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LOI NOI PAU

Dao dong la mét hién tuwong phé bién trong tw nhién va trong ky thudt. Nhu dao déng
ciia cdc mady, cdc phwong tién giao théng van tdi, cdc toa nha cao tang, nhitng chiéc cdau bdc
ngang qua cac dong séng, ...DPo6 la cdac hé dao dong trong ky thudt.

Cuén bai gidng nay bao gom 4 chwong nhwe: M6 ta dong hoc cdc qud trinh dao déng,
Dao dong tuyén tinh cua hé mot bac ty do, Dao dong tuyén tinh cia hé nhiéu béc tw do, Dao
dong tuyén tinh cua hé vo han bac tu do.

Trong qud trinh bién soan, cudn bdi giang khong tranh khéi khiém khuyét, rdat mong

nhan duoc sy gop y cua ban doc dé cuon sach ngay cang hoan thién hon.

Bo mon Co hoc
Truong Dai hoc Hang Hii
Hai Phong 2016
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Chuong 1
MO TA PONG HQC CAC QUA TRINH DAO PONG

1.1. Dao déng diéu hoa

1.1.1. Cdc tham s6 dpng hoc ciia dao dpng diéu hoa
Dao dong diéu hoa dugc mo ta vé phuong dién dong hoc bdi hé thirc

y(t) = Asin(at + ) = Asiny(t) (1.2
Dao dong diéu hoa con goi 1a dao dong hinh sin. Pai luong A dugc goi 1a bién d6 dao dong.
Nhu thé bién do dao dong 1a gia trj tuyét d6i cuia do 1éch 16n nhit cua dai lwong dao dong
y(t) so voi gid tri trung binh cia n6. Pai lugng w(t) = et + « dugce goi 1a pha dao dong. Goc

a dugc goi 13 pha ban dau.

bai luong o duoc goi la tan sb vong cua dao dong diéu hoa, don vi 1a rad/s hodc 1/s. Vi
ham sin c6 chu ky 27 nén dao dong diéu hoa c6 chu ky
T-2% (1.2)

w

Tan sb dao dong, don vi la 1/s hodc Hz

-1 (1.3)

Tur cong thuc (1.1) ta théy: mot dao dong diéu hoa duoc xac dinh khi biét ba dai lugng A, ®
va a. Mit khac, mot dao dong didu hoa ciing dugc xac dinh duy nhat khi biét tan sé vong o
va cac diéu kién dau. Gia s ¢o dang.

t=0: y(0)=yo; ¥(0)=Y,
Khi d6 phuong trinh (1.1) c6

Y, = Asinga ; Y, = ®ACOSx
.2
T dosuyra A=,|y: +y—°2 a= arctg% (1.4)
@ Yo

D¢ xac dinh pha ban dau ta cling can cha y dén ca hé thuc sau
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Yo

a= arcsmK (1.5)
Nguoi ta ciing hay biéu dién dao dong diéu hoa (1.1) dudi dang sau

y(t) = C, cosat +C, sinat (1.6)
So sanh biéu thirc (1.6) va biéu thire (1.1) ta cd

C, = Asina,; C, = Acosa (1.7)
Tir d6 suy ra A:m; a =arctg%=arcsinC—Al (1.8)

2

Cac hang so C; va C, cling c6 thé xac dinh duoc tir cac dieu kién dau

C1=Yo; szﬁ
%)

1.1.2. Biéu dién phirc dao dong diéu hoa

Ham diéu hoa y(t) c6 thé xem nhu phan 4o cta véc to phitc Z quay vdi van tc goc o trong
mit phang s6.
Z = Ae'“) = pglet = Ae'™ (1.9)
y(t) = Im(z(t)) (1.10)
Dai lugng A = Ae'* duge goi la bién do phirc.
Nho cong thire Euler
e'” =cosp+ising
Taco y(t) = Im(z(t)) = Alm(e"“**) = Asin(at + )
1.1.3. Téng hop hai dao dong diéu hoa ciing phwong va cing tan so
Cho hai dao dong diéu hoa cing phuong va cing tan sb
y, () = A sin(et + o) ; y, () = A, sin(et + o)
Téng hop hai dao dong diéu hoa trén duoc xac dinh bai hé thire sau
y(t) = A sin(at +a,) + A, sin(at + @)
St dung dinh 1y cong ddi véi ham sb sin ta co
y(t) = A sinatcose, + A cosatsing, + A, sinawtcosa, + A, cosatsina,
= (A,cosa, + A,cosa,)sinat + (A;sina, + A,sina, )cosmt
Ta dua vao ky hiéu
Acosa = A cosa, + A, cosa,
Asina = A sina + A, sina,

Thi biéu thirc trén c¢6 dang



Bai giang Dao dpng ky thudt - 18403

y(t) = Asinat cosa + Acosatsina = Asin(at + ) (1.11)
Nhu viy téng hop hai dao dong diéu hoa cing phuong cing tan s 1a dao dong diéu hoa véi
tan sb 1a tan s6 cua cac dao dong diéu hoa thanh phan, bién d6 A va goc pha ban dau o duoc
xac dinh baéi cac hé thire sau.

A=./(A cosa, + A, cosa,)? + (A sina, + A, sina,)?

=\/A12 + A +2A A, cos(e, —a,) (1.12)
A sing, + A,sina,
A cosa, + A, cosa,

a = arctg (1.13)

A sina, + A, sina,
A

Hoac a = arcsin (1.14)

1.2. Dao dong tuin hoan

1.2.1. Cdc tham s6 dpng hoc ciia dao dong tuin hodin
Mot ham sé y(t) duoc goi la ham tuan hoan, néu ton tai mot héng s6 T > 0, sao cho véi moi t
ta c6 hé thuc

y(t+T)=y() (2.1)
Mot qua trinh dao dong dugc mo ta vé mat dong hoc bédi mdt ham tuan hoan y(t) duoc goi la
dao dong tuan hoan. Hang s6 T nho nhat dé cho hé thirc (2.1) duoc thoa méan goi 1a chu ky
dao dong.
Chu ¥ rang néu ham sd y(t) ¢6 chu ky T thi ham s6 u(t) = y(at) c6 chu ky T/a. Thuc vay

u(t+ TE) = y{a(t + %)} =y(at+T) = y(at) = u(t)

\

T : T

Bién d dao dong tuan hoan y(t) duoc dinh nghia boi biéu thirc sau
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A= %[max y(t) —min y(t)] (2.2)
bdi véi dao dong tuan hoan, ngoai cac tham $6 dong hoc dic trung cho chu ky, tan sd, bién
d6 ngudi ta con sit dung cac tham sé gia trj trung binh theo thdi gian ciia ham y(t) trong mot
chu ky. Ba loai gia tri trung binh hay duoc sir dung 1a gia tri trung binh tuyén tinh

Yo = y(t)dt (23)

R L

1
=

o=

gia tr1 trung binh hiéu dung

(2.4)
Va gia tri trung binh hi¢u chinh
L2
Vi =7 [ Iy@ldt (25)

o=

Trong cac cong thirc (2.3), (2.4), (2.5) khoang 14y tich phan [-T/2, T/2] c6 thé thay bang
khoang [to, to+T]

1.2.2. Tong hop hai dao déng diéu hoa cé cing phwong khdc tin sé véi ty I¢ giiva hai tan
s6 la s6 hivu ty

Cho hai dao dong diéu hoa thanh phan

y,(t) = A sin(ot +a,); y,(t) = A sin(w,t + a,)
Véi @ T2 Py (P.q=1.2,3..) (2.6)
w, T, ¢

Téng hop hai dao dong diéu hoa trén duoc xac dinh bi ham

y() =y, (t) + Y, () = A sin(ot + ) + A, sin(w,t + @, ) (2.7)
Chu ky dao dong T, = 2n/wy; T, =21/,
Tir cong thirc (2.6) ta suy ra chu ky dao dong tong hop y(t) 1a

T=pT1=qT

Vay tong hop hai dao dong diéu hoa cing phuwong khac tan s6 véi ty 1¢ giita hai tan s 1a s6
hitu ty m;:0, = p:q 1a mot dao dong tudn hoan chu ky T= pT;=qT,. Néu p/q 1a phan sb tbi
gian thi T 1 boi sé chung nho nhét ctua Ty va T,

1.2.3. Phén tich Fourier cdc ham tuin hoan
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Trong thuc té ta it gip cic dao dong diéu hoa thuan tay ma thuong hay gip cac dao dong
phirc tap biéu dién bang ham tuan hoan. Mot ham tuan hoan chu ky T=27/m v6i mot so gia
thiét ma trong thuc té ludn chap nhin duoc c6 thé phan tich thanh chudi Fourier
y(t) =a, + Y (a, coskat + b, sinkat) (2.8)
k=1

Trong d6 ag, a, by dugc goi la cac hé so Fourier va dugc xac dinh bai cac cong thirc

1 T
8= j y(t)dt
0

b, = TEI y(O)sinkatdt, k=12, 2.9)
-
a, = ! y(t) coskatdt k=1.2,...
Chudi Fourier (2.8) c6 thé viét dudi dang chuan ctia dao dong
YO =a, + 3 A, sin(kat + ) (2.10)
k1
Voi A = \/m a, = arctg Z—k (2.12)

k
Viéc phan tich mot ham tuan hoan thanh chudi Fourier dugc goi 13 phén tich diéu hoa. Hang
sb ag duoc goi la gia tri trung binh ctia dao dong, sb hang A;sin(ottay) dugc goi la dao dong
co ban, s6 hang Aysin(kot+oy) dugc goi la dao dong bac k-1(véi k>1) hay goi 1a cac diéu
hoa.

1.2.4. Biéu dién cdac ham tudn hoan trong mién tan so

Ta chon h¢ toa do vudng goc, truc hoanh biéu dién tan sb o(hoac tan s6 f), truc tung biéu
dién @6 16n cac bién d6 A cua cac diéu hoa. Viéc biéu dién ctia ham tudn hoan y(t) trong mit
phang (o, A) goi 1 biéu dién ham tuan hoan y(t) trong mién tan sb. Tap hop cac bién do A
trong khai trién Fourier (2.10) ctia ham tuan hoan y(t) dugc goi 1a phd cia ham tuan hoan
y(t).
Dag dong cd ban
A, RPN
" || 1 2 3. 4. 5. Daoddngbaccao
| 9 3 4 5 6. Bac dieu hoa

L LA

i_l.}-‘ 2(,”1 3(1}1 4UJ1 50]1 6{»1-"1

-
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Viéc cho biét cac bién do Ay cta cac diéu hoa chua du thong tin vé ham y(t), boi vi ta chua
biét dugc cac pha ban dau cua cac diéu hoa d6. Tuy nhién tir bién d6 va tan sd ta cling c6 thé
giai quyét duoc kha nhiéu van dé cua bai toan dao dong can nghién ciru.

1.2.5. Biéu dién dao déng tuin hoan trén mdt phing pha

Gia su y(t) 1a mot dai luong dao dong. khi do y(t) cling la mot dai lugng dao dong. Ta co
thé xem y(t), y(t) 1a cach biéu dién dang tham sé cua ham y(y). Ta chon hé truc toa do
vudng goc véi truc hoanh 14 y, truc tung 1a y. Do thi cia ham y(y) trong hé toa do vudng
goc d6 duoc goi 1a quy dao pha hay duong cong pha. Mit phiang (y,y) duoc goi 1a mat
phang pha. Trong mit phang pha, dao dong

dugc mo ta bdi sy dich chuyén cia diém anh

oA
P(y,y). Néu dai luong dao dong 1a tuan hoan : : t
thi qui dao pha la duong cong kin. — ———,-_-.__i_“c t1 t
Truong hop don gian ciia dao dong tuan N

hoan 1a dao dong diéu hoa. Tir phuong trinh _ 13
dao dong Is

y = Asin(at + @) |

y = wAcos(at + ) _O — T
Khtr t ta dugc phuong trinh quy dao pha dao J

dong diéu hoa

BREE e

il Na
7 N

+Ay

Phuong trinh (2.12) biéu dién trén mit phang pha mét elip véi cac ban truc 13 A va wA(Hinh
trén). Néu chon ty 1& xich trén cac truc hoanh va truc tung mot cach thich hop thi quy dao
pha cua dao dong diéu hoa 1a dudng tron. Ddi véi mot sé qua trinh dao dong tuan hoan ta rit
kho biéu dién phuong trinh quy dao pha y = f(y)duéi dang giai tich. Trong trudng hop d6
ta phai v& quy dao pha bang cach tinh cac tri s6 y(t) va y(t,). Ngay nay voi su phat trién

cua tin hoc viéc v€ cac quy dao pha kha thuan tién va don gian.

8
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1.3. Dao dong hau tuin hoan va khéng tuin hoan
1.3.1. Tong hop hai dao dong diéu hoa ciing phwong khdc tin sé véi ty 1¢ giiva hai tan so
ld s6 vé 1y
Trong phén trén ta thay tong hop hai dao dong dicu hoa cing phuong khac tan s6 véi ty 1¢
giita hai tan s6 14 s6 hiru ty o, o, =p:q la dao dong tuan hoan chu ky T = pT; = qT,. Bay
gi0 ta xét bai toan

yt) =y, ) +y, () = Asin(ot+a,)+ A, sin(o,t + a,) (3.2)
Trong d6 ty s6 @, : @, 12 mot sd vo ty. Dao dong tong hop y(t) khong phai 1a dao dong tuan
hoan vi boi s6 chung nho nhat cia T, = 27/, VA T, = 27/ @, khong ton tai. Tuy nhién co thé
biéu dién

@ _P, . (3.2)

@, q
Véi g bé tiy y. Khi d6 ta chon T ~ pT, ~ qT,, dao dong tong hop 13 ham hau tuan hoan. Cha
¥ rang ham y(t) goi 1a ham hau tudn hoan néu v6i n>0 cho trude bé tiy v ton tai mot hang sd
T ma |y(t+T*)-y(t) <. Vay tong hop hai dao dong diéu hoa cting phuong khac tan sb véi
ty 1¢ gitra hai tan s6 1a s6 vo ty ta dugc dao déng hau tudan hoan.
1.3.2. Biéu dién tich phan Fourier cic ham khéng tudn hoan

Nhu ching ta da biét mot ham tuan hoan c6 thé biéu dién qua cic ham diéu hoa bang
chudi Fourier. Van dé ¢ day 1a c6 thé biéu dién ham khong tuan hoan y(t) qua cac ham diéu
hoa véi mot sd khai niém suy rong nao dé vé chudi Fourier dugc hay khong?

Gia str y(t) 1a mot ham xac dinh trén toan bo truc s0, trong mot doan hitu han ham y(t)
lién tuc hodc co thé c6 mdt sd hitu han diém gian doan va ham y(t) tuyét dbi kha tich. Diéu

do6 co nghia 1a tich phan suy rong
| = j |y (®)|dt (3.3)

Tén tai va c6 gia tri hiru han. Khi d6 trong toan hoc dd chtirng minh duoc rang ham y(t) c6

thé biéu dién dudi dang tich phan Fourier nhu sau.

y(t) = T[a(a)) cosat + b(w)sinwt]dw (3.4)

—00

trong d6 cac ham a(w) va b(w) dugc xac dinh boi cac hé thirc sau

a(w) = % T y(r)coswrdr (3.5)
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b(@) =~ [ y()coswrdz
2 =,

Trong (3.5) cac ham a(®) va b(w) I cac thanh phan bién do tng voi dai tin sé vo cung bé
dw. Cac ham a(w), b(o) dugc goi 1a mat do phd, hay goi tit 13 mat do.

A(w) =+a* (o) +b*(w) (3.6)
Puoc goi la phé mat do bién dJ hay goi tat 1a mat do bién do. Binh phuong cua mat do bién
do dugc goi la phé mat do cong suét hay goi tat 12 mat do cong Sut.

A% () = a* (o) +b*(w) (3.7)
Puoc goi 1a pho mat do cong suat hay goi tit 1a mat do cong suat. Co tai lidu goi A(w) va
A?(®) 1a phd bién do va phd cong suét.
Néu y(t) 1a ham chdn hodc ham 1¢, thi biéu dién tich phan Fourier ctia y(t) s& don gian hon
nhiéu. Néu y(t) 1a ham chin, do y(-t)=y(t) nén b(»)=0 va

a(@) = = [ y(r)coswrdz (3.8)
T 0
Biéu thuc (3.6) c6 dang
A(w) =la(w)| (3.9
Néu y(t) 1a ham 1¢, y(-t)=-y(t), ta c6 a(w)=0 va
b(w) = 1 j y(r)sinwrdr (3.10)
T 0
Tir do suy ra
A(w) = b(w)|

1.3.3. Dao dong ho hinh sin
Dao dong ho hinh sin dugc mo ta vé phuong dién dong hoc boi hé thue
y(t) = A(t) sin[m(t)t + a(t)] (3.11)
Trong d6 A(t), o(t) va a(t) 1a cac dai luong dao dong thay d6i cham theo thoi gian.
Gia st ta c6 dao dong ma A(t)=Ag, ® = mp +g(t), a = o +h(t). Khi d6 ap dung bién d6i
luong giac ta co
y(t) = A, sinfo,t + oy + g(t)t + h(t)]

= A, {sin(m,t + e, ) cos[g (t)t + h(t)]+sin[g(t)t + h(t)]cos(w,t + ez, )}

=A,(t)sin(w,t + ) + A, (t) cos(wpt + ;)
Nhu thé dao dong véi tan sb hoic pha bién dbi c6 thé xem nhu 13 téng hop cua hai dao dong

v61 bién do bién doi.

10
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Dao dong véi bién do bién doi theo quy luat
Alt) = Ae”
C6 mét vai tro quan trong trong 1y thuyét dao dong. Néu p< 0 thi dao dong tit dan, néu p>0

dao dong tang dan.

11
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Chuong 2
DAO PONG TUYEN TiNH CUA HE MQT BAC TU DO
2.1 Dao dong tu do khéng cian
2.1.1 Cdc thi du vé thiét lap phwong trinh vi phan dao déng
Thi du 1: Dao ddng ciia mot vat nidng treo vao 10 xo. RN
Xét vat nang co khdi lugng m treo vao 10 xo c6 hé ) cung c. Bo
qua khéi luong cua 10 xo.

bdng nang va thé nang ctuia h¢ c6 dang

_________________ Vi tri
T:Em)'(z H:lcxz SB tinh
, 2 2 X % %
Thé vao phuong trinh Lagrange 11 % %
d(a).a__an NN
dt\ox ) ox OX

Ta nhan dugc phuong trinh dao dong ctia hé
mX+cx =0

Thi du 2: Dao dong cta con lic toan hoc

Pong ning va thé nang ctia hé c6 dang

1 .2 .2 1 2.2
T==m(x"+ ==ml
;M +y7) =2 ml%p

IT=—-mgy =—mgl cose

Thé vao phuong trinh Lagrange loai hai ta c6 phuong trinh sau

g’/}+|gsin(p:0

Truong hop con lic dao dong nho, ta cd sing ~ ¢. Khi d6 phuong trinh dao dong nhé cia
con lac toan hoc c6 dang.

¢+%¢=0

2.1.2 Tinh todan dao dong tw do khong can

Néu str dung ky hidu =2 (1.1)

Thi phuong trinh dao dong tu do khong can c6 dang

G+alq=0 (1.2)
Nghiém cua phuong trinh (2.1) c6 dang

q =C, cosw,t +C, sinm,t (1.3)

Trong d6 Cy, C, 1 cac hang sb tiy y. Cac hang s6 nay duoc xac dinh tir diéu kién dau

12
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t=0; q(0)=a,: q0)=4,
Pé xac dinh cac hang s6 Cy, C, ta dao ham (1.3) theo thoi gian

4 = —C,m, sinw,t + C,w, Cosm,t (1.4)
Thé cac diéu kién dau vao (1.3) va (1.4) ta duoc

Ci=qo C =2 (15)

20

Chu ¥y nghiém (1.3) ciing c6 thé viét dudi dang

q = Asin(w,t + @) (1.6)
Trong d6 A va o 13 cac hang s tiy y. Do hé thic

sin(a,t + ) = sinw,t cosa + sina cosw,t
Nén tr (1.3) (1.5) va (1.6) dé dang tinh dugc

A=C]+C] = q§+(ﬁj, tga = =0, 2 (17)

20 C, do

Biéu thirc (1.6) ta théy dao dong tu do khong can ctia h¢ mdt bac tu do dugc mo ta boi ham
diéu hoa. Vi vay dao dong tu do khong can con dugc goi 1a dao dong diéu hoa.
* Nhdn xét, dao dong tw do khong can cua hé mot bdc tw do la dao dong diéu hoa cé cac
tinh chdt sau:
- Tan s riéng va chu ky dao dong khong phu thudc vao cac diéu kién dau ma chi phy thudc
vao céc tham sd cua hé.
- Bién d6 dao dong 1a hing sb. Bién d6 dao dong va pha ban dau cua dao dong ty do khong
can phy thudc vao cac diéu kién dau va cac tham sb cia hé.
Viéc xac dinh tan s6 dao dong riéng (1.1) 1a nhiém vu quan trong nhat ciia bai toan dao dong
tu do.
2.1.3 Xdc dinh cdc tham sé d¢ cieng ciia hé dao dpng SRR

a) Tinh todn hé sé cirng qui doi ciia thanh dan hoi

+ Néu 10 xo 1a cac thanh dan hdi khong trong lwong, Trudng hop thanh |
dan héi(lé x0) chiu kéo nén, Tir gido trinh strc bén vt liéu, ta co

_H

T EA Al
Trong d6: E 1a mo dun dan hoi, A 1a dién tich mit cit ngang. Tir d6 ta suy

ra

Al

la—n| <
_I_I |

F =TEAAI _ cAl

Viy do cing qui ddi duge xac dinh boi cong thic

13
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EA
C=—o
|
+ Trong truong hop thanh dan hdi (16 xo) chiu xoan. Tir gido
trinh strc bén vt liéu ta ¢
M,
Gl,

A

Trong do6: G la m6 dun truot, I, la mé men quan tinh cyc cua
mit cét ngang.

Tur cong thirc trén dé dang suy ra

X

al,
M =TA(D=CA(D

Viy do cing qui ddi trong trudng hop thanh xoan c6 dang
_Sh
I

c

(1.8)

(1.9)

+ Truong hop thanh dan hoi(16 xo0) bi uén, hé sé cimg qui ddi ¢ con phu thudc vao cac diéu

kién bién. Tur gido trinh strc bén vat li€u, ta tinh d§ vOong

_1F°
3 El
Trong d6: EI 1a d6 cting chdng udn. Tir d6 ta suy ra
Fo3E
|3

Viy do cing qui ddi ¢ duoc xac dinh bai cong thire
3El
C —_——_

_|3

R

(1.10)

b) Tinh toan 16 xo thay thé twong dwong ciia cdc hé cdc 16 xo mdc song song va mdc noi tiép

Dbi voi hé hai 10 xo mac song song, ta cd thé thay thé twong duwong bang hé c6 mot 16

xo0. Tl biéu thirc luc dan hoi 16 xo, ta suy ra cong thire tinh hé s6 ctig 16 xo tuong duong.

F=CX+C,X=CX —>C =C,+C,

Y SRR SRS
C1
C1 Co — C
C2

14
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Néu hé c¢6 n 10 xo mic song song, ta cO
n
¢’ = ,Z;C j (1.11)
Dbi véi hé c6 hai 1o xo mic nbi tiép. Néu & hé thay thé 10 xo din ra mot doan x bang tong
bang téng hai do din x4 VA X, ctia hé ban dau thi ta c¢6
F=cX =CX,, Xi+X=X F=c'x

Tu do suy ra X:E+£:£—>i:£+i

* *

c, C, ¢C cC ¢ G,

Néu hé c6 n 10 xo mic ndi tiép thi cong thirc tinh hé s cimg 16 xo thay thé c6 dang

o2 Cl (112)
2.2 Dao dong tw do ¢6 cian
Quan sat hé dao dong, ta thiy dao dong tu do néi chung tit dan theo thoi gian dé 1a anh
huong cua lyc can. Hai loai luc can phé bién nhat 13 luc ma sat nhét ty 1€ bac nhét véi van
tdc va luc ma sat kho.
2.2.1 Tinh todan dao dong tw do co ma sat nhot
Xét dao dong cuia hé nhu hinh v&. Do c6 thém luc can nhét ty 1€ bac nhét véi van tdc, nén
phuong trinh vi phan dao dong cua h¢ 1a.

m+bg+cq=0 (2.1)
Néu ta dua vao cac ky hiéu

2_C B

Wy =—, 25:m

(2.2)
m

Phuong trinh (2.1) c6 dang
G +28+w;q=0 (2.3)
Phuong trinh dic trung cua (2.3) 1a

O
2
=
=

X+ 260+ awy; =0 (2.4) S

Tuy theo quan hé giita 5 VA w,, c6 thé xay ra cac trudng hop sau
0 < o, (luc can nho): A, =—0F im
8 > w, (luc can 16n): A, =-0FJ62 -}

a) Truwong hop thir nhdt 8 < o, (lue can nho)

Nghiém tong quat ctia phuong trinh vi phan dao dong (2.3) c¢6 dang
q=e?(C,cosmt +C,sinwt) (2.5)

15
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Trong d6 =\ w; -6? (2.6)
Céc hang s6 C; va C, duoc xac dinh tir diéu kién dau
t=0: q(0)=do 4(0) =g,

Tt cac diéu kién dau dé dang xac dinh duogc

Ci = o; c,=d "% 2.7)

@

Pé bién doi biéu thirc (2.5) ta dua vao cac hing s6 A va B xac dinh theo biéu thirc sau

C, = Asinp C, = Acosp
T dosuyra A=,C+C’ tgﬂ:%
2

Biéu thic nghiém (2.5) bay gio c6 thé viét dudi dang
q = Ae ?sin(wt + £) (2.8)
Tu biéu thic nghié¢m (2.8) ta théy: Khi lyc can da nhd, h¢ thuc hién dao dong tat dan. Do
léch Ae™® giam theo luat s6 mil, tiém can toi khong. Dao dong dugc mo ta boi phuong trinh
(2.8) la dao dong ho hinh sin.
bé dic trung cho do tat dan cua dao dong tu do c6 can nhot, ta dua vao khai niém do
tat loga. Bo tat loga A dugc xéac dinh boi hé thuc

qt) _
qt+T)

Do tit 16ga dic trung cho do giam “bién d6” dao dong tat dan. Trong thyc té ta thudong xéac

A=In

dinh ty s6 hai bién d6 dao dong sau k chu ky

qt) e’ YL,

q(t+KkT) e 0@k

Tur d6 ta suy ra

A=oT =2ip 90 *)
K q(t+kT)

b) Truong hop thwr hai 6 > w, (luc can lon)
Nghiém tong quat ctia phuong trinh vi phan (2.3) ¢6 dang
q = Ae sh(y/5° — w2t + B) (2.9)
c. Truong hop thir ba 6 = o, (lyc can toi han)
Nghiém tong quat ctia phuong trinh vi phan (2.3) ¢6 dang
g=e*(Ct+C,) (2.10)

16
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Chuyén dong cta hé 13 tat dan, khéng dao dong. Trong mot sd tai liéu ngudi ta con st dung
khai niém d¢ can Lehr(Ky hi¢u D) dugc xac dinh boi hé thirc

D- o _ b b
w, 2Mmaw, 2Jmc

Phuong trinh vi phan dao dong tu do ¢6 can nhét (2.3) c6 thé viét dudi dang

G +2Dw,q+w}q=0

Do hé thirc \/w? —5? = w,V1-D? chuyén dong cua hé dugc phan thanh ba truong hop sau:
D<1(6 < @,): d0 can nho
D =1(6 = w,): 0 can tdi han
D>1(6 > w,): d) can 16n
Can cr vao do can Lehr ta c¢6 két luan: Khi D<1 chuyén dong cua h¢ 1a dao dong tat dan, khi
D>1 chuyén dong ciia hé tat dan, khong dao dong.

Ta c6 hé thirc lién hé gitta do tat l6ga va do can Lehr

A=oT =272 (**)
V1-D? FERNN IS
Thi du 3: Gan mot khoi lugng m vao -3 A

dau thanh. Gin vao thanh cac phan tir
can va dan héi nhu hinh v&. B6 qua n
khéi lwong cta thanh. A i 1]

b

- Phai chon d0 16n ctia hé s60 can b @

i

nhu thé ndo dé hé co kha ning dao

l<
)
T

dong nho?
- X4c dinh d6 can Lehr D can thiét dé

sau muoi dao dong. bién dd giam con 1/10 bién do cua chu ky dau, sau d6 xac dinh chu ky

dao dong.
Loi gidi
Ap dung dinh 1y bién thién moomen dong lwong dbi voi truc di qua A va do @ nhé xép xi
sing ~ @, CoSQ ~ 1, ta thu dugc phuong trinh vi phan dao dong cua hé.
i (S + Dyp=0
- p+28¢+0;0p=0
b 2

Trong d6 20=—, 0)0:£+
4dm m

B @

17
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Dé hé c6 kha niang dao dong nho thi § < ®,. T do suy ra

2
L< /£+i - b<81/cm+gm
8m m 2a 2a

Tt cac cong thire (*) va (**) ta co

2rD In a,

JV1-D? O

10 =In10 > D=

Chu ky dao dong tu do
21 27 27 2am
T=——"=———~r—=2n0|——
o @01/1_[)2 o, 2ac+gm

2.2.2 Tinh todn dao dong tw do co ma sdat kho
2.3 Dao dong cwdng birc ciia hé chiu kich dong diéu hoa

2.3.1 Cac dang kich dong va phwong trinh vi phdan dao dong

a) Kich dong luc
Trén hinh v€ 1a m6 hinh dao dong khoi luong — 10 xo chiu kich dong TF(t)

A A %
lyc. Gid st F(t) = FsinQt, trong d6 F 1a gié tri cyc dai cua ham F(t). m %
DAi v6i mo hinh nay ta c6 y %

1 1 1 § 1 N
T=-my?, z=Zoy®;,  ®=Cby*; Q =F() =
2 2 2 C b
Thé céc biéu thirc trén vao phuong trinh Lagrange I
i[ij_ﬁ:ﬁ_“_‘lﬂg* TR
aley) o o o »
Ta duoc my + by +cy = FsinOt (3.1) —
, B | e ic/{m
Chia hai vé (3.1) cho m va dua vao ky hi¢u y =—, bién doi Y _r_n_o """""""""
c
Y1
(3.1) vé dang y
T A T =
Y+28 + w5y = w, ysinQt (3.1a) : c b

b) Kich dong béi khéi hwong léch tam

, s T
M6 hinh nhu hinh v&. R6 to c6 khéi lugng léch tam my, )

quay déu vai van toc goc Q.

T =%m0y2 +%m1V12

18



Bai giang Dao dpng ky thudt - 18403

Do X, =ecosQt; X, =—-eQsinQt

y, =y+esinQt; y, =y+eQcosQt

Nén V) = X2+ Y2 = y? +2yeQcosQt +e’Q°
T= %my2 +m, yeQcosQt + % m,e’Q’ trong do m = my+m;
Céc biéu thirc thé ning va ham hao tan
1, 1 .,
[MT==cy"; d==b
2 y 2 Y
Thé cac biéu thirc vao phuong trinh Lagrange loai 2, ta dugc
my + by +cy = meQ? sinQt (3.2)
Bién d6i phuong trinh trén ta c6
V420 + oy = Q? §/sith (3.2a)
Trong do §/ L S
m, +m,

¢) Kich déng bang lyc dan hoi
Trén hinh v& 1a m6 hinh hé chiu kich dong luc dan hoi tuyén tinh. Bé qua ma sat truot
dong(u=0). Cho bidt u(t) = usinQt

Phuong trinh vi phan dao dong cua hé c6 dang

MX + bX + ¢, X + Co[x —u(t)]= 0

A
B
(o
T
3
o,
IE

%
.
7

Do u(t) = usinQt nén ta co

m5<'+b>‘<+cx=coasith (3.3

Trong do C = C1+Co

A A $ C » 1 \ A R A
Néu ta su dung ky hi€u x = +0c u thi phuong trinh (3.3) bién doi dugc vé dang
1 0
% + 26 + 02X = w2 XsSin Ot (33a)

d) Kich dong dong hoc

Trén hinh v& 1& mo6 hinh chiu kich dong dong hoc. Giad s diém chan

cia bd 10 xo va can nh6t chuyén dong theo qui luat diéu hoa

|
A

3
R,

u(t) = Gsith. Phuong trinh vi phan dao dong ctia hé c6 dang

my +b(y—-u)+c(y—-u)=0

Thé u(t) = usinQt ; U(t) =0QcosQt vao phuong trinh trén ta duoc

19
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my + by + cy = d(csinQt +bQ cosOt)
Chia hai vé (3.4) cho m ta dugc
Y+ 28 + oy = 0, (w, SINQ + 25£coth)
20

Trong do y=0a
e) Kich déng bang lirc can nhét

(3.4)

(3.4a)

Hinh v€ dudi 1a mé hinh hé chiu kich dong béng luc can nhét. Mit trugt nhan tuyét déi( u=

0). Phuong trinh vi phan dao dong ctuia hé c6 dang
mX + b, X + cx + by [x —u(t)]= 0

Cho biét u(t) =dsinQt;  u(t) = 0Qcost khi d6 phuong trinh trén c6 dang

mX + bX + ¢cx = b,uQ cosOt

%! bzbo +b1
Chia hai vé (3.5) cho m ta dugc
X+ 20K + o X = 28K cosQt (3.5a)

Trong do X = %00

Ve

(3.5)

by
L
NV 1/1C

A

m

[ o
7| ls
~
N

T

Qua céc thi du trén ta thdy: Phuong trinh vi phan dao dong tuyén tinh ctia hé mot bac ty do

chiu kich dong diéu hoa c6 dang
mg +bq +cq = H, sinQt+ H, cosQt
Hoac G + 280 + w?q = h, sinQt + h, cosQt

Chu ¥, néu ta st dung d6 can Lehr D thi phuong trinh (3.1a) ¢6 dang nhu sau

¥ +2Dw,y + o}y = @} §sinQt
Trongdd  f = < p-2__b

m @, - 2-/cm

2.3.2 Tinh todan dao dong cwong birc khong can

(3.5b)
(3.5¢)

(3.5d)

Phuong trinh vi phan dao dong cudng bic khdng can ctia hé mot bac tu do c6 dang

m¢j+cq = HsinOt

C

Ta dua vao cac ky hi¢u o, =—; h= % thi phuong trinh (3.6) c6 dang

m
0+ w?q=hsinQt

(3.6)

(3.7)

Nghiém tong quat cia phuong trinh ndy bao gdm nghiém tong quat ctia phuong trinh vi

phan tuyén tinh thuan nhit va mot nghiém riéng ciia phuong trinh c¢6 vé phai. Dé giai

phuong trinh vi phan (3.7) ta xét hai truong hop.
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Q= omp(xa cong huong) va Qrwg(gan cong hudng).
- Khi Q# o ta tim nghiém riéng cia (3.7) dudi dang
q = AsinQt (3.8)

Thé (3.8) vao phuong trinh (3.7), so sanh véi cac hé s cua sinQt, ta c6

A= vo1 Q# mg

w; —Q?

Nghiém tong quat cua phuong trinh (3.7) c6 dang
q(t)=C, coswot+Czsina)ot+%sith (3.9
Wy —Q
Céc hang sb C; va C, dugc xac dinh tir diéu kién dau. Gia st t = 0; q(0)=qo; G(0) = ¢,.Thé
cac diéu kién nay vao biéu thirc (3.9) va dao ham cta no, ta co
. do hQ
Ci=Qy Co=————F——
1 qO 2 a)o a)o (a)g _ QZ)
Vay nghiém (3.9) c6 dang
0o . hQ . h .
t) =g, cosw,t + —sinw,t — Sin @yt + ————-sinQt 3.10
q( ) qo Wy @, 2 a)o(a)oz _Qz) 20 a)oz _Qz ( )
Néu bo qua cac thanh phin dao dong tir do trong (3.10) ta c6 biéu thic xac dinh trang thai

binh 6n cta dao dong cudng burc.

* h - H -
t)=——sinQt=———sinQt 3.11
q () a)g_Qz C(1—772) ( )
Tt biéu thire nghiém (3.10). Khi q, = g, = 0; biéu thirc nghiém (3.10) c6 dang
h : Q .
t) = SinQt ——sinw,t 3.12
q( ) 605 —QZ [ 600 wo J ( )

Ta xét truong hop khi tan s6 Q cua lyc kich dong rat gan véi tan s6 dao dong tu do wg. Ta
dua vao ky hi¢u Q - wg =2¢

Trong d6 € 12 mot dai luong vo cung bé. Bo qua cac s hang bé ¢ ¢ trong biéu thirc q ta c6

. . Q . Q-
q=~ thz (sinQt —sinw,t) = 22hQ2 cos ;wotsm Do t
a) —_ —
02h Q woh inet (3.13)
. +
= ~sinetcos Dot~ N st
i —Q 2 2Qe

Do ¢ 1a mdt vo cung bé nén ham sinet bién thién cham, con chu ky cua n6 2m/e rat 16n.
Trong truong hop nay c6 thé xem biéu thic (3.13) 1a qui luat dao dong voi chu ky 27/Q va
bién d6 bién d6i (h/2Qe)sinet. Hién twong dao dong nay goi 14 hién twong phach.
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- Xét truong hop Q—wg(e —0). Khi do, ta co thé thay sinet bang st trong biéu thirc
(3.13) va ta co6 hé thirc

q=- ht cosw,t (3.14)

20,
Nhan xét: - Truong hop xa cong huong Q= wy
- Trudng hop gan cong hudng Q~wmy. Trong trudng hop nay khi Q = o +2¢ ta
¢6 hién tuong phach, khi Q= wq ta ¢6 hién tugng cong hudng.
Thi dy 4: Banh xe O lan khong truot trén

mit duong g6 ghé luon song. Van tdc tim ‘ M

O cua banh xe luén khong doi la v = 60 );v\\w

km/h. Mat duong lugn séng cd phuong v

trinh 1a s:§sin(n—LX) vl §=2 cm, L= S

100 cm. Xic dinh bién do dao dong T \_S@ ;
cudng buc thang ding cua vat thé M co L

khdi luong m, ndi véi truc banh xe béng
10 x0 ¢6 do climg c. Biét rang bién dang tinh cta 16 xo dudi tac dung cua vt thé 1a 5, = 10
cm.
Loi gidi
mg

0

Tir diéu kién can bang tinh ¢, =mgtasuyra c=
Phuong trinh vi phan chuyén dong cta vat M c6 dang

my+c(y—s)=0 — y+m§y:w§§sinn—l_x

Véi wi="="9_9 _9g1 15
m mo, 3§,

™Mot vei =" =10 _156,

L L L
Khi d6 nghiém riéng cua phuong trinh trén la

24 A
y=AsinQt voi A= 2> S _ 2 _0075cm
‘030 -Q ‘ _ (16,6m)

‘1

(0

2.3.3 Tinh todn dao dong cwong birc cé ma sdat nhot

98,1
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Céc phuong trinh vi phan dao dong tuyén tinh chiu kich dong diéu hoa cua hé¢ mot bac tu do
c6 ma sat nhét co thé viét dudi dang nhu sau
G + 280 + w?q = h, sinQt + h, cosQt (3.15)
Ta tim nghiém riéng cua phuong trinh nay dudi dang
g (t) = MsinQt + N cosQt (3.16)
Thé (3.16) vao phuong trinh (3.15) rdi so sanh cac hé sé cua sinQt va cosQt, ta rut ra hé hai
phuong trinh dai sb tuyén tinh dé xac dinh M va N.
(wf —Q)M —280N =h,
200M + (w2 —Q*)N =h,
Giai rat a duoc
(w5 —Q%)h, + 280N,
(0F - Q%)% +46°Q%
_ —28&0h, + (0 - Q%)h,
(wf — Q%)% +45°Q)°

(3.17)

Nghiém tong quat ctia phuong trinh vi phan (3.15) 1a tong cta nghiém riéng (3.16) va
nghiém tong quét ciia phuong trinh vi phan thuan nhét.

q(t) = Ae * sin(wt + B) + M sinQt + N cosQt (3.18)
S6 hang thir nhat cta biéu thirc nghiém (3.18) biéu dién thanh phan dao dong tu do tat dan.
Hai s hang sau c6 tan s6 Q ctia ngoai luc biéu dién thanh phan dao dong cudng burc ciia hé.
Thanh phan dao dong cudng birc (3.16) c6 thé biéu dién duéi dang

q’(t) = gsin(Qt + @) (3.19)

2 2 2 2
G=VMZ+N? = Vh +h, Vh +h, (3.20)

Trong do = = - —
J(@2 —Q?)? +452°Q  w?/1-n?)? +4D%

tgp =V
=M

O day, ta dung ky hiéu 77:2, Dzi. So sanh phuong trinh vi phan (3.15) voi cac
Wy Wy

phuong trinh vi phan (3.5b), (3.5¢) va (3.5d) ta rtt ra cac hé thirc sau:
- Truong hop kich dong luc hoac kich dong qua 16 xo

1
4=V D)y V,=[in?) +ap?]
- Truong hop kich dong dong hoc
q=V,(n,D)y; V, =41+4D°n’V,
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- Trudng hop kich dong bdi khoi lugng léch tam
G=V,(n,D)y;  Vi=n%,

Cac ham V4, V,, V3 dugc goi 13 cac ham khuéch dai(hay cac hé s dong luc).

Thi dy 5: B phan lam viéc clia may dam dat c6 khoi luong M tya trén cac 10 xo nhu hinh
v&. Khéi lwong vo may 1a m. O bd phan lam viéc c6 hai khdi lugng 1éch tam(mdi khéi lwong
la m,/2) quay véi s6 vong quay 1 n. Hay chon cac tham sb cta may sao cho may 1am viéc &
ving cong huong va trong qué trinh 1am viéc vé may khong nay 1én khoi dat.

m;

o

M-m, CcX/2 T T cx/2

c/2§ |—J|‘—|b éclz o NT

CS =b

o)
N
T

TEEEEE
a) b) c)
Loi giai: M6 hinh co hoc ciia b phéan lam viéc ciia may nhu hinh b. Bo phan nay dao dong
quanh vi tri can béng tinh. Toa d0 cuia m, la
X, = X+ecosQt
Phuong trinh vi phan chuyén dong ctia mé hinh may lam dét 1a

MX + bX +cx = Q°m,ecos Qt

— X+ 28X+ wix=Q°x,cosQt véi X, =

Nghiém ctia phuong trinh nay theo (3.19) c6 dang
X = X,V, cos(Qt — )

2

n

Vet \/(1 2)2 + 4D°n

Khi cén nho, hién tugong cong hudéng xdy rakhin =1
2
n c n
Qro, >~ |— ac:(“—j M
30 M 30
1

Khi cOng hudn V,~ —
ong g 35D

Dé don gian bo lyc can. Khi d6 phan lyc phap tuyén cta nén tac dung 1én vo may hinh c.
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N =(M +m)g—cx

Do V, z% nén ta co

N.,,=M+m)g—-cx,, =(M+m)g _ %
2D
Diéu kién dé vé may khong ndy khoi nén
N, 20> (M+m)g> o2 >D>—— 0
2D 2(M +m)g
2.3.4 Mjt vai nhén xét vé tinh chit dao dong cwong birc khi cé ma sdt
Qua cac tinh toan trén ta c6 mdt s6 nhan xét vé tinh chat cua dao dong tuyén tinh co
can nhét chiu kich dong diéu hoa & trang thai binh 6n nhu sau:
- Dao dong cudng burc khi c6 can xay ra voi tan s cua luc kich dong.
- Bién d¢ dao dong cudng birc khong phu thudc vao cac diéu kién dau va thoi gian. Do
d6 dao dong cudng birc khong tat dan vi luc can.
- Khi Q = o bién d6 dao dong cudng burc tuy kha 16n, nhung van 1a dai luong hiru
han. N6 chua phai la gia tri 16n nhat trong cac gia tri cua bién do.
- Trong dao dong cudng buc cd can nhdt ludn xay ra sy I¢ch pha gitra pha dao dong va
pha cua luc kich dong.
- O xa ving cong hudng, bién do dao dong cudng birc véi luc can nho khong khiac miy
so voi bién d6 dao dong cudng buc khong can. O ving gin cong huong luc can cd
mot vai trd rat quan trong.
2.4. Dao dong cudng birc clia hé chiu kich dong da tan va chiu kich dong tuin hoan
2.4.1. Tinh todn dao déng ciia hé chiu kich dpng da tin

Trong thuc té ta ciing hay gip dao dong cta hé chiu kich dong cua td hop cac luc
ngoai véi cac tan sé khac nhau.
2.4.2. Tinh todn dao déng khi hai kich dpng diéu hoa cé tin sé gin nhau

Phuong trinh vi phan ctia hé dao dong mot bac tu do khong can chiu tac dung cua hai
luc diéu hoa véi cac tan sb O va Q, c6 dang

m§ +cq = F,sinQt + F, sinQ,t

2.4.3. Tinh todn dao dpng ciia hé chiu kich dpng tuin hoan
Trong thyc té ta hay gip cac luc kich dong tuan hoan. Nhu da biét tir giai tich toan, ham f(t)
tuan hoan chu ky T bao gio ciing ¢ thé khai trién thanh chudi Fourier

F(t)=a, + > (a, cos jOt +b, sin jr) (4.1)

j=t
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Trong d6 Q=27/T 14 tan s6 co ban cua lyc kich dong. Cac hé s6 Fourier ag, j, bjG=1,...,0)

dugc xac dinh theo cong thirc sau

1T
aoz?l.f(t)dt
2| i 4.2
a; Z?If(t)COSJQtdt (4.2
0

)
b, =$jf(t)siantdt
0

Tir cac cong thuc (4.2) ta thiy, néu f(t) 1a ham chén thi b;j=0; néu f(t) 1a ham 1¢ thi ap=9; = 0.
Phuong trinh vi phan dao dong cudng birc ciia hé mét bac tu do chiu tac dung cua luc tuan

hoan c6 dang

q+25q+a)§q:|a{ao+i(aj coszt+bjsiant)} (4.3)

j=1

Tim nghiém cta phuong trinh (4.3) du¢i dang

q" = A, + (A, cos jOt + B, sin jQt) (4.4)
j=1
Thé biéu thirc (4.4) vao phuong trinh (4.3) va so sanh cac hé s6 cta sinjQt va cosjQt, ta nhan

dugc h¢ phuong trinh dai sb tuyén tinh dé xac dinh cac héng sb chua biét A, A, B;.
a
oin, =2
o -0, 208, =
@y —(JQ) A, + ﬂQBj =

) b.
~2850A, +[w - (i)’ ]B, :FJ

Giai hé phuong trinh trén ta dugc

__ 9
M
0 - 707, — 250
A - P i —29Qb;
bom|(w? - 202 ) + 467702 |
. 07 - j20%h, + 2608,
bom|w? - 202 f + 467707

Do h¢ thure tam giéac
A, cos jQt +B; sin jOt =C; sin(jQt +«;)
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Vi C, =,[A? +B?, tgo; = Af/Bj; biéu thirc (4.4) co thé viét dui dang

q*:A0+§:stin(th+aj) (4.5)

j=t
Nghiém tong quat cta phuong trinh (4.3) khi & < @, c6 dang

q(t) = Ae ? sin(wt + B) + A, +Zw:stin(th+aj) (4.6)

j=1

Sb hang thir nhit cia (4.6) biéu dién thanh phan dao dong tu do tit dan. Vi t du 16m, ta chi
can quan tim t6i thanh phan tht hai cua (4.6), biéu thi dao dong cudng birc cuia hé
2.5 Dao dong cudng birc ciia hé chiu kich dong khong tuin hoan
2.5.1 Phwong phdp bién thién hing sé6 Lagrange
Phuong trinh vi phan dao dong cudng buc cua h¢ mot bac tu do cd dang

mg +bqg+cq = f(t) (5.1)
Phuong trinh trén bién d6i vé dang

G+ 289 + w50 = g(t) (5.2)
Pé tim nghiém cua phuong trinh (5.2) trudc hét ta tim nghiém ciia phwong trinh vi phan
tuyén tinh thudn nhét tuong ing

4+28+aw.q=0 (5.3)
Trong trudng hop luc can nhé (8 <wy), nghiém tdng quét cua phuong trinh (5.3)

q(t) = Ae ? sin(wt + ) = e *(C, cosat + C, sin wt) (5.4)
Trong d6 Cy, C, 1a cac hiang sd, con ® = wg1_ D? Néu dit q, =e* cosat, q, =e *sinat
thi biéu thirc (5.4) dugc viét dudi dang

q(t) =C101+Cx0> (5.5)
Theo phuong phap bién thién hang s6 Lagrange ta tim nghiém cua phuong trinh vi phan c6
vé phai (5.2) duéi dang tuong tu nhu (5.5) v6i C; va C, 1a cac ham cua thoi gian.

q(t)=Ca(t)a:+Cx(t)q2 (5.6)

4q(t) =C,q, + C,q, +C,4, + C,q,

Neéu ta dua vao diéu kién

C,q, +C,0q, =0 (5.7)
Thi biéu thuce déi véi (t) c6 dang

q(t) :C1Q1 +C2Q2 (58)
DPao ham biéu thire (5.8) theo t

G(t) = C,4, +C,4, +C,0, + C, 0, (5.9)
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Thé cac biéu thie (5.6), (5.8) va (5.9) vao phuong trinh vi phan (5.2) ta nhan duoc

C,d, +C,4, = g(t) (5.10)
Tt hai phuong trinh (5.7) va (5.10) ta dugc

C, = —.q—z. g(t)

4.9, — 9,0,
C, = L g(t)
0,9, — 4,0,
Thé cac biéu thirc g, = e * cosat, g, =e *sinwt vao hai phuong trinh trén ta nhan duoc cac
phuong trinh vi phan cip mot dé xac dinh cac ham Cy(t) va C,(t)
—leét sinwt.g(t)
1“’ (5.11)
C, = —e”* cosat.g(t)
®

C,

Tich phan (5.11) ta dugc

t
C,(t) = A—ljeﬁf sinwr.g(r)dr
a)O

; (5.12)
C,(t)=B+ lj.e‘yr coswr.g(r)dr
o 0
Thé (5.12) vao (5.6) ta dugc biéu thirc nghiém tong quat ctia phuong trinh (5.2)
t
q(t) = e *(Acosat + Bsinat) + lJ'e“"“‘f) sino(t—7).9(c)dr (5.13)
w 0

Chu y dén céc diéu kién dau
q(0)=d,; 9(0)=4q,
Ta xac dinh duoc cac héng s6 tich phan

1,.
A=d, B=—(G, +x,)
@
Biéu thtrc nghi¢m téng quat cua phuong trinh vi phan (5.2) véi cac diéu kién dau q(0)=qo;
4(0) =g, bay gio c6 dang
t
qt)=e™ {qo cosat + (4, +&)sin a)t} + i'fe“s“‘f) sinw(t—7).g(r)dr (5.14)
(4] I0) 0

2.5.2 Tim nghiém bang ham va cham
Xét phuong trinh vi phan dao dong dang

mg+bg-+cq = f(t)=15(t) (5.15)
Trong d6 5(t) 1a ham Delta Dirac, xac dinh bdi hé thuce
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0 Kni t=0
5(t) = 5.16
® {oo khi t=0 ( )
lim [ 5(0)dt =1 (5.17)

Phuong trinh (5.15) hang s6 I 1a cuong do ciia mot va cham tiy y trong mot khoang thoi
gian rat bé. Phuong trinh (5.15) c6 thé viét lai dudi dang

4+ 280+ w2q = g(t) =lm5(t) (5.18)
Gia sir khi t<0 hé ¢ trang thai tinh. Do d6 tai thoi diém ngay trudc liic va cham (ta ky hiéu 1a
t=-0), ta co cac diéu kién dau.

q(-0)=0; 9(-0)=0
Tai thot diém t = 0 xdy ra hién tuong va cham. Thoi diém va cham rat ngan. tai thoi di€ém
ngay sau va cham(ky hiéu 1 t=+0), ta c6 diéu kién dau

q(+0)=0; q(+0)=¢q, =V, (5.19)
Do ham g(t)=0 vé1 t#0, nén phuong trinh vi phan dao dong ing véi t#0 c6 dang

G +28+w;q=0 (5.20)
Nghiém cua phuong trinh (5.20) c6 dang

q(t) = e *(Acosat + Bsin wt)

q(t) = e *[(wB — SA)coswt — (wA + 3B)sin wt |
Céc hang sd tich phan A va B dugc xac dinh tir cac diéu kién dau (5.19)

A=0; B=—
Do d6 biéu thirc nghiém sau va cham c6 dang

q(t) _ Yo g% gin ot (5.21)
(0]

Dé xac dinh hang sb véan tdc v, ta tich phan phwong trinh vi phan (5.18) nhan hai vé phuong

trinh (5.18) véi dt roi 1ay tich phén tir - € dén & ta duoc
) & ] . & . & B I ] &
m_jdquamjdqmo m_jth_am_jéa)dt

Do trong qué trinh va cham chi c6 budc nhay vé van toc,con q(+0)=q(-0)=0, nén tir phwong
trinh trén ta suy ra

4(+0) - 4(-0) = 4(+0) = =,
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Thé gid tri vo vira tim duoc vao (5.21) va cha ¥ dén quan hé o= w,¥1-D? ta nhan dugc
nghi¢m phuong trinh dao dong

__®7 Ginei-D? 5.22
q(t) m%ﬁsm(we t) (5.22)

Ham (5.22) dugc goi 13 ham truyén va cham, trong d6 I 1a cudng do va cham. Pdi véi va

cham don vi, ham truyén va cham don vi c6 dang

q() e . 2
Q. = = sin(w,vV1— D"t) (5.23)
| mo1-D?

Néu va cham khong xay ra ¢ thoi diém t=0 ma ¢ thoi diém t=t bat ky, thi ta c6 thé nhan

dugce ham va cham bang mot phép dich chuyén truc thoi gian mot cach don gian. Tir phuong
trinh (5.22) ta suy ra

—5(t—t")

at-t) = sino(t-t") (5.24)
Mo
Tur (5.23) ta nhan duoc
efauff)
O (t-17) = sino(t-t") (5.25)
w
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Chuong 3
DAO PONG TUYEN TiNH CUA HE NHIEU BAC TU DO

Trong chuong nay ta cling chi xét dao dong cua h¢ co hoc holonom. Dao dong nho
ctia hé n bac tu do quanh vi tri can bang tinh. Khi d6 hé cac phuong trinh vi phdn mé ta dao
d6ng cua hé 1a hé n phuong trinh vi phan tuyén tinh cp hai hé sb hing sb.

Trong cac bai toan ky thuat, ta thuong gap bdn mé hinh co hoc: Hé cac vat rin, hé
cac phﬁn ttr hiru han, hé lién tuc, hé nhiéu vat hdn hop.
3.1 Thanh 13p cic phwong trinh vi phian dao djng
* Phuwong phap sw dung phwong trinh Lagrange ||
Céac phuong trinh Lagrange loai II duoc ap dung dé thiét 1ap cac phuong trinh vi phan

chuyén dong cua hé holondm cé dang tong quat nhu sau

dior)_ar _ =1 n
dtlog, ) og;
* Phuong phap luc

Phuong phéap luc hay dugc sir dung dé thiét 1ap cac phuong trinh dao dong cta hé thanh c6

khéi luong tap trung.

3.2 Dao dong tu do khong can

Phuong trinh vi phan mé ta dao dong tu do khong can ctia hé n bac tu do c6 dang
MG+Cqg=0 (1.2)

Trong 6 M va C 1a cac ma tran vudng cip n co cac phan tir 1a hang sd. Trong nhiéu bai toan

thuc té, ching 1a cac ma tran thuc dbi xung.

3.2.1 Cdc tdn sé riéng va cdc dang dao dong riéng

Ta tim nghiém cua (1.1) dudi dang

q=asin(at + ) (1.2)
Thé biéu thtrc (1.2) vao phuong trinh (1.1) rdi don gian di biéu thiic sin(wt+ot) ta nhan dugc
phuong trinh

(C-w*M)a=0 (1.3)

Dé cho phuong trinh dai s6 tuyén tinh thuan nhat (1.3) c6 nghiém khong tim thuong, diéu
kién can la

C-’M|=0 (1.4)
Phuong trinh (1.4) 1a mot phuong trinh dai s6 bac n ddi voi o va dugc goi la phuong trinh
tan sd hodc phuong trinh dic trung. Cac nghiém wy(k=1,...,n) ciia phuong trinh tan sé duoc

goi 1a céc tan sd riéng. Thay lan luot cac gia tri ciia my(k=1....,n) vao phuong trinh (1.3) ta
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nhén dugc cac hé phuong trinh dai s6 tuyén tinh thuan nhat dé xac dinh cac thanh phan cia
véc to riéng ay.

(C-w/M)a, =0 (1.5)
Do phuong trinh (1.5) 1& hé phuong trinh dai s6 tuyén tinh thuan nhat c¢6 dinh thirc hé s6
bang khong nén cac thanh phan cua véc to a, duoc xic dinh sai khic mot hiang s6 nhan.
Chéng han ta c¢6 thé chon a;, mot cach tuy y.

Ta dua vao ky hi¢u
(k)

V, = B hodc v :ai—k Lk=12..n (1.6)
2y, i

Thay lan lugt cic ®1, ®,,..., @, vao phuong trinh (1.5) ta xac dinh dugc ma tran

Vll V12 Vln
Vv Vv Vv

V — 21 22 2n (1. 7)
an Vn2 Vnn

MOi véc to cot ciia ma tran (1.7)

Vie =[Vy Vi ---Vnk]T =[V1(k) V(zk)v--'vrgk)]
Cho ta biét mot dang dao dong riéng ctiia hé dao dong (1.1). Ma tran V duoc goi 1a ma tran
dang riéng. Nhu thé ma trin dang riéng cho ta biét tat ca cac dang dao dong riéng c6 thé c6
cua hé dao dong.

Xét truong hop hé hai bac tu do. Khi d6 cac phuong trinh vi phan dao dong tu do khong can

_mll m12:||:q1:|+|:cll C12:||:q1:|:|:0:| (l 8)
My My, 0, Ca Cypn | 0 0

Phuong trinh tan s6 (1.4) c6 dang

co6 dang.

2 2
Ch—om,; C,—wm, -0
2 2
Ch—wMmy CyHp—aMy
< (cy _a)zmll)(czz _a)zmzz) —(cy, _a)zmlz)(cm —a)2m21) =0 (1.9)

()
-2

Néu ta dua vao ky hiéu v, =—
a‘l

thi tor phuong trinh (1.5) ta suy ra cac phuong trinh xac
dinh céc phén tir cia ma tran dang riéng

(€, —@’myy) +V, (¢, —fmy,) =0 =12 (1.10a)
Hodc (C,, —w’M,,) +V,(Cp, —w’m,,) =0 i=1,2 (1.10b)

Ma tran dang riéng cia h¢ hai bac ty do trén c6 dang

32



Bai giang Dao dpng ky thudt - 18403

{ }
V =

Thi du 1: Cho mo hinh dao dong nhu hinh v€. Hay xac dinh ma tran dang riéng khi ¢;=C,=C,

m;=m,=m, sau d6 v& cac dang dao dong riéng cua h¢.

Loi giai: Bi€u thirc dong ndng va thé nang cua hé c6 dang

1 . 1 .
T =§mlq12 +§mzq§

1 1
T :§C1ql2 +§C2(q2 _ql)2

s

H

I—EI1/|/|—m1_/|€|2/|_m2

01

N

A

St dung phuong trinh lagringe 11, ta dé dang thiét 1ap dugc phwong trinh vi phan dao dong

tu do cua hé

{ml O:||:ql:|+|:cl+c2 —C, || Oy
0 m, qz —C, C, __qz

Tuong g véi phuong trinh(1.3) ta co

c,+C, —C, J[m, 0]
-
-C, c, 0 m,

Tir d6 ta suy ra phuong trinh tan sb
C, +C, —’m -c,

2 :O
-c, c, —@’m,

H

Khai trién dinh thirc ta duoc phuong trinh

c,+C C c,C
P 2,72 |2y 172
m, m, m;m,

Tur do ta tinh dugc céc tan so riéng

0

, 1 c1+cz+c2 N 1 C1+C2+
Q. = — — | x N [ .
o2l mp m, 4\ m,

Thé cac biéu thirc cua w; va o, vao phuong trinh (*) ta co

a. =

Pl
a., =
Pl

Trong d6 cac dai luong aj; va ap, 13 cac hing sb chon tiy .

a, 1
al = = 2
ay, (c,+c, -may)/c,

a, 1
a2 = = )
a,, (¢, +¢, —-mw;)/c,

Khi ¢;=c,=c, m;=m,=m, ta dé dang tinh dugc

C,

m,

(*)

:|a11

k.
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V= vV, Vg, _ 1 1
Vy Yy 162 -0,62

Hinh v& dudi day cho ta cac dang dao dong riéng thtr nhét va thi hai
q b d:
1 g_:}

o T T

TR ATETTT FTTITT ST AT TA 7T T 2T

Vi Va4 Dao dong riéng thi nhat

\\J

3.2.2 Tinh chit truc giao ciia cdc véc to riéng
Xét phuong trinh dao dong tu do khong can ctia hé n bac tu do

MgG+Cqg=0 (1.11)
Néu cac ma tran khéi luong M va ma tran do cirng C 1a cac ma tran thuc dbi xung thi cac
véc to riéng vy tuong ng v4i cac tin so riéng oy sé truc giao v4i ma tran khoi luong M va
ma tran do cirng C. Ta c6 hé thuc

ViMy, =0; viCv; =0 khi o # o (1.12)
3.2.3 Cac toa do chinh
Phuong trinh dao dong tu do khong can cua hé n bac tuy do cé dang

MG+Cqg=0 (1.13)
Néu ta c6 thé chon dugc cac toa do suy rong dac bi¢t sao cho vdi cac toa do do, cac ma tran
khdi lugng va ma tran dg cliing déu co6 dang duong chéo, thi cac toa do suy rong d6 duogc goi
1a cac toa do chinh. Ky hiu cac toa do chinh py, pa,..., Pn.
Thuc hién phép ddi bién

q=Vp (1.14)
trong d6 V 13 ma trin dang riéng. Thé (1.14) vao (1.13) ta c6
MVp +CVp =0

Nhan bén trai phwong trinh trén véi V' ta duoc
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VT MVp+VTCVp =0 (1.15)
Do tinh chit (1.12) cac ma tran V'MV va V'CV 1 cic ma tran dudng chéo
4 0 .. 0 7y, 0 .. 0
0 . 0 0
Vimy =| - 2 : vicv =| = 7? (1.16)
0 .. .. u 0 .. .. 7,
Vi vay cac phuong trinh (1.15) c6 dang
wip,+y7.p; =0 i=1,2,...,n (1.17)
Trongdd g =V, Mv,; 7, =V, Cy, (1.18)
Néu ta dua vao ky hiéu
0? = 7 (1.19)
Hi
Thi phuong trinh (1.17) x4c dinh céc dang dao dong chinh c6 dang
p, +w’p, =0 iI=1,2,..,n (1.20)

Vi¢e giai phuong trinh (1.20) da duogc trinh bay trong chuong 2
Thi dy 2: Mot hé hai con lac ¢6 chiéu dai mdi thanh 14 1, khéi lugng mdi vat diém 1a m. Hai
thanh duoc ndi véi nhau béng 16 x0 ¢6 hé s cung la c, & vi tri cach truc quay mot doan la
d(Xem hinh v& dudi). Do dai cta 10 xo ¢ trang thai khong bién dang bang khoang cach giita
hai truc con lic. Bo qua khdi lugng cac thanh, khdi lugng 10 xo va lyc can.

a. Xac dinh cac toa do chinh cua hé.

b. Xac dinh dao dong tr do cua hé voi cac didu kién dau ¢1(0)=@o, ©,(0)=0,

$,(0)=0, ¢,(0)=0.

Loi gidi

B R L .
3

Trude hét thiét 1ap phuong trinh dao dong tu do

cua hé.

T :%mvl2 +%mv22 =%m|2(('pf +¢2)

IT=mgh, + mgh, + %Cd (9, —9,)° }::::*:::1:1::::::::. Sy

C6  h =ll-coso,) z%l(pf

h, =10-coso,) = lo?
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Néntacé  T1 =%[(mgl red?)(? +2) 20470, ]

Thay vao phuong trinh Lagrange II ta ¢6 phwong trinh dao dong tu do ciia hé hai con lic.
ml?@, + (mgl +cd?)e, —cd’p, =0
ml?¢, —cd?e, +(mgl +cd?)p, =0
Othidunaytacdé my =my=ml%, myp =0, My =0, €y = Cp=mgl +cd?, cpp=Cy = -
cd?. Do d6 phwong trinh tan sb c6 dang
(mgl +cd® —ml’w?)* —c’d* =0

2cd’
Tu d6 suy ra oof:%; CO;Z%-F e

Bay gio ta xac dinh cac phan tir ciia ma tran dang riéng. Tl phuong trinh (1.10a) ta suy ra

mgl+cd2—mlz$l

VI:_C11_m11(‘)122:_ . =
C,, —M,o; —cd
2
, mgl +cd? —ml? g+2cd2
voo_Cu—Mue; I ml _
¢, —m,n —cd?
Viay ma tran dang riéng l1a
1 1
V =
I -1
T do ta co ¢, =P+ P, ¢, =P, — P,
Suy ra plz((p1+q)2)/2

P, = ((Pl _(Pz)/z
Phuong trinh dao dong dang toa dg chinh
P, + 0)12 p,=0
P, + 03; p,=0
Tur d6 ta dé dang tim dugc cac dang dao dong chinh
p,(t) =C, sin(o,t +a,); p,(t) =C,sin(o,t +a,)
Tré lai toa dO suy rong ¢4, ¢, ta dugc
o,(t)=C,sin(o,t+0,)+C,sin(m,t+a,)

¢, () =C,sin(o,t+a,)—-C,sin(m,t +a,)
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Cac hing s6 Ci, C, a1, ap dugc xac dinh tir cac diéu kién dau ¢1(0)=@o, ¢,(0)=0,
¢,(0)=0, ¢,(0)=0.DPao ham theo thoi gian cac ham ¢4, @, ta duoc
¢, (t) = ®,C, cos(m,t +a,) + ®,C, cos(w,t +a,)
¢, (t) = o,C, cos(ot +a,) —»,C, cos(w,t +a,)
T cac diéu kién dAu di cho ta duoc hé bon phuong trinh xac dinh Cy, C,, ay, ay
C,sina, +C,sina, =@,
C,sina, -C,sina, =0
»,C, cosa, +®,C,cosa, =0
»,C, cosa, —®,C, cosa, =0
Tur hai phuon trinh thtr ba va thir tu ta suy ra

T
cosa, =cosa, =0 — a,=aqa, =3

Ttr hai phuong trinh dau ta co
. . 1
2C;sina, =2C,sina, =, — C,=C,= 5P

Vay dao dong tu do cua hé hai con lic co dang

(2 (t) = % (cos ,t +Cos 0)2'[) =0, Cos(%q COS(%t)

¢, (1) = % (cos,t —cosw,t) = @, sin (ml ; @2 thin (@1 ;032 tJ

3.2.4 Cic toa dp chudn
Nhu ta di biét, bang phép thé g=Vp(V 1a ma tran dang riéng, p 13 véc to cic toa do chinh)ta
¢6 thé dua phuong trinh vi phan dao dong
MG+Cq=0
Vé dang vé trai tach roi nhau
Wi +7ip =0 i=1,2,...,n
Trongdd g =V, Mv,; 7, =V, Cy,
Do cac phén tor cia véc to vj cia ma tran dang riéng V duogc xac dinh sai khac mot hé’mg sb

nhan, cho nén ta c6 thé chon cac véc to vi mot cach thich hop sao cho

1 0 .. 0
vimv =|® 1 O le (1.21)
0 1
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Ma tran dang riéng dugc chon nhu thé duogc goi 1a ma tran dang riéng chuan. Ta ky hiéu ma
tran dang riéng chuan bé‘mg V,. Nhu thé néu V, 1a ma tran dang riéng chuén thi ta c6 cac hé
thure

o 0 .. 0

2

VIMV =E vicv=p, | 0 @
0 o}

Bang phép thé g=V,p ta c6 thé dua phuong trinh
MG+Cq=0
Vé dang Ep+D,p=0
Céc toa do chinh p = [py, pz,...,pn]T trong phép thé q = Vyp duoc goi la cac toa do chuan. Cha
y rﬁng cac toa do chuan 1a cac toa do chinh dic biét. Ta van st dung cac ky hi¢u p; dé chi

cac toa do chuan. Néu ta biét duoc ma tran dang riéng

V =[Vy, Va,..0y Vi (1.22)
Thi ma tran dang riéng chuan duoc xac dinh boi hé thic
V, = {ivl,ivz,...,ivn} (1.23)
a a,

Trong do6 cac hang s6 o, dugc xac dinh bdi cong thure

a, = +\u, =+ V] My, (1.24)

3.3 Dao dong tu do c6 cian
Phuong trinh vi phan dao dong tu do ¢6 can ctia hé n bac tu do ¢6 dang

MG+Bg+Cq=0 (2.1)
Trong d6 M, B, C 1a cic ma trdn vudng cap n voi cac phan tir 1a cac hang sd. Tuy theo cu
triic cua ma tran can B, hé c6 thé thuc hién dao dong tu do tat dan va cling co thé thuc hién
chuyén dong khong dao dong. Vé phuong dién dao dong, ta quan tim chu yéu dén truong
hop hé thyc hién dao dong tu do tat dan. Nhu vay bai toan quan trong hang dau trong doan
nay la xac dinh khi nao h¢ thyc hién dao dong tu do tat dan, sau d6 moi dén thuat toan tim
nghiém.
3.3.1 Phwong phdp gidi truc tiép(ma trén cdn tity )
a) Phuong trinh xac dinh tri riéng
Ta tim nghiém cia phuong trinh (2.1) dudi dang

q(t) =ge™, g l1a véc to hing (2.2)
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Thé nghiém (2.2) vao phuong trinh (2.1) rdi don gian di thira s6 e, ta dugce phuong trinh
clia bai toan gia tri riéng tong quat

(M +aB+C)g=0 (2.3)
Diéu kién can dé cho cac phan tir cia véc to § khong dong thoi triét tidu 1a

P(4) = det(*M + AB+C)=0 (2.4)
Phuong trinh (2.4) dugc goi 1a phuong trinh dac trung. Khi M 1a ma tran chinh qui. detM #0,
thi P(1) 1a da thtrc bac 2n cua A véi hé s6 thuc. Giai phuong trinh (2.4) ta ¢6 dugce 2n nghiém
thue hodc phirc lién hop. Cac tri riéng phuc va thuc cta (2.3) c6 thé viét dudi dang

A, =—6, +iw,; Aios =0, — i@, k=1,....s<n

A, =0k k=2s+1,...,2n

k+s

b) Phan tich cac kha nang dao dong theo cac tri riéng
- Trueong hop tri riéng cé phan thuc am khdc khéng
Dinh nghia: Khi 6, >0k =1,...,s), Sk > O(k =2s+1,...,2n) thi can duoc goi la dat yéu cau.
Khi can dat yéu cau thi hé thuc hién dao dong tu do tat dan. Hé dao dong la 6n dinh tiém
can. Tuy theo tinh chat ctia chuyén dong ctia hé, ta c6 thé phén ra thanh ba trudng hop sau:
Cén yéu: s=n, oy # 0 (k=1,...,n)
Céan manh: 4, = —5¢ <0, (k=1,...,2n)
Can hon hop: Truong hop con lai.
Trong truong hop can yéu, hé thuc hién chuyén dong dao dong. Truong hop can manh, hé¢
thue hién chuyén dong tat dan.
- Cdc truong hop khac
Khi trj riéng 4, ¢6 &, =0 hodc Sk =0, nghiém riéng twong tng v6i A, s& bi chan. Hé (2.1)
6n dinh gi6i han.
Khi phuong trinh (2.3) ¢6 tri riéng 4, c6 phan thuc duong thi nghiém riéng twong tng véi
A, s€ tang 1én vo cung khi t tdng. HE khong dao dong. Ta khong xét truong hop nay.
3.4 Dao dong cudng birc
3.4.1 Phwong phdp gidi truc tiép
a) Dao déng cuéng birc khéng can chiu kich dong diéu hoa.
Dao dong tuyén tinh cudng birc khong can cia h¢ n bac ty do chiu kich dong diéu hoa c6
dang

Mg +Cq = f sinQt (3.1)
O ché d6 chuyén dong binh 6n, ta tim nghiém phuong trinh (3.1) duéi dang
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q(t) =usinQt (3.2
Thé (3.2) vao (3.1) ta suy ra
o’M+Cl=f=u=Hf (3.3)

Trong d6 H(Q) = (— Q°M + C)ﬁ1 va duoc goi 12 ma tran truyén.
Giai hé phuong trinh dai s6 (3.3) ta duoc

A ()
-2 (3.4)
Trong do A(Q) = det(-Q*M +C) (3.5)

A, (Q) ¢ duoc bang cach thay véc to f vao cot thir k cia A. So sanh (3.5) véi (1.4) trong
cung chuong nay ta thdy A(Q)=0 khi Q=w ;(G=1.2,...,n). Ta phén biét ba truong hop sau:
Trwong hop 1: A(Q)=0, A, (€Q)=0 Khi do tan s6 lyc kich dong Q tring véi mét trong cac
tan s6 dao dong riéng. Bién do dao dong ting 1én vo cung. Trudng hop nay dugc goi la
truong hop cong hudng.

Truong hop 2: A(€2)=0, Q=

A(Q)=0 véi moi kva lim 2x(&2)
oo A(QQ)

< 0

Trong trudng hop nay mac du tan sb luc kich dong triung véi tan s riéng nhung bién d6 dao
dong van bi gisi ndi. Truong hop nay duoc goi 1a truong hop gia cong huong.
Truong hop 3: A(Q)#0, A(Q)=0 vdi k xac dinh.
Trong truong hop nay u=0. Dao dong ung véi toa do thu k bi dap tét.
b) Dao déng cudng birc ¢ can chiu kich dong tudn hoan
Dao dong cudng buc c6 can nhét cua hé tuyén tinh n bac tu do dugc mo ta bdi phuong trinh
vi phan dang ma tran

Mg +Bg+Cq = f(t) (3.6)
Trong d6 M, B, C 1a cac ma tran hang s6, f(t) 13 véc to cot cac ngoai luc tac dung. Gia st f(t)
1a véc to tuan hoan theo thoi gian va c6 thé khai trién thanh chudi Fourier mét cach gan ding

f(t)=a,+ i(ak coskQt + b, sinkQt) (3.7)

k=1

Ta str dung nguyén 1y cong tac dung trong 1y thuyét hé phuong trinh vi phan tuyén tinh dé
tim nghiém (3.6). Trudc hét ta tim nghiém phuong trinh

Mg, + Bq, +Cq, = a,
dudi dang g = Vo

Tt hai phuong trinh trén ta nhan dugc hé phuong trinh xac dinh vy
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Cvg=ag (3.8)
Sau d6 tim nghi€ém cua phuong trinh
Mg, + Bg, +Cq, = a, coskQt +b, sinkQt (3.9)

Nghiém (3.9) dugc tim dudi dang
g, = U, sinkQt + v, coskOt
Pao ham véc to qx theo t sau do thé vao (3.9) 1o so sanh cac hé sd, ta nhan dugc hé phuong

trinh dai sé tuyén tinh dé xac dinh cac véc to uy Va Vv

22
C-kQ°M - kOB Uy | _ b, (3.10)
kQB C-k’Q*M | v, | |a

Khi dinh thtrc cia ma tran hé sb cua hé phuong trinh trén khac khong, thi cac véc to uy va vy
dugc xac dinh duy nhat. Nhu thé nghiém ctia phuwong trinh dao dong cudng birc (3.6) khi f(t)
tuan hoan duoc tinh theo biéu thuc.

=V, + Y (U, SiNkQt +v, coskOt) (3.11)

k=1

Trong d6 v dugc xac dinh tir phuong trinh (3.8) con uy va vy dugce xac dinh tir phuong trinh
(3.10)
3.4.2. Phuwong phdp ma tran dang riéng
Phuong phap ma tran dang riéng dugc ap dung thuan tién d6i voi hé tuyén tinh khong can

Mg +Cq = f(t) (3.12)
Trong d6 M va C 1a cac ma tran thuc, ddi xung.
Ap dung phép bién ddi toa do q=Vp (3.13)

Véi V 1a ma tran dang riéng, p la véc to toa do chinh, ta dua dugc phuong trinh (3.12) vé
dang
MV +CVp = f (t)
Nhan bén trai phwong trinh trén véi ma trdn chuyén vi V' ctia ma tran dang riéng ta duoc
VTMVp+VTCVp =V f(t) (3.14)
Céc ma trdn VIMV va V'CV la cac ma tran duong chéo va c6 dang nhu (1.16).

Néu ta dua vao ky hiéu

h =v f (i=1,2,...n) (3.15)
Thi phuong trinh (3.14) viét dugc dudi dang hé n phuong trinh vi phan tuyén tinh cip hai
Py +yip =h; (I=1,2,...n) (3.16)

Trong d6 L y; dugce xac dinh boi cong thire (1.18)
Nghiém ctia mdi phuong trinh ctia hé (3.16) ung véi diéu kién dau
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Pi(0)=pio;  P;i(0) = Py,

Theo cong thire trong chuong 2 c6 dang

Pi smwt+—jh (r)sinw, (t—7)dr (3.17)

I ﬂlwl 0

p; (t) = p;, cosa,t + —

Trongdd  w?=2"

I Hi
Déi véi trudng hop kich dong diéu hoa fi(t)=fisinQt, theo cong thire (3.15) ta cd
h (1) = O v f)sinQt = h; sinxt
k=1

Céc phuong trinh (3.16) ddi véi truong hop nay c6 dang

P, +y:p; =h; sinQt (i=1,2,..n) (3.18)
Nghiém cua cac phuong trinh (3.16) trong giai doan binh 6n 1a
pi = LQZSII‘] Qt
Vi (1_72)
o

Tré vé toa d6 ban dau qy ta co

q, () :Zn:vki p;, = Zn: Q sinQt (3.19)
R 'ﬂ%ﬂ——ﬁ

Nhu thé, khi chiu kich dong diéu hoa, hé dao dong véi tan s cua luc kich dong va dang dao
dong phu thudc vao cac tham sb cua hé va tan sé cia kich dong ngoai. Tir cong thire (3.19)
ta thay: Khi tan sb kich dong Q bang tan sb riéng ; ctia hé, bién d6 dao dong cudng biic
tang 1én vo han. Hién tuong do6 goi 1a hién twgng cong huong.
Néu ké dén lyc can ty 1& bac nhét véi van tdc, phuong trinh vi phan dao dong cudng

btrc ¢6 dang

MG+ Bg+Cq = f(t) (3.20)
Trong k¥ thuat ta hay gap truong hop

B=oyM +a,C
Véi a,,a, 1a cac hang s6 thyc. Tuong tu nhu cac muyc trudc, bang phép bién ddi (3.13)
phuong trinh (3.20) dua vé dang

wp, + 60, +y7.p=h@) (i=12,..,n) (3.21)
Trong d6 x;,7;,p; dugc xac dinh bdi cong thuc (1.18) con h; tinh theo cong thic (3.15).
Viéc tim nghiém cta phuong trinh (3.21) da dugc trinh bay trong chuong 2.
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Chuong 4

DAO PONG TUYEN TiNH CUA HE VO HAN BAC TU DO
Céc h¢ lién tuc con duoc goi 1a cac h¢ vo han bac tu do. Trong chuong nay ta xét dao dong
ctia diy, dao dong cua thanh va dam, dao dong cua mang va dao dong cua tdm. Cac dai
luong vat ly dac trung cho dao dong cua hé vo han bac tu do nhu khéi luong, d§ cung phan
bd mot cach lién tuc.
4.1. Dao dong udn caa diy
4.1.1 Thiét lgp phwong trinh séng ciia ddy
Ta xét mot day c6 khdi luong doc theo don vi d6 dai p khong ddi va chiu luc kéo S & dau
day. Néu ta kéo day léch khoi vi tri can bang, sau d6 bo ra thi day sé& thuc hién dao dong tur

do. Po vong theo phuong z 13 w=w(x.t). Dich chuyén u theo phuong x c6 thé bo qua khi do
vOng w va goc xoay tgoc:;ﬂ =w' di nho. Dé thiét 1ap phuong trinh vi phan chuyén dong
X

ctia day ta tach ra xét mot doan ddy ds rit ngan.
Do gia thiét w' <<1, ta c6 cac x4p xi sau
a=sina=W, (ax+da)=sin(a+da)~w +w'dx
cosa ~1, cos(a+da)=1 ds=~dx
Véi cac xap xi trén ta st dung ky hiéu dm= zds~ dx ta nhan duoc phuong trinh chuyén

dong cta phan tir day theo truc ox va oz

0=-S +(S +§dxj (1.2
OX
. ’ as ’ "
Ldxw = —Sw' + (S +a—dx)(w +w"dx) (1.2)
X
,..02W1‘.Aqhkq,\hh,
Trong do w= P a gia toc cua phan tir day theo hudng z.
X w{x,t) S X X+aX x
- -
A m77 S
“ \t__— | 774 o4 +a—d‘(
o X
z .
ds a8
\)/ S+ 2 dx
a) b) ox

Tur phuong trinh (1.1) ta c6
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§:O—>S:const
OX

Thé biéu thirc Z—)S( =0 vao phuong trinh (1.2), ta nhan dugc phuong trinh
LAV = SW'

Su dung ky hiéu c® = %, phuong trinh trén c6 dang
P _ 1w

x® c? ot
Phuong trinh dao dong ham riéng (1.3) dugc goi 1a phuong trinh séng. Hang sb ¢ c¢6 thu

(1.3)

nguyén van toc duge goi 1a van tdc lan truyén song.
Néu ta goi dién tich thiét dién mat cat 1a A, mat d6 khéi 1a p, timg suit cta day 12 o, thi ta c6
u=pA, S=ocA

Tir d6 toe do lan truyén song co biéu thirc ¢ = \/E = \/E (1.4)
u \p

Dé giai dugc phuong trinh (1.3) ta phai biét cac diéu kién dau va cac diéu kién bién. Cac
diéu kién dau 1a d6 vong va van tc ciia cac diém cua day ¢ thoi diém dau(te=0).
w(X, 0)= wy(X), W(x,0) = v, (X) (1.5)
Céc diéu kién bién 1a cac diéu kién vé bién dang va luc & cac bién. Nhu thi du hinh v& tré,
dich chuyén & hai gbi d& hai ddu day bang khong.
w(0,t)=0, w(l,t)=0 (1.6)
4.1.2 Phuwong phap Bernoulli, dao dong
Biy gio ta trinh bay cach giai phuong trinh (1.3) bang phuong phap Bernoulli. Tim nghiém
(1.3) dudi dang
w(x,t) = X(X)T(t) (1.7)
Thé (1.7) vao phuong trinh (1.3) ta dugc
X(x)  T()
Do Vé trai ciia phuong trinh chi phu thudc vao x, con vé phai chi phu thudc vao t, cho nén
hai vé phai bang hing s6. Vi muc dich dinh trudc, ta ky hiéu hing sé do 1a -o’.
X(x)  T()

Tur d6 ta nhan dugc hai phuong trinh vi phan thuong
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X "(x) + (%j X (x) =0 (1.8)

T)+o’T(t)=0

Nghiém tong quat ctia cac phuong trinh ndy c6 dang

X(x) = Acos? x+Bsin“ x
c C

T(t) =Ccosat + Dsinat (1.9)
Trong d6 A, B, C, D va o Ia cac dai lugng duogc xac dinh tir cac diéu kién bién va cac diéu

kién dau.

Xo(X)

vz bac 2

X /—\ i
B 23N
a) S A,

Vi du I: Ta xét dao dong udn cua ddy c6 hai dau gan chat. Cac diéu kién bién c6 dang
w(0,t)=0— X(0)=0: A=0

w(l,)=0 — X(I)=0: BsinZ1=0 (1.10)
c
Pé cho nghiém X(x) khong dong nhat bang khong, thi B = 0, do d6 ta c6
sin?1=0 > Zi=kr >, :kﬂIE, k=1,2,.. (1.11)
c c

Phuong trinh sin?1=0 duoc goi la phuong trinh ddc trung, con céc dai luong oy duge goi
c

1a cac tan sb riéng.
Ung v6i mdi tan sd riéng o ta c6 mot ham riéng(dang dao dong riéng)
X, (x) =B, sin&x:BksinkTﬂx (1.12)
c
Thé cac biéu thire (1.12) va (1.9) vao (1.7) ta duoc

w, (x,t) = X, ()T, (t) = sinkTﬂX(Ck cosw,t + D, sina,t) (1.13)
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Trong d6 khong giam tinh chat tong quat, ta chon By = 1.

Biéu thire (1.13) md ta mot dao dong riéng cia diy véi tan sb riéng oy va dang dao dong
riéng X(x). Tir hé thirc (1.11) ta thiy c6 vo sb cac dang dao dong riéng cua day(k =1, 2,...).
Tan sb riéng o; duoc goi 1a tAn s co ban. Con dao dong riéng tuong tng duoc goi 1a dao
dong riéng co ban.

Céac dao dong riéng (1.13) la cac nghiém riéng ctia phuong trinh (1.3). Vi phuong trinh (1.3)
13 phuong trinh dao ham riéng tuyén tinh, 4p dung phuong phép cong nghiém, ta nhan dugc

nghiém téng quat cua vi du nay.
w(x,t) = X, ()T, (t) = ZsinkTﬂx(Ck cosw,t + D, sine,t) (1.14)
k=1 k=1

Trong d6 cac tan s riéng oy dugc xac dinh tur h¢ thac (1.11). Cac héng s6 Cy, Dy duoc xéc
dinh tir cac diéu kién dau (1.5)

w(X, 0)=wq(X): ick sink|—7ZX =W, (X)
Wx0) =v,(x): > Dy, sinkT’D‘ v, () (1.15)

Pé xac dinh cac hing sé Cy, Dy ta nhan phuong trinh (1.15) véi X, (X) = sin? r0i lay tich

phan theo chiéu dai cua day. Vi cha y

| i ks [0 Khiizk
J.Xi(x)Xk(x)dx:Isstml—dx: I Khii— K (1.16)
0 0 2
Ta nhan duoc

|
C, =|3jw0(x)sinkl—”xdx

0

|
D, =2 | v, ()sin <2 dx (1.17)
ol I

Nhu vay, nghiém (1.11) duoc xac dinh mét cach duy nhat. Diéu kién (1.16) duoc goi 1a diéu
kién tryc giao cua cac ham riéng.

Vi du 2: Dé minh hoa ta xét trudng hop vo(X) =0, cOn Wy(x) c¢6 dang hinh tam gidc nhu hinh
ve trén. Theo (1.17) ta c6 D=0 con Cy dugc tinh v4i ham wy(x) c6 dang

Z—fX khi OSXsl
2
<x<l|

W (X) =

X |
2f(1--) khi —
( I) 2
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Ta dé dang tinh duoc
1/2 |
C, _4t Jisink—ﬂxdx— J(i—leink—ﬂde :E—fzsink—”
RN AN | Kz? 2
Thé cac Cy, Dy vao biéu thire (1.14) ta duge
sink—”
w(x,t) = fizz 22 Sink—ﬂXCOSa)kt
T k=1 k |

(1.18)

Chu y rang trong nhi€u van dé thuc t€ nguoi ta chi quan tam dén viéc xac dinh cac tan so

riéng va dang dao dong riéng. Trong bai toan nay, chung ta chua can quan tam dén cac diéu

kién dau. Trong bai toan dao dong cudng burc, hién tugng cong hudng 1a hién tuong khi tan

s0 cua luc kich dong trung v&i mot trong cac tan s6 dao dong riéng cua hé. Vi vay dé tranh

hién tugng cOng huong, ta can phai biét cac tan so riéng.

Trong cac hé¢ k¥ thuét, bao gio cling c6 phan tir can. H¢ sO can cang lon, khi tan s6 riéng

cang cao. Vi vy cac dao dong cao tan dugc kich dong mot cach yéu 6t va tit kha nhanh.

Trong thuc té chi cac dao dong riéng co ban va cac dao dong riéng bac mdt 1a cd ¥ nghia

quan trong.

Thi du 3: Hay xac dinh céc tan s6 riéng va cac ham riéng cua ddy mot dau ngam chat, mot

dau ty do(Hinh 4.4a). Tan sb riéng co ban sé& thay doi thé nao khi luc kéo S ¢ day ting gp

doi?

Theo cong thure (1.9), nghiém cua X(x) c6 dang
X(x) = Acos? x + Bsin“ x

c c

Céc diéu kién bién c6 dang
X0)=0: A=0
X'=0: BZcos?I=0

cC cC

Tur phuong trinh thir hai khi B#0 ta c6 phuong trinh dac trung
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Dac déng riéng co ban

X
I\\ j
Xy(x}
z |

Dao dong riéng bac 1

| X
X //’T

2113 I

B

Hinh 4.4

(0]
cos—I1=0
c

Tir phuong trinh nay, khi o > 0, ta tim duoc cac tan sb riéng
S .
C 2 2 |

Tir do suy ra cac ham riéng

X, (X) =B, sin(Zkz_lzj, k=1,2,.

Dao dong riéng co ban va dao dong riéng bac 1 c6 dang

7iC . X
=—, X,(X)=B,sin—
Q] ol 1() 1 ol
3c . 37X
o, =—, X,(X)=B,sin—

Cha y dén cong thic (1.4), tan s6 dao dong riéng co ban ¢ dang

7 |S
%\

Khi lyc kéo S tang gip d6i, thi ©; dugc nhan voi +/2
4.2. Dao dong doc va dao dong xoin cia thanh thiang
4.2.1 Dao déng doc tir do ciia thanh dong chit thiét dién khong doi
Xét mot thanh thang(Hinh a) c6 mat do khdi 12 p(x), thiét dién 1a A(x), médun dan
hdi 14 E. Thanh thuc hién dao dong u(x, t) doc truc x. Ap dung nguyén 1y d’Alember, xét
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mot phan t6 cta thanh chiu luc nhu hinh v& b. Phuong trinh chuyén dong theo truc x cua

phan t6 thanh c6 dang
2

o°u ON
X)A(X)dX— =—N + (N + —dXx
P(X)A(X) e ( p” )

= p()AX) —7 =— (2.1)
ot
Tt gido trinh strc bén vat liéu ta co
ou
N = EA(X)—
(x) ax

Thé biéu thirc trén vao phuong trinh (2.1) ta nhan duoc phuong trinh dao dong doc tu do cua
thanh thang
2 0

P(X)A(X) gt—zu - &{EA(X) %} =0 (2.2)

Khi p(x) va A(x) déu 1a cac hang s, tir phuong trinh (2.2) ta suy ra phuong trinh dao dong
doc tu do ctia thanh thang dong chat tiét dién khong doi

o%u o%u E
F— 28)(_2:0; C2:; (23)
. dx
3
pEA | |

SN
||

] > N . oN
N +—dx
dm = pAdx X
a) b)
Nhu vay phuong trinh dao dong doc tu do cua thanh thang 1a phuong trinh dao ham riéng
cap hai c6 dang giong nhu phuong trinh (1.3). Bay gid ta tim nghiém ciia phuong trinh (2.3)
dudi dang
u(x, t) = X(x)T(t) (2.4)

Thé biéu thirc nghiém (2.4) vao phuong trinh (2.3) ta co
X(X)T()-c*X"(x)T(t)=0

X0 T

X(x) T

Do vé trai cua phuong trinh trén chi phu thudc vao x, con vé phai chi phu thudc vao t, cho

nén hai vé d6 phai bang hing s6. Ta ky hiéu hing s6 d6 1a -o°
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2 X"(X) _m_ P

X(x) T
Tu d6 nhan dugce hai phuong trinh vi phan thuong
@ 2

X"(x)+ (Ej X(x)=0 (2.5)

T)+’T(t)=0 (2.6)
Nghiém tong quat cta cac phuong trinh nay c6 dang

X(x) = A cosZ x+BsinZ x (2.7)

C c
T(t) =Ccosat + Dsinat (2.8)

Cac héng sb A*, B duoc xac dinh tir cac diéu kién bién, con cac héng s6 C, D duogc xac dinh

tir cac diéu kién dau.

Déi v6i thanh mot dau ngam chat, mot dau ty do(hinh 4.6a), cac diéu kién bién c6 dang
u(0,t)=0 - X0)=0 - A'=0

o au(lt)
N(Lt) = EATZ =

0 —» XM=0 — B%c0s?I=0
C C

/ Fj'l__E'A y p.EA , p.E A
# v -1 ' o
y - 1 . — ) ]
T x e X - —— !
| | X
< — e e RN
a) b) )
Hinh 4.6
Véi cac gia thiét B # 0, @ > 0, ta suy ra phuong trinh dic trung
cosZ1=0 (2.9)
c

Tur d6 suy ra céc tan so riéng va cac ham riéng

o, = 2k_1@= Zk_lﬂ E2 ;. k=1,2,...
2 | 2 ol

2k2‘1lﬁj- k=12,. (2.10)

X, (x) =B, sin[

Déi v6i thanh hai ddu bi ngam chit(Hinh 4.6b), cac diéu kién bién c6 dang
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X0)=0 — A'=0; X)=0 — sin%l=0

T d6 ta o cac tan soO ri€éng va cac ham riéng

c | E kX
@, :szkﬁ ?; X (x) =B, S'nl_ (2.11)

Déi v6i thanh hai dau ty do(Hinh 4.6¢), cac diéu kién bién c6 dang

X'(00=0 — B=0; XM0=0 — sinZl=0
C

Tur d6 ta nhan duoc

e E * K 7x
o, =k =k /W; X (%) = Accos—= (2.12)

Nhu thé, tir cac di€u kién bién, chung ta xac dinh dugc céc tan so riéng va cac ham riéng.
Thi du 4: Hay xé4c dinh céc tan so riéng va cadc ham riéng cua thanh mot dau bi ngam chat,
mot dau mang khoi lugng diém m nhu hinh a.

|

cotgh |
: £h
|

A—>x AT | i : >
- - 3—% WONK R N2k N

c)

D,
o
e

Loi giai: Diéu kién bién bén trai
u@©,)=0 —» X(0)=0 — A'=0
Diéu kién bién bén phai

2
gAY _ S0 Eaxey = meX )
OX ot
5 EABZcos?l =mw’Bsin 2|
cC C c
®, Mmac
—>cotg—I =——
c EA
Ta dua vao cac ky hi¢u
C oAl

o1
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\ L4 4 I( E \ \ ~
Vachaydén c®=— tir phwong trinh trén ta suy ra

cotgl=¢l (2.13)
giai phuong trinh (2.13) bang phuong phap sé hodc phwong phap db thi, ta nhan duge mot

tap vo han cac gia tri riéng Ax. Tur d6 suy ra cac tan so riéng va cac ham riéng

o= %=1 | k=12
| pl?

X, (X) =B, sin/IkI5

Néu ta chon € = 1, thi ta c6

4,=0860 — @ =4C=0860|
| A

A,=3425 > @, =2, % ~3425 /%
Yo,

4.2.2 Dao dong doc cwong birc ciia thanh thing dong chit thiét dign khong doi
bé nghién ctru ta lam thi du khao sat dao dong cua thanh mdt dau ngam, mot dau tu do. Tai
dau tu do tac dung mot lyc doc thay d6i tudn hoan theo t 1a F(t)=F,cosQt (Hinh 4.9a)

Phuong trinh vi phan dao dong doc ctia thanh

o%u o°u

F—Czyzo (214)
Céac diéu kién bién

u(0,t)=0; N(l,t)=EAu'(l,t) = F,cosQt (2.15)

Bai toan nay duoc goi 13 bai toan c6 diéu kién bién khong thuan nhat. Nghiém tong quat cia
phuong trinh vi phan khong thuan nhat bao gdm nghiém téng quat ciia phuong trinh vi phan
thuan nhat un(x, t) va mot nghiém riéng ctia phuong trinh vi phan khong thuan nhat up(X, 1)

u(x, t)=un(x, t)+up(X, t) (2.16)
Nghiém tong quat ciia bai todn tuyén tinh thuan nhat c6 dang

u,(x,t) = i(ck cosa,t + D, sinw,t)X, (X) (2.17)
k=1

Trong d6 oy 1a cac tan s riéng, X,(X) 1a cac ham riéng

Ta tim nghiém riéng bai toan tuyén tinh khong thuan nhat duéi dang
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u,(x,t) =U(x)cosQat (2.18)
Yl o
Ug(p) / -
/ pEA Focosat | = f’l
o — .u h
> x I |// —
o= | -‘__- iy U}?/ :'j_'l3/ ]
a) b) { I,
Hinh 4.9 Thé
biéu thirc (2.18) vao phuong trinh (2.14) ta nhan dugc phuong trinh vi phan thuong
dU_ 0?2
dxzp +C—2Up =0 (2.19)

Nghiém tong quat ciia phuong trinh niy c6 dang

U,(x)= Blcosgx+ stingx
c C

Vay ta co u,(x,t) = [Bl cos%x+ B, sin%x}cosm (2.20)
Cac hing sb6 B, va B, dugc xéc dinh tir cac diéu kién bién (2.15)
up(0, t) = 0: B, =0
F
EAu, (1,t) = F, cosQt EABZQCOSQI =F —B, =ﬁ
¢ ¢ EA—cos—I
c C
Vay nghiém riéng (2.20) c6 dang
. Q
F o Sin—-X
u, (x,t) = L—;cosgt (2.21)
EAQ cos—I
c

Nghiém tong quat (2.16) 14 tong cia hai nghiém (2.17) va (2.21). Cac hing s6 Cy va Dy duoc
xac dinh tir cac diéu kién dau.

Trong cac hé k¥ thuat, thuong ton tai thanh phan can. Do d6 véi t du 1on, nghiém cua bai
toan thuan nhat s& dan téi khong. Ta chi can quan tim dén nghiém riéng (2.21).

Trén hinh 4.9b biéu dién db thi bién do dao dong doc cuia diém cudi thanh (x = 1) theo tan sd
Q. Trong d6 ky hi¢u
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sinQI
F.l - . F.l
U,0=rg a0 Uh=2x
p p
EAQlcos—l EA
c c

. _ . U e [
Kh|Q—>0,dosm9|—>9|, cos21 -1 nan —2 —>1v01Up(I)=E—°Aladodantlnhcua

c c C p

thanh. Do phuong trinh déc trung dao dong doc tu do la cosZ1 =0, nén khi Q—ay(tan sd
c

riéng) thi bién d6 dao dong cudng birc tang 1én v cung(do cosgl —0). Vay hién tuong
c

cong huong xay ra khi Q=wmy(k=1, 2, ...). Chu y biéu thirc nghiém riéng (2.21) chi sir dung
duge khi Qzwy. Khi Q—wmy, biéu thitc nghiém riéng c6 dang
u,(x,t) =U (x)tcost (2.22)
Vi¢e tim nghi€ém riéng trong trudng hop nay da dugce xét trong chuong 2.
Bay gio ta chuyén sang xét bai toan dao dong doc cudng birc ciia thanh thang dong chat thiét
dién khong doi, trén thanh chiu tac dung cia lyc doc truc cuong do p(x.t). Khi d6 phuong
trinh vi phan dao dong doc cudng birc khong can cta thanh c6 dang
o%u e o%u _ p(xt)
ot? ox® 1
Ap dung phuong phap khai trién theo cac ham riéng, ta tim nghiém riéng ciia phuong trinh
(2.23) dudi dang

() =24, 0%, (9 (2.24)

(2.23)

Trong do Xj(x) la cac ham riéng, dugc xac dinh tir phuong trinh

X () + (‘%)2 X.(x) =0 (2.25)
Thé biéu thirc nghiém (2.24) vao phuong trinh (2.23) ta c6

> liwx,0-c* (t)x;'(x>]=% pOX,1)
Chu y dén (2.25) phuong trinh trén c6 dang

> L+ i mk, 00 =% px.1) (2.26)

Nhan hai vé ctia phuong trinh (2.26) v6i ham riéng X (x) r6i ly tich phan theo chiéu dai cta
thanh
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> [0+ wia O] (x)xk(x)dx% [ pCx. X, (x)dx

Do tinh chét tryc giao cta cac ham riéng, tir phwong trinh trén ta suy ra hé phuwong trinh vi
phan thuong
|

[ PO DX, (x)lx
A, (t) + wfa, (t) = +— =f @) (k=1,2,.) (2.27)
ujxkz(x)dx

Giai hé phuong trinh dang toa do chinh (2.27) ta xac dinh dugc cac ham qg(t). Sau do thé

vao biéu thirc (2.24) ta tim duoc nghiém riéng ctia phuong trinh (2.23).

4.2.3 Dao dong xodn ciia thanh thing

Trudc hét ta thiét 1ap phuong trinh vi phan dao dong xodn ctia thanh c6 thiét dién bién ddi

(hinh 4.11a). Ta tich ra mdt phan t6 nho(hinh 4.11b). Momen quan tinh 1a

dé = pdx j r’dA= pl ,dx, véi I, la mémen quan tinh thiét dién cuc. Ap dung dinh Iy moémen
A

dong lugng ta co

dop=-M, +(MX + 6(I;/IX dx}+q(x,t)dx
X
o’p OM,
—)plp(X ?— o :q(X,t) (228)

Trong d6 p 1a mat 6 khdi luong, q(x.t) 1a cuong d6 mémen ngoai luc tac dung 1én thanh.

Theo dinh luat Hook d6i vé6i thanh xoén ta ¢ hé thirc

dx

| p. G L. I

: | S -

:";. B M, ] 1

T ' M, + Mgy

dt = pldx ' ox
a) b}
Hinh 4.11
M =Gl, ()2 (2.29)
OX
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Trong d6 G 1a modun cit, Iy 1a mémen quan tinh thiét dién xoan, Gly(x) 13 d6 cting chdng
xodn. Ddi v6i mat cat hinh tron Iy = I,. NGi chung 14 khéc I,
Thé biéu thic (2.29) vao phuong trinh (2.28) ta nhan dugc phuong trinh vi phan dao dong

xoan ctia thanh thang thiét dién bién d6i

o’p 0 op
I, (X)——-—| Gl (X)=— |=q(x,t 2.30
p p( 81:2 GX ‘: d ( ) 8X :| q( ) ( )
Khi thanh c6 thiét dién khong ddi I, valgla cac hang s6. Néu ta dua vao cac ky hiéu
=%l Lo (2.31)
Pl

Thi tir phuong trinh (2.30) ta nhan dugc phuong trinh dao dong xoan cua thanh c6 thiét dién
khong doi

62(2p e 62420 _q(xt) (2.32)

ot OX Y7,
Phuong trinh dao dong xodn cua thanh thang d6 dang giéng nhu phwong trinh dao dong uén
cua day va phuong trinh dao dong doc cua thanh. Céach giai phuong trinh nay da duogc trinh
bay & trén.
4.3. Dao dong udn ciia dim

Khi nghién ctiru dao dong ubn cia dam, ta gia thiét rang mit cit cua dam ddi xtng
qua hai truc. Chéng han mit cit cia dam c6 dang hinh tron, hinh chir nhat, hinh chir I. Khi
mit cat ctia dAm khong ddi xung qua hai truc thi dam sé& thuc hién dao dong udn va xoan
dong thoi. Bai toan d6 ta khong xét ¢ day.

Khi bo qua luc quan tinh quay va bién dang trugt cua truc dam ta c6 dam Euler-
Bernoulli. Néu quan tim dén lyc quén tinh quay va bién dang truot cia truc dam ta c6 dam
Timoshenko.

4.3.1 Thiét ldp phwong trinh vi phin dao déng uon ciia dim

a. Dam Timoshenko

l_:r{x.t}

isinsasna it

F——p |
dx

|
| ! ’
b ke — Huéing dao déng

Hinh 4.13
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Gia str cac mat cat cia dam ludn ludn phang va vudng goc véi truc vong cua dam. Truc hinh
hoc ctia dam khi chua bién dang thi thang. Ta lay duong thang nay lam truc x, con truc z
chon vudng goc véi truc x(hinh 4.13). Bé qua dao dong xoin va dao dong doc truc. Dam chi
thue hién dao dong uén theo phuong z.

Khac véi bai toan tinh, & day do vong w, goc xoay @, mémen udn M va luc cit Q 1a cac ham

cua toa do x va thoi gian t

w(x, t); (X, 1); M(x, t); Qx, 1)
Nhu di biét trong cac tai liéu vé do bén quan hé giita do vong va goc xoay c6 dang
ow(Xx,t
tgp= 25D < i) (3.)

Ta tuong tugng tach mot phan to nhé ctia ddm c6 chiéu dai dx nhu hinh 4.14. Trong d6 goc
xoay ¢ bang tong goc xoay y(do mémen uén M giy nén) va goc trugt 0( do lyc cat Q giy
ra)

ow

Pé thiét 1ap cac phuong trinh vi phan dao dong ubén cia dam, ta ap dung nguyén ly
d’Alembert. Tir diéu kién can bang cac luc theo phuong z ta co
8 w oQ

dx Q+ p(x,t)dx=0 (3.3

Trong d6 dm = p(x)dx, voi u(x) 1a khéi lwong mot don vi dai caa dam.

o) g O
axy ]|/ O
- Al
- oM
M | My e SRR

: .

\J(T{U ____________ :, a3 LL

e o QUG T 7
| Qix, 1) e dx sz !r\\l,/

1 x._._ @Iw(}i,ﬂ
: JE :-"-"-"-._dx.'-" .“d']-' !-A_[I

;7
Hinh 4.14 Hinh 4.15
T
diéu kién can bang moémen cac lyc, ta nhan dugc phuong trinh
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M+68Md X—M — Q——(Q ‘23 jz dJ%t 0 (3.4)
Trong d6 dJ 1a mdomen quén tinh khéi ciia phan té déi véi truc y.
dJ = J.zzdm*
néu dam la thanh ddng chét thi do dm =pdAdx, ta c6 hé thirc
dJ = pdx[ 2°dA = pl (x)dx
A

Trong d6 I(x)= [ z2dA 1a mémen quan tinh mat di véi truc y
g

Tur cac phuong trinh (3.3) va (3.4) ta suy ra

o*w  aQ
Iu(x) atg :&—i_ p(X’t) (35)
o’y oM
[(X)—-=Q-—— 3.6
A7 =Q-— (3.6)
Trong cac giao trinh strc bén vat liéu ta co cac hé thirc sau
M =—E1(x) ¥ (3.7)
OX
" L ow
Q=k GA(X)6 = k GA(X) (6——1//) (3.8)
X

Trong do: G modun truot, k' 1a hé sb phan bd truot.
Thé cac biéu thirc (3.7) va (3.8) vao cac phuong trinh (3.5) va (3.6) ta nhin dugc hé hai
phuong trinh dao ham riéng cp hai d6i véi do vong w(x.t) va goc xoay w(x,t) mo ta dao

dong uon cia dam Timoshenko.

ﬂ(X) =k'G_ 8 {A(X)(G—W—Wj}r p(xt) (3.9)
o’y . oW 0 oy

Dé giai hé hai phuong trinh ndy can biét cic diéu kién bién va cac dicu kién dau.
b. Dam Timoshenko dong chdt thiét dién khong doi

Do A(x) va I(x) 1a cac hang sd, tir hé hai phuong trinh dao dong ctia dam Timoshenko & trén
ta suy ra cac phuong trinh don gian.

.. 0 (ow o°w
ow % oy
-Gk~ =El — - ol 3.12
x ”’j x P e (3.12)
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Pao ham phuong trinh (3.12) theo x rdi cong vao phuong trinh (3.11) ta duoc

o*w o’w I o’y

0= ~ p(x,t)+El 5 — 3.13

Mat khac tr phuong trinh (3.11) ta suy ra
oy _ 82W_ y7, 62W+ 1
x ox* Gk'Aat? Gk'A
Dao ham riéng phuong trinh trén theo x, roi theo t hai 1an ta duoc
Py _o'w oy o'w N 1 0°p(xt)
ox®  ox' Gk'Aat’ox* Gk'A  ox’
3 4 4 2
8z,u2 _ 82w2_ ,u 0 \L:v+ 1* 0 p(;(,t) (3.14)
oxot®  ox‘ot® Gk Aat® Gk A ot
Thé cac biéu thirc trén vao phuong trinh (3.13) v6i cha ¥ u = pA, ta ¢6 phuong trinh dao

p(x1)

ham riéng cip 4, mé ta dao dong udn cua dam Timoshenko ddng chat thiét dién khong doi.

4 4 2 21 A4
g oW I[l E)aw o’w  p°l o'w

+— + +
% kG axzatr Mo KG ot
El azp(x,t)+ pl 0%p(x,t)
k'GA ox? k'GA at°

(3.15)

= p(X,t) -
¢. Dam Euler-Bernoulli
Déi v6i dam Euler-Bernoulli, do bo qua luc quan tinh quay(pl(x)=0) va bién dang truot cia
truc dam (0=0), tir cac cong thic (3.2), (3.7), (3.6) ta suy ra.

ow op oM
=Ty, M =—EI(x) 22, ~==-0 1
o=" =V )~ Q-—, 1)
Tur d6 ta co
oQ 0? o*w
= o2 EI(x 2
2 flawly @
Thé (2) vao phuong trinh (3.5) ta duoc phwong trinh dao dong udn cua dam Euler-Bernoulli
o’w  0° o*w
X +— El(x = p(x,t 3.16
u()atz axz{ ()axz} p(x,t) (3.16)
Dbi voi dam Euler-Bernoulli ddng chat, thiét dién khong doi tir (3.16) ta suy ra
o'w  o'w
El + = p(x,t 3.17
¢ TH oz =P 3.17)

4.3.2. Dao dpng uén tw do ciia dim Euler-Bernoulli dong chit thiét di¢n khong doi
Trudce hét ta xét dao dong udn tir do cua dam dong chit thiét dién khong dbi theo md hinh

Euler-Bernoulli. Ttr phuong trinh vi phan (3.17) ta c6 phuong trinh dao déng udn tu do.
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o*'w  u o*w
+ — =
ox*  El at?
Ap dung phuong phép Bernoulli, ta tim nghiém cta phuong trinh (3.19) dudi dang
w(x,t) = X (X)T (t) (3.19)
Thé biéu thirc (3.19) vao phuong trinh (3.18) ta duoc

(3.18)

TE)X ™ (x) +%T'(t)x (x) =0

Tu d6 suy ra
T B X"(x)
TM o« X(x)
Do vé phai ctia phuong trinh (3.20) 14 ham chi phu thudc vao x, con vé trai 1a ham chi phu

(3.20)

thudc vao t, cho nén ca hai vé béng mot héng s6. Do c6 chu dinh trude, ta goi héng s6 do la
w?. Tir d6 suy ra
TM)+@?T(t)=0 (3.21)

X('V)(x)—’uE—a:ZX(x) =0 (3.22)

Nghiém cua (3.21) c6 dang

T(t) = Acosat + Bsinat (3.23)
Trong pham vi bai toan xac dinh cac tan s6 dao dong riéng, ta phai tim nghiém phuong trinh
(3.22) . Bé biéu dién nghiém mot cach gon gang, ta dwa vao dai lugng khong thi nguyén A

2
Jh=HO (3.24)
El

Khi d6 phuong trinh (3.22) c6 dang

X('V)(x)—(lij4X(x) 0 (3.25)
Ta tim nghiém ctia phuong trinh (3.25) dudi dang

X(x)=C, cos(/l ij +C, sin(/l ij +C, cosh(/l ij +C, sinh(ﬂ ij (3.26)

& day ta nhac lai mot it vé dinh nghia va céc tinh chat so cap clia cac ham hyperbol

X —X X —X

) e¥—e e¥+e
sinhx = coshx =

et —e™* e¥+e™
tghx= o cotghx= o

Sinh0=0; cosh0=1; tghO=0; cotgh0= +ow
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(sinhx) = coshx (coshx)" =sinh x
Céc hang s6 Cy, Cy, Cs, C4 trong biéu thirc (3.26) dugc xac dinh tir cac diéu kién bién.

O dau dam c6 goi tua ban 1€, @6 vong va mémen uon déu bang khéng, do d6 ta cd

2
X =0, X _o (3.27a)
dx
O dau dam bi ngam chit, do vong va goc xoay déu bang khong, ta co
X =0, X _y (3.27h)
dx
O dau dam ty do, mémen udn va luc cit déu bang khong, do do
d?X d®X
=0, = 3.27c
dx? dx® ( )

O hai ddu dam, bao gid ciing c6 bdn diéu kién bién. Tl cac diéu kién bién, ta c6 thé xac dinh
dugc cac hing sd trong hé thirc (3.26). Trong qua trinh d6, chung ta s& nhin duoc phuong
trinh dic trung. Giai phuong trinh dic trung ta nhan duoc cac tin sd riéng ;. Ung véi moi
tan so riéng o; ta ¢ mot tri riéng A, va theo (3.26) ta c6 mot ham riéng Xj(x). Ta s& xét tinh
chét tryc giao cua cac ham riéng nay. Gia st Xj(X), Xi(x) 1a hai ham riéng twong g véi w;
k. Tt phuong tinh (3.25) ta suy ra
4 4
(5

dx*

d*X. () (4
— T T X (X
dx* | ()
Nhan phuong trinh thtr nhat véi X,(x), phuong trinh thir hai véi X;(x), trtr di nhau rdi lay
tich phan theo x, ta duoc

/1“ A x

— [ X;(0X, (x)dx+j X (x) — X () dx =0
0

Bang cach tich phan tirng phan, ta c6

4 24
J

! d3X d’X, dx d*X; dx. d2X
X (X)X, (X)dx=| X. ——K X ! k
! (X, () ( P dx3 T d¢ dx de

Chu ¥ dén cac diéu kién bién (3.27a), (3.27b), (3.27¢) ta c6 vé phai cua phuong trinh trén

ludn bang khong. Vay ta c6 diéu kién truc giao
|
J.Xj(x)Xk(x)dx:O Khi j=k
0

Nghiém tong quat ctia phuong trinh (3.18) ¢6 dang
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w(x,t) =" X, (X)(A coso,t+ B, sina,t) (3.28)
k=1
Cac hﬁng sb6 Ay, By dugc xéc dinh tir cac diéu kién dau. pA,El

Vidu 1: Ta xét dao dong udn tu do cua dAm hai dau |
tua ban 1& nhu hinh vé

Céc diéu kién trong bai toan nay 1a d6 vdng w(x,t) X &
« A £ At a a1 A . —>
va mémen udn M(x,t) triét ti€u ¢ hai bién x= 0 va I |
x=1 ) |
w(0,t) =0 M (0,t) = —EIW"(0,t) = 0 2y
w(l,t)=0 M(l,t) =—EIw'(l,t) =0

Véi cac diéu kién nay, tir biéu thirc nghiém (3.26) ta suy ra 4 phuong trinh dé xac dinh céc
héng s6 Cy, Cy, Cs, Cy.

X(0)=0: C,+C,;=0

X(1)=0: C,cosi+C,sini+C,coshi+C,sinhA=0

X"(0)=0: -C,+C,=0

X"()=0: -C,cosA-C,sini+C,coshi+C,sinhA=0
T cac phuong trinh trén va do sinhA#0 nén C; = C3 = C,= 0. Mt khac dé cho C, # 0, ta co

phuong trinh ddc trung

sinA=0
giai ra ta dugc

A =kr > o, =(k|—”)2 L k12, (3.29)

y7i

Céc ham riéng (3.26) bay gio c6 dang

X, (x)=C{sin, TX =Cc{ sinkT7ZX (3.30)
Khik=1,2tacd

2
a)l=(£j E, X, (x)=CPsin ™
I 7, |
2
®, = (ZTE] = X,(x)=C{ Si“ZTﬂX
y7i

Biéu thuc nghiém tong quat (3.28) trong thi du nay c6 dang

w(x,t) = isinkl—ﬂx(Ak cosw,t + B, sinw,t) (3.31)

k=1
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Trong d6 ta lay C{ =1. T cac diéu kién dau

oW(x,0)
ot

W(x,0) = W, (X); =V,(X)

Ta c6 céc biéu thirc dé xac dinh A, va By

o0

> A sinkTﬂxzwo(x)

k=1
> B.o, sin< _ v, (X)
P} |

Chu ¥ dén tinh chit truc giao cua cic ham riéng (3.26), tir cac biéu thic trén ta suy ra

2 | kax
A, =T'([w0(x)sdex

|
B, =ijv0(x)sink—”xdx
ol 3 I

Vi du 2: Xac dinh céc tan so riéng va cac ham riéng ctia dam mot dau ngam chat, mét dau tu

do. Cac di€u kién bién c6 dang

w(0,t)=0; M(,t)=—Ew'(l,t)=0 PA El
w'(0,t)=0; Q(.,t)=-Ew'(l,t)=0 »

Véi cac diéu kién bién trén tir biéu thirc nghiém (3.26) 1T

Ta suy ra hé bon phuong trinh tuyén tinh thuan nhét I
X(@0)=0: Ci+C3=0 Zv
X'(0)=0: C,+C,=0
X"()=0: —-C,cosAi-C,sinA+C,coshAi+C,sinhA=0

X"(1)=0: C;sinA-C,cosA+C;sinhA+C,coshAi=0
Tt hai phuong trinh d4u cua hé bdn phuong trinh trén ta suy ra C; = -C3; C, = -C4
Sau d6 thé vao hai phuong trinh sau ta dugc

C,(cosA+coshA)+C,(sinA+sinh 1) =0

C,(sinA—sinh 1) —C,(cosA +cosh1) =0 (3.32)
Diéu kién can dé cho C; , C, khong ddng nhat triét tiéu 1a dinh thic cic hé sé phai bang
khong

_|cosA+coshAd  sinA+sinh A

“lsinA—sinhA —(cosA+coshi)|

Tur d6 ta nhan dugc phuong trinh ddc trung
cosAcoshA+1=0 (3.33)
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Giai phuong trinh (3.33) bang phuong phap s6 hoic phuong phap do thi ta nhan duoc tap vo
han nghiém A = Ai(i=1,2,...). Khi biét duoc cac gia tri riéng A; , tir cong thirc (3.23) ta xéc
dinh duoc céc tan sb riéng.
2
o =2 |EL (3.34)
1%\ u

Ung v6i moi tri riéng A, theo (3.26) ta ¢6 mot ham riéng

X, (x)=Ccl cos? +Csin % +Ccl cosh? +C{sinh % (3.35)

Tt h¢ phuong trinh (3.32) ta suy ra

co = _cc.)s/li +c.osh/1i co
sin4; +sinh 4,

cosA, +cosh/, c

sinA, +sinh 4,

Do d6 ch=—cP =

Mt khac nhu trén da chira C{? =-C"
Thé C{?;C9;C® xac dinh theo C vao biéu thuc (3.35) ta duoc dang cu thé ctia ham riéng
Xi(x)

A;X COSA +coshA, A X

X, (x)=Ccl cosﬂ—cosh—+ - - —sinﬂJrsinh—
I I sinA +sinh 4, I I

Giai bang s6 phuong trinh dic trung (3.33) ta duoc

A =1875—> @, = 3516 /%
7,

A, = 4,694 o, = 22,034 /% (3.36)

Biéu thic nghiém tong quat (3.28) trong trudng hop nay co dang

w(x,t) = i X, (X)(A cosmt + B, sinmit) (3.37)

Céc hang so Aj, B dugc tim tir cac di€u kién dau

wix0) = w9, Py 0

Nhu thé, ta c6
> X 008 =w,(4), 30X, (08, V(9

Nhan hai vé ctia cac phuong trinh trén voi ham riéng Xi(x) 1i ly tich phan theo x tir 0 dén

1. Cha y dén tinh chét truc giao ctia cac ham riéng, ta duoc
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IIWO(X)Xk (x)dx

[V, ()dx
A, = =0

By

j.sz(x)dx wijf(x)dx

Thi du 3: Cho dam ddng chat, thiét dién khong d6i, ddu bén trai ngam chit, dau bén phai ty
do mang khéi lugng m. Cho biét &=m/ 4 =3/4. Hiy xac dinh cac tan sb riéng co ban va

cac tan so riéng bac 1.

OA, El m

. O w(l,t)

S Q(Lt)I Q=
| z

|

<

Zy
Lo giai: Cling giéng nhu truong hop dam bj ngam chdt mat dau, mot dau tu do & trén, ta cd
ba diéu kién bién
w(0,t) =0, w'(0,t) =0, M(I,t) =-Elw"(l,t) =0
Pé tim diéu kién bién thu tu, ta tudong tach khdi lugng m khoi dam. Tir dinh luat Newton II
d6i v6i khéi luong m ta co
mw(l,t) =-Q(l,t) — Elw"(l,t) —mvi(l,t) =0
Véi cac diéu kién bién trén, tir biéu thirc nghiém (3.19), (3.23), (3.26) ta c6
C,+C,=0
C,+C, =0
—C,cosA-C,sinA+C,coshA+C,sinhA=0
C,sinA-C,cosA+C,sinhA+C,coshA+&A(C,cosA+C,sinA+C,coshi+C,sinhA)=0
Tt hai phuong trinh dau ta suy ra C; = -C3, C, = -Cy. Thé vao hai phuong trinh sau ta dugc
—C,(cosA+coshA)—-C,(sinA+sinh 1) =0
C,(sinA+e&AcosA—sinh A —egAcoshA)—C,(cosA —eAsinA+coshA+ edsinh A) =0

Tu diéu kién can dé cho Cy, C, khong déng nhét triét tiéu, ta nhan duoc phuong trinh dac

trung.
1+coshAcosA + eA(sinh AcosA —coshAsinA) =0 (3.38)
Khi & = 3/4, giai phuong trinh trén bang phuong phép s ta co
A, =1320 > w, =1742 %
7
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A, =4,060 > , =16,48 % (3.39)
7
4.3.3 Dao dong uon cwing birc ciia dam Euler-Bernoulli dong chét thiét dién khong doi
Poan nay ta xét bai toan dao dong udn cudng birc dim dong chat thiét dién khong doi theo
md hinh Euler-Bernoulli, chiu tic dung cua ngoai luc theo phuong vudng goc vadi truc ctua
dam. Phuong trinh vi phan dao dong udn cudng birc ctia ddm Euler-Bernoulli ¢6 dang
o'w  o*w
+ = p(x,t 3.40
o o =P (3.40)

a. Bién déi phwong trinh dao ham riéng (3.40) vé hé phwong trinh vi phén thuwong

El

Ap dung phuong phap Bernoulli, tim nghiém phuong trinh (3.40) duéi dang
w(x,t) =2 X;(x)q; (1) (3.41)
i=1

Trong d6 X;(x) la cAc ham riéng
Thé biéu thirc (3.41) vao (3.40) ta dugc

> [EX ™ (0, (+ 1,006 0] = p(xD)

Tu d6 suy ra
=0 El X" (x
Y g+ S X
= poXi(x)
Chu y dén céac biéu thic (3.22) ta co
(V)
El Xi (x) - w?
Ho Xi(X)

Thé (3.42) vao phuong trinh trén ta dugc
[ X, t
Z[Qi (t) + a)iZQi (t)]xi (x) = p(’u )
i=1

Nhén ca hai vé cia phuong trinh ndy véi ham riéng Xi(x) rdi ly tich phan doc theo chiéu

p(x,t)

Q; (t):|xi (X) =

(3.42)

dai cua thanh
0 | 1 |
> loi® + @fa 0] X, 09X, (== [ p(x X, ()X
i=1 0 0

Do diéu kién truc giao ctia cac ham riéng ta suy ra

II p(x, ) X, (x)dx
G, () + U‘)kZQk (t)=2 | =h,(t) (3.43)
u]X{ (x)dx
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Nhu thé ta dua viéc giai phuong trinh dao ham riéng (3.40) vé viéc giai phuong trinh vi phan

thuong (3.43).
b. Luc kich déng tdp trung diéu hoa

Xét dao dong udn cua dam chiju luc kich dong tap trung diéu hoa F, cosQt nhu hinh vé.

Theo cong thure (3.30) ham riéng X (x) c6 dang
X, (x) =sin kT”X

Trude hét ta tinh tich phan

| |
IXE(X)dx=Isin2kTﬂX x=— {l(k—ﬂx)—lsin
0 0

“kr|2

F=FocosQt

F(t)=FocosQt

VA p,A,l=const WA7 /[; .........

N A

a4 ? "

Wmax ﬁf

b)

Pé tich phan I p(x,t) X, (x)dx trong truong hgp nay ta st dung khai niém ham Delta-Dirac.
0

Theo dinh nghia ham Delta-Dirac dugc xac dinh boi hé thirc

o(x—a)=0 khix=ava jé(x—a)dx:l

Ham nay c6 tinh chat

Tf (x)o(x—a)dx = f(a)

Ap dung vao bai toan cua ta. Tl biéu thirc
p(x,t) = F, cosQto(x —a)

Tasuyra

(3.44)

(3.45)

| |
J. F,cosQto(x—a) X, (x)dx=F, cothJ' X, (X)o(x—a)dx
0 0

|
=F cothJ'sinkTﬂxé(x —a)dx=F, cothsinkl—7za
0

Phuong trinh (3.43) bay gio c6 dang
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F, cos.Qtsink—ﬂa 2F, sink—ﬂa
G, 1) +w2q, (t) = L _ |_cosot (3.46)
u 7
2
Nghiém durng cua phuong trinh (3.46) theo chuong 2 c6 dang
2F, sink7|za
t)=—————cosQt 3.47
Nghiém tong quat cta phuong trinh (3.40) trong trudng hop nay c6 dang
.- 2F, slnk—”a ko
w(x,t) = Zx (x)q, (t) :Z ' o) sin T oSOt
=1 k=1
sink—ﬂa
w(x,t) = 0SS T | g ko (3.48)

IUI k=1 a)k2 - QZ |
Cong thirc (3.48) 14 biéu thirc tinh d6 vong & vi tri x bat ky clia dam tai thoi diém t.
Khia=1/2, taco

. kz
L Sin—
w(x,t) = 2F, coscx > — ’ ~sin K (3.49)
IUI k=1 Wy -Q |
Chu y rang
] k27z2
), = |2 =
Néu ta dwa vao ky hi¢u
— k2 g - Q_IZ /ﬁ
o, =° El
Thi cong thic nghiém (3.48) c6 dang
sin kra
2F 1PcosQut &7 | . kax
w(x,t) = —2 sin
1) 7 *El ; k*—n° |
g

Dé minh hoa ta lay a = 1/2 va 7 = Q 5 =0,7. Khi d6 ta co thé tinh d6 vong & gitta dam
7T

mot cach twong dbi don gian(Hinh b).

sinz(k”j
2

7*El ~ k*-0,49

I 2F.1° cosQt &
W(E,t) = 0 Z
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Chu y rang
Z 41 :1+ ! + L + L +..~1975
= k" —0,49 051 8051 62451 129551

Do do

I FI°
w(—,t) = cosQt
2 24,65El
Bién do dao dong ¢ gitta dam 1a
FI°
Wmax =
24,65El

Néu dam chiu tac dung cua luc F(t)=Fy=const ¢ giita dam, theo strc bén vat liéu do vong tinh
& gitta dam 1a
AN
W, =—2
48El
Nhu thé d6 vong dong cuc dai ¢ gitta dam 16n gan gip d6i do vong tinh tai d6. Ngoai ra chii

y rang khi 17 =k? — Q = @, Thi xay ra hién tugng cong hudng.
c. Lwc di dpng c6 tri so khong doi

Xét bai toan dao dong udn cua dam hai dau ban 1€ dudi tac

dung cta lyc Fy = const di chuyén véi toc do v khong d6i v

nhu h1nh, Ve. ‘ ‘ , /7[ uEl=const A
Ta da bi€t cac ham riéng cua dam hai dau chiu lién két ban

,‘\ d Ll
le Z ¥ > rl

xk(x)zs,inkl—’ZX

|
Do d6 J.sz(x)dx:IE
0

Str dung ham Delta-Dirac, tai trong p(x,t) trong bai todn nay c6 dang
p(x,t) = Fyo(x —vt)
Do tinh chit cia ham Delta-Dirac(cong thirc 3.45) ta co

j F sinkTﬂxé(x —vt)dx=F, sin(kTﬂth

0
Phuong trinh (3.43) dbi voi bai toan ndy c6 dang

G, (1) +o7q, (t) =2/u—F|°siant (3.50)
Trong d6 ta dua vao ky hi¢u
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Q, = kT”" (3.51)
Nghiém tong quat ctia phuong trinh (3.50) da duoc tinh toan k¥ trong chuong 2 ¢6 dang
q, (t) = A, cosaw,t + B, sinw,t +Lsmﬂ W (3.52)
H(of - Q)

Céc hang s6 Ay, By dugc xac dinh tir cac diéu kién dau. Gia st cho biét diéu kién dau

W, = W(x0) = Y. X, (,(0) =0

vy (X) = aW(X 0) Zx (x); (0) =0 (3.53)
Do tinh chét truc giao ciia cac ham riéng, tir cac diéu kién dau (3.53) ta suy ra

q,(0) =0, q,(0)=0, k=1,2,.. (3.54)
Véi diéu kién dau (3.54), tir (3.52) ta dé dang xé4c dinh duoc cac hing s6 Ay, By

A =0, B, = 2otk (3.55)

Hao, (o - Q)
Thé (3.55) vao biéu thirc (3.52) ta duoc

q. () =- ZFOZQk soSina,t+ Lzsm(zt (3.56)
oy, (o —Q) u (a)k Q)
Theo cong thirc (3.41) biéu thire tinh d6 vong ctia dam c6 dang
2 2R 1. Q, . - kax
wix,t)=> X, (X)q, (t) =—2 sinQ, t ——%sinw,t |sin— 3.57
() = 2 X, 00 (0 = =0 3 = o sinyt = k} | (357)
Néu ta dua vao ky hiéu
Q
me=—" (3.58)
Wy
2F, 1 2F, 1 2RI 1

Thi = =
ol -QF ol l-n? K'z'El1-n}

Biéu thuc (3.57) bay gid c6 thé viét lai dudi dang nhu sau

3 o
25| > L (siant—ryksina)kt)sink|—7ZX (3.59)

w(x,t) =
0 7'El k:1k4(1_77§)

Hién tuong cong huong xay ra khi Q, = w, . Cha ¥ dén céac biéu thic (3.29) va (3.51) ta dé
dang xac dinh dugc van tde tGi han Vi
kz

Q =0 >V, -1 % (3.60)
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O ving cong hudng, d6 vong ciia dam sé& dat gid tri 16n nhat. Ta xac dinh d6 vong cua dam
khi v = V. Khong giam tinh tong quat ta gia sir Q, = e, . Khi d6 trong tong (3.59) ta chi can

giit lai s6 hang tng v6i k=1. Dé don gian cach viét ta bo chisd 1 & Q; va o, di. Vay ta co

. Q .
EI® SinQt — —sinat
Wy, (X, t) = —2—sin=— lim -
7 El | 90 Q
1-—
w

& day biéu thtc can tinh giéi han c6 dang % . Ap dung qui tic Loopital ta tinh duoc

1 .
3 tcosQt — —sinwt E 3 -
W, (X,t) = —2—sin>= lim @ =—2 sin~—=(sinwt —twcoswt
=g sinT i L9 TR )
a)Z

Thay o=Q = Izvth (biéu thirc 3.51) véao biéu thuc trén ta duoc

3
W, (X,t) = Fol sin| Doy | - P g ood Ping | |gin 2 (3.61)
7*El I I I I
Tim cuc tri ctia ham (3.61) theo t. Mudn vay ta tinh dao ham riéng theo t va cho bang khong
aWth(xit)zo_)t:i
ot Vi,
Tur do ta co
1 FIP .
W, X)=— sin— 3.62
thmax( ) 72_3 EI | ( )
Khi x=1/2, 6 vdng cuc dai ¢ diém giira dam 1a
I, 1 F)°
W —)=— 3.63
thmax (2) 72_3 EI ( )

Tur gido trinh stic bén vat liéu, ngudi ta tinh dugc d§ vong tinh ¢ diém gitra dam khi ¢6 luc
Fo=const tac dung & giita dam 13
AN
W, =—2
48El
Nhu thé d6 vong cuc dai (3.63) 16n gan gip rudi do vong tinh.

. Q .2 A .
Khi v<<vyy, tac 1a 7, = —* <<1, tir biéu thuc (3.59) ta suy ra cong thitc gan ding xac dinh
o.

do vong

piwr= ik%sin(kTﬂstin(kTﬁvtj (3.64)
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Do 1a bicu thuc xac dinh do vong tinh cua dam chiu tac dung cua luc Fy dat ¢ diém cac xa
dau bén trai dim mot doan vt ma ching ta da biét trong gido trinh surc bén vat liéu.
4.3.4 Dao déng uon tw do ciia dam Timoshenko thiét dién khong doi
4.3.5 Dao déng uon tw do ciia dam Euler-Bernoulli ¢é thiét dién thay doi
Dbi v6i dam co thiét dién bién doi viéc tim chinh x4c cac tan s6 dao dong riéng 14 bai toan
kha cong kénh, phirc tap. Vi vay nguoi ta thudng hay sit dung cic phuong phap gan ding dé
xéc dinh chung. Dé tinh céc tan s riéng cua dam Euler-Bernoulli ta c6 cac phuong phap gan
ding sau:

- Phuwong phdp Rayleigh

- Phuwong phap Ritz

72



