c6
tinh chat P(z)”. Nguoi ta quy uée ki hicu ménh dé nay nhu sau:

Vr e X, P(x).

Ki hieu V dugc goi 1a ligng tir pho bién.
Tuong t1t ta ciing hay gip cdc ménh dé c6 dang: “Ton tai phan tit z clia tap hop X c¢6 tinh
chat P(z)”. Ngudi ta quy udc ki hicu ménh dé nay nhu sau:

dz € X, P(z).

Ki hieu 3 dudc goi 1a ligng tu ton tai.
Meénh dé “Ton tai duy nhat phan tt x ctia tap hgp X ¢6 tinh chat P(x)” duge viét nhu sau:

dlz € X, P(x).
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1.2 Quan hé va anh xa

1.2.1 Quan hé tuong duong, quan hé tha tu
Tich tryc tiép (hay tich Descartes) ctia hai tap hop X va Y 1a tap hop sau day:
X XY ={(z,y)|z € X,y e Y}
Truong hop dic biet khi X =Y, ta c6 tich tryc tiép X x X ctia tap X véi chinh né.

O Dinh nghia 1. Mai tap con R cia tap hop tich X x X dugc goi la mot quan hé hai ngoi
tren X. Néu (x,y) € R thi ta néi x ¢ quan hé R vdiy, va viét ¥Ry. Nguge lai, néu (v,y) ¢ R
thi ta noi x khong c¢é quan hé R vdiy, va viét *Ry.

Chéng han, néu R = {(z,y) € Z x Z| xiy}, thi 6R2, nhung 5R2 .

O Dinh nghia 2. Quan hé hai ngoi R trén X duge goi la tuong duong néu né cé ba tinh chat
sau day:

(a) Phan za: 2Rx, YV € X.

(b) Doi xiing: Néu xRy thy yRx, Y,y € X.

(¢c) Bic cau: Néu 2Ry va yRz thi 2Rz, Vo,y,2 € X.

Cac quan hé tuong duong thuong duge ky hieu bdi dau ~.

e Vidu 2. Gid st n la mot s6 nguyén duong bat k. Ta zét trén tap X = Z quan hé sau day:
~={(z,y) €EZXZ| x—yn}.

R6 rang do 1a mot quan hé tuong duong.

O Dinh nghia 3. Quan hé hai ngoi R trén X dugc goi la mot quan hé thit ty néu né cé ba
tinh chat sau day:

(a) Phan za: 2Rx, YV € X.

(b) Phdn doi zing: Néu xRy va yRx thi x =y, Vao,y € X.

(c) Bic cau: Néu 2Ry va yRz thi 2Rz, Vo,y,2 € X.

Cac quan heé thi tiy thuong duge ky hieu bdi dau <.

Tap X dugc trang bi mot quan hé thi ty dude goi 1a mot tap duge sdp. Néu x < y ta noi
x ding truée y, hay = nhé hon hoic bang v.

Ta n6i X dudc sap toan phan bdi quan heé < néu véi moi z,y € X thi < y hoic y < x.
Khi d6 < dude goi 1a quan hé thi tir toan phan trén X.

1.2.2 Anh Xa

Nguoi ta thuong mo ta anh xa mot cach tryc giac nhu sau.
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Gia st X va Y la cac tap hop. Mot dnh za f tit X vao Y 1a mot quy tac dat tuong ting
mdi phan tit 2 € X véi mot phan tit xac dinh y = f(z) € Y. Anh xa d6 dugc k¢ hieu béi
f: X—=Y.

Tat nhién mo ta noéi trén khong phai 14 mot dinh nghia chit ché, vi ta khong biét thé nao
14 mot quy tac. N6i cach khéc, trong dinh nghia néi trén quy tac chi 1a mot tén goi khac ctia
anh xa.

Ta c6 thé khic phuc diéu dé bing cach dua ra mot dinh nghia chinh x4c nhung hoi cong
kénh vé anh xa nhu sau:

M&ai tap con R ctia tich tryc tiép X x Y duge goi 1a mot quan hé gida X va'Y. Quan he R
dugde goi 1a mot dnh za tit X vao Y néu né co6 tinh chat sau: véi moi € X c¢6 mot va chi mot
y €Y dé cho (z,y) € R. Ta ki hiéu phan tit duy nhat d6 la y = f(x). Khi d6

R ={(z, f(x))] x € X}.

Anh xa nay thuong duge ky hieu la f: X — Y va quan he R dudc goi 1 do thi clia anh
xa f.

Céac tap X va Y duge goi lan lugt 1a tap nguon va tap dich ctia anh xa f. Tap hop f(X) =
{f(x)| z € X} dugc goi la tap gia tri cta f.

Gia st A la mot tap con cia X. Khi d6 f(A) = {f(z)| x € A} dugc goi 1a &nh ciia A bdi
f. Néu B 1a mot tap con ctia Y thi f~(B) = {zx € X| f(x) € B} dugc goi 1a nghich anh cta
B béi f. Truong hop diac biét, tap B = {y} chi gom mot diém y € Y ta viét don gian f~1(y)
thay cho f~*({y}).

O Dinh nghia 4. (a) Anh za f X — Y dudc goi la mot don dnh néu vdi moi x # ',
(r,2 € X) th [(z) # [,

(b) Anh za f: X =Y dugc goi la mot toan dnh néu véi moiy € Y ton tai (it nhat) mot
phan ti x € X sao cho f(x) =y.

(c) Anh za f: X =Y duge goi la mot song dnh (hay mot tuong ing mot-mot) néu né via
la mot don anh vua la mot toan anh.

Gid st f : X — Y 1a mot song anh. Khi d6 v6i mdi y € Y ton tai duy nhat phan ti
r € X sao cho f(z) = y. Ta ki hiéu phan tit z d6 nhu sau: z = f~!(y). Nhu thé, tuong ting
y — r = f~1(y) x4dc dinh mot anh xa, dugc ky hieu la f~! : YV — X va dugc goi 1a anh xa
nguge ctia f. Hién nhién f~! ciing 14 mot song anh, hon nita (f~1)~! = f.

1.3 Nhém, Vanh va Truong
Gia sit G 1a mot tap hop. Méi 4nh xa
o:GxGE—G

duge goi 1a mot phép todn hai ngoi (hay mot luat hop thanh) trén G. Anh ctia cap phan tit
(x,y) € G x G bdi dnh xa o sé duge ky hiéu 1a x oy va duge goi 1a tich hay hgp thanh ctia x
va y.
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O Dinh nghia 5. Mot nhém la mot tap hop khdc rong G dugc trang bi mot phép todn hai
ngoi o théa man ba dieu kién sau day:
(G1) Phép toan cé tinh két hop:

(xoy)oz==xo0(yoz), Vr,y,z € G.
(G2) C6 phan tit e € G, dugc goi la phan ti trung hoa, vdi tinh chat
roe=eox=ux, VreG.

(G3) Véi moi x € G, ton tai phan ti o' € G, dugc goi la nghich ddo ciia x, sao cho
xox' =2'ox=e.

@ Nhan xét

Phan ti trung hoa clia mot nhom 14 duy nhat. That vay, néu e va ¢’ déu la cidc phan ti
trung hoa ctia nhém G thi

V6i moi x € G, phan t1t nghich ddo 2’ néi § muc (G3) la duy nhéat. That vay, néu z} va z)
14 cic phan tt nghich dio ctia = thi

¥i=xloce=2x](voxl) = (1jox)ox,=coxl,=ual.
Trong nhém c6 luat gian ude, tic la
rToy=mxoz=y=2,
rToz=yoz=1T=71.
That vay, dé c¢6 luat gidn udc, chi can nhan hai vé ctia dang thic x o y = x o z véi nghich
dao 2’ clia x tit bén trai, va nhan hai vé cia dang thiic 2 0 2 = y o z v6i nghich ddo 2’ clia z tit
bén phai.

Néu phép toan o c6 tinh giao hoan, titc I
xoy=vyoux, Vr,y € G,

thi G dugce goi 1a mot nhom giao hodn (hay abel).

Theo théi quen, luat hgp thanh o trong mot nhém abel thuong duge ky hieéu theo 16i cong
"4+ Hop thanh clia cap phan ti (z,%y) duge ky hiéu la x + y va dude goi la tong clia x va y.
Phan ti trung hoa ctia nhom duge goi 1a phan i khong, ky hiéu 0. Nghich ddo cia x dude goi
1a phan ti doi ctia z, ky hieu (—x).

Trudng hop tong quat, phép toan o trong nhom thuong duge ky hicu theo 16i nhan "-". Hop
thanh ctia cip phan tt (z,y) duge ky hieu 1a x -y va duge goi 1a tich clia z va y. Phan tit trung

hoa ctia nhom dude goi 1a phan ti don vi. Phan t1t nghich ddo ctia x duge ky hieu la z7L.

e Vidu 3. (a) Cdc tap hop s6 Z,Q,R lap thanh nhém abel doi vdi phép cong.
(b) Céc tap Z* = {£1},Q* = Q\ {0}, R* = R\ {0} lam thanh nhém abel déi vdi phép nhan.
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O Dinh nghia 6. Mot vanh la mot tap hop R # O dugc trang bi hai phép todn hai ngoi, gom
phép cong
+:RXxR—-R, (v,y)—»zxz+y
va phép nhan
:Rx R— R, (xz,y) — zy,

théa man ba dieu kien sau day:

(R1) R la mot nhém abel doi vdi phép cong.

(R2) Phép nhan cé tinh chat két hop:

(xy)z = x(yz), Vx,y,z € R.
(R3) Phép nhan phan phoi ve hai phia doi vdi phép cong:
(x +y)z =22+ yz,
2(x +y) = zx + 2y, Vx,y,2 € R.
Vanh R dugce goi 1a giao hodn néu phép nhan ciia né cé tinh giao hoan:
xy =yx, Vr,y € R.

Vanh R dudgc goi 1a ¢ don vi néu phép nhan ciia né c6 don vi, tic 1 ¢6 phan ti 1 € R sao
cho:
lr=21=x, Vo € R.

e Vidu 4. Céc tdap hop s6 Z,Q la cic vanh giao hodn va c¢é don vi doi vdi cac phép toan cong
va nhan thong thuong. Tap hop so tu nhién N khong la mot vanh, vi né khong la nhém doi vdi
phép cong.

Phan tt z trong mot vanh c6 don vi R dude goi 1a khd nghich néu ton tai phan ti 2’ € R
sao cho

xr' =2x'x=1.

Dé dang chitng minh rang phan tit 2’ ¢6 tinh chat nhu vay néu ton tai thi duy nhat. N6 duge

ky hieu 1a 271

O Dinh nghia 7. Mot vanh giao hodn, c6 don vi 1 # 0 sao cho moi phan ti khdc 0 trong né
déu kha nghich dudc goi la mot truong.

e Vidu 5. Vanh Q la mot truong. Vanh s6 nguyén Z khong la mot truong, vi cac so khdc £1
deu khong khd nghich trong 7Z.



Chuong 2

Ma tran - Dinh thic - Hé phuong trinh
tuyén tinh

2.1 Ma tran

2.1.1 Khai niém ma tran

O Dinh nghia 1. Mot bing s6 ch@t nhdat c6 m hang n cot duge goi la mot ma tran cd m X n.
a;; la phan ti nam & hang i cot j cia ma tran A:

a1; Q12 - Aip a3 Q12 - Aip
Q21 Q22 -+ QA2 o Q21 Q22 -+ QA2
A= " hodc A= "
Am1 Qm2 - Amp Am1 Am2 - Amp
Dé néi A la ma tran ¢ m X n ¢é phan ti hang i cot j la a;; ta viet A = [a;j|mxn hodc

A= (aij)mxn
Ky hiéu tap cac ma tran ¢6 m x n 1la M,,xn

e Vidu 1. Bdng s6

1 -2 4
=l 34
la mot ma tran cd 2 X 3 vdi cdc phan ti
ayp =1; aipa = —2; a3 =4;
asr = 3; axp =95, a3 =—T1.

+ Chui y: Trong khuon khoé bai giang nay, ching ta chi xét chil yéu cac ma tran thuc, tic 1a
cdc ma tran véi a;; € R
2.1.2 Mot s6 dang dac biét cia ma tran

a) Ma tran khong 13 ma tran ma tat ci cac phan tit déu biang khong. Ma tran khong dugc
kg hicu 13 0.
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e Vidu 2.

la mot ma tran khong cd 2 X 4
b) Ma tran hang, ma tran cot

Ma tran hang la ma tran chi ¢c6 mot hang. Ma tran cot 1la ma tran chi c6 mot cot.

[1 2 3] la ma tran hang; 1a ma tran cot

W N =

¢) Ma tran vuéng cap n la ma tran c6 n hang va n cot, ky hieu A = [a;], hodc A = (ai;)n

aix G2 - Qi
A Q21 Q22 - Q2q
Upl Opo o
Cac phan ti ajq, ags, . . . , any dude goi la cac phan i chéo. Ching tao thanh duong chéo chinh

clla ma tran vuong. Ky hiéu tap cdc ma tran vuong cap n la M,
d) Ma tran tam giac

Ma tran vuong A = [a;;], ma a;; = 0 néu i > j dudc goi 1a ma tran tam gidc trén.

a1 Qi - Qi ayp a2 - Qip

0 axp - az . 2 Q22 -+ Q2p
con viet

0 0 Tt Qpp Qpp

Ma tran vuong A = [a;;], ma a;; = 0 néu ¢ < j duge goi 1a ma tran tam gidc dudi.

a; 0 -+ 0 a1
as; azp -+ 0 . ) 21 Q22
con viet
Ap1 Ap2 - Qpn Ap1 Ap2 - Qpn

Ma tran tam giac trén hoac ma tran tam giac dudi duge goi chung la ma tran tam giac.

e) Ma tran chéo 1a ma tran vuong cap n trong dé a;; = 0 néu i # j:

a; 0 -~ 0 11
0 ax --- 0 . 2 22
con viet
0 0 - apy nn

f) Ma tran don vi cap n la ma tran chéo véi tat cd cac phan ti chéo déu bang 1. Ky higu I,
hoac E.
1 0 --- 0 1

0 1 -~ 0 » 1
con viet
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2.1.3 Phép toan trén ma tran
a) Ma tran bang nhau

O Dinh nghia 2. Hai ma tran A va B dugc goi la bang nhau néu ching cé cung cd va cdc
phan tii cung vi tri bang nhau.

b) Cong ma tran

O Pinh nghia 3. Tong cia hai ma tran cing cd A = [@ijlmxn V& B = [bijlmxn la ma tran
A+ B ¢d m xn zdc dinh bdi: A+ B = [aij + bijlmxn

Nhu vay mudn cong hai ma tran ciing c6 ta cong cac phan tit ciing vi tri.

R

<& Tinh chat Véi A, B, C,0 la cac ma tran ¢d m x n dé thay:

e Vidu 3.

A+B=B+A
A+0=0+A=A
(A+B)+C=A+(B+0)

c) Nhan ma tran v6i mot sb

O Dinh nghia 4. Tich cia ma tran A = [a;j]mxn vFi 86 thuc k la ma tran kA c¢d m x n zdc

Nhu vay muon nhan ma tran v6i mot so ta nhan s6 dé véi tat ca cac phan ti ctia ma tran.

e Viduy 4.
S[1 2 4] _[2 4 -8 _
31 7] |-6 2 14 ’

<& Tinh chat Véi A, B € M,,n; k, 1 € R ta co:

b

O —
co| |co|l\3
—t
Ol =

k(lA) = (k1) A
(k+DA=FkA+ 1A
k(A+ B) =kA+ kB

d) Nhan hai ma tran
O Dinh nghia 5. Tich cia ma tran A = [ai|mxp v0i ma tran B = [b;j]pxn (theo thi tu do) la

ma tran AB = C = [Cijlmxn vdi cdc phan & duge zdc dinh nhu sau:

p
Cz’j = E aikbkj = ailblj + aigbgj + -+ aipbpj
k=1
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Nhu vay khi nhan hang i clia ma tran thi nhat véi cot j clia ma tran thi hai ta duge phan
t1r hang 7 cot j ciia ma tran tich.

e Vidu 5. )
-3
1 =2 3] | 2| =[L(-3)+(-2)2+34] = 5]
4
e Vidu 6. .
-3 -3 6 -9
2 [[1 -2 3]=]2 —4 6
4 | 4 -8 12
e Vidu 7.
[1—23} g f :F ﬂ
2 4 1) 5 4
e Vidu 8.

LARTRY BB -

<& Tinh chat Véi A, B, C 1a cac ma tran sao cho phép nhan thyuc hién duge, k € R ta co:

(AB)C = A(BC) A(kB) = k(AB)
A(B+C)=AB+ AC (A+ B)C = AC + BC
AI=1.A=A

e) Luy thira ma tran

O Dinh nghia 6. Cho A la ma tran vuong cap n, k € Nx. Liy thua bac k ciia ma tran A la
ma tran vuong cung cap duge xdc dinh nhu sau:

kma tran A
@ Nhan xét Do tinh chat két hop ctia phép nhan ma tran nén:
AP = (AR A= A (A

11

e Vidu 9. C’hoA:[O 1

] . Tinh A™.

Gidi

STHIEEE
Sl

Ta co:

Du doan cong thrc:

ta chitng minh cong thiic trén bang quy nap:
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e Cong thic da dung trong trudng hop n = 1,n = 2.

1 k
0 1

e UKL 1) L ksl
“o1)o 1] "o 1

tic la cong thic dung véi n =k + 1.

e Gia st cong thitc dung véi n = k, tic la: AF = { } . Khi do:

Vay cong thic du doan da dugce chiing minh xong.
f) Chuyén vi ma tran
O Dinh nghia 7. Ma tran chuyén vi ctia ma tran A la ma tran ¢é duoe ti A sau khi doi hang
thanh cot va doi cot thanh hang, ky hieu A*
Nhu vay néu A = [a;]mxn thi A" = [ai]nxm
e Vidu 10.

1 4

a2 a
3 6

<& Tinh chat Véi A, B, C 1a cac ma tran sao cho cac phép toan thuc hién duge, k € R ta cé:

(A+B)t = A+ B, (kA)' = kA"
(AB)t — Bt.At; (An)t — (At)n

2.1.4 Bién d6i so cip trén ma tran

Cac bién dbéi sau day dude goi 1a bién doi so cap trén ma tran:

+) Chuyén vi ma tran;

+) D6i chd 2 hang (cot);

+) Cong nhiéu hang (cot) vao mot hang (cot);

+) Nhan mot hang (cot) véi mot s6 khéc 0;

+) Nhan mot hang (cot) véi mot s6 1oi cong vao hang (cot) khac.
+ Chu y: Hién nhien khi thyc hién céc bién doi trén thi ma tran thay déi. Cac phép bién doi
chi thuc hién tren hang dude goi 1a bién doi so cap vé hang, cac phép bién déi chi thuc hien
tren cot dugce goi 1a bién doi so cip vé cot.

2.2 Dinh thiic

2.2.1 Dinh nghia

Xét ma tran vuong cap n:

11 Ai2 -+ Aip
A— Q21 Q22 - A2p

Qp1 Ap2 - Gpp
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O Dinh nghia 8. Ma tran con wng vdi phan ti a;j cia A la ma tran cé duge t A sau khi bo
di hang @ va cot j, ky hiéu la M;;

e Vidu 11. Vdi ma tran

ta co:
5 6 1 2
Mll - |:8 9:| ) M23 - |:7 8:|

O Dinh nghia 9. Dinh thiic ciia ma tran A la mot so, ky hiéu la det(A) hodc |A|, duge dinh
nghia nhu sau:
A la ma tran cap 1: [au] thi det(A) = a1y
A la ma tran cap 2: {an CL12} thi det(A) = aj1a92 — aj2a9;
a21 Q22
A la ma tran cap n thi:

det(A) = CL11d€t<M11) — CL12d€t<M12) + ...+ (—1)1+”a1ndet(M1n)

(cong thitc nay con dugc goi la cong thic khai trién dinh thic theo hang 1)

e Vidu 12.
1 2 -3
5 6 —4 6 —4 5
- % -8 9 79 7 -8

—1(45 4 48) — 2(—36 — 42) — 3(32 — 35) = 258

2.2.2 Tinh chéat

a) Tinh chit co ban ciia dinh thic!
<& Tinh chat 1. det(A) = det(A?)
Do d6 mot tinh chat ciia dinh thitc néu da diang véi phat biéu vé hang thi ciing ding véi
phat biéu vé cot.
<& Tinh chét 2. Ddi chd hai hang (hay hai cot) ctia dinh thiic thi dinh thitc ddi dau.
¢ Tinh chat 3. Cong thiic khai trién dinh thiic theo hang i:

det(A) = Z(—l)Hjaijdet(Mij)
j=1
<& Tinh chat 4. Cong thic khai trién dinh thic theo cot j:

n

det(A) = Z<—1)i+jaijd€t(Mij)

i=1

1C4c chitng minh cu thé cho cac tinh chat phéat biéu ¢ day c6 thé tim doc trong [1]
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e Vidu 13. Xét ma tran

1 2 =3
A=1]-4 5 6
7 =8 0
Khai trién dinh thiic theo hang 2 ta cé:
2 -3 1 -3 1 2
det(A) _4‘_8 ; ‘+5‘7 ; ‘—6‘7 _8'

=4.(0—24) +5(0+21) — 6(—8 — 14) = 141
Khai trién dinh thic theo cot 3 ta cé:

4 5] (L2
7 -8 |7 -8
= —3(32 —35) — 6(—8 — 14) = 141

det(A):—ZS‘ ‘+O

b) Dinh thic cia ma tran tam giac
St dung cong thic khai trién dinh thic theo hang 1 hodc cot 1 dé thiy dinh thic ctia ma
tran tam gidc bang tich cdc phan ti chéo:

aj; Qa2 - Qi ap; 0 - 0
0 axp -+ ap o . as azy -+ 0 .
= Qa110a22 . . . Qpp, .| T ana..-anp
0 0 st Qpp Ap1 Ap2 - Qpn

c) Cac phép toan trén dinh thic
Téng hai dinh thitc. Khi tit ci cac phan tit ctia mot hang (hay mot cot) c6 dang tdng ciia
hai s6 hang thi dinh thitc c6 thé phan tich thanh tong hai dinh thitc. Chéng han:

air a2 + bio (G111 G2 apr bio

a1 A2z + bao (21 A22 a1 bao
aip +bin aip +bia|  |ann an bii bio

21 22 G21 Q22 Q21 Qg2

Nhan dinh thidc véi mot s6. Khi nhan dinh thic v6i mot s6 ta nhan s6 dé véi mot hang
(hodic mot cot) ciia dinh thite. Ngugc lai, khi cac phan tit cia mot hang (hodc mot cot) c6 thira
s6 chung thi ta c6 thé dua thita sé chung d6 ra ngoai dau dinh thitc.

e Vidu 14.
1 -3 5 2 —6 10
217 —1 4| =17 -1 4 Nhan s6 2 vao hang 1
5 —9 8 5 —9 8
2 6 5
=217 -1 2 Dua s6 2 ¢ cot 3 ra ngodi

5 =9 4
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Dinh thitc ctia tich hai ma tran. Néu A va B 1a hai ma tran vuong cling cap thi co:
det(AB) = det(A).det(B)

e Vidu 15. Cho ma tran

a b c d
-b a d -—c
A= —c —d a b
—d ¢ —=b a
Tinh det(A?°19)
Giai
[« b c d a —b —c¢ —d
-b a d —c|l|b a —-d c
t_
A4 = —c —d a b c d a —b
_—d c —=b a d —c b a
[a? + b% + 2 + d? 0 0 0
B 0 a? + b+ + & 0 0
B 0 0 a4+ b? + % + d? 0
i 0 0 0 a’ + b+ + d?
Suy ra:

det(A.A") = (a* + b* + ¢ + d*)*
Ma det(A) = det(A?) nén det(AA?) = det(A).det(A?) = [det(A)]*. Do d6
[det(A))* = (a® +b* + 2 + d°)*

Vay:
det(A2010) — [det(A)]2010 — {[det(A)]g}loos)

_ {(a2+b2+c2+d2)4}1005 _ (a2+b2—|—c2+d2)4020

d) Cac trudng hgp dinh thic biang 0

Néu ma tran c6 mot trong céc dic diém sau day thi dinh thitc ctia n6é bang khong:
e C6 mot hang (hay mot c¢ot) bang khong;
e C6 hai hang (hay hai cot) ty lé;

e C6 mot hang (hay mot cot) 1a to hgp tuyén tinh ciia cac hang khac (hay clia cac cot
khac).

e) Anh hudng ctia cac bién déi sd cip dén dinh thic

e Néu chuyén vi ma tran thi dinh thiic cia ma tran khong doi;

e Néu doi chd hai hang (hodc hai cot) thi dinh thitc d6i dau;
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e Néu cong nhiéu hang (ho#ic nhiéu cot) vao mot hang (hodc mot cot) thi dinh thitec khong

doi;

e Néu nhan mot hang (hodc mot cot) ctia dinh thiic v6i s6 k # 0 thi dinh thitc mdéi bang k
nhan véi dinh thtc ci;

e Néu nhan mot hang (hodic mot ¢ot) véi mot s roi cong vao hang (hodc ¢ot) khac thi dinh
thiic khong doi.
2.2.3 Tinh dinh thitc bing bién do6i sd cap
Dé tinh mot dinh thic bing bién ddi so cap ta lam nhu sau:

Budc 1. Ap dung céc bién déi so cap dua dinh thite da cho vé dang tam giac, nhé ghi lai tac
dung ctia ting phép bién doi duge sit dung;

Buéc 2. Tinh dinh thic clia ma tran tam giac bang tich cac phan tit chéo, va ké dén tac dung
tong hop clia cac bién déi da st dung.

+ Chiui y: C6 thé két hop céac cong thiic khai trién dinh thtc va bién ddi so cap dé tinh dinh

thiec.

e Vi du 16. Tinh dinh thic:

31 11
1 311
A= 1131
111 3
Giai
6 6 6 6
1311 _ PN T
A= 113 1 cong cac hang vao hang 1
111 3
1111
1311 PR .
= 6 1131 dua thita so 6 6 hang 1 ra ngoai
111 3
1111
0200 R PO PPN .
= 6 00 2 0 cong —1 lan hang 1 vao cac hang khac
000 2
= 6.1.2.2.2 = 48
e Vidu 17. Tinh dinh thic:
1 2 -1 3
A~ 3 6 7 =2
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Gidi
b2l Cong —3 hang 1 vao hang 2
00 10 11 ong ang 1 vao hang
A= Cong —2 hang 1 vao hang 3
0569 Cong 4 hang 1 vao hang 4
n n n
02 1 10 Ohg % AN L vao ans
12 -1 3
B 5 01 -2 3 Dua thita s6 3  hang 3 ra ngoai
0 0 10 —11| Do6ichd hang 2 va hang 3
02 1 10
1 2 -1 3
01 -2 3
= -3 Cong —2 hang 2 vao hang 4
0 0 10 -—-11
00 5 4
10 —11 e N
= -3 _— Khai trien dinh thic theo cot 1 (2 lan)

= —3(40 4 55) = —285

2.3 Ma tran nghich dao

2.3.1 Dinh nghia

O Dinh nghia 10. Cho A la ma tran vuong cap n. Néu cé ma tran B vuong cung cip sao
cho:
AB=BA=1,

thi not A kha dao va goi B la ma tran nghich ddo ciua A. Ky hiéu ma tran nghich ddo cia A
la A=1.

Nhu vay ta c6: AAL=A1A=1,
Khi A ¢6 ma tran nghich dao ta néi A khong suy bién.

5 3 -5

S B A A B

Vaiy B=A"1va A= B!

e Vidu 18. XétA:[2 1} vdB:[3 _21},75@@(5;

2.3.2 Tinh chét

A Dinh 1y 1. Ma tran nghich ddo ciia ma tran vuong A néu cé thi duy nhat.
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Chitng minh Gia stt B va C' déu 1a ma tran nghich ddo ctia A, nghia la:
AB = BA = I;; AC=CA=1,
Tu AB = I, suy ra:
CAB)=CIl,= (CA)A B=C=1,B=C=B=C

A Dinh 1y 2. Néu ma tran vuong A khd ddo thi det(A) # 0.

Chitng minh Vi A ¢6 ma tran nghich ddo nén ton tai A~' va: A.A! = I,,. Ap dung cong
thitc tinh dinh thiic cta tich hai ma tran ta co:

det(AA™) = det(I,) = det(A)det(A™) =1
Vay phai c6 det(A) # 0. Ta cing c6 det(A™1) # 0.

A Dinh 1y 3. Néu ma tran vuong A € M,, c6 det(A) # 0 thi A khd ddo va:

1
 det(A)

-1 t

d dé C = [cij]n la ma tran phu hop cia ma tran A: ¢;; = (—1)"det(M,;)
Chitng minh
Ap dung cong thic khai trién dinh thic theo hang (i) ta co:

n

> (1) aydet(M;;) = det(A)

j=1
= a1+ QinCia + -+ + AinCin, = det(A)

Hon nita, do dinh thic ¢6 hai hang giong nhau thi bang khong nén suy ra:

det(A) néu k=1

AR1Ci1 + GgaCio + « -+ + QppCin = { 0 néu k 7& i

Do d6: AC" = det(A).I

Ap dung cong thic khai trién dinh thic theo cot va lap luan tuong tu ta ciing co:

C'" A =det(A).I

A (detl(A) Ct) - <det1(A) Ct) A=l

suy ra diéu phai chitng minh.

Nhu vay:

A Dinh 1y 4. Cho A la ma tran vuong cap n.
i) Néu B la ma tran vuong cung cip vdi A sao cho AB = I thi A khd ddo va B = A~
i) Néu B la ma tran vuong cung cip vdi A sao cho BA =T thi A khd ddo va B = A~
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Ching minh

i) Vi AB = I nén det(AB) = det(I) = det(A)det(B) = 1. Do d6 det(A) # 0. Theo dinh 1y
(3) suy ra A kha ddo va ¢6 ma tran nghich ddo A~

Nhan déng thiic AB = I bén trai véi A~! ta c6:

AYAB)=A = (A'A) B=A"=B=A"

Phan (ii) ching minh tuong tu

A Dinh ly 5. Giad st A, B € M,, la cic ma tran khd ddo. Khi do:
i) A7t cing khd ddo va (A~ = A;
i) Ym € N* ta c6 A™ cing kha ddo va (A™)~!
i) Vk # 0 ta c6 kA ciing khd ddo va (kA)™! =
iv) AB ciing khd ddo va (AB)™' = B71A™L.

(A—l)m;
A_l,'

T = Il

Chitng minh Céac phan dugc chiing minh tuong ty, chang han chitng minh (iv):
(AB)(B'A™ ) = ABB WA ' = ATA ' = AA " =1

Vay theo dinh 1y (4) suy ra AB kh& ddo va c6 ma tran nghich ddo 1a (AB)™!' = B~1A~1.

2.3.3 Tim ma tran nghich dao bang phu dai sb
Dé tim ma tran nghich ddo ctia ma tran A = [a;;], ta ap dung cong thiic ctia dinh 1y 3:

R ¢
det(A)

6 do:
C = [¢ij]n 1a ma tran phu hop clia ma tran A
cij = (—1)"det(M;;) 1a phu dai s6 ctia phan ti a;;
M;; 1a ma tran c6 dudc tit A sau khi bo di hang i va cot j.

e Vidu 19. Tim ma tran nghich dao cua:

1
A= |2
1

S ot N
o W W

Giai

2 3

1 2
a1 [f sl oo

2 5
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Céac phan ti ctia ma tran phu hop 1a:

5 3 2 3 2 5
c11=+O 8:40; Ci2 =~ |4 8:—13; C11:+1 02—5
2 3 1 3 1 2
621:_0 8:_167 022:+1 8:5’ 023:_1 022
2 3 1 3 1 2
C31=+5 32—9; 2= — |y 323; 3 =11, 521
Do do: -
40 —13 -5 40 —-16 =9
C=1|-16 5 2| =Ct'=1|-13 5 3
-9 3 1 -5 2 1
Vay ma tran nghich dao ctia A la:
1 40 —-16 -9 —40 16 9
A—lz—l 13 5 3|=|13 -5 -3
o -5 2 1 5 -2 -1

e Vi du 20. Tim ma tran X, biét:

12 1 -1 2
A:[—l 3}’ 32{3 1 —4]

det(A) =5#0

Ta co:

do d6 A c6 ma tran nghich ddo A~! duge tim nhu sau:

131 ¢ |3 —2 _1_1t
C—{_z J:>C—L 1}:>A —50

Phuong trinh ma tran da cho tré thanh:
AX =B
Nhan bén trai ca hai vé phuong trinh véi A~! ta duge:
AMNAX)=A"'Be (A '"A)X=A"'"BeIX=A"'"BeX=A"'B

Vay ma tran X can tim la:

1
X=_-C'B=
)

o]
1
— W
_
[\
| S
1
w =
—_ |
—_
| o
I
—_
|
O] =
|
PJkCA.'>
|
OO‘(
| =
N H~
| S
I
wer|
|
[a—y
|
Nl
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2.3.4 Tim ma tran nghich ddo bang phuong phap Gauss-Jordan

Muén tinh ma tran nghich ddo A~! ctia ma tran A bing céc bién déi so cap vé hang ta lam
nhu sau: 2

e Viét ma tran don vi I bén canh ma tran A.

e Ap dung cac phép bién ddi so cAp vé hang dé dua dan ma tran A vé ma tran don vi I,
tac dong dong thoi phép bién doi so cap vao ma tran I.

e Khi A da dugc bién doi thanh ma tran I thi I tré thanh ma tran nghich dao A~L.

e Vi du 21. Tim ma tran nghich ddo cua:

1 2 3
A=12 5 3

1 08

Gidi

Qua trinh bién déi c¢6 thé ghi tém tit thanh bang sau:

1 2 3 1 0 0 H,
2 5 3 0O 1 0 Hy
1 0 8 0 0 1 H;
1 2 3 1 0 0
o 1 3| -2 1 0|—-2H+Hy,— Hy
0 -2 5| -1 0 1| —H;+ Hsz— H;
1 0 9 5 -2 0| —2H,+ H — H;
0o 1 3] -2 1 0
0 0 -1 -5 2 1 2H2 + H3 — H3
1 0 0/|-40 16 9| 9H3+ H, — H;
0O 1 0| 13 -5 -3|—-3H3+ Hy— Hy
0O 0 -1] -5 2 1
1 0 0/|-40 16 9
0O 1 0| 13 -5 -3
0O 0 1 5 -2 -1 —Hs — Hj
Vay ma tran nghich déo ctia A la:
—40 16 9
At=113 -5 -3
5 -2 -1

2(Co s6 1y thuyét clia phuong phap nay dé nghi xem & phan 2.5.4
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2.4 Hang cta ma tran

2.4.1 Dinh nghia

O Dinh nghia 11. Cho A la ma tran cap m x n. Ma tran con cap p cta A la ma tran cé duge
tw A sau khi b6 di m — p hang va n — p cot. Dinh thic ctia ma tran dé la dinh thic con cap p
cua A.

O Dinh nghia 12. Hang cia ma tran A la cdp cao nhat cia dinh thitc con khdc khong ciia
ma tran A, ky hiéu p(A)

e Vidu 22. Xét ma tran:

1 -2 3 4
A=12 -4 1 3
-1 2 0 -1
Cac dinh thiic con cap 3 ctia A la:
-2 3 4 1 3 4 1 -2 4 1 -2 3
-4 1 3|=0; 2 1 3|=0; 2 -4 3|=0; 2 -4 1/=0
-2 0 -1 -1 0 -1 -1 2 -1 -1 2 0
Cac dinh thic con cap 2 ctia A la:
1 =2 1 3
2 e e

Vay trong céc dinh thiic con khac 0 clia A thi cap cao nhat ctia dinh thic 1a cap 2, do d6
p(A) = 2.
@ Nhan xét Céc bién ddi so cap khong lam thay doi hang clia ma tran.
2.4.2 Tim hang ctia ma tran bang bién déi so cap
O Dinh nghia 13. Ma tran biac thang la ma tran cé cic dac diém sau:
e Cdc hang bang 0 ¢ dudi cac hang khdc 0;

e Déi vdi 2 hang khdc khong lién tiép, phan ti khdc 0 dau tién (ké i trdi sang) ctia hang
trén nam bén trdi phan ti khdc 0 dau tién cia hang dudi.

e Vidu 23.

la ma tran bac thang c6 3 hang khac 0

o O O+
S O Ot N
S OO W
O N O O
O 00 O W=

® Nhan xét Hang clia ma tran bac thang bang s6 hang khac khong ctia ma tran do.
Quy tic thuyc hanh tim hang ctia ma tran: Dé tim hang ciia ma tran A ta st dung céc
bién doi so cap dua ma tran A vé ma tran bac thang B. Khi do:

p(A) = p(B)= s6 hang khac khong ctia B
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e Vidu 24. Tim hang cta ma tran:

1 -2 3 4
A=12 —4 1 3
1 2 0 -1
Giai
1 -2 3 4 1 -2 3 41 . 1 -234
A=|2 —4 1 3| 2thzihol, o _5 _5 272 0o 0 11
1 2 0 —1| Mg g g g | MBI g g g

Ma tran cudi ciing 1a ma tran bac thang v6i 2 hang khac khong. Vay: p(A) = 2.
e Vidu 25. Timm dé ma tran sau cé hang bé nhat trong cdc gid tri ma né cé thé nhan:

3 1 1 4 —1
B m>+m 4 10 1 m+5

1 7 17 3 8

2 2 4 3 1

Véi gid tri do cia m hang cia B biang bao nhiéu?

Giai
3 1 1 4 -1 1 1 4 3 —1
B m?>+m 4 10 1 m+5| avscs (4 10 1 m24+m m+5
a 1 717 3 8 717 3 1 8
2 2 4 3 1 2 4 3 2 1
1 1 4 3 -1 1 1 4 3 -1
Ho<+Hy 2 4 3 2 1 —2H1+Hs—Ho 0 2 _5 _4 3
“lrr 31 8 omemom, |0 10 =25 —20 15
2 2
4 10 1 m4+m m+5] ., [0 6 =15 m"+m—12 m+9
1 1 4 3 -1
—3H,+H,—H; |0 2 —5 —4 3
_—__> 2
—5Hy+Hs—H, |0 0 0 m*4+m m
00 O 0 0

Vay hang(B) nhan gia tri nh6 nhat néu m = 0. Khi d6 p(B) = 2.

2.5 Hé phuong trinh tuyén tinh

2.5.1 Dinh nghia

O Dinh nghia 14. He phuong trinh tuyén tinh m phuong trinh, n an la hé phuong trinh 6

dang:
a11ry + a1y + o+ Apk, = b1
a21T1 + 299 + -+ QonLy — b2 (2 1)

Am1T1 + QmaTo + 0+ AT, = bm
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trong do:
o I, T, ..., T, ld cdc an;
e a;; la he s6 clia an x; trong phuong trinh thit (i);
e b; la vé phdi cia phuong trinh thi (i).

Dang ma tran ctia hé phuong trinh tuyén tinh

Dat:
11 Q2 - Aip € by
Q21 Q22 -+ QA3 X2 by
Am1 Am2 = Qmnp Tp bm

thi hé phuong trinh (2.1) con ¢6 dang ma tran:
Axr =b

~ ~ A A~ Y N A~ 2 N A L 2 .
trong d6 A la ma tran hé so ; x 1a ma tran an; b 1la ma tran ve phdi.

2.5.2 Giai hé phuong trinh bing ma tran nghich dao

Cho A 14 ma tran vuong cap n khong suy bién. Khi d6 hé phuong trinh Az = b c¢6 nghiém
duy nhat: x = A1

233’1 +3£L’2 = 5

e Vidu 26. Gidi heé: { Aty — w9 = T

Tim ma tran nghich dao cua A:
1 _ 1 -1 —
det(A) = —14 # 0; cz[ ! 4}; Alz_{i 3}

suy ra:
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2.5.3 Giai hé phuong trinh bang phuong phap Cramer

A Dinh ly 6. (Dinh ly Cramer) Hé phuong trinh tuyén tinh Az = b, véi A la ma tran
vuong khong suy bién, cé nghiém duy nhat:

o det(A])
YT et (A)

17=12....n

d do A; la ma tran co dugc tu A sau khi thay cot thit j bdi cot vé phdai b.

Chitng minh Vi A la ma tran khong suy bién, det(A) # 0 nén A ¢6 ma tran nghich dao:

a1 ¢
~ det(A) ¢

Tt phuong trinh Az = b, nhan bén trai hai vé véi A™! ta co:
AN Ar)=A v (A A z=A"b e lr=A""bex=A""

vay * = A7'b Ia nghiém clia hé phuong trinh.
Stt dung biéu thitc ciia A~ § dinh Iy (3) ta suy ra:

I C11 Ci12 Cin by
To B 1 Co1 Cog - Cop ba
 det(A)
Tn Cnl Cp2 *** Cnn] |b,
nghia la c6
g - Cljbl + ngbg + -+ anbn _ det(Aj)
! det(A) det(A)

Mat khac, gia sit hé c6 hai nghieém la z va y:

Suy ra:
Az —Ay=0= Az —y) =0

Nhan hai vé v6i AL
ATMA@@ —y)=A"0=(z-y)=0=z=y
Vay hé c6 nghiém duy nhat.

e Vidu 27. Gidi hé phuong trinh:

T -+ 2.1'3 = 6
—31’1 + 4513'2 + 6373 = 30
—Xr1 — 2I2 + 3ZL’3 = 8

Gidi
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Ta cob:
1 0 2 6
A=1-3 4 6]|; b= 130
-1 -2 3 8
Tinh duge:
1 0 2 6 0 2
det(A)=|-3 4 6| =44#0; det(A;) =130 4 6] =-40
-1 -2 3 8 -2 3
1 6 2 1 0 6
det(As) = |—3 30 6| =T72; det(A3) =|—3 4 30| =152
-1 8 3 -1 -2 8

Vay hé da cho c6 nghiem duy nhat la:
40 10 72 18 152 38

Ve TL I VA VLI Bl VR T

2.5.4 Giai hé phuong trinh bang phuong phap Gauss

a) Hé tam giac la he phuong trinh tuyén tinh c¢6 dang:

a1 + 12T + -+ A1y — b1
ATy + -0+ dopT, = by
Apndn = bn

v6i ma tran hé so 1a ma tran tam giac trén:

@11 A2 - Qip
A— Qg2 -+ Q2n
ann

V6i gid thiét det(A) # 0, tic 1a a; # 0,Vi = 1,2,...n, he¢ tam gidc duge giadi dé dang bang
cach thé ngudc tit dudi len.
b) Thuc hanh giai hé phuong trinh bing bién dbi so cap.
Xét hé phuong trinh
Az = b; v6i det(A) # 0

Viét ma tran A va canh né 1a ma tran cot b ta dugec ma tran chit nhat:

A=[A|b] A con duge goi 1 ma tran bo sung clia A
@ Nhan xét Cac bién ddi so cap vé hang trén ma tran A tuong tng véi cac phép bién ddi
tuong duong hé phuong trinh.

Do d6 dé giai he phuong trinh tuyén tinh ta thuc hien nhu sau: Ap dung céc bién d6i so cap
vé hang trén ma tran A dé dua ma tran A vé dang tam gidc. Hé phuong trinh da cho tuong
duong v6i he tam giac cudi cung. Giai he tam gidc (bang cach thé nguge tir duéi len) ta thu
duge nghiém can tim.

Phuong phap vira trinh bay con c¢6 tén la phuong phdp Gauss.
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e Vidu 28. Gidi hé phuong trinh:

2v1 + 4y + 3x3 = 4
3?1)1 + T - 2.733 = =2
4[E1 + 11£L’2 + 71‘3 = 7
Gidi
Ta co6:

2 4 3|4

A=13 1 —-2|-2

4 11 7|7

Ap dung cac phép bién d6i so cAp vé hang ta co:

2 4 3| 4 2 4 3 4
AR, g 10 13] 16 | 20 10 3 1| -1
—2H1+H3—Hs 0 3 1 _1 —3H>+10H3—Hs O 0 _29 —58
Hé da cho tuong duong véi:
21 + 4dxy + 33 = 4 rz, = 1
3T + T3 = -1 < Ty = —1
— 29333 = —58 T3 = 2

2.5.5 Giai va bién luan hé phuong trinh bing dinh ly Kronecker-
Capelli

A Dinh ly 7. (Dinh ly Kronecker-Capelli) Hé¢ phuong trinh tuyén tinh Az = b c¢6 nghiém

khi va chi khi p(A) = p(A).
Giai va bién luan hé phuong trinh tuyén tinh tong quat Az = b, A = [ai;]mxn

Lap ma tran A= [ A|b], st dung cac bién doi so cap vé hang dua ma tran A vé ma tran
bac thang (khi d6 A ciing duge dua vé ma tran bac thang)

e p(A) # p(A): he phuong trinh vo nghiém;

e p(A) = p(A) = n: hé da cho tuong duong véi hé tam gidc gdm n phuong trinh, n an. Giai
hé bang phuong phap Gauss ta nhan duge nghiém duy nhdt ctia phuong trinh;

o p(A) = p(A) = r < n: hé c6 v0 56 nghiem va dugc gidi nhu sau: Tt ma tran bac thang
dugc bién ddi tit A, chon mot dinh thitc con cap r khac khong, cac an tng véi cac cot
ctia dinh thic trén duge goi 1a an chinh, cac an con lai goi la an phu. Hé phuong trinh
ban dau tuong duong v6i hé méi gom r phuong trinh tuong ting véi cac hang cia dinh
thiic trén. Giai he dé dbi véi cac an chinh ta dude nghiem ciia hé da cho (phu thudc vao
n — 7 an phu).

e Vidu 29. Gidi hé phuong trinh:

T + 25(]2 — 3[E3 == 2
—21‘1 + ) + 4I3 = ]_
—x1 + 32 + x3 = —4
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Giai
1 2 =3| 2 1 2 =3| 2 1 2 =3| 2
A=| 21 4| 1| 2H2B 0y 5 o 5| ——— |05 —2| 5
13 1| -4 ] MRl 5 22| TR L0 00 0 -7
Vi p(A) = 2; p(A) = 3 nén hé phuong trinh da cho vo6 nghiém.
e Vi du 30. Gidi hé phuong trinh:
Ty + 21’2 + 3ZE3 = —6
2113'1 + T2 — X3 = 3
—35171 + 21’2 + x3 = 4
—2x1 + 3x9 + 213 = 2
Giai
1 2 3|-6 1 2 3| -6
A 2 1 -1 3 —2H1+Ho—Ho 0o -3 -7 15
= AR
-3 2 1| 4 Syt Has Ha 0 8 10|-14
-2 3 2| 2 SH 4 Has Ha 0o 7 8|-10
1 2 3| —6 1 2 3|-6
8Hy+3Hs—Hs, | 0 —3 =7 15 56 Ha—Hs 0 -3 =7/ 15
THy+3H,—Hy 0 0 —26| 78 — 25 [yt Hy— Hy 0 0 1]-3
0 0 —=25| 75 0O 0 0] O
suy ra p(A) = p(A4) = 2, he c¢6 nghiém duy nhat:
r1 4+ 222 + 33 = —6 r1 = -1
— 31y — 7[E3 = 15 < Ty = 2
T3 = -3 r3 = -3
e Vi du 31. Giai hé phuong trinh:
r1T — X2 + 2[[3 — 21’4 = 1
—233’1 — 3.’132 + x3 + 4.’E4 = -2
—2x1 + 219 — 4dx3 + 4dxy = -2
31’1 + 21’2 + T3 — 6$4 = 3
Giai
1 -1 2 =2 1 1 -1 2 =21
-2 2 —4 4| -2 OHy+Ha—s H 0O 0 0 0]0
3 2 1 —-6| 3 M Has H 0 5 =5 010

%HQ—)HQ

Ho+Hy—Hy

oS O O
SO O
)
~—~
N
~—

I
s
—

o |
N—

Il
N}
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Chon an z; va 3 14 an chinh, hé da cho tuong duong véi:

v 4+ 25 = 1 + 3y + 214 o= 2w 4+
T3 = T tao=
3 2 re ; x4 € R

e Vidu 32. Gidi va bién ludn hé phuong trinh sau theo m:

mr + y + z = 1
r + my + z = m
r + y + mz = m?
Giai
m 1 1] 1 1 1 m|m?
A= 1 m 1|m Mot 1 m 1|m
1 1 m|m? m 1 1|1
1 1 m m?
ARSI ) =1 1—m | m—m?
T 0 1 —m 1= m? | 1 —md
1 1 m m?
—— |0 m—1 1—-m m(1—m)
Hattlamfs g 00 (1—m)(m+2)| (1 —m)(m—+1)
£ m # 0 e . . £
+ Neu (1 —m)(m+2)#0< m A —2 thi p(A) = p(A) = 3, hé ¢6 nghiém duy nhat:
z + y + mz = m? r = _?n;_i;
Yy — z = —m = y = m—+22
(m+2)z = (m+1)? y = (77:‘;12)

+ Néu m = —2 thi p(A4) = 2; p(A) = 3 nén hé phuong trinh vo nghiém;

+ Néum = 1 thi p(A) = p(A) = 1 < 3 nén hé phuong trinh c6 vo s6 nghiém phu thuoc 2 tham
s6 nhu sau:

z,y€e R

x+y+2’:1(:){221_$_y

2.5.6 Hé phuong trinh tuyén tinh thuan nhét

O Dinh nghia 15. Hé phuong trinh tuyén tinh

a;1ry + a1y + -0+ Apk, = 0
a91T1 + Qo2%y + -+ +  Qopk, = 0 (2 2)
Am1T1 + QmaTo + 0+ AT, = 0

duogc goi hé phuong trinh tuyén tinh thuan nhat.
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Dang ma tran ctia hé thuan nhat 1a

: Ar =0, A = [aij]mxn

Hé thuan nhat (2.2) luon ¢6 nghiém khong: 6 = (0,0, ...0), nghiém nay dugc goi 1a nghiém

tam thuong clia he.
¢ Tinh chat He thuan nhat 2.2) c6

nghiém khong tam thuong khi va chi chi p(4) < n.

Dic biet, néu hé thuan nhét 13 hé vuong thi né c¢6 nghiém khong tam thuong khi va chi khi

det(A) = 0.
e Vi du 33. Xdc dinh a dé hé sau cé

ax
2
3z

a
det(A)=12 1 1|=a
3 2 -2

Hé c6 nghiem khong tam thuong khi

nghiém khong tam thuong:

-3y + 2z =0
+ v + 2z =0
+ 2y — 2z =0

Giai

1 1
2 =2

2 1
3 =2

2 1
3 2

‘+3’ ‘+1’ ':—4(1—20

det(A)=0<a= -5
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Bai tap chuong 2

1. Hay nhan cac ma tran

2 111 -1 3 5
913 2} [1 1} D 1
_ 3 1 _

2 1 1 3 2

d) }21 e)
30 1] 0 1

3 -1 -9 13
DS: a) {5 _1} b) [15 4} c)
2. Hay thuc hién cac phép tinh sau:
2

1
a) 1
1

O W N
N O =

7 4 4
DS:a) |9 4 3 b) E _82}
33 4

3. Hay tim tat cd cac ma tran giao hodn vdi ma tran A dudi day:

2
DS: a) {_y N _yle

0yt o

a) Hay tim tat cd cac ma tran vuong cap hai cé binh phuong bang ma tran khong;

b) Héy tim tat cd cdc ma tran vuong cap hai cé binh phuong bang ma tran don vi.

DS: a) {‘i _ba] vdi a® +be# 0 b) % Iy [Z _ba} vdi a® + be = 1

. Tinh cac dinh thic sau:

(3 1 1] 1 1 -1
}[_23 ﬂ )2 1 2] 1|2 -1 1
12 3] [1 0 1
1 1 [2
2] 2 11 2 3]
3 |3
6 2 -1 2 46
6 1 1| d {190 g} )[180] Nl 2 3
8§ —1 4 3 69
3 . n
) 2 ¢) cos —siny
-4 =2 siny  cosp
o) cosny —sinnp
sinng  cosny
100
b) {(1) ﬂ )0 1 0
31 2
T Y 0
u v 0
dt—3r—u t—3y—v t
011 1 11
b)|1 0 1 c)ll 2 3
110 1 36
1 2 3 4 11 1 1
2 3 41 12 3 4
V3 41 2 Dia 9 16
4 1 2 3 1 8 27 64
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DS: a) 1; b) 2; c) 1; d) 1, e) 160; f) 12.

6. Chiing minh rang:

1 1 1
I ) Tp
Do=|z w  ab|=[[-a)
.. i>j
x?*l IS*I !

HD: Lay hang ¢ + 1 trit hang ¢, dua nhan tit chung clia mdi hang ra ngoai, sau do sit dung
cong thitc truy hoi.

7. Tim ma tran nghich ddo cia cic ma trgn sau néu co:

- - 1 2 1 —1 1 -1 2
a2 Dy olo 1 3 dlo 1 2
- s 2 1 1 0 0 1
TN T LR N
e)|-1 2 1 1L 21 9) h)
9 _3 9 11 9 2 0 1 3 -1 2 3 1
- - - -2 6 0 5 0 1 2 1
DS:
11 3 1 11—
a) | 3, 3 b)Khong kha ddo  ¢) | 2 1 -3 d) |0 1 =2
L3 9 ~1 9 1 00 1
L7 2 2 L
- [ 17 T _3 1 M1 1 2 —4
T4 =5 11 BB _7 3 5 9 7 _2
e)|4 -2 =3 -3 1 —z| 9|: 1 &1 | W% | _, i
-1 1 1 i _1 3 2, 2, .20 2 2 2,
- o -3 2 3 T3 Lz 0 1 =3
8. Tim ma tran X thoa man phuong trinh:
1 1 1 -1 1 -1 3
a)ﬁ ;sz[g _16 HX1|2 1 0|=14 3 2
S 1 -1 1 1 -2 5
1 -1 1 1 1 1 -1
c)AX =B wiiA=|-1 2 1 B=1{1 0 2 2
-2 3 1 1 -2 2 0
9 _93 -3 2 0 0 5 1 9
DS: a) 0 s |’ b) |—-4 5 —=2]; c)|0 3 1 7
-5 3 0 1 -1 1 -3
9. Tim hang cua cic ma tran sau:
4 3 =5 2 3
2 -1 3 -2 4 y o 86 -7 4 2
a) |4 =2 5 1 7 b)5 1 -1 7 c)l4 3 -8 2 7
2 -1 1 8 2 7 7 9 1 43 1 2 =5
8 6 -1 4 —6
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10. Tuy theo gid tri ciia tham s6 A € R héay xdc dinh hang clia cdc ma tran sau:

3 A 1 2 -1 2 1 -1 1
)1472 b))\—ll—l—l
Y11 10 17 4 1 A 0 1 1
4 1 3 3 1 2 2 -1 1
2 néul=0 3 nful=1
DS: a) p(A) = ) b) p(A) = .
3 ncu#0 4 neu \#1
11. Hay gidi cdac hé phuong trinh sau bing cdch tinh ma tran nghich ddo:
a) v +4y = 2 ) —3r+2y = 1 b) r+4y = 3
dr+by = 3 2v+4y = —6 dr +by = 2
12. Ap dung dinh Iy Cramer gidi cac hé phuong trinh sau:
_ 20 =2y — 2z = —1 31+ 2x94+23 = 5
a){iiigy B _15 b) y+z = 1 ) 2x1+ 3+ = 1
DS: a) (_37 %)7 b) (27 47 _3)7 C) (27 _27 3)
13. Ap dung phuong phip Gauss gidi cic hé phuong trinh sau:
t+ y+ 2z = 1 il _x2+i3;2i4: g
— . 1 — 3 4 —
Cl) T+ 2y + 3z = 1 b) —r; + 21‘2 - 21’3 + 7ZE4 = -7
r+4y+92 = -9
200 — X9 — I3 = 3
1 — Tro + 2!E3 + 2I4 + Iy = 3
21‘1 + i) + 513 + 21‘4 + 21‘5 = 6
)8 —x1  + 4z — 6y + x5 = =3
—2.]71 — 4512'2 — 4£C3 — Ty + Tr5 = -3
2.7}1 + 41’2 + 4.7,‘3 + 71’4 - Irs = 9
DS: a) (1,2, -2); b) (2,1,0,—1); c) (—3,0,2,1,0).
14. Giai cac hé phuong trinh sau:
31‘1+4I2—5J]3+7ZL’4 =0 I1+ZE2—|—I3+[L’4+I5 = 7
CL) 2[L‘1 — 31’2 + 3[[)3 - QI4 =0 b) 311 + 2!172 + XT3 + T4 — 31‘5 = =2
4r1 + 11y — 1323 + 1624 = 0 To + 223 + 214 + Ox5 = 23
75[’1 — 2513'2 + x3 + 31’4 =0 5£C1 + 4372 + 31’3 + 35[’4 —T5 = 12

DS:a)z, = @,xz = %; b) z1 = =16+ x3+ x4+ bxs, 1o = 23 — 223 — 224 — G5
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15. Gidi va bién luan cac hé phuong trinh sau:

@m i le—my+(mi1):  =m-] bty =

@) m-2t(m-ly+(m-2z  =m DY s tomay - wy = 1
Cm—1Dz+(m-—1y+2m—1)z =m ! 2o T

Ty + T+ T3+ Ty = —m

DS: a) m € {0,1}: he vo nghiem; m = —1: hé ¢6 vo s6 nghiém; m ¢ {0, +1}: hé c6 nghiem
duy nhat;
b) m = 3: hé vo nghiém; m = —1: hé vo s6 nghiém; m ¢ {3, —1}: he ¢6 nghiém duy nhat.

16. Tum m dé hé phuong trinh c¢6 nghiém khong tam thuong:

r1 + 39 + dxs + T4 =0

mr—3y+z = 0 1+ 29 + 623+ (M + 1)y =0

a) 2x + Yy + z = 0 b) 21’1 + 6.%2 + 1033'3 + (m + 4)374 =0
3x+2y—2z =0 x1+x2+7x3+(3m—2)x4 = 0
—21‘2 + 31‘3 + (3m - 6)1’4 = 0

DS: a) m = -5, b) m=—1



Chuong 3

Khong gian véc to

%minitoc  D6i tugng ban dau ctia mon Dai s6 tuyén tinh 1a viéc giai va bién luan céc
hé phuong trinh tuyén tinh. Tuy vay, dé c6 thé hiéu thau dao diéu kien ddm bdo cho mot he
phuong trinh tuyén tinh c6 nghiém va cau trac nghiém cta né, ngudi ta da dua ra khéi niem
khong gian véc to va khai niém nay da tré thanh mot trong nhitng tru cot cia mon Dai s6
tuyén tinh.

3.1 Khai niém khoéng gian véc to
Gia sit K 1a mot truong.

O Dinh nghia 1. Tap hop V # 0 duge goi la mot khong gian véc to trén K néu né dugc trang
bi hai phép todn, gom
(a) Phép cong véc to:
+:VxV oV (o,f)—a+p

(b) Phép nhan véc to vdi vo hudng:

KxV =V, (ka)— ka

Cac phép todn nay théa man nhimg tién dé sau day:
(Vi) (a+B)+y=a+(B+7), Ya,By €V,
(V2)3 eV :0+a=a+0=a, VaelV,
(V3)VaeV,3a' e V:ia+d =d +a =0,

(Vi) a+B=pF+a, Yo, €V,

(V5) (k+ h)a = ka+ ha, Vk,h € K,Va €V,

(V6) k(a+ ) = ka+ kB, VE €e K,Va, B €V,

(V7) k(ha) = (kh)a, Yk,h e K,a €V,

(V8) la =, Va € V.

Céac phan tt ctia V duge goi 1a cic véc to, cac phan tit clia K duge goi 1a cac vo hudng, 0
dude goi 1a phan ti trung hoa, o dude goi 1a phan tit déi cia .
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Mot khong gian véc to trén K con duge goi la mot K-khong gian véc to, hay don gian: mot
khong gian véc to, néu K da ro.

Khi K =R, V dugc goi 1a mot khong gian véc to thye. Khi K = C, V' duge goi la mot khong
gian véc to phiic. 0 gido trinh nay ta chi quan tam dén cac khong gian véc to trén truong sb
thue.

e Vidu 1. Cdc véc to tu do trong hinh hoc so cap vdi cdac phép todan cong véc to va nhan véc
to vdi so6 thuc lap nén mot khong gian véc to thuc.

e Vidu 2. XétR" la tdgp hgp ma moi phan tii la mot bo n s6 thuc c6 thi tu (vy,xe, ..., 1,),
con goi la mot véc to n thanh phan. N6 lap nén mot khong gian véc to vdi hai phép todn sau
day:
(1,20, 0) + (Y1, Y2y Yn) = (X1 + Y1, T+ Y2, s T+ Yn),s
k(xy,29,...,2,) = (kxy,kxo, ... kx,), k €R,
trong dé phan ti trung hoa la 6 = (0,0, ...,0), phan ti doi clia véc to x = (1,72, ..., 7,) € R®
lo —x = (—x1,—x2,...,—Ty).

e Vidu 3. Goi M(m x n,R) la tap hop tat cd cic ma tran m hang, n cot vdi cdc phan ti
thuc. No lap nén mot khong gian véc to vdi hai phép toan cong ma tran va phép nhan ma tran
vdi mot so thuc.

e Vidu 4. Tap hop Cla,b] cic ham thuc lién tuc trén dogn [a,b] C R la mot khong gian véc
to vdi cac phép toan thong thuong

(f+9)(z) = f(z)+g(x),
(kf)(x) = kf(),

trong dé phan ti trung hoa la ham s6 dong nhat khong, tic la bang 0, Vo € [a,b], phan ti doi
cia ham f la —f: (—f)(z) = —f(x), Vo € [a,b].

e Vidu 5. Xét W C Cla,b] gom nhiing ham sb cé gia tri bang 1 tai x = 0 vdi hai phép todn
da dinh nghia trong Cla,b]. Lay f(z) = x+1 € W, g(z) = 2*+1 € W thi (f+g)(z) = 2® +x+2
nén (f+¢)(0) =2, do do f+g¢ W. Vay W khong phai la mot khong gian véc to.

<& Tinh chat Gia st V' 1a mot khong gian véc to.

(1) Phan tit trung hoa 6 € V 1a duy nhat. N6 dugc goi 1a véc to khonyg.
That vay, gid st 6, ciing 1a mot phan tit trung hoa ctia phép cong trong V. Khi d6

0+6, = 61 (viflatrung hoa),
04+6, = 6 (vif;latrung hoa).

(2) V6i moi véc to a € V, phan tt d6i o/ 1a duy nhat. N6 sé duge ky hieu la (—a).
That vay, gid sit o) cling 1a mot phan tit doi ctia o Khi d6

(d+a)+a)j=0+a;=a)=d +(a+a}))=ad +60=7.

Nhu vay o/ = af.
Ta dinh nghia: a — 8 = a+ (—f).
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(3) Ta c6 cac quy tic gian wéc va chuyen vé: Va, 3,7 € V
aty = f+v = a=p,
at+f o= = a=vy-F"

(4) O =0 va kO = 0, Va € V,Vk € R.
That vay,
O+ 6 = 0a = (0+ 0)a = 0cx + Ocr.

T do6 theo luat gian wée, Oa = 6. Tuong tu,
kO +0=k0=k(0+6)=Fk0+ k6.
Cing theo luat gian wéce, ta c6 k6 = 6.

(5) Néu ka =6 (v6i k € K,a € V), thi hodc k = 0 hodc o = 6.
That vay, gid sit k # 0, nhan hai vé clia dang thiic da cho vdi k~! € K ta c6
a=1la=(kk)a=k"ka)=k""0=0.
(6) (—k)a =k(—a)=—(ka), VE€c K,a e V.

That vay,
ka+ (—k)a = (k+ (=k))a = 0a = 0.

Tu do, (—k)a = —(ka). Tuong tu,
ka+k(—a) =k(a+ (—a)) = k0 = 6.
Do d6, k(—a) = —(ka).

3.2 Doc lap tuyén tinh v Phu thudc tuyén tinh

O Dinh nghia 2. (a) Mot to hop tuyén tinh cia cic véc to ay,...,a, € V la mot biéu
thic dang

n
E CiQyy = ClQq + -+ + CpQp,
i=1

trong do c¢; = const € R.

(b) Gid st o = cioq + -+ + chon, € V. Ding thite dé duoc goi la mot biéu dién tuyén
tinh cia o« qua cdc véc to o, . .., on. Khi cé ding thic dé, ta néi o biéu dién tuyén tinh dugc
qUa Q. . ., Oty

¢ Nhan xét
e Mot véc to ¢6 thé nhiéu biéu dién tuyén tinh khéc nhau qua mot he véce to.

e Ta néi he {a,...,a,} biéu dién tuyén tinh duge qua hé {8i,..., Bm} néu mdi véc to
@i, 1 <i < n, biéu dién tuyén tinh duge qua {B1, ..., Bn}.
Gia st he {ay, ..., a,} biéu dién tuyén tinh duge qua he {81, ..., Bm}, vahée {B1,..., Bm}
biéu dién tuyén tinh dudc qua hé {7y1,...,7:}. Khi d6, r6 rang {ay,...,q,} cling biéu
dién tuyén tinh duge qua he {v1,..., 7%}
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e Vidu 6. (a) Trong R® cho {a = (2,-1,3),a; = (1,—1,2), 0y = (1,—2,3)}. Hay biéu dién
a qua to hop tuyén tinh cia aq, oo.
Ta zét hé thic cioq + cocvs = .
Phuong trinh véc to do tuong duong voi hé phuong trinh
C1 + Co = 2

—61—262 = -1
2014‘362 = 3

Heé nay co nghiém ¢y = 3,¢c0 = —1. Vay a = 3o — as.
(b) Trong R3 cho hé¢ S = {a; = (1,1,1);a0 = (2,1,3); a3 = (1,2,0)}. Véc to a = (2,—1,3)
¢6 la to hop tuyén tinh cia S ¢
Xét he thic ciaq + coan + c3ag = .
c1+2c04+cg = 2

<~ cl+c+2c3 = —1
Cl+302 = 3

Hé nay cé r(A) # r(A) nén vo nghiem. Vay o khong biéu dién tuyén tinh dugc qua S.
O Dinh nghia 3. (a) H¢ {a1,...,a,} dudc goi la doc lap tuyén tinh néu hé thic
ciay + -+ e, =0

chi xay ra khicy =---=¢, =0.

(b) Hé¢ {avy,...,an} dugc goi la phu thudce tuyén tinh néu né khong doc lip tuyén tinh.

Néu he {ay, ..., a,} doc lap (hodc phu thudc) tuyén tinh, ta ciing néi cac vée to ay, . . ., o, doc
lap (ho#ic phu thudc) tuyén tinh.

e Vidu 7. (a) Trong khong gian cdc véc to tu do ciia hinh hoc so cap, hé 2 véc to la doc lap
tuyén tinh néu va chi néu ching khong dong phuong, hé 3 véc to la doc lap tuyén tinh khi
va chi khi ching khong dong phdng, hé 4 véc to bat ky luon luon phu thudc tuyén tinh.

(b) Trong khong gian R?, cic véc to e; = (1,0),e5 = (0,1) doc lgp tuyén tinh. That vay, hé
thic
C1€1 + Caeo = (Cl, CQ) = (0, 0)

xay ra khi va chi khi ¢, = co = 0.
Voi moi o € R?, cdc véc to {e1, es, a} phu thuoc tuyén tinh. That vay, néu o = (a,b) thi

o —aep — bey = 6.

(c) Xét zem cic véc to sau day doc lap hay tuyén tinh phu thuoc tuyén tinh trong R3: oy =
(5,3,4); 0 = (3,2,3); 3 = (8,3, 1).
Ta xét hé thic croq + caan + czag = 0.
Phuong trinh véc to do tuong duong vdi hé phuong trinh

501 + 302 + 803 =0

301+262+303 =0
401+3CQ+03 =0
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Heé nay coé nghiém khong tam thuong, chang han ¢, = 7,¢c5 = —9,c5 = —1.
Nhu vy, ba véc to da cho phu thuoc tuyén tinh.

(d) Xét su doc lap tuyén tinh hay phu thudc tuyén tinh cia hé S = {x?+z+1, 222 +3x+2, 2v+1}

trong Ps[z].
Ta zét hé thic ci(2? +x + 1) + (222 + 32 + 2) + 3(22 + 1) = 0.
Phuong trinh véc to do tuong duong vdi hé phuong trinh

c1 + 202 =0
c1+3c+2c3 = 0
c1 + 202 + c3 =0

Hé nay c6 det A =10 nén chi cé6 nghiém tam thuong c; = c; = c3 = 0.
Nhuw vay, hé S da cho doc lap tuyén tinh.

@ Nhan xét Tu vi du trén ta thay rang viéc xét xem mot hé véc to doc lap tuyén tinh hay

phu thuoc tuyén tinh duge dua vé viéc gidi mot hé phuong trinh tuyén tinh thuan nhat. Tuong

tu,

ve

viée xét xem mot véc to co bieu thi tuyén tinh duge hay khong qua mot hé véc to duge dua
viéc gidi mot hé phuong trinh tuyén tinh.

< Tinh chéat

(1)

He mot véc to () phu thude tuyén tinh néu va chi néu a = 6.
That vay vi 10 = 6 nén he {0} phu thuodc tuyén tinh. Ngugc lai, gia st {a} phu thuoc
tuyén tinh, tic 1a c6 k # 0 sao cho ka = 0. Nhan hai vé véi k7! ta c6

a=k"tk)a=k"t(ka)=k"'0=0.

V6in > 1, he {ay,...,a,} phu thudc tuyén tinh néu va chi néu mot véc to nao d6 ctia he
biéu thi tuyén tinh duge qua céc véc to con lai clia he.
That vay, gid st ¢6 it nhat mot ¢; # 0,7 = 1,...n théa man he thic

croaq + -+ cpan, = 0.

Nhan hai vé vé6i ¢; * ta thu dugc

o = — Z(ci_lcj)aj.

J#
Ngugc lai, néu a; biéu thi tuyén tinh duge qua he {ay, ..., a5 1, Qiy1, ..., }, tiic 1a c6 cac
d; sao cho
a =diog + -+ diciqiog + diprigr + -+ dpa,
thi ta co

dyay + -+ diaiy + (=D + digqipg + -0+ dpan, = 0.

Do d6 hé {ay,...,a,} phu thuoc tuyén tinh.

v Hé qua 1. Moi hé véc to c6 chiia 6 la hé phu thudc tuyén tinh.
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(3) Gia st he {ay,...,a,} doc 1ap tuyén tinh. Khi d6 he {ay, ..., a,, 8} phu thudc tuyén tinh
néu va chi néu f biéu dién tuyén tinh duge qua {ay,...,a,}. Trong trusng hop dé, biéu
dién tuyén tinh nay 1a duy nhat.

That vay, néu {ay, ..., a,, B} phu thuoc tuyén tinh thi ton tai bo (cy, .. ., ¢, d) khong dong
thoi bang 0 sao cho
croq + -+ cpo, +dp = 0.

RO rang, d # 0 vi néu trai lai thi he {aq, ..., a,} phu thuoc tuyén tinh. Vi d # 0 nén ta c6

thé viét

B = — Z(d_lci)ozi.

=1

n
Nguge lai, méi biéu dién tuyén tinh 8 = > ¢;a; <
i—1

1= (3

cia; + (—1)8 =0, do d6 hé nay phu
—1

thuoc tuyén tinh.
Gia st ¢6 hai biéu thi tuyén tinh ctia 8 qua hé {a,...,a,}:

Bzcla1+"'+cnan:d1a1+"'+dnan-

Khi d6 6 = (¢; —dy)ay + -+ (¢ — dp)ay,. Do {ay, ..., a,} doc lap tuyén tinh nén hé thitc
trén kéo theo

clzdl,...,cn:dn.

e Vi du 8. Trong khong gian véc to 'V cho hé S = {z,y,z} va S; = {x +y+ 2,2z + 3y —
2,3z + 4y + z}. Chitng minh rang néu S doc lap tuyén tinh thi Sy doc lap tuyén tinh.

Giai

Xét he thic cy(v+y+2) + 222 +3y — 2) + c3(3x + 4y + 2) = 0 < (c1 + 2¢o + 3e3)x + (1 +
3ca+4e3)y+ (c1 —ca+c3)z =06.
Do S doc lap tuyén tinh nén ta cé hé phuong trinh

c1 + 262 + 363 =0
c1+ 3¢ +4c3 =
Cil —Cy+cCcy = 0

e}

Heé nay chi cé nghiém tam thuong c; = co = c3 = 0 nén S, doc lap tuyén tinh.

3.3 Co0 sé va s6 chiéu cta khong gian véc to

O Dinh nghia 4. (a) Mot hé véc to cia V duge goi la mdt hé sinh cia V' néu moi véc to
ctia V. déu biéu dién tuyén tinh duoc qua hé do.

(b) Mot he véc to ciia V duge goi 1o mdt co s& ciia V néu moi véc to cia V. déu biéu dién
tuyén tinh duy nhat qua hé dé.

Nhu vay méi co s6 déu 1a mot heé sinh.
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e Vidu 9. (a) He S = {(1,0),(0,1)} la mot hé sinh cia R?* vi Vz = (z1,72) € R? ta déu c6
x =x1(1,0) + 22(0,1).

(b) Trong khong gian Pelx] hé S = {1, z, 2%} la mot hé sinh vi ta ¢ p = c+bx+azx? Vp € Polz].
(¢c) Trong khong gian Psz] cho hé S; = {a® + x + 1,22* + 3z + 1,2% + 22}. HSi Sy ¢d la hé
sinh cia Py|x| hay khong?
VdiVp = ax? 4+ bx + ¢ € Py|x] zét hé thiic p = c1(2® + 2+ 1) 4+ co(202 + 3z + 1) + c3(2% + 2)
cL+2c0+c3 = a

<~ C1+3CQ+203 =
C1 + Co =

Ton tai p dé hé trén vo nghiem, vi du p = 22> +x, do dé S, khong la hé sinh cia Pylz].

Mot hé véc to clia khong gian V' duge goi 1a déc 1lap tuyén tinh cyc dai néu no doc lap
tuyén tinh va néu thém bat ky véc to nao ctia V vao hé d6 thi hé méi thu duge tré thanh phu
thuoc tuyén tinh.

A Dinh 1y 1. Cho hé hitu han cic véc to S = {a, ..., a,} cia V. Khi dé cic khang dinh sau
day la tuong duong:

(i) S la mot co sd cia V.
(ii) S la mot hé sinh doc lap tuyén tinh cia V.
(iii) S la mot hé véc to doc lap tuyén tinh cvc dai cia V.

Ching minh
(i) = (ii): S 1a mot co s6 ctia V nén né 1a mot hé sinh ctia V. Hon nita, vécto 6 c6 biéu dién
tuyén tinh duy nhat qua (ay, ..., a,):

0 =0a; + -+ 0.

N6i cach khac, hé thiic cioq + - - - + cpo, = 0 tuong duong véi ¢; = ¢y = - - - = ¢, = 0. Diéu nay
c6 nghia 13 he S doc lap tuyén tinh.

(ii) = (iii): Moi véc to B € V déu biéu dién tuyén tinh duge qua S cho nén hé {ay, ..., a,, B}
phu thuoc tuyén tinh.

(iii) = (i): Vi he S doc lap tuyén tinh cuc dai nén méi véc to 3 € V déu biéu dién tuyén
tinh qua S. N6i cach khéac, hé nay sinh ra V. Biéu dién tuyén tinh ctia méi véc to 8 € V qua
hé doc lap tuyén tinh {ay,...,a,} 1a duy nhat, do d6 S 1a co s6.

O Dinh nghia 5. Khong gian véc to 'V dudc goi la hitu han sinh néu né cé mot hé sinh gom
hitu han phan ti.

O Dinh nghia 6. (a) So6 phan ti ciia moi co sd ciia khong gian véc to hitu han sinh V # {0}
dugc goi la so chieu cia V va duge kyj hiéu la dim V. Néu V = {0} ta quy wdc dimV = 0.

(b) Néu 'V khong c6 mot co sd nao gom hitu han phan ti thi né dugc goi la mot khong gian
véc to vé han chiéu.
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Trong tai lieu nay ta chi xét cidc khong gian hitu han chiéu.
©® Bo dé Trong khong gian véc to V, gia sit he véc to S = {ay,...,a,} doc lap tuyén tinh,
T ={B,...,0;} 1a mot he sinh. Khi d6 r < s.
Ching minh Vi T la hé sinh ctia V' nén

oy = anfi+--F+aabs
ay = af+ -+ asfs

o = alrﬁl + -+ asrﬁs

Xét he phuong trinh tuyén tinh ma an la ¢;:

apcy + -+ apc = 0
a21C1 + + -+ + agpCp = 0
as1c1+ -t age, = 0

Néu r > s thi hé thuan nhéit nay cé sé phuong trinh it hon sé an, do dé né c¢é nghiem khong
tam thuong, nghia la ton tai r s6 thuc ¢; khong dong thoi bang 0 thdéa man s dang thiic trén.
Nhan déng thtc thit nhat v6i 8y, ddng thitc thit hai véi fs, .. ., ddng thitc thit s véi B, r0i cong
lai ta duge

(ancr+ - +awe)Br+ -+ (aacr + - +agc)Bs = 0

hay 1a
cr(anfr+ -+ aaBs) + -+ ep(anfr+ o+ agfs) =0
nghia la c6
crog + -+ ey =0,

Diéu nay trai véi gid thiét rang {«a, ..., a,} doc lap tuyén tinh. Vay r < s.

A Dinh ly 2. Gid stV # {0} la mot khong gian hiu han sinh. Khi d6 V' c6 mot co sd gom
hitu han phan ti. Hon nita moi co sd cia V déu cé s6 phan ti bang nhau.

Chitng minh Giad st T = {v,...,7s} 12 mot he sinh hitu han ctia V. Vi V # {6}, nén c6
véc to oy # 6 trong V. He gom mot véc to khac khong {a;} doc 1ap tuyén tinh. Néu he nay
khong doc lap tuyén tinh cyc dai, thi ¢6 hé {ay, as} doc lap tuyén tinh.

Gia stt {ay, ..., a,} 1a mot he doc lap tuyén tinh trong V. He nay biéu dién tuyén tinh qua
T. Theo bd dé trén, ta c6 r < s. Nhu thé qua trinh chon cac véc to o, ao, ... dé thu duge mot
hé doc 1ap tuyén tinh phai ditng lai sau mot s6 hitu han bude. Ta c6 mot he vée to {ay, ..., a,}
doc lap tuyén tinh cyc dai trong V, v6i n < s. Theo dinh 1y (1), heé nay 1a mot co s6 ctia V.

Gia st {1, ..., Bm} ciing 1a mot co 5§ ctia V. Vi {ay,...,a,} doc lap tuyén tinh va biéu
dién tuyén tinh dudc qua {fi, ..., Bm} nén theo Bo dé trén, ta c6 n < m. Ddi vai tro clia hai
cd 80 trén, ta ciing ¢6 m < n. Nhu vay, m = n.

e Vidu 10. Trong R™ xét hé véc to

B ={ey,eq,...,e,},e,=1(0,...,0,1,0,...,0)



52 Khong gian véc to

He B doc lap tuyén tinh vi hée thic
crer+ -+ epen = (0,...,0)
xay ra khivachikhic¢; = ¢y = -+ = ¢, = 0. Hé B sinh ra R"” vi moi véc to z = (z1,...,x,) € R"
déu c6 biéu thi tuyén tinh
T =X1€1 + -+ Cphtp.
Vay dimR” = n va B 1a mot co sé. B duge goi la cd sé chinh tic clia khong gian R”.

e Vidu 11. Trong P,[x] zét hé véc to
B={l,z,2% ..., 2"}
He nay sinh ra P,[z] vi moi da thiic p(z) c6 bac < n déu viét duge dudi dang
p(z) = ap.l + a17 + agx® + - - - + a,z”, a; € R.
Heé B doc lap tuyén tinh vi hé thic
col+cz+---+c,x2" =0,Vx

chiing t6 phuong trinh nay c6 vo s6 nghiém, diéu do6 chi xdy ra khicy=c¢, =---=¢, = 0.
Vay dim P,[z] = n+1 va B 1a mot co s3. B duge goi 1a ¢d sé chinh tac ciia khong gian P, [x].

A Dinh ly 3. Gid stV la mot khong gian véc to hiu han sinh. Moi hé doc lap tuyén tinh
trong V. deéu cé thé bo sung dé trd thanh mot co sé cia V. Néu dim'V = n, thi moi hé doc lap
tuyén tinh gom n véc to cia V' déu la mot co sd.

Chitng minh Gia st {a1, as,...,q;} 1a mot he doc lap tuyén tinh trong V. Néu he nay
khong doc 1ap tuyén tinh cyc dai thi c6 thé bo sung cac véc t0 i1, Qi .- - dé heé thu duoc
van doc lap tuyén tinh. Qua trinh nay phai ding lai sau mot s6 hitu han buée, béi vi theo dinh
Iy (2), dimV < oco. Ta thu dugc hé {ay,...,a,} doc lap tuyén tinh cyc dai trong V, tic la
mot co s6 cua V.

Néu dim V' = n, thi moi he doc lap tuyén tinh gom n véc to {fi, ..., 8.} déu cuc dai. That
vay, gid sit phan chiing c6 thé them vao hé dé mot véc to 3,,1 nao dé clia V sao cho hé thu duge
van doc lap tuyén tinh. Khi d6 hé {8, ..., 8,41} bicu thi tuyén tinh qua mot co sé {ay, ..., a,}
nao dé nén theo Bb dé, ta c6 n + 1 < n. Didu nay vo ly. Vay theo dinh Iy (1) he {B1,..., 8.}
14 mot co sé cua V.

e Vidu 12. (a) Trong R® cho hé S = {(1,1,1),(1,0,1),(1,1,0)}. Chiing minh S la co sd cia
R3.
Xét hé thite c1(1,1,1) + ea(1,0,1) + e3(1,1,0) = 6
c1+ca+c3 = 0
= c1+c3 =0
c1+ ¢ = 0
Dé thay hé nay chi cé nghiém tam thuong nén S doc lap tuyén tinh. Hon nia dimR? = 3, do
do S la mot co sé cia R3.
(b) Cho he S ={2*+x+1,22° +x+1,2>+2x+2}. H6i S c6 la mot co sd ciia khong gian
PQ[(E]
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Giai
Xét hé thiic cy(2® + 2+ 1)+ 222 + 2+ 1) + c3(z? +22 +2) =0

C1—|—262—|—03 =0
= C1—|—CQ+2C3 =0
Cl+02—|—263 = 0

Dé thay S phu thudc tuyén tinh do dé S khong la co sd cia Py|x].

Gia st S = {a1,...,q,} 1a mot co sd ctia khong gian véc to V. Mdi véc to o € V ¢6 biéu
dién tuyén tinh duy nhat

a = ciay + cag + -+, = E ciay, ¢ € R

O Dinh nghia 7 (Toa do). Bé gid tri (cy,. .., c,) xdc dinh bdi dieu kien o = > c;o; duge goi
la toa do cuia véc to « trong co sd S, ¢; dugce goi la toa do thi i ciua o trong co sd do.

Véc to (a)s = (c1, ..., ¢,) 1a mot vée to trong R™ va duge goi 1a vée tad toa do cia o doi
v6i co 86 S. Véc to (a)g viét § dang cot dan dén ma tran [a]s = (cy, ..., ¢,)" 1 mot ma tran
cd n x 1 va duge goi 1a ma tran toa do ciia o déi véi co s S.

Gié st «, 5 ¢6 toa do trong co sé {ay, ..., q,} tuong dng 1a (c1,...,¢,) va (dy, ..., d,). Khi
d6 tut tinh doc lap tuyén tinh cta {ay, ..., a,} suy ra rang a = 3 néu va chi néu (cy,...,c,) =
(dy,...,d,). That vay, « = § khi va chi khi

Oé—ﬁ:(Cl—dl)@1+"'+<cn_dn)an:9-

Diéu nay xay ra néu va chi néu ¢, = d,...,c, = d,.
Hon nita a+ 5 ¢6 toa do 1a (¢ + dy, ..., ¢, +d,) va ka 6 toa do 1a (kcy, ..., ke,) trong hé co
sG (ag, ..., ).

e Vidu 13. Cho S ={z?+x+ 1,22 +2x+ 1,22 + x + 2} la co sd cia khong gian Py[x]. Tim
véc to p(x) biét [p(x)]s = (3,—5,2)".

Gii
[p(x)]s = (3,-5,2) & p(z) =3(x*+z+1) —5(x*+2x+ 1) + 2(x* + x + 2) = —Hz + 2.

e Vidu 14. Cho S = {(1,1,1);(1,0,1); (1,1,0)} la co sé ciia R® va xz = (3,1, —-2) € R3. Tim
toa do cia x trong co sd S.

Gidi
Giad st (z)s = (21,29, 23) & (3,1, -2) = x1(1,1,1) + 22(1,0,1) + 25(1, 1,0).
J]1+ZL‘2+ZE3:3 [E1=—4

T1 + 3 1 & Ty = 2 <:>(.%')S:<—4,2,5)
T + i) = -2 r3 = 5
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e Vidu 15. Cho S = {2?+z+ 1,2+ 1,22 + 1} la co s6 cia Py[z]. Tim toa do cia véc to
p(x) = 32% +4x — 1 trong co sé S.

Giai

Gia st (p(z))s = (a,b,¢) & 322 +4z —1=qa(z* + 2z + 1)+ b(z + 1) + c(2x + 1).

a = 3 a = 3
a + b + 2 = 4 &b = -9 & (p)s=3,-905).
a + b + ¢ = -1 c = b

3.3.1 Bai toan ddi co sé

Bay gio ta xét xem toa do cia mot véc to trong nhiing co sé khéc nhau c6 lién hé v6i nhau
nhu thé nao?

Gia st S ={aq,...,an} vaT ={p,..., 5.} 1&a hai co s6 cua khong gian véc to V. Mdi véc
to B; biéu dién tuyén tinh dugc qua co s6 S, tic 1a ¢ cac Dij dé cho:

B1 = pnog+paas+ -+ puay
Ba = praoq + paas + -+ ppaay,
Bn = DPinQq + PopQo + -+ PunQy

Giad st o € V ¢6 toa do (c1,...,¢,) va (dy,...,d,) tuong tng trong cac co s6¢ S va T'. Khi dé6
ta co:

o = dlﬁl +---+ dnﬁn = dl(pllal + - +pn1an) +- dn(plnal + - +pnn)
= (plldl + - +p1ndn)a1 + -+ (pnldl + - +pnndn)an

Do tinh duy nhéat ciia toa do clia « trong co s6 S, ta nhan duge

c1 = pndi+peds+ -+ pindy

c‘g : pa1dy + paads ‘—i- <o 4 Dopdy, (3.1)

c'n : Pn1dy + pn2d2'+ co A+ Dundy,

Dat P = (pij)nxn = ([B1)s[Bals - .- [Bn]s). Khi d6 (3.1) c6 thé viét
[a]s = P [o]r (3.2)

Ma tran P théa méan (3.2) dugc goi la ma tran chuyén cd sé tit S sang 7', thuong ky hieu

Ma tran chuyén co sé P c6 tinh chat sau:

A DPinh 1y 4. Néu P la ma tran chuyén co sd ti S sang T thi
(a) P kha dao, tic la det P # 0.
(b) P~' la ma tran chuyén co sé tu T sang S, tic la:

[a)r = P~ [als
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e Vi du 16. Trong R? cho cdic co s¢ S = {ay, s}, T = {B1, B2}, trong dé oy = (1,0),ap =
(0,1), 81 = (1,1), B2 = (2,1).

(a) Tim ma tran chuyén co s tu S sang T.

(b) Tim [ biét o = (7,2).

Gidi

(a) Ta c6 bicu dién {B; = a1 + ay, Bo =201 + s}, do d6 [Bi]s = (1,1)}, [Ba]s = (2, 1)
Vay ma tran chuyén co sé tit S sang 7' 1a

-]

(b) Ma tran chuyén co s6 tit T sang S 1a

Via=(7,2) = Tas + 2as nén [as = (7,2)"
Do d6

3.4 Khong gian con - Hang ctia mot hé véc to

Gia st V' 1a mot khong gian véc to. Ta quan tam dén nhiing tap con ctia V' c6 tinh chat 1a
chiing ciing 1ap nén nhitng khong gian véc to déi véi cac phép toan 1a thu hep clia nhitng phép
toan tuong ung trén V. Ta c¢6 dinh nghia sau day:

O Pinh nghia 8. Tap con khdc rong W C V' dugc goi la mot khong gian véc to con cia V
néu W dong kin doi vdi hai phép todn trén V, nghia la

a+peW, Va pBeW,
ka e W, VkeRYaeW,

@ Nhan xét Khi d6 W ciing la mot khong gian véc to. That vay cac tien dé (V1), (V4), (V5),
(V6), (V7), (V8) nghiem ding véi moi phan tit clia V' nén ciing nghiem dung v6i moi phan tit
ctia W. Ta chi can kiém tra lai cac tien dé (V2), (V3) néi vé sy ton tai ctia phan ti 6 va phan
tit doi.

Vi W # () nén c6 it nhat mot phan tit € W. Khi d6 # = O € W. Phan tit § € V déng
vai tro phan tit § € W. Mat khac, véi moi o € W ta ¢6 (—a) = (—1)a € W. D6 cling chinh 1a
phan t1t ddi ctia « trong W.

e Vidu 17. (a) {0} va V' la hai khong gian con cia V.

(b) Khong gian Cta,b] cdc ham khd vi lién tuc trén [a,b] la mot khong gian con ciia khong
gian cac ham lién tuc Cla,b].
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A Dinh 1y 5. Néu W la mot khong gian con ctia V thi dimW < dim V. Dau "=" zdy ra khi
va chi khi W =V.

Chitng minh Vi W la mot khong gian con ctia V' nén moi hé doc lap tuyén tinh trong W
thi ciing doc lap tuyén tinh trong V. Do d6 dimW <dimV. Dau "=" xAy ra khi va chi khi méi
co s6 ctia W ciing 1a mot co s6 ciia V. Diéu nay tuong duong véi W =V,

3.4.1 Tong va Tong truc tiép
Gia sit Wy, ..., W,, la cac khong gian con ctua V. Tap hgp
Wi+ +Wh={ag+ - +ay|la; e Wii=1,...,m}
1ap nén mot khong gian véc to con cia V.

O Dinh nghia 9. Khong gian véc to Wy + --- + W,,, duoc goi la tong ctia cic khong gian
Wi, ..., W, ky hiéu bdi Y W;.
i=1

Méi véc to ciia Wy + -+ - + W, ¢6 thé viét dudi dang
a:a1+---+ozm, Oél'EWl'.

Cach viét nay néi chung khong duy nhat. Chang han néu Wi N Wy # {6}, thi mdi véc to
a € WiNWy\ {6} c6 hai biéu thi @« = a + 0 = 0 + «, trong d6 véc to thit nhat trong tong
thuoc Wi con véc to thit hai trong tdng thude W.

O Pinh nghia 10. Néu moi véc to trong tong Wy + - -- + W,,, déu viét duge duy nhat dudi
dang o = oy + -+ + o, vdi oy € Wi(i = 1,...,m) thi Wy + --- + W, dugc goi la tong truc
tiép ciia cic khong gian Wi, ..., W, va duge kyj hiéu la W, @ --- ® W,,.

A Dinh Iy 6. Gid st U va W la cdac khong gian con ciua khong gian véc to hiu han chiéu V.
Khi do
dimU + dimW = dim(U + W) + dim(U N W).

Ching minh Gid st (aq,...,a,) 1A mot co s6 cia U NW. (Neu UNW = {6} thi ta
coi r = 0). Ta bo sung he nay dé c6 mot co sd (ay, ..., B1,...,0s) cia U va mot cd s6
(o1, .o sy Y1y, y) cia W

Ta sé ching t6 rang (aq,...,q,, B1, ..., Bs, V1, -+, 7) 1a mot co s6 ctia U + W.

Ro rang (ay, ..., B1,. .., Bs, 71, - -,7:) 1& mot hé sinh ctia U + W. Dé chitng minh dé6 1a
hé doc lap tuyén tinh, ta xét he thic

aar+ -t aroy i+ b Bs tan o+ an =10,

Véc to
101+t @y + byt byBe = —eim — o —

vita thuoc U, vita thuoc W nén né thuoe U N W, va do dé bieu thi tuyén tinh qua a, ..., q,:

—c1— = oy = dyag - dpoy.
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Ta viét lai dédng thitc nay nhu sau
dioy + -+ dra, + 171+ - oy = 0.

Vihe (aq,...,0.,71,...,7%) doc 1ap tuyén tinh, nen¢; = ... =¢ =d; =---=d, = 0. Do d6
a1y + -4 apoy + 011+ 4 0sfs = 0.

He véc to (aq,...,ap, B1,...,8;) cling doc lap tuyén tinh, cho nén a; = --- = a, = by =
- = b, = 0. Ké hgp diéu nay véi cac hé thic ¢; = --- = ¢, = 0 ta suy ra hé véc to
(a1, ... a0, Br, .oy Bsy, V1, - -+, ) doc 1ap tuyén tinh, va do d6 né 1a mot co s6 ctia U + W.
Dém s6 véc to clia cac co s6 da xay dung cho U, W, U NW,U + W, ta co:

dim(U+W)=r+s+t=(r+s)+ (r+1t)—r=dimU+ dimW — dim(UNW).
v Hé qua 2.
dim(U @ W) = dimU + dimW.
3.4.2 Hang cua hé véc to

Trong khong gian véc to V' cho hé S = {ay,...,a;,}. Ta goi mot hé con clia S 1a doc lap
tuyén tinh cuyc dai trong S néu hé dé doc lap tuyén tinh va néu them bat ki véc to ndo clia
S vao hé d6 thi ta thu dude mot hé phu thude tuyén tinh.

$ Ménh dé 1. Hai hé con doc lap tuyén tinh cuc dai trong S c6 cing s6 phan ti.
Tit két qua trén dan dén dinh nghia hang ctia hé véc to.
O Dinh nghia 11. Hang ciia hé véc to S bang s6 véc to ciia moi hé con doc lap tuyén tinh
cuc dai trong S va duoc ky hiéu la r(S).
3.4.3 Cach tim hang cua hé véc to

Gia st S = {aq,...,a,} 1a co s6 ctia khong gian V', {S1,..., B} 14 mot he véc to ctia V.
M&i véc to f; biéu thi tuyén tinh duge qua co sd S, tic 1a c¢6 cac s dé cho:

(Bi)s = (an a2 ... aln) ,(B2)s = (CL21 azg ... azn) sooos (Bm)s = (aml am2 .- a/mn)

it ma tran

a1 a1 ... Qip

A 921 929 oo Qop
= [aij]an =

Am1 Am2 ... Omn

Khi d6 A dugc goi 1 ma tran ctia hé {B,..., B} trong c sd S. Dé don gidn ta thudng chon
S 1a co sé chinh tac cta V.

Hién nhién ma tran ctia mot hé co sé S trén chinh né 14 mot ma tran don vi cip n. Ta co két
qua sau:
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A Dinh 1y 7. Hang ciia hé véc to bing hang ma tran cia hé doi vdi mot co sé hitu han bat
ky.

Chiing minh Gia st hang ctia he S = {f,..., 0} & r va {f,..., 5.} 1a hé con doc lap
tuyén tinh cuyc dai (vi bao gio ta ciing c6 thé danh s6 lai cac véc to ctia S dé c6 r véc to dau la
doc lap tuyén tinh). Khi d6 cac véc t0 Bry1,. .., B déu 1a td hop tuyén tinh cta {3i,...,5,},
ttic 1a cac hang r + 1,...,m clia A déu la t6 hop tuyén tinh ctia r hang dau, do d6é moi dinh
thiic con cap 16n hon r ciia A déu bang 0.

Mzt khac ma tran lap tit » hang dau ctia A phai c¢6 hang bang r vi néu khong sé c6 mot
hang 13 t6 hgp tuyén tinh ciia r — 1 hang con lai. Didu nay trai véi gia thiét {£;,...,5,} 1a hé
doc lap tuyén tinh.

Ngugc lai néu r(A) = r, khong mat tinh tong quét ta c6 thé xem dinh thitc con cap r & goc
trén beén trai khac 0 va moi dinh thitc con cap 7 + 1 bang 0. Khi d6 cac hang r +1,...,m déu
la t6 hop tuyén tinh ctia r hang dau. Vi hang thit j (j=r+1,...m) I toa do clia véc to 5; nén
B; 1a t6 hop tuyén tinh ctia cac véc to {bi, ..., B}

Mat khéac {B1,..., 3.} phai doc lap tuyén tinh, vi néu khong sé c6 mot véc to trong né la
t6 hop tuyén tinh ctia céc véc to con lai. Nhu vay sé c¢6 mot trong r hang dau ciia A 1a t6 hop
tuyén tinh ctia r — 1 hang con lai, trai véi gid thiét A c6 dinh thic con cap r khac 0. Vay hang
ciia S bang r.

@ Nhan xét
e Néu r(A) = m thi he S doc 1ap tuyén tinh.
e Néu r(A) < m thi h¢ S phu thuoc tuyén tinh.

e Vi du 18. Tim hang cia hé véc to: an = (—1,3,4);a0 = (0,2,5); 3 = (—2,4,3); 4 =
(1,—1,1) trong khong gian R3.

Gidi
©® Cach 1. Nhan thay he {a;, as} doc 1ap tuyén tinh. That vay, ti c;ay + coan = 60 ta 6
—C1 = 0

3ct + 2¢0 = 0 =c1=c=0.
461 + 562 =0

Mt khac as = 20q — ap VA oy = —a; + a9 nén o, ap 14 hé con doc 1ap tuyén tinh cye dai,
do d6 hang ctia hé bang 2.

® Cach 2. Lap ma tran A gom cac hang la cac véc to clia hé. Sau d6 tinh hang clia ma tran

-1 3 4 -1 3 4 -1 3 4
A 0 2 5 . 0 5 N 0 25
-2 4 3 0 -2 -5 0 00
1 —-11 0 2 5 0 00

Ma tran bac thang c¢6 2 hang khéc khong, do d6 r(A) = 2. Vay r(5) = 2.
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e Vidu 19. Tim hang cua hé véc to
S={(1,1,1,1);(1,-1,1,-1);(1,3,1,3); (1,2,0,2); (1,2,1,2)}
Giai

Lap ma tran A gom cac hang 1a cic véc to clia he. Sau d6 tinh hang clia ma tran A.

1 1 1 1 11 1 1 11 1 1
1 -1 1 -1 0 -2 0 =2 0 -2 0 =2
A=|1 3 1 3| —1|0 2 0 2| —1]0 0 =2 0
1 2 0 2 0 1 -1 1 0O 0 0 O
1 2 1 2 0 1 0 1 0 0 0 O

Ma tran bac thang c¢6 3 hang khéc khong, do d6 r(A) = 3. Vay r(S) = 3.

e Vi du 20. Trong khong gian V cho hé S = {a, B} doc lap tuyén tinh. Tinh hang cia cdc
hé sau day:

(a) S1 = {2a,3p}.
(b) Se = {a, B,2a + 35}.
(c) Ss = {a, 3,20+ 30, 6}.
Gidi

Sinh vién tu lam

3.4.4 Khong gian con sinh béi hé véc to
O Dinh nghia 12. Cho khong gian véc to V va S = {ay,...,an} CV,S #0. Tap hop tat cd
cac 16 hop tuyén tinh ciia cdc véc to cia S dugc goi la bao tuyén tinh cia S, ki hiéu la span(S).
span(S) = {cia1 + - + | €Rji=1,...,m}.
¢$ Ménh dé 2. (i) W = span(S) la mot khong gian con ctia V.
(ii) W la khong gian con nhd nhdt cia V chia S.
Ching minh (i) Vi 0 = 0ay + -+ + Oy, € W nen W = (). Mit khac 1ay hai vée to tuy ¥
a, B € W, khi do
a=co)+ -+ ey, B=dor+ - +dpo,, c,dieRi=1 ..., m.

Suyraa+ 8= (1 +dy)ar+ -+ (¢ +dn)am € W va ka = keyay + -+ - + ke, € W Vay
W la khong gian con cua V.

(i) Via=1l.a,Yae Snéna e W,dodo S CW.

Gia stt W, 1a mot khong gian con bat ki ctia V chita S. Khi d6 Yo € W ta déu c6 thé viét

a=co+- -+ cpan,ceRi=1,...,m.

Do ai,...,0, € Wi nén a € Wy, tidc 1a W C W;. Vay W chinh 14 khong gian con nho nhat
chia S.

W = span(S) dugc goi la khéng gian con ctia V' sinh bdi hé hé véc ta S. He véc to S
dugce goi 1a hé sinh cia W.
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A Dinh 1y 8. 56 chiéu ciia khong gian span(S) la r(S) va moi hé gom r(S) véc to doc lap
tuyén tinh rit ti S la mot co sd clia span(S).

Chitng minh Néu hée con S’ doc lap tuyén tinh cyc dai trong S thi moi phan tit ctia S biéu
dién tuyén tinh qua S’, do d6 moi phan tit ctia span(S) ciing vay. N6i cach khac S’ ciing doc
lap tuyén tinh cyc dai trong span(S). Vay s6 véc to ciia S’ 1a s6 chiéu ctia khong gian span(.S),
tiic 1a dimspan(S) = r(S). Hon ntta theo dinh 1y (3) moi he gom 7(S) véc to doc lap tuyén
tinh rat t S 1a mot co sé cua span(S).

e Vi du 21. Bién ludn theo m s6 chiéu ciia khong gian con sinh bdi hé vécto sau trong R*:

{(1,-2,3,7),(4,2,-5,m), (2,6, —11, —14 + 2m, —3, —4,8,7 — m)}
Gidi

Lap ma tran A gdom cac hang 1a céc véc to clia he.

1 -2 3 7 1 -2 3 7 1 -2 3 7

A 4 2 =5 m N 0 10 —-17 —-28+m . 0 10 —17 —-28+m
2 6 —-11 —14+2m 0 10 —-17 —28+2m 0 O 0 m
-3 -4 8 7T—m 0 —10 17 28 —m 0 O 0 0

Nhu vay:

- néu m = 0 thi dim (span(S)) = r(S) = 2 va mot co s6 ctia no6 1a
{(1,-2,3,7),(0,10,—17, —28)}
- néu m # 0 thi dim (span(S)) = r(S) = 3 va mot co s6 ctia no6 1a
{(1,-2,3,7),(0,10,—17, —28 +m), (0,0,0,m) }
e Vi du 22. Tim m sao cho véc to x = (2,0,1,m) thudc vio khong gian con sinh hé vécto

S={u=(1,-1,0,1),v = (2,0,1,0),w = (=1, =1, —1,m)} trong R*. Biéu dién x thanh to hgp
tuyén tinh cia u,v,w trong truong hop dé.

Gidi
Ta c6 x € span(S) < Fey, ¢z, 3 sao cho © = cyu + cov + csw. Phuong trinh véce to trén tuong

duong vGi he
c1 + 202 — C3 =2

—C — C3 =0
Cy — C3 =1
Ccq +mec3 =m
. e . 2 m 2m —1 m
Khi m # 1 hé trén c6 nghiém duy nhat: ¢ ¢; = — ,Cy = ,C3 =
m—1 m—1 m—1
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e Vidu 23. Tim mot co sd va so chiéu clia khong gian nghiém clia hé:

r—y+z+20 = 0
20 +y—2z+t
—r—2y+3z+t
20 — by + 6247t =

I
o oo

Giai

Lap ma tran bo sung A 16i sit dung cac phép bién ddi so cap déi véi hang dua A vé dang bac

thang: ) )
1 -1 1 210 1 -1 1 2 10
Z 2 ]_ 2 ]_ 0 —2h1+ho—ho 0 3 _4 _3 O
= —
-1 -2 3 110 ot hasha 0 -3 4 310
2 -5 6 710 b1 ha s 10 -3 4 3|0
1 -1 1 2 (0]
ho+hs—hs 0 3 _4 _3 O
hythasha 0 0 0 010
| 0 0 0 010 |
Hé ban dau tuong duong vé6i hé sau:
1
x =-z—t
r—y+z+2t =0 -
3y—4dz—3t =0 Y =gz tt
z,t eR

Khi d6 khong gian nghiém

1 4 1 4
W—{(x,y,z,t)—<§z—t,§z+t,z,t)}—{(gz,gz,z,o—k(—t,t,o,t))}
1 4
=<1=,=,1,0) 2+ (—1,1,0,1)t|]z,t eR p .
33
14

Nhu vay W = span { (5’ 3 1, O) ,(=1,1,0, 1)} Dé thay 2 véc to nay doc lap tuyén tinh nén

noé la mot co sé cia W va dimW = 2.

3.5 Khong gian véc to Euclid

3.5.1 Khoéng gian véc to Euclid

Nhic lai rang, trong hinh hoc so cap, tich vo huéng ctia hai véc to duge dinh nghia biang
tich cia do dai hai véc to d6 va cosin clia géc xen gifta chting. Dé thay riang, ngugc lai, do dai
clia véc to v goc xen gitta hai véc to c6 thé biéu thi qua tich vo huéng. Nguoi ta nhan thay
rang, dé dua nhing khai niem nay vao cac khong gian véc to tritu tuong, viec truc tiép tritu
tugng hoa cac khai niem do dai ciia véc to va goc xen gitta hai véc to kho hon nhiéu so véi viee
tritu tuong hoa khai niém tich vo hudng. Vi thé truée hét ching ta nghién cttu khai niém tich
vo huéng, roi sit dung né dé dinh nghia do dai clia véc to va goc xen gitta hai véc to.
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O Dinh nghia 13. V' la mot khong gian vée to thue, o, 8 la hai véc to cia V. Tich vo hudng
cia o va B la mot so thue, ki hiéu la {«, B), théa man cdc tinh chat sau day duoc goi la cdc
tién dé cua tich vo hudng:

= (a1, B) + (ag, B),

)
. . £ g </€Oé,ﬁ> - k<a7/8>7
(i) Tinh song tuyén tinh: (o, B + 52§ — (o, B) + (0, o),

= ko, B),
(ii) Tinh doi ming: (o, 8) = (B,a),
(i1i) Tinh xdc dinh duong: (o, ) > 0, {0, ) =0 < a= 0.

O Dinh nghia 14. Khong gian véc to thuc V' co trang by maot tich vo hudng got la khong gian
c6 tich vo hudng. Khong gian n chiéu cé tich vo hudng goi la khong gian Euclid.

e Vidu 24. (a) Khong gian cdc véc to tu do da hoc trong hinh hoc so cip la mot khong gian
véc to Fuclid vai tich vo hudng thong thuong

(o, B) = la|B] cos L(a, ).

(b) Gid stV la khong gian véc to thuc n chiéu va (eq, e, ..., e,) la mot co sd cia né. C6
thé dinh nghia mot tich vo hudng trén V nhu sau. Néu o = > wie;, B = . yseq, thi ta dat

<Oé7 B> = Z TilYi-
=1

N6i rieng, néu V =R" va (e1, ey, ...,e,) la co sd chinh tac cia R™, thi tich vo hudng ciia hai
véc to a = (x1,...,2,), 0= (Y1,-.,Yn) dugc dinh nghia la

<a7 B> = Z TilYi-
=1

N6 duge goi la tich vo hudng chinh tdc trén R™.
Nhan zét rang theo cach nay moi co s6 cia V. cho phép xdc dinh trén V mot tich vo hudng.
Hai tich vo hudng xdc dinh bdi hai co sd khdc nhau thi noi chung khdc nhau.

(c) Gid stV = Cla,b] la khong gian cic ham thuc lien tuc trén |a,b]. Cong thic

b
(f.g) = / f@g@)dzs,  f.g€Clab.

zdc dinh mot tich vo hudng trén khong gian vo han chiéu Cla,b].

Bay gis ta dinh nghia do dai ctia véc to va goc xen gitta hai véc to trong mot khong gian
véc to Euclid.

O Dinh nghia 15. Gid stV la mot khong gian véc to Fuclid vdi tich vo hudng. Khi do, do
dai (hay chuan) ciia vée to o €V la s6 thuc khong am |a| = \/(a, a).
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Nhan xét rang, ngudc lai, tich vo huéng ciing dudge hoan toan xac dinh bdi do dai véc to.
That vay
1
(0.8) = 2{la+ B ~ ol = |8},
Dé dinh nghia dudc goc giita hai véc to, ta can ménh dé sau day.
® Meénh dé (Bat dang thitc Cauchy-Schwarz)

[(a, )] < lellBl,  Va,BeV.

Chitng minh Néu a = 6 thi hién nhién bat dang thiic ding bdi vi hai vé clia n6 déu bang
0.
Xét truong hop a # 6. Ta ¢6 (ta+ B, ta+ ) > 0,Vt € R. Do d6

t*{a, a) + 2t{a, B) + (B, B) > 0,Vt € R.

Vi (o, @) > 0, nén vé trai la mot tam thiic bac hai d6i véi t. N6 khong am véi moi gia tri ctia

t nén
A= {a, 8)* = (a, ) (8, 8) <0 & (a,)* < (@, ) (B, 8) = (o, B)] < |a]|B].

Trong R” v6i tich vo huéng chinh tic, bat déng thitc trén c6 dang

|ixzyz‘ < ixf iy?,Vaﬁi,yi e R.
i=1 i—1

i=1

O Dinh nghia 16. Gdc gita hai véc to khac khong o va  duge ky hiéu bdi Z(«, 5) va duge
zdc dinh duy nhat bdi dieu kien sau

_ (. B)
cos Z(a, B) = PIEE
0<Z(a,p) <.

Ta coi goc gitta véc ta 0 va mot véc to khac 1a khong xac dinh.

O Dinh nghia 17. Hai véc to o, f € V' dugc goi la vuong goc (hay truc giao) vdi nhau, va
duoge ky hieu la a LB, néu

(o, ) = 0.

Nhu vay, (a,8) = 0 néu va chi néu hodc la it nhat mot trong hai véc to a, 8 bang 6, hodc

¢$ Ménh dé 3. (i) |a| > 0,Va eV, |a| =0 & a=0.
(ii) |kal = |k||a|,VEk € R,Va € V.
(i4i) (Bat dang thic tam gidc)

o+ B <ol + 18], Va, € V.
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Khoang cach tit véc to a dén véc to 3 dude dinh nghia nhu sau:
d(a, B) = |a — B.

T meénh dé (3) ta suy ra ham khoang cach c6 nhitng tinh chat co ban sau day:
(i) d(a, B) > 0,Va, €V, d(a,B)=0< a=}0.

(ii) d(o, B) = d(B, ), Y, B € V.

(i) d(@,7) < d(a, §) + d(8,7), Yo, B,7 € V.

3.5.2 Cdg sé trong khong gian Euclid

O Dinh nghia 18. (a) Heé véc to {ey,...,ex} cia khong gian véc to Euclid V' dugc goi la hé
truc giao néu cdc véc to cta hé doi mot vuong géc vdi nhau, tic la (e;,e;) = 0 néu i # j.

(b) Hé véc to {ey, ..., er} dugc goila mot hé truc chudn néu né la mot hé truc giao va moi
véc to clia hé déu cé do dai bang 1, tic la

e ={ & it

1, néui=j.

{ Ménh dé 4. (i) Mdi hé truc giao khong chita véc to 0 déu doc lap tuyén tinh.

(ii) Néu hé véc to {ey, ..., ex} la truc giao va khong chiia véc to 0 thi hé {|6—1|, ce %} la
€1 (A

truc chuan.
Ching minh (i) Gid st {ey,..., e} la mot heé truc giao va khong chia véc to 6. Xét hé thiic
crer + -+ cpep = 0.
Nhan vo huéng hai vé v6i e;, va st dung gia thiét e; Le; véi i # j, ta co:
0 = (cre1 + -+ + crex, ex) = cr{er, ex) + -+ - + crler, ex) = cp(ex, ex)-
Vi e # 0, nén (e, ey > 0, do d6 ¢ = 0. Tt d6 ta thu duge:
cre1+ -+ cp_r1ep—1 = 0.
Lap lai 1ap luan trén v6i £ duge thay béi £ —1,...,1 ta thu dugc
cpo=c=---=¢,=0.

Vay hée {ey, ..., e} doc lap tuyén tinh.
(ii) Ta c6

e € 1 0, mnéui # j,
(T ) = o leneg) = { 7

leal” les|”  lelles] 1, néui=j

v Hé qua 3. Trong la khong gian Euclid n chiéu V, méi hé truc giao gom n véc to khdc 0
déu la mot co sd cia V.

Mot co s ctia V' dong thoi 1a mot hé truc chuan duge goi 1a mot co sd truc chuan. Dinh Iy
sau day néi len tinh phd bién clia co s6 truc chuan.



3.5 Khong gian véc to Euclid 65

A Dinh 1y 9. Moi khong gian véc to Euclid hitu han chiéu déu cé co sd truc chudn.

Chitng minh Dinh 1y dugc chimg minh bing phép truc chuan héa Gram-Schmidt.
Gid st S = {ay,...,a,} 13 mot co s§ bat ky clia khong gian véc to Euclid V. Tryc chuan
héa Gram-Schmidt 1a phép dung mot co sé truc chuan {e1,...,e,} cia V véi tinh chat sau:

span{ey, ..., ex} = span{ay, ..., i}, k=1,2,...,n.

a7

e k= 1: Vi S doc lap tuyén tinh nén a; # 0. Dat e; = . Hién nhién ||e;]| = 1 v&

[l
span{e1} = span{a;}.

o k=2: Xét &y = g — (g, e1)ey. Ta ¢ €y # 0 (vi néu €, = 0 thi ay = kay, diéu nay trai
véi gid thiét S doc lap tuyén tinh.)

D

Dat e; = 2 Khi dé he {e1,ex} truc chuan va span{ei,es} = span{e;, &} =

12|

span{aq, as}.

ol

e Gia stt da xay dung duge he tryc chuan {ei,...,e; 1} sao cho
span{ey, ..., e;} = span{aq, ..., a;}, i=1,2,...,k—1.

Tiép theo ta tim e; dudi dang

k-1
e_k = o — Z<ak7 €z>ez
i=1
Ta cling c6 e # 6 (vi néu e; = 6 thi ay 1 to hop tuyén tinh clia ey, ..., e,_1, do d6 1a to
hgp tuyén tinh clia oy, ..., a1, dieu nay mau thuan véi gia thiét S doc lap). Hon nita
arlenNi=1,.. . k—1.
k-1
_ Qp — Z(ak,€i>€i
< €k i=1
Dat e, = — = .
|[exl] e
o = > (o, e)ei|
i=1
Khi d6 he {ei,...,ex} truc chuan va span{ei,...,ex} = span{ei,..., €5} =

span{aq,, ..., ag}.

e Vi du 25. Trong khong gian Euclid R® cho hé
{Oél = (]., 1, 1),0[2 = (—1, ]., 1),0[3 = (1, 2, 1)

Hay truc chuan héa Gram-Schmidt hé véc to trén.

Giai

1 1
e Buée 1: Dét elzi ( ,—3,—3).

el

Sl
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1 1 1 1 4 2 2
'BU@C23€_2=CV2—<@2761>€1Z(—LLU__( ) 7= )Z(_§>§v§)

S
w
S

3

Vay e =

_ (_i RS L)
1] V6 V6 V6
4 1 1 1 1
e Budc 3: &5 = a3 — (asz,e1)e; — (az,ea)es = (1,2,1) — (—, ,—) - %< —
2Ly (o)
\/67 \/67\/6 727 2 *
es3 1 1
Vay e3 = —— = <O,—,——).
S V2L V2

Khi d6 {ey, ez, e3} 1a he true chuan héa ctia hé {ay, as, as}.

A Dinh ly 10. Cho V la khong gian Euclid n chiéu. Néu S = {ay, ..., a,} la mot co sé triuc
chuan thi vdi moi eV taco

B={(B,aq)on + (B, ) + - - - + (B, an) .

e Vi du 26. Trong khong gian Euclid R® cho hé
S = {a1 =(0,1,0),0 = (— =
Hay biéu thi tuyén tinh véc to 8 = (1,1,1) qua S.
Gidi

Dé thay ring S 1a mot hé truc chuan trong R® nén né la mot co sé truc chuan cia R3. Vay
theo dinh 1y trén thi

1 7

B =(B,ar)a1 + (B, )00 + (B, az)az = a1 — 5042 + 30&3.

3.5.3 Hinh chiéu ctia mot véc to 1én mot khong gian con

Trude hét ta chiing minh dinh 1y sau

A Dinh 1y 11. Gid stV la mot khong gian véc to co tich vo hudng, S = {1, ..., an} la mot
hé truc chuan trong V., W la khong gian con sinh bdi S va o € V. Dt

B = (a,ar)an + (@, a2)a + -+ + (@, Q) B2 = — B
Khi do
(i) b1 € W = span(95).
(i1) B truc giao vdi W, tic la folay, Yi=1,...,m.

Chatng minh (i) hién nhién do biéu thic ctia 8;. Ta chi can chitng minh (ii).

D@ thay (Ba, i) = (a— 1, ;) = (a, ;) — (B1, ;) = (v, ) — (@, ) = 0, do d6 Bo Loy, Vi =
1,....m
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O Dinh nghia 19. Ta goi B la hinh chiéu tric giao cia o len W, ky hiéu la hchyo, con Ba
la thanh phan cia o truc giao vdéi W,

e Vidu 27. Trong khong gian Euclid R®* cho W la khong gian con sinh bdi hé

4 3
S = {051 = (07170>7a2 = (_ 57075)}
Tim hinh chiéu truc giao cia o = (1,1,1) len W.
Gidi

Dé thay S 1a heé truc chuan trong R?, do d6 hinh chiéu truc giao ctia o len W 1a

4 3
hehuo = (o on)as + (o, as)as = (5.1, —52).
Thanh phan clia a truc giao véi W 1a

4 3 21 28
o — hCth{ = (17 17 1) - (%a ]-7 _%) = (%,O, %)
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Bai tap chuong 3

. Hoéi méi tap dudi day 1a khong gian con ciia R? hay khong:

(a) Cac véc to dang (a,0,0).

(b) Céc véc to c6 dang (a,1,1).
(c) Céc véc to c¢6 dang (a,b,c) v6i b= a+ c.
(d) Cac véc to ¢6 dang (a,b,c¢) v6ib=a+c+ 1.

. Goi My 1a tap céc ma tran vuong cap hai v6i phép cong ma tran va nhan ma tran véi

mot s6 thuc thong thuong. Ching minh rang M, 1a mot khong gian véc to. Hoéi mdi tap
duéi day co6 la khong gian con ciia My khong:

b
(a) Cac ma tran c6 dang [CCL d] trong dé a, b, ¢ 1a nguyeén.

Z] trong d6 a +d = 0.

c¢) Cac ma tran cap hai sao cho A' = A.

(b) Céc ma tran c6 dang [Z

(
(

d) Cac ma tran cap hai sao cho det(A) = 0.

. Héi mbi tap dudi day co 1a khong gian con cta C0, 1] khong:

(a) Cac f € C[0,1] sao cho f(x) <0,Vz € [0,1].
(b) Cac f € C0,1] sao cho f(0) =

(c) Cac f € C]0,1] sao cho f(0 ):2.

(d) Cac f € C0,1] sao cho f(x) = const.

(e) Cac f € C[0,1] c¢6 dang ky + ko sinx, trong d6 ki, ko 12 cac s6 thuc.

. Héi moi tap dudi day c6 phéi la khong gian con ctia P3[x] khong:

(a) Cac da thitc ag + a1z + asx® + azz® trong d6 ag = 0.
(b) Céc da thiic ag + a1r + asz? + azx® trong d6 ag + ay + as + az = 0.

(c) Céc da thiic ag + a1x + asz? + azx® trong d6 ag, ay, as 1a cic sd nguyen.

. Hay biéu dién véc to z thanh to hgp tuyén tinh cta u,v,w: (a) x = (7,-2,15); u =

(273a 5)7 U= (37 77 8)7UJ = (17 _67 1)
(b) 2= (1,4, -7,7); u=(4,1,3,-2)w = (1,2, -3, 2);w = (16,9, 1, —3).
(DS: (a) x = (11 = 5t)u — (5 — 3t)v + tw,t € R; (b) x = 3u + 5v — w).

. Hay xéac dinh X sao cho z 1a t& hop tuyén tinh ctia u, v, w:

(a) u=1(2,3,5);v = (3,7,8);w = (1,—6,1);x = (7, =2, ).
(b) u (4 4,3)v=(7,2,1);w = (4,1,6);x = (5,9, \).
(¢) u=(34 2) 6,8,7) = (9,12, \).

(d) u=(3,2,5);v =(2,4,7);w = (5,6,\); = = (1,3,5).
(DS: (a) A = 15; (b) A bt Ki; (¢) A bt ki; (d) A # 12).
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7. Hay biéu dién cac da thiic sau thanh to hgp tuyén tinh ctia py(z) = 2 + 2 + 422, py(z) =
1 —x — 322, p3(x) = 3+ 2z + Hz*:
(a) 5+ 9z + 5a? , (b) 2+ 622 , (¢) 0 , (d) 2+ 22 + 323,
11 1 13

(DS: (a) —12p1 —p2+1—ps, (b) 4p1 — 2ps, (c) Opy + Opa + Ops, (d) —gPi gt gpg)-

8. Mbi ho véc to dué6i day c6 sinh ra R?® khong:

(a) vy = (1,1,1); vo = (2,2,0); v3 = (3,0,0).

(b) v; = (2,—1 3)'1)2:(4,1,2);113:(8,—1,8).

(c) vy = (3,1,4); v = (2,-3,5); v3 = (5,—2,9); vy = (1,4, —-1).
(d) v (1 3,3); va = (1,3,4); v3 = (1,4, 3); vgs = (6,2,1).

(DS: (a) co; (b) khong, (¢) khong; (d) co)

9. Héi cac da thie dudi day co sinh ra Ps[z] khong:

pi(r) =1420— 2%, po(x) =3+22 ps(a) =5+4c — 22, py(o) = -2+ 20 — 222
(DS: khong).

10. Hoi cac tap sau day 1a doc lap tuyén tinh hay phu thudc tuyén tinh:
(a) up = (1,2), ug = (—3,—6) trong R
(b ) up = (2,3), uy = (—5,8), uz = (6,1) trong R
(c) pi(x) =2+ 3z — 22, pa(x) = 6 + 9z — 322 trong P[x].

(d) A= B g], B = {:; _03} trong M.

(DS: (a) ug = —3uy; (b) phu thuoc; (c) po = —3py; (d) B = —A).

11. Cac tap duéi day la doc lap tuyén tinh hay phu thuoc tuyén tinh:

(a) (1,2 3) (3,6,7) trong R3.

(b) (4,-2,6); (6,—3,9) trong R3.

(c) (2,-3,1); (3,—1,5); (1,—4, 3) trong R3.

(d) (5,4, 3) (3,3,2); (8,1, 3) trong R3.

(€) (4,-5,2,6); (2,-2,1,3); (6,—3,3,9); (4,—1,5,6) trong R™.

(2) (1,0,0,2,5); (0,1,0,3,4); (0,0,1,4,7); (2, —3,4,11,12) trong R®.

(DS: (a) doc lap; (b) phu thudc; (¢) doc lap; (d) phu thuoc; (e) phu thudce; (g) doc lap).

12. He nao trong Py[x] dudi day 1a phu thudc tuyén tinh:
(a) 2 — z + 42% 3+ 6x + 22%; 1 + 10z — 422
)3+ x+2% 2 —x+5z% 4 — 322

d) 1+ 3z + 32% = + 422, 5 + 6z + 32%, 7+ 2x — 2%

(b

(c) 6 — 2% 1+ z + 42°.

(

(DS: (a) doc lap; (b) doc lap; (c) doc lap; (d) phu thudc).
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13.

14.

15.

16.

17.

18.

Tim A € R lam cho cac véc to sau day phu thuoc tuyén tinh trong R3:
1 1 1 1 1 1
= A).

=) Vg = —5)iv3 = (-7,

— (N —= _z
n=0=5 73 2’ Y

(DS: A = —%;)\ =1).

Hay giai thich tai sao cac hé sau khong phai la co s cua khong gian tuong tng:
(a) Uy = (172)7 Ug = <073>7 Uz = (27 7) trong R?.
(b) uy = (—1,3,2); ug = (6,1,1) trong R3.

(c) pr(x) = 1+ 2 + 2% pa(x) = x — 1 trong Pyfz].

-l

|

6 0
-1 4

|

Heé nao dudi day 1a co sé trong R3:

) (2,

(
(
(DS: (a)

(a) 1 — 3z +22% 1+ o +42% 1 — Ta.

-3,1
va

a) (1,0,0); (2,2,0); (3,3,3).
c ); (4,1,1); (0,=7,1).
a (b)).

Heé nao dudi day 1a co sé trong P[z]:

(¢) 1+ x+ 2% x + 2% 22
(DS: (c) va (d)).

3 0
17

jo-|

(b) (3,1, —4); (2,5,6); (1,4,8).

1

2]5E:

29

(d) (1,6,4); (2,4, —1); (—1,2,5).

X4c dinh s6 chiéu va co sd clia khong gian nghiém ctia cac hé sau:

21‘1
Ty

()

31’1
4LL’1
L1

(c)

21‘1
T
(e)
X1
T

+
+

_|_

X2
2[)’22
X2

X2

3[['2

41‘2
5.1'2
233'2
3%
21’2

+ 3.%3

2£C3

_|_

+ o+

Xyq

o {

o O O O O

3.7)1
5ZL‘1

15

25(71
31‘1

(2)

+ )

— 31'2
- 6372
- 91’2

T
3x
2x
4x
2x

+ 4+ +

+ 3.%‘3
+ 3

e PELe ++ +

(d) =4+ = + 32% 6 + bz + 22%; 8 + 4 + 2°.

+

o O O

Il
coocoo

[7 1] trong M.

(b) 4 + 6z + x?; —1 + 4x + 22%; 5 + 20 — 2°.

o O

DS: (a) W = {0}: (b) W = t(—i,—i,l,O) +5(0,-1,0,1); (c) W = {0}: (d) W =
t(3,1,0) +s(=1,0,1); (e) W = {0}; (g) W = {0})

Tim mot co s6 va s6 chiéu ctia khong gian con ctia R* sinh béi cac véc to sau:

(a) (1,1,—4,—3); (2,0,2, —2)

(2,—1,3,2).
(b) (—1,1,-2,0); (3,3,6,0); (9,0,0,3).
(¢) (1,1,0,0); (0,0,1,1); (—2,0,2,2): (0,-3,0,3).
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19.

20.

21.

22.

(d) (1,0,1,-2); (1,1,3,-2); (2,1,5,—1); (1,—1,1,4).
D N 1
DS: (a) S6 chiéu bang 3 va (1,1, —4,-3); (0,1, —5,-2); (0,0, 1, —5) la mot co s6.

(b) S6 chiéu bang 3 va (1,—1,2,0); (0,1,0,0); (0,0, 1, —%) 14 mot co sé.
(c) Sb chiéu bang 4 va (1,1,0,0); (0,1,1,1); (0,0,1,1); (0,0,0,1) 1a mot co sé.
(d) S6 chiéu bang 3 va (1,0,1,—-2); (0,1,2,0); (0,0,1,3) 13 mot co 6.
Cho p(z),q(x) € Pyx]:
p(z) = ag + a1z + asr?,  q(x) = by + biw + box®.

(a) Chitng minh ring biéu thitc (p, q) := agby + a1by + asby 13 mot tich vo hudng trong
PQ [ZL’]

(b) Ap dung dé tinh tich vo huéng ctia p(z) = —1 + 2z + 22, g(z) = 2 — 42
(c) Kiém tra lai bat dang thitc C-S.

Cho f = f(z),9 = g(x) € P[z]: (a) Chiing minh ring biéu thitc 1 mot tich vo hudng
trong Py[x].

(f.g) = / f(2)g(x)da

(b) Ap dung dé tinh tich vo huéng ctia f = 1 —z+22+52%, g = x—32® va f = x—5a?, g =
2 + 82

(DS: (b) —28/15; —68/3)

Cho hai ma tran trong Mo:
u= . v = .
Uz Uy Vg U4
(a) Chitng minh ring biéu thitc (u,v) 1= wyv; + Usvy + uzv3 + ugvy 14 Mot tich vo hudng.

(b) Ap dung dé tinh tich vo huéng cia

-1 2 o

““le 10 T3 3|
(c) Kiém tra lai bat dang thitc C-S.
Xét u = (ug, ug, us),v = (v1,v9,v3) € R3. Héi biéu thiic nao dudi day co thé la mot tich
vo huéng trong R?, néu khong dugde thi néu i do:
a) (u,v) := ujvy + ugvs,
u, v) = uvy + udvs + uiv3,
u,v) = 2u 01 + ugvy + 4uzvs,

d) (u,v) := ugv; — ugve + usvs,

=

) Khong vi tien dé 5 khong thoa man; (b) Khong vi tiéen dé 3 khong théa mén;
; (d) Khong vi tien dé 5 khong thoa man).
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23. Véi tich vo huéng Euclid trong R?, hay xac dinh k dé u,v truc giao
() 1= (2.1,8): v = (L7,8), (b) u = (k. &, 1); v=(k5.6).
(DS: (a) k=—-3; (b) k=—2,k = —-3).

24. Vé6i tich vo huéng trong P[z] ¢ bai tap (19) chiing minh réng p = 1—x+22?% va ¢ = 22+
truc giao.

25. V6i tich vo huéng Euclid trong R*, hay tim hai véc to ¢6 chuan bing 1 va truc giao véi
cac véc to sau

u=(2,1,-4,0); v=(-1,-1,2,2); w=(3,2,5,4).

1
DS: + —34,44, -6, 11)).
( 3249( )
1 1 2 3
26. Cho 2 = (—=, ——=) vay = (——, ——).
cr=(F R v (U )

Chitng minh rang = va y tryc chuan trong R? theo tich vo hudng (u,v) 1= 3ujv; + 2ugvs,
nhung khong tric chuan theo tich vo huéng Euclid (u,v) := ujv; + ugvy.

27. Chiing minh rang:
wr = (1,0,0,1);us = (—1,0,2,1);us = (2,3,2, —2);us = (—1,2, —1,1).
1& mot ho triyce giao trong R* déi véi tich vo huéng Euclid.
28. Trong R? c6 tich vo huéng Euclid. Hay ap dung qua trinh Gram - Schmidt dé bién co s6
{uy,up} dudi day thanh co sé true chuan
(a) up = (1,-3); v =(2,2) (b) uy = (1,0); ug = (3, —5).

1 3 3 1
\/1—07_\/1—0)§ (ma\/l—o)a (b) (170);(071)'

29. Trong R? xét tich vo huéng Euclid. Hay ap dung qué trinh Gram - Schmidt dé bién co
sG {u1, ug, us} dudi day thanh co s6 trie chuan
(a) ug = (1,1,1); ug = (—1,1,0); uz = (1,2, 1).
(b) u=(1,0,0); ug = (3,7, —2); ug = (0,4, 1).

1 1 1 1 1 1 1 2

DS: (a) (

P <7’7’7>;< va v e v e
(b) (1,0,0); (0, \/_ \/_) (0,30v/11925, \/_25)

30. Trong R? xét tich vo huéng Euclid. Hay tim mot co sd trie chuan trong khong gian con
sinh béi hé véc to {(0,1,2);(—1,0,1)}.
1 2, , V5 2 1

P (0. 72 75 - 5 U Ve
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31.

32.

33.

34.

35.

36.

Trong R? xét tich vo huéng (u,v) := uyvy + 2ugvy + 3uszvs. Hay dp dung qua trinh Gram
- Schmidt dé bién hé véc to:

up = (L, L1); upy=(1,1,0); us=(1,0,0)

thanh mot hé truc chuan.
1 1 1 1 1 1 2 1
DS: ( :

—,—=—=); (—=—=,———=); (—=,——F=,0).
\/67\/67\/6)7 (\/67\/67 \/6)7( 67 67 )
Trong Ps[z] xét tich vo hudng

1

(prq) == / p(2)q(z)dz

-1

Hay ap dung qua trinh Gram-Schmidt dé bién co s§ chinh tac {1, z, 2%} thanh mot co s&
truc chuan.

o { B E-ny )

Hay tim ma tran toa do va véc to toa do ctia w doi véi co s S = {uy, uz, uz} trong dé
(a) w=(2,—-1,3), uy = (1,0,0), us = (2,2,0), ug = (3,3, 3).

(b) w=(5,-12,3), u; = (1,2,3), us = (—4,5,6), us = (7,-8,9).

DS: (a) (w)s = (3,-2,1); (b) (w)s = (-2,0,1).

Trong R? va R? xét tich vo huéng Euclid vi mot co sé true chuan. Hay tim véc to toa do
va ma tran toa do cua w.

1 1 1 1
(&) w=(3,7), u1 = (57_ﬁ>’ = (_2’E)
D) w= (102w = (G535 w= (g3 w=(553)
DS: (a) (w)s = (—2v/2,5v2); (b) (w)s = (0,—2,1).

3 4 4 3
Trong R? xét tich vo huéng Euclid va he S = {wy, ws} v6i wy = (g, —g), Wy = <5’ 5)

a) Chitng minh S 1a mot co 8¢ tryc chuan ciia R2,

b) Cho u va v 1a cac véc to ctia R? v6i (u)s = (1,1), (v)s = (—1,4). Tinh ||u]|, d(u,v) va
v).

(
(
(u,
(c) Tim w, v 16i tinh ||ul|, d(u,v) va (u,v) mot cach tryc tiép.

DS: ||u|| = V2, d(u,v) = V13, (u,v) = 3.

Trong R? cho hai co 86 B = {uy,us} va B’ = {vy, vy} trong d6 u; = (2,2), ug = (4, —1),
V1 = (1,3), Vg = (—1, —1)

(a) Tim ma tran chuyén co sd tit B sang B’

(b) Tinh ma tran toa do [w]p trong d6 w = (3, —5) roi tinh [w]g.
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37.

38.

(c) Tinh tryc tiép [w]p va kiém tra lai két qua trén.
(13710 —1/2
DS: (a) [_2/5 0 }

Trong R? cho hai co 6 B = {uy, us,u3} va B = {v1,v9,v3} trong d6 u; = (—3,0, —3),
ug = (—3,2,1),uz = (1,6, —1), v; = (=6, —6,0), vo = (=2, —6,4), v3 = (=2, -3,7).

(a) Tim ma tran chuyén co sd tit B’ sang B.

3 (b) [w]p = (=17/5,8/5)", [w]p = (=4, =7)".

(b) Tinh ma tran toa do [w]p trong d6 w = (—5,8,—5) roi tinh [w]p.
(c) Tinh tryc tiép [w]p va kiém tra lai két qua trén.
3/4  2/3  1/12
DS: (a)|—3/4 —3/2 —17/12]; (b) |wly = (32/21,4/7,8)7), [w]lp =
0 1 2/3
(19/12, —43/12,4/3)".

Trong P;[x] cho hai ¢ s6 B = {p1,p2} va B' = {q1, ¢} v6i p1 = 6 + 3z,ps = 10 + 2z,
G =2,q0 =3+ 2x.

a) Tim ma tran chuyén co sé tit B’ sang B.
)

(
(b) Tinh ma tran toa do [p]p v6i p = —4 + x 10i suy ra [p|p.
(c) Tinh tryc tiép [p]p va kiém tra lai két qua tren.

(

d) Tim ma tran chuyén co s6 tit B sang B'.



Chuong 4

Anh xa tuyén tinh

4.1 Cac khai niém co ban
4.1.1 Dinh nghia anh xa tuyén tinh
O Dinh nghia 1. Cho V,W la cic khong gian véc to. Anh za f -V — W duge goi la mot

anh za tuyén tinh neu

flat8) = fla)+f(8),
fka) = kf(a) . Va,BeVVEeR.

Anh xa tuyén tinh cing dude goi la ddng ciu tuyén tinh. Truong hop V = W, anh xa f
dugde goi 1a toan tit tuyén tinh.

Nhan xét rang hai diéu kién trong dinh nghia 4nh xa tuyén tinh tuong duong véi diéu kien
sau:

flka+hB) =kf(a)+ hf(B),Ya,p € V,Vk, h € R.
e Vidu 1. Gid stV va W la hai khong gian véc to. Anh za T : V — W zdc dinh bdi
T(a)=0, VaeV,
la mot dnh za tuyén tinh.

e Vidu 2.V la mot khong gian véc to, W la khong gian con cia V. Anh za f - W — V zdc
dinh bdi
T(a)=a, YaeW,

la mot dnh za tuyén tinh.
e Vidu 3. Cho dnh za f : R® — R? zdc dinh bdi

f(x1, 20, 23) = (23 + 311, 229 — T3).
Khi dé f la dnh za tuyén tinh.

O Dinh nghia 2. Cho f : V — W la dnh za tuyén tinh. Néu f la don dnh, toan dnh, song
anh thi f tuong tng dugc goi la don cdu, toan cau, ding ciu.

Tap hop cac 4nh xa tuyén tinh tit khong gian V' vao khong gian W duge ky hieu 1a L(V, W),
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4.1.2 Tinh chéat

Cac tinh chat sau day clia anh xa tuyén tinh dugce suy ngay tit dinh nghia.
Gid st f: V — W la mot anh xa tuyén tinh. Khi d6, ta c6

(1) f(#) = 0. That vay, f(8) = f(6+6) = f(6) + f(#). Theo luat gian uéc, f(0) = 6.
(2) f(=a) = —f(a),Va € V. That vay, f(a) + f(-a) = fla+ (=a)) = f(f) = 0. Do do,
f(=a) = =f(a).

(3) flaray +++ +apan) = a1 flay) ++ -+ anflan),Vay,...,a, € RVay,...,a, € V. (dang
thitc nay c6 thé dugc chiing minh bing quy nap)

A Dinh ly 1 (Cach xac dinh 4nh xa tuyén tinh). Gid st {aq,...,a,} la mot co sd cia V,
con P, ..., Bn la cic vée to bat ky cia W. Khi dé ton tai duy nhdat mot dnh za tuyén tinh
f:V =W sao cho f(a;) =05;, (i=1,...,n).
Chiing minh
® Su ton tai: Néu o = ciaq + - - - + ¢, thi ta diit
fla) =B+ + b
Dé dang chitng minh f: V — W la anh xa tuyén tinh va 16 rang (o) = 3;,Vi=1,...,n.
® Sy duy nhat: Néu f va g la cac 4nh xa tuyén tinh tit V vao W véi f(a;) = g(aw) = Bi

(1=1,...,n), thi v6i moi a = ciaq + -+ + ¢, ta cd
fla) = f(z i) = Zcz‘f(@i) = Z ciglay) = Q(Z i) = g(a).
i=1 i=1 i=1 i=1

Nhu vay anh xa tuyén tinh tit V vao W dudce xac dinh hoan toan néu biét dude anh cta
mot co sé ciua V.

e Vi du 4. Cho dnh za tuyén tinh f: R® — R? biét f(1,1,0) = (2,-1), f(1,1,1) = (1,2),
(a) Tim f(3,5,1).

(b) Tim f(x).
Giai

(a) Gia st (3,5,1) = ¢1(1,1,0) + c2(1,1,1) + ¢3(1,0,1)

cpt + ¢ + ¢z = 3 cq = 2
=4 c1 + ¢ = 5 & c = 3
Co + C3 — 1 3 = — 2

Suy ra
f(3,5,1) =c1f(1,1,0) + cof(1,1,1) + c3f(1,0,1) = 2(2, —1) + 3(1,2) — 2(—1,1) = (9, 2).
(b) Gia st x = (21,29, x3) = ¢1(1,1,0) + co(1,1,1) + ¢5(1,0, 1)

¢t + ¢ + ¢33 = 11 i = 1 — I3
& 1 + c2 = Iy <& Co = —X1+To+ T3
s + 3 = X3 C3 = 1 — X9
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Suy ra

f(x) = flar,22,73) = c1 f(1,1,0) + o f(1,1,1) + ¢3f(1,0,1) = (2202 — a3, =221 + T + 323).

4.2 Nhan va anh cia anh xa tuyen tinh
Cho anh xa tuyén tinh f:V — W.

e Nhan ctia anh xa f 1a tap hop tat cd cac véc to x € V sao cho f(z) = 6 va dugc ky
hiéu béi Kerf.
Kerf={z e V|f(z) =0}

e Anh ctia 4nh xa f 1a tap hop tat ci céc véc to y € W sao cho ton tai véc to z € V dé
y = f(z) va dugc ky hiéu béi Imf.

Imf={yeW|F3z eV y=f(x)}

=

Hinh 4.1: Anh va Nhan ctia 4nh xa tuyén tinh

A Dinh 1y 2. Cho dnh za tuyén tinh f:V — W
(a) Kerf la khong gian con cia V.
(b) Imf la khong gian con cia W.
(¢c) dim Kerf +dim Imf = dimV'.

Chitng minh Ta chi can chiing minh (c)

Gia st dim Kerf = m. Khi d6 ton tai co s6 E = {e;,...,e,} cta Kerf. Bo sung vio E
dé dugc mot co 86 ctia V 1a By = {e1,...,em,v1,...,0,}. Ta sé ching t6 co s6 ctia Imf 1a
Ey ={f(v1),-.., f(vn)}-

Truéec hét Fy 1a tap sinh cia Imf. That vay y € Imf & Jx € V :y = f(z) & y =
flaer+ -+ cpem +divr + -+ dyvy) = cif(er) + -+ emflem) Hdif(vr) +- - +dnf(vn) =
dif(vy) - 4 dnf(vn).

Xét he thic ¢y f(v1)+cof(va)+- - Fenf(v,) =0 & f(arvi+---+ev,) =0 & o+ -+, €
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Kerf.

Do E la co sé cua Kerf nén civy + -+ -+ cv, = dieg + -+ dpen, & o1+ -+ -+ c,v, —dieg —
oo —dpeqm, =0=ci=cy=---=c¢, =0 (do E) 1a co ). Suy ra F, doc lap tuyén tinh.

Vay Es la co s6 cua Imf.

Dé thay dim Imf = n,dim Kerf = m = dim Imf + dim Kerf =m +n = dimV.

O Dinh nghia 3. Cho dnh xa tuyén tinh f : V — W. S6 chiéu ciia Imf duge goi la hang cia
f, ky hiéu bdi r(f).

Menh dé dudi day gitp ta dé dang tim dugce sd chiéu va co s6 ciia khong gian Imf.
& Ménh dé 5. Anh ciia dnh za tuyén tinh la khong gian con dugc sinh ra bdi dnh cia mot
tap sinh cua V.
Chiing minh Gia st tap sinh cia V' 1a E = {ey, eq,...,¢,}. Khi d6

yelmfeIreV y=f(r)= flrien+ -+ ane,) =x1f(e1) + -+ a0 f(en).

Vay Imf = span{f(e1), f(e2), ..., f(en)}.

Tu ménh dé trén ta c6 thuat toan tim anh ctia 4nh xa tuyén tinh f.

(1) Chon mét co sé cua V' 1a E = {ey,...,e,}.

(2) Tim f(61)7 ey f(e’rL)‘

(3) Imf = span{f(e1),. .., f(ea)}.
® Cha y:

- Con c¢6 nhieu cach giai khac.

- Ty theo dé bai ma ta chon co sé phit hgp dé viec tim anh ctia co s6 dé6 duge nhanh.
e Vi du 5. Cho dnh za tuyén tinh f : R3 — R3, zdc dinh bdi

f(xl, T2, Ig) = (l’l + To9 — I3, 2ZE1 + 31‘2 — I3, 31‘1 + 51‘2 — ZE3).
(1) Tim co sd va so chiéu cia Kerf.

(2) Tim co sd va so chiéu cia Imf.
Giai

(1) Vo = (z1,20,23) € Kerf < f(z) =0 < (x1+ 23 — 23, 201 + 329 — 13, 321 + Dy — 13) =
(0,0,0)

T + 29 — X3 = 0 r1 = 2t
S 28 + 3y — 13 = 0 &< 10 = —t er=t2,-1,1).
3r1 + dxr9 — x3 = 0 rs = t

Vay E = {(2,—1,1)} la tap sinh va cting la co s6 cia Kerf, dim Kerf = 1.
(2) Chon co s6 chinh tdc ctia R® 1a E = {(1,0,0),(0,1,0), (0,0,1)}. Anh clia 4nh xa tuyén
tinh 1a khong gian con dugc sinh bdi &nh clia mot co s (tap sinh) ctia R3; ttic la:

Imf = span{f(1,0,0), f(0,1,0), f(0,0,1)} = span{(1,2,3),(1,3,5),(—1,—1,—1)}.

Lap ma tran, diing bién ddi so cap déi v6i hang dé dua vé dang bac thang, két luan: dim Imf =
2, co 56 {(1,1,1),(0,1,2)}.
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e Vidu 6. Cho dnh za tuyén tinh f : R? — R3, biét
FL,1,1) = (1,2,1), f(1,1,2) = (2,1, -1), f(1,2,1) = (5,4, —1).

(1) Tim co sd va so chiéu cia Kerf.

(2) Tim co sd va so chiéu cia Imf.
Giai

(1) Cach 1: Vo = (21, 79,73) ER3 : v = ¢ (1,1,1) + ¢2(1,1,2) + ¢3(1,2,1)

cg + ¢ + ¢ = 1 g, = 311 — X9 — X3
<~ cpL + ¢ 4+ 203 = 19 & To = T3 — X1
cp + 2I2 + 3 = I3 r3 = Ty — I1

= f(z) = (—4xy + 4o + w3, 11 + 229 — 23,521 — 229 — 223).

Ve € Kerf & f(x) =0 & o = (2t,t,4t) = t(2,1,4). Co s6 cta Kerf la {(2,1,4)},
dim Kerf = 1.

Cach 2: Chon cos6 E = {(1,1,1),(1,1,2),(1,2,1)}. Gia st (z)p = (21, 22, 73).

Khi d6 z = x1(1,1,1) + 22(1,1,2) + 23(1,2,1) = f(x) = x1f(1,1,1) + 22f(1,1,2) +
x3f(1,2,1) = (21 + 229 + bxg, 221 + 29 + 43, 11 — T3 — T3).

Giai hé thuan nhat f(z) = 6 ta duge 1 = —t, 29 = —2t,23 = t. Suy ra x = —t(1,1,1) —
2t(1,1,2) +¢(1,2,1) = —t(2,1,4). Vay co sé cta Kerf la {(2,1,4)}, dim Kerf = 1.

(2) Chon co s6 ctia R® 1a F = {(1,1,1),(1,1,2),(1,2,1)}. Khi do6

Imf = span{f(1,1,1), f(1,1,2), f(1,2,1)} = span{(1,2,1),(2,1,—1),(5,4,—1)}.

Lap ma tran, diing bién déi so cap doi véi hang dé dua vé dang bac thang, két luan: dim Imf =
2, co 86 {(1,2,1),(0,1,1)}.

4.3 Ma tran cta anh xa tuyén tinh

Cho anh xa tuyén tinh f tit khong gian V' vao khong gian 1. Theo dinh 1y (4) f hoan toan
xac dinh bdi anh ctia mot co s6 cia V. Gid stt B = {ey, ..., e,} 1a mot co s6 ctia V thi f hoan
toan duge xac dinh bdi he véc to {f(e1), ..., f(e,)}. Miat khac néu B = {¢], ..., €., } 1a mot co
sG ctia W thi he {f(e1),..., f(e,)} lai biéu dién duge duy nhat qua to hgp tuyén tinh cta B':

m

fle) = agel,  (G=1...,n). (4.1)

i=1

trong do6 a;; € R. Nhu vay, anh xa tuyén tinh f : V — W dugc xac dinh duy nhat bdi he
thong cac so thuc {a;;|1 <i <m,1 < j <n}, ching dugc xép thanh ma tran sau day:

11 Q12 - Qip
|21 Q22 - Qop |
A= - [alj]mxn
Am1 Am2 - Omn

D@ thay A c6 n cot 1a cdc ma tran toa do cia f(ey),..., f(e,) trong co s6 B'.
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O Dinh nghia 4. Ma tran A xdc dinh bdi (4.1) dugc goi la ma tran cia dnh za tuyén tinh f
trong co sd B ciua V wva co s¢ B' cia W.

e NeuV =Wwvae =¢), i=1,...,nthi Adudc goi la ma tran ctia f doi véi co s6 E.

79

e Néu B va B’ lan luot 13 hai co sd chinh tac ctia V va W thi A dugce goi 1a ma tran chinh
tac cia f.

Gidstx € Vva[z]g = (x1,...,2.)" [f (@) = (Y1, -, ym)". Ta o
T =x161+ o+ Tpey = f2) = flzier + 4 znen) = xfler) + o+ 2 f(en).
Thay f(e;) béi (4.1) ta dugce:

(@) = maane;+ ot ameh,) oo T (@ ot e,

< flx) = (anz+ -+ apzn)e] + -+ (amxr + - - + aGmnzn)el,
A [f(xﬂB’ = (a’llxl R 3 T N PSS T 13 T i amnxn)
Y1 = ani+ -+ a1y
Yo = Qo1T1+ -+ A2,y
<9 < [f(2)]p = Alz]s (4.2)
Ym = Am1T1 + -t Apmnn

(4.2) trén goi 1a biéu thiic toa do ctia anh xa tuyén tinh f d6i v6i cip co sé B, B'.

Gia stt V, W la hai khong gian véc to véi hai co s lan lugt 1a B = {ey,...,e,} va B’ =
{€e},...,e,}. V6i anh xa tuyén tinh f : V — W thi ¢6 ma tran tuong ing A = [a;;]mxn xac
dinh béi (4.1).

Ngude lai, cho ma tran A = [a;;]mxn, biéu thiic toa do (4.2) xac dinh anh xa f: V — W ¢6
ma tran la A. Vay ¢6 tuong tung 1 - 1 gita L(V, W) v M,xn-

Hon nita ta dé dang ching minh duge rang néu A, B 13 ma tran cia f,g thi A+ B 13 ma
tran cta f + g, kA la ma tran cua kf,Vk € R.

A Dinh 1y 3. Anh za dat tuong ing dnh za tuyén tinh f -V — W vdi ma tran A cia né
trong mot cdp co sé co dinh cia V va W zdc dinh bdi (4.1) la mot ding cau tuyén tinh tu
L(V,W) len Myxn. Hon nia r(A) = r(f).

Chitng minh Hang ciia ma tran A 1a hang ctia hé cac véc to cot {f(e1),..., f(e,)}, do do6
r(A) =r{f(e1),..., flen)} = dimImf = r(f).

e Vidu 7. Cho dnh za tuyén tinh f : R3 — R2?, zdc dinh bdi
f(z1, 20, 23) = (21 + 229 — 323,221 + 3)

Tim ma tran cia dnh Ta tuyén tinh trong cdp co s¢ B = {(1,1,1),(1,0,1),(1,1,0)} va B" =

{(1,1,),(1,2)}.

Giai
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Ta co
f(1,1,1) = 142-3,2+1) = (0,3) = =3(1,1)+3(1,2)
f(1,0,1) = (140-3,2+1) = (-2,3) = =7(1,1)+5(1,2)
f(1,1,0) = (1+2-0,24+0) = (3,2) = 4(1,1)—(1,2)

Vay ma tran cia f trong co sé B cia R® va B’ cia R? la

3 -7 4
A_{?) 5 —1]

e Vi du 8. Trong khong gian V = Py gom cdc da thiic bac khong qud 2 vdi hé so thic cho
anh za f 'V — V zdc dinh bdi

flag + arx + agz?) = ay + 2as.

Ta c6 thé kiem tra dugc f la mot dnh xa tuyén tinh. Ngodi ra tai co sd chinh tic B = {1, x, 2}
ta co:

f1)=0, f(z) =1, f(z*) = 2.

Nhu vay ma tran cia f doi vdi co sé B la

A:

o O O
o O =
S NN O

e Vidu 9. Cho f la todn ti tuyén tinh ti R vao chinh no, biét:

f(1,2,3) =1(9,0,9); £(2,3,0) = (9,9,0); £(3,0,0) = (0,9, —9)

(a) Tim ma tran chinh tac cia f.

(b) Tim mot co sd cia Imf va dim Kerf.
Giai

(a) Ta di tim f(1,0,0); £(0,1,0); £(0,0,1) bing cach gidi heé:

2/(1,0,0) +3f(0,1,0) = (9.9,0) <{ f(0.1,0) = (3,1,2)
3f(1,0,0) = (0,9,-9) f£(0,0,1) = (1,-5/3,8/3)
0 3 1
Viay ma tran chinh tdc cia fla A= |3 1 —5/3
-3 2 8/3
(b) Dé thay Imf = span{(0,3,-3),(3,1,2),(1,-5/3,8/3)}. Lap ma tran, dung bién doi
so cap doi vdi hang dé dua vé dang bac thang, két luan: dimImf = 1, mot co sé la

{(0,3,-3),(3,1,2)}. Khi dé dim Kerf =3—-2=1.
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4.3.1 Ma tran cta anh xa tuyén tinh trong cic cd sé khac nhau

Cho f:V — W la anh xa tuyén tinh va By = {e1,...,e,}, B; ={€},...,e,} 1a hai co s6
cia V', By = {wy,...,wy}, By, ={w),...,w } 1a hai co s6 cua W.

A Dinh ly 4. Gia sit A la ma tran cia [ trong cdp co sd By, By, A’ la ma tran cia f trong
cip co s By, B, va T la ma tran chuyén co sd tic By sang By, P la ma tran chuyén co sd ti
By sang BY. Khi do

A = PTAT (4.3)

Ching minh Gid st A = [agi]mxn, A" = [@);lmxns P = [Dilmxms T = [tijlnxn, tc 1a ta co:

m m
(62) - Zakiwka f(@;) - Za w U) - Zpkzwka 6] = Ztljel
k=1 =1

Khi do6 f(e}) = Zm: ag;w; = f: al;( i Priwg) = Zm: (ipm /)wy. Mt khac
i=1 i=1 k=1 k=1
SOSTOED SREES S0 SURAED oI SR
i=1 i=1 k=1 k=1 =1

Do do6 . .
Zpkia;j :Zakitﬁ, Vj: 1,...,71;]{]: 1,,m<:>PA’:AT
i= k=1

Vay A’ = P71AT.

Dic biet néu f 1a tuy dong cau clia khong gian véc to V va A, A’ 1an lugt 1a ma tran cta f
trong co s6 B, B’, T 1a ma tran chuyén co sé B sang B’ thi:

A =T 1AT.

O Dinh nghia 5. Gid sit A va B la hai ma tran vuong cap n. Ta néi B dong dang vdi A néu
ton tai ma tran khong suy bién T cap n sao cho B = T YAT. Ki hiéu B ~ A.

@ Nhan xét Dang thic B = T AT c6 thé viét
A=TBT™' = (T7")"'BT!

Dat T = Stacodet S #0va A= S tBS. Vay néu B dong dang véi A thi A dong dang véi
B.

e Vi du 10. Gid st dnh xa tuyén tinh T : R? — R? zdc dinh bdi:
T(x1,22) = (21 + x2, —221 + 429).

Héy tim ma tran chinh tac cia T roi st dung dinh Iy (4) dé bién ma tran dé thanh ma tran
cia T doi vdi co 86 B' = {uy,us}: up = (1,1), uy = (1,2).

Giai
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Goi B = {ey, €2} 1a co 56 chinh tac ctia R?. T dinh nghia dnh xa ta c6 T'(e;) = T'(1,0) = (1, —2),
T(ez) =T(0,1) = (1,4), do d6 ma tran chinh tac ctua T la:

1 1
A {_2 4} |
Bay gio ta lap ma tran chuyén co sd P tit B sang B’. Dé dang kiém tra dugce: u; = eq +es, us =

e1 + 2ep. Vay
1 1
P11 )

2 _11} ,do d6 theo dinh 1y (4), ma tran ctia T' ddi v6i co s6 B’ 1a

—1

N O [T

Ta suy ra: P! = [
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. An
(a
(b
(c
(

Anh xa tuyén tinh

Bai tap chuong 4

. Anh xa f: R®* — R? duéi day c6 phai la tuyén tinh khong:

(a) f(x,y,2) = (x, 2 +y+ 2) (b) f(z,y,2) = (0,0)
(c) fz,y,2) = (1,1) (d) f(z,y,2) = 2z +y,3y — 4z)
DS: (a) ¢6 (b) ¢6 (c) khong (d) ¢6

h xa f: P, — P, dudi day c6 phai 1a tuyén tinh khong:
) flag + a1z + asx?) = ag + (a1 + az)x + (2ap — 3a1)x?

) flao + a1 4 asx?®) = ag + a1 (x + 1) + az(z + 1)?

) flap + ayx + az?) =0

) fla N =ag+ 1+ a1x+ axx?

S: (a) ¢6 (b) ¢6 (c) ¢6 (d) khong

ag + a1 + asx

. Anh xa f : My — R duéi day c6 phai la tuyén tinh khong:

<a>f([ﬁ Z})=a+d <b>f({cé Z})‘dt[a fl}

(c) f( [‘CL 2] ) =2 +3b+c—d (d) f< Ef Z} ) = a? +
DS: (a) ¢6 (b) khong (c) ¢6 (d) khong

. Goi M« 12 tap cac ma tran ¢ m x n. Cho B la mdt ma tran ¢d 2 x 3 hoan toan xac

dinh. Chitng minh rédng anh xa T : Myyxs — Mays dinh nghia béi T(A) = AB la anh xa
tuyén tinh.

. Cho T : R? — R? la anh xa nhan v6i ma tran

2 -1
-8 4
(a) Héi véc to nao dudi day thuoc ImT: (i) (1, —4) (i) (5,0) (iii) (—3,12)

(b) Hoi véc to nao dudi day thuoc KerT: (i) (5,10) (i) (3,2) (iii) (1,1)
DS: (a) (), (ii); (b) (i)

. Cho anh xa tuyén tinh 7" : P, — P3 xac dinh bdi T'(p(x)) = zp(z).

(a) Héi véc to nao dusi day thuoc KerT: (i) x? (i) 0 (i) 1+=z
(b) Hoi véc to nao dudi day thuoc ImT: (i) x + z* (i) 1+ = (iii) 3 — 22

DS: (a) (ii): (b) (1)

. Xét co 86 S = {vy,ve,v3} C R3 trong d6 vy = (1,2,3), vy = (2,5,3), v3 = (1,0,10). Tim

biéu dién anh xa tuyén tinh T : R® — R? xac dinh bdi T'(vy) = (1,0), T(vs) = (1,0),
T(v3) = (0,1). Tinh T(1,1,1) trong cac co sd chinh tac cia R?, R

DS: T(z,y,2) = (30x — 10y — 32, -9z + 3y + 2); T(1,1,1) = (17, —5).
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8. Tim anh xa tuyén tinh 7' : P, — P, xac dinh béi T(1) = 1 + =z, T(z) = 3 — 22,

10.

11.

12.

T(2%) =4+ 2x — 322, Tinh T(2 — 2z + 32?).

DS: T(2 — 2z + 32%) = 8 + 8x — T2

Cho T 1a mot anh xa nhan ma tran xac dinh nhu duéi day. Hay tim
(a) s chiéu va mot co s6 ctia ImT.

(b) s6 chiéu va mot co sd ciia KerT.

I -13 2 0 -l 4 1 5 2 zl),f2?8—91

(@) |5 6 —4| (i)|4 0 —2| (i) (iv)
-4 9 00 0 1230 -1 0 -1 0 -1
2 3 5 1 8

DS: (i) (a) mot co s6 cua ImT: {(1,5,7),(0,1,1)}, (b) mot co s cia KerT:
{(—14/11,19/11, 1)}.

(i) (a) mot co sé cta ImT: {(1,2,0)}, (b) mot co s6 cua KerT: {(1/2,0,1),(0,1,0)}.
(iii) (a) mot co s6 cua ImT: {(1,1/4),(1,2)},

(b) mot co s6 ctia KerT: {(—1,-1,1,0),(—4/7,2/7,0,1)}.

(iv) (a) mot co s6 cia ImT: {(1,3,—1,2),(0,1,—2/7,5/14),(0,0,0,1)}, (b) mot co sG clia
KerT: {(~1,-1,1,0,0), (—1, —2,0,0,1)}.

Tim ma tran chinh tic clia moi 4nh xa tuyén tinh sau:

(a) T'(x1,x2) = (9, —21, 21 + 322,21 — Tg).

(b) T(xl,l'g, LE3,JI4) = (71‘1 — 2%2 — X3 + Ty, T2 + T3, —x1>.

‘ 702 —1 1
DS: (a) {(1) _01 :1)) _111 mb)y|0 1 1 0
-10 0 0

Tim ma tran clia anh xa tuyén tinh 7' : P, — P, xac dinh bdéi
T(ag+ arx + asx?) = (ap + a1) — (2a; + 3a)x

do6i véi céc co sd chinh tac trong P» va Pi.

110]

DS: [0 _9 _3

Cho T : R? — R? xac dinh béi
T(l’l, iL‘Q) = (iL‘l + 233'2, —x, O)

(a) Tim ma tran ctia T ddi v6i cac co sd B = {uy, us} trong R? vi B’ = {vy, vy, v3} trong
R3: uy = (1,3), ug = (=2,4), v = (1,1,1), vo = (2,2,0), v3 = (3,0,0).
(b) Dung ma tran thu duge 6 (a) tinh 7(8, 3).

DS: (a) {8 _11/ 2 i@ . (b) (14, —8,0)
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13.

14.

15.

16.

Cho T : P, — Py la dnh xa tuyén tinh xac dinh béi T'(p(z)) = 2*p(z).
(a) Tim ma tran ctia T ddi v6i cac co s6 B = {p1, ps, p3} trong P, va co sG chinh tic B’
trong Pj:

mo=1+2% po = 1+ 22 + 3z%; p3 =4 + 5x + 2

(b) Diing ma tran thu duge 6 (a) hay tinh T'(—=3 + 5z — 22?).
t

0 0101
DS:(a) |0 0 1 2 3| ;(b) —32%+ 5z® — 224
0 0451
3 -2 10
Chomatran A= |1 6 2 1| 1a ma tran cia anh xa 7 : R* — R3 d6i v6i cac co
-3 0 71
s6 B = {vi,ve,v3,v4)} trong R* va B = {wy,wq, w3} trong R3: vy = (0,1,1,1),vy =
2,]., , )1)3 = ) 4 = (679,4,2), w; = (0,8,8),11)2 = (—7,8,1),11)3 =

(
(=6,9,1).
(a) Tim [T'(v1)]5r, [T(v2)] 5, [T(0s)]5r, [T(va)]5-
(b) Tim T'(vy), T'(ve), T'(vs), T'(v4).
(¢) Tim T'(2,2,0,0).

DS: (a) [T'(v)]p = (3,1, =3)", [T(v2)]p = (=2,6,0)", [T(v3)]p = (L, 2,7)", [T'(va)]pr =
(0,1,1)".

(b) T(vy) = (11,5,22), T(ve) = (—42,32,—10), T(v3) = (—=56,87,17), T(vy) =
(—13,17,2).
(

¢) T(2,2,0,0) = (—31,37,12).

1 3 -1
Cho A= 1|2 0 5 | lamatran ctia anh xa T : P, — P, d6i v6i co s6 B = {vy, v, v3}
6 —2 4

V6i vy = 3z + 322, vo = —1 + 3z + 22%, v3 = 3 + Tz + 222

(a) Tim Tim [T'(v1)] s, [T(v2)]5, [T'(vs)]5-

(b) Tim T'(vy), T(va), T(v3).

(c) Tim T(1 + 2?).

DS: (a) [T'(v1)]s = (1,2,6)", [T'(v2)] = (3,0, =2)", [T(v3)]p = (=1,5,4)"

(b) T(vy) = 16 + 51z + 1922, T(vy) = —6 — bz + 5z, T'(v3) = 7 + 40z + 1522

(c) T(1+ 2%) = 22 + 56z + 1422,

Hay tim ma tran ciia anh xa tuyén tinh 7' ddi v6i co s B roi suy ra ma tran ctia T doi
VG6i co 86 B’

(a) T : R?* — R? xac dinh bdi: T(x1, 22) = (214729, 321 —423), B = {uy,us}, B = {v, 05}
trong do u; = (2,3), ug = (4. — 1), v1 = (1,3), vo = (=1, —1).

(b) T : R® — R3 xac dinh béi: T(xy, v, x3) = (v1 + 279 — T3, —T9, 71 + Tx3), B 12 co 86
chinh tic trong R?, B = {v,v9,v3}, v1 = (1,0,0), vy = (1,1,0), v3 = (1.1.1).
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(¢) T : P, — P xac dinh béi: T(ag + a1z) = ag + ar1(x + 1), B = {p1,p2}, B  ={q1, 2}
trong d6 p; =6+ 3x,p, = 10+ 22, ¢1 = 2,¢2 = 3 + 2.

DS: () [T]5 1 [—1 61 } T]p = 1 {—31 9}

T 14|81 —41 ~ 92 |-75 25

1 2 -1 1 4 3
b)) [Tls=10 =1 0|, [T)p=|-1 —2 —9].

1 0 7 1 1 8

@ e = |1y ] e =y 3]



Chuong 5

Tri riéng - Vécto riéng - Dang toan
phucong

5.1 Tri riéng va vécto riéng cia ma tran

5.1.1 Cac dinh nghia

O Dinh nghia 1. Cho A la ma tran vuong cap n. Néu ton tai vécto v = (x1,Ta, ..., T,) # 0
trong R™ thoa man:

Az = \z (5.1)

thi s6 X dugc goi la tri rieng cia A, vécto x dudc goi la vécto riéng ing vdi tri riéng .

Trong phuong trinh (5.1), vécto x € R duge dong nhat véi ma tran cot toa do ctia z doi
v6i co s6 chinh tac.

O Dinh nghia 2. Cho A la ma tran vuong cap n. Phuong trinh dic trung cia ma tran A la:
det(A— M) =0
Da thite dic trung cia ma tran A la da thiic (an \):
f(A) =det(A— )

O Dinh nghia 3. Cho A la ma tran vuong cip n cé tri rieng X. Ta goi khong gian nghiém
cua phuong trinh:
(A=X)z =0

la khong gian riéng ciua A ing vdi tri rieng A, ky hiéu Jy.

. 130
e Vidu 1. C’hoA—[S _11

Xét x = (1,2) € R?, ta co:

o 2Bl
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nghia la z = (1,2) € R? 14 vécto riéng clia A tng v6i tri rieng A = 3.

3 0 1 0 3— A 0
A‘”‘[z% —1}‘A[0 1}_{ 8 —1—>\]
Da thitc dac trung cua A la:

J‘"(A):‘?’gA _10_)\’:(S—A)(—l—)\):)\2—2/\—3

Phuong trinh dac trung cua A la:

A= —1

2——:
A 22 —3 0@{)\: 3

Khong gian riéng ctia A ting véi tri rieng A = 3 1a khong gian nghiém ctia hé phuong trinh:

. 0371 + 01’2 = 0 i)
(A-3l)z =0« &

8.T1 — 41’2 =0

Vay Js = {z = (21,221), 21 € R} = span{(1,2)}.

5.1.2 Tinh chét

<O Tinh chat 1. Néu z la vécto rieng clia A tng v6i tri rieng A thi cx, trong dé c¢ 1a hing s6
khac 0 tuy ¥, cling la vécto rieng cia A tng v6i tri riéng .
That vay, ta co:
Alcx) = ¢(Az) = e¢(Ax) = Nex).

Vi vay sau khi da c6 mot vécto rieng, ta co thé chon ¢ dé dudce vécto rieng c6 do dai bang 1.
Vécto rieng ¢6 do dai bang 1 dude goi 1a vécto riéng da chuan héa.

<& Tinh chéat 2. Tri rieng clia ma tran A 1 cac nghiém clia phuong trinh dic trung ciia ma
tran do.

That vay, A 1a tri riéng clia ma tran A khi hé phuong trinh Az = Az < (A — M)z =0 ¢6
nghiem x # 0, titc 1a ¢6 nghiém khong tam thuong. Diéu kién nay tré thanh det(A — ) = 0.
<& Tinh chat 3. Vécto rieng ctia ma tran A ting véi tri rieng A 1a cac vecto khac khong ciia
khong gian riéng tuong ng.

That vay, néu A 1a tri rieng ctia A thi cac vécto rieng ctia A ting v6i A 1a cdc nghiem khac
khong ctia he Ax = Az < (A — M)z =0 tic la z € Jy, \ {0}.
<O Tinh chat 4. ' Gia st A 1a nghiem boi k& ctia phuong trinh dic trung ctia ma tran A. Khi
d6 khong gian riéng tuong ting 1a khong gian vécto con ctia R” ¢6 s6 chiéu bang n — p(A — \I),
hon ntta:

s6 k dude goi 1a s6 boi dai s6 clia A, s6 chicu ctia khong gian riéng J, dudc goi 1a s6 boi hinh
hoc cua .

!Chiing minh cy thé ctia tinh chat nay c6 thé duge tim doc & [4], trang 46
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5.1.3 Tim tri riéng va vécto riéng ciia ma tran

e Vidu 2. Hay tim cdc co sd cua khong gian riéng cua:

3 -2 0
A=1-2 3 0
0 0 5
Giai
Ta co:
3 =20 1 00 33—\ -2 0
A-X=|-2 3 0[—-X|0 1 0|l=] -2 3-X 0
0 0 5 001 0 0 5—2A
Da thtc dic trung cia A la:
det(A—X) = (5—\) 3__; 3__2A’ =(B-N[B-X?—4] = (=N —6A+5)

Phuong trinh dac trung cua A la:

A = 5 (boi2)

(5—A)(A2—6A+5)—0<:>[A _ 4

Vay ma tran A c6 hai tri riéng la A =1 va A = 5.

Véi A = 1, khong gian riéng J; la khong gian nghiém ctia phuong trinh (A — I)x = 0:

2 =2 010 1 -1 0|0
-2 2 00— |0 O 170
0O 0 4]0 0O 0 010
Nghiém cua heé la:
xr, € R
T2 = In
T3 = 0

Do dé6:
J = {x = (21,71,0);21 € R}: {x =x1(1,1,0); 2, € R}: spcm{(l, 1,0)}
Vay J; 1a khong gian vécto mot chiéu, ¢6 co sé 1a {(1,1,0)}
Véi A = 5, khong gian riéng J5 1a khong gian nghiém ctia phuong trinh (A — 51)x = 0:

-2 =2 010 1 1 .0]0
-2 =2 0|0 — 100 010
0 0 0]0 0 0 00
Nghiém cua hé la:
Ty = —X2
To € R
r3 € R

Do do:
x € Js & x=(—x9,19,1x3) =x2(—1,1,0) + 23(0,0,1); 29,23 € R
= J5 = span{(—1,1,0),(0,0,1)}
Dé thay {(—1,1,0),(0,0,1)} doc lap tuyén tinh, vay Js la khong gian vécto hai chiéu, c6 cd s6
1a {(-1,1,0),(0,0,1)}
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5.2 Dang toan phuong trén khong gian R"

5.2.1 Khai niém

O Pinh nghia 4. Dang toan phuong trén R™ la ham bac hai dang cip doi vdi cic toa do
(x1,21,...,2,) € R™:

f= Z AijTiZj; Qi = Qji
ij=1
Ma tran doi zing A = [a], dude goi la ma tran cia dang toan phuong (trong co sé chinh tac).
e Vidu 3. Trong R3
f= 23:% — 53:3 — 4x129 — 62973 + 81123

la dang toan phuong vdi ma tran

2 -2 4
A=|-2 -5 -3
4 -3 0

® Nhan xét Tit biéu thic ctia dang toan phuong:

n n n
f= g A;jT;T; = x; E ;T
- ,

ij=1 i= j=1
ai;r @2 -+ Qp !
Ag1 Q22 -+ Q2 Z2
=>f:[x1 Ty - xn} " =zt Ax
Ap1 Ap2 -+ App Tn

Do d6 dang toan phuong f trén R™ con dugce viét dang ma tran:
f=a'Az; A'=A
Néu dat z = Qy, v6i Q 14 ma tran vuong cap n, y € R" thi dang toan phuong f tré thanh:

f=(Qu)'A(Qy) =y (Q"AQ)y
voi ma tran B = Q'AQ 1a ma tran do6i xing, do d6 f tré thanh dang toan phuong ddi véi y.
O Dinh nghia 5. Cho dang toan phuong trén R™:
f= Z AijTiZj; Qi = Qji
ig=1

Daoi bién dang toan phuong la thuc hién phép doi bién tuyén tinh © = Qu dé nhan dude dang
toan phuong theo bién mdi:
= Z bijyiyjs  bij = bji
ij=1
Ma tran vuong Q) duoc goi la ma tran cua phép doi bién. Phép doi bién duoc got la khong suy
bién néu ma tran doi bién Q khong suy bién.
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e Vi du 4. Trong R? zét dang toan phuong:
f = 2317% — 4ZE§ + 31‘11’2

Déi bién:
‘CL.]. = y]_ + y2 ~ 2. .2 N 1 1
ma tran doi bién la: Q =
{Iz = Y1 — Y ' @ [1 —1}
ta dudgce:
f=2+y)* =4y —v2)” + 3y —¥3) = vi — 5ys + 12y110

Phép doi bién trén 1a khong suy bién vi det(Q) = —2 # 0

5.2.2 Dang chinh tic ctia dang toan phuong
O Dinh nghia 6. Dang toan phuong trong R™:
f = Z G,Z'jl'il'j
Q=1
c¢6 dang chinh tic néu a;; = aj; =0 vdi moi i # j.

Nhu vay f c¢6 dang chinh tac néu

n

2

f = E Qi
i=1

khi d6 ma tran ctia dang toan phuong f la ma tran chéo.

O Dinh nghia 7. Dua dang toan phuong f = Z aijzix; vé chinh tac la ding phép doi bién
ij=1

khong suy bién x = Qy, det(Q) # 0 dé f ¢ dang chinh tdc doi vdi cic bién yy,ys, ..., Yn.

5.2.3 Thuat toan Lagrange dua dang toan phuong vé chinh tic

Xét dang toan phuong ciia n bién:

n
[ = Z ATy ag = ag;  f Z0
ij=1
Thuat toan sau day chi ra ring moi dang toan phuong déu c6 thé dua vé dang chinh téc, hon
nita c6 thé viét cu thé dang chinh tic dé cting phép doi bién tuong ng.
e Truong hop 1. a1 = ass =+ = app
Do f % 0 nén ton tai he s6 a;; # 0. Thuc hién phép doi bién (khong suy bién):

I'Z:ZZ—f-Z]
Ty =2 — Zj

xy =z, (Vk & {3, j})
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ta dua dude f ve dang:
f=2a(f = 25) +---
nghia la trong biéu thitc ciia dang toan phuong da xuat hién cac s6 hang binh phuong. Khi d6
bai toan duge dua ve truong hop 2 dudi day:
e Trudng hop 2. Trong f ton tai hé s6 a; # 0, ching han ay; # 0:

Ta nhém céac s6 hang chita z;, thém bét dé xuat hién binh phuong ctia mot tong nhu sau:

f = (1111’% + 2(112[[‘1(132 + -+ 2a1nx1xn + -

2
a19T9 + *+* + A1 Ty a19To + * - + A1 Ty
x%zml(m 1 >+< 1 >]

= a
a1 11
- (alng + -+ (Ilnl‘n>2
a1
2
a12T2 + -+ + A1pnTn
= a1 |}C1+ 1 +f2($2,.1'3,...,l’n)
a1
Dat
a12T2 + -+ - + A1pTy
Y1 = 1+
ail
Zr = Tk Vk:2,3,...,n
thi c6:
f=anyi + folz2, 23, ., 2n) (5.2)
O d6 fo(22, 23, - - . , z) trong cong thide (5.2) la dang toan phuong clia n — 1 bién (2, 23, - . . , 2,)

Tiép tuc thuc hién doi bién doéi v6i f, theo truong hop 1 hodc trusng hop 2 cho dén khi
nhan dugc dang chinh tic clia f:
f= Z bnyf
i=1

Dé tim ma tran doéi bién Q ma phép ddi bién = Qy dua f vé dang chinh téc, ta phai giai
ngugc cac bién 1, o, . .., o, theo cac bién yi, ys, . .., yn; hodc tit bicu dién ctia y theo z suy ra
y = Px va tinh Q = P~

® Nhan xét Thuat toan Lagrange c6 thé dan dén céc dang chinh téc khac nhau ciia cling mot
dang toan phuong.

Dinh luat quan tinh. Khi mot dang toan phuong duge dua vé dang chinh tic bang cac cich
khac nhau thi s6 cic hé s6 duong bang nhau va s6 cac hé s6 am bang nhau.

Trong dang chinh tic clia dang toan phuong, s6 p cac hé s6 duong dude goi 1a chi s6 duong
qudn tinh, s6 q cic he s6 am dudc goi 1a chi s6 am qudn tinh, cap (p,q) dude goi 1a cdp chi so
quan tinh.

e Vi du 5. Dua dang toan phuong trong R® sau vé dang chinh tdc:

f= x% + 4x§ + 6x§ + 221209 + 4x1203 + 22203

Giai
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f =23 + 221 (x9 + 273) + (425 + 623 + 27973)
= xf + 2xq (22 + 223) + (29 + 23:’3)2} —(x9 + 2333)2 + (495% + 6:c§ + 2x913)

2
= |z + (5172 + 2[E3):| +3[L‘§ + 21‘% — 2913

[ 2 2 3] 2l
= |2 + 29 + 223| +3|22 — Swows + 2| =22 4 212
i 3 9 3
- 2 212 5
= | + ) + 2:L’3:| —|—3 |:ZL’2 — 33:| +§$§
Dat
7
Y1 = X1+ 22+ 223 1= m Y gUs
- Ty — 2 1 (5.3)
b2 >3 Ty = Yot 3Ys '
s = 3 T3 = Ys
thi dang toan phuong f c¢6 dang chinh tac:
2 2, 9 9
F=y+3y+ 3y
Tit phép doi bién (5.3) c6 ma tran ddi bién la:
1 -1 —
Q=10 1 3 |; det(Q =1+#£0
0 0 1
e Vi du 6. Dua dang toan phuong trong R3 sau vé dang chinh tdc:
f = 21‘11’2 - 7ZE2$3 + 4?[711‘3
Gidi
bat
T1 =21+ 22 21 :§($1+l’2)
. 1
To = 21 2o < 2y = 5(1,1 i 1‘2) (54)
T3 — 23
Z3 — T3
ta co:
f=202] —23) = T(21 — 22)z3 + 4(21 + 22) 23 = 227 — 225 — 32123 + 112023
[ 3 9221 922
=2 -Z% - 52123 + 1ig:| —§ - 223 + 112223
3 77 11 12123] 12123 923
:2 21—123:| —2[23—32223 163:| 83—?3
N 112517
=2 21 — ZZ;;| —2 |:22 — 423} —|—14Z§
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Dat
=z21— =% z1 = + §
Y1 =~ 178 1= N 42/3
11z 11
Y2 = 22 — RN = Yot —U3 (5:5)
4 4
Ys = 23 z3 = Y3
thi dang toan phuong f c¢6 dang chinh tac:
f=2y; — 2y + 14y
Tit cac phép doi bién (5.4) va (5.5) suy ra:
7 7
T = it Yot 5 Y3 1 1 3
T2= i— Yo— 2us Ma tran doi bien la: Q= [; _1 S| ; det(Q) = —-2+#0
3 = vs 00

e Vidu 7. Tim cdp chi s6 qudn tinh cia dang toan phuong sau trong R*:

f= x% + :vg + 412 — 201Xy — X1T3 — 3X1T4 + 4274 + 3T3T4

Dura dang toan phuong vé chinh tic:

f=

Giai

= (1‘2 — T+ 21’4)2 + X114 — X123 + 3$3£L‘4

21+ 24
21— 24
23,

T2

22

f=(zm+2—32)°+ 2] — 2] — (2123 + 2324) + 3(2123 — 2324)
= (29 + 21 — 324)* + (2] + 22123 + 23) — (2] + 42423 +423) + 323
= (ZQ + 21— 324)2 + (Zl + 23)2 — (24 + 223)2 + 3232)

21 = Y1 Y3

Za = —Y1+Y2— Y3+ 3y
23 = Y3

2y = —2Yys+

f=vi+v+3y; —vi

bat
€
)
I3
bat
Y1 = 21+ 23
Y = 21+22—3Z4
Ys = =3
Ys = 24+ 223
thi f c6 dang chinh téc:
v6i phép ddi bién
TL= +3y3 + Vs
To= —y1+y2 —Hys+ 3y
T3 = Y3
Ty= WY1 +Ys — Y4

1 0 3 1
-1 1 -5 3
1 0 1 -1

Do d6 tir dang chinh téc ctia f suy ra cip chi s6 quan tinh 1a (p,q) = (3,1)

—240

T2+ 2x9 (=21 + 224) + (=21 + 224)%| — (224 — 21)? + 2% + 422 — 2125 — 31174 + 32374
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5.2.4 Dang toan phuong xac dinh duong
O Dinh nghia 8. Cho f la mot dang toan phuong trén R™:
f(l’l, Lo, ... ,l’n) = Z aij:vixj (aij = Clji)
ij=1
e f la dang toan phuong zdc dinh duong néu f(x) > 0 Vo € R™\ {0}
e f la dang toan phuong xdc dinh am néu f(z) <0 Vo € R\ {0}
@ Nhan xét f(z) xéc dinh am < — f(x) xac dinh duong.
e Vi du 8. Xét cic dang toan phuong trén R3:

a) f = 3x? + 423 + 522 1a dang toan phuong x4c dinh duong;

= —z? — 422 — 722 1a dang toan phuong xac dinh am;

g
h = 2x% — 3x3 + 42 khong xac dinh duong ciing khong xac dinh am;
[ = 3z% + 523 khong xac dinh duong cling khong xac dinh am;

¢

= x% + 3x§ + 7x§ + 2x129 — 8x2x3 — 4x123 Xac dinh duong, vi:

¢ = |22+ 2z (12 — 223) + (9 — 2373)2] — (w9 — 2w3)% + 322 + Txs — 8913

= (21 + 29 — 223)% + 2(22 — 2w9w3 + 22) — 222 + 313
= (l’l+$2—2$3)2+2($2—$3)2+I§ > O\V/$§£9

@ Nhan xét Dang toan phuong trén R 1a xac dinh duong néu cap chi s6 quan tinh ctia né 1a
(n,0), 1a xac dinh am néu cip chi $6 quan tinh ctia n6 1a (0, n).

e Vidu 9. Pua dang toan phuong trén R3 sau vé dang chinh tdc, tim m dé dang toan phuong
la xdc dinh am:
f= —12mxf — x% — 695?,) — 8x129 + dxox3 + dMmai 3

Giai
St dung thuat toan Lagrange dua dang toan phuong vé chinh tic:

f=— |25+ 229 (day — 223) + (4o — 2953)2} +(4r1 — 223)* — 12ma] — 625 + dma a3
= — (29 + day — 213)* + (16 — 12m)a? — 223 + (4m — 16)z173
= —(zp + 421 — 223)* — 2 {x% —2(m — 4)asxy + (m — 4)222 | +2(m — 4)%2? + (16 — 12m)a?
— — [y + 4zy — 225)° —2[ w5 — (m — 411 ]*+2(m> — 14m + 24)a?

bat
Y1 =T T = W
Yo = To+ 4w — 223 & o= (2m—12)y1 +y2 +2y3
Y3 = 13 — (m — 4)x, T3 = (m —4)y +Ys3
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Ma tran doi bién la:
1 0 0
Q= |2m—-12 1 2|; det(Q)=1#0
0 1

m—4

Khi d6 f c6 dang chinh téc:
f=—ys —2y35 +2(m* — 14m + 24)y7
Dé f x4c dinh am thi trong dang chinh téc ctia f phai c6 3 hé s6 am, do do:
m? —14dm+24 <0 2<m <12

A Dinh 1y 1 (Sylvester). Cho dang toan phuong f trén R™ vdi ma tran la A. Goi D; la cdc
dinh thic con cia A tgo bdi i hang va i cot goc trén bén trai cia A (D; con dugc goi la dinh
thiic con chinh cap i cia A). Khi dé:

a. f la xzac dinh duong khi va chi khi D; >0Vi=1,2,....,n
b. f la zdac dinh am khi va chi khi (=1)'D; >0Vi=1,2,...,n
e Vi du 10. Xét dang toan phuong sau trén R3:

o= x% + 335% + 73:3 + 22129 — 8x9x3 — 4x123

Ta ¢6 ma tran cua ¢ la:

1 1 =2
A=11 3 -4
-2 -4 7

Céac dinh thtc con chinh la:

11

Dy=1]=1>0; DQZ‘l ;

’:2>O;

1 1 =2 1 1 =2
Ds;=|1 3 —4=10 2 =2/=2>0
-2 -4 7 0 -2 3

Vay dang toan phuong ¢ 1a xac dinh duong trén R3.

e Vidu 11. Tim m dé dang toan phuong sau la zdc dinh duong trén R3:

g =ma: + (m+5)x5 + 23 + 123129 + 47173 + 67973

Giai

Ma tran cia dang toan phuong la:

N
Il
o o 3
3
w o
ot
— W N
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Céc dinh thtc con chinh cia A la:

m 6

—_ J— . P — 2 ——
Dy =|m|=m; D)= 6 m+5‘—m +5m — 36
B B m+5 3 .16 3 6 m+5| B B B N2
Dg—det(A)—m‘ 3 1‘ 6‘2 1‘+2‘2 3 ‘—m(m 4)+2(8—2m) = (m—4)
Dy >0 m >0 m >0
g xac dinh duong < ¢ Dy >0 &< m?+5m—36 >0 ¢ m<-9m>4 & m>4
Ds >0 (m —4)? >0 m # 4

Vay v6i m > 4 thi dang toan phuong g da cho la xac dinh duong.

e Vidu 12. Tum m dé dang toan phuong trén R® sau zdc dinh am:
f= —12mxf — x% — 6x§ — 8x1x9 + dxox3 + dMmai 23
Giai

Ma tran cia dang toan phuong la:

—12m —4 2m
A= —4 -1 2
2m 2 —6
Cac dinh thitce con chinh cua A 1a:
Dy =|—12m|=—12m; D,y = ‘_iim :11’ =12m — 16
-1 2 -4 2 -4 -1
Dg—det(A)_—12m’ 9 —6‘+4‘2m —6’+2m’2m 9 ‘

= —12m(2) + 4(24 — 4m) + 2m(2m — 8) = 4m? — 56m + 96 = 4(m?* — 14m + 24)

D, <0 —12m <0 m>91
f xac dinh am < ¢ Dy >0 & 12m — 16 >0 < m>§ S2<m<12
D3<0 m2—14m+24 <0 2<m < 12

Vay v6i 2 < m < 12 thi dang toan phuong f da cho la xac dinh am.
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1. Tim cdc tri riéng va co s cua khong gian riéng cia cic ma tran sau:

3.0 [19 -9 0 3 -2 -7
1>{8 —1} 2)_4 —2} 3){4 o} 4>_1 2
- [2 -1 2 [0 10
5) {8 8} 6) (1) ﬂ |5 -3 3 8) |—4 4
. -1 0 -2 -2 1 2
(4 -5 2 (1 -3 3 1 -3 4 (7 —12 6
9) |5 —7 3 10) |[-2 —6 13 1) [4 -7 8 12) [10 —19 10
6 —9 4 -1 —4 8 6 -7 7 12 —24 13
4 s o 1000 1 00 0 3 -1 0 0
0000 0000 1 1 0 0
13)_14_042 o 00 0 B 00 0 )13 0 5 -3
- 100 1 00 0 1 4 -1 3 -1

DS: 1) A=3,(1,2); A\ =—1,(0,1) 2) A =4,(3,2)

3) A =V12,(3,V12); A = V12, (-3,V12)

4) Khong ¢6 tri riéng thue, khong ¢6 khong gian riéng.

5) A=0,(1,0) va (0,1) 6) A=1,(1,0) va (0,1) N A=-1,(0,1,-1)

8) A\ =X = X3 =2,(1,2,0),(0,0,1) N A =1,(11,1); =X=0,(1,2,3)
10) M =X=X=1,(3,1,1) 11) Ay =3,(1,2,2); 0 = A3 = —1,(1,2,1)

12) Ay =X =1,(2,1,0),(—=1,0,1); \3 = —1,(3,5,6) 13) A=1,(1,2,1)

14) Ay = X =1,(0,0,0,1); A3 = Ay = 0,(0,1,0,0),(0,0,1,0)

15) Ay =X =1,(1,0,1,0),(0,0,0,1); A3 = Ay = 0,(0,1,0,0), (0,0, 1,0)

16) A=2,(1,1,-1,0),(1,1,0,1)

2. Tim phép bién doi tuyén tinh dé dua moi dang toan phuong trén R® sau day vé chinh tdc va
cho biét dang chinh tdc do:

a)x? + 5x3 — 4k + 22129 — 42173 b)da? 4 x5 + 13 — 4r1T9 — 3Tox3 + 42123

C)x1T2 + Toxs + T173; d)2z3 4 1823 + 8z — 121109 — 272973 + 81173;

€)2x 1wy — 3wowy — b1 T3; f) — 1222 — 3232 — 12x§ + 122119 + 8wox3 — 2411 73;
bS:

3. Tim m dé moi dang toan phuong sau day la xdc dinh duong trén khong gian tuong wng:

a)5x? + 23 + mx§ + dx119 — 20123 — 2X023; b)2x% + 235 + x§ + 2max1x9 + 211 73;

c)x% + x% + 5x§ + 2max1T9 + 4dx9x3 — 221 23; d)x% + 4x§ + I§ + 2max1x9 + 62223 + 102123.

DS:a) m > 2; b)—@<m<‘/7175; c)—§<m<0; d) Vo nghiém
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Pé thi tham khao

Thoi gian lam bai: 75 phit.

Dé so 1
Cau 1. Giai phuong trinh f(z) = 0, néu:

fz) =

8 8 8 &~
8 8 8
8 ~ 8 8
— 8 8 8

Cau 2. Tinh hang ctia ho vécto sau trong R5:

{(2, 1,4,-5,1),(0,3,—6,5,2), (2, 1,14, —5,0), (3,4, —5, 1, 2)}

Cau 3. Anh xa tuyén tinh f : R* — R* c¢6 ma tran chinh tac la:

1 2 1 2
3 6 5 -8
4 8 5 1
-2 -4 -3 3
Tim dim(Imf)
Dé so 2
Cau 1. Tim ma tran X thdéa man:
2 1 =2 1 3 -2 0
3 4 1|X=1(2 0 -31
1 2 3 0O -1 2 5

Cau 2. Bién luan theo m s6 chiéu ctia khong gian vécto con sinh béi ho vécto sau trong R*:
{(1,-2,3,7),(4,2,-5,m), (2,6, —11, =14 + 2m), (-3, —4,8,7 — m) }

Cau 3. Tim mot co sd ctia Imf va tinh dim(Ker f) néu toan tit tuyén tinh f tit R? vao R? ¢6
ma tran chinh tic la:

W = N
S = O

0
0
1

Pé so 3
Cau 1. Giai va bién luan hé phuong trinh sau theo m:

20 +5y+ (m+2)z+ (3m — 6)t =4m — 15
204+ (m—=2)y+ 8 —m)z+ (dm —9)t =4m — 5
20+ 5y +3z+mt =m

20+ (m —2)y+ 32+ (4dm — 9)t = 3m
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Cau 2. Trong khong gian P, céc da thitc c6 bac < 2 xét tich vo huéng Euclid. Hay ap dung
qué trinh Gram-Smidt dé bién co s6 {1 — 2z +2z%, 1 —z, 2+ z*} thanh mot co s tryc giao.
Cau 3. Cho biét chi s6 quan tinh duong va chi s6 quan tinh am clia dang toan phuong trén
R* sau:

q(z1, 19, 13, 14) = 27 + da5 — 43 + 2] — 4170 + 20103 + dw374

Peé so 4

21 ] Tinh (A.A?)2010

Caul. Cho A = [
m —2m

Cau 2. Trong R? xét tich vo huéng Euclid. Hay tim thanh phan ctia vécto v = (0,
giao v6i khong gian con sinh béi ho vécto: {(1,1,0),(—2,1,1),(-1,2,1),(3,0,-1)}

Cau 3. Tim céac co s6 ctua khong gian riéng ctia ma tran:

—1,4) truc

-8 0 5
5 =3 -5
-10 0 7

Dé so 5

Cau 1. Tinh det(Y), biét:
3 2 -1 4 1 =2 a 9 3
15 3|Y|-1 2 —-1|=1{3 a 9
21 -4 3 1 1 9 3 a

Cau 2. Tim mot co sé clia khong gian nghiém cuat hé thuan nhat sau:

3v+4y —4z 47t
dr + 11y — 132 + 16t
20 — 3y + 32— 2t
Tr—2y+ 2+ 3t

o O OO

Cau 3.
ing:

Dua dang toan phuong trén R? sau day vé dang chinh t#c, chi ra phép déi bién tuong

g(x1, 29, 3) = l’% + x% — 4x§ + 4129 + 22113 — 2T0T3

Deé so 6

Cau 1.

Cau 2.

Tim ma tran vuong cap 2 théa man:
1 2 1 2
b=l

Trong khong gian P, cac da thic c6 bac < 2 cho cac co sé:

B={13+z2-2z+2"}

B = {1,z 2%}
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a) Tim ma tran chuyén cc sé tit B sang B’
b) Cho p(x) = 2+ 3z — 2. Tim vécto toa do va ma tran toa do ctia p(x) trong co sé B.
Cau 3. Cho toan tit tuyén tinh f tit R® vao R? thoa man:

F2,1,1) = (1,2,1),  £(3,1,0) = (1,3,0), f(4,0,0) = (0,4,0)
Tim dim(Imf) va mot co s6 cua Kerf.

PDéso 7

Cau 1. Tim tat ca cac sd thuc m sao cho ton tai ma tran X thoa méan:
=[2 -1 4]

Cau 2. Tim tat ca cac gia tri m dé vécto = (2,m, m + 1) 14 t6 hop tuyén tinh clia cac vécto
a=(3,41),b=(-1,2,2),c=(1,8,5).
Cau 3. Tim mot co s6 ctia I'mf néu f 1a toan tit tuyén tinh tit R* vao R* cho bdi:

flzyy,z,t) =(r+y+22—t,20 —y—2+3t,3x — 3y — 4z + Tt,x +y + z — 5t)

Dé so 8
Cau 1. Tim tat ca cac ma tran vuong cap 2 théa man:

, [16 0
x=[3 1

Cau 2. Cho ho vécto sau trong R3:
B={(1,2,4), (1,-2,4), (1,a,a®)}

a) Tim diéu kién d6i v6i a dé ho B doc lap tuyén tinh;

b) Vé6i a = 1, biéu dién vécto u = (3,2,1) thanh t6 hgp tuyén tinh ciia cac vécto ciia B, biéu
dién d6 c6 duy nhat khong?

Cau 3. V6i n bang bao nhiéu thi vécto v = (1,2,n,n + 1) thudoc I'mf, néu f l1a toan tt tuyén
tinh tit R* vao R* ¢6 ma tran chinh tic la:

1 2 3 -1
231 3
31 2 4
1 6 5 =3



