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Chuong 1

HAM SO NHIEU BIEN SO

1.1. Dinh nghia ham so6 nhiéu bién so

1.1.1. Khong gian metric

Ki hieu R" 1a tap cac bo c6 thit tu n s6 thuc x = (1, s, ..., 7, ), ma ta
ciing goi la cac diém. Ta goi khoang cach gitta hai diem z = (z1, 72, ..., T,,)
va y = (Y1, 42, ..., yn) ctia R” 1a bicu thiic

d(z,y) = V(w1 — )2 + (w2 — )2 + .+ (@0 —pw)? (L1)
Dé thay, khoang cach trong R™ duge cho bdi (1.1) ¢6 ba tinh chat co
ban sau ctia metric la
(a) d(z,y) > 0,Vr,y € R" d(x,y) =0z =y;
(b) d(z,y) = d(y, z),Vz,y € R™;
(c) d(z,y) < d(z,z)+d(z,y),Vz,y,z € R™

Nhu vay, tap R"™ véi khoang cach duge cho bdi cong thic (1.1) 1a
khong gian metric.

Gida st z* € R" vae > 0. Ta goi ¢ - lan can ctia z* la tap hgp sau cia
RTL

Vo(z*) = {z e R"|d(z,2") < £}.
Ta goi 1an can cua z* la moi tdp ciia R™ chita dugec mot € - lan
0
can nao do6 cia z*. Lan can cta x* duge ki hieu 1a V(2*). Tap V.(z*) =
0

Vo(x*)\{z*} dugc goi la e- 1an can thing ctia z*. Tap V(z*) = V(z*)\{z*}
dugce goi 1a lan can thing cta z*.
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Gia st D C R™. Diém z* € D dudc goi la diém trong ctia D néu ton
tai mot € - lan can ctia 2* nam hoan toan trong D . Tap D dudc goi la
md néu moi diém ctia D déu la diém trong ctia né.

Diém y* € R™ dudc goi la diém bién ctia D néu moi e- lan can cia z*
déu vita chita diém thuoc D, vita chia diem khong thuoc D. Diém bién
ctia D c6 thé thuoc D, cling c6 thé khong thude D. Tap cac diém bien
cua D dugc goi la bién ctia né va dugce ki hiéu la 9D.

Tap D dudc goi la déng néu né chita tat ca cac diém bién ciia né.

Vi du - lan can V.(z*) clia 2* 1a tap md. Ta goi V.(z*) 1a qué cau
mdé tam z*, ban kinh . Bién ciia qua cau ay la tap cac diém = € R” sao
cho d(z,xz*) = €. Tap {z € R"|d(z,z*) < ¢} la mot tap dong va duge goi
1a qua cau déng tam x*, ban kinh «.

Tap D dudgc goi 1a bi chan néu ton tai mot qua cau chita no.

Tap D dugce goi la lien thong néu c6 thé noéi hai diem bat ki cia D
bang mot dudng lién tuc nam hoan toan trong D. Tap D lién thong duge
goi 14 don lien néu bién clia n6 gom mot mit kin, duge goi 1a da lien néu
bién ciia n6 gom nhiéu mat kin roi nhau timg doi mot.

1.1.2. Pinh nghia ham nhiéu bién

* Dinh nghia 1.1. Gid st D C R”. Anh xa

f D — R

(x1, T, ...ky) +— u= f(x1,22,....,T,)

dugc goi 1a ham s6 n bién s6. Tap D dudc goi 1a tap xac dinh, z1, 2, ..., 7,
duge goi la cac bién doc lap, u duge goi 1a bién phu thudc ctia ham f(z,y).

Ham hai bién thuong duge ki hieu 1a z = f(z,y), con ham ba bién
thuong duge ki hieu 1a u = f(z,v, 2).

Vé sau ngoai céac chit cai nhu z, ¥, 2, ... ta con ki hiéu cac diém ctia R”
bang cic chit cai in hoa nhu M, N, P, .... Cing giéng nhu v6i ham mot
bién s6, v6i ham nhiéu bién s6 ta c6 quy uwdc sau: Néu ham nhiéu bién
s6 dugc cho bang bicu thiic giai tich u = f(zy, 79, ..., z,) va khong néi gi
thém vé tap xac dinh ctia ham s6 d6 thi ta quy ude tap xac dinh ctia né
Ia tap tat ci cac diem M € R, sao cho f(M) c6 nghia.

oVi du 1.1. Tap xéc dinh ctia ham z = /4 — 22 — 2 la tap cac diém
(z,y) € R? thod man

4—a? -y >0t +9y? <4

D6 la hinh tron tam O(0,0), ban kinh bang 2.
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Sau day, cac khai niém vé sit lién tuc ctia ham nhiéu bién trong muc
1.1.3, dao ham riéng va vi phan trong muc 1.2, cyc tri ctia ham nhieu
bién trong muc 1.3 dugc trinh bay cho ham hai bién. Cac két qua nhan
dugc c6 thé dude mé rong cho ham sb6 nhiéu hon hai bién s6.

1.1.3. Su lién tuc ctia ham nhiéu bién

» Dinh nghia 1.2. Gia st ham f(z,y) xac dinh trong tap D C R?, diém
My(z0,y0) € D. Ta n6i ham f lien tuc tai My néu véi moi € > 0 ton tai
§ > 0 sao cho v6i moi diém M (x,y) théa man cac diéu kien M € D,
d(M, My) < 6, ta déu c6

[f (2, y) = S0, y0)| < e

Theo dinh nghia trén, néu M, la diém co lap ctia D, tic la trong mot
lan can nao dé ctia M, chi c6 mot diém duy nhat ctia D (chinh 1a diém
M), thi ham f lién tuc tai M. Néu M, la diém giéi han ctia D, tic la
trong moi lan can thing ciia M, déu c6 it nhat mot diém ctia D, thi ham
f lién tuc tai My khi va chi khi

lim f(M) = f(Mo).

M— M
MeD

Ham f lién tuc tai moi diém ctia D duge goi la lién tuc trén D.

Ham f dugc goi 1a lien tuc déu trén D néu v6i moi e > 0 ton tai d > 0
sao cho véi moi cap diém M, N € D théa man diéu kien d(M, N) < 6,
ta déu co

[f(M) = f(N)| <e.

Ham f lién tuc trén tap dong, bi chdn D (tap compact) c¢6 céc tinh
chat tuong ty nhu ham mot bién, d6 14 f bi chin trén D, f dat dugce gia
tri 16n nhat va nhé nhat trén D, f lién tuc déu trén D.

Nhan xét 1.1. Céc tinh chat co ban ctia sy lién tuc clia tong, hiéu, tich,
thuong clia cac ham mot bién lién tuc van con ding véi ham hai bién.

oVi du 1.2. Khio sat su lién tuc ctia ham s
5L b (2, ) £ (0,0)

fzy) =q a2+ 2
0 khi (z,y) = (0,0),

trong d6 o > 1.
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Loi giai. Ham f lién tuc tai moi (z,y) # (0,0) vi khi d6 ham f 1a ti
s ctia hai ham lién tuc ma méau sb6 khéc 0. Dé xét tinh lién tuc ctia ham
f tai (0,0), ta tinh giéi han ctia ham s6 ay tai (0,0). Theo bat dang thiic
Cauchy

gl < [=55]",

do do, véi (z,y) # (0,0), ta cd

)a—l

2,27 24,2
OSf(x,y)S[z —;—y} xziy2:(x +§a

Via—1>0nén

@A g

lim e

(2,4)—(0,0)

Theo dinh 1 kep vé gidi han clia ham s6, ta suy ra

lim O)f(w,y) = 0= f(0,0),

(z,y)—(0,

titc 1a ham f lien tuc tai (0,0). Vay ham f lien tuc tai moi (z,y) € R2

1.2. Dao ham riéng va vi phan

1.2.1. Dinh nghia dao ham riéng

* DPinh nghia 1.3. Gié sit ham z = f(z,y) xac dinh trong lan can ctia
diém Mo (zo, o). V6i Az 6 gia tri tuyet doi di nho, dat

Arf = f(xzo+ Az, y0) — f(0, Yo).

Dai lugng A, f dudc goi 1a s6 gia rieng ctia ham f theo bién x tai M.
Dao ham riéng ctia ham f theo bién x tai M la

0 . Ag
oz (Mo) = Jlim, %

néu giéi han & vé phai clia dang thitc trén ton tai. Dao ham riéng ay ciing
duge ki hieu bang mot trong cac ki hieu sau

fe(Mp), E(My), z,(My).

Dao ham riéng ctia ham f theo bién y tai My duge dinh nghia tuong
tu.
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T dinh nghia 1.3, ta suy ra quy tac thiyc hanh tinh cdc dao ham
rieng ctia ham hai bién nhu sau.

Quy tic thuc hanh. Néu tinh dao ham riéng theo bién nao do thi
ta coi bién con lai 14 hing sb.

eVidu 1.3. Véi z = arctan ¢, ta c6

I = 1 vy — 1 ¥y = __ ¥
e = 1+(y/x)2(a?)33 - 1+(y/x)2( 352) T 224y

1.2.2. Vi phan toan phan

* DPinh nghia 1.4. Gi4 sit ham z = f(x,y) xac dinh trong lan can ctia
diém My(zo, o). V6i Az, Ay co gia tri tuyst déi di nho, dit

Af = f(xo+ Az, yo + Ay) — f(x0, y0)-

Dai lugng Af duge goi la s6 gia toan phan ctia ham f tai My(zo, yo)-
Néu Af c6 dang
Af =aAz + bAy + o(p), (1.2)

trong d6 a,b 1a cidc s6 thyc khong phu thudc vao Az va Ay, p =
VATZ + A2, o(p) 1a vo ciing bé bac cao hon p khi p dan dén 0, thi
ham f dudc goi 1a kha vi tai M, va biéu thic

df = aAx + bAy (1.3)
duge goi 1a vi phan toan phan ctia ham f tai M.

O Dinh 1i 1.1. Néu ham f(z,y) kha vi tai Mo(zo,yo) thi f c6 cac dao
ham riéng tai My va vi phan toan phan ctia ham f tai M, la

df = fr(Mo)Ax + f,(Mo)Ay. (1.4)
Chitng minh. Ap dung biéu dién (1.2) véi Ay = 0, dé ¥ ring khi
do Af =A.f, p=VAzx? = |Az|, ta dusc
A, f = alx + o(|Az)).

V6i Ax # 0, chia hai vé clia ding thiic trén cho Az, ta dugce

Aol _ o 4 olBa)

Ax Ax
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Vé phai ctia déing thic cudi cling dan t6i a khi Az — 0 vi %ﬂf” =
jzio("fj‘) — 0 khi Az — 0. Suy ra, AA’”mf c6 gi6i han bang a khi Az — 0,

titc 1a f ¢6 dao ham riéng theo = tai My va a = f.(M,). Tuong tu, ta co
ham f c6 dao ham riéng theo y tai My va b = f;(Mp). Cudi cing, thay
a= f,(My) va b= f, (M) vao (1.3) ta dugc (1.4). 0.

Dinh Ii ddo cta Dinh Ii 1.1 khong dang, tic la tinh ¢6 cac dao ham
rieng ctia ham sb tai mot diém khong kéo theo tinh kha vi ctia ham s6
tai diém &y. Day la diém khéc biét gitta ham hai bién va ham mot bién.
Dinh 1i duéi day cho ta mot dieu kién du ctia ham kha vi.
¢ Dinh Ii 1.2. Néu ham f(x,y) c6 cadc dao ham riéng trong lan can ctia
My (z0, o) va cdc dao ham riéng ay lién tuc tai My thi ham f kha vi tai
M.

Ta thita nhan Dinh 1f 1.2. Ap dung dinh li nay ta thiy ham f(z,y) = z
c6 cac dao ham rieng f, = 1 va f; = 0 lien tuc trén toan R* nén kha
vi trén toan R?. Theo cong thic (1.4), ta c6 dz = 1.Az + 0.Ay hay
Ax = dz. Tuong tu, ta ¢6 Ay = dy. Do d6, cong thiic (1.4) con c6 dang

df = f,(Mo)dz + f,(Mo)dy. (1.5)
oVi du 1.4. Tim vi phan toan phan ctia ham 2 = /22 + /2.
Ta co
dz = zdx + z,dy,
v6i
R ——
Do do

Phan cudi clia muc nay giéi thieu mot tng dung ctia vi phan toan
phan. Giad stt ham f(x,y) kha vi tai My(zo, yo). Khi d6, s6 gia toan phan
Af c6 dang (1.2). B6 qua vo cuing bé o(p) bac cao hon p ta duge cong
thiic xap xi

Af = alz 4+ bAy = f,(Mo)Ax + f,(Mo)Ay,
hay
f@o+ Az, yo + Ay) = f(xo, y0) + fo(Mo) Az + f,(Mo)Ay. (1.6)

Cong thiic (1.6) cho phép ta tinh gi tri gan ding ctia ham f tai diem
du gan diem M,.
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oVi du 1.5. Tinh gan ding gia tri biéu thic

=1/2.982 + 4.012%.

Lai giai. Dat z(z,y) = Va2 + y? thi a = 2(2.98,4.01). Viét a dudi
dang a = z(3 — 0.02,4 + 0.01), ap dung cong thic (1.6), ta dugc

~ 2(3,4) + 2,(3,4)(—0.02) + 2,(3,4)0.01,
trong dé

2(x,y) = V2 +y? = 2(3,4) =V32+42 =5,

/ _ x / 4 o 3 o 3
Zm<$7y) - \/m = Zz(37 )_ 32+42 - g’

Y 4 4
W) = sy 7 A8 S e T

3 4
Vay, a &5+ 2 (=0.02) + 0.01 = a ~ 4.996.

1.2.3. Pao ham riéng va vi phan cap cao
1.2.3.1. Pao ham riéng cap cao

Gia stt ham f(z,y) c6 cac dao ham rieng f; va f, trén tap mé D C R2.
Cac dao ham riéng nay la cac ham hai bién xdc dinh tréen D. Néu céc
dao ham riéng ctia cac dao ham riéng nay ton tai thi ta goi ching la cac
dao ham riéng cap hai cia ham f. C6 boén dao ham riéng cap hai cla
ham f nhu sau

o« 2 x) dao ham riéng cap hai nay con duge ki hiéu la hay
hay
. a%( ), dao ham riéng cap hai nay con duge ki hieu la hay

o /0 N o a % PN < PRI < 02
° %(8%)’ dao ham riéng cap hai nay con dugce ki hiéu la aTafy hay f,

) ay( y) dao ham riéng cap hai nay con dugde ki hieu la hay
hay flb.

Cac dao ham riéng ctia cdc dao ham riéng cap hai clia ham f néu ton
tai dugc goi 1a cac dao ham riéng cap ba ctia ham f ... .
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oVi du 1.6. V6i ham z = 2® — 32 + 222, ta c6

2, = 32* = 34 2xy?, 2, = 2x2y,
2, = 61 + 2y, 2l = 43:'y, = dxy, 2z, = 27,

Cac dao ham zj, va z;, dugc goi la cdc dao ham hon hop ctia ham
z. Trong vi du trén ta thay cidc dao ham hdn hop ctia ham 2z bang nhau.
Khong phai ham s6 nao cling ¢6 tinh chat nay. Dinh 1i sau cho ta mot
diéu kien du dé cac dao ham hdn hop bing nhau.

O Dinh 1i 1.3. (Dinh ly Schwartz). Néu ham f(x,y) c6 cic dao ham
hon hgp trong lan cin cia My(zo,yo) va cic dao ham hén hop ay lién
tuc tai My thi cdc dao ham hon hgp ay bing nhau tai M.

Ta thita nhan khong chiing minh Dinh 11 1.3.

1.2.3.2. Vi phan cap cao

Ta goi vi phan toan phan df = f.dx + f,dy ctia ham f(z,y) tai mot
diém 1a vi phan cdp mot clia no tai diem ay. Gia st ta da dinh nghia vi
phan cap n > 1 clia ham f tai mot diém. Néu vi phan cap n ctia ham f
xac dinh trén mién D va kha vi tai diém M, nao dé thi vi phan cta vi
phan cap n ay tai My duge goi 1a vi phan cap (n+ 1) ciia ham f tai M.
Vi phan cap n nguyen duong ciia ham f tai My duge ki hieu 1a d" f (My).

Gia st f 13 ham s6 ctia hai bién doc lap x va y, c6 cac dao ham riéng
cap hai trong lan can cta My(xg, o), va cdc dao ham riéng cap hai ay
lién tuc tai My (do do, fr, (My) = f,.(My) theo Dinh Ii Schwartz). Khi
do, f; va f, kha vi tai My theo Dinh 1f 1.2. Vi z va y la cac bién doc lap
nén dr = Ax va dy = Ay la cac hing s6, do do, df = fldx + fydy kha vi
tai My va vi phan cia df tai My théa man

d(df)(Mo) =
=d(f',dx + f',dy) (M)
= d(f',dx)(Mo) + d(f',dy)(Mo)
= d(f',)(Mo)dz +d(f’,)(Mo)dy
= (f"se(Mo)dz + [",,(Mo)dy)dzx + (f",,(Mo)dx + ", (Mo)dy)dy
= [ pu(Mo)da® + f",, (Mo)dxdy + f", (Mo)dxdy—i— f” o, (Mo)dy?.

Trong diy dang thiic trén, thay bicu thic dau tien bang d*f(M,)
theo dinh nghia, va thay f’ (Mo) = f2,(My) trong biéu thitc cudi cling
ta dugc cong thic cua vi phan cap hai ctia ham f 1

d? f(Mo) = fi,(Mo)da?® + 27, (Mo)dady + f},(Mo)dy®. (1.7)
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Ta thudng dung ki hieu tugng trung dé biéu dién cong thic trén nhu
sau

& f(Mo) = (dx + 5.dy)* f(Mo),

trong d6 (Z)? chi phép lay dao ham rieng hai lan theo z, (a%)2 chi phép
lay dao ham riéng hai lan theo v, ag—gy chi phép 1ay dao ham riéng mot
lan theo y, mot lan theo x. Tuong ti, néu f 1a ham s6 ctia hai bién doc
lap x va y, c6 cdc dao ham rieng cap n trong lan can ctia My(xg, yo), va
cac dao ham riéng cap n lien tuc tai M, thi kha vi dén cap n tai M.
Trong truong hop nay, ta cling ¢6 cong thic liy thira tugng trung sau

d" f(Mo) = (grda + £.dy)" f(Mo).
oVi du 1.7. Vé6i ham z = 23 — 3z + 2%y?, theo cong thiic (1.7), ta c6
d*z = 2, dx’® + 2z] dedy + =z, dy’.
Do do,
d?z = (6 + 2y*)da® + Sxydady + 22°dy*.

Noi riéng, ta co
d*2(1,0) = 6dz* + 2dy*.

1.2.4. Coéng thitc Taylor déi v6i ham nhiéu bién

Phan nay sé phat biéu dinh 1i vé cong thitc Taylor cho ham s6 hai
bién s6 va khong chiing minh dinh 1i nay. Cong thiic Taylor thuong duge
stt dung dé khao sat cuc tri ciia ham s6 n bién s6 véi n > 1.

O Dinh 1i 1.4. Gié sit ham f(z,y) c¢6 cdac dao ham rieng dén cap n+1 lien
tuc trong ¢ - lan can V.(M,) ctia diém Mo (zo,yo) va (2o + dx, yo + dy) €
V.(My). Khi dé, 30 € (0,1) sao cho

Af = f(xo+dr,yo + dy) — f(x0,40) =

= df (My) + L& F(Mo) + ... + Zd" f(Mp)+
+(n41r1)!dn+lf($o + 0dx, yo + Ody).
(1.8)

1.3. Cuc tri ctia ham nhiéu bién

Muc nay sé trinh bay ba loai cuyc tri ctia ham nhiéu bién, d6 1 cic tri
tu do hay cuc tri khong diéu kién, ciyc tri c6 dieu kién, gia tri 16n nhat
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va nhé nhat ciia ham s6 nhiéu bién trén mién déng, bi chian. Nhu da noi
ti trudce, ta sé xét cac khai niem nay doéi véi ham s6 hai bién sb.

1.3.1. Cuc tri tu do ctia ham hai bién

* Dinh nghia 1.5. Ham f(z, y) dudc goi 1a c6 cuc dai tai diém Mo (o, yo)
néu ton tai lan can V(Mo (zo, o)) ctia diém My (zo, yo) sao cho

F(M) < F(Mo), ¥M € V(Mp).

Khi do, diém M, dugc goi la diém cuyc dai ctia ham f, f(M,) dugc
goi la gia tri cuc dai ctia ham f va duge ki hiéu 1a fop(My).

Diém cyc tiéu, gia tri cuc tiéu ctia ham hai bién duge dinh nghia
tuong tu. Gia tri cye tiéu ctia ham f duge ki hieu 1a for(Mp).

Diém cuc dai va diém cyc tiéu ctia ham hai bién duge goi chung 1a
diém cyc tri. Tuong tu nhu vay déi véi gia tri cuc dai va gia tri cuce tieu
ctia ham nhiéu bién.

Ki hiéu

p= Z;(l‘,y), q= Z;(I,y),
A=z, (2,y), B=2z(2,y), C=z,(z,y).

¢ Dinh 1i 1.5. Néu ham f(x,y) c6 cuc tri va c6 cac dao ham riéng tai
d1ém Mo(l’o, yo) thi
p(My) =0, q(My) = 0.

Chitng minh. T gia thiét cta Dinh 1i 1.5, suy ra ham mot bién
g(x) = f(x,y0) co cuc tri tai xo. Ham g c6 dao ham tai zg la ¢'(zo) =
fi(xo,y0). Theo dinh 1i Fermat, ¢'(xo) = f.(zo,40) = 0 hay p(My) = 0.
Hoan toan tuong tu, ta c6 q(My) =0 . 0.

Ta goi cac diém t6i han ctia ham hai bién 1a cac diém ma & d6 céc
dao ham riéng clia né ton tai va triet tieu hodc & d6 co it nhat mot trong
hai dao ham riéng ctia ham s6 ay khong ton tai. Tt Dinh 1i 1.5, suy ra
néu mot diém la diém cyc tri ctia ham hai bién thi n6 1a diém t6i han.
Khang dinh ngugc lai khong dang.

Dinh i dudi day cho phép ta kiém tra mot so diém t6i han ciia ham
hai bién c6 phai la diém cuc tri ctia ham s6 ay hay khong, trong dé cé
ci cac diém ma ¢ d6 cac dao ham rieng ton tai va triet tieu duge goi la
cic diém dung ctia ham so.
¢ Dinh li 1.6. Gid sit ham f(x,y) c¢6 cdc dao ham riéng dén cap hai

lien tuc trong lan can nao do ciia diém My(zg,y0). Gia sit p(My) =
0, q(My) = 0. Khi dé, tai diem M,
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(i) Néu B? — AC < 0 thi My la diém cuc tri ctia ham f. D6 la diém
cuc tieu néu A > 0, la diém cuc dai néu A < 0.

(ii) Néu B2 — AC > 0 thi My khong Ia diém cuc trj ctia ham f.
(iii) Néu B% — AC = 0 thi M, c6 thé la diém cuc tri ctia ham f, ciing
c6 thé khong la diém cuc tri ciia ham f.
Chitng minh. Gia sit h? + k? # 0 va h? + k2 di nhé. Ap dung cong
thite (1.8) va st dung gia thiét p(My) = 0, q(My) = 0, ta duge

Af = f(zo+hyo+k)— f(wo,90) =

1
=3 fo(wo + Oh,yo + Ok)I* + 2f" (w0 + Oh, yo + Ok) hk—+

+ f;/y($o + Hh, Yo + 9/{:)]{52

[f”mc<x0’ yg)h2 + 2f”xy(x07 yO)hk + f”yy(q‘hu yO)kQ] +

+ ; [ah® + 2Bhk + vk*] |

N —

trong dé
a= f"(vo+0h,yo+ 0k) — f",.(z0, o),
B = f" (w0 +0h,yo + 0k) — £, (0, yo),
v = f", (w0 + 0h,yo + 0k) — ", (20, 0).

Do cac dao ham cap hai ctia ham f lién tuc tai My nén a, 8,7 dan

dén 0 khi p = v/h% + k2 dan dén 0. Tu do, ta c6

Af = 1[AR® + 2Bhk + Ck*] + o(p?), (1.9)

1
2

trong do

A= f//;m;<x07 y0)7
B - f//q;y(x07 y0>’
C= f//yy(x()a yO)

Gia stt B2 — AC < 0. Khi d6, A # 0. Gid st A > 0. Xét ham

g(u,v) = 5 [Au2 + 2Buv + C’vz] .

Vi ¢ lién tuc trén duong tron u? + v? = 1 nén dat dugc gia tri nhd
nhat tai (ug,vo) nao do6 trén dudng tron do. Ta co
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g(u,v) > g(uo,v0) = 55 [(Auo)® + 2Aug By + ACwy?
= L [(Aug + Bup)® — (B? — AC)ug?] > 0,Y(u,v) : u2 +v? = 1.

Af = p* {3 [Au? +2Buv + Co?] + 240,

p

h

trong d6 u = —,v =

D |

Theo chitng minh trén

0 2
Af > p? {g(UOaUO) + M} > 1p°g(ug, v9) > 0

02

v6i moi p dit nhoé. Diéu nay ching té M, la diém cyc tiéu ctia ham f.
Chitng minh tuong tu, ta duge néu A < 0 thi M, la diém cuc dai cia
ham f.
P 1
Gid st B> — AC > 0. Néu A # 0 thi 3 [At? + 2Bt + C] 1a tam thiic

bac hai. N6 ddi dau tren R vi B2 — AC' > 0. Gia sit t1,t5 14 hai gia tri
théa man

L[At* + 2Bt + O] <0,
L[Aty® + 2Bty + C| > 0.

Ap dung cong thiic (1.9) v6i h = t,6,k = 6,6 # 0. Khi d6, p> = (t,241)6>
nén o(p?) = o(6?). Tt do, ta co

Af = 1[At*6* + 2Bt,6% + C6%] + 0(67)

:52{ [Atl —I—QBtl—FC} 5)}<0

véi moi 0 ¢6 gia tri tuyét déi di nho. Tuong ty, ap dung cong thite (1.9)
VG b = toh k= A\, A £ 0, ta duge

Af = 2{L[At?+ 2Bt + O] + %52} > 0

v6i moi A c6 gia tri tuyet d6i di nhd. Ta thay, Af doi dau trong moi
lan can ctia M, diéu dé ching t6 M, khong la diém cyc tri ctia ham f.
Néu C # 0 lap luan tuong ti ta ciing ¢6 két luan M, khong la diém cic
tri ciia ham f. Néu A = C = 0 thi B # 0. Dau tien ap dung (1.9) véi
h=k=¢&#0, khi dé p? = €2 + &2 = 2¢2. Do d6, o(p?) = 0(£?), ta duge

Af=BE +o(@) =€ [B+ %]
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suy ra Af cung dau v6i B khi € ¢6 gia tri tuyet déi di nhé. Sau do, ap
dung (1.9) v6i h = (, k= —(, ( # 0, ta dugc

Af=-BC+o(¢?) = [-B+%%)].

Suy ra, Af trai dau v6i B khi ¢ c6 gia tri tuyét doi dia nho. Céc lap luan
tren chimg té6 Af doi dau trong moi lan can ciia My, diéu do chiing toé
My khong 1a diém cuc tri ctia ham f.

Dé két thic chitng minh dinh Ii ta dua ra hai vi du vé diém t6i han ma
tai d6 B2 — AC = 0. Trong mot truong hop diém t6i han 1a diém cuc tri,
trong truong hgp con lai diém t6i han khong la diém cuc tri.

e Dau tien xét ham f(z,y) = 2* +y*. Tac6, p= f. =42°,q = f; =
4y, A= fl, =122, B = fI =0,C = f = 12y°.

vy

Diém t6i han ctia ham f 1a nghiém ctia he

Ta thay, f c6 mot diém téi han (diém dimg) duy nhat 1 O(0,0).
Tai diém dimg d6, A =0,B =0,C =0 = B?> — AC = 0. Dé biét
0(0,0) c6 1a diém cyc tri khong ta 1ay h, k théa man h% + k2 # 0,
h* + k* dt nhd, va xét dau cia Af = f(h, k) — £(0,0). Ta c6

Af = f(hk) = £(0,0) = h* + k* = 0* =0 = * + k* > 0,
Suy ra, O(0,0) la diém cyc tiéu ciia ham f.

e Tiép theo, xét ham g(z,y) = 2> + »>. Tuong ty nhu déi véi ham
f, ham g ciing c6 mot diém dimg duy nhat 1a O(0,0) va tai do
B? — AC = 0. V6i h, k théa man k = 0,h # 0, ta c6

Ag = g(h,0) — g(0,0) = B* + 0* — 0> — 0> = A3

Ta thay, Ag doi dau dit h c6 gia tri tuyét dbéi nhé bao nhiéu ching
nita, tidc 1a Ag doi dau trong moi lan can ctia 0O(0,0). Di¢u dé
chiing t6 O(0,0) khong 14 diém cyc tri ctia ham ¢ O.

Tt cdc Dinh 1i 1.5 va Dinh 1 1.6, ta suy ra thuat toan tim cuyc tri cia
ham 2z = f(z,y) ¢6 cac dao ham riéng dén cap hai lien tuc trén tap xac
dinh ctia ham s6 ay nhu sau

e Budc 1. Tinh cac dao ham riéng cap mot p = 2, q = 2,,.



18

HAM SO NHIEU BIEN SO

e Budc 2. Tim diém ditng cia ham 2z = f(x,y) bing cich gidi he

p=0

phuong trinh { g=0.

Bude 3. Tinh cac dao ham riéng cap hai
A=2' B=2'" C=2"

X Ty - ~yy-

Bude 4. V6i mdi diem ding ctia ham z = f(x,y), kiem tra xem
truong hop nao trong cac truong hop (i), (ii), (iii) cta Dinh 1i 1.6
xdy ra. Néu x4y ra truong hop (i) hodc (ii) thi dua ra két luan
tuong ting. Néu xay ra truong hgp (iii) thi can khéo sat them vé
diém dimng bing cac cong cu khac dé biét diém dimg ay c6 phai
la diém cyc tri khong. Ching han c6 thé dya vao dinh nghia cyc
tri nhu trong chiing minh ctia Dinh 1i 1.6. Ching to6i khong di sau
vao phan tich céc phuong phap khao sat déi véi diem dimg trong
trudng hop nay.

Dé dé& nhé Dinh 1i 1.6 chiing t6i dua ra bang sau

B? — AC A Két luan

>0 | Diém dimg la diém cyc tieu

<0 | Diém dimg la diém cyc dai

>0 Bat ki | Diem ding khong 1a diem cuyc tri
Chua két luan dugc.

Diém dimng c6 thé la diém cuc tri,
c6 thé khong 1a diém cuc tri

<0

=0 Bat ki

oVi du 1.8. Tim cyc tri clia ham s6 z = 32* + 82% — 622 — 242 + 239>

{

Loi giai. Ta c¢6

= 3z + 823 — 62% — 24x + 2392,

=2/, = 1223 4 242% — 122 — 24 + 3222,
=z, =223y,

2 e = 362% + 481 — 12 + 6y,

— Z//a: :6$2 ,

M Y _ 3y

=2y, = 22°.

Qwes ™ v
I

Ta tim cac diém ding ctia ham z bang cach giai he

T =2
p=0 1223 + 2422 — 120 — 24 + 32%y> = 0 o r=—
=0 223y =0 T =
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Suy ra, ham z c¢6 ba diém ditng 1a M(—2,0), N(—1,0), P(1,0). Ta
c6 bang sau.

Diém
ding

M(=2,0)| 36>0 | 0 | =16 | 576 >0

A B C | B?—AC | Két luan

M khong la diem cue
tri cua ham z

N(=1,0)| =24 <0 | 0 9 | —4g <0 N 1a diem cuyc dai cua

ham z,
ZCD(N) =13
P(1,0) 7950 0 9 —144 < P la diém cuc tiéu cua
0 ham z,
ZCT(P) =—-19

1.3.2. Cuc tri c6 diéu kién ctia ham hai bién

Bai toan tim cuc tri ciia ham so

z= f(z,y), (1.10)
trong d6 cic bién s6 bi rang buoc béi hé thiic
g(z,y) =0 (1.11)

dude goi 1a bai toan tim cuc tri ¢ dicu kién ctia ham hai bién.
O Dinh Ii 1.7. Gia sit My(zo,y0) Ia diém cuc tri ciia ham s6 (1.10) vdi
didu kien (1.11). Gid sit
(i) Trong lan can ctia My cdc ham s6 f(xz,y) va g(z,y) cé cdc dao ham
riéng cap mot lién tuc,
(ii) Céc dao ham riéng g, g, khong dong thoi bang khong tai M.
Khi dé, tai diem M,
fe f'y

= 0. 1.12
s (1.12)

Ta thtta nhan khong ching minh dinh Ii nay.
Hé thite (1.12) cting vé6i dieu kien (1.11) cho phép ta xac dinh (xq, yo).
Chii thich 1.1. He thiic (1.12) c6 thé viét lai thanh
f:/c(M(J)gg/,,(Mo) - f:;(MO)g;‘(MO) =0,

hay

f.(Mg)  f,(Mo)
7o) = 70 (1.13)
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Dat cac gia tri chung clia cac vé ¢ dang thitc (1.13) 1a — )\, ta dugc

{ f'o(Mo) + Ag' (M) =0
f'y(Mo) + Ag', (M) = 0.

e v
vi déu bang —, tiic 1a hé thiic (1.13), do d6, (1.12) duge théa man. Vay,
néu My théa man cac diéu kién (i) va (ii) ctia Dinh Ii 1.7 thi ton tai A
sao cho tai M,

]\Ajg)) bang nhau

Ngudc lai, néu ton tai A théa man hé trén thi

f,x(xay) + )\g'x(m, y) =0
{ f (@, y) + Mg, (z,y) = 0. (1.14)

He (1.14) cung véi diéu kien (1.11) cho phép ta xac dinh (zg, yo, ). Dat

F(z,y,\) = f(z,y) + Ag(x,y) (1.15)
thi

Flo = f' (@, y) + Mg (2, )

F'y = f(z,y) + N, (z,y)

F'y = g(z,y).

Do dé, hé (1.14) ciing vé6i didu kien (1.11) c6 thé viét lai thanh

Fly=0
F,=0 (1.16)
F'y =0.

Ham F(x,y, \) trong cong thic (1.15) duge goi 1a ham Lagrange.
Ta goi diém t6i han clia ham s6 (1.10) v6i diéu kien (1.11) 1a diém
thudc mot trong hai loai sau

e Logi 1: Gom céic diem (z,y) thda man cac dicu kien (i) va (ii) ctia
Dinh 1f 1.7 va hé (1.16) v6i A nao do.

e Logi 2: Gom cac diém tai d6 mot trong hai diéu kien (i), (ii) ctia
Dinh 1i 1.7 khong thoa man.

Tt Dinh 1f 1.7, cac lap luan sau dinh 1f ay va cha thich 1.1, suy ra,
néu My 1a diém cye tri c6 diéu kién ctia ham s6 (1.10) véi diéu kien (1.11)
thi M, la diém t6i han. Khang dinh ngudc lai khong dung.

Dinh li duéi day cho phép ta kiém tra mot s6 diém t6i han loai 1 ctia
ham s6 (1.10) véi diéu kien (1.11) c6 phai 1a diém cuc tri ctia ham s6 &y
khong.
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O Dinh 1i 1.8. Gia sit My(zo,0) Ia diém tdi han loai 1 ctia ham s6
(1.10) vdi dieu kieén (1.11). Gid stt (zo, Yo, Ao) 1a nghiém ctia (1.16). Xét
vi phan cap hai

d*F (o, Yo, o) = Fy(Mo)h? 4 2F), (Mo)hk + F,, (Mo)k?

khi h, k khong dong thoi bang 0 va théa man

9o(Mo)h + g, (Mo)k = 0.

(a) Néu d?F(xg,yo, o) > 0 thi My la diém cuc tiéu ctia ham s6 (1.10)
véi diéu kien (1.11).

(b) Néu d*>F(xg,y0, \o) < 0 thi My la diém cuc dai ctia ham s6 (1.10)
véi dieu kien (1.11).

(c) Néu d*F(zo,y0, No) = 0 thi My c6 thé Ia diém cuc tri, ciing c¢6 thé
khong la diém cuc tri ctia ham s6 (1.10) vdi diéu kien (1.11).

Ta thira nhan khong chiing minh dinh 1i nay. Sau day, ta xét mot vi
du ap dung dinh 1i ay.

oVidu 1.9. Tim cyc tri ctia ham s6 z = 3x+4y v6i didu kien 22 +y? = 1.

Bai giai.
Rang buoc déi véi z,y 1a g(x,y) = 0, trong d6 g(z,y) = 2% + y* — 1.
Dé thay, cac ham z va g c6 ciac dao ham riéng lién tuc trén R2. Hon
nita, g, = 2z, g, = 2y khong dong thoi bang khong vi % 4+ 3> = 1. Suy
ra, ham z véi diéu kien g(z,y) = 0 chi c¢6 cac diém t6i han loai 1. Ham
Lagrange la
F(x,y,\) =3z + 4y + \2® +y* — 1).
Ta c6
F'y =3+ 2,
F'y=4+42)\y,
F'y =a2% +9% - 1.

Do d6, hé (1.16) tré thanh
3+2\x=0

442y=0 <&
24+ —1=0

|
|
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Suy ra, bai toan c6 hai diém t61 han 1a M(—%, —%), tuong tng A = 2, va

N(2,%), tuong ting A = —35. Ta ¢6

Fly = zA;F”zy =0,F",, =2\,

9. =2x,9,=2y.
Khiz = 3y = 40 =3 tacs Fl, = 5.F, = 0.F), = 5.q, =
_gagy = 5

Do d6, ta can xét
d*F(—2,—2,2) = FJ.h* + 2F hk + F, k* = bh* + 5k?,
khi h, k khong dong thoi bang 0 va bi rang buoc béi diéu kién

B3 Db gt k= Sh-Sk=0. (117

Tu rang buoc (1.17) va diéu kién h, k khong dong thoi bang 0. Suy
4
ra, h = =2k va k # 0. Do d6, BPF(=3,-3,3) = 12k* > 0.

502
Theo Dinh 1i 1.8, M(—%, —%) 1a diém cuc tiéu c¢6 diéu kien ctia ham
2. Gia tri cuc tiéu la
ZCT(M) = —b.

Tinh toan tuong tu, khi z = %,y = %,)\ = —g, ta thay N(%, %) la diem

cuc dai c6 dieu kién ctia ham 2. Gia tri cuc dai 1a
ZCD(N) = 5.

Tren day, ta da dya vao Dinh If 1.8 dé xét xem diem M(—2,—3)

c6 la diém Cu’C tri c6 diéu kién ctia ham z khong. Tu do, ta c6 két luan
d*F (—f —21.5) > 0, v6i moi h, k khong dong thai bang 0 va bi rang budc

bdi dieu kien (1.17) nhanh hon nhu sau.

Ta co

IPF(-3,—-2,2) =50 +5k> > 0

ot

v6i moi h, k khong dong thai bang 0. Bat dang thiic trén van ding khi
h, k bi rang buoc them bdi dieu kien (1.17).

1.3.3. Gia tri 16n nhat va gia tri nho nhat ctia ham
hai bién trén mién déng, bi chin

Gia st ham f lien tuc trén mién D déng va bi chin. Theo tinh chat
clia ham lién tuc suy ra f dat gid tri 16n nhat va gia tri nhé nhat trén
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mién D. Gid st gia tri 16n nhat ctia ham f dat duge tai My € D. Khi
do, f(M) < f(My),YM € D. Gia stt My la diém trong ctia D. Khi do,
ton tai lan can V(M) nao d6 ciia diem My sao cho V(M,) C D. Néu
M € V(M) thi M € D, do dé f(M) < f(My). Suy ra, My la diém cuc
dai khong nghiem ngit, do dé la diém t6i han ctia ham f. Diém M, ciing
c6 thé 1a diém bien ctia mién D.

Tit cac lap luan trén, ta suy ra thuat toan tim gia tri 16n nhat cta
ham z = f(x,y) c6 cac dao ham riéng tai tat ca cac diém trong ctia mién
D doéng va bi chan nhu sau.

e Budc 1. Tinh cac dao ham riéng cip mot ctia ham z lap =2/, ¢ =

/
Zy.

e Budc 2. Tim cac diém t6i han ctia ham z 1a cac diém trong clia
mien D c6 toa do théa man hé phuong trinh

Lo
qg=20
va tinh gia tri ctia ham f tai cac diém ay.
e Budc 3. Tim gia tri 16n nhat ctia ham f trén bién ctia mién D.
e Budc 4. Tim gia tri 16n nhat trong s6 cac gia tri tim dude & buée

2 va budc 3. Gia tri 16n nhat ay chinh 1a gia tri 16n nhat ctia ham
f trén mien D.

Néu cac diém t6i han ¢ budc 2 khong ton tai thi ham f dat gia tri
16n nhat trén bién ctia mién D, tic 1a gid tri 16n nhat clia ham f trén
bién ctia D tim duge & bude 3 ciing chinh 1a gid tri 16n nhat ciia no trén
toan mién D.

Thuat toan tim gia tri nhoé nhat ciia ham f trén mién D tuong tu
thuat toan tim gia tri 16n nhat ctia ham s6 iy trén mién D.

oVi du 1.10. Tim gia tri 16n nhat va nho nhat ctia ham s6
2 =22 +y? — 2%y
trén mien 0 < 2 <3, 0 <y < 27.

Lai giai.
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Hinh 1.1

e Kihieu Dlamien 0 <2 <3, 0<y <2x. Taco

p =2z, =4x — 2y,
q=2,=2y—2*

Giai hé phuong trinh

x=0

p=20 dor — 2zy =0 {y:O
{ <:>{2y—x2:0 < r = £2
y = 2.

Vay, ham s6 c6 ba diém t6i han 1a O(0,0), M;(—2,2), My(2,2).
Trong ba diém trén, ta thay chi c6 diem M,(2,2) 1a diém trong ctia
D. Ta co

2(Ms) = 2(2,2) = 4. (1.18)

e Xét ham z(z,y), khi (x,y) 1a cac diém trén bién ctia mien D.
Dat O(0,0); A(3,0); B(3,6). Bién ctia mién D gdm ba doan théng
Ia OA, AB, BO.

— Doan OA c¢6 phuong trinh la y =0, 0 < x < 3, va tréen OA
ta co
z=f(z) =22 0< <3,

flx)=4r=0&2=0¢ (0,3).

Ta co
f(0) =2(0,0) =0, (1.19)

£(3) = 2(3,0) = 18. (1.20)
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— Doan AB c¢6 phuong trinh la z = 3, 0 <y < 6, va trén AB ta

co
z=g(y) =y*—9y+18, 0 <y <6,
9
Jy)=2y-9=0sy=;e(006)
Ta co
g(0) = 2(3,0) = 18, (1.21)
9 9 9
=232 = > 1.22
oD =269 =-2. (122)
g(6) = 2(3,6) = 0. (1.23)
— Doan OB ¢6 phuong trinh la y = 2z, 0 < 2z < 3, va trén OB
ta co
z:h(az):6x2—2x3, 0<xz<3,
N o r=0¢(0,3)
h(z)=12x — 62° =0 & r—2¢(0.3),
Ta co
h(0) = 2(0,0) = 0, (1.24)
h(2) = 2(2,4) = 8, (1.25)
h(3) = 2(3,6) = 0. (1.26)
So sanh cac gié tri tai (1.18) - (1.26), ta thu dugc két qua sau
day
max z(M) = 2(3,0) = 18, min z(M) = 2(3,2) = )
MeD ’ " MeD T2 4’

oVi du 1.11. Tim gia tri 16n nhat va gid tri nhoé nhat ctia ham sb6
z = 2% +y* — 122 + 16y trén mién 22 + y* < 25.

Lo gidi.
Ki higu D 1a mién 2% + 3? < 25. D6 1a hinh tron déng tam O(0,0)
ban kinh bang 5.

Ta co
p=2, =2r—12
g=2, =2y+16

Do do,

p=20 o 20 —12=0 o xr =06
q=20 2y+16=0 y=-8"
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777777777777777777
R =

Hinh 1.2

Vi 6% 4 (—8)? = 100 > 25 nén diem (6, —8) khong phai 1a diém trong
ctia mién D. Suy ra, trong D ham z khong c6 diém téi han nén n6 dat
dudce gia tri 16n nhat va nho nhat trén bién ctia D.

Xét ham z(z,y) khi (z,y) 1a diém trén bién ctia mién D.
T = 95cost

R R B
Khi do, z* +y _25hay{y:5sint

Suy ra
2 =25—060cost +80sint, z =25+ 100(—%C08t + %sint).

Dat cosa = —%, sino = %, ta co

z =254 100(cos accost + sinasint), z = 25+ 100 cos(t — ).

T do, suy ra
—75 < z < 125.

Dau bang thi nhat xay ra khi va chi khi

cos(t —a) = —1
st—a=7n1+k2r, (ke€Z)
St=a+7+ k27

x=5cost =—bcosa = —b(—32) =3

y=5sint = —5sina = —5(%) = 4
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Dau bang thit hai x4y ra khi va chi khi

cos(t —a) =1
St—a=kmr, (ke€Z)
St=a+ k2w
x=>b5cost =5cosa =5(—2)=-3
y=>5sint =5sina =5(3) =4

ol

Vay,

max z(M) = max z(M) = 125, gia tri 16n nhat dat dugc tai (—3,4),
MeD MeaD

min z(M) = min z(M) = —75, gi4 tri nh6 nhat dat dugc tai (3, —4).
MeD MedD
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Bai tap chuong 1

Bai 1.1. Tinh dao ham riéng clia cic ham sb sau

a) z = iiigi,

b) z =1In(z + vz* + y?),
c) z=y’sinf,

d) z =¥ >0,

e) z = arctan ¥,
f) z = arcsin(z — 2y),

. v 24y —=x
g) z=1n Ve’

222
h) z = arctan |/ 55755,
i)u=a";2,y>0,
1

J) u = em’
k) u = e™*sin ¥.
Bai 1.2. Chitng minh ring ham s6 z = yIn(2? — y?) thod man phuong
trinh 12/ + iz; =
Bai 1.3. Tim vi phan toan phan ctia cac ham s6
a) z = sin(2? + y?),
) z =e€"(cosy + xsiny),
)

o ®

c)z= lntan% :
d L

z = arctan

a) \"“’/1.022 +0.052 ,
b) In(v/1.03 + v/0.98 — 1) .

N

Bai 1.5. Tinh cac dao ham riéng cap 2 ciia cdc ham s6 sau
)z =5V (@2 +9?)°,
z=a2?In(z+y),
c) z =In(z + V27 +3?)
d) z = arctan ¥.
Bai 1.6. Tim ham f(z,y) thod man
) fay =0,
) :J/c,m =0,
) fro= 1222y + 2, [y = xt —30zy°, £(0,0) =1, f(1,1) = -2,
d) fi =2 —=2xy*+3, f, =y* — 22°y + 3.
Bai 1.7. Tim ham u(z,y, z) thod méan uy,, = 0.
Bai 1.8. Chitng minh ring

ce

T ®

@)
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a) Ham s6 u = In \/m thod man phuong trinh 7% + 4 ay =0,
b) Ham s6 u = ﬁ tho&d man phuong trinh gxé‘ + gz + 2 az2 =0.
Bai 1.9. Tim ciec tri clia cac ham s sau
a) z = a2 +y +x + ay?;
b) z =y3 — —3y* + 9z + 3;
)z =a? 3y+y — 3z + 3;
)z =23 —|—6xy + 322 — 3y
) z = —23 + 32 — 12zy* — 12¢%
) z = +y* + 2zy + 1;
g) z = 2% + 8y? — 2zy* + 10;
h) z =2 +y — xeY;
i) 2 =22 +yt — 22 — 292
Bai 1.10. Tim gi4 tri 16n nhat va gia tri nho nhat ctia ham 2 trén mién
D tuong ting véi
a) z = x? —y?, D la mién tron 22 + y? < 4;
b) 2 =22 + xy? + 1, D la mién tron giéi han béi 2? + 2x + y? = 8;
c¢) z = 2%y(4 — x — y), D la hinh tam giac gidi han bdi cac dudng thang
r=0y=0vaz+y=06;
d) z = 22+ 3y* + x —y, D la hinh tam giac gi6i han bdi cac duong thing
r=1ly=1vax+y=1,
e) z = x% + 2xy — 4x + 8y, D 1a hinh chit nhat gi6i han béi cac duong
r=0zr=1y=0vay=2;
f) 2 = 2% — 622 + zy?, D 1a hinh vuong gi6i han bdi cac duong z = 0, =
4, y=0vay =4
g) z=a3+y> — 3zy, D la mién xadc dinh bdi 0 <z <2, -1 <y < 2;
h) z = e~ (499222 4 3y2), D 1a mién tron 2% + ¢ < 1;
i) z = sinz + siny + sin(x 4+ y), D 1a hinh ch nhat giéi han bdi z = 0,
s T

oo

@

lz)

x:§,y:0vay:§;

j) z = 2ot 4 ovtl _ 97ty D) 13 hinh tam gidc gidi han béi cadc dudng
thing z =0,y =0 va x +y = 4.

Bai 1.11. Tim cuc tri cua

_ 1 1 PRENFYSN a1 1
a) z =+ , Vo dieu kien — +

y%:aj, a>0,
b) z = zy v6i dieu kien x +y =1
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Pap s6 bai tap chuong 1

Bai 1.1. 4 2,2 3 4 2,2 3
a)z’—x + 3x7y® — 2xy Z,_y + 3r°y* — 22°y
z 2 2)2 Yy T 2 2)2 ’
(a2 +y?) (2% +y?)
b))z =———, 2/ = — Y —
) z [x24y2” Y 224y24zq/22+y2’
c) z;,:ycosi, ;—stm — T Cos ;
d) 2, =ya¥ 1, 2, = 2’ In z.3y?;
/ Yy !/ T .
e) g 220 Py T gt
f) P 1 o= 2
e 1-(z—2y)2" Y 1—(2—2y)
! 2 / 2z
z = — z ;
g) z [x24y2” Y yr/224y2’
2
h) 2/ = —~ 2 ==L
) z oy xt—yt’ Y /24—yt
Z __ z _ z
i) u, =yPa? 7w, =2 Inwzy™ ! ul = 2Y Inz.y ny;
/ —2zu ! —2yu !/ —2zu

J) Uy = (x2+y2+22)2’ Uy - (a:2+y2+z2)2’ u, = (z2+y2+z2)2’
k) u, = yze®™*sin ¥, v, = xze™*sin ¥ + ezyzé cos ¥, u, = wye™ sin ¥ —
e"V* 4L cos L.
z z
Bai 1.2. Doc gia tu ching minh
Bai 1.3.
a) 2005(:5 + y?)(zdx + ydy);

b) e* [(z cosy — siny)dy + (siny + cosy + xsiny)dx];
(zd dz)

) a:2dsu?f 2;/9[;

d) ng+z2$7

2,095 1y + 29 In 22y 2d + 29’7 In 212dz.
e)y yzdy Y
Bai 1.4. a) 1.013; b) 0.005.

o

Bai 1.5.
a) - 2x2 442 - zy /- x2429% |

fo W? Ty \/ma Yy \/mv

"o 21 2242z "o 2z 22 "o x2
b) ZM—QID(:E—I—y)-i-m-F (x+y)g, ny Tty W, Zyy——m,

"o x no_ y no (@ —y?)/ 22 +y?
C)Z = T 232 Ray — 2121372 fyy — 7;

T (z24y?) ry (#2+y?) W (22442)% 2 (2422 442)

. 2x o 2_ 2 . 2x
) 2 = G 2o = W A T T @
Bai 1.6.
a) f(x,y) = F(z) + G(y), F(x) la ham kha vi, G(y) 1a ham bat ki;
b) f(z,y) = xF(y) + G(y), FVaGlthambétki;
c) f(x,y) =2y — bay® + 2° + 1;
35,3

d) fz,y) = L — 2?2y +3(x +y) + C.
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u(x,y,2) = G(y,2) + H(z,2) + F(x,y), F ¢6 dao ham riéng cap 2 F},,
H c6 dao ham theo z, G 14 ham bat ki.
Bai 1.8. Ddc gia tu chiing minh

Bai 1.9.

a) zor = 0 tai (0,0);
39 3

b) ZCD Z5 tal (272)’

c) zer = _Z tal (1, 5)7

T 37
cr = 10 tai (0,0);
hong c6 cuc tri;

9 1 1 1 1
1) zcT 3 tal <27 >7<27 )7( 27 >7< 27 > va zZcp Otal

Bal 1 10.
a) Gia tri 16n nhat 1a 4 tai (2,0) va (—2,0), gia tri nho nhat & —4 tai
(0,2) va (0, —2);
b) Gi4 tri 16n nhat 1a 17 tai (—4,0), gia tri nho nhét 1a —11 tai (—2,2v/2)
c¢) Gia tri 16n nhat 1a 4 tai (2,1), gia tri nho nhat 1a —64 tai (4, 2);
. ; 11
d) Gia tri 16n nhat 1a 4 tai (1, 1), gid tri nho nhat 1a 1 tai (5 5)
e) Gia tri 16n nhat 1a 17 tai (1,2), gia tri nho nhat 1a —3 tai (1,0);
f) Gia tri 16n nhat 1a 32 tai (4,4), gia tri nho nhat 1a —32 tai (4, 0);
g) Gia tri 16n nhét la 13 tai (2, —1), gia tri nho nhat 1a —1 tai (0, —1) va
(1,1);
. 3 )
h) Gia tri 16n nhét 1a 2 tai (0,1) va (0, —1), gid tri nhé nhat 1a 0 tai
e
(0,0);
) 3V3
i) Gia tri 16n nhat la \2/_ tai (g 3) gia tri nho nhat 1a 0 tai (0, 0);

j) Gia tri 16n nhat la 18 tai (4,0) va (0,4), gid tri nho nhat 14 0 tai (2, 2).
Bai 1.11. y:
2
a) zor = —— tai (—av/2, —av/2), zcp = ? tai (av/2, av2);
a

b) zcp = 1 tai (3, 3).
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Chuong 2

TICH PHAN BOI, TICH
PHAN DUONG LOAI HAI

2.1. Tich phan kép

2.1.1. Dinh nghia tich phan kép
2.1.1.1. Bai toan tinh thé tich vat thé hinh tru

Cho z = f(z,y) la mot ham s6 xac dinh, lién tuc, khong am trong
mot mién D déng, bi chan, c6 bien L trong mat phing Oxy. Tinh thé
tich ctia vat thé gigi han bdi mién D, mat z = f(z,y) va mit tru co
duong sinh song song v6i Oz tya trén L.

Chia mién D mot cach tity § thanh
n manh nho. Goi tén va ca dién tich cua
cac manh do6 1a AS;, AS,, ..., AS,. Lay
mdi manh nhé dé lam day, dung vat thé
hinh tru ma mat xung quanh c6 duong
sinh song song véi Oz va trén gidi han béi
mit cong z = f(z,y). Vay, vat thé hinh
tru da dugc chia thanh n vat thé hinh tru
nhé. Trong m6i manh AS;, (i = 1,...,n),
ta lay mot diém tuy y M;(zs, v:).

Tich f(x;,y;).AS; 1a thé tich hinh tru
thang c6 day la AS; va chiéu cao la
f(zs,y:), n6 khéc rat it theé tich AV; clia vat thé hinh tru nho thit 4 néu
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manh AS; ¢6 duong kinh d;! kha nho, vi ham s6 f(z,y) lien tuc. Vay, c6
thé xem thé tich V ctia vat thé hinh tru xap xi bang Y7, f (i, %:).AS;.

n

=1

Phép tinh gan dang nay cang chinh xac néu n cang 16n va cac manh
AS; c6 duong kinh cang nhé. Do dé, thé tich V ciia vat thé hinh tru da
cho biang gidi han (néu c6) ctia tong trén khi n— oo sao cho dudng kinh
16n nhat trong cac duong kinh d; ctia cac manh AS; dan téi 0, giéi han
d6 khong phu thudc vao cach chia mién D thanh cdc manh nhé cling nhu
cach chon diém M; trong AS;.

V= lim Zf Tiy i)

max d; HO

2.1.1.2. Tinh khéi lugng ctia ban phing khong dong chét

Cho mot ban phang chiém mot mién D trong mat phing Oxy. Lay
mot manh tlily ¥ ctia ban ay c6 dién tich AS Vé gid st khoi lugng cia

manh ay 1a Am. Gi6i han néu c6 cta ti s6 A—S khi AS — 0 sao cho

manh ay thu vé mot diém P dugce goi la khdi luong rieng ctia ban tai P
va duge ki hiéu 14 p(P). Néu ban dong chit thi p khong ddi. Néu ban
khong dong chat thi p 1a mot ham s6 cia P.

Bay gio, gid st khoi lugng rieng ctia ban 1a mot ham s6 lien tuc
p(P) = p(x,y). Hay tinh khéi lugng ctia ban. Chia mién D thanh n mién
nhd AS;, ASy, ..., AS,, ¢6 duong kinh tuong ting la d; va chon trong
moi manh AS; mot diém tiy § P;(x;, v;). Khéi lugng ciia ban duge tinh
xap xi bang tong

Gidi han néu c6 ctia tong trén khi n — oo sao cho d = maxd; — 0
1=1n

dugce goi 1a khéi lugng clia ban

d—0 4

m =1im Y  p(P;).AS;.
i=1

'Dudng kinh d; ciia mot mién S; 1a khoang cach 16n nhat giita cac diém trén bien
clia mién &y.
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2.1.1.3. Dinh nghia tich phan kép

Nhiéu bai toan trong cac linh vie khac nhau ctia khoa hoc ki thuat
duwa dén viéc tim gi6i han cia téng c6 dang trén. Ta dua ra dinh nghia
sau day.

* Dinh nghia 2.1. Cho ham z = f(z, y) x4c dinh trong mot mién déng,
bi chan D. Chia mién D mot cach tuy ¥ thanh n manh nhé, goi tén va
dién tich ctia cdc ménh do6 1a ASy, ASs, ... , AS,. Trong m6i manh AS;,
lay mot diem tity § M;(x;, y;). Tong I, = >SS, f(zi,v:).AS; duge goi 1a
tong tich phan ctia ham s6 f(z,y) trong mién D.

Néu khi n— oo sao cho d — 0 ma I,, dan t6i mot gidi han xac dinh
I, khong phu thuoc vao cach chia mién D va cach lay diem M, trong moi
manh AS; , thi giéi han d6 dugc goi 1a tich phan kép ctia ham s6 f(x,y)
trong mién D va duge ki higu 1a [f f(z,y)dS. Vay

D

J[ 1w.)ds = lim Y (2, )AS. (21)
D =1

Ham hai bién s6 f(z,y) duge goi 1a ham duéi dau tich phan, D la
mién lay tich phan, dS la yéu t6 dieén tich, z,y 1a bién tich phan. Néu
ton tai tich phan (2.1) thi ham f(z,y) dudc goi 1a kha tich trong mién
D.

Nguoi ta chiing minh duge rang néu f(z,y) lién tuc trong mién D thi

If f(z,y)dS ton tai, ttc 1a f(x,y) kha tich trong mién D.
D

* Chi y: Vi tich phan kép khong phu thudc vao cach chia mién D thanh
cac manh nhé nhu da néu trong dinh nghia nén ta c6 thé chia mién D
bing hai ho duong thang song song véi cac truc toa do. Do dé, dS = dx.dy
va lf)f f(z,y)dS = lf)f [z, y)dzdy.
2.1.1.4. CAc tinh chéat cta tich phan kép

Gia st f(x,y),g(z,y) 1a cdc ham s6 kha tich trén mot mién D. Ta ¢6

a. JIf (@) + g(e.y) dudy = JJ f (o, y)dudy + [] g(x, y)dzdy.

b. [[kf(x,y)dxdy =k [[ f(z,y)dzdy, véi k 1a hang s6 bat ki.

D D

c. Néu c6 thé chia mién D thanh hai mién Dy, D, sao cho dién tich
clia mien D; N D, bang 0 thi
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J] f@wydady = [[ (e, p)azdy + [[ 1(,9)dzdy.

d. Néu f(z,y) < g(z,y), V(z,y) € D thi

//f(:r,y)dxdy S/ g(x, y)dzdy.
D D
e. Neum < f(x,y) < M, ¥(z,y) € D, véi m va M la cac hang so thi

mS < // f(z,y)dxdy < MS, S la dién tich ctia mién D.
D
f. Néu f(z,y) lien tuc trong mién déng, bi chan, lien thong D thi
trong D c6 it nhat mot diém (7, %) sao cho

// f(z,y)dzdy = f(z,7)S, S la dien tich ctia mién D.
D

2.1.2. Cach tinh tich phan kép trong hé toa do Dé-
cac

2.1.2.1. Miéen D Ia hinh chi nhat

Gié su phai tinh tich phan kép I = [[ f(z,y)dzdy, trong d6 D la hinh
D

cht nhat a < x < b; ¢ <y < d va ham f(z,y) lién tuc trong D. Ta c6
dinh 1i sau day.

¢ Dinh li 2.1. (Djnh Iy Fubini).

Gia st f(z,y) la ham s6 kha tich trong hinh chit nhat D = [a, b] X [c, d].
Khi do,

a. Néu Vz € [a,b], ham s6 y — f(z,y) kha tich trén [c,d] thi ham s6
d
x> I(x) = [ f(z,y)dy kha tich trén [a,b] va

| 1w y)dzdy = / () / / (e, y)dy ) do /bdx / f(,y)dy.

(2.2)
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b. Néu Vy € [c,d], ham s6 = + f(x,y) kha tich tren [a, b] thi ham sb
b
y— J(y) = [ f(z,y)dz kha tich trén [c,d] va

d b d b

ﬂj@wmwziﬂwwz/(/mmwaw=/@/ﬂ%wm.

(2.3)

Ta thtta nhan khong ching minh dinh Ii nay.
v Hé qud 2.1. Néu f(x,y) lién tuc tréen D = [a,b] x [c,d] thi

ﬂ#mwmwziMiﬂawwzi@iﬂme (24

Nhu vay, viéc tinh tich phan kép trén duge dua vé viéc tinh hai tich
d
phan don lién tiép, khi tinh tich phan don thi nhat [ f(z,y)dy ta coi

b
14 hing s6 (hodc khi tinh tich phan don [ f(x,y)dx ta coi y 1a hdng $6).
+ Chi y: Néu f(z,y) = fi(z).fo(y) thi
b d
J] fgydady = [ fi(@)dz. [ fatg)dy. (2.5)
D a c

oVidu 2.1. Tinh I = [[(z?+y?)dxdy, trong d6 D la mién xac dinh bdi
D
0<z<1;0<y< 1.

Loi giai. Vi 22 4 32 lién tuc trén D nén

1
dx

0

1 1 1 3
fz/dw/(w2+y2)dy= /(w2y+y§)
0 0 0

f 1 23 2\|!
o (319
0/(x+3)x 3+3

oVi du 2.2. Tinh I = [[2%ydxdy, trong d6 D la mién xac dinh bdi
D
—1<2<2;,0<y <1

Lai giai. Theo cong thic (2.5), ta cé

2 1 2

3
I:/xQd:c./ydy:

T
-1 0

1

3

0_2.

v
3., 2

-1
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2.1.2.2. Mién D la mién bat ki

O Dinh 1i 2.2. Gid st D = {(z,y) : a <z < b; y1(z) <y
y1(x) va yo(x) Ia nhitng ham sb lién tuc trén [a,b], yi(z) <
Vz € [a,b] (xem Hinh 2.2 & dudi). Gia st f(x,y) 1a ham sb kha tich trén
D. Néu Vz € [a,b], ham s6 y — f(z,y) kha tich trén doan [y;(x), y2(7)]
thi ham s6

v I(x) = / flz,y)dy,
y1(x)
kha tich trén [a,b] va
y2(z)
//fxydxdy—/l d:p—/dx/ y)dy. (2.6)
y

Hinh 2.2

¢ DPinh 1i 2.3. Gid st D = {(z,y) : ¢ <y < d; x1(y) < z <
22(y)}, 1 (y) va zo(y) la hai ham s6 lién tuc trén [c, d], x1(y) < x5(y) vdi
Vy € [c,d] (xem Hinh 2.3 & du6i). Gia sit f(x,y) la ham s6 kh4 tich trén
D. Néu Vy € [c,d], ham s6 x — f(x,y) khd tich trén doan [x1(y), T2(y)]

thi ham s
z2(y)

gy J) = | flay)da,
z1(y)
khé tich tren [c,d] va

//f:rydxdy—/J dy—/dy/ flz,y)dz. (2.7)

¢ z1(y)
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v Hé qua 2.2.

Hinh 2.3

o Gidsit D= {(z,y):a <z <b y(r) <y <yo(r)}; ni(r) vay(z)
1a hai ham s6 lien tuc trén [a,b]. Néu f 1a mot ham s6 lien tuc trén

D thi

y2 ()

J] f(a.)dady = /b dv [ fla.y)dy.

1(z)

o Gidstt D= {(z,y) : c<y<d;ai(y) <z <wa(y)}, 21(y) va za(y)
12 hai ham s6 lien tuc trén [c, d]. Néu f 1a mot ham s6 lien tuc trén

D thi

+ Chu y: Gia sit mdi dudng thang song y
song véi Oz va Oy déu cit bién clia mién

z2(y)

//f(rc,y)dxdyz /ddy / fx,y)da.

1(y)

D nhiéu nhét tai hai diém. Dung hinh Q

cht nhat ¢« < 2z < by ¢ <y < d ma d
cac canh (Efla né6 tiép xic véi bié}l cua D M p
tai cac diem M, N, P, (). Cac diem M, P
chia bién cua D thanh hai cung MNP ¢ N
va cung M QP c6 cac phuong trinh theo
thit ty 1a y = y1(7),y = yo(x). Cac diém

N,(Q chia bién ctia mien D thanh hai O] 2 b
cung N M@ va cung N PQ) c¢6 cac phuong
trinh theo thit tu la z = z1(y), z = x2(y) Hinh 2.4

(xem Hinh 2.4).
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Néu f(z,y) lien tuc trén D, ta c¢6 thé tinh [ f(z,y)dzdy theo cong
D
thic (2.6) hoac (2.7). Khi do, ta co

b y2A(x) d  z2(y)
[dae [ t@ydy=[dy [ fzy)de. (2.8)
e () ¢ zi(y)

D6 1a cong thiic doi thit tu lay tich phan.

oVi du 2.3. Xéac dinh cac can tich phan trong tich phan kép

1= [[ 1. y)dady

trong d6 D la mien {y > 0; y < 2% z+y < 2; z > 0}.

Loi giai. (Xem Hinh 2.5)
Mién D dugce xac dinh béi y

0<y<1l Vy<z<2-—uy. 2

Do do,

/////

///////

1 2—y
//f(x,y)dxdy = /dy / f(z,y)dz. s X
5 b o 1 NZ -

Dé ddi tht tu tich phan ta chia D thanh Hinh 2.5
hai mién D; va Dy béi duong x = 1, trong
dé Dy duge xac dinh

0<z<1;0<y <2
D, duge xac dinh
1<x<2,0<y<2—uz.

Do do,

22

I= jdz/f(x,y)dy—l—/zdx 2/_If(x,y)dy.
0 0 1 0

R6 rang, cach tinh thit nhat don gian hon.
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Qua vi du trén ta thay khi tinh tich phan kép can chon thit tu tich phan
sao cho cach tinh don gian hon.

oVidu 2.4. Tinh I = [ (2* — 2xy + 4y) dzdy, trong d6 D 1a mién gidi
D

han béi cac duong y = 2% — z; y = 2x.

Loi giai. (Xem Hinh 2.6)

Mién D duge xac dinh béi cac bat déng thic

0<z<3; x2—x§y§2x.
Do do,

2x

3
/dm / (x2—2xy—|—4y>dy
0

x2—x

I

2z

(mzy —xy? + 2y2) dx

T St~

x2—x

(z° — 5zt + 42® + 62%)dx

6 3
27
) =5

6 0 Hinh 2.6

oVi du 2.5. Tinh I = [[ zydxdy, trong d6 D 1a mién gidi han bdi cac
D
duong y = x — 4, y? = 2x.
Loi giai. (Xem Hinh 2.7)
Trude hét, ta tim giao diém y

cua hai duong

y=x—4

y? =2z

(x —4)? =2z

Y =x—4
r =28
=4

PN Yy
r =2
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Vay hai dudng cit nhau tai hai diém M (8,4) va N (2, —2).
Mién D dugc xac dinh béi cac bat déng thiic sau

2
—2<y<4 %§x§y+4-

?

Do do,
4 yt+4 4 5y 4 5
1
Iz/dy/mydwz/% dy:f/(y3+8y2+16y—yf)dy
2 |2 2 4
) y2/2 -9 y?/ -2
Lyt sy o, o\
= (L 4+ 22 482 -2 )| =090.
2(4 Tty 24) i

2.1.3. D6i bién sb sang hé toa do cuc

2.1.3.1. Coéng thic doi bién sb trong tich phan kép

Trong nhiéu truong hop tinh tich phan kép [[ f(x,y)dxdy trong toa do
D

Dé-cac khong thuan lgi. Khi do, ta c6 thé ding phuong phap déi bién

sau day.

Xét tich phan kép I = [[ f(x,y)dxdy, trong d6 f(z,y) 1a ham s6 lien tuc
D

trén D.
Thuc hién phép doi bién sé

r = x(u,v)
{ y=y(uv) (29)

Gia st
e z(u,v),y(u,v) 1a nhitng ham s6 lién tuc va ¢6 cac dao ham rieng

lien tuc trong mot mién déng D’ clia mat phang O'uv.

e Céc cong thite (2.9) xac dinh mot song anh tit mién D’ 1én mién D
ctia mit phang Ozy.

o Dinh thic Jacobi J = 2 (z.y) _
D(u,v)

# 0 trong mién D’

Khi do6, ta c¢6 cong thiic

//f(x, y)dxdy = // fz(u,v),y(u,v)) |J| dudv. (2.10)
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Cong thiic (2.10) duge goi la cong thitc ddi bién trong tich phan kép.

* Chi y: Khi doi bién ngudi ta thudng chon phép bién doi sao cho dudng
bién clia mién D’ trong hé toa do méi c6 phuong trinh don gian dé cho
viéc xac dinh can cta u va v don gian hon.

oVi du 2.6. Tinh I = [[(x + y)dzdy v6i D la mién gi6i han béi céc
D

dusngsauy = —z; y=—x+3;, y=2r—1; y =2z + 1.

u
Hinh 2.8
u v
r=-—=
? Z u==x + y 3 3
Loi giai. Thuc hién phép doi bién &
Yy = ? + g
-l
3 1
Dinh thic Jacobi J = =3 # (. Cong thic trén xac dinh mot
2 1
3 3

song anh bién mién D thanh hinh chit nhat D’ giéi han bdi cac duong
u=0,u=3, v=—1, v =1 (Xem Hinh 2.8).

1
Do J = 3 # 0, nén ap dung cong thic (2.10), ta duge

3 1
J—lf/ududv—l/udu/dv—lu
3 30 s 3 2

oVi du 2.7. Tinh I = [[ zydxdy, trong d6 D 1a mién xac dinh béi
D

x <y <3z 2® <y< 3t
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y
=3z
ol Y
v
9 _ 2
y=g22| [Ju="= 3
31 1
i Y=
Z < u
1 3 O] 1 3
Hinh 2.9
Lai giai. Thuec hién phép doi bién &
v u?
1 U
v v? u2
Dinh thtc Jacobi J = = —.
2u Ul v
v ?

Cong thic trén xéc dinh mot song anh bién mién D thanh hinh vuong

D' giéi han béi cac dusng u =1, u =3, v =1, v = 3 (Xem Hinh 2.9).
2
Do J = u—g # 0 trong mién D’ nén ap dung (2.10), ta dugc
v

2 .2 5 3 3
1
J://g.u—.u—dudv:/ u—dudvz/u5du/—dv
44 v v vl 4 v v

1 1

3
’U4

| —4

uG

6

° 7280
L 2437

2.1.3.2. Tinh tich phan kép trong hé toa do cuc
Cong thitc lien he gitta toa do Dé-cac (z,y) va toa do cuc (r,¢) cia
ciing mot diem 1a

{x: reose (2.11)
y= rsing
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Néur > 0,0 < ¢ < 27 thi cong
thic trén xac dinh mot song anh gita
mat phing Oxy, trit géc O, va tap hop
trén clia mat phang O'rp. Riéng tai goc
toa do cor =0 va ¢ tuy .

Xem cong thic (2.11) nhu mot phép
bién déi bién s,
ta co

D(z,y) _

cosp —rsinp
siny rcosy

“Dlrg) —7 =

trir tai goc O.
Do d6, tur cong thic (2.10), ta c6

é/ f(z,y)dxdy = Z//f(rcos @, rsin)rdrdep.

(2.12)
Cong thtic trén van dung khi mién D

Hinh 2.10
y

4

chita goc O.

Néu mién D la mién gi6i han bdi cac
duong cong r = ri(p),r = ra(p) va cac
tia cuc ¢ = a, ¢ = B (a < B) (Xem Hinh
2.10), thi ta c¢6

C&\JZW

g _ Hinh 2.11
// f(z,y)dzdy = /dgp / f(rcosp,rsinp)rdr. v
D o r1(¢)
(2.13)
D6 la cong thic tinh tich phan kép
trong hé toa do cuc. B
Chu thich 2.1. A <
e Néu mieén D chita goc toa do O va O
moi tia xuat phét tit O déu cat bien
clia mién D tai mot diém c6é ban Hinh 2.12

kinh cuc r = r(p) thi

()
0

or T
é/ f(l“,y)da:dyzo/dgo / f(rcosp,rsinp)rdr.
(2.14)
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Dac biét, khi D 1a hinh tron tam O ban kinh R thi

27 R
//f(x,y)dxdy = /dgp/f(rcosgo,rsingp)rdr. (2.15)
D 0 0

e Néu mién D c6 bien di qua O va c6 tai d6 hai tiép tuyén xéc
dinh béi ¢ = a, ¢ = (a < ) va bién clia D ¢6 phuong trinh
r =1(p) (Xem Hinh 2.12), thi

r(¢)

//f x,y)drdy = /dgp / f(rcos @, rsinp)rdr. (2.16)

x Chu y: Ngum ta thuong tlnh tlch phan kép trong hé toa do cuc khi
bién hay mot phan ctia bién ctia D 1a cung tron.

eVidu 2.8. Tinh I = [[ /1 — 22 — y?>dxdy, v6i
D

a) D la mién gidi han bdi duong tron 2?2 + y? = 1.

b) D la mot phan tu hinh tron 22 + y? < 1 nim trong goc phan tu
thit nhat.

Loi giai. y
a) (Xem Hinh 2.13)
Chuyén sang toa do cuc, dat

{ T =Tcosp

. . Khi d6, phuong trinh
y = rsine.

duong tron trong toa do cyc la r = 1.
Vay,

2w 1
I:/d@/mrdr
0

0
1 2w 1
- /dso/(l —)24(1 — 42 Hinh 2.13
0 0 y
1 P2 (1 2>3/2 2m
=— = = (1=r = —
2g00 3 o 3

b) (Xem Hinh 2.14)

Chuyén sang toa do cuc, ta cé

/2
=/ w/mrdr—g

o

Hinh 2.14
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dxdy
VA — a2 —y?’
béi duong tron x? + y? = 2x.

Loi giai. (Xem Hinh 2.15)

Chuyén sang toa do cuc, dit
{ T=rcosp

eVi du 2.9. Tih [ = / / trong d6 D Ia mién giéi han
D

y=rsing

Khi d6, phuong trinh duong tron trén
trong toa do cuc la
r = 2c08p.

Mién D’ dugc xéc dinh béi

- - Hinh 2.15
—nggg; 0 <r < 2cosp.
Do do,
/2 2 cos w/2 2cosp
r 1/2 9
I = /dgp / ——dr = /dgp / 4—r2) (4 —r°)
_ 2 9
—7/2 0 4 r —7/2 0
/2 /2 /2
=— / (4 — r%)1/2 icow dy = / 2dy — / 2| sin p|de
—7/2 —7/2 —7/2
/2 /2
= / 2dp — 4 / sinpdp = 2g0| a2 T 4008g0|0 =21 — 4.
—7/2

oVi du 2.10. Tinh I = [[xdzdy, D 13 mién théa man
D

4+ y? <2y, y<u

Loi giai. (Xem Hinh 2.16)
Chuyén sang toa do cuc, dit

T =1TCcosp
Yy =rsing

Khi do, phuong trinh duong tron trong toa do cuc la
r = 2sinp.
Mién D' duge xac dinh béi

0<p< —; 0<r<2sinep.

e
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Do doé,

w/4 2sin ¢

I = /dgp / 72 cos @dr 9 ‘
0 0 r = 2sinp
w/4 3

/ r

= [ cosp- —

L
0

w/4

2sin ¢
dy y=X
0 1h------

8
=3 / cos . sin® pdyp
0

3 w/4
=3 / sin® pd (sin @)
0

8 sin4<p m/4 1 Hinh 2.16
“374 |, % Y
b
x Chu y:
Z X X
e Neu D la mien gi6i han béi duong 3 0 a
elip K/

2?2y b
§+ﬁ:1’a>0’b>0’

thi thuc hién phép déi bién sang hé Hinh 2.17

toa do cyc suy rong bang cach dat

T = arcosy
y= brsing

Khi d6, J = abr va mien D’ dudc xac dinh béi
0<p<2m 0<r < 1.

Néu D 1a mién gi6i han bdi dudng tron (z —a)? + (y — b)* = R? thi
thuc hien phép doéi bién

T =a-+Trcosy
y=b+rsing

Khi d6, J = r va mien D’ dugc xac dinh béi

0<p<2m 0<r<Rh.



2.1 Tich phan kép 49

2.1.4. Ung dung cta tich phan kép
2.1.4.1. Ung dung hinh hoc ctia tich phan kép

a. Tinh dién tich hinh phang
Dién tich S ctia hinh phing D dude cho béi cong thiic

S = // dxdy. (2.17)

eVi du 2.11. Tinh dién tich hinh phéng D giéi han bédi cac dudng
y=Inz, y=0; x=e.
Loi gidi. (Xem Hinh 2.18)
Mién D dugce xac dinh béi
1<r<e 0<y<Inx.
Vay,
Inz y

S://da:dy:/dx/dy
D 1 0

Hinh 2.18

oVi du 2.12. Tinh dién tich hinh
phéng D xac dinh béi M

2x§x2+y2§4x;0§y§$.

Lai giai. (Xem Hinh 2.19)

Mién D nam ngoai dudng tron
2?2 4+ y? = 27, nam trong dudng tron T
2?2 + y? = 4z, phia trén duong thing
y = 0, phia duéi duong thang y = .

Chuyén sang toa do cuc, dit

{x 7 COS
y= rsing Hinh 2.19
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Khi d6, phuong trinh hai duong tron 22 + y? = 2z va 22 + % = 4x
trong toa do cyc lan lugt 1a r = 2cos ¢ va r = 4 cos .
Mién D' duge xac dinh béi

0§<p<%, 2cosp < r < 4cosep.
I dcose I 7“2 4cosp 1
://da:dy:/dtp / rdr:/dtpg :6/coszgodg0
D 0 2 cos ¢ 0 2008 0
in 2 4 1
— /1+008230dg0—3<g0+8m2¢> :3(—+§)‘
0 0

b. Tinh dién tich mat cong

Gia st (S) 1a mot mat cong c6 phuong trinh 1a 2 = f(x,y), goi D
I3 hinh chiéu ctia mit cong da cho lén mat phang Ozy, ham f(z,y)
ciing cac dao ham riéng cap mot ctia né lién tuc trén mién D. Ki hicu
p= fi(x,y); ¢ = f,(x,y). Khi d6, dién tich ctia mat () dugc tinh theo

cong thiic
S = // 1+ 9% + ¢?dady. (2.18)
D

z=1fx.y)

Hinh 2.20

oVi du 2.13. Tinh dién tich ctia phan mit cau z? 4+ y? + 22 = 4 nim
bén trong mat tru
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Loi gidi. (Xem Hinh 2.21) 2
Do tinh déi xitng nén chi can xét phan mét 9
nam trong géc phan tam thit nhat.
Khi d6, z = v/4 — x? — y%. Suy ra
p=2z = S 2
TR T IR
Yy 2 y
_ —Y T
=% =
Do d6 Hinh 2.21
%+ 2 2
VI+p?+¢2 =41 = .
TPt \/+4—x2—y2 i
Vay,

2
Sz4//—dd,
Js V4 — 1% —y? vay

v6i D la ntta hinh tron 22 + y? < 2y nam trong géc phan tu thi nhat.

Chuyén sang toa do cuc, dit {q: - TC_OS gp.
y= rsing
Mién D' dugc xac dinh 0 < ¢ < g; 0 <r < 2singp.
Do do
w/2 2sin ¢ /2 2singp
S=4/d¢ / 72_ 4/@/ VA= 2) - )
0 0 Va2 0
w/2 w/2
2sin
:—8/ < 4—7"2) . SDalg0—16/(coscp—l)dcp
0 0

= — 16 (sinp — ¢)[7/? = 16(% —1).

eVi du 2.14. Tinh dién tich ctia phan mat paraboloit z = 22 + y? nam

trong mat tru 22 +y% = 1.
Loi gidi. (Xem Hinh 2.22)
Ta co
p=1z, =21, q=2,=2y= 14+p* ¢ = 1+4(2* ).

Vay

S = // V1 +4(x2 + y2)dedy,
D
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trong d6 D la mién giéi han béi duong tron 22 +3? = 1 trong mit phing
Ozxy.
Chuyén sang toa do cuc, dit

T = TCosp
y= rsing

Mién D' duge xac dinh

0<p<2m; 0<r<1.

Do dé
21 1 2 1 1

S:/dgo/mrdr:/dwg/md(l+4r2)
0 0

o (1 + dr2)32 : - %(5\/3 —1).

2.1.4.2. Ung dung cd hoc ciia tich phan kép

a. Tinh khéi lugng ctia mot ban phiang khong dong chét

Cho mot ban phing chiém mot mién D trong mit phang Oxy va c6
khéi lugng rieng tai mbi diém M (z,y) 1a p(z,y), trong d6 p(z,y) 1a ham
lien tuc tren D. Khi d6, khéi luong m ctia ban phang dude tinh theo cong
thic

m = //p(x,y)dxdy. (2.19)

eVi du 2.15. Tim khéi lugng clia mot ban phing chiém mién D gi6i
han bdi cac duong y = €%,y = 1,2 = 1, biét rang khoi luong riéng tai

mdi diem 1a p(x,y) = ~.
Y

Loi giai. (Xem Hinh 2.23) Theo (2.19), ta c¢6

1

m = // dxdy—/dx/ /ln\yHl dx—o/l rdz =

0

DN | —
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y
y=e"
e _—— =
1 y=1
X
O 1
Hinh 2.23

b. Momen quan tinh ctia ban phing.

Cho mot ban phang khong dong chat chiém mot mién D trong mat
phang Oy va c6 khéi lugng rieng tai moi diem M (z,y) 1a p(x,y), trong
do6 p(z,y) 1a mot ham lién tuc tréen D. Khi d6, momen quan tinh ctia ban
phang da cho déi véi truc Oz, Oy va gbc toa do lan luct 13

I, = // y*p(z, y)dady,
D

I, = // 2?p(z,y)dxdy,
D

Iy = //(:L‘2 + %) p(x, y)dzdy. (2.20)

oVi du 2.16. Tim momen quan tinh ctia mot ban phang D xac dinh
bdi 0 <z <1—y? y >0 ddi v6i truc Oy néu khdi lugng rieng ctia ban
tai méi diem 1a p(z,y) = ¥.

Loi giai. (Xem Hinh 2.24) Ta ¢6

1 Vi-z
I, = // 22ydrdy = /dx / 2ydy
D 0 0

y

1
1 v
:7/1152 2|V1
2
1
/ (1—-2x)d i
24"

0

l\D\»—t

Hinh 2.24
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eVi du 2.17. Tim momen quan tinh déi véi truc Oz ctia ban phang D
gi6i han boi duong r = a(1 + cos ), a > 0, biét rang p(z,y)=1.
Loi giai. (Xem Hinh 2.25)
Taco I, = y y2dady.

y
r = a(l 4+ cosp)

Chuyén sang toa do cuec, dit

T =TrCcosp O a %2,
y=rsingp
—a

Khi do
o a(14-cos ) Hinh 2.25
I, = // r? sin? prdrdy = /dgo / sin? prdr
D’ 0 0
2 4 |a(1+-cosp) 4 27
21
:/sin2 © - T dp = e /sin2 @(1 + cosp)idy = —ma*.
" 41, 4 32

c. Trong tam ctia ban phang

Cho mot ban phang khong dong chat chiém mot mién D trong mat
phang Oxy va c6 khdi lugng rieng tai mdi diém M(z,y) € D 1a p =
p(x,y), trong dé p(x,y) la mot ham lién tuc tréen D. Khi d6, toa do trong
tam G ctia ban phang duge xac dinh bdi cong thiic

[f)f zp(x, y)dzdy £f yp(x,y)dzdy
ra = y Yo = . 2.21
O et " gy 2
Néu ban phing dong chat thi p khong déi, do do
—1//dd —1/dd (2.22)
IG—SDmxy’ yG—SDyxy, .

trong do6 S 1a dién tich ctia mién D.

oVi du 2.18. X4c dinh toa do trong tam G clia ban phang dong chat
D xéac dinh bdi

2 +y? <1 y>0.

Loi giai. (Xem Hinh 2.26)
Do mién D nhan Oy lam truc dbi xting nén z¢ = 0.
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1
Ta co, ygzglgfydxdy véiS:g y

(dién tich ntta hinh tron ban kinh bang 1).

Do do6
1 V1—z?

/dx/ydy
0
21y2 vi-a?
r) 2
~1

—ZE

0 Hinh 2.26
1

2 4
== [(1=2)de = —.
7'('0/( z7)dz 3

4
Vay, G(0, 3?)
oVi du 2.19. Xac dinh toa do trong tam G ciia ban phang dong chat
D giéi han béi cac duong y? = 2z; = = 2.
Loi giai. (Xem Hinh 2.27) Y
Do mién D nhan Oz lam truc déi

xing nén yg = 0.

1
Co xg = 5l [ xdxdy, v6i

5 = //dxdy—/dy/d:c

2/2

2 ) ]
:/xlzg/Qdy:/(Q—yZ)dy:;.
2 2
2 2 2 oy
I://xdxdy:/dy/xdm:/—
D “2 42/ 2 2y
Suy ra, rg = 5= g Vay G’(g,O).

2.2. Tich phan boi ba

2.2.1. Dinh nghia tich phan boi ba

x Dinh nghia 2.2. Cho ham s6 f(z,y, z) xac dinh trong mién déng,
bi chan V ctia khong gian Oxyz, chia V mot cach tity ¥ thanh n mién
nhd, goi tén va thé tich ctia cac mién nhd 1a AVy, AVs, AVs, . AV,.
Trong méi mien AV; lay mot diem tuy v M;(zi, s, %)



56 TICH PHAN BOI, TICH PHAN PUONG LOAI HAI

Téng I, = i f(%,yi,zi)-AV;
i=1

dugc goi la tong tich phan cia
ham s6 f(x,y,z) trong mién V.

Néu khi n — oo sao cho
max d; — 0 (d; 1a duong kinh ctia
mién nhé AV;) ma I, dan tdi
mot giéi han xac dinh 7, khéng
phu thuoc vao cach chia mién
V va cach chon diém M, trong
mien AV thi giéi han d6 dude goi
la tich phan b@l ba ctia ham sb Hinh 2.28
f(z,y,z) trong mién V va dugc
ki hieu la [[[ f(x,y, z)dV.

%

Vay,

max d; —>0

JJ] f@y.20av = 1 foz,yz,zz) AV
14

Néu tich phan trén ton tai ta néi rang ham s6 f(z,y, z) kha tich trong
mien V.

Tich phan boi ba ciing ¢6 cac tinh chat tuong ti nhu tich phan kép.
* Chi y: Vi tich phan boi ba khong phu thuoc vao cach chia mién V/
thanh cac mién nhé ta c6 thé chia mién V bdi ba ho mit phing song
song véi cac mat phang toa do, do d6 dV = dxdydz va c6 thé viét

// f<x’y’z>dvz///f(%y,?:)dxdydz.

2.2.2. Cach tinh tich phan boi ba trong hé toa do

Dé-cac o

Tuong tu tich phan kép, ta c6 the dua
viéc tinh tich phan boi ba vé viéc tinh ba
tich phan don lién tiép.

Gia st phai tinh

[:// f(z,y, z)dxdydz, o 2
1%

<Y

<%

trong do f(x,y, z) lien tuc trong mién V.
Néu mién V' dude gidi han phia duéi béi Hinh 2.29
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mit z = z1(z,y) va giéi han phia trén bdi mat z = z9(z,y), trong do
21(2,y), 22(z, y) 1a nhiing ham s6 lien tuc trong mién D, D 1a hinh chiéu
ctia mién V' lén mit phang Oxy, thi

z2(z,y)
I= / dxdy / flz,y,2)dz. (2.23)
z1(z,y)
Néu mién D duge gi6i han béi cac duong y = y1(z); vy = ya(2), t
y1(x), y2(x) 1a nhitng ham s6 lién tuc trén doan [a, b], yi(z) < ya(x) Vo €
la,b]; [a,b] 1a hinh chiéu ctia D len Oz thi
b w(z) z(zy)
I= /dx / dy / flz,y,2)dz. (2.24)

a  yle)  az(zy)
oVi du 2.20. Tinh I = [[f(1 — 2 — y)dxdydz, trong d6 V' 1a mién xac
%
dinh béi
r>0,y>0,z2>20z+y+2<1.

Loi giai. Dyng mién V, ta thay mién V dudc xac dinh bdi cac bat
déngthﬁ’cképsau()gxgl; 0<y<l—x;0<2<1l—2—y.

Ap dung cong thic (2.24), ta c6

—x l-z—y
z
I = /dx/dy / l—x—y
1 1—33 1
:/dx /(1 —x—y). 2y "V dy
0 0
1 -z 1
:/dx /(1—x—y)2dy
1 Yy
0 0
1 / 1
__ = a3 x
= 3/(1 r—y) ‘0 dx
Y Hinh 2.30
1 1 1
7/1—x ——(1—x)4‘1:—.
30 12 0o 12

oVi du 2.21. Tinh I = [ff zzdxdydz, trong d6 V' 13 mién gi6i han bai
1%

cac mat

z=\R?—2>—y> va 2=0,2>0.
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Loi giai.

Dung mién V', goi D 1a hinh chiéu ctia
mién V' lén mat phang Ozy, d6 la mién
gigi han béi duong tron 22 + y? = R2.

Theo cong thic (2.23), ta c¢6

R2 g2 42

I = / / dxdy / rzdz
D

, Hinh 2.31
z R2 g2 42
= // r—|o dxdy
2
D
_ 1 2,2 2
—2//:1:(R x y)dazdy.
D
Chuyén sang toa do cuc, dat {x - rc.osgo . Ta c6
y =rsing
1 27 R 1 27 R
I :i/dgo/(R2 —7“2) r? cos pdr = §/cosgpdg0/(R2r2 —7“4> dr
0 0 0 0
1 . 2 (R2T3 r5> R 0
=—sin : - — =0.
2 P -\ T3 T )|,

* Chii y: Ciing nhu tich phan kép ta c6 thé thay ddi thit tu tich phan
khi tinh tich phan boi ba.

2.2.3. Phuong phap doi bién sb trong tich phan boi
ba
2.2.3.1. Céng thitc déi bién sb trong tich phan boi ba
Xét tich phan I = /// f(z,y, z)dxdydz, trong d6 ham s6 f(x,y, z) lien
v

tuc trong V.

Ta thuc hién phép déi bién sb
r =z(u,v,w)
y =yu,v,w) . (2.25)
z =z

(u,v,w)
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39

Gia st rang

a. z(u,v,w),y(u,v,w), 2(u,v,w) la nhitng ham so6 lien tuc cing véi
cac dao ham riéng cAp mot clia chiing trong mot mién déng V' ctia

khong gian O'uvw.

b. Cac cong thiic (2.25) x4c dinh mot song anh tit mién V' lén mién

V cua khong gian Oxyz.

c. Dinh thtc Jacobi

x, x

7 = Dy, -
D(u,v,)

2 2

Khi do, ta ¢6 cong thic

///f(x7y>z)divdydz —

Ly

y,| # 0 trong mién V.

!/

n

:///f(x(u,v,w),y(u,v,w),z(u,v,w))|J|dudvdw. (2.26)

2.2.3.2. Tinh tich phan béi ba trong hé toa do tru

Toa do tru cia mot diem M (x,y, 2)
trong khong gian Ozyz 1a ba s6 (r, ¢, 2),
trong d6 (r,¢) 1a toa do cuc clia diém
M'(z,y), hinh chiéu ciia M xubéng mat
phing Ozy. V4i moi diém ctia khong gian
khong thudc Oz, tacor > 0; 0 < p <
2m; —o00 < z < +00.

Ta c6 cac cong thic lien hé gitta cac
toa do Dé-cac va toa do tru ctia diem M
sau day.

T =Trcosy
y =rsing . (2.27)
z =z

M(z,y, 2)
~~r | Y
- M/($»y70)
Hinh 2.32

Néur >0, 0 < p < 2m, —00 < z < +oo thi cong thiic (2.27) x4c dinh
mot song anh gitta khong gian Ozyz, trut truc Oz, va tap hgp trén cta
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khong gian O'r¢z. Rieng cac diém trén truc Oz c6 z xac dinh, r = 0 va
¢ tity ¥. Dinh thitc Jacobi clia phép bién doi (2.27) 1a
cosp —rsing 0

sinp rcose O
0 0 1

=7

J:

Nhan thay, J # 0 v6i r # 0. Do do6, tit cong thitc (2.26), ta c6

// f(x,y,z)dxdydz:// f(rcosp,rsing, z)rdrded:z. (2.28)
1% v

Do 1a cong thite tinh tich phan boi ba trong hé toa do tru.
Cong thiic trén van diang khi mién V' chia nhitng diém tren truc Oz.
oVi du 2.22. Tinh I = [[[ (2% + v?) zdzdydz, trong d6 V' 1a mién hinh
tru gi6i han bdéi cac mat 3‘17/2 +y? =21, 2=0; z = 2.
Loi giai.
Chuyén sang toa do tru, dit

T =TCcosy
Yy =rsing
z =z

Ta cb

2
I = /// r3zdrdodz = // rgdrdgo/zdz,
v D’ 0

v6i D’ 1a mién tron gisi han béi duong

Hinh 2.33

r=2cosp(—nm/2<p<7w/2), r=0, p=—7/2, p=7/2.

Do dé

2cos ¢ 9 412cos @

bl bl bl
I:/dgo/r3dr/zdz: /dcp/r?’%gdrz2/dg0%
-z 0

0

|
INE]
o
o
INJE]

1 2 7
cos* pdp = 16/<+COS¢> dp = 4/(1+20032g0+00822g0) dy
0

1 4
(1+20082gp+ +(;)S<p> de = 3.

Il
W
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oVi du 2.23. Tinh I = [[f[ (z* + y? + 2?) dzdydz, V 1a mién giéi han
1%

z=v2?+y?vaz=a(a>0).

T =TCcosp

bdi cac mat

Loi giai. Chuyén sang toa do try, dit {y =rsingp .

zZ =z

Ta c6
I = /// (7’2 + 22) rdrdedz = // drdgp/ (7“2 + 22> rdz,
1% D’ v
trong d6 D’ 14 mién gidi han béi

r=a, r=0, ¢ =0, ¢ =27.

Do do

27 a a
I = /dgp/dr/(r3+22r)dz

2m a ,ZS a
= /dgo/ <r32+3r> dr
0 0 r
21 a a3 A
= /d¢/<r3a+r—r4) dr 0 y
3 3
0 0 z
4 3.2 5
ol (T O AT N
— o2 (4a+ =5 35)|0 Hinh 2.34
_ 3ma®
10

2.2.3.3. Tinh tich phan bdi ba trong hé toa dé cau

Toa do cau ctia mot diem M (x,y, z) trong khong giaﬂxyz 1& bo ba
(r,0,p), trong d6 7 = OM, ¢ la géc gitta truc Oz va OM’| M’_lé; hinh
chiéu ctia M xudng mit phang Ozy, 6 1a géc gitta truc Oz va OM.

V6i moi diém M (x,y, z) khong thuoc Oz, ta c6

O<r<+4oo, 0<l<m 0<p<2m.
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Z
M(z,y,z)
9 T
0
.Y
A=l
T
Hinh 2.35

Giita toa do dé céac (z,y, ) va toa do cau (r, 60, ¢) ciia cing mot diém
M c6 mbi lien hé

x =rsinfcosyp
y =rsinfsing . (2.29)
z =rcosf

Néur >0, 0<6 <7, 0< ¢ <27 thi cac cong thitc trén xac dinh
mot song anh gitta khong gian Ozyz, trit truc Oz, va tap hgp trén cia
khong gian O'rfyp. Rieng diém gbc toa do, ta cé r = 0, 6 va ¢ tiy ¥, con
nhitng diém trén Oz c6 r xac dinh, § = 0 hodc § = 7, ¢ tity ¥. Dinh thiic
Jacobi la

sinfcosy rcosfcosy —rsinfsing

J =|sinfsinp rcosfsing rsinfcosyp | = —r?siné.

cos —7rsinf 0

RO rang, J # 0 v6i r # 0 va sinf # 0. T cong thic (2.26), ta co

[ 1oy, )iy =

:///f(rsin@cosgp,7"sin€singp,7“(:059)7"2 sin Odrdfdy. (2.30)
V/

D6 14 cong thiic tinh tich phan boi ba trong hé toa do cau.
Cong thiic vAn ding khi mién V chita nhitng diém trén truc Oz.
oVi du 2.24. Tinh I = [[[ 2v/22 + y2dxdydz, v6i V 1a mién xac dinh
v
béi
x2+y2+z2§ 1, z>0.
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Loi giai. Chuyén sang toa do cau, e
dat
= rsinfcos
=rsinfsiny .
z =rcosf

Khi do6, V' duce xac dinh bdi

0<r<lL0<d<Zi0<p<om

Hinh 2.36

Ta co

1

T
2 5
I = /cl<p/d@/rcos&.rsin@.r2 sin Odr
0 0 0
7r

T
- 1
2 7d

5

B 2
15

Fuo | 1 sin®
= /d¢/8in200050d0/r4dr: ol d
0 0 o

0 0

oVi du 2.25. Tinh I = [[[ (2 + y?) dxdydz, v6i V 1a mién gi6i han béi
v

hai mit cau sau day
Pyt =1, 2y 4+ =4
Lai giai. Chuyén sang toa do cau, ta c6
I = /// r? sin? 0.r° sinfdrdfdp.
v

Mién V' duge xdc dinh bdi 1 <r <2, 0<0 <7, 0< ¢ <27 Vay

2T s 2 27 T 2
— i3 4 — 2 4
I O/dgpo/sm Qdﬁl/r dr O/dwo/(cos 0 1)dcos€1/r dr

2

o ((:053 0 9) ot 2487
= ¢l - — €08 = = ==
0 3 o Bl 15
2 2 2

« Chit 2 Néu V Ja mién Elipxoit 5 +754+ 5 <1, a>0,5>0, >0
a C

thi chuyén sang toa do cau suy rong bang cach dit
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= arsinf cos ¢
= brsinfsing .

z =-crcosf

Khi do6, |J| = aber?sinf va mién V' duge xac dinh béi 0 < ¢ <
2m, 0< 0 <m 0<r<1.

Néu V la mién (z —a)?+ (y — b)® + (2 — ¢)? = R?, R > 0, thi chuyén
sang toa do cau suy rong bang cach dit

xr =a-+rsinfcosy
y =0b+rsinfsingy .

z =c+rcosb

Khi do6, |J| = r*sin @ can cta r, 6 va ¢ phai duge xac dinh theo hé truc
mdi goc 1a I(a,b,c) va mién V' duge xac dinh 0 < ¢ < 27, 0 < 0 <
m, 0<r<R.

oVi du 2.26. Tinh I = [[[ (z? + y* + 2?) dzdydz, v6i V 1a mién
1%

2 2 2
T Y z

4+l 42 <1, a>0.
a?  a?  3a%2 —

x = arsinfcosp
Lai giai. Chuyén sang toa do cau suy rong, dit { y = arsinfsinyp.
2 =+/3arcosf

Khi do, |J| = v/3ar?sinf, mién V' duge xac dinh nhu sau
0<r<1,0<60<7m 0< <27,

Vay,

/dgp/d@/ sm 26 + 3 cos? 9) V3a®r? sin Odr

:a‘r’\/g/wdgp/ﬂ 1 + 2cos? 9 s1n9d0/ ridr
0 0

! _ 4+/37a’
T

2 3
:a5\/§ga|(2) <—cos€— o8 9)

3 5

0

0
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2.2.4. Ung dung tich phan boi ba
2.2.4.1. Tinh thé tich cta vat thé

Thé tich ctia vat thé chiém mién V trong khong gian Oxyz la

V:///dV:// drdydz (2.31)

oVi du 2.27. Tinh thé tich vat thé giéi han bdi cac miit

z2=6—-2—y* 2% =2* +y* (2 >0).
z

Loi gidi. Ta c6 V = / / / drdyds.
1%

=6— 22— 9>
2 =g gy?

=6—z2=2"=2=2(do 2 >0).

Vay phuong trinh ctia hinh chiéu xudéng
mat phang Ozy clia giao tuyén giita hai
mat trén 1a 22 + 9% = 4.

Chuyén sang toa do tru, dit Hinh 2.37
T =TCosp
Yy =rsinp
2=z

Khi d6, phuong trinh cac mit lan luot 14 2 = 6 — r%, 2 = r va mién V’
duge xac dinh 0 < o <27, 0<r <2, r < 2 <6 —r% Vay,

2m 2 6-r? 2m 2 e,
V:/dgo/dr/rdz:/dcp/rz dr
0 T
4 3
—/dgp/ 6—1r2—r dr—g0| (37“2—7;1—%)

2.2.4.2. Tinh khéi luong ctia vat thé va toa do trong tam cta
vat thé

> 397

5

0

Cho mot vat thé V trong khong gian Ozyz. Ta ciing ki hieu V 1a the
tich ctia vat thé V. Gid sit khoéi lugng rieng clia vat thé tai M(z,y, 2) 1a
p(x,y,z). Khi do,
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e Khéi lugng ctia vat thé duge cho béi cong thiic
m = ///p(:c,y, z)dxdydz. (2.32)
v
e Toa do trong tam G ctia vat thé dugce cho béi cong thiic

1

rg = — [[[xp(x,y,2)dzdydz
my

yo = — [[[yp(z,y, z)dxdydz . (2.33)
my

1
zg = — [[[zp(x,y,z)dvdydz
m v

e Néu vat thé dong chat thi p khong déi, do do6

1

rg = — [[[xdxdydz
‘1/ v

v = — [[[ydxdydz . (2.34)
Vv

2z = 1 [[[ zdxdydz
Vv
oVi du 2.28. Tim toa do trong tam ciia vat thé dong chat xac dinh bdi
2?2+ 2 <2zvaa?+y?+ 22 <3
Loi giai. (xem Hinh 2.38)

2 2 =9
Xethe VTV T
Yy +z22 =3
=2z=1(doz>0).
Vay, giao tuyén ctia hai mat 1a
2 2 2
duong tron Ty
z =1

Do tinh ddi xting nén
o = Yag :1 0.
Ta c6, zg = — [[[ zdzdydz.
Vv

Chuyén sang toa do tru, dit

Hinh 2.38

T =TCcosy
y =rsiny

z =Z
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2
Khi d6, phuong trinh cac mat lan luct 1a 2 = % 2 =+/3 — 12, vi mien
2
V' duge xac dinh béi 0 < ¢ < 2m; 0 < r < V/2; %< <+V3—-7r2T
co
V3—r2 2r V2
V= /dgp/dr / rdz-/d /rz|‘f}2r2
r2/2 0

Jofon G-

Bay giv, ta tinh I = [[[ zdzdydz. Chuyén sang toa do tru, ta cé
1%

\/52 V3—r2
/dgp/dr / rzdz—/akp/r; dr
2 ;2
_17df 3 — 2_ﬁ d_5£
o)) T )Y T
0 0
1 5 )
S =—=—+-——Vay,G|0,0, ——— | .
uy ra, zg vV 6\/3—5 ay, ( ) ’6\/§—5>

2.3. Tich phan duong loai hai

2.3.1. Dinh nghia tich phan dudng loai hai
2.3.1.1. Coéng ctia mot luc bién déi

Cho mot chat diem M di chuyén theo mot cung phang L tit A dén B
duéi tédc dung ctia mot luc ?(M ) bién thién lién tuc doc theo cung
AB. Hay tinh cong W cua luc ay.

Chia cung AB thanh n cung nhé béi cac diem A = Ay, A1, Ao, ..., A, =
B. Goi A:UZ,Ayl la cac thanh phan cla vécto A;_1A4;, i = 1, 2

Néu cung AZ 1A; kha nhd thi c¢6 thé xem nhu lyc ? khong do1 tren
cung d d6 va bang F (M;), v6i M, (fz,nz) la mot diém nao do trén cung
Al 14;, 1 =1,2,....,n. Xem cung Az 1A; xap xi nhu day cung A;_; A;, khi
doé, cong AW, ctia lu’c ? lam cho chét diém di chuyén tit A;_; dén A; trén
L c6 thé duge xap xi nhu sau: AW, ~ ?(MZ).Al,lAz. Néu hai thanh phan
ctia lge (M) 1a P(M) va Q(M) thi AW, =~ P(&,,m,).Ax:+Q (& 11,)-Ays.
Néu moi cung A/Z__E déu kha nho, ta co



68 TICH PHAN BOI, TICH PHAN PUONG LOAI HAI

W= Z [P(&,mi)Ax; + Q(&,m:) Ayil. (2.35)
=1

Phep tinh gan ding nay cang chinh xac néu n cang 16n va cac cung
Al 1A; déu cang nho. Do d6, cong W ctia luc ? lam cho chat diém di
chuyéen tit A dén B trén duong L la gi6i han, néu co6, ctia tong & vé
phéi ctia (2.35) khi n — oo sao cho max As; — 0, As; 1a chiéu dai cung

i=1,n

Ai—lAi-

2.3.1.2. Dinh nghia tich phan dudng loai hai

Cho hai ham s6 P(z,y) va Q(z,y)
xac dinh trén cung AB. Chia cung y
AB thanh n cung nhé béi cac diém
A = Ao,Al,AQ,...,An = B. GOI
hinh chiéu ctia véc to A;_1A; 1én hai
truc Oz, Oy la Ax;, Ay, M; (&,m:)

la mot diém tuy ¥ trén cung A=Ay Ay Fmt
A;_1A;. Néu khi n — oo sao cho Lo
ax Ax; — 0, ax Ay, — 0, to 1 :
it P w0 Az
I, = [ (&> mi) Azi + Q(&i, mi) Ay Hinh 2.39

dan t6i mot gidi han xac dinh, khong phu thudc cach chia cung AB va
cach chon diém M, trén cung A; 1 A; thi gi6i han do6 dugc goi la tich phan
duong loai hai ctia cac ham s6 P(z,y) v Q(z,y) doc theo cung AB va
dugce ki hiéu 1a

I= /P(.:z:,y)d:v—i—@(m,y)dy. (2.36)
AB

Ngudi ta chiing minh dude rang, néu cung AB tron? va cic cdc ham
s6 P(z,y), Q(x,y) lien tuc trén cung AB thi tich phan duong loai hai
(2.36) ton tai.

* Cha y: Trong tich phan dudng loai hai, chiéu trén duong lay tich phan
déng vai tro quan trong. Néu ta doi chiéu trén dudng lay tich phan thi

P =zx(?

2Puong cong cé phuong trinh tham s {x x(<t))’ xac dinh trén (a, 8) duge goi
y =y

12 tron néu z(t) va y(t) c6 dao ham va ciac dao ham d6 khong dong thai bing khong

v6i moi t € (o, B).
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2 ) B - . 2. 1z .
hinh chieu ctia vécto A;_1A; 1én hai truc Ox, Oy doi dau, do dé

/ Pz, y)dz + Q(z,y)dy = — / Pz, y)dx + Q(z,y)dy
AB BA
Néu duong lay tich phan 1a mot duong kin L, ta quy udc chon chiéu
duong trén L 1a chiéu sao cho mot ngudi di doc L theo chiéu ay sé thay
mién giéi han béi L gan minh nhat ¢ vé bén trai. Ta thudng ki hieu tich
phan duong doc theo dudng cong kin L theo chiéu duong 1

%de + Qdy.

2.3.1.3. Tinh chét

Tich phan duong loai hai c¢6 cac tinh chat nhu tich phan xac dinh.

2.3.2. Cach tinh tich phan duong loai hai

Ta gia thiét rang cung AB 1a mot cung tron, cac ham P(z,y), Q(z,y)
lién tuc doc theo cung AB.

Néu cung AB dugc xac dinh béi phuong trinh tham s6 z = x(t), y =
y(t), cac mut A, B ting véi cic gia tri t1,ts clia tham s6. Khi do, ta ¢
cong thic

to
[ Py + Q.y)dy = [ [P, y(0)a' () + Q(t), y(t)y (1) dt.
AB 2
(2.37)

Néu cung AB duge cho béi phuong trinh y = y(z), a 1a hoanh do ciia

A, b 1a hoanh do cua B, ta c6

/P(ac y)dz + Q(z, y)d / ) + Q. y(@))y (x)]dz. (2.38)

oVi du 2.29. Tinh [ = [ydx — xdy v6i
L

a) L la ntta duong tron tam O ban kinh R ndm trong nita mat phang
tren tit A(R,0) dén B(—R,0).
2 2

b) L la dusng ellipse m— - zz

Loi giai. a) (Xem Hinh 2.40)

1 di theo chiéu duong.
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Phuong trinh tham s6 ctia duong Y

tron tam O, ban kinh R la R

r = Rcost

y = Rsint

B A
Theo cong thic (2.37), ta ¢6 R 0) R
I = /[Rsint(—Rsint) — Rcost.Rcost|dt Hinh 2.40
0

= — R? /(sin2t + cos’t)dt = —m R?
0

b) (Xem Hinh 2.41)

b
Phuong trinh tham s6 ctia elip 1 A Q
-b

r =acost
o, (o<t <2m)
y =bsint

a

B
e

Chié? tang cga t tng véi chieu Hinh 2.41
duong cua L, ta co

27
I = /[bsint(—a sint) —acost.bcost]dt

0
2w

= — ab/ (sint + cos*t)dt
0

27
= — ab/dt = —2mab.
0

eVi du 2.30. Tinh [ = [(2? — 2zy)dx + (y* — 2wy)dy, trong d6
L

a) L 1a duong gap khiac ABO véi A(1,0), B(0,1) va 0O(0,0).
b) L la duong = + y? = 1 ndi tit diem A(0, —1) dén B(0,1).

Loi giai. a) (Xem Hinh 2.42)
Chia L thanh 2 duong la AB c6 phuong trinh x +y = 1, va BO ¢6
phuong trinh x = 0.

e Tinh I} = [ (2% — 2xy)dz + (v* — 2xy)dy.
AB
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Tiz+y=1=>y=1—2=1y =—1. Vay

/ 22— 2(1—2) + (1 — 2)* — 22(1 — 2)) (—1)] da

1
1 , L y
= —/(Qx—l)dx:— (x —:c)’ozo.
0 1 {\A
o Tinh I, = [ (2% — 2zy)dx + (v* — 2zy)dy. X
BO 1) 1
Tz =0= dr =0, suy ra
0 ; Hinh 2.42
bz/f@z—/ﬁ@
1 0 y
| B
I . —~2Z1
31, 3
. 1 \ C x
.Vay,lzll—i‘lgz—g. 0 1
b) (Xem Hinh 2.43)
> 2 2 / -1
Tiz+y>=1suyraz=1—y A
Do d6 o’ = —2y.
Vay Hinh 2.43

1

/ (=9 =291 =) - (=29) + (4* — 2y(1 —v?))] dy

26
= /(—2y5 —dy" +6y° +5y" — dy)dy = .
-1

Trong vi du nay, néu mudn tinh I bang cach dua vé tich phan xac dinh
theo z thi phai chia cung AB thanh hai cung ACvaCB. 0 day, phuong

trinh cung AC 1a y = —+/1 —x, con phuong trinh cung CB la Yy =
v1—zx.

2.3.3. Cong thic Green

Cong thiic Green cho ching ta mdi lién hé gitta tich phan duong loai hai
doc theo mot duong kin L lay theo chiéu duong va tich phan kép trong

mién D gi6i han bdi dusng L.
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O Dinh li 2.4. Néu cdc ham P(z,y),Q(z,y) va cac dao ham riéng cap
mot ciia chiing lién tuc trong mot mién D thi ta c¢é cong thic

// (aQ - az;> drdy = ]{de + Qdy, (2.39)
L

trong dé L la bién ctia mién D, tich phan doc theo L lay theo chiéu
duong.

Cong thtc (2.39) duge goi 1a cong thitc Green.

Chiing minh.

a) (Xem Hinh 2.44) Truée y
hét, gia st rang D 1a mién don lien
va moi dudng thang song song véi
cac truc toa do cat L nhiéu nhat
tai hai diém. Vay mién D dudc
xac dinh bdi

a<z<b y(r) <y < y(r).

Theo cong thic tinh tich phan O
kép, ta co

//—dmdy—/d:r; / —dy

y1(z)
y2(x) b

/P (z,) dr = /P(a:,yg(a:))dx—/P(m,yl(x))dm.

y1(z)

Hinh 2.44

Theo cong thic tinh tich phan duong, ta co

¢ AMB
/b Playp@)dr = [ Playde=— [ Pla.y)ds
¢ ANB BNA

Do do,
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// 5 dvdy = f@(w,y)dy

Tit hai két qua trén, ta thu dude

9Q op _ '
Lﬁ( )mw fPM+Q@

Tuong tu, ta co

Hinh 2.45

b) (Xem Hinh 2.45) Bay gld xét mién don lien D ¢6 bien 1a duong L
gom hai cung ABCD va EFGH c6 phuong trinh lan lugt 1a y = y;(z)
va y = yo(x), a < x < b, va hai doan thing AH va ED song song véi
Oy. Cing ¢6 thé xem duong bien L gom hai cung GHAB va CDEF ¢6
phuong trinh 1an lugt 1a z = z1(y) va = x2(y), ¢ < y < d, va hai doan
thang BC va FG song song véi truc Oz. Tuong tu nhu trén, ta co

// —dxdy = / P(x,y)dx + / P(z,y)dz.

HGFE DCBA

Do [ P(z,y)dz = 0, [ P(x,y)dx = 0 vi cac duong AH va ED c6
AH ED
phuong trinh 1an luot 1a 2 = a, * = b = dx = 0, nén ta c6

ﬂéwmh /PM+/MM—/PM+/Mx

HGFE DCBA
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Mat khac, ciing tuong tu nhu trén, ta co

//a dxdy-//@xyder/ Qz, y)d

CDEF GHAB

Do [ Q(z,y)dy = 0, [ Q(z,y)dy = 0, vi cac duong BC va FG c6
BC FG
phuong trinh lan lugt la y = ¢, y = d = dy = 0, nén ta co6

//a drdy = / de+/de+ / Qdm+/de

C’DEF GHAB

y y

Dy

(a) (b)
Hinh 2.46

c¢) Néu mién D la mién don lién tdng quéat hon trong dé ¢ nhitng dudng
song song véi truc Oz hoic Oy cit bien clia mién D qué 2 diém thi ta
chia mién D thanh mot s6 hitu han mién nhé ma bién ciia ching cé tinh
chat néu ¢ dau chitng minh nay. Vi du Hinh 2.46a c6 thé dude chia thanh
3 mién Dy, Dy, D3. Ap dung cong thic (2.39) cho c& 3 mién trén roi cong

lai, ta ducc
// (8@ — 8];) dxdy = Z{szx + Qdy,

vi tong cac tich phan dudng ctia Pdr + Qdy trén ciing mot cung dudng
cong hai lan theo hai huéng ngugc nhau bang 0.
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d) Gia sit mién D 1a mién da lien. Chang han bién ctia n6 gom hai duong
kin Ly, L, i nhau. Chia mién D thanh hai mién don lién nhu trén Hinh
2.46b. Ap dung cong thic (2.39) cho ca hai mién trén rdi cong lai, ta

duoce
// (8Q - 81;) drdy = fpdx + Qdy.

Vi tong céc tich phan dudng ctia Pdx 4+ Qdy trén ciing mot cung
duong cong hai lan theo hai huéng nguge nhau bing 0. Vi L gom hai
duong kin Ly, L, r0i nhau nén chiéu duong trén L phai chon theo quy
u6c da néu & trén, chiéu duong trén L; 1 ngude chiéu kim dong ho, chiéu
duong trén L, 13 thuan chiéu kim dong ho. Dinh 1f dude chitng minh hoan
toan.
oVi du 2.31. Tinh

I = %(x sinz + y*)dr + (z + 2zy + In(1 + y?))dy,
L

v6i L 1a duong tron a2 + y? = 2y.

Loi giai. (Xem Hinh 2.47)

Ta c6 op
P=asinx +9y* = — =2y,
dy
2y _, 9¢
Q:x+2xy+ln(1+y):>%:1+2y.

Ap dung cong thiic Green, ta c6

//(acg_m;)dxdyzé/dxdy:&

trong d6 S 1a dien tich mién D. Do D 1a hinh
tron c6 ban kinh bang 1 nén

Hinh 2.47

I=5=m.

oVi du 2.32. Tinh

I= / (zy +y2)dx + (z + y)’dy
ABC

trong d6 ABC' 1a duong gap khic A(0,0), B(—2,2),C(—4,0).
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Loi giai. (Xem Hinh 2.48)
Dudng ABC chua phai la duong kin nhung néu ta bd sung them dudng
C' A thi sé dugc mot duong kin, khi do

I= / (zy + y2)dx + (x +y)°dy
ABC

= / (wy +y?)da + (v +y) dy — / (wy +y?)da + (v +y) dy
ABCA cA
= L — L.
Doan CA ¢6 phuong trinh y = 0 = dy = 0dz, do d6 I, = 0. Vay

I=1= / (zy + y*)dx + (z + y)°dy.
ABCA

Ap dung cong thiic Green véi

y
oP
P=xy+y’ = — =zx+2y, B
gop 7B 9
Q=@+ =22 —2a+y) |
Ox x=y-4 1 Na=y
Do do, C i A x
-4 -2 O
P
I—// (8@_8) dxdy://xdxdy,
dy D
Hinh 2.48

v6i D 1a mién tam giac ABC.
Mién D dugc xac dinh béi 0 <y <2, y —4 < x < —y. Vay

2 -y 2 . —y
I:/dy/xdx:/— dy
2,4
y—4 0
1 2
/ 8y — 16)d (4y —16y)] = 8.
0

v Hé qud 2.3. (Hé qua cua cong thuc Green.)

Néu duong kin L la bién ctia mién D thi dién tich S ciia mién D dugc
cho bdi cong thiic

1
S = 3 ]{xdy —ydx (2.40)
L
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Ching minh. That vay, ap dung cong thiic Green v6i P = —y, Q =
x, ta co

9@ _op _ _ 99
?{xdy yd:c—//( )d:cdy 2£/dxdy 25

Suy ra,

1
Szij{xdy—ydx.
L

2 2
oVi du 2.33. Tinh dien tich ciia mién giéi han béi elip x— + 4 -

b2
1,a,b > 0.

Lai giai.

Phuong trinh tham s6 ctia elip 1a 2 = acost, y = bsint, 0 < t < 27.
Chiéu tang ciia t ting véi chieu duong cla elip.

Ap dung cong thic (2.40), ta duge

2w
1 1
S = 5 / l[acost.bcost — bsint.(—asint)|dt = iab/dt = mab.
0

2.3.4. Diéu kién dé tich phan dudng khong phu thudc
dudng lay tich phan

Qua cac vi du trén ta thiy réng tich phan duong
[ P(x,y)dx + Q(x,y)dy khong nhing phu thudoc vao 2 dau mut
AB
A, B ma con phu thuoc vao duong AB. Bay gio, ta xét xem véi dieu
kién nao thi tich phan duong d6 chi phu thudoc vao hai mit A, B ma
khong phu thuoc vao duong lay tich phan. Ta c6 dinh If sau day.

O Dinh 1i 2.5. Gid sit hai ham P(z,y), Q(x,y) lién tuc cung vdi cac dao
ham riéng cap mot ciia chiing trong mot mién don lién D nao dé. Khi
dé, bén ménh dé sau day la tuong duong véi nhau.

L 9Q _oP

i el D:
o ay,v(ﬂf,y)e ;

2. %Pdm + Qdy = 0 doc theo moi duong kin L ndm trong D;
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3. [ Pdx + Qdy, trong d6 AB 14 mot cung bat ki niim trong D, chi
AB
phu thuoc hai mat A, B ma khong phu thuoc duong di tit A dén
B.

?

4. Biéu thiic Pdx + Qdy 14 vi phan toan phan clia mot ham s6 u(x,y)
nao dé trong mién D.

(a)
Hinh 2.49
Ching minh.
Ta sé chiing minh dinh Ii theo so d6 sau 1) = 2) = 3) = 4) = 1).
(a) 1) = 2) (xem Hinh 2.49a) Gia st L 1a mot duong kin bat ki ndm
trong D. Goi D 13 mién giéi han béi L. Ap dung cong thiic Green, ta c6

]fpdx+Qdy_//<‘%2—ap>dxdy=o.

Vay, theo gia thiét 1), ta thu dugc

0oQ 0P
— =,V D, C D.
(b) 2) = 3) Gia st AM B va AN B la hai dudng bat ki néi A v6i B (hai
duong nay déu nam trong D) (xem Hinh 2.49b).

Theo gia thiét 2), ta co

/ Pdx +Qdy =0 & / Pdz + Qdy + / Pdx 4+ Qdy = 0.

AMBNA AMB BNA
Suy ra,

/de+Qdy:— / Pdx + Qdy = / Pdz + Qdy.
B 5NA iNB



2.1 Tich phan kép 79

Vay, / Pdx + Qdy chi phu thudc vao hai mat A, B ma khong phu thudc
AB

duong di tit A dén B.

(c) 3) = 4) Gia st A(zo,y0) 1a mot diém cb dinh trong D, M(z,y) la

diém chay trong D. Xét ham s6

y) = /‘de+-Qdy (2.41)
i

Ham s6 trén hoan toan xic dinh vi tich phan § vé phai khong phu thuoc
duong 1ay tich phan. Lay diém M, (x + h,y) € D, v6i h c6 gia tri tuyet
déi kha nho, ta co

au( )—h (x+h,y)—u(x,y)
ox h—>0 h
- hm / Pdz + Qdy — / Pdz + Qdy| .
AMl AM

Chon AM; gom cung AM va doan théng MM, song song véi truc Ox
(xem Hinh 2.50a), ta dugc

x+h
ou o1 1
m(fﬁ,y)zglg)hmé Pd:c+@dy—hmx/ P(€, y)dé.

Theo dinh 1f vé gia tri trung binh ddi véi tich phan xac dinh, ta c6

x+h
/ P(,y)dé = P(z,y)h,v6iz=x+60h, 0<6<]1.

T

Khi h — 0 thi 7 — =z, do d6 P(z,y) — P(z,y). Vay gu(:p,y) =
x
lim P(z,y) = P(z,y).

Tuong tu nhu vay, ta c6 thé chitng minh duge ring

gZ(x,y) = Q(v,y).

Do d6, Pdx + Qdy 1a vi phan toan phan ctia ham s6 u(z,y) cho bdi cong
thite (3.19).
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y
L M
Yyl--—-
3/0 fffff ] 1
A 'N
X ! ! X
0O Zo x
(a) (b)
Hinh 2.50

(d) 4) = 1) Gi4 st Pdz + Qdy la vi phan toan phan clia ham s6
u(z,y) nao d6. Khi do6

_ou_or_ o
S ox T oy Oyox’
ou 0Q 0*u
=— == :

oy Or  0x0dy

P

Q

Cac ham s6 trén lien tuc trén D, nén theo dinh li Schwarz, ta c6
or 0
— = —Q,V(x, y) € D. Dinh 1i duge chitng minh hoan toan.
y ox
v Hé qud 2.4. Néu Pdx+Qdy la vi phan toan phan ctia ham s6 u(x,y)
thi
| Ply)de+ Qa.y)dy = u(B) —u(4), (242
@ —
doc theo moi duong cong AB nam trong mién D.
v Hé qud 2.5. Néu D la toan bo R? thi Pdx + Qdy la vi phan toan
phan ctia ham u(x,y) cho bdi cong thiic

x Yy
u(z,y) = /P(w,yo)der/P(fv,y)derC? (2.43)
o Yo
hoac
x Y
u(z,y) = /P(w,y)dw+/P(wo,y)dy+C, (2.44)
Zo Yo

vai Mo(zo,%0) 12 diém tity chon trong D.
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That vay, vi tich phan u(z,y) = [ Pdz + Qdy+ C khong phu thudc
AM
vao duong lay tich phan nén néu chon AM la duong gap khic ANM
(xem Hinh 2.50b) thi ta dugdc cong thiic (2.43), con néu chon dudng lay
tich phan 13 duong gap khic ALM (xem Hinh 2.50b) thi ta dugc cong
thite (2.44).

eVi du 2.34. Chiing minh ring bicu thiic
eVl +z+y)de+ e V(1 —z —y)dy,

12 vi phan toan phan ctia mot ham s6 u(z,y) nao d6. Tim ham u(z,y).

Loi giai.

Ta c6 ap
P=e""Y14z+y) = o =—e""Y(r+vy)
Q=""1—-z—y) = (2532 =—"Y(x+vy).

Vay 5 5

Q P 9
v _ R2.
9% = 9y V(z,y) €

Do d6, Pdz + Qdy 1a vi phan toan phan ctia mot ham sb u(x,y) nao do
xéc dinh trén toan R2. Ap dung cong thiic (2.43) véi 2o = yo = 0, ta
dugc

T

Yy

u(z,y) = /ex(l + x)dx + /e“"’_y(l —z—y)dy+C
0 0

Y

=" (1+$)|g—/exdx—ex_y (1—x—y)’g_/ex_ydy+0
0 0

= (1t a)fy - el (L= =yl + Y 1 C

=e"Y(r+y)+C.
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Bai tap chuong 2

Bai 2.1. Doi thit tu tich phan trong céc tich phan sau
2 4
a) J do. J [(x,y)dy:

3 2y

b) [ dy / f(@,y)dz;

1
Vax—z2

2
¢) Jdr [ flz,y)dy.
Bai 2.2. Tinh cac tich phan kép sau

B dxdy
W I=/ (z+y)’

b) I = [[ 2*(y — x)dzdy, D 1a mién gi6i han béi duong y = 2% va r = y?;
D

D la mién gi6i han béiz > 1,y > 1, 2 +y < 3;

c) I = [[2*(y — x)dxdy, D 1la mién giéi han bdi duong y = 2* va
D
3x+y =4,
d) I = [[ |z + y| dzdy, D 1a mién dugce xac dinh béi || < 1 va |y| < 1;
D
e) I = [[(x — y)dxdy, D la mién giéi han béi duong y = 2 — 2% va
D
y =2z —1;
f) I = [[e*dxdy, D 1a mién gi6i han bdi duong z = 0,y = 2,y = €%;
D
g) I = [[(z+y)*(x —y)?dzdy, D 1a mién giéi han bdi duong
D

rty=lLr—y=lLrty=3r—y=-1
h) I = [[(z — y)dzdy, D la mién giéi han béi
D
1 7 1

y=r+ly=z-3y=—3r+g y=—37+5

i) I = [[(2*+y*+1)dzdy, D la mién gi6i han béi duong z* +y* —x = 0;
i) T :fo Va2 + y2dady, D 1a mién duge giéi han béi cac dudng tron
x2+y2]i a?, ¥ + y* = 4a%,a > 0;
k) I = [[(z + 2y + 1)dzdy, D la giao clia hai hinh tron 22 + 3* < 2y va
x® + y2D§ 2;
) I = [[v4— 2% —y2dzdy, D la mién xac dinh béi 2? + y? — 2z < 0,
y = 0; Y )
m) ]:{)fizdxdy? D la mién 1 < 22 + % < 2a;

=z

n) I = [[{/1—= —>sdrxdy, D la mién giéi han bdi dudng
D CL2 b2
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132 y2
—+b—2—1a>0 b > 0;

)I—gfxydxdy,Dlamlen (=22 +y*<1vay>0.

Bai 2.3. Tinh dien tich hinh phang gidi han béi cac duong sau
a) v =4y —y*x+y=0;

b) y? = 2%, y* = 8(6 — x)?;

T
y=2"y=-5y=4%
d) zy = 1,2y =8, y* = z, y* = 8z.
Bai 2.4.

a) Tinh dién tich cia phan mat nén 22 = 2% + y2, z > 0, ndm & trong

mat tru % + y2 =1;
2 2

b) Tinh dién tich ctia phan mat z = Ty %(a > 0,b > 0) ndm 6 trong
2 42 @
mattru——l—bj:l;

c¢) Tinh dién tich ctia phan mat cau 2%+ y? + 2% = a? ndm trong mat tru
(z* +y%)* = a*(2® — y?), (a > 0);
d) Tinh dién tich ctia phan mat cau 22 + y? + 2% = 9 nam trong mit tru
2 P

9 + 1 1.

Bai 2.5. Xac dinh trong tam ciia cdc ban phang dong chat gidi han bai
cac duong
a) y2 =dx +4, y* = —2x + 4;

y? Ty Ty

+ > =1, -+ Z =1 va ndm trong mién - + = > 1;

CC'
25 ' 9 53 5 37
Y=z, 2? =y;

b)

c)

d)y=+v2x—22,y=0va nam trong nita mat phang trén truc Oux;
e) r=a(l+ cosy), (a>0).

Bai 2.6. Tinh cac tich phan boi ba sau

a) [ = fff zdxdydz, V 1a mién xac dinh béi 0 < z <
z < \/1 — 2 — 92
b) I = [ff1 — 2 — y — 2)dzdydz, V 1a mién xac dinh béi

%
r>0,y>20,z>20x+y+2<1;
= fff($2+y2—|—z2)d$dydz, V 1a mién xac dinh bdiz > 0,y > 0,z > 0,

r<y<220<

..;;\»—

o

-+ + <1l,a>0,b>0,c>0;

) I = fff |zyz|dedydz, V 1a mién xac dinh béi 22 +y% < 22,0 < z < q;
e) I = }/ff ydedydz, V 1a mién giéi han béi cac mat y = Va2 + 22,y =
h(h>03/;

SN
[l N
RS
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£y I = [ff(zy + yz + zx)dzdydz, V 1a mién xdc dinh béi
1%
2+ + 22 < R*>R>0.
g) I = fff 22dxdydz, V 1a mién xac dinh béi 2% +y* + 22 < R?, R > 0;
2 2,2

h) I = fff 2%y?22dxdydz, V 1a mién xac dinh béi x— + v + —<la>

b2
0,6 >0, c>0
dxdydz
) =[]
V2 + 2 + (2 — 2)2

Bai 2.7. Tinh céc tich phan duong
a) [ (x — yPdr + (¢ + y)?dy, ABC la duong gap khic

ABC
A(0.0), B2,2),C(4,0),
b) [ydx — (y + 2?)dy, L 1a cung parabol y = 2z — 22 nim & trén truc
L

,Viahinhtrua?+942<1,-1<2<1;

Oz theo chiéu kim dong ho; -
c) [ (2% = 2zy)dz + (2zy + y*)dy, AB la cung 2% + 3> = 2z,
AB
r>1,A(1,1),B(1,-1).
Bai 2.8. Tinh [ (zy — 1)dx + 2?ydy, A(1,0), B(0,2) theo dudng
AB
a) 2z 4y = 2;
b) 4z + y* = 4;
2
c) 2% + yz =1 theo chiéu duong.
Bai 2.9. Tinh cac tich phan dudng

a) fuxy {—(x+%)d:r+(£—l—y)dy}, L la bién cua tam giac
L

2
b) [ 2(z* + y)dr + (4y + 3)ady, OAB la duong gap khic
OAB

0(0,0), A(1,1), B(0,2);
c) $(xy +x +y)dx + (vy + x — y)dy, L 1a duong 2? + y? = ax(a > 0);
L

d) §2%(y + %)dy —y*(x+ %)dm, L 1a duong 2% + y* = 2z.
L

2
Bai 2.10. Tich phan duong f(l - y—cos )dac + (smg + Yeos? )dy c6
T

phu thuoc vao duong lay tich phan khong? Tinh tich phan ay tir A(l, )
dén B(2,7) theo mot cung khong cat Oy.

2402 /302 _ o2 32 — 22

Bai 2.11. Tich phan duong [~ Y ( T Y g T dy) c6
L Yy T Y

phu thuoc vao duong lay tich phan khong? Tinh tich phan ay theo cung
— I
L = AB xac dinh bdi x = t + cos?t, y = 1 + sin?t,0 <t < 5

Bai 2.12. Chiing minh ring cac biéu thic Pdr 4+ Qdy sau day la vi
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phan toan phan ctia mot ham s6 u(z,y) nao d6. Tim u:
a) (22 — 2zy* + 3)dx + (y? — 222y + 3)dy;
b) (2z — 3xy? + 2y)dx + (22 — 3%y + 2y)dy;
) [e*TY + cos(x — y)] dx + [e"TY — cos(x — y) + 2] dy;
) € [e¥(@ —y +2) +yldo + e [e¥(x —y) + 1] dy;

xdx 1 —a? -2
) 172 + y 172 + y2

Bai 2.13. Tim m dé biéu thiic

o0

@

ydy.
(x —y)dz + (x +y)

d
i la vi phan toan

(% +y2)"

phan ctia mot ham s6 u(x,y) nao d6. Tim w trong truong hop do.

Bai 2.14. Tim a,b dé bieu thiic
242 Hdx — (22 + 2 by*)d .

(a2” + 2wy +y")dw — (2" + 2wy + by")dy la vi phan toan phan cua

(22 + 42)2

mot ham s6 u(z,y) ndo d6. Tim u trong truong hop do.

Bai 2.15. Tim a, 3 dé tich phan duong
1— 2 2 d 1— 2 2 d

fy( vt ay) x;ta:(Q 5 Y~ + a7)dy khong phu thudc duong

L (14224 y?)

lay tich phan. Tinh tich phan &y tit diém A(0,0) dén diém B(a,b) ting
véi cac gia tri a, § da tim dugc.

.. ) xdx + ydy 2y
Bal 2.16. Tlnh §L m, L la du’dng ehp — + bfg = 1, a >
0,b> 0.

Pap s6 bai tap chuong 2

Bai 2.1.
PR
a) [dy [ f(z,y)dx;
0 -y
2 3 6 3
b) [dx [ f(z,y)dy + [dx [ f(x,y)dy;
0 1 2 i
2
V32 2 2
¢) [dy[f(z,y)de+ [dy [  flz,y)d.
0 1 V3 9 /1—g?
Bai 2.2.

1 1 36875
a) 36’ b) YR c) T
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8 38 8 m 2
d) - h) —: N 2(E 5.
. : T 3v3
e) T57 1) 39 m)7r—72 ;
£ 1 l47a® 9
) 5 j) 5 n) gwab,
20 2. . Z
g) 0 (Doi bién k) ?(E —1); 0) é
2°2 3
THY=uir =y =0);
Béi1 2.3. 192 97 7
- — — — In2
Vg M5 d Ty 9
Bai 2.4
a) 7T\£§; c) 8a2(% +1—+/2);
Ta
b 5vH —1
) (5v5 - 1) d) 36(m — Zarctan\gg).
Bai 2.5
2 9 9
a’) (57(1)37 ) ) (207420)7
b d) (1, —);
)(3(7T_2),7T_2) )(5,37T),
a
—.0).
) (50)
Bai 2.6.
43 1 abc a? wh*
. b) —: b2 d — . f .
AT R 47 (abc)? v2-1
_— h) ————: m(3v/10 — 8 — In
Bai 2.7.
—32
a) 5 b) 4; c) —(m+2).
Bai 2.8. 17 1
1; — —.
Bai 2.9. . -
Ta T
4 . . -

Bai 2.10.
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Khong néu duong lay tich phan L khong cat Oy; 1 + 7.
Bai 2.11.
Khong néu duong lay tich phan L khong cit cac truc toa do;
(% + 16)?
167
Bal 2 12.

1
) x2y2+3x+§y3+3y+0;
3
b) 2% + y? — 2x2y2+2my+0;
Y 4 sin(x — y) + 2y + C;

c)e
d) e [y+ey(x—y+ D]+
) y?

fln(a: +y )—5+O.
Bal 2.13. ]
m=1;u= §ln(:c2 + %) + arctan 2 + C.

x
Bai 2.14.
L, Y
a=b=—-1;u= 1y C.
Bai 2.15. b
a

a=p ’ 1+ a?+ b2
Bai 2.16. 1
0: bidu thite dudi déu tich phan Ia d( )

222 + 9%+ 1)
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Chuong 3

PHUONG TRINH VI PHAN

Phuong trinh vi phan la phuong trinh c6 dang

F(z,y,9,y", ..., y™) =0

trong dé6 x 1a bién doc lap, y = y(z) 1a ham phai tim, ¢/, 3", ..., y™ la cac
dao ham ctia no.

Cap cao nhat ciia dao ham clia y c6 mit trong phuong trinh goi 13
cap clia phuong trinh vi phan. Vi du ' + 22y — y = sinx 14 phuong trinh
vi phan cap mot; y” + 4y = e 13 phuong trinh vi phan cap hai.

Nghiém ctia phuong trinh vi phan 13 moi ham s6 théa man phuong
trinh, tic 1a moi ham sé sao cho khi thé né vio phuong trinh ta duge
mot dong nhat thitc. Vi du cac ham s6 y = Ccos2x + Cy sin 2z trong d6
O, Cy 1a cac hing s6 tuy ¥ déu 1a nghiém ctia phuong trinh y” + 4y = 0.
Cho (1, (5 nhitng gia tri khac nhau ta duge nhitng nghiém khac nhau
ctia phuong trinh. Vi vay phuong trinh trén c6 vo s6 nghiém.

Giai phuong trinh vi phan 1a tim tat cd cac nghiém ctia n6. Ve mit
hinh hoc, nghiém cua phuong trinh vi phan xac dinh mot dusng goi 1a
duong tich phan ctia phuong trinh. Giai phuong trinh vi phan 1a tim tat
ci cac duong tich phan ciia no, cic duong ay dude xac dinh bdi phuong
trinh y = f(z) hoac phuong trinh ®(x,y) = 0 hoac phuong trinh tham
s6x =z(t), y=y(t).

Trong bai gidng nay ta chi xét phuong trinh vi phan cap mot va cap
hai.
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3.1. Phuong trinh vi phan cap mot

3.1.1. Pai cuong vé phuong trinh vi phan cap mot
3.1.1.1. Dinh nghia
Phuong trinh vi phan cip mot tong quét c¢6 dang
F(z,y,y") =0, (3.1)

hay
y/ - f(.?f, y)a (32)

trong dé6 y 1a ham phai tim, ¢/ 1a dao ham cap mot, x 1a bién doc lap.
Bién doc lap va ham phai tim c6 thé khong ¢6 mat nhung bat budc phai
c6 mat dao ham cap mot /.

3.1.1.2. Dinh i (Sy ton tai va duy nhat nghiém)

¢ Dinh 1i 3.1. Cho phuong trinh vi phan cap mot y' = f(x,y). Gid sit
f(z,y) lien tuc trong mién D nao dé ctia méat phang Oxy va (zg,yo) € D.
Khi dé6, trong mot 1an can nao dé ciia diém x = x, ton tai it nhat mot
nghiém y = y(z) ctia phuong trinh (3.2), nghiém dé lay gia tri yo khi
r = Xy.

., 0 . )
Néu af(x, y) lién tuc trong mien D thi nghiém dé6 la duy nhat.
Y

Diéu kien Ylpew, = Yo hay y(xo) = yo dugde goi la dieu kien dau. Bai

todn tim nghiém ctia phuong trinh (3.2) thod man diéu kien dau duge
goi la bai toan Cauchy.

3.1.1.3. Nghiém téng quat, nghiém riéng, tich phan tong quat,
tich phan riéng

e Nghiém tong quéit ctia phuong trinh vi phan cap mot 1a ham s6
y = p(x,C), trong d6 C' 1a hing s6 tuy § thoa man phuong trinh
vi phan.

e Nghiém nhan dugc tit nghiém téng quét bing cach cho C' = Cj sao
cho y = p(z, Cy) thoa man dicu kien dau y|,_, = yo goi la nghiém
riéng.
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e Khi nghiem téng quéat duge cho duéi dang an thi dude goi la tich
phan tdng quat, ki hieu 1a ¢(z, y, C) =0 . Cho C mot gia tri
cu thé C = Cj sao cho ¢(x, y, Cp) = 0 thod man diéu kién dau
Yloew, = Yo thi ¢(z, y, Cy) = 0 dugc goi la tich phan rieng.

3.1.2. Phuong trinh vi phan tach bién (Phuong trinh
vi phan c6 bién phan i)
3.1.2.1. Dinh nghia
Phuong trinh vi phan cip mot tach bién c6 dang
filz)dz + fo(y)dy = 0, (3.3)

trong d6 fi(x) 1a ham s6 clia bién doc lap z, fo(y) 1a ham s6 cua bién
doc lap y.

3.1.2.2. Cach giai

Lay tich phan hai vé clia phuong trinh duge nghiém téng quét cho
duéi dang tich phan tong quat

/fl(:c)dx + /f2(y)dy _c

oeVi du 3.1. Giéi phuong trinh vi phan

T 2y
x? 42 1+ y?

Loi giai.
Lay tich phan 2 vé ta dugc

T 2y B 1 9 2
/x2+2dx+/1+y2dy—ln|0\:21n(x +2) +In(1+y?) = In|C].

Suy ra

In(1+ Va2 2=l |0 = (L + )V 12 =C.

e N .

Vay
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3.1.2.3. Phuong trinh vi phan ciAp mot c6 thé dua duge vé dang
tach bién

Xét phuong trinh vi phan cap mot c¢6 dang

My(z)N1(y)dx + My(z) No(y)dy = 0. (3.4)

Dé dua phuong trinh (3.4) vé dang phuong trinh tach bién va tim
nghiém ctia no, ta xét cac truong hop sau day.

e Néu N (y).My(x) # 0, chia ca 2 vé cia (3.4) cho Ny(y).Ms(z), ta

e @, . My
M1 Xz N2 Yy
@) ™ T Ny

dy = 0.

Lay tich phan 2 vé, ta dudgc

%;Egdx +/

N2<y)dy —C
1( '

Ni(y)

e Giai phuong trinh N;(y).Ma(x) = 0 <> Ny(y) = 0 hodc My(z) = 0.
Néu coi z 1a bién chi ddi s6, y 1a bién chi ham s6 thi ta chi can giai
phuong trinh N, (y) = 0.

Gia stt y = yo la nghieém, thay truc tiép vao (3.4) thi dé cing la
nghiém.

Néu coi y 1& bién chi déi s6, x 1a bién chi ham s6 thi ta chi can gii
phuong trinh My (z) = 0.
Gid stt © = 1z 1a nghiem, thay truc tiép vao (3.4) thi d6 cing la
nghiém.
oVi du 3.2. Tim tich phan tong quat ctia phuong trinh
z(1 + y*)dz + y(1 + 2°)dy = 0.

Lai giai. Chia ca 2 vé ctia phuong trinh cho (14 2?)(1+y?), ta duge

x Yy
—d
1+ a2 er1+y2

x ydy
T 4 / ~1
/1+x2 v 1+ n|Cl

dy = 0.

Suy ra,
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hay
1 1
§1n(1 + %) + §1H(1 +9%) =In|C|.

Vay tich phan téng quat ctia phuong trinh la (1 + 22)(1 + y?) = C?, véi
C'1a hing s6 khac khong,.

oVi du 3.3. Tim nghiém cuia bai toan sau

{ (1+ e**)y*dy = e*dx
y’x:O =0

Loi giai. Chia ca 2 vé cho 1 4 €%, ta ¢6

2 e’ 2 e’
dy = d :>/ d :/ d
yay 1—1—6213&: yay 1+62$x

%
= Y = arctane® + C.

3

Véi y‘xzo =0=0C0= —% hay % = arctan e® — %
3T

Vay, nghiém riéng ctia phuong trinh la y = \3/ 3 arctan e® — i

3.1.3. Phuong trinh dang cap cip mét (Phuong trinh
vi phan thuan nhat cip mot)

3.1.3.1. Dinh nghia

Phuong trinh dng cap cap mot c6 dang

v=0(Y). (3.5)

X

3.1.3.2. Cach giai

Dat u = Y hay y = ux = ¢y = v/« + u. Thay vao phuong trinh (3.5),
x

ta co
u-x+u=¢(u) hay ' -z = ¢(u) — u.

e Néu ¢(u) — u # 0 thi phuong trinh dua duge vé dang c6 bién s6

phan li
du dx

dlu) —u  x
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Suy ra
du

Tt d6, ta 6 tich phan z = Ce®®/?) | v6i C 1a hang s6 khac khong.

o Néu ¢(u) —u = 0 thi ¢(u) = u. Khi d6, phuong trinh tré thanh
= Y va c6 nghiém 1& y = Cx v6i C' 1a hing s6 bat ki.
T

e Néu ¢(u) —u =0 tai u = ug thi y = upz la nghiem.

oVi du 3.4. Tim tich phan tdng quét ciia phuong trinh ¢ = Y + e¥/®,
x

Loi giai. Dat Y wtaco y=uzrvay =uxr+u.
x

Thay vao phuong trinh da cho, ta dugc 'z +u = u + e*
/ u —u dx —Uu
=ur=¢€" hay e “du=— hay /e du = In|Cz|
x

= —e “=In|Cz|.

Thay v = g, ta thu dugc tich phan tdng quéat ciia phuong trinh la

8

e”r +1In|Cz| =0, vé6i C la hiing s6 khéac khong.

eVi du 3.5. Tim tich phan riéng ciia phuong trinh zy’ — y = Ly,
arctan —
x

thoa man dieu kien y(1) = 1.
Loi giadi. Phuong trinh da cho duge viét lai dudi dang

y/ — y — #
T arctan 4
T

Dat ¥ _ u, ta ¢6 y = ux va vy = xu’ + u. Thay vao phuong trinh, ta
T
ducce
1

vr4+u—u=—.
arctan u

Hay

dz
— = arctanudu = In|Cz| = /arctan udu.
x
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Suy ra
In|Cz| = u-arctanu — ;ln(l + u?)
= In [(1+ v*)C*2*] = 2uarctanu
= In {C’Q(mQ + y2)} = 2% arctan %

Vi dieu kien dau y|, _, =1, ta c6

1«
2arctan1 = n2C? = Z = n20? = C? = .
SR o oY y w2ty
Vay, tich phan riéng ctia phuong trinh la 2= arctan = = 5 +In 5
x x

3.1.4. Phuong trinh vi phan tuyén tinh cip mot
3.1.4.1. Phuong trinh vi phan tuyén tinh cAp mot thuan nhét

a. Dinh nghia. Phuong trinh vi phan tuyén tinh cap mot thuan nhat
¢6 dang

y +p(x)y =0, (3.6)
trong d6 p(x) 1a ham s6 lien tuc.
b. Cach giéi

. d
e Néu y # 0 phuong trinh tuong duong véi 9 _ —p(z)dzx 1a phuong
Yy
trinh ¢6 bién s6 phan li. Suy ra, Inly| = — /p(x)d:v + In |C| v6i
C #0. Do do, y = Ce [ p@)dz.

e Néu y = 0 bang cach thé tric tiép vio phuong trinh thi y = 0 ciing
la nghiém.

Tém lai, nghiém tong quat ctia phuong trinh da cho la
y = Ce—fp(z)dm
véi C' tuy .

3.1.4.2. Phuong trinh vi phan tuyén tinh cip mot khong thuan
nhat

a. Dinh nghia. Phuong trinh vi phan tuyén tinh cAp mot khong thuan
nhat c6 dang
y' +p(@)y = q(z), (3.7)
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trong do p(z), q(x) 1a cdc ham sb lién tyc.
b. Cach giai
e Budc 1: Giai phuong trinh thuan nhat tuong tng 3’ + p(x)y = 0,
ta dugc nghiém tong quét 13
y = C.e—fp(x)dz (*)
véi C' 1a hang sb.

e Budc 2: Coi C'1a ham s6 ctia x. Tim C(z)?
Ta co,
y = C'(@)e” 170 — Clappla)e I ro®.

Thay y, vy’ vao phuong trinh (3.7), ta dugce
C'(@)e [P — Clayp(a)e IPO™ 4+ p(a)Cla)e I 7O = g(a),
hay C(z) = [ qlz)e] P@%dy + K véi K 1a hing s6 bat ki.

e Budc 3: Thay C(x) vita tim dude vao (*), ta duge nghiem tong
quat ctia phuong trinh (3.7) 1a

y = Ko~ Jp@3de o= [p)ic / g(z)e) PO gy (4%)

* Cha y: Trong cong thic (**), s6 hang thi nhat clia vé phai § =
Ke=Jrp@de 13 nghiém tong quat ciia phuong trinh thuan nhat tuong
ing, con s6 hang thit hai ¥ = e’fp(x)dqu(:z:)efp("”)dw 14 mot nghiem
riéng clia phuong trinh khong thuan nhat. Do d6, nghiém téng quat ctia
phuong trinh khong thuan nhat bang nghiém tong quat ctia phuong trinh
thuan nhat cong v6i mot nghiém riéng ctia phuong trinh khong thuan
nhat.

eVi du 3.6. Giai phuong trinh vi phan

2

Y + 2zy = ve”
Li giai.

e Budc 1: Phuong trinh thuan nhat tuong tng 3 + 22y = 0 hay
dy = —2zxydz c6 nghiém téng quat 1a

2

y = C’e_fhd"” =Ce ™.
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e Budc 2: Coi C = C(x), ta c6
Y =C e —20-C-e".
Thay y, vy’ vao phuong trinh da cho, ta dugc
Cle ™ —22Ce™ 4 22Ce™™ = ge™*

2

2
= (C'e™ =ge®

= dC(x) = xdx hay C(z) = % + K.
e Budc 3: Nghiem tong quat ctia phuong trinh da cho la

2
Yy = Ke ™ + %e‘x

2

v6i K 1a hang sb tuy .
eVi du 3.7. Chiing t6 rang phuong trinh z(x? + 1)y’ — (22?2 +3)y = 3 ¢6

mot nghiém rieng 1a mot tam thitc bac hai. Tim nghieém tong quat clia
phuong trinh doé.

Loi giai.
e Dit y = ax® + bx + ¢. Ta can tim a, b, c dé tam thic nay la nghiem
cua phuong trinh da cho. Ta ¢6, ¥’ = 2ax + b. Thay vao phuong trinh, ta

duoce
z(2® 4+ 1)(2ax + b) — (22* + 3)(az® + bx +¢) = 3

& —br® — (2c + a)z® — abz — 3c = 3.
Dong nhat cac hé so, ta thu dude b =0,c = —1,a = 2. Vay, y = 222 — 1
la mot nghiém riéng ciia phuong trinh da cho.
e Bay giv, ta tim nghiém tong quét clia phuong trinh thuan nhat tuong
tng z(2? + 1)y — (22° + 3)y = 0.
Chia cé 2 vé clia phuong trinh trén cho z(z*+ 1) v6i diéu kién z # 0,
ta thu duoce

. 222 +3 0 o dy 22 +3 p
_—— = _— = —QAX
Y x(z? + 1)y y  z(x?41)
Lai ¢6
22 +3 3 x 1
——d :/ - — dx = 31 — —In(z*+1) +In|C
/x(x2+1) v (3: x2+1) v nlel 2 n(z”+1) +n|C]
Crl3
=In Cal

2+ 1
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Do d6 nghiém téng quat ctia phuong trinh thuan nhat tuong tng la

O
v 2+ 1
v6i C' 1a hing s6 bat ki.
e Vay nghiém tong quét clia phuong trinh da cho la
_ Ca?
v= Vaz+1

eVi du 3.8. Giai phuong trinh e¥dx + (ze¥ — 1)dy = 0.

+ 222 — 1.

Loi giai. Néu xem y 1a ham phai tim ctia bién s6 x va viét phuong
trinh duéi dang (ze¥ — 1)y’ + ¥ = 0 thi phuong trinh khong thuoc dang
dang xét. Néu xem x 1a ham s6 phéi tim ctia y ta dugc phuong trinh

1 dx . .
¥4 = ot trong d6 x’' = T Do la phuong trinh tuyén tinh cap mot
e Y
. . , N . dx
doi v6i ham so z(y). Giai phuong trinh thuan nhat tuong ting T +x=0
Y
dx
hay — = —dy , ta dugc x = Ce™ Y.
x

Coi C' = C(y), khi d6 o’ = C'e¥ — Ce Y, thay vao phuong trinh
khong thuan nhat, ta dugc

CeV=eV=0=1=C=y+K.
Do d6, nghiém téng quét ctia phuong trinh 1a x = (y + K)e ™Y, véi K
13 hang s6 bat ki.
3.1.5. Phuong trinh Bernoulli
3.1.5.1. Dinh nghia

Phuong trinh Bernoulli ¢6 dang sau day
y + o)y = q(z)y”, (3.8)
trong d6 p(x), q(x) 1a cdc ham lién tuc va o € R.
3.1.5.2. Cach giai

e Néu a =0 hodc o = 1 thi (3.8) 1a phuong trinh vi phan tuyén tinh
khong thuan nhat hosic thuan nhat.
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e Néu o # 0 va o # 1 thi ta giai phuong trinh (3.8) nhu sau.

+) D@ thay y = 0 1a nghiém ctia phuong trinh (3.8) khi a > 0; va
y = 0 khong thuoc tap xac dinh ctia phuong trinh (3.8) khi

a < 0.
+) Véi y # 0, chia c& hai vé cua (3.8) cho y*, ta duge
vy +p(a)y " = qo). (3.9)
Dat z =y = 2/ = (1 — a)y~*y/, thay vao (3.9), ta dugc
24+ (1—a)p(z)z = (1—a)q(z). (3.10)

Day la phuong trinh tuyén tinh cap mot doi véi ham z(z). Gii
phuong trinh (3.10), tim dugc nghiém tong quéat z = z(x, C).
Sau d6, thay trd lai bién cii 2 = y'~ dé tim nghiém téng quat
y =y(z,C).

Yy 2,4

eVi du 3.9. Tim nghiém téng quat ciia phuong trinh 3/ + < = 22y
x
Loi giai.
+) Ham y = 0 14 nghiém ctia phuong trinh (thit truc tiép).
+) V6i y # 0, chia ca hai vé ctia phuong trinh cho y*, ta dugc

1
yh 4 Sy = a2
T
Dit z = y 3, ta c¢6 2/ = —3y~*y/, thay vao phuong trinh trén, ta thu
duoce 5
7 — =~z =—3z7 *
’ )

Day 1a phuong trinh vi phan tuyén tinh cap mot doéi v6i ham z.

. . ) 3 d d
e Giadi phuong trinh thuan nhat 2/ — —z = 0 = -3 hay
x z x

In =3In|z| = 2 = Cx3, v6i C 1a hing s6 bat ki.

z
4
e Coi C'=C(x),taco 2 = C"x>+32%C. Thay z, 2’ vao phuong trinh
(*), ta dugc
C'2® + 32°C — 32°C = 322 = o _ 3 = (C=-3In|z|+ K,
dx x
v6i K 1a hang sd bat ki.
Do d6, nghiém clia phuong trinh (*) 1a z = Kz?® — 32% In|z]|.
Thay z = y‘3,1ta dugc nghiém tong quat ciia phuong trinh da cho

, v6i K 1a hing s6 bat ki.
z/K — 31n|z|

lay =
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3.1.6. Phuong trinh vi phan toan phan
3.1.6.1. Dinh nghia
Phuong trinh vi phan toan phan c6 dang sau
P(z,y)dz + Q(x,y)dy = 0, (3.11)

trong d6 P(x,y), Q(x,y) la cdc ham s6 lién tuc ciing cac dao ham rieng
cap mot clia ching trong mot mién don lien D théa man diéu kién

0Q(z,y)  OP(z,y)
dxz Oy

: (3.12)

3.1.6.2. Cach giai

Tu diéu kien (3.12), suy ra vé trai phuong trinh (3.11) la vi phan toan
phan ctia ham u(z,y) nao do6, tic 1a du(z,y) = P(z,y)dr + Q(z,y)dy,
véi u(x,y) duge xac dinh bang mot trong hai cong thiic sau

ulw,y) = [ Pley)de + [ Qo y)dy,
o Yo

hoac

T Y
uw,y) = [ Pleyo)dz + [ Q. y)dy,

trong do6 (zo,yo) € D.
Vay tich phan tdng quat ctia phuong trinh vi phan toan phan (3.11)
la

T

/P(w,y)dx + /Q(ﬂsovy)dy =C,
Yo

zo

hoac

/P(fv,yo)dx + /Q(!E,y)dy =C.
o Yo

eVi du 3.10. Giai phuong trinh vi phan sau

(4xy® + y)dx + (42*y + z)dy = 0.
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Loi giai. Ta ¢6
P(z,y) = 4oy +y = P = 8xy + 1;
Qz,y) =42’y + 1= Q, =8xy + 1.

Cac ham P,Q, P, @, lién tuc va ), = P,, nén phuong trinh da cho
la phuong trinh vi phan toan phan. Chon 9(;0 =1 = 0, ta dugc

Y
u(z,y) = /(4xy2 +y)dx + /Ody = 22%y* + 2.
0 0

Vay tich phan tong quat clia phuong trinh 1a 22%y% + zy = C, véi C
12 hang s6 bat ki.

* Chi y: Néu P(z,y),Q(x,y) liéen tuc cing véi céc dao ham rieng cap
. 0

mot clia ching trong mot mien D nao dé ma —Q 7£ trong D thi

Pdx + Qdy = 0 khong phai la phuong trinh vi phan toan phan. Tuy

nhién, trong mot s6 trudng hop ngudi ta c6 thé chon duge ham h(z,y)

dé phuong trinh

h(z,y) [P(z,y)dz + Q(x,y)dy] = 0, (3.13)

la phuong trinh vi phan toan phan. Ham h(z,y) goi la thita s6 tich phan.
N6i chung, khong c6 phuong phép tong quéat dé tim thita sé tich phan.
Ta xét hai truong hgp dac biét sau day.
— Q'
a. Neu 4—= = ¢(z) tic la khong phu thuoc vao y thi chon
hz,y) = h(x) = el @)z,
That vay, dat R(z,y) = h(z,y)P(z,y); S(z,y) = Mz, y)Q(z,y).

Ta c6, R = Pel 4% = R — pref o@ar,
S = Qef ¢(z)dx

= 5, = Qe #% 4 Qo(a)el #N = [Q, + Qo)) e ¢

Ma =@ ;262; = ¢(x) = P, = Q, +Qoé(z) = S, = P, - eJ #@de

Vay R, = S, nén (3.13) la phuong trinh vi phan toan phan.

_ /
b. Néu yPQx = ¢(y), tic 1a khong phu thuoc vao z, thi chon
h(z,y) = h(y) = e~ Wy (phan nay chiing minh tuong ty nhu

trong truong hgp trén).
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eVidu 3.11. Giai phuong trinh vi phan (2y+zy®)dz+ (z+2%y?)dy = 0.
Loi giai. Ta ¢6
P(x,y) = 2y + xy® = P =2+ 3zy?;
Qz,y) =r+ 2% = Q. =1+ 2xy>.

2,2
Suy ra, P, —Q, =1+ ry? = ATy _ Q Vay, thita s6 tich phan
x x
dx

h(z) =e r = ebl = g

Nhan hai vé ctia phuong trinh da cho véi z, ta duge phuong trinh vi phan
toan phan I3
z(2y + xy*)dx + x(x + 2%y?)dy = 0.
Chon 2y =y9 =0, ta ¢6
2"

2

]33

+y° —
73

r 3,,3

x Yy
u(z,y) :/0 (Qxy—l—xzy?’)dx—i—/o 0dy = 2y

0 0

3,3
Vay tich phan tong quét ctia phuong trinh 1a ya? + % = C hay 3yz?+
23y® = K, v6i K la hang s6 bat ki.
oVi du 3.12. Giai phuong trinh vi phan
3
(2° + y*)dz + (2zy + y°x + %)dy = 0.
Loi giai. Dat
P::l:2+y2:>P;:2y;
3
x
Q:2xy+y2x+§ = Q, =2y +y*+ 17

/ !/
P, —Q,
P/
Nhan hai vé ciia phuong trinh véi eV, ta duge phuong trinh vi phan toan
phan 1a

Ta c6 = —1, nén thita s6 tich phan h(y) = eJ = v,

3
e’(2* + y?)dx + ¥ (2zy + yx + %)dy =0.
Chon zyg =yg =0, ta ¢6
x y 3
u(z,y) = /(eyx2 + y%e¥)dx + /Ody = eyg + ¥y,
0 0

3
Vay, tich phan téng quat ctia phuong trinh la ey% + eYy’r = C hay

e¥(z® + 3zy*) = K, v6i K 1a hiing s6 bat ki.
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3.2. Phuong trinh vi phan cap hai

3.2.1. Dai cuong vé phuong trinh vi phan cap hai
3.2.1.1. Dinh nghia
Phuong trinh vi phan cap hai tong quét c6 dang
F(r,y,y,y") =0, (3.14)

hoac
y' = f(z,y,9), (3.15)

trong d6, y 1a ham can tim, z 1a bién doc lap va ¢/, v” lan lugt 1a dao
ham cap mot va cap hai clia ham can tim. Bién doc lap, ham can tim va
dao ham cap mot c¢6 thé khong c6 mat mot cach tuong minh nhung bat
buoc phai c6 mit dao ham cap hai.

oVidu 3.13. Cac phuong trinh ¢ = 0, v"y+(v')*> = 0, 2%y +zy'+y =0
14 cac phuong trinh vi phan cap hai.

3.2.1.2. Dinh li (Sy ton tai vd duy nhat nghiém)

¢ Dinh 1i 3.2. Cho phuong trinh vi phan cap haiy" = f(z,y,v'). Néu
0 0 .
flz,y,9), af(a:, y,y') va af,(x,y, y') lién tuc trong mot mién D nao do6
Y Y
trong R3 va néu (x¢, yo,vy4) la mot diém thuoc D thi trong lan can nao
d6 ctia diém x = o ton tai mot nghiém duy nhat y = y(z) ctia phuong
trinh (3.15) théa man cac diéu kien

y|x:x0 = yO ) y/‘m:xo = yé (316)

Bai toan tim nghiém ctia phuong trinh (3.15) thoa man cac diéu kien
dau (3.16) dugc goi 1a bai toan Cauchy.

3.2.1.3. Nghiém téng quat, nghiém riéng, tich phan tong quat,
tich phan riéng

e Nghiém tong quat ctia phuong trinh vi phan cap hai la ham s6
y = p(z,Cy,Cy), théa man phuong trinh vi phan cap hai véi mdi
cap hing s6 (C1,Cy), va ngugce lai, mdi nghiem ciia phuong trinh
vi phan cap hai déu c6 dang y = ¢(z, Cy, Cy).
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e Nghiem nhan dugc tit nghiém téng quat bang cach cho C; =
CY, Cy = CY sao cho ham s6 y = p(x, CY, CY) théoa man y| =

T=x0
Yo, Y |,—z, = Yo 801 la nghiém riéng.

e Heé thiic ¢(z,y, C1, Cy) = 0 xac dinh nghiém tong quat ctia phuong
trinh (3.15) dudi dang an goi 1a tich phan tong quét.

e Khi cho Oy, Cy cac gia tri cu thé C; = C¥,Cy = €9, tit tich phan
tong quat ta nhan duge hé thiic ¢(x,y, C?, C9) = 0 goi 1a tich phan
riéng.

3.2.2. Phuong trinh vi phan tuyén tinh cap hai hé sb
hing s6 c6 vé phai dic biét

3.2.2.1. Phuong trinh thuan nhat

a. Dang phuong trinh

y' +py +ay=0, (3.17)
trong d6 p, ¢ 1a cic hang s6 thuyc.
b. Céch giai
Ta tim nghiém riéng ctia (3.17) dudi dang y = e, trong d6 k 1a hing
s6. Ta co, v = ke*®, " = k?ek=.
Thay y,,y" vao (3.17), ta dudc e** (k% + pk + q) = 0. Suy ra,

k> 4+ pk+q=0. (3.18)

Phuong trinh (3.18) dugc goi la phuong trinh dédc trung cta (3.17).
Giai phuong trinh dac trung k% + pk + ¢ = 0.

e Néu phuong trinh (3.18) c6 hai nghiem thuc k; # ko thi nghiem
tong quat ctia phuong trinh (3.17) 1Ay = Cyef12 4+ Chek2® v6i O, Cy
14 cic hang s6 bat ki

e Néu phuong trinh (3.18) c6 nghiém kép k; = ky = k thi nghiém tong
quat ctia phuong trinh (3.17) 14y = C1ef*+Chzek® = (C1+Cox)er®,
véi Ch, Cy 1a cac hang s6 bat ki.

e Néu phuong trinh (3.18) ¢6 nghiém phitc k¥ = « + i thi nghiem
tong quat ctia phuong trinh (3.17) 147 = e**(C} cos Sz +Csy sin fi),
v6i Ch, Cy 1a céc hang s6 bat ki.
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oVi du 3.14. Giai cac phuong trinh vi phan sau
a) y’ — by + 6y = 0;
b) y" — 2y’ + 3y = 0;
o)y —4y +4y=0.

Lai giai.
a) Phuong trinh dic trung 12 & — 5k +6 =0 k; = 2, ky = 3.

Vay, nghiém tong quat ctia phuong trinh da cho 13 7 = C1e?® + Cye®?,
(C1, Cy 1a cac hang s0).
b) Phuong trinh dac trung 1a k> =2k +3 =0 k= 14iv2.

Vay, nghiém tong quit cta phuong trinh da cho la 7 =
e®(Cy cos 2z + Cy sin v/2).
c) Phuong trinh dic trung 1a k% — 4k +4 =0 < k = 2 (Boi 2).

Vay, nghiém téng quét clia phuong trinh da cho 14 7 = C1e?® +Chze?®.

3.2.2.2. Phuong trinh khéng thuan nhét

a. Dang phuong trinh

y' +py +aqy = f(2), (3.19)
trong d6 p, q 1a cac hang so, f(z) # 0.

Trude khi trinh bay cach gidi phuong trinh (3.19), ta phat biéu dinh
Ii sau day.

¢ Dinh 1i 3.3. (Cau triic nghiém). Nghigm tong quat ciia phuong trinh
vi phan tuyén tinh khong thuan nhat (3.19) bing tong clia mot nghiém
riéng ciia né va nghiém tong quat ctia phuong trinh vi phan tuyén tinh
thuan nhat tuong ting (3.17). Ta c¢6 cong thiic sau

y=y+Y,

trong déy, Y lan luot la nghiém tong quat va nghiém riéng ciia phuong
trinh vi phan khong thuan nhat (3.19), 7 la nghiém tong quét ctia phitong
trinh vi phan thuan nhat tuong iing (3.17).

b. Cach giai

Ta da biét cach tim nghiem tong quat ciia phuong trinh vi phan tuyén
tinh thuan nhét tuong tng (3.17) tit muc trén. Van dé con lai 1a tim mot
nghiém riéng ctia phuong trinh vi phan tuyén tinh khong thuan nhat
(3.19).
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Duéi day, ta trinh bay céch tim nghiém riéng ay véi hai dang cta vé
phai f(z).
* Truong hop 1. Vé6i f(z) = e**P,(z), trong d6 « 1a hing s6, P,(z) 1a
da thiic bac n cua x.

e Néu a khong 1a nghiém ctia phuong trinh diic trung (3.18) thi ta
tim nghiém riéng cta (3.19) dudi dang Y = e**Q,(x), trong do
Qn(x) la da thic cung bac n véi P,(z).

e Néu a la nghiém don clia phuong trinh diic trung (3.18) thi ta tim
nghiém riéng cta (3.19) duéi dang Y = ze**Q,, (), trong d6 Q,, ()
la da thic cung bac n véi P, (z).

e Néu a la nghiem kép ciia phuong trinh dic trung (3.18) thi ta
tim nghiém riéng cta (3.19) duéi dang Y = 2%e**Q,(z), trong d6
Qn(x) la da thic cung bac n véi P,(x).

* Truong hop 2. Véi f(z) = e** [P,(x) cos Sz + Q(x) sin fzx], trong
d6 «, B 1a cac hang sb thuc; P,(z), Qmn(r) 1an lugt 1a cdc da thiic bac
n,m.

e Néu o £ i khong la nghiem ctia phuong trinh dic trung
(3.18) thi ta tim nghiém riéng cta (3.19) dudi dang Y =
e [Ry(z) cos Br + H,(z) sin fz|, trong d6 R;(x), H;(x) la cac da
thitc bac [ v6i | = max(n, m).

e Néu o + i3 la nghiém cta phuong trinh dic trung (3.18)
thi ta tim nghiém riéng cua (3.19) dudi dang Y =
xe®® [Ry(x) cos B + H(z) sin fz], trong d6 Ry(x), H;(x) la cac da
thic bac [ v6i | = max(n, m).

Ngoai ra, dé tim mot nghiém riéng ctia phuong trinh vi phan (3.19),
ta ciing c6 thé sit dung dinh 1y sau.

¢ Dinh 1i 3.4. (Nguyén Iy chong nghiém). Néu Y;(x), i = 1,2, la cdc
nghiém riéng ctia phuong trinh vi phan tuyén tinh

Y +py +qy = fi(x),

thi Y (x) = Yi(x) + Ya(z) & mot nghiém riéng ciia phuong trinh vi phan
tuyén tinh

Y +py +qy = fi(z) + folw).
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oVi du 3.15. Giai cac phuong trinh vi phan sau
a) y// . 4y/ + 3y — 641;
b) v + 4y’ — by = e (x + 1);
c) ¥y’ — 6y + 9y = 3.

Loi giai.
a) e Budc 1. Phuong trinh thuan nhét tuong tng 3" — 4y’ + 3y = 0 ¢6
phuong trinh dac trung la

k=1

2— =
k 4k +3=0< ky = 3

Do dé, nghiém tong quéat ctia phuong trinh thuan nhat tuong tng la
y = C’lex + 026336.

e Budc 2. Ta thay, vé phai clia phuong trinh da cho 1a f(z) = ¢! = e'*.1
c6 dang e** P, (z) v6i o = 4, P,(x) = 1, n = 0. Do a@ = 4 khong la
nghiém ctia phuong trinh dic trung, nén ta tim mot nghiém riéng cta
phuong trinh vi phan da cho duédi dang

YV =A™ =Y =446, Y =16.4.¢*.

Thay Y, Y/, Y" vao phuong trinh da cho, ta duge

1
164e™ —4.4Ae" +3Ae" = e & 3A=1 A= 3

~ PN PN 2 N . ~ ~ N 1 4
Vay nghiém riéng ctia phuong trinh vi phan da cho la 'Y = ge x

e Budc 3. Do dé6, nghiém tong quat clia phuong trinh 1a
T 3x 1 Az
y = Cre” + Che’ + 3¢

b) e Budc 1. Phuong trinh thuan nhét tuong ting y” + 4y’ — 5y = 0 ¢6
phuong trinh dac trung la

ki=1
2 ok 1

B 4ak—5=0e | T
Do dé, nghiém tong quéat ctia phuong trinh thuan nhat tuong tng la
7y = Cre® + Coe™%.

e Budc 2. Vé phai clia phuong trinh 1a f(z) = e*(x+1) ¢6 dang e**. P, (x)
véi o = 1, Py(x) = x+1, n =1. Suy ra, « = 1 1a mot nghiém don



108 PHUONG TRINH VI PHAN

cua phuong trinh dac trung. Do dé, ta tim mot nghiém riéng ctia phuong
trinh vi phan da cho duéi dang

Y = ze”(Ax + B) = e*(Az? + Bux);
=Y’ =¢" [A2® + (B +2A)z + B ;
=Y" =¢e" [Az® + (B+4A)z + 2A + 2B .

Thay Y, Y, Y vao phuong trinh dau va rat gon, ta thu duge

1
A:E

12A=1
12A:)3+2A+GB—3:+17V:U<:>{2A+GB:1 & -
B=_—.
36

VA h./\ .o X t\ 1\ Y €T :va + 5x
Q ¢ éng ca ayYy = —+—=.
Ay, nghiém riéng can tim e 5136

e Budc 3. Do d6, nghiém tong quat ctia phuong trinh 1a

¥ bx
= e" C —5x L =)
Y 1€7+ Che ™+ e (12+36>

c) e Budc 1. Phuong trinh thuan nhat tuong tng 3" — 6y + 9y = 0 6
phuong trinh dac trung

E—6k+9=0<Fk =ky=3.

Do dé, nghiém tong quéat ctia phuong trinh thuan nhat tuong tng la
y = 016396 + OQZUG?’I.
e Budc 2. Vé phai clia phuong trinh da cho 1a f(z) = €3* = €3*.1 ¢6 dang
e* P, (z) v6i a = 3, P,(x) =1, n =0. Ta ¢d, vi @ = 3 la mot nghiém
kép cua phuong trinh dic trung nén ta tim mot nghiém riéng cua phuong
trinh dau dudi dang
Y = 223 A = Ax?ed;
=Y’ = (24z + 342%™,
=Y" = (24 + 124z + 9Az%)e*.

Thay Y, Y/, Y" vao phuong trinh da cho, ta duge

(2A + 124z + 9A2?) — 6(2Ar+3A2?) + 9Ax* = 1,Vz

©2A:1<:>A:;.
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2

Suy ra, nghiém riéng ctia phuong trinh 14 Y = %63”.

e Budc 3. Vay, nghiém téng quat cia phuong trinh la

2
y = C1e* + Coxe® + %639”.

oVi du 3.16. Giai cac phuong trinh vi phan sau
a) vy’ +y = cos2z;
b) v 4+ y = cos x;
¢) y’ +y = cos2x + cosz.

Loi giai.
a) e Budc 1. Phuong trinh thuan nhét tuong tng y” + y = 0 ¢6 phuong
trinh dac trung 1A k2 +1 =0 < k = +i.

Do d6, nghiém tong quat ctia phuong trinh thuan nhat tuong ting la
y = (4 cos x + Csysinx.
e Budc 2. Vé phai ciia phuong trinh 1a f(z) = cos2z = €% (1. cos 2x +
0.sin2x), suy raa =0, 8 =2. Vi a i = 0 £+ 42 khong la nghiém cia
phuong trinh dic trung nén ta tim mot nghiém riéng ctia phuong trinh
duéi dang

Y = Acos2x + Bsin2x;

=Y’ = —2Asin 2z + 2B cos 2z;
=YY" = —4Acos2x — 4B sin 2x.

Thay Y, Y, Y vao phuong trinh da cho va rat gon, ta thu duge

—3Acos2x — 3Bsin 2z = cos2x, Vx € R
- { sa=1 _ [ A= _?1)
—3B=0 B=0.
. o ) N 1
Do d6, nghiém riéng ctia phuong trinh la Y = —3 cos 2.
e Budc 3. Vay, nghiém tong quat ctia phuong trinh ban dau la

1
y=Cicosx + Cysinx — 5008237.

b) e Budc 1. Phuong trinh thuan nhét tuong tng y” + y = 0 ¢6 phuong
trinh dic trung 1A k> +1 =0 < k = &4,

Do d6, nghiém tong quét ctia phuong trinh thuan nhat tuong tng 1a
y=Cicosx + Cysinzx.
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e Budc 2. Vé phai ctia phuong trinh 1a f(x) = cosz = €% (1.cosz+0.sinx),
c6 dang e**[P,(x)cos Sz + Qun(x)sinfz] v6i o = 0,5 = 1,P,(x) =
L,Qm(z) =0,n=0,m = —o0.

Vi a+iff = 0+i la nghiém ctia phuong trinh dic trung va max(n, m) =
0, nén ta tim mot nghiém riéng ctia phuong trinh dudi dang

Y =2z(Acosz + Bsinx);
=Y = (A+ Bx)cosx + (B — Az) sin x;
=Y" = (2B — Az)cosz — (2A + Bz)sinz.
Thay Y, Y’ Y” vao phuong trinh va rat gon, ta thu duge
2Bcosx — (—2Asinz) = coszx, Vr
o [2H=0 A= 01
2
Do do, nghiém riéng ctia phuong trinh la Y = gsin x.

e Budc 3. Vay, nghiém téng quét ctia phuong trinh 13

y=Cicosx + Cysinz + gsinx.

+) Vé phai ctia phuong trinh la téng ctia hai ham fi(z) =
cos 2z, fa(x) = cosw. Theo nguyéen 1y chong chat nghiém, tong
nghiém riéng ctia phuong trinh trong y (a) v6i mot nghiém riéng
cta phuong trinh trong ¥ (b) 1a mot nghiém riéng ctia phuong trinh
da cho.

1 x
+) Do do, Y = 5 cos 2x + 3 sin z 14 mot nghiém riéng clia phuong
trinh da cho.

+) Vay, nghiém tong quét ctia phuong trinh 13

1
y=Cicosx + Cysinx — gcos2x+§sin:c.
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Bai tap chuong 3

Bai 3.1. Giai cac phuong trinh vi phan c6 bién s6 phan li sau
a) (1+x)yde + (1 — y)axdy = 0.

b) (22 — ya?®)y' + y* + xy? = 0.

c) 2xv/y? —y + ldx — (1 + 2?)dy = 0.

d) a1+ y?de +yv1+22dy =0, y|,_, = 1.
e) (1-+ e)yrdy = etdu, yl,_, = 0.

f) zy*y =z + 1.

g) (v +ay’)y = 1.

h) Vy? + ldx = zydy.

(14 €e®)yy =e*;y(0) = 1.

Bai 3.2. Giai cac phuong trinh vi phan dang cap mot sau

_ 2wy + y°

a) y'

) xdy yd;ﬂ = Va2 + y?dx.

) zyy + 2? — 292 = 0.

) (32% +y )y+(y —2?)zy’ =0.
20%dy = (2% + y?)du.

r_ A — o
xy —y<1+ln—) ;y(l) =e 2.
g) ( y)dx + zdy = 0.

h) y(lny Inx).

i) (3: +y*)dz — zydy = 0.

Bai 3. 32 Glai cac phuong trinh vi phan tuyén tinh cap mot sau
T —y=1L

b) y —i—2xy—xe v
)(1+x)y —2zy = (1 + %)

[
~—

caoz

[SI

—
N—

2

@]

DY - =@ Y=
e)y 2xy—2xe"”2
2xy
f =3
)y 1422 v

2
g)y +2zy=e".
h)y+2xy—2xel’2.
2y e v
Dy +—-=
2y 9

j)y — — = x°cosz.
x

Bai 3.4. Giai cac phuong trinh vi phan Bernoulli sau day
a) (14 2?)y — 4%y = 2(1 + 22)*/y.
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b) ¥ —2ycotx = |/ysin4uz.
c) y+xy = x’y°.

z 9
d)y+y=e: /Yy, yl,_o= 1
)y —2xy = 2:L'3y2
) x2y2y’ +ay? = 1

g) ¥ + 2y = y2e
h) ¢/ — ycosz = y*cos.
2 x?
)y 2y = 3y
)2y +y=y*lnw.
Bai 3.5. Giai cac phuong trinh vi phan toan phan
a) (r+y+ )dx+(x—y +3)dy—0
b) 2(3zy* + 22%)dx + 3(22%y + y*)dy = 0.
) 2z + y)evdr + (2% + zy + x)e?dy = 0.

2x 2y

)< x2—|—y+ >dx+<1+x2+y+1>dy—0.
) (395 + 6xy?)dx + (622%y + 4y*)dy = 0.
f) 3z%e¥dx + (z%e¥ — 1)dy = 0.
g) (3z% + 2y)dz + (2x — 3)dy = 0.
h) (32%y — dzy?)dz + (2 — 4x?y + 12y3)dy = 0.
ai 3.6. Giai cac phuong trinh vi phan sau
a) iy’ + 9y = 6e>.
)y' —3y =2 —6x.

y' =2y + 2y = x(e* +1).
y' — 4y = (2 — 4x)e?®.
e) y’ — 2y — 3y = (4o — 5)e”.
f) y” — 2y =3z —4.
g)y' — 4y + 4y = xe
h) y "+ — 6y = 2%
i)y’ — 3y + 2y = (7 - 3x)é?
i)y + 5y =x*+x + 3.
Bai 3.7. Giai cac phuong trinh vi phan sau
) y" + 4y = 3sin 2.
) y”+2y — 3y = —sinx.
) y —|— Y = T COST.
) y" — 5y’ 4 6y = 13 sin 3x.
) y" — 2y 4+ 3y = e “cosx.
) y” +y = xsin 2z.
g)y +y — 2y =—3sinx + cos .
h) — 3y’ = €** (sin 3x + cos 3x).
i) " — 2y’ + by = €” (sin 2z — cos 2x).

i)

— e

.

o o

(¢]

oy

22

e i

8.0 o

)
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Dap s6 bai tap chuong 3

Bai 3.1.
a) In|zy|+2—y=C, C €R, hodc x =0 hoac y = 0.

b) x+y+1n‘y‘:0, C €R, hoic y = 0.
Ty x

1
c)1+x2:C’(y—2+\/y2—y+1>,CER,C#O.
) VI+24+T+y2 =vV2+1.

3 L, o7
e) y° = 3arctane -
f)y= 32 +3nz| + K, K € R.
g)y= |1+ + K, K ek
h) 2 =0 hodic In|z| —vy?+1=C, C € R.
1+e")”
i)y—\/l—i-ln( —;€>.
Bai 3.2.
a) z(x +y) =Cy, C € R, C #0, hodic y = —z hoac y = 0.
b) 1+ 2Cy — C%*2?2 =0, C € R, C >0, hodc x = 0.
c

)y =xav1+Cz?, C eR.
d) (2> +y?) —Cy =0, C €R, C #0, hoic y = 0.
e)m:O;y:x;x:K.e%,KER, K #0.
f) y = e .
g) y=x(C —In|z|), C € R, hoac z = 0.
h) y = ze!tC, C e R.
i) y? = 2*(Inz? — C), C € R, hoac x = 0.
Bai 3.3.
r—1
a)y = <ln‘ . ‘—i—K) (2% — x).
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K —e™®
272

—.
me =

Y=
Y
A

||o:>||

\—/\_/\_/

@)

Kx2 + 2% sin x.

y (hl!ﬂ?HK) (1+
y = (sme/B—i—smx—l—K) sin®z hodc y = 0.
y(x +1+ Ke*") =1 hoic y = 0.

Y

1 2
) 1
e frg
J Ce=* +1—

1 3
f)y=—yC+ —x2.
Jy=_C+ge

= ho& =0.
gy C_%owy
hYyy= —+——
)y C’e—smx_l
i) y® = a3+ Ca?.
y= 1+Cx+1nx

Ba135

)f+:v+xy—y§+3y—0
b) z* + 3x%y* + y* = C.
c) (a% + zy)e? = C.
)x—l—y—i—ln(x +y +1)=
)x + 32%y? + yt = C.
)

—

3y —y=0.

= 03

Bai 3.6.

2

hoac y = 0.

) @3 4 22y — 3y = C.
) iy — 22%y% + 3yt = C.

1
) y = C;cos3x + Cysin 3z + 36

b) y = Cy + Coe’® + 2.

c) y=e"(Cycosx + Cysinx) + ze® +
d) Y = 01672:5 + 0262x - 62x (

)
e) y = Cre ™ + (e’ + e"(—x + —

f) Yy = C1 +0262$ —

T

4

7?)? hoacy—O

5 hodc y = 0.

hoac y = 0.

E(x—i- 1).
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3
g) y = (Cy + Coz)e* + %62””.

2 3z 13
h — 2x -3z _ -2z £ _ ).
)y = Cre** + Cye e <4 3 + 32>
. 3z 23
1) Yy = 016213 + CQ@LE — €3$ (2 — 4) .

1 3 72

— O L Che 5T o e
Dy=Crt Coe™ + oo’ + o + oo
Bai 3.7.

3
a) y = C cos 2z + Cysin 2z — Ex cos 2.

1 1
b) y = Cie® + Coe ™% + —sinz + — cos z.
5 10 ]
2

C) Y= 1cosx+C’QS1nx+4xcosx+4x sin .
1
d) y = C1e* + Coe® + 6(50083x—sin3m).
—z
e)y=c¢e" (01 cos V2 + Cy sin \/§x) + 64—1 (5cosx — 4sinz).

f) y=Cicosz + Cysinz — 9 cos 2x — %sinQ:p.
g) y = Cre * + Cye® +sinz.

4 7
h) y = C1e3 + Oy — e** (65 sin3z + — o5 cos 3x>.

T

i) y = e” (Cy cos 2x + Cysin 2x) — (sin 2z + cos 2x) .
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