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1.1. Ma tran va cac phép toan trén ma tran

1.1.1. Khai niém ma tran.

O DPinh nghia 1.1. Cho m,n € N*. Mot ma tran thuc ¢6 m x n 1a mot
bang chit nhat gom m x n s6 thuc xép thanh m hang, n cot. S6 thue
diing & hang ¢ cot j goi 1a phan tt 4j. Néu ky hiéu phan ti nay 1a a;; thi
mot ma tran ¢d m x n c6 thé duge biéu dién béi:

a1 a12 Ce Q1n
A _ 921 929 Ce Qon
am1 Am2 .- Amn

Ta dung ky hieu thu gon [a;;}mxn dé chi mot ma tran m hang, n cot.

1 3 5

e Vidu 1.1. ChoA:[7 9 11

}. Day la ma tran cé 2 x 3 ¢6:

a1 = 1,a10 = 3,a13 = 5,a91 = 7,a2 = 9,a03 = 11.
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1.1.2. Mot s6 dang dic biét ciia ma tran

a) Ma tran cot la ma tran c6 mot cot ¢6 m x 1, vi du:

6

_3 14 ma tran cot ¢d 4 x 1.

8

b) Ma tran hang la ma tran c¢6 mot hang ¢d 1 x n, vi d:u

[1 2 3]1a ma tran hang ¢d 3 x 1.

¢) Ma tran khong 1a ma tran ma tat ca cac phan tit déu bang khong.
Ma tran khong duge ky hiéu la ©, vi du:

00 0O
00 0O
la mot ma tran khong ¢6 2 x 4.

d) Ma tran vuéng cap n la ma tran c¢6 n hang va n cot, ky hiéu
A= [aij]n hOETLC A= (Cbz‘j>n

ajl; G2 - dip
A— Q21 Q22 -+ dAgp
An1 Ap2 - Ann
Cac phan ti aiy, ass, . .., an, dude goi 1a cac phan tit chéo. Chiing tao

thanh duong chéo chinh clia ma tran vuong.
e) Ma tran tam giic trén la ma tran vuong cap n trong d6 a;; = 0

néu i > j.
@11 a2 -+ Aip 11 Qa2 -+ Qip
0 Q22 -+ A2 Q22 -+ Q2p
hay
0 0 - apn Ann

f) Ma tran tam gidac dudi la ma tran vuong cap n trong d6 a;; = 0
néu i < j.
ap, 0 - 0 ay

Q21 dg2 - 0 b Q21 A22
ay

Qp1 Ap2 - Qpn Qp1 Ap2 -°° Qnp
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Ma tran tam giac trén hoac ma tran tam giac dudi duge goi chung la ma
tran tam giac.
g) Ma tran dudng chéo la ma tran vuong cap n trong dé a;; = 0 néu

i # 7

ail o .- 0 a1l
0 a .- 0 a
22 hay 22
0 0 -+ apn Ann,

h) Ma tran don vi la ma tran dudng chéo véi tat cd cac phan tit chéo
déu bang 1. Ky hieu I,, hoac E.

1 0 - 0 1
o 1 --- 0 1
hay
0 O 1 1

i) Ma tran chuyén vi cia ma tran A ky hiéu la A*, nhan dugc tit ma
tran A bang cach chuyén hang thanh cot hodc cot thanh hang. Nhu vay:

a1 a12 Ce Q1n ai; asp ... Am1

agy A2 ... asg a2 @22 ... Qm2
A = n = At = m

Am1 Am2 ... Amn a1y A2y ... An,

1.1.3. Cac phép toan trén ma tran

Hai ma tran bang nhau

O Dinh nghia 1.2. Hai ma tran A va B goi la bang nhau néu chting cting
cd, nghia 1& A = [aij]mxn, B = [bijlmxn v& cic phan tit ¢ cac vi trf tuong
tmg bang nhau, cu thé a;j = bj; véimoi i =1,2,....m,j =1,2,...,n, ky

hicu A = B.
Phép cong hai ma tran

O Dinh nghia 1.3. Cho hai ma tran ciing ¢6 A = [ai;]mxn; B = [bijlmxn.
Téng ctia A va B la mot ma tran cing ¢d C = [Cijlmxn, ky hieu la
C=A+D,trongdéc;=a;+0bj,i=1,...,mj=1...,n.

Nhu vay mudén cong hai ma tran ciing cd, ta cong cic phan ti
cung vi tri v6i nhau.
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e Vidu 1.2.
1 -2 4 4 -3 -5
A:[O 5 7}’32{2 4 1]
o L[5 -5 41
Khldo.A—i-B—C—{Z 0 8}

Tinh chat. Cac phép tinh cong trén cdc ma tran ciing cd c6 tinh
chat giéng nhu cac tinh chat ctia phép cong cac sé thuyc:

e Tinh giao hoan A+ B=B+ A
e Tinh két hop (A+B)+C =A+ (B+(C)
e A+O=A

e VA = [aij]mxn, J ma tran doi clia ma ma tran A 1a —A = [—a;;|mxn
thoéa man

A+ (-A)=0.
Nhan ma tran véi mot sé6 thuc

O Dinh nghia 1.4. Cho ma tran A = [a;j]mx, va s0 thuc k. Tich cta
A v6i s6 thyc k 13 mot ma tran cling ¢6 véi ma tran A, ky hieu la kA,
xac dinh bdéi cong thic

kA = [kaij]an
e Vidu 1.3.
4 01 8 0 2
21 =2 7 3| =] -4 14 6
-1 2 1 -2 4 2

Tinh chdat. Gid st k,h € R va A, B la cic ma tran, ta co cac tinh
chat sau:

e k(A+B)=kA+ kB
o k(hA) =khA
o (k+h)A=FkA+hA

o 1L A=A
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Nhan ma tran véi ma tran

0O Dinh nghia 1.5. Cho hai ma tran A = [a;;]mxp V& B = [bij]pxn - Tich
cua ma tran A v6i ma tran B la mot ma tran ¢d m x n, ky hiéu la AB,
xac dinh nhu sau:

p
AB = [Cij]mxn; voi Cij = Zaik.bkj = ail.blj + aig.bgj + -+ aip.bpj.
k=1

e Vi du 1.4. Cho

3 1 s 1
Khi do
1.2423 1.0+2.1 8 2
AB=|02-13 00—-11 | =| -3 -1
32+13 3.0+1.1 9 1

e Vi du 1.5. Tinh AB vd BA néu

1 3
A:[(Q) _41 _181 B=| -2 7
5 4
Ta co
9 3
an=| G5 2]
2 11 -23
BA=| —4 30 -58
10 11 =27

Tinh chét. Giasi A, B,C la cac ma tran va k 13 mot sb thue. Néu
phép tinh G vé trai clia cac dang thiic dudi day cé nghia thi vé phai ciing
c6 nghia va 2 vé bang nhau

e (AB)C = A(BC)

e A(B+C)=AB+ AC

e (B+C)A=BA+CA

o k(AB) = (kA)B = A(kB)
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e [A=AI=A
e OA= A0 =0.
Luy thira ma tran

O Dinh nghia 1.6. Cho A 1a ma tran vuong cap n, k € N*. Lity thia
bac k clia ma tran A 1a ma tran vuong ciing cap duge xac dinh nhu sau:

k ma tran A
@ Nhan xét: Do tinh chat két hop ctia phép nhan ma tran nén:
AF = (AF1) A = A (AR

11

e Vidu 1.6. Cho A = {0 1

} . Tinh A™.
Lot giai. Ta co:

2 _ _
A° = 0 =

A3:- N =

n |1 n
Sl

Ta chiing minh cong thitc trén bang quy nap:

Du doan cong thrc:

e Cong thiic da dung trong truong hop n = 1,n = 2.

1 k

e Gia stt cong thitc ding véi n = k, k > 3, tic la: A* = [0 )

g [UE L 1] [ ke
“lo 1flo 1] "o 1

tiic la cong thic dang véin =k + 1.

|

P2

Vay cong thic du doan da dugce chiing minh xong.
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1.1.4. Céac phép bién déi sd cip trén ma tran

Cho ma tran A = [a;;]mxn. Céc phép bién doi sau day duge thuyc hien
trén cac hang clia A 1a cac phép bién doéi so cap trén hang:

e Hoén vi 2 hang cua A.

e Nhan tat cd cic phan t1t clia mot hang nao do6 ctia A véi cling mot
s6 khac 0.

e Nhan tat cd cac phan tit cia mot hang nao dé clia A véi cing mot
sO 1ol cong vao cac phan tit tuong ing ciia mot hang khéc.

+ Chua y: Cac phép bién ddi so cap trén cot ciing duge dinh nghia tuong
tu.
1 2 3
e Vidu 1.7. Chomatran A= | 2 3 1
3 1 2
ddi so cap trén hang clia A dé dua A vé dang tam giac trén.

. Hay dung cac phép bién

Léi gidi. Ta thuc hien day cac phép bién ddi so cap trén hang dé
bién doi dan ma tran A thanh ma tran c6 dang tam giac trén nhu sau:

12 3 1 2 3 1 2 3
A= |2 3 1 | Buthente g g 5 | Dhethenhe f g 1 5
31 2| et g 5 7 0 0 18

1.2. Dinh thic

1.2.1. Dinh nghia dinh thic

Ma tran con A;; cia ma tran A

O Pinh nghia 1.7. Cho ma tran A = [a;;}mxn. Ma tran con A;; cia A
1a ma tran thu dugc tit ma tran A bang cach bé di cdc phan tit ndm &
trén hang i va cdc phan tt nam trén cot j, ¢d clia A;; 1a (m—1) x (n—1).

1 2 3
e Vidu 1.8. Choma tran A= [ 4 5 6 |. Cac ma tran con A;; cta
7 8 9

A gom:
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2 3 1 3 1 2
A21:|:8 9:|7A22:|:7 9‘|7A23:|:7 817

2 3 1 3 1 2
A31_|:5 6:|7A32_|:4 6‘|>A33_|:4 5‘|

Dinh nghia

O Dinh nghia 1.8. Cho ma tran vuong cap n, A = [a;j]nx,. Dinh thic
clia ma tran A 1a mot s6 duge ky hieu 1a: det(A), |A| hodc

aj; a2 ... Qin
ao21 Q29 ... Qon
Ap1 Ap2 ... Apn

duge xac dinh bang phuong phap quy nap nhu sau:
e V6in =1, det(A) = an,

e VGi n > 1, dinh thic cia ma tran A dugc dinh nghia thong qua
dinh thic clia cdc ma tran con A;; cdp n — 1 clia n6 bang cong
thuc:

det(A) = > (—=1)"ay; det(Ay;).
j=1
x Chua y:
e Dinh thiic clia ma tran vuong cap n goi la dinh thic cap n.

e Biéu thiic dinh thtc cap 2, dinh thic cip 3 va quy tic Sarius

+) Dinh thic cap 2:

a11 Q2|
= Q11G22 — A12G2].
Q21 Q22
+) Dinh thic cap 3:
a1; Aaiz2 Qi3
_ Q22 (23 G21 (23 G21  G22
G21 Q92 Q23| = a1 — a1 + aq3
32 A33 az1 ass ag1 ass

31 Aazz ass

= (11022033 1+ Q12023031+ 013021032 — Q13022031 — Q12021033 — A11023032.
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+) Quy tac Sarius cho dinh thiic cap 3

- Céc s6 hang mang dau cong: cac s6 hang la tich cac phan ti
nam trén duong chéo chinh hoac tich cac phan tit nam trén
cac dinh ctia tam giac ¢c6 mot canh song song véi duong chéo
chinh.

Hinh 1.1 Quy téc Sarius - céc s6 hang mang dau cong

- Céc s6 hang mang dau tri: cic sd hang 1a tich cac phan ti
nam trén duong chéo phu hodc tich cac phan tit nam trén cac
dinh ctia tam giac ¢6 mot canh song song véi duong chéo phuy.

Hinh 1.2 Quy téc Sarius - cic s6 hang mang dau tri

e Vidu 1.9.
1 2 3
2 3 1/=1324213+213-333—-222-111=-18
31 2

1.2.2. Tinh chét

Cho A = [a;]nxn 13 ma tran vuong cap n. Cac hang va cot clia A ta
ciing sé goi 1a cac hang va céc cot cia det(A). Mot hang hodc cot gom
toan s6 0 sé duge goi 1a mot hang khong (tuong tng: cot khong). Dinh
thiic ¢6 cac tinh chat dudi day:

e Tinh chét 1: Hoan vi 2 hang (tuong ting 2 cot) ctia A thi det(A)
ddi dau.
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Tinh chéit 2: Néu tit ci cic phan tit clia hang i (tuong ng cot
j) cta dinh thitc duge nhan véi cing mot s6 & thi gid tri ctia dinh
thitc m6i nhan duge bang gia tri cia dinh thitc cit nhan véi k.

Tinh chéat 3: Thém vio mot hang (hodic mot cot) k 1an mot hang
(hodc k 1an mot cot) khéc thi dinh thiic khong doi.

Tinh chat 4: Dinh thitc ctia ma tran tam giac trén hoac duéi bing
tich cac phan tit trén duong chéo chinh.

Tinh chat 5: det(A4) = det(A*).

Tinh chat 6: C6 thé tinh dinh thitc ctia ma tran bing cach khai
trien theo mot hang hosic mot cot tity ¥ béi cac cong thic sau :
det(A) = Y271 (=1)"ay; det(A;) (Cong thitc khai trién theo hang
thit 1),

det(A) = >°7  (—1)a;; det(A;;) (Cong thite khai trién theo cot
thit 7).

Tinh chat 7: Gia sit 4, B 1a hai ma tran vuong ciing cap thi

det(AB) = det(A) det(B).

Tinh chat 8: Gia sit hang i ctia A biéu dién dudi dang:
aij = bl'j + Cz’j‘

Goi B la ma tran nhan duge tit A bang cach thay a;; bang b;;, C
13 ma tran nhan duge tit A bang cach thay a;; bang ¢;;. Khi d6

det(A) = det(B) + det(C).
Phat biéu tuong tu ciing ding ddi véi cot.

Tinh chat 9: Néu dinh thic c6 mot trong céc tinh chat sau thi
dinh thic bing khong:

+ C6 mot hang (hodc mot cot) biang khong;

+ C6 hai hang (hodc hai cot) ty lg;

+ C6 mot hang (hodic mot cot) 1a t6 hop tuyén tinh clia cac hang
(hoac cia cac cot) khéc.
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Cac vi du tinh dinh thitc nhd cac tinh chét

e Vi duy 1.10. Tinh dinh thitc

8 8 8 8

T
T
Xz
a

8 8 &8
8 &8 2@ 8

Loi gidi. Cong tat ci cac cot 2, 3, 4 vao cot 1, rat nhan tit chung clia
cot dau trong dinh thitc nhan duge ta co :

a+3r r r =z 1l » » «x
_Br+a a x x| 1 a =z z|—hi+ hy — hy
D_Bx—i—a T a x_<3x+a>1 x a x|—hy+hs— hs
3r+a r x a 1 2 =z a|l—hi+hs— hy

Nhan hang 1 véi (-1) roi cong lan lugt vao cac hang con lai, ta duge

1 T T x

0 a—=zx 0 0
D=@zta)ly "o 4z 0

0 0 0 a—x

Ap dung tinh chét thit 4: D = (3z + a)(a — 2)?.
e Vi du 1.11. Giai phuong trinh sau:
2r -1 —xz —xa?
—14 —21 g :i =0
-2 -1 1 -1

L&i gidi. Khai trién dinh thiic trén theo hang 1, ta dugc:

2 3 —4 1 3 —4 1 2 —4
20 (=1 2 —4|—(=1)|-4 2 —A4|+(-z)|-4 -1 —4
-1 1 -1 -2 1 -1 -2 -1 -1
1 2 3
— (=¥ -4 -1 2|=0
-2 -1 1

T4+ 4=0c=—1,0=—2.
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e Vi du 1.12. Tinh dinh thtc

1 2 -1 3
3 6 7 =2
2 7 =8 15
-4 -6 5 =2

Loi gidi.

1 2 -1 3

3 6 7T =2 —3h1 -+ hQ — h2
2 7 =8 15| —2h; + h3 — h3
—4 —6 5 —2 4h1 + h4 — h4

12 -1 3

00 10 —11] hy ¢ By
10 3 —6 9 h333—)h3
02 1 10
1 2 -1 3
_ 401 -2 3
- 0 0 10 -11
0 2 1 10 | —=2hg + hy — hy
1 2 -1 3
_ 401 =2 3
00 5 4 |—2hs3+hy— hy
1 2 -1 3
01 -2 3
=3|0 o 5 4 |=3115.(-19)=—285.
00 0 -19

e Vi du 1.13. Tinh dinh thitc

1 4 9 16
4 9 16 25
b= 9 16 25 36

16 25 36 49

L&i gidi.
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1 4 9 16

4 9 16 25| —hy + hy = ho
9 16 25 36| —hgo+ hs — hs
16 25 36 49| —hs+ hy — hy

1 9 16
79
9 11| —ho+ hz — hs
11 13 —h3+h4—>h4

9 16
9
2
2

=0.

DN W= ot Ww
NN O s © Ot

NN

e Vi du 1.14. Tinh dinh thtc
1 1
4 x
6
4

Q0 = DN
O W =
—_

132
ZL‘3

\)

7

(=)

Loi gidi. Khai trién dinh thic D theo cot 4, ta thu dude da thiic bac
3clia r v6i hée sé cao nhat 1a

1
41 =2
6

=N
NeRNGUEN
—_

Cho z lan lugt nhan céac gid tri ¢ = 2,2 = 3,2 = 4 ta thay D c6 2 cot
giéng nhau, do d6 D = 0 khi x = 2,2 = 3,2 = 4. Theo dinh 1y Bezout
ta phai co:

D =2(x—2)(x —3)(x —4).

e Vi du 1.15. Cho ma tran

a b c d
-b a d -—c
A —c —d a b
—d ¢ —=b a

Tinh det(A2024)
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Lot giaa.
[ a b c d a —b —c —d
-b a d —c|l|b a —-d c
t_
et —c —d a b c d a —b
_—d c b a d —c b a
[@® +0° + & + & 0 0 0
B 0 a? + 0>+ + d? 0 0
- 0 0 a?+ b+ d? 0
I 0 0 0 a’ + b+ + d?
Suy ra:

det(A.AY) = (a® +b* + & + d*)*
Ma det(A) = det(A?) nén det(AA") = det(A). det(A") = [det(A)]>.
Do d6
[det(A))? = (a® +b* + & + d*)*
Vay:

1012

det(A2024) _ [det(A)]2024 _ {[det(A)]Q}

_ {(a2+b2—|—02—|—d2)4}1012 _ (a2+b2—|—02+d2)4048

1.3. Ma tran nghich dao

1.3.1. Dinh nghia
O Dinh nghia 1.9. Cho A 13 ma tran vuong cap n. Néu c6 ma tran B
vuong cling cap sao cho:

AB=BA=1,

thi ta n6i A kha dao va B dugc goi la ma tran nghich dao ctia ctia ma
tran A. Ky hiéu ma tran nghich ddo ctia ma tran A la A~L.

Nhu vay AA™ = A71A = 1,.
Khi A kha dao ta néi A 1a ma tran khong suy bién.

3 1

oVidu1.16.XétA:E ;},B: L 2| Tacc AB=BA=1,

nén theo dinh nghia B = A~L.
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1.3.2. Tinh chét

A Dinh 1y 1.1. Ma tran nghich dao clia ma tran vuong A néu ton tai
thi duy nhat.

Chaing minh. Giai stt B va B 1 hai ma tran cting théa méan dinh nghia
ma tran nghich dao ctia ma tran A. Khi dé:

AB=BA=1,AB =B A=1.

Vay

B =IB = (BA)B' = B(AB') = BI = B.

A Dinh 1y 1.2. Néu ma tran vuong A kha déo thi det(A) # 0.

Chitng minh. Vi A kha ddo nen ton tai A~! vi AA~! = I,. Ap dung
cong thic tinh dinh thic ctia tich hai ma tran ta co:
det(AA™") = det([,,) = det(A) det(A™") = 1.

1

~ det(A) =

Vay det(A) # 0 va hon nita det(A™!)

A Dinh 1y 1.3. Néu ma tran vuong A cap n c6 det(A) # 0 thi A kha
dao va

—1 — 1 Ct
det(A) '
¢ do C = |cijlnxn l& ma tran phu hop cila ma tran A véi ¢;; =

(-1)i+j det(Aw)

Chitng minh. Ap dung cong thic khai trién dinh thic theo hang thit

ta co
n

det(A) = Z(_l)i+jaij det(A;)

j=1
= a;1C + QiaCio + -+ + A Cin = det(A).

Hon nita, do dinh thiic c6 hai hang giéng nhau thi bang khong nén suy
ra

det(A) néuk =1

Ag1Ci1 + GgaCia + - -+ + QppCin = 2 -
0 neu k # 1
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Do d6 AC" = det(A)I.
Ap dung cong thtc khai trién dinh thic theo cot va lap luan tuong tu ta
cling co6:

C'A = det(A).I

Nhu vay
1 1
A ‘) = DA =1
<det(A) ¢) <det(A) ¢)
suy ra diéu phai chiing minh. O

A Dinh 1y 1.4. Gia sit cac ma tran vuong A, B la cac ma tran kha dao.
Khi do:

a) A™! ciing kha dao va (A™Y) 71 = A,

b) Ym € N, A™ ciing kha ddo va (A™)~! = (A~1)™,
c) Vk # 0 ta c6 kA ciing kha ddo va (kA)™ = %A_l,
d) AB ciing kha ddo va (AB)™' = B~1AL.

Chitng minh. Bing viéc kiém tra triyc tiép dinh nghia ma tran nghich
déo, ta dé dang thu dugc cac tinh chat tren. O

1.3.3. Cac vi du tinh ma tran nghich dao bing ma tran phu
hgp

e Vi du 1.17. Cong thiic ma tran nghich ddo clia ma tran vuong cap 2
kha dao:
Gid st A = [z Z] c6 det(A) = ad — be # 0, ap dung cong thiic ta c6

JEN. d —'_ 1 d —b
ad—bc |—=b a ad —bc |—c «a
Chang han:

HE I I B A

e Vi du 1.18. Tim ma tran nghich ddo ctia ma tran sau (néu co):

1 11
A=12 2 3
0 3 1
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Loi gidi. Ta c6 det(A) = —3 # 0 nén A kha ddo. Ap dung cong thitc ta
cO:

cip=—7 cp=-2, c3=6
Co1 = 2, oo =1, co3=-3.
ca1=1, ecp=-1, c3=0
Do do
-7 =2 6 -7 2 1
C=1|2 1 =3|=C=|-2 1 -1
1 -1 0 6 -3 O

Vay ma tran nghich déo ctia ma tran A la

LT o2
A‘1:—3 -2 1 —1| =
Pl6 -3 0

[SCI NCUCREEN|

e Vi du 1.19. Tim ma tran X, biét

IR

12 1 -1 2
A:[—l 3}’32{3 1 —4]

Ta ¢6 det(A) =5 # 0 nén A kha dao va

L&i gidi. Dt

Phuong trinh ma tran tré thanh
AX =B
Nhan A~! vao bén trai ca hai vé, ta dudc:
A AX)=A'Be (AA'A)X =A4"BesIX=4A"'"Be X=A"'B

Ngudce lai, gid st X = A7'B. Nhan A vao bén trai ctia 2 vé ta duge
AX = A(A7'B). Tt d6 suy ra AX = B. Vay ma tran X can tim I3
-3 1 14
1(3 =211 -1 2 = =
P — 5
X 5[1 1“3 1 —4] % —2

3 )
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1.4. Hang cia ma tran

1.4.1. Dinh nghia

O Dinh nghia 1.10. Cho A la ma tran ¢d m x n. Ma tran con cap
p(1 <p < min(m,n))cia A la ma tran c6 duge tit A sau khi b6 di m—p
hang va n — p c¢ot. Dinh thiic ctia ma tran d6 dugc goi la dinh thic con
cap p clia A.

O Dinh nghia 1.11. Hang ctia ma tran A 13 cip cao nhat ciia dinh
thic con khac khong cia ma tran A, ky hiéu la r(A), rank (A) hoac
p(A). Hang ctia ma tran khong bang 0.

e Vi du 1.20. Cho ma tran

2 0 3 1
A=11 5 -1 2
5 5 5 4

Cac dinh thiic con cap 3 clia ma tran A la:

0 3 1 2 3 1 2.0 1 20 3
5 -1 2/=0,]1 -1 2[=0,1 5 2/=0,]1 5 —1|=0
5 5 4 5 5 4 55 4 55 4

nén r(A) < 3. Hon nita, ¢6 it nhat mot dinh thic con cap 2 clia A
2 0
e
nén ta cé r(A) = 2.
O Dinh nghia 1.12. Ma tran bac thang la ma tran c6 cac dic diém
sau:

e Cac hang bang khong 6 dudi cac hang khac khong.

e DGi v6i hai hang khac khong lién tiép, phan tit khac 0 dau tien (ke
tlr trai sang) clia hang trén nam beén trai phan ti khac 0 dau tien

ctia hang dudi.

e Vi du 1.21.
20 3 1
05 —1 2
A=100 5 4
00 0 0

la ma tran bac thang c6 3 hang khac 0.
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1.4.2. Tinh chit ctia hang ma tran A
e Tinh chit 1: r(A) = r(AY).
e Tinh chat 2: Hang ctia ma tran khong doéi khi thyc hien cac phép

bién déi so cap.

e Tinh chat 3: Hang clia ma tran bac thang bing s6 hang khac
khong ctia ma tran do.

Quy tac thuc hanh tim hang ctia ma tran A: Dé tim hang ciia ma
tran A ta stt dung 3 phép bién déi so cip dua ma tran A vé ma tran bac
thang B. Khi d6 r(A) = r(B) = s6 hang khac khong cua B.

1.4.3. Cac vi du tinh hang cia ma tran

e Vi du 1.22. Tinh hang ctia ma tran sau

1 -2 3 4
A=12 -4 1 3
1 2 0 -1
L&i gidi.
1 -2 3 1 -2 3 4
A=|2 —4 1 3|22zl dy o _5 _5
1 2 0 —1f| Mt g 0 3 3
1 -2 3 4
5h3+3ho—>hs 0 O _5 _5
00 0 0

Ma tran cudi cting la ma tran bac thang v6i 2 hang khac 0. Vay r(A) = 2.
e Vi du 1.23. Bién luan theo m hang ctia ma tran sau

-1 2 1 -1 1
m -1 1 -1 -1
1 m 0 1 1
1 2 2 -1 1

A:

Loi gidi. Thuyc hien lan luot cac phép hoan vi cac cot

CQ d 03703 g 04,04 < 05,01 g 02,02 rd 03,03 < 04
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ta dua A vé dang

1 -1 1 -1 2

/ 1 -1 -1 m -1
A = 0 1 1 1 m
2 -1 1 1 2

1 -1 1 -1 2
/ hy—2hi—hs |0 0 —2 m+1 -3
A ——""3
ha—hi—he [0 1 1 1 m
0 1 -1 3 -2
1 -1 1 -1 2
ha—hs—hs [0 0 =2 m+1 -3
0 1 1 1 m
0O 0 =2 2 —2—m
1 -1 1 -1 2
hotshs |0 1 1 1 m
0 0 -2 m+1 -3
0O 0 =2 2 —2—m
1 -1 1 -1 2
ha—hs—hs [0 1 1 1 m A
0 0 -2 m+1 -3 fut-
0 0 0O 1—-m 1—m

Bién luan:

e Néul—m =0« m=1ma tran Ay, c6 3 hang khac 0, do do
r(A) =r(Ay) = 3.

e Néul—m # 0 < m # 1 ma tran Ay c6 4 hang khac 0, do do6
T(A) = T(Aht) = 4.

e Vi du 1.24. Tim m dé ma tran sau c6 hang bé nhét trong cac gié tri
ma né c6 thé nhan:

3 1 1 4 -1
B m>+m 4 10 1 m+5

1 7T 17 3 8

2 2 4 3 1

Véi gia tri d6 cia m hang ciia B bang bao nhiéu?
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Lot giaa.
3 1 1 4 -1
B m>+m 4 10 1 m+5
- 1 7 17 3 8
2 2 4 3 1
1 1 4 3 -1
cscs (4 10 1T m?>+m m+5
7 17 3 1 8
2 4 3 2 1
1 1 4 3 -1
ha<yhy 2 4 3 2 1
7 17 3 1 8
4 10 1 m*>+m m+5
1 1 4 3 —1
—2h1+ho—ha O 2 _5 _4 3
Thy-ths—>h 0 10 —-25 ) —20 15
—4hy tharhs 0 6 =15 m*"+m—-12 m+9

11 4 3 —1
—3ha+hg—h3 0 2 -5 —4 3
—Shaths—hs |00 0 mP4+m m
00 O 0 0
Vay hang(B) nhan gia tri nh6é nhat néu m = 0. Khi d6 r(B) = 2.

1.5. Heé phuong trinh tuyén tinh

1.5.1. Dinh nghia

O Dinh nghia 1.13. Hé phuong trinh tuyén tinh m phuong trinh, n an
la hé phuong trinh c6 dang:

a1 + aprs + -+ ar, = b
917 + ATy + -+ agr, = by
Am1T1 + AmaX2 + o+ App®y, = bm
trong dé
® 1y,Ts,...,2, la cac an,

e a;; 1a he s6 cla an x; trong phuong trinh thi i,
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e b; 1a vé phai ctia phuong trinh thi 1.

Dang ma tran ciia hé phuong trinh tuyén tinh

Dat:
a; a2 ... Qip X by
a1 aoo ... a9 ) b2
A= "lhx= b= ,
Aml Gm2 - --  CGmn T b,

Hé phuong trinh tuyén tinh m phuong trinh, n an la hé phuong trinh cé
dang ma tran:

Ar =0

trong d6 A 1a ma tran hé s6; z 13 ma tran an; b 14 ma tran vé phai.

1.5.2. Giai hé phuong trinh bang phuong phap Cramer

A Dinh 1y 1.5. (Dinh Iy Cramer) Hé phuong trinh tuyén tinh Az = b,
vdi A la ma tran vuong khong suy bién, c6 nghiém duy nhat :

_ det(4y)

P = =1,2 ...
aTj det(A)7.] = Jn

trong dé A; la ma tran c6 dugc tir A sau khi thay cot thit j bdi cot vé
phai b.

Chitng minh. Vi A khong suy bién, det(A) # 0 nén A c¢6 ma tran

nghich dao:
1
-1 t

~ det(A)

Tu phuong trinh Az = b, nhan vao bén trai hai vé véi A™! ta c6
AN A=A (A Az=A"be lr=A"b s z=A""b

Ngude lai, gid st o = A~'0. Nhan A vao bén trai ctia 2 vé ta dudc:
Az = A(A7'D), suy ra Ar = b. Vay © = A7'b 1a nghiém ctia hé phuong
trinh.

St dung biéu thiic clia ma tran A~! ta suy ra

T Ci1 C2 ... Cin by
X2 1 Co1 Co2 ... Cop by
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nghia la
= cljbl + ngbg —+ 4 anbn . det(Aj)
T det(A) ~ det(A)
véi j = 1,2,...,n va ta c6 dieu phai chiing minh. O

e Vi du 1.25. Giai hé phuong trinh sau:

ry + 2[E2 + 3$3 = 3
201 + 3x9 + 3 = —1
31’1 + To -+ 2273 = 5
Lot giai. Ta co
1 2 3 3 2 3
det(A) =12 3 1| =—-18;det(4)=1|—-1 3 1| =-19
31 2 5 1 2
1 3 3 1 2 3
det(As) = |2 —1 1] =29;det(A3)=1|2 3 —1|=-31.
3 5 2 3 1 5

Do det(A) = —18 # 0 nén hé ¢6 nghiem duy nhat va
19

LB
L

18
1.5.3. Giai hé phuong trinh bing ma tran nghich dao

Cho A 1a ma tran vuong cap n khong suy bién. Khi d6 heé phuong
trinh Az = b ¢6 nghiém duy nhat: x = A~

21’1 +3£L‘2 = 5

e Vi du 1.26. Giai he:
: 4z — x9 =7

Lot giaa.
S R E R
Tim ma tran nghich dao ciua A:

det(A) = —14#£0; C= {:

W
o |
S
—_
s
L
|
l‘
—_| =
W
[
B
o |
w
_
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suy ra:

Vay nghiém cta hé phuong trinh la:

—_— 13-

3
T = Ty = =
1 7, 2 7

1.5.4. Giai hé phuong trinh bang phuong phap Gauss

O Dinh nghia 1.14. Xét he phuong trinh Az = b, ma tran bo sung cta
A duge ky hieu A, 1d ma tran thu duge bang cach bd sung thém cot b
vao bén phai ma tran A:

A =[Ab).

O Dinh nghia 1.15. He m phuong trinh, n an

a1 -+ 199 + - + A1pnTy — b1
an Ty + apry + -+ aT, = b
Am1T1 + QX2 + -+ App®, = bm

duge goi 1a hé phuong trinh bac thang néu ma tran bd sung A ctia n6 ¢6
dang bac thang.

e Vi du 1.27. Hé phuong trinh

Ty + 29 — x3 4+ 34 = 3
Ty + 2.%3 - Iy = 1
r3 + 4xy = -3

12 hé phuong trinh bac thang vi ma tran bo sung ctia no
12 -1 31| 3
A=101 2 —-1]1
00 1 4 |-=-3
¢6 dang bac thang.

* Nhan xét:
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e RO rang viéc giai hé phuong trinh bac thang dé hon viéc giai he
phuong trinh chit nhat. Dé giai hé phuong trinh dang nay ta sé giai
ngude tit phuong trinh cudi, dung phuong phap thé ta c6 nghiém
can tim.

e Tap nghiém ctia hé phuong trinh khong thay doi néu ta thuc hien
cac phép bién ddi sau:
+ Hoan vi hai phuong trinh ctua heé;
+ Nhan hai vé cia mot phuong trinh véi mot sé &k khac 0;
+ Nhan hai vé ctia mot phuong trinh nao dé véi mot so6 k roi

cong vao cac vé tuong ting clia mot phuong trinh khéc.

Céc phép bién ddi néi trén tuong tng véi cac phép bién doi so cap trén
cac hang ctia ma tran bo sung.
Phuong phap Gauss giai hé phuong trinh tuyén tinh:

e Budc 1: Lap ma tran bd sung A clia he.

e Buéc 2: Ding céc phép bién ddi so cap trén cac hang ciia ma tran
b6 sung, dua A vé ma tran bac thang.

e Budc 3: Giai hé phuong trinh bac thang: Giai nguge tit phuong
trinh cudi, stt dung phuong phap thé ta c6 nghiém can tim.

e Vi du 1.28. Giai hé phuong trinh bing phuong phap Gauss

2371 + X2 + xT3 = 2
T + 3.773 + x3 = 5
T + X9 + 51’3 = -7
2$1 + 3ZL’2 — 3.’L’3 = 14
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Loi gidi.
2 1 1 2
1 3 1 >
1 1 5 | =7
2 3 -3 |14
1 1 5 | =7
1 3 1 D
2 1 1 2 hy < hg
2 3 =3|14
1 1 5 | =7
0 2 —4 112 hy—hy = hy
0O -1 -9 |16 hg —2hy — h3
0 1 —13| 28 H,; — 2h1 — h4
1 1 5 | =7
0 1 —2 6 hg 12— hg
0 -1 -9 ] 16
0 1 —13] 28
1 1 5 | =7
0O 1 -21]6
0O 0 -—11]22 h3 + hy — hg
0 0 —11] 22 hy — ho
1 1 > | =7
0O 1 -21]6
0 0 —11] 22

]
]

0 0 h4—h3—>h4

Tt ma tran bac thang cudi cing ta nhan duge he phuong trinh bac thang
tuong duong

T+ To + 51‘3 = -7
Ty — 21‘3 = 6
— 1y = 22

Giai he bac thang trén ta c6 nghiem duy nhat

T = 1
Ty = 2 .

1.5.5. Giai va bién luan hé phuwong trinh bang dinh 1y
Kronecker-Capelli
A Dinh 1y 1.6. (Dinh ly Kronecker-Capelli) Xét hé phuong trinh
tuyén tinh
Ax =10
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v6i A la ma tran hé s6, A la ma tran bé sung tuong ting. Khi do:
e Heé phuong trinh vo nghiém khi va chi khi r(A) # r(A);

e He¢ phuong trinh c¢6 nghiém duy nhat khi va chi khi r(A) = r(A) =
s6 an;

e He phuong trinh vo s6 nghiém khi va chi khi r(A) = r(A) < s6 an.

e Vi du 1.29. Giai hé phuong trinh sau

2.131 + 4&32 + 35(?3 = 4
3ZE1 + i) — 2]33 = -2
dr; + 1lzg + Tx3 = 7
Lot giai. Ta co

2 3 4

3 1 =21 =2

4 11 7 7

2 4 3 4

0 10 13 16 —2hs + 3hy — hy

0 3 1 —1 hs — 2h; — hs

2 4 4

0 3 1 —1 hs <> ho

0 0 —29|—-58 10h3 — 3hy — hs

Hé da cho tuong duong véi

21’1 + 4513’2 + 31’3 = 4 T, = 1
31’2 + I3 = —1 = Ty = -1 .
— 2915 = —58 T3 = 2

e Vi du 1.30. Giai hé phuong trinh sau

T + 21’2 - 3$3 == 2
—21’1 —I— ) —f- 4![‘3 = 1
-1 + 3ry + 13 = —4
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Lot giai. Ta co

1 2 -3 2

-2 1 4 1

-1 3 1 |-4

1 2 -3 2

0 5 =2 5 ha+2h1 = he
0 5 —2|-2 h3 + hy — h3
1 2 =3| 2

0 5 —=2] 5

0 0 0 -7 hg — hg — hg

Vi r(A) = 2 # r(A) = 3 nén hé phuong trinh da cho vo nghiem.
e Vi du 1.31. Giai hé phuong trinh sau

T — X9 + 2I3 - 2.7)4 = 1
—21’1 — 31‘2 + x3 —+ 4%4 = -2
—21‘1 + 21‘2 — 41’3 + 4ZE4 = -2
3rv1 4+ 2z9 + x3 — 64 = 3

Loi gidi.

1 -1 2 =21
-2 -3 1 4 |-=-2
-2 2 -4 4 |-=-2

3 2 1 —6]| 3

1 -1 2 =21

0 -5 5 0 0 hQ + th — hg

0 0 0 0] 0 hs+2h —hs

0 5 =5 0] 0 hyg—3h —hy

1 -1 2 =21

0O -5 5 010

o 0 0 0710

0 0 0 0 0 h4 + hg — h4

Do r(A) = r(A) = 2 < s6 an nén h¢ phuong trinh da cho vo s6 nghiem.
Chon x4 v 2, 1a hai an tu do, ta c6 hé phuong trinh tuong duong

I —|—2{E3 =1 + 29 + 2ZL'4 1 = 1= T2+ 21‘4
T = T 3 = 2
3 2 To, T4 eR

e Vi du 1.32. Bién luan theo m s6 nghiém ctia hé phuong trinh sau:

r1T — Ty — X3 — 3r4 + 1w = 1
Ty + X9 - 51’3 — T4 + 71’5 == 2
—I + 21‘2 —|— 2$3 —|— 21‘4 + Ty = 0
—2x1 + dre — 4dx3 + 914 + Ty = M
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Loi gidi. Xét ma tran bo sung

1 -1 -1 -3 1|1
— 1 1 -5 -1 7|2
A= -1 2 2 2 1,0
-2 5 -4 9 T|m

Diuing cac phép bién déi so cap vé hang dua A vé ma tran bac thang

-1 -1 -3 1 |1
2 -4 2 6 |1
0 6 —4 =21
0 0 0 0 |2m+1

o O O

Bién luan:

+Néu2m—|—1:0<:>m:;thir(A):r(ﬁ):3<5 (s6 an) < He
phuong trinh vo s6 nghiém.

+Néu2m+1#0< m # _71 thi r(A) # r(A) & He phuong trinh vo

nghiém.

1.5.6. Heé phuong trinh tuyén tinh thuan nhét
O Dinh nghia 1.16. Hé phuong trinh tuyén tinh dang

a11r1 + Q12%y + - A+ ATy = 0
211 + Q22%y -+ -+ Aoty = 0
A1 Z1 + Am2T2 + 0+ Apptn = 0

duge goi 1a hé phuong trinh tuyén tinh thuan nhat.
x Nhan xét:

e Heé phuong trinh tuyén tinh thuan nhat luon nhan 6 = (0,0,...,0)
lam nghiém. Nghiém nay dudce goi 14 nghiém tam thuong clia he.

e Hé phuong trinh tuyén tinh thuan nhat Az = 0 c6 nghiém khong
tam thudng khi va chi khi r(A) < s6 an. Dac biét, he phuong trinh
thuan nhat c6 s6 phuong trinh bing s6 an (hay A vuong) c¢6 nghiem
khong tam thuong khi va chi khi det(A) = 0.
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e Vi du 1.33. Tim m dé hé phuong trinh thuan nhat dusi day c6 nghiem
khong tam thuong

mxy + xy + 23 =0

1+ mxo + 3 = 0

1+ 22 +mx3 =0

Lot gidi. He phuong trinh tuyén tinh thuan nhat c6 s6 phuong trinh
bing s6 an nén hé phuong trinh c6 nghiem khong tam thusng khi va chi
khi det(A) = 0. Ta c6

m 1 1
I m 1|=(m+2)(m-1>=2%
1 1 m

m = —2
=1

Vay hé c6 nghiém khong tam thuong khi va chi khi m = —2 hosic m = 1.

Ta ¢6 det(A) =0 &



Bai tap chuong 1 37
Bai tap chuong 1

1. Hay nhan cac ma tran

a>'21 1 -1 5)3 5 2 1]
3 2| |1 1 6 —1| -3 2]
3 1 171 1 -1 3 1]
o2 1 202 -1 1 d)[g(l)ﬂQl
1 2 3/ |1 0 1 1 0]
i} 1 2

6)8?;}2 11 2 3]
L 3 3

6 2
3 —1 -9 13
e ]

) [190 g} ) {180} D

2. Hay thuc hién cac phép tinh sau:

W = N
DN
O W

2

2 11 3 27° cosp —sing]”
a3 10 b) [—4 —2} °) [simp cos }
01 2
[ -5 =2 cosny —sinng
DS:a) |9 4 3 b) [ ] c) [ ) }
3 3 4 4 0 sinng  cosnp

3. Hay tim tat cad cac ma tran giao hoan v6i ma tran A duéi day:

1 00
a) {_11 _21] b) B ﬂ olo 1 0
31 2
DS:a)lx 2y [5’3 y
—y x—2y x
x Y 0
c) u v 0
dt—3r—u t—3y—v t
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4. a) Hay tim tat ca cdc ma tran vuong cap hai c6 binh phuong bang
ma tran khong;

b) Hay tim tat ci cdc ma tran vuong cap hai ¢6 binh phuong bang
ma tran don vi.

DS: a) [z _b}vc’jiaQ—l—bc:O b) £+ Iy; [Z _ba] v6i a®+be =1

5. Cho ma tran:
A= {1 _1}
m m

Diat B = A.A'. Tinh det(B*19)
DS: det(B**) = (4m?)'012

6. Cho ma tran:

a b c d
-b a d -—c

A= —c —d a b
—d ¢ —b

Tinh A.A? va det(A?019)
DS: det(A219) = (a2 + b% + 2 + d?)1032

7. Tinh cac dinh thuc sau:

1 1 1 01 1 111

a)|-1 0 1 b1 0 1 oll 2 3
1 -1 0 110 1 36
11 1 1 123 4 11 1 1
12 3 4 23 4 1 12 3 4

Al 3 ¢ 10 N3 4 1 9 D4 9 16
1 4 10 20 41 2 3 1 8 27 64

DS: a) 1; b) 2; c) 1; d) 1; e) 160; f) 12.

1 1 1
T ) Tn
D, =| i 3 xy | = H(xl ;)
e i>j
m’f‘l :1:3‘1 xﬁfl
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HD: Lay hang i + 1 trit hang ¢, dua nhan ti chung ctia moi hang

ra ngoai, sau do6 stt dung cong thiic truy hoi.

9. Tinh dinh thic ciia ma tran:

A:

1 4 9 m
49 16 m®
9 16 25 m®
16 25 49 m

m
m
m

DS: 229m* — 284m3 + 115m? — 8m

10. Giai phuong trinh:

bS:z2=0z=10=-2;0 = -3

11. Giai phuong trinh:
0
2
A_Q
2
DS::C:%l
12.
2 —1
)3 3
(1 —1 2
dlo 1 2
0 0 1
(1 -2 1 -1
e 2o
P2 0 1 3
2 6 0 5

T r+1 —=x

2 -1 x+1_0
24+ 2x 1 |
- 1 T
r X
0 =z x| 9
5 0 x—(w—l—l) + 3
2 20

Tim ma tran nghich ddo cia cdc ma tran sau néu co:

2 1 —1

b) {_32 _26} c)|0 1 3

2 1 1

1 -1 2 2 1 1

e)|—-1 2 1 Hl1 21

2 -3 2 112
2 -1 0 3
1 1 2 -1
IS 2 30
0 1 2 1
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bS
r11 1 _1
a)| 1 3 b)| 1 i c)
173 9 2 3
[1 1 —4 [ 7 —4 -5
d (01 =2 e)| 4 -2 =3 f)
0 0 1 -1 1 1
[ 17 r _3 1 [ 1 1 2 -4
i ﬁ _% 3 5 2 7 25
g8 + 4+t M| 5 0, 8
23 % 2 A 12 b4 2
% 3 3 T3 L2 0 1 =3
13. Tim ma tran X thoa man phuong trinh:
- 1 1 -1
a)ﬁ g}xzﬁ _16 nxX |2 1 0
. 1 -1 1
(1 -1 1 1 1 1
c)AX =B v6iA=|-1 2 1 B=11 0 2
-2 3 1 1 -2 2
-3 2 0 0 5
DS: a) {(2) _823}; b) |[—4 5 —2|; c)|0 3
-5 3 0 1 -1
14. Tim ma tran X thoa man phuong trinh:
1 31 1 20 1 1 31 1
a){3 1 0| X=123 2 0 b) 3 1 0] X =2
1 00 33 2 m 1 00 3
3 3 2 m 3 5 2
DS:a) | -7 -6 —4 —=3m |; b) -7 —12 —6
19 17 10 8n+1 19 33 17
15. Tim m dé ma tran A sau khé dao:
1 2 m
A=1|1 m 3
2 1 2

1
e
.
-2 0 3
r3 1 _1
4 4 4
ST R
4 4 4
1 1o
L 4 4 4
1 -1 3
=4 3 2
1 -2 5
~1
2
0
1 9
1 7
1 -3
2 1 0
30 2
5 2 m
m
—3m+2|;
8m — 6
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16. Tim z € R néu biét ma tran A dudc cho dudi day kha dao:
2014 z «x
A= 0 1 =z
z 00
va det(A?15) = —2det(A.A?)'007
DbS:z=-1
17. Tim hang ctia cac ma tran sau:
4 3 =5 2 3
2 -1 3 =2 4 ;_31_53_41 8 6 —7 4 2
a)4—2517b)51_170)43—827
2 -1 1 8 2 T 7 9 1 4 3 1 2 =5
8 6 -1 4 —6

DS: a) 2; b) 3; c) 2.

18. Tuy theo gia tri clia tham s6 A € R hay xac dinh hang clia cdc ma

tran sau:
3 N 1 2 -1 2 1 -1
) 1 4 7 2 b) A -1 1 -1
Y110 17 4 1 A 0 1
4 1 3 3 1 2 2 -1
2 néul=0 3 nful=1
DS: a) p(4) =4 b) p(d) =%
3 neuA#0 4 mneu X #1

19. Tim m dé hang ctia ma tran sau la bé nhat:

31 1 4 -1
m 4 10 1 m+5
1 7 17 3 m+5
2 2 4 3 1

A:

DS: r7(A)pin =2 khim =0

20. Bién luan theo m hang clia ma tran A, biét:

1 -4 m+21 -6
1 1 3 2
A= |1 2 -1 3
2 3 -1 —1
3 =1 m+23 -1
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DS: Néum = thir(A) =3; Néeum # L thi r(A) =4

. Hay giai cac hé phuong trinh sau bang céch tinh ma tran nghich
dao:

a) v +4dy = 2 b) —3r+2y = 1 b) v+4y = 3
dr+by = 3 2v+4y = —6 dr +>dy = 2

DS: a) (2,-1); b) (-1,-1) ; c) (—7,6).

. Ap dung dinh 1y Cramer gidi cic he phuong trinh sau:

B 20 -2y —2 = —1
o{ T s N el e s
vy = —r4+y+z = —1
31’1+2I2+l’3 = 5
C) 2I1+3J]2+[E3 = 1

2£L‘1 +fL‘2 +3I3 = 11

DS:a) (-3,1); b)) (2,4,-3); ¢ (2,-2,3).

. Ap dung phuong phéap Gauss giai cac he phuong trinh sau:

r+y+ 2z = 1 il -on i— is _T_ 2? i
a)s z+2y+3z = —1 b) ! 5 v
r+dy+9s = —9 1 + 29 203 4+ Try =
2%1 — Ty — XT3 =
r1 — To + 2!133 + 21’4 + Ty = 3
2¢1 + x9 + OSx3 + 214 + 225 = 6
c) -1 + 4z — 6y + a5 = =3
—25(}1 — 41’2 — 4133 — Ty + Ty = -3

201 + 4dxy + 4dxs + Tay

s = 9

DS: a) (1727_2); b) (271707_1); C) <_370727170)'

. Giai he phuong trinh sau bang phuong phap Gauss:

r—=2y+ 2z =2 r4+2y—3z = 1
0) —r+3y—4z = =5 b) 20 —y+2z = =2
20 — Ty + 10z = 12 —r+3y+z = -1
20 — 3y — 2 = 1 dr+3y—4z = 0
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( v+ y—2z = 1 r+2y —4t = =3
) 20+ y = 6 d) 20 -3y +z2+5t = -3
Sr+3y —2z = 14 3r—2y—5z+t = 3
( 3z +2y+2z = 11 r—y—4249 = 22
(204 2y— 2+t = 4 r+2y+32—-2t = 6
) de+3y— 2+2t = 6 f) 20+ y+22+3t = —4
8r+>dy—3z+4 = 12 3r+2y— z+2t = 4
| 3z +3y—22+2t = 6 2 —3y+22+ t = —8
DS: a) (1;0;1); b) (&5 55 5); c¢) Hé vo nghiem
d) (=13-22); o) (LL-L-1)  )(1;2-1;-2)
25. Giai cac hé phuong trinh sau:
( 3$1+4ZE2—5ZB3+7{L’4 =0
a) 4 2x1 — 3x9 + 313 — 214 =0
4z + 11z — 1325+ 1624 = 0
L 71’1 —21]2+.7)3+3$4 =0
(l’1+.132+$3+134+$5 =7
b) 31’1 + 21’2 + a3+ x4 — 31’5 = =2
$2+2$3+2$4+6[L’5 = 23
[ 571 +4xe + 323+ 314 —x5 = 12
DS:a)x; = W,@ = W; b) x1 = =16 + 23 + =4 +
D5, Lo = 23 — 2x3 — 24 — B3
26. Giai va bién luan cac hé phuong trinh sau:
rT— Y+ z = 4 T+ y+2z = 6
a)d x+4y+2z = 1 b)q 2x+5y—2z = 6—3m
r— y+az = 2(a+1) 20+ y+4mz = =3
DS: a) a = 1: he vo s6 nghiém; a # 1: hé c6 nghiem duy nhat ;
b) m = g hé vo nghiém; m # g: hé c6 nghiém duy nhat;

27.

Cho hé phuong trinh:

r+2y+32 = m
r+my+ z = m+1
T+ y+tmz = 2

Tim céc gia tri thuc cia m dé hé ¢6 nghiem duy nhét.
DS: m # {1;4}
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28.

29.

30.

31.

Tim m dé hé phuong trinh sau c6 nghiem:

r+2y+3z2—1 = 1 r+2y+3z2—1t = 1
0) 20 4+3y+ z2+3t = 2 b) 20+3y+ z2+3t = 2
v+ y+224+4t = m v+ y+224+4t = m
Tr4+8y+92+5t = 3Im+1 de+Ty+724+ 1t = 2m+1
DS: a)ym = % ;b)ym = %
Cho hé phuong trinh:
r+3y+2z = 6
20+ Ty+22z = 8
dr + 13y + 72 = 22
3r+9y+72 = m+16
Tim m dé hé vo nghiem.
DbS: m #4
Giai va bién luan cac hé phuong trinh sau:
2m+ 1z —my+ (m+1)z =m-—1
a)g m—2zx+(m-—1)y+ (m-—2)z =m
Cm—Dz+(m—-1y+2m—1)z =m
Tr1 — To + MT3 + 24 = m
b) T1 4+ mrTy — T3+ 24 = -1
mxy +may, —r3—x4 = —1
T+ To+ T3+ Ty = —m
DS: a) m € {0,1}: he vo nghiem; m = —1: hé ¢6 vo s6 nghiem;
m ¢ {0,+1}: hé c6 nghiém duy nhét;
b) m = 3: he vo nghiém; m = —1: hé¢ vo s6 nghiem; m ¢ {3, —1}:
hé c6 nghiem duy nhat.
Tim m dé hé phuong trinh thuan nhat sau c6 nghiém khong tam
thuong:
20 + 3y + 2 =0 T+ 2y +mz = 0
a)s T+4+2y+2z =0 b 3x+dby+(m+2)z =0
mz+3y+(1—5m)z = 0 r+3y+(2m—-1)z = 0

DS: a)ym = -8 ;b)m =1
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32.

33.

Tim gia tri thuc cia m dé hé phuong trinh thuan nhat sau chi c6
nghiém tam thuong:
([ —mx + 2y + +3z+ 4t =
a) 20 —my + 3z + 4t =
20+ 3y + —mz+ 4 =
20 + 3y +4z —mt =
r—my+ z—(m+3)t =
204+ y—4z 47Tt
mx + 4y + 2z —mt =
r— y—mz—2m*+ 1)t =

o O OO

o O OO

\
DS: a)ym # {—2;—-3;—4;9} ;b)m = 0 hodc m =1

Tim m dé hé phuong trinh c6 nghiém khong tam thuong:

T1 + 319 + drs + x4 =

mr—3y+z = 0 1+ 22+ 623+ (M + 1)1y =

a) 2z+y+z = 0 b)) 2z 4622+ 105+ (m+4)xy =
3r+2y—22 = 0 1+ 2o + Txs + (3m — 2)xy =

—2x9 + 31’3 + (3m - 6)I4 =

S OO OO
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Déi tuong ban dau clia mon Dai s6 tuyén tinh 1a viéc gidi va bién
luan cac hé phuong trinh tuyén tinh. Tuy vay, dé c6 thé hiéu thau dao
diéu kién ddm bao cho mot hé phuong trinh tuyén tinh c6 nghiém va cau
tric nghiém ctia né, nguoi ta da dua ra khai niém khong gian véc to va
khai niém nay da trd thanh mot trong nhitng tru cot ctia mon Dai s6
tuyén tinh.

2.1. Khai niém khong gian véc to

Gia st K 1a mot truong.

O Dinh nghia 2.1. Tap hop V # 0 dugce goi 1a mot khong gian véc to
tren K néu n6 duge trang bi hai phép toan, gom

(a) Phép cong véc to:
+:VxV =V (,8)—a+p
(b) Phép nhan véc to véi vo hudng:
2 KxV =V, (ka)— ka

Cac phép toan nay théa man nhitng tién dé sau day:
(VD) (a+B8)+v=a+(B+7), Va, By eV,
(V2) eV :0+a=a+0=a YaeV,
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(V3)Vae V3 e V:ia+d =d +a =0,
(V4) a+p=pF+a, Ya,B €V,

(V5) (k+ h)a = ka+ ha, Vk,h € K,Va €V,
(V6) k(a + f) = ka + kB, Yk e K,Ya, B € V,
(V7) k(ha) = (kh)a, VE,h e K,a €V,
(V8) la = a, Va € V.

Cac phan t clia V dudc goi 1a cac véc to, cac phan tit ciia K duge
goi 1a cac vo hudng, 0 dude goi 1a phan ti trung hoa, o dude goi 1a phan
i doi cia a.

Mot khong gian véc to trén K con duge goi la mot K-khong gian véc
to, hay don gidn: mot khong gian véc to, néu K da ro.

Khi K =R, V duge goi la mot khong gian véc to thye. Khi K = C,
V' dugc goi la mot khong gian véc to phic. o) gido trinh nay ta chi quan
tam dén cac khong gian véc to trén truong so thuec.

e Vi du 2.1. Céc véc to tu do trong hinh hoc so cap véi cac phép toan
cong véc to va nhan véc to v6i s6 thyc lap nén mot khong gian véc to
thue.
e Vi du 2.2. Xét R” 1a tap hop ma mdi phan tt 13 mot bo n sd thuce c6
thit tu (z1, 22, ...,7,), con goi la mot véc to n thanh phan. N6 1ap nén
mot khong gian véc to véi hai phép toan sau day:
(-Tb'r?a"'axn)_'_(y17y27"'7yn) = (x1+y17$2+y27"'7xn+yn)a
k(xy,z9,...,x,) = (kxy,kxg, ... kx,), k €R,
trong d6 phan tit trung hoa 14 6 = (0,0,...,0), phan tit déi clia véc to
r=(x1,2T9,...,2,) ER" & —x = (—x1, —22,...,—1,).
e Vidu 2.3. Tap hgp V = {(z,y) €e R?*: 2 >0, y > 0} (tap hop céc
diém thuoc géc phan tu thit nhat trong mat phang Ozy) cing véi hai
phép toan dinh nghia nhu trong vi du trén khong phai la mot khong gian
véc ta.
e Vi du 2.4. Tap hop C|a, b] cdc ham thyc lién tuc trén doan [a,b] C R
la mot khong gian véc to véi cac phép toan thong thuong
(f+9)x) = flz)+g(z),
(kf)(x) = kf(z),
trong d6 phan tit trung hoa 1a ham s6 dong nhat khong, tiic 1a bing 0,
Vz € [a,b], phan tit d6i ctia ham f 1a —f: (—f)(z) = —f(z), Vz € [a,b].
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e Vi du 2.5. Xét tap hop P,[z] (n nguyén duong, x € R) cac da thiic
v6i hé s6 thue clia mot bién 2 ¢6 bac khong vugt qua n:

Puz] = {p(z) = ap + a1z + apz® + ... + ap,a" | ag,ay,...,a, € R}

Khi d6 P,[x] cung v6i phép cong hai da thic va phép nhan da thic véi
mot s6 thie thong thuong 14 mot khong gian véc to. Phan tit trung hoa
chinh 13 da thtic khong; phan tit ddi ctia da thitc p(z) chinh 1a da thic
d6i —p(z).

Tinh chat. Gia st V 1a mot khong gian véc to.

(1) Phan tt trung hoa 6 € V' 1a duy nhéat. N6 duge goi 1a véc to khong.
That vay, gid sit 0, ciing 13 mot phan tit trung hoa ctia phép cong
trong V. Khi do

0+6, = 60; (vi6latrung hoa),
0+6, = 6 (vi6 latrung hoa).

Vay 6 = 0,.

(2) V6i moi véc to o € V, phan tit ddi o/ 1a duy nhat. N6 sé duge ky
higu 1a (—a).
That vay, gid sit o) cling 1a mot phan tit doi clia . Khi d6

!/

(@+a)+a)=0+ad]=a]=d+(a+a))=a"+0=17"

Nhu vay o/ = af.
Ta dinh nghia: o« — = a + (=f).

(3) Ta cé cac quy téc gidn wée va chuyen vé: Ya, 8,7 € V

aty = f+v = a=p,
at+pf = v = a=y—p0~

(4) 0Oa =0 va kb =0, Yo € V,Vk € R.
That vay,
O0a + 60 = 0a = (0 + 0)a = 0a + Oc.

T d6 theo luat gian wée, Oa = 6. Tuong ty,
kO +6 =kl =k(0+0)=Ek0+ k0.

Cung theo luat gian uée, ta c6 k6 = 6.
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(5) Néu ka =6 (v6i k € K,a € V), thi hodc k = 0 hodc o = 6.
That vay, gia st k # 0, nhan hai vé ctia dang thitc da cho véi k=1 € K
ta co
a=1la=(kk)a=k"(ka)=k"10=0.

(6) (—k)a =k(—a) = —(ka), Vk e K,a € V.
That vay,
ka+ (—k)a = (k+ (=k))a = 0 = 6.

Tu d6, (—k)a = —(ka). Tuong tu,
ko + k(—a) =k(a+ (—a)) = kO = 0.
Do d6, k(—a) = —(ka).
2.2. Poc lap tuyén tinh va Phu thudc tuyén tinh

O Dinh nghia 2.2. (a) Mot to hgp tuyén tinh ciia cic véc to
ai,...,a, € V 1a mot biéu thic dang

n
E CiQyy = C1Laq + - - + CpQiyp,
i=1

trong do ¢; € R, ¢; 1a hang .
(b) Gia stt & = cray + - - - + cpa, € V. Dang thitc d6 duge goi 1a mot

biéu dién tuyén tinh clia o qua céc véc to ar, ..., a,. Khi c6 ding
thitc d6, ta néi o biéu dién tuyén tinh duge qua aq, ..., oy,.
¢ Nhan xét:

e Mot véc to c6 thé co nhiéu biéu dién tuyén tinh khac nhau qua mot
hé véc to.

e Ta n6i hé {ay,...,a,} bidu dién tuyén tinh dugc qua hé

{B1,...,Bm} néu mdi véc té a;, 1 < i < n, bicu dién tuyén tinh
duge qua {1, ..., Bm}-
Gid st hé {ai,...,a,} bicu dién tuyén tinh dudc qua hé
{B1,...,Bm}, va hé {B,...,Bn} bicu dién tuyén tinh dugc qua
hé {y1,...,7}. Khi do, 16 rang {ay, ..., a,} ciing bié¢u dién tuyén
tinh duge qua hé {y,..., v}
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e Vi du 2.6. (a) Trong R? xét cac véc to a = (2,—1,3),aq =
(1,-1,2),as = (1,—-2,3). Hay bicu dién « thanh td hgp tuyén tinh ciia
cac véc t6 aq, am.

Ta xét hé thic ¢y + ceag = a, (¢, c2 € R). Phuong trinh véc to d6
tuong duong v6i hé phuong trinh

Ci1+C = 2
—C1 — 262 = -1
2c1 +3ca = 3
Hé nay c6 nghiém ¢; = 3,¢c0 = —1. Vay a = 3a; — ag.

(b) Trong R? cho he S = {a; = (1,1,1); a0 = (2,1,3); a3 = (1,2,0)}.
Véc to a = (2, —1,3) c¢6 1a mot to hgp tuyén tinh ctia S khong?

Xét hé thic ciaq 4+ coan 4+ c3a3 = a v6i ¢q, ¢, c3 € R.

cL+2c04+c3 = 2
S gt t2c3 = —1
c1+3ca = 3
Hé nay c6 7(A) # r(A) nén vo nghiem. Vay o khong biéu dién tuyén tinh
duge qua he S.

(c¢) Trong khong gian Pj[z] xét he S = {p; = 2;py = 1+ 3x;p3 =
—5 + z}. Héi da thitc p = 4 + 2z ¢6 biéu dién tuyén tinh duge qua céc
véc to cua hé S khong?

Xét hé thic cipy + cops + c3ps = p VG ¢1,c9,c3 € R.

Phuong trinh véc to nay tuong duong véi ¢1.2 + co(1+ 3x) + c3(—5 +
r)=4+2

201+02—503 = 4 Cci = —8CQ+7
<:>{ 3CQ—|—03 = 2 < C3 = —302+2

Hé nay c6 vo s6 nghiém nén p c¢é thé bidu dién tuyén tinh duge qua cac
véc t6 ctia hé S, chang han c6 thé biéu dién p = —p; + ps — ps hodc
p = 15p1 — pa + 5ps.
O Dinh nghia 2.3. (a) He {a,...,a,} dudc goi la déc lap tuyén
tinh néu hé thic
oy + -+ e, =0

chi xay rakhicy =---=¢, =0.

(b) He {av, ..., a,} duge goi 1a phu thudc tuyén tinh néu né khong
doc lap tuyén tinh.
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Néu he {ay,...,a,} doc lap (hodic phu thuoc) tuyén tinh, ta ciing noi

cac véc to ay, . .., a, doc 1ap (hodic phu thudc) tuyén tinh.

e Vidu 2.7. (a) Trong khong gian céc véc to tu do ctia hinh hoc so

cap, hé 2 véc to 1a doc 1ap tuyén tinh néu va chi néu ching khong
dong phuong, hé 3 véc to 1a doc lap tuyén tinh khi va chi khi ching
khong dong phing, hé 4 véc to bat ky luon luon phu thuoc tuyén
tinh.

Trong khong gian R?, hé cac véc to {e; = (1,0), ey = (0,1)} doc lap
tuyén tinh. That vay, he thic

c1€1 -+ Co€o — (Cl, 02) = (O, O)

xay ra khi va chi khi ¢; = ¢ = 0.
V6i moi o € R?, hé cac véc to {ey, es, a} phu thuoc tuyén tinh. That
vay, néu « = (a,b) thi

o —ae; — bey = 0.

Xét xem hé cic véc to sau day doc lap hay tuyén tinh phu thudc
tuyén tinh trong R3: {ag = (5,3,4); a0 = (3,2,3); a3 = (8,3,1)}.

Ta xét hé thuc cjaq + ey + c3a3 = 6.

Phuong trinh véc to dé tuong duong véi hé phuong trinh

501 + 302 + 803 =0
361 + 202 + 363 =0
461 + 302 +c3 = 0

Hé nay c6 nghiem khong tam thuong, ching han ¢; = 7,¢5 = —9, ¢35 =
—1.
Nhu vay, ba véc to da cho phu thudc tuyén tinh.

Xét syt doc lap tuyén tinh hay phu thuodc tuyén tinh ctia he S =
{pr =14z +2%p, =2+ 3z + 222 p3 = 1 + 2z} trong Px].

Ta xét he thiic e;py + copa +c3p3 = 0 < ¢ (1+ 2+ 22) + (2 + 3z +
22%) + c3(1 +2z) = 6.

Phuong trinh véc to dé tuwong duong véi hé phuong trinh

c1+2cy+c3 0
c1 + 302 + 203 =0
c] + 262 =0
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Heé nay c¢6 det A = 1 # 0 nén chi c6 nghiem tam thuong ¢; = ¢y =
C3 = 0.
Nhu vay, hé S da cho doc lap tuyén tinh.

® Nhan xét: Tu vi dy trén ta thay ring viéc xét xem mot hé véc to
doc lap tuyén tinh hay phu thuoc tuyén tinh duge dua vé viéc gidi mot
hé phuong trinh tuyén tinh thuan nhat. Tuong tu, viec xét xem mot véc
to c6 biéu dién tuyén tinh duge hay khong qua mot heé véc to duge dua
ve viéc gidi mot hé phuong trinh tuyén tinh.

Tinh chat.

(1) He gom chi mot véc to {a} trong khong gian véc to V' la hé phu
thuoc tuyén tinh néu va chi néu o = 6.
That vay vi 160 = 0 nén he {6} phu thudc tuyén tinh. Ngugc lai, gid
stt {a} phu thuoc tuyén tinh, tiic 1a ¢6 k # 0 sao cho ka = 6. Nhan
hai vé v6i k=1 ta c6

a=k"tk)a=k"t(ka)=k"'0=0.

(2) He gom n véc to {ay,...,a,} (n > 1) cia mot khong gian véc to V'
1a hé phu thudc tuyén tinh néu va chi néu mot véc to nao dé ctia he
biéu dién tuyén tinh dugc qua céc véc to con lai clia hé.

That vay, gid sit ¢6 it nhat mot ¢; # 0,4 = 1,...n thdéa méan hé thic

cop+ -+ e, =0.

Nhan hai vé vé6i ¢; ' ta thu dugc

a ==Y (¢7'¢)ay.

J#i

Nguge lai, néu o«; biéu dién tuyén tinh dugc qua he
{oa, ..., s, 41, ..., ap ), tidc 1 c6 cac d; sao cho

o =diog + -+ disiqiog + dipiign + -+ dpa,
thi ta co
dloél + -+ di,lai,l -+ (—1)041' + di+1Oéi+1 + -+ anén =0.

Do d6 hé {ay,...,a,} phu thuoc tuyén tinh.
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v Hé qua 2.1. Moi hé véc to c¢6 chita véc to khong 6 la hé phu
thuoc tuyén tinh.

(3) Gia st he {ay,...,a,} doc lap tuyén tinh. Khi do he {ay,. .., an, 8}
phu thuoc tuyén tinh néu va chi néu 3 biéu dién tuyén tinh duge qua
{aq,...,a,}. Trong trudng hop do, biéu dién tuyén tinh nay la duy
nhat.

That vay, néu {ay,...,a,, S} phu thuoc tuyén tinh thi ton tai bo
(c1,...,¢cn,d) khong dong thoi biang 0 sao cho

cag + -+ e, +dB = 06.

RO rang, d # 0 vi néu tréi lai thi he {ay,...,a,} phu thuoc tuyén
tinh. Vi d # 0 nén ta c6 thé viét

n

B = — Z(d_lci)ai.

i=1

Ngude lai, mdi bidu dién tuyén tinh 8 = Y ¢ & Y i +(=1)8 =
=1 =1
6, do d6 he véc to {ay, ..., an, B} phu thuoc tuyén tinh.

Gia sit ¢6 hai biéu dién tuyén tinh ctia 8 qua hé {aq,...,a,}:
b =cag+ -+ cpa, =diag + -+ dyap,.

Khi d6 0 = (¢; —di)ag + -+ -+ (¢n — dp)ay,. Do {ay, ..., «,} doc lap
tuyén tinh nén hé thic trén kéo theo

clzdl,...,cn:dn.

e Vi du 2.8. Trong khong gian véc to V' cho hé S = {z,y,z} v& S =
{x+y+22x+ 3y — 2,3x + 4y + z}. Chiing minh rang néu S doc 1ap
tuyén tinh thi S; doc lap tuyén tinh.

Loi gids. Xét he thic o (z4+y+2)+ca(2e+3y—2)+c3(3x+4y+2) =
0 < (c1+2c0+3c3)x + (1 +3ca +4e3)y+ (e — o+ c3)z = 6.
Do S doc lap tuyén tinh nén ta c6 hé phuong trinh

c1+ 262 + 3C3 =0
c1 + 302 + 403 = 0
cl —Cy+c3 = 0
Heé nay chi ¢6 nghiém tam thudong ¢; = ¢, = c3 = 0 nén S; doc 1ap tuyén
tinh.
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2.3. Cd sé va sb6 chiéu ctia khéng gian véc to

O Dinh nghia 2.4. (a) Mot hé véc to cia V' duge goi 1a mot hé sinh
ctia V néu moi véc to ciia V' déu biéu dién tuyén tinh duge qua hé dé.

(b) Mot he véc to ctia V' duge goi 1a mot ¢d sG clia V' néu moi véc
to clia V' déu bicu dién tuyén tinh duy nhat qua hé do.

Nhu vay mdi co sé déu 1a mot hé sinh.

e Vidu 2.9. (a) He S = {(1,0),(0,1)} 12 mot he sinh ciia R? vi Vz =
(71, 22) € R? ta déu c6 = = x1(1,0) + 22(0, 1).

(b) Trong khong gian Py[z] he S = {1,z,2z%} 1a mot he sinh vi ta c6
p=c+ bz +ax? Vp € Rzl

(c) Trong khong gian Py[z] cho he S; = {z?+x+1, 222 +3x+1, 2% +2x}.
H6i S ¢6 1a hé sinh ctia Py[x] hay khong?
Vi Vp = az® + bx + ¢ € Pyfz] xét he thic p = ci(2? + 2+ 1) +
co(222 + 3z + 1) + c3(a® + 22)
c1 + 202 + c3 = a
<~ c1+ 3¢+ 2c3 =

1+ ¢ =

Ton tai p dé hé trén vo nghiem, vi du p = 222 + x, do dé S; khong
14 hé sinh ctia Ps[z].

Mot hé véc to ciia khong gian V' dude goi 1a doc lap tuyén tinh
cuc dai néu n6 doc 1ap tuyén tinh va néu thém bat ky véc to nao clia
V vao he d6 thi he méi thu duge trd thanh phu thuoc tuyén tinh.

A Dinh ly 2.1. Cho hé hitu han cic véc to S = {ay,...,a,} cia V.
Khi dé cac khang dinh sau day la tuong duong:

(i) S la mot co sd cia V.
(ii) S 1a mot he sinh doc lap tuyén tinh cta V.
(iii) S la mot hé véc to doc lap tuyén tinh ciuc dai ctia V.

Chiing minh.



Khong gian véc to

(i) = (ii): S la mot co s6 ciia V nén né 1la mot hé sinh ciua V. Hon
nita, vécto # c6 bicu dién tuyén tinh duy nhat qua (o, ..., qy):

0 =0a; + -+ 0ay,.

No6i cach khac, hé thic ciaq + - - - + ¢, = 6 tuong duong véi ¢ = ¢ =
.-+ = ¢, = 0. Diéu nay c6 nghia la he S doc lap tuyén tinh.

(ii) = (iii): Moi véc to B € V déu biéu dién tuyén tinh duge qua S
cho nén hé {ay,...,a,, 3} phu thugc tuyén tinh.

(iii) = (i): Vi he S doc lap tuyén tinh cuc dai nén mdi véc to 5 € V
déu biéu dién tuyén tinh qua S. Néi cach khac, hé nay sinh ra V. Biéu dién
tuyén tinh ctia mdi véc to 3 € V qua hé doc 1ap tuyén tinh {ay, ..., a,}
1a duy nhat, do d6 S 1a co s6.

O Dinh nghia 2.5. Khong gian véc to V' dugce goi 1a hitu han sinh néu
n6 c6 mot hée sinh gom hitu han phan ti.

O Dinh nghia 2.6. (a) S6 phan ti ctia mdi co s6 clia khong gian véc
to hitu han sinh V' # {0} dugc goi 1a s6 chiéu ciia V' va duge ky higu 1a
dim V. Néu V = {0} ta quy uéc dimV = 0.

(b) Néu V khong c6 mot co s6 nao gom hitu han phan ti thi n6 dugc
goi 1a mot khong gian véc to vé han chiéu.

Trong tai lieu nay ta chi xét cidc khong gian hitu han chiéu.

Bo dé 2.1. Trong khong gian véc toV, gié sit he véc ta S = {a, ..., o, }
doc lap tuyén tinh, T = {84, ..., s} 1a mot hé sinh. Khi d6 r < s.

Chitng minh. Vi T 1a hé sinh ctia V nén

ap = apfi+ -+ aafs
ay = apef + -+ asefs

Qp = alrﬁl + -+ asrﬁs
Xét hée phuong trinh tuyén tinh ma an la ¢;:

ancy +---+ape, = 0
QA21C1 + +++ + Q9pCp = 0

as1C1 + -+ age, = 0
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Néu r > s thi hé thuan nhat nay c6 s6 phuong trinh it hon sé an, do
d6 né c6 nghiem khong tam thuong, nghia 1a ton tai r s6 thuc ¢; khong
dong thoi bing 0 thda man s dang thitc tren. Nhan dang thitc thit nhat
v6i (1, dang thiic thit hai véi B, ..., ding thic thit s v6i B, r0i cong lai
ta duge

(a1101 4 -+ arpe) P+ -+ (asicr + -+ - + agec ) Bs = 6
hay la
01((111,31 + -t aslﬂs) + -+ Cr(alrﬁl + -4 asrﬁs) =0

nghia la c6

cag + -+ e =0,

Diéu nay trai véi gia thiét réang {aq,...,q,} doc lap tuyén tinh. Vay
r <s. O

A Dinh ly 2.2. Gia sit V # {0} la mot khong gian hitu han sinh. Khi
d6 V c6 mot co s6 gom hitu han phan tit. Hon nita moi co sé ctia V' déu
c6 s6 phan tit bang nhau.

Chiing minh. Gia st T = {v1,...,7s} la mot hé sinh hitu han cia V.
ViV # {0}, nén c6 véc to a; # 0 trong V. He gom mot véc to khac
khong {«;} doc 1ap tuyén tinh. Néu he nay khong doc 1ap tuyén tinh cuc
dai, thi c6 he {1, as} doc 1ap tuyén tinh.

Gia st {aq,...,a,} 1a mot he doc 1ap tuyén tinh trong V. He nay
biéu dién tuyén tinh qua 7. Theo bd dé trén, ta c6 r < s. Nhu thé qua
trinh chon céc véc to o, ag, ... dé thu duge mot he doc lap tuyén tinh
phéi ding lai sau mot s6 hitu han bude. Ta c6 mot he vée to {ay, ..., a,}
doc 1ap tuyén tinh cuc dai trong V, véi n < s. Theo dinh 1y (2.1), he nay
14 mot co sé cia V.

Gia st {f1,. .., B} cing la mot co sé cia V. Vi {ay, ..., «a,} doc lap
tuyén tinh va biéu dién tuyén tinh dudc qua {3i,...,Bn.} nén theo Bo
deé tréen, ta c6 n < m. D6i vai tro ciia hai co sé trén, ta ciing c6 m < n.
Nhu vay, m = n.

e Vi du 2.10. Trong R"™ xét hé véc to

B ={ey,eq,...,e,},6,=(0,...,0,1,0,...,0)
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He B doc lap tuyén tinh vi hé thic
cep+ -+ cpe, =(0,...,0)

xay ra khi va chi khi ¢; = ¢y =--- =¢, = 0. Hé B sinh ra R" vi moi véc
to z = (x1,...,2,) € R® déu c6 bicu thi tuyén tinh

r=x1€e]+ -+ cpép,-

Vay dimR™ = n va B 1a mot co s6. B dude goi 1a c¢o s& chinh tac clia
khong gian R".

e Vi du 2.11. Trong P,[x] xét hé véc to

B={l,z,2% ..., 2"}

Heé nay sinh ra P,[z] vi moi da thiic p(z) ¢6 bac < n déu viét duge
duéi dang

p(x) = ap.l 4+ a1 + anx® + -+ a,x",a; € R.
Hé B doc lap tuyén tinh vi hé thic
co.l+cix+--+cpa” =0,Vr

ching té6 phuong trinh nay c6 vo s6 nghiém, diéu dé chi xay ra khi
cp=¢c=+-=c,=0.

Vay dim P,[z] = n+ 1 va B 1a mot co s6. B duge goi la ¢d s chinh
tac ctia khong gian P,[z].

A Dinh 1y 2.3. Gia sit V' la mot khong gian vée to hitu han sinh. Moi
hé doc lap tuyén tinh trong V déu c6 thé bo sung dé trd thanh mot co
sG ctia V. Néu dimV = n, thi moi hé doc lap tuyén tinh gom n véc to
cia V déu la mot co sé.

Chitng minh. Gia st {ay, as, ..., a;} 1a mot he doc 1ap tuyén tinh trong
V. Néu he nay khong doc lap tuyén tinh cuc dai thi ¢6 thé bd sung céc
véce t0 i1, 0y, ... dé he thu duge van doc lap tuyén tinh. Qué trinh
nay phai diing lai sau mot sé hitu han budc, béi vi theo dinh 1y (2.2),
dimV < oco. Ta thu duge he {ay,...,a,} doc lap tuyén tinh cyc dai
trong V', tic la mot co sé cua V.

Néu dimV = n, thi moi hé doc lap tuyén tinh gom n véc to
{B1,...,B,} déu cuc dai. That vay, gia sit phan chitng ¢ thé thém vao
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hé dé mot véc to [,,1 nao do ciia V sao cho hé thu duge van doc lap
tuyén tinh. Khi dé he {fi, ..., Bps1} biéu thi tuyén tinh qua mot co sé
{ay,...,a,} nao d6 nén theo Bb dé, ta c6 n+1 < n. Didu nay vo ly. Vay
theo dinh 1y (2.1) hé {f1,..., .} 1a mot co s6 cia V.

e Vi du 2.12. (a) Trong R? cho he S = {(1,1,1),(1,0,1),(1,1,0)}.
Chitng minh S 1a co s ctia R3.
Xét he thic ¢;(1,1,1) + ¢2(1,0,1) + ¢3(1,1,0) = 6
C1 + Co + C3 = 0
<~ c1+cs = 0
C1+ Co =0
Dé thay hé nay chi c6 nghiém tam thuong nén S doc lap tuyén tinh. Hon
nita dimR? = 3, do d6 S 14 mot co s6 cia R3.
(b) Cho he S = {22+ z + 1,22° + = + 1,2% + 22 + 2}. H6i S c6 1a
mot o s clia khong gian Po[z].
Loi gidi. Xét he thiic ¢q (2% +241)+co (202 +a+1)+c3(2?+22+2) = 0
c1+2c0+c3 = 0

=4 ci+cy+2cs = 0
Cl+62+203 =0

Dé thay S phu thudc tuyén tinh do d6 S khong la co sé ctia Ps[z].
2.4. Toa d6 va bai toan doi co sd

2.4.1. Toa do6 cna vector
Gia st S = {ay,...,a,} 1a mot co sé cua khong gian véc to V. Moi
véc to o € V ¢ bicu dién tuyén tinh duy nhét

a:cla1+02a2+---+cnanzg coy, ¢ €R.

O Dinh nghia 2.7. [Toa do] Bo gia tri (ci,...,¢,) xac dinh bdi diéu
kién oo = ) ¢;a; duge goi la toa do ctia véc ta a trong co s6 S, ¢; duge
goi la toa do thi ¢ cia « trong co sé do.

Véc to (a)s = (e1,. .., ¢,) 1a mot vée to trong R™ va dugce goi la véc
td toa do clia o ddi v6i co 86 S. Véc to (a)g viet ¢ dang cot dan dén
ma tran [a]s = (¢1,...,¢,)" 1a mot ma tran ¢ n x 1 va duge goi 1a ma

tran toa do ciia o d6i véi co sé S.
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Gia st a, f ¢6 toa do trong co sé {ay, . .., a, } tuong ing 1a (¢, . . ., ¢,)
va (dy,...,d,). Khi d6 tu tinh doc 1ap tuyén tinh cta {ay,...,a,} suy
ra rang o = 3 néu va chi néu (cy,...,c,) = (d,...,d,). That vay, « = 8

khi va chi khi

Oz—ﬂ:(Cl—d1>&1+"'+(cn_dn)an:0~

Diéu nay xdy ra néu va chi néu ¢, = d,...,c, = d,.
Hon ntta a4+ 3 ¢6 toa do 1a (¢1 + dy, ... ¢, + dy) VA ka ¢ toa do la
(key, ..., key,) trong hé co s6 (g, ..., qp).

e Vidu 2.13. Cho S = {2? +z+ 1,22+ 2z + 1,2 + v + 2} 14 co sd clia
khong gian P;[z]. Tim véc to p(z) biét [p(x)]s = (3, —5,2)".

Loi gidi. [p(x)]s = (3,-5,2)! & p(x) =3(z* + o+ 1) — 5(z + 22 +
1) +2(2? +x +2) = —Hz + 2.

e Vi du 2.14. Cho S = {(1,1,1);(1,0,1);(1,1,0)} 1a co sé ctia R? va
r=(3,1,-2) € R3 Tim toa do clia x trong co s6 S.

Loi gigi. Gia st (v)s = (x1,22,23) & (3,1,-2) = 29(1,1,1) +
$2(1,0,1)+1’3(1,1,0).

T + T2 + Ty = 3 r1 = —4
) + 23 = 1 &< 2 = 2 &(v)s=(-425).
Ty + X9 = =2 r3 = 5

e Vidu 2.15. Cho S = {22 + 2+ 1,2 + 1,2z + 1} 1a c0 s6 cla Pylx].
Tim toa do cta véc to p(x) = 32% + 4z — 1 trong co s§ S.

Lot gidi. Gia st (p(z))s = (a,b,¢) & 3r* +4r—1=a(z*+z+1) +
bz +1)+c(2z+1).

a = 3 a = 3
a + b + 2¢ = 4 &b = -9 & (p)s=(3,-905).
a + b + ¢ = -1 c = 5

2.4.2. Bai toan ddi co sé

Bay gio ta xét xem toa do ctia mot véc to trong nhiing co sé khac
nhau c6 lién hé véi nhau nhu thé nao?
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Gida st S ={aq,...,a,} va T = {5, ..., Bn} 1& hai co s6 clia khong
gian véc to V. Mdi véc to 3; biéu dién tuyén tinh duge qua co s6 9, tic
la co cac py; dé cho:

B1 = Dprog +pace+ -+ ppicy,
B2 = D120q + paaa + -+ + Ppotuy,
671 = Pin01 + DPonC2 +--+ PrnnCn

Gid st a € V ¢6 toa do (ci,...,c,) va (dy,...,d,) tuong tng trong cic
cd s6 S va T'. Khi do ta co:

a = i+ +dyfBy = di(prion + -+ priay)
= (plldl + - +p1ndn>a1 + -+ (pnldl + - +pnndn>an

Do tinh duy nhat ciia toa do ciia o trong co sé S, ta nhan dugdc

a1 = pudi+piads + -+ prady
0‘2 : p21d1 + paada '+ o+ popdy (2.1)
C.n - Prady + pn2d2'+ o+ Pondn
Dat P = (pij)nxn = ([B1)s[Ba]s - .- [Bn]s). Khi d6 (2.1) c6 thé viét
[a]s = P [o]r (2.2)

Ma tran P théa man (2.2) duge goi 1a ma tran chuyén cd sé tit S sang
T, thuong ky hiéu la Ps_,p.

Ma tran chuyén co sé P c6 tinh chat sau:

A Dinh 1y 2.4. Néu P la ma tran chuyén co s6 tir S sang T thi
(a) P kha ddo, tic la det P # 0.
(b) P! la ma tran chuyén co s6 tir T sang S, titc Ia:

e Vi du 2.16. Trong R? cho cac cos6 S = {ay,as}, T = {B1, S}, trong
d6 a1 = (1,0), a0 = (0,1), 81 = (1,1), B = (2, 1).

(a) Tim ma tran chuyén co sé tit S sang 7.

(b) Tim [a]r biét a = (7,2).
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Loi gidi.
(a) Ta c6 bicu dién {f; = a1 + ap, P2 = 201 + s}, do d6 [Bi]s =
(1a ]-)ta [BZ]S = (27 1)t

Vay ma tran chuyén co sé tit S sang T 1a

i

(b) Ma tran chuyén co s6 tit T sang S 1a
L [-1 2
b= { 1 -1
Via=(7,2) = Tas + 29 nén [a]s = (7,2)"

Do dé
lalr = P~Ya]s = {_11 _211 m = {_53]

2.5. Khong gian con - Hang ctia mo6t hé véc to

Gia st V 13 mot khong gian véc to. Ta quan tam dén nhiing tap con
ctia V c6 tinh chat 1a ching ciing lap nén nhitng khong gian véc to doéi
vGi cac phép toan la thu hep ciia nhiing phép toan tuong tng trén V. Ta
¢6 dinh nghia sau day:

O Pinh nghia 2.8. Tap con khac rong W C V duge goi 1a mot khong
gian véc to con ctiia V néu W déng kin doéi v6i hai phép toan trén V,
nghia la

a+pBeWw, Va,B € W,
ka € W, Vk € R,Va € W.

@ Nhan xét: Khi d6 W ciling la mot khong gian véc to. That vay cac
tien de (V1), (V4), (V5), (V6), (VT7), (V8) nghiem ding v6i moi phan ti
ctia V nén ciing nghiém ding véi moi phan ti ctia W. Ta chi can kiém
tra lai cac tien dé (V2), (V3) néi vé sy ton tai ctia phan tit # va phan ti
doi.

Vi W # () nén c6 it nhat mot phan tt o € W. Khi d6 0 = 0 € W
Phan tit § € V déng vai tro phan ti 0 € W. Mat khéc, v6i moi a € W
ta c6 (—a) = (—1)a € W. D6 ciing chinh la phan ti dbi ctia o trong W.
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e Vidu 2.17. (a) {#} v V la hai khong gian con cta V.

(b) Khong gian C'[a,b] cac ham kha vi liéen tuc trén [a,b] 1a mot
khong gian con ctia khong gian cac ham lién tuc Cfa, b].

(c¢) Goi W la tap hop cac ham f(x) € C[0,1] ma f(0) = 1.R6 rang
W khong la mot khong gian con ctia C[0,1] vi fi(z) =x+1 € W va
filr) =2+ 2+ 1€ W nhung fi(z) + fo(z) =2 +2+2¢ W.

e Vi du 2.18. Trong khong gian R*,

(a) U ={(a,b,0,0),a,b € R} la mot khong gian véc tc con.

(b) V ={(a,1,2,3),a € R} khong la khong gian vecto con vi v; =
(a1,1,2,3) € Vvawvy = (ag,1,2,3) € V nhung vi+vy = (a1+a2,2,4,6) ¢
V.

e Vi du 2.19. Cho ma tran A ¢6 1a m x n, tdp hop nghiém W cua he
phuong trinh tuyén tinh thuan nhat Az = 0 1a mot khong gian véc to
con cua khong gian R™.

A Dinh 1y 2.5. Néu W la mot khong gian con ctia V thidim W < dim V.
Dau "=" x4y ra khi va chi khi W = V.

Ching minh. Vi W la mot khong gian con ctia V' nén moi hé doc
lap tuyén tinh trong W thi cling doc lap tuyén tinh trong V. Do d6
dimWW <dimV. Dau "=" xay ra khi v& chi khi mdi co sé ctia W ciing la
mot co sé ctia V. Diéu nay tuong duong véi W = V.
2.5.1. Tong va Téng truc tiép
Gia su Wy, ..., W,, la cac khong gian con ctia V. Tap hop
Wi+ 4+ Wh={ar+-+apla, e Wy,i=1,...,m}
1ap nén mot khong gian véc ta con cua V.
O DPinh nghia 2.9. Khong gian véc to Wi + - - - + W,,, dugc goi la tong
cla cac khong gian Wy, ..., W,,, ky hiéu béi > W;.
i=1

Méi véc to ctia Wy + - - - + W, ¢6 thé viét dudi dang
a=ag+ -+ apy, a; € Wi

Céach viét nay néi chung khong duy nhat. Chang han néu WyNW, # {60},
thi mdi véc to a € Wi N Wy \ {0} ¢6 hai biéu thi a = a +6 = 0 + a,
trong dé véc to thit nhat trong tong thuoc Wi con véc to thit hai trong
tong thuoc Wa.
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O Dinh nghia 2.10. Néu moi véc to trong tong Wy + - - - 4+ W, déu viét
duge duy nhat dudi dang o = iy +-+ -+, V6i a; € Wi(i = 1,...,m) thi
Wi+ -4+ W, duge goi la tong truc tiép ctia cac khong gian Wi, ..., W,
va duge ky hieu la Wy @ --- & W,,.

A Dinh 1y 2.6. Gia sit U va W la cac khong gian con ctia khong gian
véc to hitu han chieu V. Khi dé

dimU + dimW = dim(U + W) + dim(U N W).
Chitng minh. Gia st (aq,...,a,) la mot co s6 cia U N W. (Néu
UNW = {6} thi ta coi 7 = 0). Ta bd sung hé nay dé c6 mot co sé
(o1, 0, B1,. .., 0s) cia U va mot ¢6 s6 (aq, ..., 01, . .., Y) cia WL

Ta sé chiing t6 rang (o, ..., @, By -+, Bsy Y1, - - - V) 1a MOt o 86 clia
U+Ww.

Ro rang (a1, ..., 81, oy Bsy Y15 - - -5 Y) 1a mot hé sinh cua U + W.
Dé chiing minh do6 1a he doc lap tuyén tinh, ta xét he thic

aoy + -+ apon F 01 S+ F 0B ey - Fa =0,
Véc to
a1+ 4 @y +biBy b=~ — e — ey

vita thudc U, vita thuoe W nén né thudc U NW, va do dé biéu thi tuyén
tinh qua aq, ..., a,:

—o — = o = diag + o+ dea
Ta viét lai déng thitc nay nhu sau

dioy + -+ dpog + e+ o = 0.

=

Vihe (aq,...,0.,71,...,7) doc1ap tuyén tinh, nén¢; = ... = ¢, =d; =
-=d, =0. Do doé

ajoq + -+ ape + b1+ -+ b = 0.

He véc to (ay, ..., ., B1,...,3s) cing doc 1ap tuyén tinh, cho nén a; =
- =a, = b = --- = b, = 0. Két hop diéu nay véi cac hé thiic
¢g =+ =¢ =0 tasuy ra hé véc to (aq,..., 00, B1,- -, Bs, Y1y, Vt)
doc lap tuyén tinh, va do d6 né 1a mot co s6 ctia U + W.
Dém s6 véc to clia cac co sd da xay dung cho U, W, UNW,U + W, ta

-

CO:

dim(U+W) = r+s+t = (r+s)+(r+t)—r = dimU~+dimW —dim(UNW).
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v Hé qua 2.2.
dim(U & W) = dimU + dimW.

2.5.2. Hang ctua hé véc to

Trong khong gian véc to V' cho hé S = {ay,...,a,}. Ta goi mot he
con ctia S la doc lap tuyén tinh cuc dai trong S néu he d6 doc lap
tuyén tinh va néu thém bat ky véc to ndo ctia S vao hé d6 thi ta thu
dudge mot hé phu thudc tuyén tinh.

¢ Ménh dé 2.1. Hai hé con doc lap tuyén tinh cuc dai trong S c6 cling
s6 phan tir.

Tit két qua trén dan dén dinh nghia hang ctia hé véc to.
O Dinh nghia 2.11. Hang ctia hé véc to S bang s6 véc to clia moi he

con doc lap tuyén tinh cuc dai trong S va duge ky higu la r(9).

2.5.3. Cach tim hang cta hé véc to

Giad su S = {aq,...,an} la co sé cua khong gian V| {f1,..., B} &
mot hé vée to ctia V. Mbi véc to B; biéu thi tuyén tinh duge qua co sé
S, tic la c6 cac a;; dé cho:

(Bi)s = (an a2 .. aln) ,(B2)s = (CL21 azg ... a2n) )
(Bn)s = (am1 Qma2 .. ) (2.3)

Dat ma tran

a1 12 P QA1p

921 929 P Aon,
A = aij], e, =

Am1 Am2 ... AOmn

Khi d6 A dugc goi 1a ma tran ctia hé {1, ..., B} trong co sé S. Dé don
gidn ta thuong chon S 1a co sé chinh tac ctia V.

Hién nhién ma tran ctia mot hé co s¢ S trén chinh né la mot ma tran
don vi cap n. Ta c6 két qua sau:

A Dinh 1y 2.7. Hang ciia hé véc to bang hang ma tran cta hé doéi vdi
mot co sé hitu han bat ky.
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Chitng minh. Gia st hang ciahe S = {fy,..., B} larva{p,..., 5}
1a hé con doc 1ap tuyén tinh cyc dai (vi bao gio ta cling c6 thé danh sb6
lai cac véc to ctia S dé c6 r véc to dau 1a doc 1ap tuyén tinh). Khi d6 cac
véc t0 Brtt, - . ., Bm déu la t6 hop tuyén tinh ctia {3y,..., 5.}, tic la cac
hang r+1,...,m ctia A déu la t6 hop tuyén tinh ciia r hang dau, do dé
moi dinh thitc con cap 16n hon r ctia A déu bang 0.

Mzt khac ma tran lap tit » hang dau ctia A phai c6 hang bang r vi
néu khong sé c6 mot hang 1a t6 hop tuyén tinh ctia 7 — 1 hang con lai.
Diéu nay trai véi gid thiét {3y, ..., [} 1a he doc lap tuyén tinh.

Nguge lai néu r(A4) = r, khong mat tinh tdng quét ta c6 thé xem
dinh thitc con cap r & géc trén bén trai khac 0 v moi dinh thitc con cap
r+ 1 bang 0. Khi dé cac hang r + 1,...,m déu la t6 hop tuyén tinh clia
r hang dau. Vi hang thtt j (j=r+1,...m) la toa do ctia véc to (; nén f;
13 t6 hgp tuyén tinh clia cac vée to {By,..., 3. }.

Mat khac {Bi,..., 3.} phai doc lap tuyén tinh, vi néu khong sé c6
mot véc to trong né 1a t6 hop tuyén tinh clia céc véc to con lai. Nhu vay
sé ¢c6 mot trong r hang dau ctia A 1a t6 hop tuyén tinh ctia 7 — 1 hang
con lai, trai v6i gia thiét A c6 dinh thidc con cap r khac 0. Vay hang ctia
S bang .
¢ Nhan xét:

e Néu 7(A) = m thi he S doc lap tuyén tinh.
e Néu 7(A) < m thi he S phu thudc tuyén tinh.

e Vi du 2.20. Tim hang cia hé véc to: a; = (—1,3,4);a0 =
(0,2,5); a3 = (—=2,4,3); a4 = (1,—1,1) trong khong gian R3.

Loi gidi. © Cach 1. Nhan thay he {ay, s} doc 1ap tuyén tinh. That
vay, tit craq + cog = 0 ta ¢o

—C1 =0
3c1 + 2¢0 = 0 = ¢ =c=0.
4c; + by = 0

Mat khac as = 2aq — ag va ay = —a; + ap nén aq, ap la hé con doc
lap tuyén tinh cyc dai, do d6 hang ctia hé bang 2.

® Cach 2. Lap ma tran A gom cac hang la cac véc to ctia hé. Sau d6
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tinh hang ctia ma tran A.

-1 3 4 -1 3 4 -1 3 4
A 0 2 5 N 0 ) N 0 2 5
-2 4 3 0 -2 -5 0 00
1 —-11 0 2 5 0 0 O

Ma tran bac thang ¢6 2 hang khéc khong, do d6 r(A) = 2. Vay r(S) = 2.
e Vi du 2.21. Tim hang ctia hé véc to

S ={(1,1,1,1); (1,—1,1,—1); (1,3,1,3): (1,2,0,2); (1,2,1,2)}

Loi gidi. Lap ma tran A gom cac hang 1 cac véc to ctia hé. Sau do
tinh hang ctia ma tran A.

1 1 1 1 1 1 1 1 11 1 1
1 -1 1 -1 0 -2 0 =2 0 -2 0 =2
A=11 3 1 3| — |0 2 O 2| —1]0 0 -2 0
1 2 0 2 0 1 -1 1 0 0 0 O
1 2 1 2 0 1 0 1 0 0 0 0

Ma tran bac thang c6 3 hang khéc khong, do d6 r(A) = 3. Vay r(S) = 3.

2.5.4. Khong gian con sinh bdi hé véc to

O Dinh nghia 2.12. Cho khong gian véc to V va S = {ay,...,an} C
V,S # (). Tap hop tat ca cac to hop tuyén tinh clia cac véc to ctia S dudc
goi 1a bao tuyén tinh ctia S, ki hi¢u la span(S).

span(S) = {c1a1 + -+ + crap|c; € Ri=1,...,m}.

{ Meénh dé 2.2. (i) W = span(S) 1a mot khong gian con ctia V.
(ii) W Ia khong gian con nhé nhat ctia V' chita S.

Ching minh. (i) Vi = 0a; + -+ + O, € W nén W £ (. Mt khéc
lay hai véc to tuy ¥ a, 8 € W, khi d6

a=cogt+- - +Cnty,, B =dao+ - -+dpo,, ¢, di€eRi=1,...,m.

Suyraa+ 8= (c; +dy)og + -+ (e + dpm) v, € W va ka = kcyjag +
<o+ kepan, € W, Vay W la khong gian con ctia V.

(i) Via=1l.a,YVae Snéna e W, dodo SCW.
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Gia stt W 1a mot khong gian con bat ki ctia V' chita S. Khi d6 Va € W
ta déu co thé viét

a=coa;+- - +cepan,c eRi=1,...,m.

Do ay,...,a,, € Wy nén a € Wy, tiac la W C Wy. Vay W chinh 1a khong
gian con nho nhat chia S.

W = span(S) dugc goi la khong gian con ctia V' sinh bdi hé véc
tg S. Hé véc to S duge goi la hé sinh cua W.

A Dinh ly 2.8. S6 chiéu ctia khong gian span(S) la r(S) va moi hé gom
r(S) véc to doc lap tuyén tinh rit tir S la mot co sé ctia span(S).

Chitng minh. Néu hé con S’ doc lap tuyén tinh cyc dai trong S thi
moi phan ti ctia S biéu dién tuyén tinh qua S’, do dé6 moi phan ti ctia
span(S) ciing vay. Noi cach khac S’ cling doc lap tuyén tinh cyc dai trong
span(S). Vay sb véc to ciia S’ 1a s6 chiéu clia khong gian span(S), tic 1a
dimspan(S) = r(S). Hon ntta theo dinh ly (2.3) moi hé gom r(S) véc to
doc lap tuyén tinh rat tir S 13 mot co sé ciia span(S).

e Vi du 2.22. Tim co s6 va s6 chiéu khong gian con ctia R* sinh béi

S ={(1,0,0,—1),(2,1,1,0),(1,1,1,1),(1,2,3,4)}.

Lot gidi. Lap ma tran A gom cac hang 1 cac véc to cla he.

1 00 —1 100 —1 100 -1
A—2110—>0112—>0112
1111 011 2 000 O

1 2 3 4 023 5 001 1

100 -1
_}0112
001 1
000 O
Nhu vay

dim (span(S)) = r(S) =3

va mot ¢o sG cuia nod 1a

{(1,0,0,-1),(0,1,1,2),(0,0,1,1)}.
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e Vi du 2.23. Tim mot co sé va s6 chiéu khong gian con ctia Ps[x] sinh
baéi
S={2* 22+ 52— 3,20 +32* —x +1,2° + 122> — 17z + 11}.

Loi gidi. Lap véc to toa do ciia cac da thiic theo co sé {3, 22, z, 1},

ta co
{(1,-2,5,-3),(2,3,—-1,1), (1,12, —17,11) }.

Lap ma tran A gom cac hang 1a cic véc to clia he.

1 -2 5 =3 1 -2 5 =3 1 -2 5 =3
A=12 3 -1 1|— |0 7 —-11 7| — |0 7 —11 7
1 12 —-17 11 0 14 =22 14 0 0 0 0

Nhu vay
dim (span(S)) = r(S) =2

va mot co sG cuia nod 1a
{2* — 22% + 5z — 3,72 — 11z + 7}.

e Vi du 2.24. Bién luan theo m s6 chiéu ctia khong gian con sinh béi

hé vécto sau trong R*:

{(1,-2,3,7),(4,2,=5,m), (2,6, —11, —14 + 2m, —3, —4,8,7 — m)}

Loi gidi. Lap ma tran A gom cac hang 1a cac véc to ciia heé.

1 -2 3 7 1 -2 3 7
A 4 2 =5 m N 0 10 —-17 —-28+4m
12 6 —11 —14+2m 0 10 —-17 —28+42m
-3 -4 8 7T—m 0 —10 17 28 —m
1 -2 3 7
R 0 10 —17 —-28+4m
0 0 0 m
0 O 0 0
Nhu vay:

- néu m = 0 thi dim (span(S)) = r(S) = 2 va mot co s6 clia n6 1a
{(1,-2,3.7), (0,10, —17, —28)}
- néu m # 0 thi dim (span(S)) = r(S) = 3 va mot co s6 clia no 1a

{(1,-2,3,7), (0,10, —17, =28 +m), (0,0,0,m)}
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e Vi du 2.25. Tim m sao cho véc t6 z = (2,0,1,m) thuoc vao khong

gian con sinh hé vécte S = {u = (1,—1,0,1),v = (2,0,1,0),w

(—1,—1,—1,m)} trong R* Biéu dién x thanh t6 hop tuyén tinh ctia

u, v, w trong truong hop do.

Lot gidi. Ta co x € span(S) < dcy, ¢z, c3 sao cho z = cyu+cov+caw.

Phuong trinh véc to trén tuong duong véi hé

C1+2€2—63 =2

—C1 —C3 = 0
Cy — C3 =1
c1 +me3 =m

Khi m # 1 hé trén c6 nghiém duy nhat:

B m _2m—1 _m
@ = m—l’ch m—l’c?’im—l

e Vi du 2.26. Tim mot co s6 va s6 chiéu ctia khong gian nghiém ctia

hé:
r—y+z4+2t =
20 +y—2z+1
—r—2y+3z2+1
20 =5y + 62+ 7Tt =

o O OO

L&t gidi. Lap ma tran bo sung A 1di stt dung cac phép bién déi so

cap dbi véi hang dua A vé dang bac thang:

1 -1 1 2|0
Z: 2 1 2 1 0 —2h1+ha—ha
-1 -2 3 1|0 ohyitha—rhs
2 56 7[0] 0
ho+hs—hs
ha+hyg—hy

Heé ban dau tuong duong vé6i hé sau:

r—y+z+2t =0
=
3y —4z -3t =0 Yy

[1 -1 1
0 3 —4
0 —3 4
0 -3 4
1 -1 1
0 3 —4
0 0 0
0 0 0

o O O O

o O O O
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Khi d6 khong gian nghiém

1 4 1 4
W = {(x,y,z,t) = (gz—t,gz—i—t,z,t)} = {<§z,§z,z,0+(—t,t,0,t))}

14
= {(§7§7170) zZ+ (—1’170’1)t|2,t € R} :

14 . s
Nhu vay W = span { (g, 3 1,0) ,(=1,1,0, 1)} Dé thay 2 véc to nay
doc 1ap tuyén tinh nén né 1a mot co sé ctia W va dim W = 2.

2.6. Khong gian véc to Euclid

2.6.1. Khong gian véc to Euclid

Nhic lai rang, trong hinh hoc so cap, tich vo huéng ciia hai véc to
duge dinh nghia bang tich clia do dai hai véc to d6 va cosin clia goc xen
gitta chiing. D& thay rang, ngudc lai, do dai clia véc to va goc xen giita
hai véc to c6 thé biéu thi qua tich vo huéng. Ngusi ta nhan thay ring,
dé dua nhitng khai niém nay vao cac khong gian véc to tritu tugng, viec
truyc tiép triru tuong hoa cac khai niem do dai clia véc to va goc xen gitta
hai véc to khé hon nhiéu so vé6i viéc tritu tugng hoéa khai niém tich vo
huéng. Vi thé truée hét ching ta nghién citu khai niém tich vo hudng,
roi stt dung n6 dé dinh nghia do dai ctia véc to va gbc xen gitta hai véc
to.

O Pinh nghia 2.13. V' la mdt khong gian véc to thuc, «, 8 1a hai véc to
ctia V. Tich vo hudng clia @ va 8 1a mot s6 thue, ki hieu 1a («, 8), thoa
man cac tinh chat sau day dugc goi 1a cac tien dé ctia tich vo hudéng:

(o +<042a i = ]i(zél»%>>+ (a2, B),
(i) Tinh song tuyén tinh: (@, 81+ Ba) = (Oé,,ﬁ1> ’_'_ (@, Ba),
(a,kB) = k(a,B),

(i) Tinh doi xing: («, 8) = (8, a),
(iii) Tinh xac dinh duong: (o, ) > 0, (o, ) =0 < a = 0.

O Dinh nghia 2.14. Khong gian véc to thuc V' ¢6 trang bi mot tich vo
huéng goi 1a khong gian c6 tich vo huéng. Khong gian n chiéu c6 tich vo
huéng goi la khong gian Euclid.
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e Vi du 2.27. (a) Khong gian cac véc to tu do da hoc trong hinh hoc
so cap la mot khong gian véc to Euclid vé6i tich vo huéng thong thuong

(a, B) = |a||B] cos ZL(a, ).
(b) Gia st V' 1a khong gian véc to thuc n chiéu va (eq, eq,...,e,) la

mot co sé ciia n6. Co thé dinh nghia mot tich vo huéng trén V' nhu sau.
Néu a = Y zie;, 8= D yie;, thi ta dit

<Oé, B> = Z Tili-
i=1

N6i rieng, néu V = R" va (ey, e, ...,e,) 1a co s6 chinh tic clia R™, thi
tich vo huéng cia hai véc to a = (1, ...,2,), 8 = (Y1, - -, Yn) dugc dinh
nghia la

<a7 6> = Z TiYi-
=1

N6 dude goi la tich vo hudng chinh téc tréen R™.

Nhan xét rang theo cach nay mdi co sd ctia V' cho phép xac dinh trén
V mot tich vo hudng. Hai tich vo hudng xéc dinh bdéi hai co s6 khac nhau
thi néi chung khac nhau.

(c) Gid st V' = Cla, b] 1a khong gian cac ham thuyc lién tuc trén [a, b].
Cong thic

<ﬁm=/}@mme f.9€Clab.

xac dinh mot tich vo hudéng trén khong gian vo han chiéu C|a, b].

Bay gio ta dinh nghia do dai cia véc to va géc xen gitta hai véc to
trong mot khong gian véc to Euclid.

O Dinh nghia 2.15. Gia sit V' 1a mot khong gian véc to Euclid véi tich
vo huéng. Khi d6, do dai (hay chudn) cia véc to o € V 1a s6 thuce khong

am |a| = y/{a, a).

Nhan xét rang, ngudc lai, tich vo huéng ciing duge hoan toan xac
dinh bdi do dai véc to. That vay

1

(o,8) = 3 {la+ B ~al? = 8},
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Dé dinh nghia dugc géc giita hai véc to, ta can ménh dé sau day.
® Ménh dé (Bat dang thitc Cauchy-Schwarz)

[(a, B)] < allBl,  Ve,feV.

Chitng minh. Néu o = 6 thi hién nhieén bat ding thitc ding béi vi hai
vé clia n6 déu bang 0.
Xét trudng hop a # 6. Ta ¢6 (ta + B, ta+ 5) > 0,Vt € R. Do d6

t*(a, o) + 2t{a, B) + (B, 3) > 0,Vt € R.

Vi (o, ) > 0, nén vé trai 1a mot tam thitc bac hai d6i vé6i ¢t. N6 khong
am v6i moi gia tri cua ¢t nén

A= {a, B)* (o, ) (8, 8) < 0 & (o, B)” < {a, ) (B, B) = (e, B)| < |a]|B].

Trong R™ véi tich vo huéng chinh tic, bat dang thiic trén c6 dang

|ixzyz| < ixf iyf,h’xi,yi € R.
=1 i=1

i=1

O Pinh nghia 2.16. Goc gita hai véc to khac khong a va 5 duge ky
hiéu béi Z(«, 8) va duge xac dinh duy nhat bdi dieu kién sau

~ (@B)
cos L(a, ) = 1allB]
0< ZL(a,p) <.

Ta coi goc gitta véc to 6 va mot véc to khac 1a khong xac dinh.

O Dinh nghia 2.17. Hai véc to «, 5 € V dugc goi la vuong géc (hay
tric giao) véi nhau, va duge ky hieu 1a L 3, néu

(a, B) = 0.
Nhu vay, («, 8) = 0 néu va chi néu hoic 1a it nhat mot trong hai véc
to a, 8 bang 6, hoac la Z(a, 8) = g

¢{ Ménh dé 2.3. (i) |a| > 0,YVa e V,|a| =0« a =0.
(ii) |ka| = |k||a|,Vk € R,Va € V.
(iii) (Bat dang thiic tam gidc)

la+ 6| < |af + (6], Va, B € V.
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Khoang cach tit véc to o dén véc to 3 dude dinh nghia nhu sau:
d(a, B) = |a = B.

T ménh dé (2.3) ta suy ra ham khodng cach c¢6 nhiing tinh chat co
ban sau day:

(i) d(a, B) > 0,¥a, B €V, d(a,B) =0 a=4.
(ii) d(av, B) = d(B,a),Ya, B € V.
(iti) d(e,y) < d(e, B) +d(B,7), Yo, B,y € V.

2.6.2. Co sd trong khong gian Euclid
O Dinh nghia 2.18. (a) Heé véc to {ey,...,ex} cua khong gian véc to
Euclid V' duge goi 1a hé triuc giao néu cac véc to clia hé doi mot vuong
goc voi nhau, tiic 1a {e;,e;) = 0 néu i # j.
(b) He véc to {e,...,ex} duge goi la mot hé truc chuan néu né la
mot hé tryc giao va mdi véc to clia hé déu c6 do dai bang 1, tic 1a
0, néui#j,
(eiej) = { 1, néui=j
) - j
¢ Ménh dé 2.4. (i) Méi hé truc giao khong chita véc to 6 déu doc lap
tuyén tinh.

(ii) Néu hé véc to {ey, ..., ey} la truc giao va khong chita véc to 0 thi
€1 €k N 2
hé {—,...,—} la truc chuan.
21 lex|

Chiing minh. (i) Giad st {ey, ..., ex} 1a mot hé truc giao va khong chita
véc to 6. Xét hé thic

crep+ - +cpep = 0.
Nhan vo huéng hai vé v6i e;, va stt dung gia thiét e; Le; véi i # j, ta co:
0 = (creq + -+ + cpep, er) = ci{er, ex) + -+ - + crlex, ex) = crleg, ex).
Vi e # 0, nén (ey, ey > 0, do d6 ¢ = 0. Tt d6 ta thu duge:
crer+ -+ cp_1ep_1 = 0.
Lap lai 1ap luéan trén v6i k£ duge thay béi & —1,...,1 ta thu duge

01262:"':Ck:0.
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Vay hée {ey, ..., e} doc lap tuyén tinh.
(i) Ta co

€ € 1 0, mnéui# 7,
ey = ey = {

leil " lesl” edlle] 1, néui=j.

v Hé qua 2.3. Trong la khong gian Euclid n chiéu V', méi hé tric giao
gom n véc to khac 0 déu la mot co s clia V.

Mot co s6 clia V' dong thoi 1a mot hé truc chuan dude goi 1a mot co sd
truc chuan. Dinh 1y sau day néi len tinh phd bién ciia co s6 truc chuan.

A Dinh 1y 2.9. Moi khéng gian véc to Euclid hitu han chiéu déu cé co
sG truc chuan.

Chitng minh. Dinh 1y duge chiing minh bing phép truc chuan héa
Gram-Schmidt.

Gia st S = {a,...,a,} 1a mot co s6 bat ky cia khong gian véc to
Euclid V. Tryc chuan héa Gram-Schmidt 1a phép dung mot co sé truc
chuan {e;,...,e,} clia V véi tinh chit sau:

span{ey,...,ex} = span{ay, ..., ai}, k=1,2,...,n.

e k= 1: Vi S doc lap tuyén tinh nén oy # 6. Dat e = ——

nhién ||e1]| =1 va span{ei} = span{a;}.

o k=2 Xét &y = ag — (g, €1)e1. Ta ¢ € # 0 (vi néu e, = 6 thi
ay = kay, diéu nay trai véi gia thiét S doc 1ap tuyén tinh.)

e 2
Dit es = —2—. Khi d6 he {e1,ea} truc chuan va span{e;,es} =
e

[ea]]”
span{er, &2} = span{ay, as}.
e Gia sit da xay dung duge he tryc chuan {ey,..., e, 1} sao cho

span{ey,...,e;} = spanf{ay, ..., o;}, i=1,2,...,k—1.

Tiép theo ta tim e; dudi dang
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Ta ciing c¢6 e, # 0 (vi néu e, = 0 thi oy, 14 t6 hgp tuyén tinh cta

e1,...,e,_1, do dé 1a té hop tuyén tinh clia v, ..., ay_1, dicu nay
mau thuan véi gia thiét S doc lap). Hon nttaeg Le;, Vi =1,... k—1.
k—1
- ar — 2 {an, ei)e;
Dat Ck _k = =1
|[exl]

k—1 ’
ok — > (o, eq)e|
i=1

Khi dé he {e,...,ex} truc chuan va span{ey,...,ex} =

span{ey, ..., ex} = span{ay,, ..., ax}.
e Vi du 2.28. Trong khong gian Euclid R? cho hé
{ar=(1,1,1),a0 = (—1,1,1), a5 = (1,2, 1).
Hay truc chuan héa Gram-Schmidt hé véc to tren.
Loi giaa.

1 1 1
e Budc 1: Dit e = — :(———).

Khi d6 {ey, ez, e3} 1a he truc chuan héa ctia hé {ay, as, as}.

A Dinh 1y 2.10. Cho V la khong gian Euclid n chiéu. Néu S =
{aq,...,a,} la mot co 56 truc chuan thi véi moi B € V ta co

B = <ﬁ,0[1>0&1 + (ﬁ,a2>a2 +-+ <57an>an'
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e Vi du 2.29. Trong khong gian Euclid R? cho he

4 3 3 4
S = {0[1 = (0,1,0),(1/2: (—570,5>,O{3: (5a075)}

Hay biéu thi tuyén tinh véc to 8 = (1,1,1) qua S.

L&i gidi. Dé thay rang S 1d mot hé tryc chuan trong R? nén né 1a
mot co s6 triyc chuan ctia R3. Vay theo dinh 1y trén thi

1

8= {8, ) + (5, az)as + (B ashas = oy = za3 + fas,

2.6.3. Hinh chiéu ctia mot véc to 1én mot khong gian con
Trude hét ta chiing minh dinh 1y sau
A Dinh ly 2.11. Gia sit V' la mot khong gian véc to c¢é tich vo hudng,

S ={ai,...,ay} Ia mot h¢ truc chuan trong V., W la khong gian con
sinh bdi S va o € V. Dat

B = (o, ar)aq + (a, ag)as + -+ - + (@, Q) ;. P2 = a0 — [y

Khi do

(i) 1 € W = span(9).

(ii) B truc giao véi W, tic la foLlay, Yi=1,...,m.
Chitng minh. (i) hién nhién do biéu thic ctia 3;. Ta chi can ching
minh (ii).

Dé thay (2, i) = (a— P, i) = (@, ai) = (b1, i) = (o, i) — (v, i) =
9, do do BQJ_CW, Vi = 1,...,777,

O Dinh nghia 2.19. Ta goi £; 1a hinh chiéu triyc giao clia o len W, ky
hiéu 1a hchy,a, con By 14 thanh phan cia « tryc giao véi W.

e Vi du 2.30. Trong khong gian Euclid R? cho W 1a khong gian con
sinh bdi hé

4 3
S = {041:(0,1,0),0(2: (_gaoag)}

Tim hinh chiéu tryc giao ctia a = (1,1,1) len W.
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L&i gidi. Dé thay S 1a hé tryc chuan trong R®, do d6 hinh chiéu trie
giao ctiia a lén W 1a

4 3

hchyo = <Oé, Oél>061 + <Oé, Oé2>Oég = (%’ L _2_5)

Thanh phan cia o tryc giao véi W la

4 3 21 28
a —hehpa = (1,1,1) = (55,1, ~35) = (550, 58)-
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Bai tap chuong 2

1. Ky hieu M(m x n,R) 1a tap hop tat ca cdc ma tran m hang, n cot
véi cac phan ti thye. Chiing t6 rédng tap hop M(m x n,R) clng
v6i hai phép toan cong ma tran va phép nhan ma tran véi mot so
thyc lap nén mot khong gian véc to.

2. Xét tap hgp W = {(z,y) € R?: xy > 0} (tap hop céc diém thuoc
gbc phan tu thit nhat va thit ba trong mit phang Ozy) ciing véi
hai phép toan dinh nghia nhu trong Vi du 3.2. Hay chi ra rang W
khong phai la mot khong gian véc to.

3. Hay biéu dién véc to = thanh to hgp tuyén tinh cta w, v, w v6i

(a) = (7,-2,15); u = (2,3,5); v =(3,7,8);w = (1, -6, 1).

(b) z = (1,4, -7,7); u = (4,1,3,-2)v = (1,2,-3,2); w =
(16,9,1,—-3).
(BS: (a) x = (11 -5t)u— (5—3t)v+tw,t € R; (b) x = 3u+5v—w).

4. Hay xac dinh A sao cho x 1a t6 hgp tuyén tinh clia u, v, w
(a) u=(2,3,5);v=(3,7,8);w=(1,—6,1);x = (7,—2, \).
(b) u=(4,4,3);v = (7,2,1);w = (4,1,6);2 = (5,9, \).
(c) u=(3,4,2);v = (6,8,7);x = (9,12, \).
(d) u=1(3,2,5);v=(2,4,7);w = (5,6,\); = = (1, 3,5).
(DS: (a) A = 15; (b) A bt Ki; (¢) A bt ki; (d) A # 12).
5. Hay biéu dién cac da thitc sau thanh t6 hop tuyén tinh ctia py(7) =
2+ x+42% pa(r) =1 — 2 — 322, p3(x) = 3+ 22 + Ha*:
(a) 5+ 9z + 522,
(b) 2+ 622,
(c) 0
(d) 2 + 2x + 3.
(DS: (a) —12p; — pzléF 1 —ps, (b) 4p1 — 2ps, (¢) Op1 + Op2 + Ops,
(

11 1

d) _—Pl — §p2 + §p3)-
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6. M&i ho véc to dudi day co sinh ra R? khong?
(a) v1 = (1,1,1); v = (2,2,0): v5 = (3,0,0).
(b) v = (2, 1,3); v2 = (4,1,2); v3 = (8,-1,8).
(c) vi = (3,1,4); va = (2,-3,5); v3 = (5,-2,9); vs = (1,4, —1).
(d) v1 = (1,3,3); v = (1,3,4); v3 = (1,4, 3); v4 = (6,2, 1).
(DS: (a) co6; (b) khong; (c¢) khong; (d) c6)

. Hoi ho céc da thic dudi day c6 sinh ra Pslx] khong?

pi(z) = 1422 — 27, po(x) = 3 + 22,

p3(x) =5+ dx — 22, py(x) = —2 + 20 — 2%
(DS: khong).

. Céc tap hop sau day 1a ho véc to doc lap tuyén tinh hay phu thuoc

tuyén tinh?

(a) up = (1,2), ug = (=3, —6) trong R

(b) Uy = (273)7 Uz = (_578)7 usz = (67 1) trong R?.
(c) pi(z) =2+ 3x — 2%, pa(x) = 6 + 9z — 322 trong P[z].
1 3 -1 -3

(d) A= [2 0], B = {_2 0 ] trong M.

(DS: (a) ug = —3uy; (b) phu thudc; (¢) po = —3py; (d) B =—A).

. Céc tap hop dudi day 1a ho véc to doc lap tuyén tinh hay phu thuoc

tuyén tinh?

(a) (1,2 3)' (3,6,7) trong R3.
(b) (4,-2,6); (6,—3,9) trong R>.
(c) (2,-3,1); (3,—1,5); (1, —4, 3) trong R3.

)

d) (5,4 3) (3,3,2); (8,1, 3) trong R3.

e) (4,-5,2,6); (2,-2,1,3); (6,-3,3,9); (4,—1,5,6) trong R™.

) (1,0,0,2,5); (0,1,0,3,4); (0,0,1,4,7); (2,—-3,4,11,12) trong

%6?/—\/—\

(DS: (a) doc lap; (b) phu thudc; (¢) doc lap; (d) phu thuoc; (e)
phu thuoc; (g) doc lap).
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10. He nao trong Py[x] dudi day 1a he phu thudc tuyén tinh?

11.

12.

13.

14.

(a) 2 — z +42% 3+ 6x + 222%; 1 + 10z — 422
(b) 3+ z + 2?%; 2 — x + bx?; 4 — 322,

(c) 6 — 2% 1+ z + 42°.

(d) 1+ 3z + 3% & + 42% 5+ 6z + 322 7+ 22 — 2°.

(DS: (a) doc lap; (b) doc lap; (c) doc lap; (d) phu thuoc).

Tim A € R lam cho cac véc to sau day phu thudc tuyén tinh trong
R3:
1 1 1 1 1

1
n=0A-5-3hn=(-5A-5kn=(-5-52

1
(DS: A = —5;)\ =1).

Hay giai thich tai sao cac hé véc to sau khong phai la co s6 clua
khong gian tuong ting:

(a) up = (1,2); ug = (0,3); uz = (2,7) trong R

(b) uy = (—1,3,2); up = (6,1,1) trong R3.

(c)p(z)=1+z+z ;pg(x) =z — 1 trong P[x].

(

11 6 0 30 5 1
71
[2 9} trong M.

Hé véc to nao dudi day 1a mot co s6 trong R3?
(a) (1,0,0); (2,2,0); (3,3,3).

( ) (3,1, ) (2,5 6)' (1,4,8)-

( ( ) a( ))

Hé véc to nao dudi day la mot co s6 trong Pyx]?
(a) 1 — 3z +22% 1 + 2 +42% 1 — Tz,

(b) 4+ 6z + 2% —1+4x+2x2; 5+ 2z — 2.

(c) 1+ x+ 2% x + 2% 2?

(d) —4 + x + 32%; 6+5x+2x 8 + 4x + 22

(DS: (c) va (d)).
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15.

16.

17.

18.

Hiay tim ma tran toa do va véc to toa do clia w déi véi co s6
S = {uy, us, uz} trong doé

(a) w=(2,—1,3), uy = (1,0,0), us = (2,2,0), ug = (3,3, 3).

(b) w=(5,-12,3), u1 = (1,2,3), us = (—4,5,6), uz = (7, —8,9).
DS: (a) (w)s = (3,2, 1); (b) (w)s = (~2,0,1).

Trong R? cho hai co s6 B = {ul,ug} va B’ = {vy, vy} trong do6
up = (2,2), ug = (4,—-1), vy = (1,3), vy = (-1, —1).

a) Tim ma tran chuyén co sé tit B sang B’

b) Tinh ma tran toa do [w]p trong d6 w = (3, —5) roi tinh [w]g.

ps: @ |0 T ) e = Crrsssr e -

-7)")
Trong R? cho hai co 86 B = {uy, uz, us} va B’ = {vy,v9, v3} trong d6

Uy = (_3707 _3)7 Ug = (_3727 1)7“3 - (1767 _1)7 V1 = (_67 _670)7
vy = (=2, 6,4), vs = (=2, -3,7).

(a) Tim ma tran chuyen co s6 tut B’ sang B.
(b) Tinh ma tran toa do [w]p trong d6 w = (—5,8,—5) roi tinh

[w]p.

(
(
(c) Tinh tryc tiép [w]p va kiém tra lai két qua trén.
(
(—4

(c) Tinh tryc tiép [w]p va kiém tra lai két qua trén.

3/4  2/3  1/12
DS: () |-3/4 —3/2 —17/12];

0o 1 2/3

Trong P;[x] cho hai co s6 B = {p1,p2} va B' = {q1,¢2} v6i p1 =
6+ 3r,p2 =10+ 22, g1 = 2,92 = 3 + 2.
(a) Tim ma tran chuyén co sd tit B’ sang B.
(b) Tinh ma tran toa do [p]p v6i p = —4 + x 16i suy ra [p]p.
(c) Tinh tryc tiép [p]p va kiém tra lai két qua tren.
(d) Tim ma tran chuyén co sé tit B sang B’

bs: (a) [375 - 2]; () [pls = (1,-1), [pls = (~11/4,1/2)"

@ |3 1
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19.

20.

21.

22.

Hoi tap ndo dudi day la khong gian con ctia R3:
(a) Céc véc to dang (a,0,0).

) Cac véc to ¢6 dang (a,1,1).

) Céac véc to c6 dang (a,b,c) v6i b=a+ c.

d) Céc véc to c¢6 dang (a,b,c) v6ib=a+c+ 1.
() va (b)).

Goi M 1a tap cac ma tran vuong cap hai v6i phép cong ma tran

(b
(c
(
(DS

va nhan ma tran véi mot s6 thue thong thuong. Héi tap nao dudi
day la khong gian con ciia Ma:

(a) Cac ma tran c6 dang [Z Z] trong dé a, b, ¢ 1a nguyen.

2] trong d6 a +d = 0.

(b) Cac ma tran c6 dang [(CI
(c) Cac ma tran cap hai sao cho A* = A.
(d) Cac ma tran cap hai sao cho det(A4) = 0.

(DS: (b) va (c)).

Héi tap nao dudi day 1a khong gian con ctia C0, 1]:
(a) Céac f € C[0,1] sao cho f(x) <0,Vx € [0, 1].
(b) Céac f € C0,1] sao cho f(0) =

(c) Cac f € C]0,1] sao cho f(0) = 2.

(d) Céac f € C[0
(e
t
(DS

, 1] sao cho f(z) = const.

0,1
) Céac f € C[0,1] ¢6 dang ky + kg sinx, trong d6 ki, ko 1a céc s6
huc
1 (b), (d) va (e) ).

Hoéi tap nao dudi day phéai la khong gian con ctia Ps[z]:

(a) Céc da thitc ag + a1z + asx? + azx® trong d6 ag = 0.

(b) Céc da thiic ag+ a1z +axx®+azz® trong d6 ag+ay +as+az = 0.
(c) Cac da thitc ag + a1x + azx? + azz® trong do6 ag, ay, az 1a céc s6
nguyen.

(DS: (a) va (b)).
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23. Xac dinh s6 chiéu va co s6 clia khong gian nghiém ctia cac hé sau:

21’1 + xo + 31‘3 = 0
(a) T+ 2x9 =0
To + T3 = 0
(b) 3ZL’1 + x99 + 3%3 + x4 = 0
5[E1 — X9 + T3 — T4 = 0
3]71 + x5 + 2%3 =0
(C) 4xq + 5]73 = 0
T — 3[L’2 + 4ZE3 =0
T — 31132 + x3 = 0
(d) 2£C1 — 6£L'2 + 2512'3 =0
3.7}1 — 91’2 + 31’3 =0
( 25E1 — 4[E2 + x3 + 14 = 0
T — 5.1'2 + 21’3 =0
(e) S 209 — 2m3 — x4 = 0
W5} + 3[L’2 + 14 = 0
L T — 2!['2 - T3 + 14 = 0
([ + y + =0
3r + 2y — =0
(g)R 2x — 4y + z =0
dr + 8y — 3z = 0
(22 + y — 22 =0
1 1
bS: (a) W = {0}7 (b) W = t(_z_l’_z_L’l’O) (07_17071); (C)
W =A{0}; (d) W =1(3,1,0) + 5(=1,0,1); (e) W = {0}; (g) W =

{0})
24. Tim mot co s6 va s6 chiéu clia khong gian con ciia R* sinh béi cac
véc to sau:
(2) (1,1, -4, —3); (2,0,2, -2); (2, —1,3,2).
(b) (=1,1,-2,0): (3,3,6,0); (9,0,0,3).
(c) (1,1,0,0); (0,0,1,1); (~2,0,2,2); (0,-3,0,3).
(d) (1,0,1,-2); (1,1,3,—2); (2,1,5, —1); (1, —1,1,4).
DS: (a) S6 chiéu bang 3 va (1,1,—4,-3); (0,1,—5,—2);

1 ;
(0,0,1, —5) 14 mot co s6.
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25.

26.

27.

28.

P g 1
(b) S6 chieu bang 3 va (1,—1,2,0); (0,1,0,0); (0,0,1, _6) 1a mot
cO sO.

(c) S6 chiéu bang 4 va (1,1,0,0); (0,1,1,1); (0,0,1,1); (0,0,0,1)
1a mot co sé.

(d) S6 chiéu bang 3 va (1,0,1,—2); (0,1,2,0); (0,0,1,3) 1a mot co
sd.
Tim co s6 va s6 chiéu khong gian con ctia Ps[x] sinh bdi
(a) —23 + 222 — br + 3; 22° 4+ 32 —x + 1; 32® + 152? — 18z + 12;
(b) 2® —2x?+4x+1; 203 —32>+9x—1; 2°+6x—5; 22°—5x?+Tx+5
DS:
(a) S6 chiéu bang 2 va —z® + 22% — bz + 3; To? — 11z + T;
(b) S6 chiéu bang 2 va 2% — 22% + 4z + 1; 22 +z — 3.
Cho p(z),q(z) € Po[z]:

p(z) = ag + a1x + asx®,  q(z) = by + biw + bya”.
(a) Chiing minh riang biéu thitc (p, q) := agby + a1by + azby 1a mot
tich vo huéng trong Ps|x].

(b) Ap dung dé tinh tich vo huéng ctia p(z) = —1+ 2z + 22, ¢(x) =
2 — 42

(c) Kiém tra lai bat dang thitc C-S.

Cho f = f(x),g9 = g(x) € P[x]: (a) Chitng minh rang biéu thic la
mot tich vo hudng trong Ps[x].

(f.g) = / f(2)g(x)da

(b) Ap dung dé tinh tich vo huéng ctia f =1 —z + 22 4 523, g =
r—3x?va f =x — 52,9 =2+ 82

(DS: (b) —28/15; —68/3)

Cho hai ma tran trong May:

Uy U2
U= ,
Uz Ug

U1 Vg
Uz V4|
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29.

30.

31.

32.

33.

(a) Chitng minh rang biéu thic (u,v) := u1vy + Usvs + Uzv3 + Ugvy
la mot tich vo hudng.

(b) Ap dung dé tinh tich vo huéng ciia

-1 2 1o
YZle 10 YT 3 3l
(¢) Kiém tra lai bat dang thitc C-S.

Xét u = (uy,ug, us), v = (vy,v9,v3) € R®. Hdi biéu thiic nao dudi
day c6 thé 1a mot tich vo huéng trong R?, néu khong duge thi néu
Ii do:

a) (u,v)
b) (u,v)
c) (u,v)

d) (u,v) = ugvy — ugvy + uzvs,

= UV + usvs,
= udv? + udvs + uivs,
= 21611}1 -+ UgVg + 4163’03,

(
(
(
(

(DS: (a) Khong vi tien dé 5 khong théa man; (b) Khong vi tién
de 3 khong thoa man; (c¢) C6; (d) Khong vi tien dé 5 khong thoa
man).

V6i tich vo huéng Euclid trong R?, hay xac dinh k dé u, v trie giao
(a) u=(2,1,3); v =(1,7,k), (b) u= (kK 1); v=(k,5,6).

(DS: (a) k=-3; (b) k = -2,k = -3).

V6i tich vo huéng trong Pz] 6 bai tap (26) ching minh ring
p=1—x+22%va ¢ = 2x + 22 tryc giao.

V6i tich vo huéng Euclid trong R*, hay tim hai véc to c6 chuan
bang 1 va tryc giao véi cac véc to sau

u=(2,1,-4,0); v=(-1,-1,2,2); w=(3,25,4).

(DS: + (—34,44, —6,11)).

1
V3249
1 1 2 3

Chor=(—4,——%=)vay=(—, —).

(\/5 \/3) Y (\/30 \/30)
Chting minh ring = va y tryc chuan trong R? theo tich vo6 huéng
(u,v) = 3uv; + 2uyvy, nhung khong tric chuan theo tich vo huéng
Euclid (u,v) := ujv; + ugvs.
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34.

35.

36.

37.

38.

39.

Chiing minh rang:

up = (1,0,0,1);uy = (—=1,0,2,1);u3 = (2,3,2,-2);u3 = (—1,2, -1, 1).

1a mot ho truc giao trong R* déi véi tich vo huéng Euclid.

Trong R? ¢6 tich vo huéng Euclid. Hay 4p dung qua trinh Gram -
Schmidt dé bién co 86 {uy,us} dudi day thanh co sé true chuan
(a) Uy = (17 _3); v = (272) (b> Uy = (170)7 Uz = (37 _5)

1 3 3 1
DS: (a) (\/1_0,—\/1—0); (\/E’ m), (b) (1,0);(0,1).

Trong R? xét tich vo huéng Euclid. Hay ap dung qua trinh Gram -
Schmidt dé bién co 6 {u1, ug, uz} dudi day thanh co sé trie chuan
(a) up = (1,1,1); ug = (—1,1,0); ug = (1,2, 1).
(b) u=(1,0,0); up = (3,7, -2); ug = (0,4,1).

1 1 1 1 1 2
Ps: (@) (75 7’7” NECRER G
(b) (1,0,0); (0, »/__ V/__) (0,30v/11925, \/‘T§§5)

Trong R? xét tich vo huéng Euclid. Hay tim mot co sé truc chuén
trong khong gian con sinh béi he véc to {(0,1,2); (—1,0,1)}.

1 2, , V5 2 1
RV R Ve

Trong R? xét tich vo hudng (u,v) := uyv; + 2ugvy + 3uzvs. Hay ap

DS: (0

dung qua trinh Gram - Schmidt dé bién he véc to:
w = (1,1,1); we=(1,1,0); wuz=(1,0,0)

thanh mot hé tryc chuan.
1 1 1, ,1 1 1 2 1

YRV A AV AR

Trong P[] xét tich vo hudng

DS: (

1

@ﬂ%z/@@h@ﬂx

-1
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Khong gian véc to

40.

41.

42.

Hay ap dung qua trinh Gram-Schmidt dé bién co sé chinh tic
{1, 2, 2%} thanh mot co sd truc chuan.

Hiay tim ma tran toa do va véc to toa do clia w déi véi co s6
S = {uy,ug, uz} trong doé

(a) w=1(2,—-1,3), uy = (1,0,0), us = (2,2,0), us = (3,3, 3).
(b) w = (5,-12,3), uy = (1,2,3), up = (—4,5,6), uz = (7, —8,9).
DS: (a) (w)s = (3,-2,1); (b) (w)s = (=2,0,1).

Trong R? va R3 xét tich vo huéng Euclid va mot co s6 trie chuan.
Hay tim véc to toa do va ma tran toa do cia w.

1 1 1 1
(a) w=(3,7), uy = (%, —E), Uy = (E, E)
2 21 21 2
(]i) ;Uz: (_1a0a2)7 Uy = (§,—§,§), Uz = (g,g,—g), ug =
555)

DS: (a) (w)s = (=2v2,5v2); (b) (w)s = (0, -2,1).

Trong R? xét tich vo huéng Euclid va he S = {w, wy} v6i wy =

3 _4 _ (43
5 5) T \55)

(a) Chitng minh S 1& mot co sé tryc chuan ciia R2,

(b) Cho u va v 1a cac véc to ctia R? véi (u)s = (1, 1), (v),
Tinh ||ul], d(u,v) va (u,v).

(~1,4).

(c) Tim w, v 16i tinh ||ul|, d(u,v) va (u,v) mot cach tryc tiép.

DS: ||u|| = V2, d(u,v) = V13, (u,v) = 3.
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3.1. Cac khai niém co ban

3.1.1. Dinh nghia anh xa tuyén tinh

O Dinh nghia 3.1. Cho V, W 1a cac khong gian véc to. Anh xa f: V —
W dudc goi 1a mot 4nh xa tuyén tinh néu véi Vo, B € V,Vk € R:

fla+pB) = fla)+ f(B),
flka) = kf(a).

Anh xa tuyén tinh ciing duge goi la dong cu tuyén tinh. Trudng hop
V =W, anh xa f dudc goi 1a toan ti tuyén tinh.

Tap hop cac anh xa tuyén tinh tit khong gian V vao khong gian W
duge k¢ hicu 1a L(V,W).
@® Nhan xét: Hai diéu kién trong dinh nghia 4nh xa tuyén tinh tuong
duong véi diéu kien sau:

Flka +hB) = kf(a) + hf(B) véiVa,B € V,Vk, h € R.

e Vidu 3.1. Giad st V va W 13 hai khong gian véc to. Anhxa T: V — W
xac dinh bdi
T(a) =0, YaeV,

14 mot anh xa tuyén tinh.

e Vi du 3.2. V la mot khong gian véc to, W la khong gian con cia V.
Anh xa f: W — V xac dinh béi

T(a)=a, VYaeW,
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14 mot anh xa tuyén tinh.

e Vi du 3.3. Cho anh xa f : R? — R? x4c dinh béi
f(x1, 29, x3) = (3 + 3271, 279 — T3).

Khi d6 f 1a anh xa tuyén tinh.

O Dinh nghia 3.2. Cho f: V — W la anh xa tuyén tinh. Néu f 1a don
anh, toan anh, song anh thi f tuong tng dude goi 1a don cau, toan cau,
déng cau.

3.1.2. Tinh chéat

Giad st f : V — W la mot anh xa tuyén tinh. Khi d6 cac tinh chat
sau day ctia anh xa tuyén tinh duge suy ngay tit dinh nghia.

1. f(8)=29.
That vay, f(0) = f(0+6) = f(0) + f(#). Theo luat gian ude,
£(0) = 6.

2. f(—a) =—f(a),Va e V.
That vay, f(a)+f(—a) = f(a+(~a)) = £(6) = 0. Do 6, f(~a) =
—f(a).

3. flaraq + -+ + apay) = arf(ar) + -+ + anf(an),Vaq,...,a, €

R’val, R 7% € V.
(dang thitc nay c6 thé duge chiing minh béng quy nap)

A Dinh ly 3.1. [C4ch xac dinh anh xa tuyén tinh] Gid st {ay, ..., q,}
1a mot co s6 ciia V, con By, ..., By 1a cac véc to bat ky cia W. Khi dé
ton tai duy nhat mot anh xa tuyén tinh f: V — W sao cho f(a;) = B,
(i=1,...,n).

Chiing minh.
® Su ton tai: Néu o = ciaq + - - - + ¢, thi ta dit

fla)=c1B1+ -+ cufbn.

Dé dang ching minh f : V — W la anh xa tuyén tinh vd ro rang
f(O{Z) :5l,v2 = 1,...,71.
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® Su duy nhat: Néu f va ¢ la cac anh xa tuyén tinh tit V vao W véi
flay) =g(lay) =B (i =1,...,n), thi v6i moi @ = cya1 + -+ - + ¢, ta

co

fla) = f(z i) = Zcif(ai) = Z cig(ai) = Q(Z i) = g(a).

i=1

Nhu vay 4nh xa tuyén tinh tit V vao W duge xac dinh hoan toan néu
biét dugc Anh ctia mot co sé cia V.

e Vi du 3.4. Cho anh xa tuyén tinh f : R3> — R? biét f(1,1,0) =
(2,-1), f(1,1,1) = (1,2), f(1,0,1) = (—1,1).

(a) Tim f(3,5,1).

(b) Tim f(x).

Loi gidi. (a) Gid st (3,5,1) = ¢1(1,1,0) + (1, 1,1) + ¢3(1,0,1)

¢t + ¢ + 3 = 3 T = 2
= c1T + Co = 5 & c = 3
Co + c3 = 1 Cg3 — — 2

Suy ra
f(3, 57 1) = le(L 17 0) + CQf(L 17 1) =+ CSf(L 07 1)

= 2(2, 1) +3(1,2) — 2(~1,1) = (9, 2).
(b) Gid stt x = (21,22, 23) = ¢1(1,1,0) + co(1,1,1) 4+ ¢3(1,0,1)

cit + ¢ + ¢33 = 11 i = 1 — I3
<~ c1 + Co = T2 <= Co —T1 + To + T3
C2 + 3 = I3 C3 = Ty — T2

Suy ra
f(x) = f(x1,22,23) = 1 f(1,1,0) + o f(1,1,1) + 3£ (1,0, 1)
= (2z9 — 3, —271 + T2 + 373).
3.2. Nhan va anh cta anh xa tuyén tinh

Cho 4nh xa tuyén tinh f:V — W.
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e Nhan ctia 4nh xa f la tap hgp tat ca cac véc to z € V sao cho
f(z) = 0 va dugce ky hieu béi Kerf.

Kerf={x e V|f(x) =0}

e Anh ctia anh xa f 1a tap hop tat ca cac véc to y € W sao cho
ton tai véc to x € V dé y = f(x) va dugc ky hieu bsi Imf.

Imf={yeW|dz eV y=f(x)}.

)=

Hinh 3.1 Anh va Nhan ctia anh xa tuyén tinh

A Dinh ly 3.2. Cho 4nh xa tuyén tinh f : V — W
(a) Kerf la khong gian con ciia V.
(b) Imf la khong gian con ctia W.
(c¢) dim Kerf 4+ dim Imf = dimV'.

Chitng minh. Ta chi can chiing minh (c)

Gia st dim Kerf = m. Khi d6 ton tai co s6 E = {ey,...,e,} cua Kerf.
B6 sung vao E dé duge mot co s6 ctia V 1a By = {e1, ..., em, V1, ..., Up}.
Ta sé ching t6 co s6 cua Imf 1a Ey = {f(v1),..., f(vn)}-

Truée hét Es, 1a tap sinh ctia Imf. That vayy € Imf < Jx €V 1y =
flz) e y=flaer+ -+ cmem +div + -+ dyv,) =1 f(er) + -+
Cmflem) +dif(vr) + -+ dpf(vy) =dif(v1) + -+ dnf(vn).

Xét he thic ¢p f(v)) +eaf(va) 4+ +enf(vy) =0 < flaor+--+cpv,) =
0 < civy+ -+ cpu, € Kerf.

Do F la co s6 cua Kerf nén civ; + -+ + ¢c,v, = dieg + -+ + dpém &
caui+ -t ey —dieg — - —dpep, =0 =c1=co=---=¢, =0 (do
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E1 1a co s6). Suy ra E, doc 1ap tuyén tinh.

Vay FEs la co sd cia Imf.

Dé thay dim Imf = n,dim Kerf = m = dim Imf + dim Kerf = m +
n=dmV.

O Dinh nghia 3.3. Cho anh xa tuyén tinh f : V — W. S6 chiéu clia
Imf duge goi 1a hang cia f, ky hieu béi r(f).

Meénh dé duéi day gitp ta dé dang tim dugc s6 chiéu va co sd clia
khong gian Imf.
¢$ Ménh dé 3.1. Anh ctia anh xa tuyén tinh la khong gian con dugc
sinh ra bdi anh ctia mot tap sinh cia V.
Chitng minh. Gia sit tap sinh cia V 1a F = {ej,es,...,€,}. Khi d6
yelmfedreV . y=f(z)= flriegt+ - +ane,) = x1f(e1)+ - +xnf(en).
Vﬁy [mf = Span{f<€1)a f(€2)7 ) f(en)}

@ Nhan xét: T ménh dé trén ta c6 thuat toan tim anh ctia anh xa
tuyén tinh f.
(1) Chon mot co sé cua V 1a E = {ey,...,e,}.
(2) Tim f(e1),..., f(en).
(3) Imf = span{f(e1), ... flea)}
® Cha y:
- Con ¢6 nhieéu cach gidi khac.
- Tuy theo dé bai ma ta chon co s phit hop dé viéc tim anh ciia co
s6 do dugce nhanh.
e Vi du 3.5. Cho anh xa tuyén tinh f : R3 — R3, xdc dinh béi

f(l’l,l’g, Ig) = (Il + To9 — I3, 2131 + 31’2 — T3, 31’1 -+ 51’2 — .Tg).

(1) Tim co s6 va so6 chiéu cta Kerf.
(2) Tim co s6 va s6 chiéu ctia Imf.
Loi gidi.
(]‘> Vo = (x17x27‘/1“3> S Ke?”f <~ f(x) =0
& (r1 + 29 — 3,221 + 329 — 3,371 + S — 23) = (0,0,0)

1 + T — xTz = 0 rp = 2512'3
S 28 + 3y — 13 = 0 &< 10 = —x3 Sr=u3(2,—1,1).
3r1 + D9 — x3 = 0 r3 € R
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Vay E = {(2,—1,1)} la tap sinh va ciing 1a co s6 ctia Kerf, dim Kerf =
1.

(2) Chon co s6 chinh tic ctia R® 1a E = {(1,0,0),(0,1,0), (0,0,1)}.
Anh ctia 4nh xa tuyén tinh 1 khong gian con duge sinh béi anh cia mot
co s (tap sinh) ciia R3, tiic 1a:

Imf = span{f(l,0,0), f(07 170)a f(0707 1)}

= span{(1,2,3),(1,3,5),(—1,—1,—1)}.

Lap ma tran, dung bién déi so cap ddi v6i hang dé dua vé dang bac
thang:

1 2 3 1 2 3 1 2 3

1 3 5 — |01 2 — |0 1 2

-1 -1 -1 01 2 0 00
Két luan: dim Imf = 2, co s6 {(1,1,1),(0,1,2)}.

e Vi du 3.6. Cho anh xa tuyén tinh f: R3 — R3, biét
f(1,1,1)=(1,2,1), f(1,1,2) = (2,1, -1), f(1,2,1) = (5,4, —1).

(1) Tim co s6 va so6 chiéu cua Kerf.

(2) Tim co s6 va s6 chiéu ctia Imf.

Lo gidi.

(1) Cach 1: Vo = (z1,79,73) € R3 1 & = ¢y (1,1,1) + »(1,1,2) +
03(1727 1)

1 + 2 + 3 = 1 ci = 31’1 — X9 — I3
<~ cpL + ¢ 4+ 23 = 19 & Cy = T3 — X1
c1 + 2I2 + 3 = I3 C3 —= To — Iq

= f(z) = (—4zy + 4x9 + 23, 71 + 229 — T3, D11 — 209 — 273).
Ve € Kerf < f(x) =0 & v = (219, 29, 472) = 19(2,1,4).
Co s6 cua Kerf la {(2,1,4)}, dim Kerf = 1.
Cach 2: Chon cos6 E = {(1,1,1),(1,1,2),(1,2,1)}. Giad stt (z)p =

(I’l,IQ,LUg).
Khi d6 z = z1(1,1,1) + 22(1,1,2) + 23(1,2,1) Suy ra

flx) =21 f(1,1,1) + a2 f(1,1,2) + 23 f(1,2,1)
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= (x1 + 229 + by, 221 + w9 + 43, 11 — T3 — X3).

Giai he thuan nhat f(z) = 0 ta dugc x; = —t, 29 = —2t, 23 = t.
Suy raz = —t(1,1,1) —2¢(1,1,2) + ¢(1,2,1) = —£(2,1,4). Vay co sé clia
Kerfla{(2,1,4)}, dim Kerf = 1.

(2) Chon co 86 cia R* 1a E = {(1,1,1),(1,1,2),(1,2,1)}. Khi d6

Imf - Span{f(la L, 1)a f(L 1, 2)a f(172a 1)}

= span{(1,2,1),(2,1,-1),(5,4,—1)}.

Lap ma tran, ding bién doi so cap déi v6i hang dé dua vé dang bac
thang, két luan: dim Imf = 2, co s6 {(1,2,1),(0,1,1)}.

3.3. Ma tran cta anh xa tuyén tinh

3.3.1. Dinh nghia

Cho anh xa tuyén tinh f tit khong gian V' vao khong gian W. Theo
dinh 1y (3.4) f hoan toan xac dinh bdi anh clia mot co sé clia V. Gia st
B ={e1,...,e,} lamot co 86 cia V thi f hoan toan duge xéc dinh béi
he véc to {f(e1),..., f(e,)}. Mat khiac néu B = {e},... e/} 1a mot co
s ctia W thi he {f(e1),..., f(en)} lai bieu dién duge duy nhat qua to
hop tuyén tinh cta B':

m

fleg) = aye,,  (=1,....n). (3.1)
i=1
trong d6 a;; € R. Nhu vay, anh xa tuyén tinh f : V — W dugc xac
dinh duy nhat bdi he thong cac sé thuc {a;|1 < i < m,1 < j < n},
ching dude xép thanh ma tran sau day:

11 diz - Qip
| @21 G2 0 G2 |
A - - [aij]mxn
Am1 Gm2 " Omp
Dé thay A ¢6 n cot 1a cac ma tran toa do cta f(e;),..., f(e,) trong co

s B'.

O Dinh nghia 3.4. Ma tran A xac dinh bdéi (3.1) dude goi 1a ma tran
clia anh xa tuyén tinh f trong co sé B ctia V va co s6 B’ ctia W.
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e NeuV=Wvae=¢, i=1,...,nthi Adugc goi la ma tran cia
f dbi véi co sé E.

e Néu B va B’ lan lugt 1a hai co s chinh tac cia V va W thi A dugdc
goi 13 ma tran chinh tac ctia f.

3.3.2. Tinh chét

Gidstx e Vvalzlg = (21,...,2.)5 [f (@) = (Y1, -, ym)". Ta co
T =mze+- - Hrne, = f(r) = f(rien+ - Fxpe,) = 1 f(er)+ -4z, f(en).
Thay f(e;) béi (3.1) ta duge:

f(x) = x(ane) + - +amey,) + -+ 2@ + -+ amney,)

< flx) = (anzr+ -+ apmxn)e] + -+ (amixr + -+ + aGpptn)el,
S [f(x)]p = (apnzr+ - 4+ a1nTn, ooy Q11 + -+ + QnTy)
Y1 = anTi+ e+ gy
T P %) IO P C )
ym = am%1+ - F GnnTn

Biéu thitc (3.2) dugc goi la bieu thic toa do ctia &nh xa tuyén tinh f d6i
vGi cap co s6 B, B'.

A Dinh 1y 3.3. Anh xa dat tuong tng anh xa tuyén tinh f : V — W
véi ma tran A ctia né trong mot cap co sé co dinh ciia V. va W xac dinh
bdi (3.1) 1a mot dang cau tuyén tinh tiv L(V, W) lén M,,y,. Hon nita
r(A) =r(f).

Ching minh.

Gia stt V, W 1a hai khong gian véc to vé6i hai co s6 lan lugt 1a B =
{e1,...,en} va B'={e},... e }. V6i anh xa tuyén tinh f:V — W thi
c6 ma tran tuong ing A = [a;j]mxn xac dinh béi (3.1).

Ngugc lai, cho ma tran A = [a;;]mxn, biéu thic toa do (3.2) xac dinh
anh xa f: V — W c¢6 ma tran 1la A. Vay ¢6 tuong tng 1 - 1 gita L(V, W)
va M, xn.

Hang ctia ma tran A 1a hang ctia hé cac véc to cot { f(e1),..., f(en)},
do d6 r(A) =r{f(e1),..., flen)} =dimImf = r(f).

@ Nhan xét: Ta dé dang chitng minh dugc rang néu A, B 1a ma tran
cua f,g thi
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e A+ Blama tran cua f + g,
e kA la ma tran cia kf, v6i Vk € R.
e Vi du 3.7. Cho 4anh xa tuyén tinh f:R* — R?, x4c dinh bdi
f(z, 29, 23) = (21 + 229 — 323,221 + X3)

Tim ma tran cia anh xa tuyén tinh trong cidp cd s6 B =
((1,1,1), (1,0,1), (1,1,0)} va B' = {(1,1,), (1,2)}.
Lot giaz. Ta co

F1,1,1) = (142-32+1) = (0,3) = —3(1,1)+3(1,2)
F(1,0,1) = (140-32+1) = (=2,3) = —7(1,1)+5(1,2)
F(L1,0) = (142-0,240) = (3,2) = 4(1,1)—(1,2)

Vay ma tran ctia f trong co sé B cia R? va B’ ctia R? 1a

-3 -7 4
A:[3 5 —J

e Vi du 3.8. Trong khong gian V = P, gom cac da thitc bac khong qua
2 v6i hé s6 thuc cho anh xa f : V — V x4c dinh béi

flag + a1z + asx?) = a; + 2ayz.

Ta c6 thé kiém tra dugce f 13 mot 4nh xa tuyén tinh. Ngoai ra tai co sé
chinh tic B = {1, z, 2} ta co:

1) =0, f(z) =1, f(z*) = 22.

Nhu vay ma tran chinh tic cia f 1a

A:

o O O

1
0
0

S NN O

e Vi du 3.9. Cho f 1 toan tit tuyén tinh tit R? vio chinh no, biét:

f(1,2,3) =(9,0,9); £(2,3,0) = (9,9,0); f(3,0,0) = (0,9, —9)

(a) Tim ma tran chinh téc cia f.

(b) Tim mot co sé cua Imf va dim Kerf.
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Lot gidi. (a) Ta di tim f(1,0,0); £(0,1,0); £(0,0,1) bang cach giai
hé:

f(1,0,0) +2f(0,1,0) +3f(0,0,1) (9,0,9)
2£(1,0,0) + 3£(0,1,0) = (9,9,0)
3£(1,0,0) = (0,9,-9)

£(1,0,0) = (0,3,-3)
&1 £(0,1,0) = (3,1,2)
f0,0,1) = (1,-5/3,8/3)

0 3 1
Vay ma tran chinh tic ctia fla A= |3 1 —5/3
3 2 83

(b) Dé thay Imf = span{(0,3,-3),(3,1,2),(1,-5/3,8/3)}. Lap ma
tran, ding bién doi so cap do6i v6i hang dé dua vé dang bac thang, két
luan: dim I'mf = 1, mot cosé1a {(0, 3, —3), (3,1,2)}. Khi d6 dim Kerf =
3—2=1.

3.3.3. Ma tran ctia anh xa tuyén tinh trong cac cd sé khac

nhau
Cho f:V — W la anh xa tuyén tinh va B; = {ey,...,e,}, B} =
{€},...,e,} la hai cosé cua V, By = {wy,...,w,}, By ={w],...,w.}

13 hai co s6 ciia W.

A Dinh 1y 3.4. Gia sit A la ma tran ctia f trong cap co sé By, By, A’
la ma tran cia f trong cip co sé By, By, va T la ma tran chuyén co sd

tir By sang B}, P la ma tran chuyén co sd tit B, sang Bj. Khi dé
A = PTAT (3.3)

Ching minh. Giad st A = [akilmxn, A = [@lmxn, P = [Prilmxm.,
T = [tijlnxn, tic la ta co:

f(ez) — Zakzwka f(ej) = Za;jw’i7 w; Z PriWk, 6 — Ztuez
k=1 i=1 k=1
Khi do f(ej) = > ajw; = > a;j( ) szwk) = > (Zpkz l])wk Mat
1= =1 k=1 k=1 =1



3.3. Ma tran ciia dnh za tuyén tinh

Do do
> prial; = apity, Vi=1,...nik=1,...,me PA =AT.
=1 k=1

Vay A’ = P1AT.

Dac biét néu f 1a tu dong cau cta khong gian véc to V va A, A’ lan
lugt 14 ma tran cta f trong co sé B, B’, T la ma tran chuyén co sé B
sang B’ thi:

A =T 'AT.

O Dinh nghia 3.5. Gia stt A va B 13 hai ma tran vuong cap n. Ta noi
B dong dang véi A néu ton tai ma tran khong suy bién T' cap n sao cho
B =T7'AT. Ki hieu B ~ A.

® Nhan xét: Déang thic B = T 'AT c6 thé viét
A=TBT™' = (T7")"'BT!

Diat 77! = StacodetS # 0 va A= S"'BS. Vay néu B dong dang véi
A thi A dong dang véi B.

e Vi du 3.10. Gia sit anh xa tuyén tinh 7 : R? — R? x4c dinh bdi:
T(l’l, LZ'Q) = (Ll'l -+ T2, —21'1 -+ 41’2)

Hay tim ma tran chinh tic ctia T 16i sit dung dinh 1y (3.4) dé bién ma
tran d6 thanh ma tran ctia T d6i véi co s6 B’ = {uy,us}: up = (1,1),
Uy = (1, 2)

Lot gidi. Goi B = {ey,es} 1a co 58 chinh tic cia R?. Tu dinh nghia
anh xa ta c6 T'(ey) = T(1,0) = (1,—2), T(e2) = T(0,1) = (1,4), do d6
ma tran chinh tic cta T la:

=L

Bay gio ta lap ma tran chuyén co sé P tit B sang B’. Dé dang kiém tra
dugc: u; = ey + eg,us = e + 2e5. Vay

[l
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2 -1

. p-1 _
Ta suy ra: P —{_1 1

] , do d6 theo dinh 1y (3.4), ma tran ctua 7'

dbi v6i co sé B’ 1a

werar=[2 502
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1. Anh xa f : R® — R? duéi day c6 phai la tuyén tinh khong:
(a) f(z,y,2) = (z,2+y+2) (b) f(z,y,2) = (0,0)

(©) f(z,y,2) = (1,1) (d) f(z,y,2) = (22 +y,3y —42)
DS: (a) ¢6 (b) ¢6 (c¢) khong (d) c6

2. Anh xa f: P, — P, dudi day c6 phai la tuyén tinh khong:
(a) f(ap+ a1x + azz?) = ag + (a1 + az)x + (2a9 — 3a;)z?

(b) f ) =ag+ai(z+ 1)+ ag(x +1)?

(c) flap+ a1z + asz?) =0

(d) flap+ a1z + asz?) = ap + 1 + ayx + asx?

DS: (a) ¢6 (b) ¢6 (c) ¢6 (d) khong

(ap + ayx + asa?

3. Goi M,,x, la tap cac ma tran ¢ m x n. Cho B la mot ma tran cé
2 x 3 hoan toan xac dinh. Ching minh réng anh xa T : Moy —
Msy3 dinh nghia béi T(A) = AB la anh xa tuyén tinh.

4. Cho T : R? — R? 13 4nh xa nhan véi ma tran

3

a) Hoi véc to nao dudi day thuoc ImT:

(

(i) (1,—4) (i) (5,0) (i) (—3,12)
(b) Héi véc to nao dudi day thude KerT:
(

i) (5,10) (i) (3,2) (i) (1,1)
DS: (a) (i), (iii); (b) (i)
5. Cho anh xa tuyén tinh T': P, — P3 xac dinh béi T'(p(z)) = zp(x).
(a) Héi véc to nao dudi day thuoc KerT:
)22 ()0 (i) 1+
(b) Hoéi véc to nao duéi day thuoe ImT"
(i) z + z* (i) 1+ = (iii) 3 — 22
DS: (a) (i) (b) ()
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6. Xét cos6 S = {vy,v9,v3} C R3 trong d6 v; = (1,2,3), vy = (2,5, 3),

5 = (1,0,10). Tim biéu dién anh xa tuyén tinh 7 : R3 — R?
xac dinh béi T'(vy) = (1,0), T(v2) = (1,0), T'(v3) = (0,1). Tinh
T(1,1,1) trong céc cod s chinh tac clia R3, R?.

DS: T'(z,y,2) = (30x—10y—3z, —9x+3y+2); T'(1,1,1) = (17, =5).

. Tim &nh xa tuyén tinh T : P, — P, x4c dinh béi T(1) = 1 + z,

T(z)=3—12% T(z*) =4+ 2z — 32%. Tinh T(2 — 2z + 3z?).
DS: T(2 — 2z + 32%) = 8 + 8z — T2

. Cho T la mot anh xa nhan ma tran xac dinh nhu duéi day. Hay

tim
(a) s6 chiéu va mot co s6 ctia ImT.

(b) s6 chiéu v mot co s§ ciia KerT.

1 -1 3 2 0 -1
@[5 6 —4| @i)|a 0 —2| (i) [‘11 ) (ﬂ
7 4 2 0O 0 O
1 4 5 0 9
3 -2 1 0 -1
W13 0 —1 0 -1
2 3 5 1 8

DS: (i) (a) mot co s6 cua ImT: {(1,5,7),(0,1,1)}, (b) mot co s6
cua KerT: {(—14/11,19/11,1)}.

(i) (a) mot co s6 cia ImT: {(1,2,0)}, (b) mot co s6 cua KerT:
{(1/2,0,1),(0,1,0)}.

(iii) (a) mot co sé cua ImT: {(1,1/4),(1,2)},

(b) mot co s cia KerT: {(—1,—1,1,0),(—4/7,2/7,0,1)}.

(iv) (a ) mot co sG ciia ImT:
{(1,3,-1,2),(0,1,-2/7,5/14),(0,0,0,1)},

(b) mot co s6 cia KerT: {(—1,-1,1,0,0),(—1,-2,0,0,1)}.

9. Tim ma tran chinh tic clia mdi 4nh xa tuyén tinh sau:

(a) T'(x1,x2) = (29, —x1, 21 + 329, X1 — Xa).

(b) T(x1, o, x5, x4) = (T21 — 209 — T3 + T4, T2 + T3, —T1).
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0 -1 1 1 -1

DS: (a) {1 0 3 —J (b)

10. Tim ma tran cia anh xa tuyén tinh 7 : P, — P, xac dinh béi

1
1 0
0 0

T(ap+ arx + asx?) = (ap + a1) — (2a; + 3ay)x

do6i véi cac co sd chinh tac trong Pp va Pi.

110]

DS: [0 9 _3

11. Cho T : R? — R3 xac dinh béi
T(Jil, 1’2) = (.Tl + 21’2, —XT, O)

(a) Tim ma tran cta T' doi v6i cac co s6 B = {uy,us} trong R? va
B’ = {vy, vy, v3} trong R3: uy = (1,3), ug = (—=2,4), vy = (1,1,1),
Uy = (2a 2a 0)7 V3 = (37070)
(b) Dung ma tran thu duge 6 (a) tinh 7°(8, 3).

oo =172 8/3]"
ps: @) |y Y §3] 0 a-s0

12. Cho T : P, — Py la anh xa tuyén tinh xac dinh bdi T'(p(z)) =
22p(z).
(a) Tim ma tran ctia T d6i v6i cic co 86 B = {py, p2, p3} trong Ps
va, co sd chinh tac B’ trong Py:

p=1+ 2% po = 14 2z + 3% p3 =4+ 5x + 2?

+

(b) Diing ma tran thu duge & (a) hay tinh T'(—=3 + 5z — 22?).

t

00101
PS:(a) [0 0 1 2 3| ;(b) —322 + 5% — 2%
00 451
3 =210
13. Chomatran A = |1 6 2 1| la ma tran cua anh xa T :
-3 0 71
R* — R3 d6i v6i cac co 86 B = {vy,v9,v3,v4)} trong R* va B’ =
{wy, wo, w3} trong R3: vy = (0,1,1,1),v = (2,1,—-1,-1),v3 =

L,
(1,4,—1,2),?}4 = (6,9,4,2), wp = (0,8,8),?1)2 = (-7,8,1),11)3 =
(—6,9,1).

103
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14.

15.

(a) Tim [T'(vi)]p, [T(v2)]s [T(0s)]5r, [T(va)] 5
(b) Tim T'(vy), T'(va), T(vs), T(vy).
(¢) Tim T(2,2,0,0).

DS: (a) [ (Ul)] = (371v 3) ) [T(UQ)]B’ = (_27670)t7 [T(U?))]B’ =
(1,2,7)%, [T(v4)]p = (0,1, 1)

(b) T(v) = (11,5,22), T(vs) = (—42,32,-10), T(vs) =
(—56,87,17), T(vs) = (—13,17,2).
(

¢) T(2,2,0,0) = (—31,37,12).

1 3 -1

Cho A= |2 0 5| lamatran cia &nh xa T : P, — P, doi
6 —2 4

v6i co 86 B = {vy,ve,v3} V6i v1 = 3x + 322, vy = —1 + 3z + 222,

vy = 3+ Tx + 222

(a) Tim Tim [T(’Ul)]B, [T(UQ)]B, [T(Ug)]B.
(b) Tim T'(vy), T'(v2), T'(v3).

(c) Tim T(1 + 2?).

bS: (a) [T(v)ls = (1,2,6)", [T(v)lz = (3,0,=2)", [T(vs)lz =
(—1,5,4)

(b) T(v1) = 16 + 51z + 192?%, T(vy) = —6 — bz + 5z, T(v3) =
7+ 40z + 1522,

(c) T(1+ 2?%) = 22 + 56z + 1422,

Hay tim ma tran ctia 4nh xa tuyén tinh 7' d6i véi co sé B 16i suy
ra ma tran ctia 17" déi véi co sé B’

(a) T : R? — R? xac dinh béi: T(z1, 22) = (1 + Txa, 321 — 423),
B={(2,3),(4.— 1)}, B ={(1,3),(—1,-1)}.

(b) T : R® — R? xdc dinh béi: T(x1,29,23) = (71 + 229 —
I3, —T9,T1 + 7.133),

B 1a c¢o s6 chinh tic trong R3, B’ = {(1,0,0),(1,1,0),(1,1,1)}.
(¢) T : P, — Py xac dinh béi: T'(ag + a1z) = ag + a1(x + 1),

B ={6+31,10 + 2z}, B' = {2,3 + 2z}.

bS: (a) [T]s = 1_14 [; —GH’ [Tl = % {:% 295]'
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4.1. Tri riéng va vécto riéng cua ma tran

4.1.1. Cac dinh nghia

O Dinh nghia 4.1. Cho A 1a ma tran vuong cap n. Néu ton tai vécto
r = (r1,%9,...,%,) # 0 trong R™ théa man:

Az = Mz (4.1)
thi s6 A dugc goi 1a tri rieng ctia A, vécto z duge goi 1a vécto rieng tng
véi tri riéng .

Trong phuong trinh (4.1), vécto x € R™ duge dong nhat véi ma tran
cot toa do ctia x dbi véi co sé chinh tac.

O Dinh nghia 4.2. Cho A 13 ma tran vuong cap n. Phuong trinh dic
trung ctia ma tran A la:

det(A — \I) =0
Da thitc dic trung ciia ma tran A 1a da thiic (an A):
f(A) =det(A— \I)

O Dinh nghia 4.3. Cho A 13 ma tran vuong cap n c6 tri rieng \. Ta
goi khong gian nghiém ctia phuong trinh:

(A=X)z =0

la khong gian riéng ctia A ting véi tri riéng A, ky hiéu J,.
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e Vidu 4.1. Cho A = E _OJ

Xét z = (1,2) € R?, ta co:

-t -l

nghia la z = (1,2) € R? la vécto riéng clia A tng v6i tri rieng A = 3.

3 0 10 3—A 0
A_/\]:{S —1}_A[o 1}:{ 8 —1—)\]
Da thtc dic trung cia A la:

f(/\):‘gg)‘ _10_/\‘:(3—)\)(—1—/\):/\2—2)\—3

Phuong trinh dac trung ciua A la:

A= -1

2——:
A 22 —3 0@{)\: 3

Khong gian riéng ctia A tng véi tri rieng A = 3 1a khong gian nghiém
cua hé phuong trinh:

. 01‘1 + 01’2 =0 i)
(A-3zx=0« &

8[[’1 — 41’2 =0
Vay J; = {z = (21, 2x1), 21 € R} = span{(1,2)}.

4.1.2. Tinh chét

Tinh chdat. 1. Néu z la vécto rieng clia A Gng véi tri rieng A thi cz,
trong do c la hang s6 khac 0 tly ¥, cling 1a vécto rieng clia A tng vdi tri
riéng A.

That vay, ta co:
A(cx) = ¢(Ax) = c¢(Ax) = A(cx).

Vi vay sau khi da c6 mot vécto rieng, ta c¢6 thé chon ¢ dé duge vécto
rieng c6 do dai bang 1. Vécto rieng c6 do dai bang 1 dude goi 1a vécto
riéng da chuan hoa.
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Tinh chat. 2. Tri rieng ctia ma tran A la cdc nghiém clia phuong
trinh ddc trung ctia ma tran do.

That vay, A la tri riéng ctia ma tran A khi hé phuong trinh Az =
Az < (A — M)z = 0 c¢6 nghiem z # 0, ttic 1a ¢6 nghiem khong tam
thuong. Dieu kién nay trd thanh det(A — A\I) = 0.

Tinh chat. 3. Vécto rieng ciia ma tran A tng véi tri rieng A 1a cac
vecto khac khong ctia khong gian riéng tuong tng.

That vay, néu X 13 tri riéng ctia A thi cac vécto rieng clia A ting véi
A la cac nghiem khac khong clia hé Az = Az & (A — M)z = 0 tic la
r e Jy \ {O}

Tinh chat. 4. ' Gia si A\ la nghiem boi k ctia phuong trinh dic
trung ctia ma tran A. Khi d6 khong gian riéng tuong ting la khong gian
vécto con ctia R™ ¢6 s6 chiéu bang n — p(A — AI), hon nita:

s6 k duge goi 1a s6 boi dai s6 clia )\, sO chiéu clia khong gian rieng Jy
duge goi 1a s6 boi hinh hoc cia M.

4.1.3. Tim tri riéng va vécto riéng ciia ma tran

e Vi du 4.2. Hay tim cac co s ctia khong gian riéng cua:

3 =20
A=1-2 3 0
0 0 5
Loi giai. Ta co:
3 =20 1 00 33—\ =2 0
A=-X=|-2 3 0|—=X|0 1 0l=| -2 3-=X 0
0 0 5 0 01 0 0 5—-2A

Da thtc dac trung cia A la:

det(A—)\]):(5_)\)’3—>\ ) ‘

-2 3-A

=(5-XN)[B=X>—4] =(B-N)(A\—-6A+5)

!Chitng minh cy thé ctia tinh chat nay c6 thé duge tim doc & [4], trang 46
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Phuong trinh dac trung ctia A la:

A = 5 (boi2)

—_ 2_ —
(5-NO2=6A+5) =0 |y _ |

Vay ma tran A c¢6 hai tri rieng la A =1 va A = 5.

Vé6i A = 1, khong gian riéng J; 1a khong gian nghiém cia phuong
trinh (A — )z = 0:

2 =2 010 1 -1 010
-2 2 0|0 —1]0 0 110
0 0 410 0 0 010

Nghiém cua hé la:

1 € R
To = 7

Do doé:
J1 = {x = (x1,21,0);21 € R}: {x =1z1(1,1,0); 21 € ]R}: span{(l, 1,0)}

Vay J; 1a khong gian vécto mot chiéu, ¢6 co s6 1a {(1,1,0)}

V6i A = 5, khong gian riéng J; 1a khong gian nghiém cia phuong
trinh (A —51)z = 0:

-2 =2 010 1 1 010
-2 =2 0/]0] —1]1000]0
0 0 010 00 00
Nghiém cua heé la:
r1 = —X2
To € R
Tr3 € R

Do doé:
r € Js & x=(—x9,19,x3) =x2(—1,1,0) + 23(0,0,1); 25, 23 € R

= J5 = span{(—1,1,0),(0,0,1)}

Dé théy {(—1,1,0),(0,0,1)} doc lap tuyén tinh, vay Js la khong gian
vécto hai chiéu, ¢6 co sd 1a {(—1,1,0),(0,0,1)}
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4.2. Dang toan phuong trén khong gian R"

4.2.1. Khai niem

O Dinh nghia 4.4. Dang toan phuong trén R” 1a ham bac hai dang cap
doi véi cac toa do (z1,21,...,1,) € R™

n
f= E AijTiZj;  Qij = Qji
1,j=1

Ma tran ddi xing A = [a;], dudc goi 1a ma tran ctiia dang toan phuong
(trong co s6 chinh tac).

e Vi du 4.3. Trong R3
f =223 — 5x5 — 41179 — 62973 + 87173

la dang toan phuong v6i ma tran

2 -2 4
A=|-2 —5 -3
4 =3 0

® Nhan xét: Tu biéu thitc ciia dang toan phuong:

n

n n
f: E CLZ']‘ZEZ'ZL‘]‘: E ZT; E aijxj
=1

ij=1 j=1

ayy aip v A | | T
Ag1 Qg -+ Q2 x2

= f=[r a5 Tn) " = o' Ax
An1 Ap2 " Ann Tn

Do d6 dang toan phuong f trén R™ con dudgc viét dang ma tran:
f=a'Az; A'=A

Néu dat o = Qy, v6i Q 1a ma tran vuong cap n, y € R" thi dang toan
phuong f tré thanh:

f=(Qy)'AQy) =y (Q'AQ)y

véi ma tran B = Q'AQ 1a ma tran déi xing, do d6 f trd thanh dang
toan phuong déi vdi y.
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O Dinh nghia 4.5. Cho dang toan phuong trén R™:
f= Z AigliZj;  Qij = Qji
ij=1

D6i bién dang toan phuong 1a thire hién phép doi bién tuyén tinh = Qy
dé nhan duge dang toan phuong theo bién méi:

f= Z bijyiyj;  bij = by
ij=1

Ma tran vuong @ dugc goi la ma tran ctia phép ddi bién. Phép doi bién
duge goi 1a khong suy bién néu ma tran ddi bién @ khong suy bién.

e Vi du 4.4. Trong R? xét dang toan phuong:
f = 237% — 45(73 + 35(711’2

Doi bién
T = Y1+ Y2 ma tran doi bién la: Q = Lol
T2 = Y1 — Y2 b
ta dudc:

F=20y1+1y2)* —Ayr — y2)” + 301 — ¥3) = ¥i — 5y + 1241
Phép doi bién trén la khong suy bién vi det(Q) = —2 # 0

4.2.2. Dang chinh tic ctia dang toan phuong
O DPinh nghia 4.6. Dang toan phuong trong R™:
f = Z aij:vixj
ij=1
c6 dang chinh tac néu a;; = aj; = 0 v6i moi ¢ # j.

Nhu vay f c¢6 dang chinh tac néu

n

2

[ = E Qi T;
=1

khi d6 ma tran ctia dang toan phuong f la ma tran chéo.

O Dinh nghia 4.7. Dua dang toan phuong f = Z a;jz;x; vé chinh
ij=1

tac 1a ding phép doi bién khong suy bién z = Qy, det(Q) # 0 dé f c6

dang chinh tac doi vé6i cac bién y1,ya, . . ., Yn.
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4.2.3. Thuat toan Lagrange duwa dang toan phuong vé chinh
tac

Xét dang toan phuong ctia n bién:

f= Z Qi TiTj; Qi = Qg J#0
ij=1
Thuéat toan sau day chi ra ring moi dang toan phuong déu cé thé dua vé
dang chinh téc, hon nita c6 thé viét cu thé dang chinh tic d6 ciing phép
ddi bién tuong ting.
e Truong hop 1. a;1 = a9 = -+ = ayy,
Do f # 0 nén ton tai hé s a;; # 0. Thuc hién phép ddi bién (khong

suy bién):

Ty =2+ 2

T =z — 2

xp = 2 (Vk & {i,j})
ta dua dude f vé dang:

f=2a(2} = 25) + -

J
nghia 1a trong biéu thic ciia dang toan phuong da xuat hién cac s6 hang
binh phuong. Khi d6 bai toan dude dua vé truong hgp 2 duéi day:
e Trudng hop 2. Trong f ton tai hé s6 a; # 0, ching han aq; # 0:

Ta nhém cac s6 hang chita 2, thém b6t dé xuat hién binh phuong
clia mot tong nhu sau:

f = anx% + 2@12111’2 —+ 4 2a1nx1xn —+ .

a19To + -+ + alnﬂfn) n (alzéEQ + -+ alnxn)2]
11

= a1

22+ 21, ( -
11

2
(algxg 4+ aln:cn)
ai

2
a19T2 + -+ + A1, T
= n:| +f2($2,$3,...,l’n>

= ai |1 -+
11

Dat:

Y1 = T+
ai

a12%2 + -+ -+ A1,y
{ 2 = T VeE=23,....n



114 Tri riéng - Vécto riéng - Dang toan phuong

thi co:

f=anyi + fo(ze, 23, .., 20) (4.2)

0 do fa(zo, 23,...,2,) trong cong thic (4.2) 1a dang toan phuong ctlia
n — 1 bién (29,23,...,2,)

Tiép tuc thuc hien déi bién doéi véi f, theo trudng hop 1 hodc truong
hop 2 cho dén khi nhan duge dang chinh tac cla f:

f= Z by}
i—1

Dé tim ma tran doi bién Q ma phép doi bién x = Qy dua f vé dang chinh
tac, ta phai gidi nguoc cac bién xq, 29, . .., x, theo cac bién yi,va, . . ., Yn;
hoiic tit bieu dién clia y theo x suy ra y = Pz va tinh Q = P71,
@® Nhan xét: Thuat toan Lagrange c6 thé dan dén cac dang chinh téc
khac nhau ctia cing mot dang toan phuong.
Dinh luat quan tinh. Khi mot dang toan phuong duge dua vé dang
chinh tic bang cic cach khac nhau thi s6 cac hé s6 duong bang nhau va
sO cac hé s6 am bang nhau.

Trong dang chinh tic ctia dang toan phuong, s6 p cac hé s6 duong
duge goi 1a chi s6 duong qudn tinh, sd ¢ cac hé s6 am dugc goi 1a chi so
am qudn tinh, cap (p,q) duge goi la cap chi so qudn tinh.

e Vi du 4.5. Dua dang toan phuong trong R? sau vé dang chinh tic:
f= a:f + 495% + 6x§ + 2x129 + 4123 + 27923
Loi gidi.

f =27 + 221 (zy + 223) + (423 + 623 + 27273)

= 2% 4 2z (20 + 223) + (2 + 2%3)2:| —(xy + 223)% + (423 + 622 + 27973)

2
= |1+ <x2 + 2%3):| +3$§ + 2$§ — 22923

i 2 2 22| 22
= |21+ a2+ 21:3} +3 {m% — 32T + ﬂ —33 + 223

2 X 2 5
= |21+ 22+ 2$3:| +3 |}L'2 — —3:| §£L'§

3
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Dat:
7
Y1 = x1+ T2+ 223 1= e Y 3
— _ 1
Y2 = 273 N = Yo+ 3Ys (4.3)
Y3 = = T3 = Ys
thi dang toan phuong f c¢6 dang chinh tic:
5
f=yi+3y;+ 303
Tit phép do6i bién (4.3) c6 ma tran ddi bién la:
1 -1 -1
Q=10 1 % ;o det(Q)=1#0
0 0 1
e Vi du 4.6. Dua dang toan phuong trong R? sau vé dang chinh tic:
f=2x109 — Txows + 42123
Loi giai. Dit:
Ty = 21+ 22 21:§(a:1+x2)
- 1
) 21 2o = 2y = 5(1’1 i 1’2) (44)
T3 = 23
&3 =13

ta co:

f=2(22 —22) = T(21 — 22) 23 + 4(21 + 22) 23 = 227 — 222 — 32123 + 112923

[ 3 922 922
=2 _zf — A% + 1163} —% — 222 + 11zy23
3 7 11 121221 12122 922
:2-21—123:| —2|:Z§—52223—|— 163:| 83—?3
3 77 112313
=2 _Zl — 123:| —2 |:ZQ - 4Z3:| +14Z§
Dat
L3 _ ., B
=2 423 21= U 4y3
11z 11
Yo = 292 — 43 < 29 = Y2+ Zy?,
Ys = 23 z3 = Ys

(4.5)
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thi dang toan phuong f c¢6 dang chinh tic:
f =2y} —2y5 + 1443

Tit cac phép doi bién (4.4) va (4.5) suy ra:

7

1= Y1+ Y2t 593

To= Y1— Yo2— 23

T3 = Y3
7
1 1 5

Ma tran doi bién la: Q = |; _1 5| det(Q)=—-2#0

0 0 1

e Vi du 4.7. Tim cép chi s6 quan tinh ctia dang toan phuong sau trong
R*:

f= IL‘% + x% + 4xi — 201Xy — XT3 — 3X1T4 + 42974 + 3T32T4
Lot gidi. Dua dang toan phuong vé chinh tac:

f = l‘% + 2x9(—x1 + 2x4)+(—21 + 2$4)2

— (2xy — 1) + 22 + 42% — 213 — 3174 + 3T374
1 4

= (1y — @1 + 214)? + 21247173 + 37374

Dat
1 = 21+ 24
Ty = 21— 24
T3 = <35 Ty = 22

f=(2+2—324)°+ 27 — 2] — (2123 + 2324) + 3(2123 — 2324)
= (20421 — 324)* + (2] + 22123 + 23) — (2] + dzy23 +423) + 323
= (2 + 21— 324)% + (21 + 23)% — (24 + 223)° + 323

Dat
Y1 = 21+ 23 Z1 = Y1 — Y3
Yo = 21+ 23— 32 e 2= T + Y2 — Y3 + 3ya
Ys = 23 23 = Y3

Ys = 24+ 223 24 = —2Ys+uys
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thi f c6 dang chinh tac:

f=vi+ys+3y; —vi

v6i phép ddi bién

= +3y3 + ya
To= —y1+Y2 —Oy3+ 3
€r3 = Ys
Ty= Y1 +Ys — Ya
1 0 3 1
-1 1 =5 3
1 0 1 -1

Do d6 tit dang chinh tic clia f suy ra cdp chi s6 quan tinh 1a (p, ¢) = (3,1)

4.2.4. Dang toan phuong xac dinh duong
O Dinh nghia 4.8. Cho f la mét dang toan phuong trén R™:

n
flx, e, 2,) = Z agziw; (ai = aj)

ij=1
e [ la dang toan phuong xac dinh duong néu f(z) > 0 Vo € R™\ {0}
e [ la dang toan phuong xac dinh am néu f(z) < 0 Vo € R™\ {0}
@ Nhan xét: f(z) xac dinh am < — f(x) xdc dinh duong.

e Vi du 4.8. Xét cac dang toan phuong trén R3:

a) f = 3x? + 423 + 522 1a dang toan phuong x4c dinh duong;
b) g = —2? — 422 — 722 1a dang toan phuong xac dinh am;
c) h = 2x3 — 3z + 4z3 khong xac dinh duong cling khong x4c dinh am;
d) I = 32% 4 523 khong xac dinh duong ciing khong xac dinh am;
e) ¢ = 22 + 322 + Tad + 2x179 — 8x9x3 — 47175 xac dinh duong, vi:
) ¢ 1 2 3 g,
¢ = |22+ 2z (12 — 223) + (9 — 2373)2] — (w9 — 2w3)% + 322 + Txs — 8913

= (21 + x9 — 223)% + 2(2% — 2w9w3 + 22) — 222 + 313
= (21 + 2o —223)* +2(wy —m3)> + 25 > OVr #£06
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@ Nhan xét: Dang toan phuong trén R™ 1a xac dinh duong néu cap chi
s6 quan tinh ctia n6 1a (n,0), 1a xac dinh am néu cdp chi s6 quéan tinh
cia noé la (0,n).

e Vi du 4.9. Dua dang toan phuong trén R? sau vé dang chinh tac, tim
m dé dang toan phuong la xac dinh am:

f= —12mx% — x% — 6x§ — 8x1x9 + 4x0x3 + dmMa 23

Lot gidi. St dung thuat toan Lagrange dua dang toan phuong vé
chinh tic:

f=—|a5+ 22542 — 223) + (4; — 23:3)2}

+ (4xy — 2:153)2 — 12ma? — 6:15% + 4dmxixs

= —(wy + 4y — 223)* + (16 — 12m)2} — 223 + (4m — 16) 2173
= — (29 + 4x; — 223)% — 2 [x?,) —2(m — 4)x3wy + (m — 4)*2?
+2(m — 4)%2% + (16 — 12m)2?
= —[2y + 4z, — 23:3}2—2[3:3 —(m — 4)x1]2+2(m2 — 14m + 24)z]
Dit

Y1 =21 I = n
Yo =T +4ry — 213 & 9= (2m —12)y; +y2 +2y3
Y3 = o3 — (m — 4)1, T3 = (m — 4y +ys3

Ma tran déi bién la:

1 00
Q= 1|2m—12 1 2|; det(Q)=1#0
m—4 0 1

Khi d6 f c6 dang chinh téc:
f=—y2—2y2 +2(m? — 14m + 24)y?
Dé f xac dinh am thi trong dang chinh tic ctia f phai c¢6 3 hé s6 am, do

do:
m2—14dm+24<02<m< 12



4.2. Dang toan phuong trén khong gian R™ 119

A Dinh 1y 4.1. [Sylvester] Cho dang toan phuong f trén R™ véi ma
tran la A. Goi D; la cac dinh thiic con ctia A tao bdi ¢ hang va i cot géc
trén bén trai cia A (D; con dugc goi la dinh thiic con chinh cap i ctia
A). Khi dé:

a. f la xac dinh duong khi va chi khi D; >0Vi=1,2,....n
b. f la xac dinh am khi va chi khi (=1)'D; >0Vi=1,2,...,n

e Vi du 4.10. Xét dang toan phuong sau trén R3:

o= ﬁ + 3x§ + 71'3 + 221209 — 8x9x3 — 4123

Ta ¢6 ma tran cua ¢ la:

1 1 -2
A=|1 3 -4
-2 -4 7
Céac dinh thtc con chinh la:
11

Di=1]=1>0; Dgz'

1 1 =2 1
Dy=|1 3 -4 =0 2 =2/=2>0
-2 -4 7 0 -2 3

Vay dang toan phuong ¢ la xac dinh duong trén R3.
e Vi du 4.11. Tim m dé dang toan phuong sau la xac dinh duong trén

R3:

g =mat + (m+5)xs + 23 + 123129 + 47173 + 67973

Lot giai. Ma tran ctiia dang toan phuong la:

m 6 2
A=16 m+5 3
2 3 1

Cac dinh thtc con chinh cta A la:

m 6

Dy=|m|=m; Dy= 6 m-5

‘:m2+5m—36
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m—+5 6 3 6 m+5
Dg—det(A)—m) 3 1‘—6‘2 1‘+2'2 3 ‘
=m(m —4) +2(8 — 2m) = (m — 4)?
Dy >0 m >0
g xac dinh duong < { Dy >0 &< m*+5m—36 >0
Ds; >0 (m—4)2 >0
m > 0
S m<-9m>4 &m>4
m # 4

Vay v6i m > 4 thi dang toan phuong g da cho la xac dinh duong.
e Vi du 4.12. Tim m dé dang toan phuong trén R® sau xac dinh am:

f= —12mx% — x% — 6:15% — 8x1x9 + 4dx9x3 + dmax 23

Lot giai. Ma tran ctia dang toan phuong la:

—12m —4 2m
A= —4 -1 2
2m 2 -6

Cac dinh thtc con chinh cta A la:

—12m -4

Dy =|—12m| = —12m; DQZ‘ 4 _1':12m—16
-1 2 -4 2 -4 -1
Dg—det(A)——12m‘ 9 —6‘+4‘2m _6‘+2m‘2m 5 ‘

= —12m(2) + 4(24 — 4m) + 2m(2m — 8)
= 4m? — 56m + 96 = 4(m?* — 14m + 24)

D; <0 —12m <0
fxdcdinham < ¢ Dy >0 << 12m— 16 >0
Ds <0 m?>—14dm+24 <0
m >0
& m>§ S2<m<12
2<m<12

Vay v6i 2 < m < 12 thi dang toan phuong f da cho la xac dinh am.
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Bai tap chuong 4

1. Tim céc tri riéng va co sé ctia khong gian riéng ciia cdc ma tran
sau:

- -5 2 —1]
1) g _01 2) E :g} 3)|-6 3 -1

: |18 —6 4 |

[2 -1 2] [—7 5 -3 (1 —1 —1]
415 -3 3 5 |12 9 —6 6)|1 3 1

-1 0 -2 | —6 5 —4 -3 1 —1]

[2 —1 2] [0 1 0] (4 —5 2
7|5 -3 3 8) |-4 4 0 9) |5 -7 3

-1 0 -2 -2 1 2] 6 —9 4

1 -3 3 [1 -3 4] (7 —12 6
10) -2 —6 13 11) |4 -7 8 12) |10 —19 10

-1 -4 8 6 —7 7 12 —24 13

[2 0 0 0 (1 0 0 0
4 -5 7
1 200 0000

13)_14_042 Mg 130 )1 000

L 0013 0 0 0 1

[3 -1 0 0

1 1 0 0
)13 ¢ 5 3

4 -1 3 -1

DS: 1) A=3,(1,2):A=—1,(0,1)  2)A=1,(1,1)

)

3)A=0,(1,1,-3);A = 1,(1,0,—6), (0,1,2)
HA=-1,(-1,-1,1)

5) A=0,(1,2,1); A=—1,(5,6,0), (—1,0,2)

6) A=—2,(—1,1,—4),A=2,(~1,0,1), A = 3,(—1,1,1)

) A=-1,(0,1,—-1)  8) A1 =X =3 =2,(1,2,0),(0,0,1)
N A =1,(1,1,1); 0 = A3 = 0, (1,2,3)

2:/\3:17(37171)
7(1a272)a A2 - )\3 = _1, (1,2, 1)
> =1,(2,1,0),(=1,0,1); A\s = —1,(3,5,6)

—
Naw”
> > >
I
> W >
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13) A=1,(1,2,1)
14) Ay = Ao = 2,(0,1,—1,1); A3 = Ay = 3,(0,0,0,1)
15) A = Ay = 1,(1,0,1,0), (0,0,0,1);

As =AM =0,(0,1,0,0),(0,0,1,0)

16) A=2,(1,1,-1,0),(1,1,0,1)

. Tim phép bién doi tuyén tinh dé dua mdi dang toan phuong trén

R3 sau day vé chinh tic va cho biét dang chinh tic do:
(a) 2% + 523 — 4z + 22,79 — 47173;

(b) 422 + 23 + x§ — 4x 129 — 3X9x3 + 411 73]

(c) 172 + 2273 + T1T3;

)

)

)
(d) 227 + 1873 + 8x3 — 127115 — 272973 + 87173;
(e)

)

(f) — 1227 — 323 — 1225 + 122129 + 8wox3 — 24723

e) 2x1x9 — 3x9x3 — DT 1T3;

1
L2
2 2 2 ]_2 21
DS: (a) f=yi+y; —95.Q=1|p 1 _1
2
0 0 1
1
5 0 1
b f=w-v+4.0=|7 1 —1
01 1
1 1 -1
(C)fzyway%—y%,Q: 1 -1 -1
00 1
11 5
(d) f=2y7 —3y3 +3y3,Q= [0 1 1
01 —1
i 3
. 1 -1 2
() f=2yf =245 — 53, Q = 1 %
2
0 1

(f) f=—3yf —4y3 +443,Q =
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3. Tim m dé mdi dang toan phuong sau day la xac dinh duong tren
khong gian tuong tng:

a) 522 + 22 + ma? + dxyxe — 2my23 — 2x513;
1 2 3
(b) 227 + a5 + x5 + 2mz o + 22173;
(¢) 2% + 23 + 523 + 2ma Ty + dTox3 — 27173;
d) 22 + 422 + 22 + 2ma 129 + 62973 + 102125,
1 2 3

DS: (a) m > 2; (b)—@<m<%; (c) -2 <m<0;
(d) Vo nghiém



124 Tri riéng - Vécto riéng - Dang toan phuong




Tai liéu tham khao

Nguyén Dinh Trf - Ta Van Dinh - Nguyén H6 Quynh (2021), Todn
hoc cao cap (Tap 1) - Dai s6 va hinh hoc gidi tich, Nha xuat ban
Gido duc.

Hoang Xuan Sinh (2000), Dai s6 dai cuong, Nha xuét ban Gido duc.

Lé Tuan Hoa (2005), Dai so tuyén tinh qua cdc vi du va bai tap, Nha
xuat ban Dai hoc Quoc gia Ha Noi.

Jean-Marie Monier (2003), Gido trinh Todn - Dai s6 2, Nha xuat
ban gidao duc.

Nguyén Hitu Viet Hung (2001), Dai s6 tuyén tinh, Nha xuit ban
Dai hoc Qubc gia Ha Noi.



