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CHUONG 1. SO PHUC

1.1. Khai niém sb phuc

1.2. Mot sb phép toan vé sb phire

1.3. Day sb phirc va chudi s phuc

1.4. Ham bién phirc

1.5. Tich phan cta ham bién phirc lién tuc theo mot dudng cong

1.6. Thang du va ung dung

Gioi thiéu

Sb phtrc 13 mot trong nhitng phat hién 16n tao 1én budc ngoit cua Toan hoc. S6 phic
duoc dung dé giai quyét nhidu bai toan tir so cip dén cao cdp. Cho dén ngay nay, sé phirc
cung cac van dé lién quan da phat trién manh m& thanh méot chuyén nganh trong toan hoc véi
tén goi Giai tich phrc.

Lich st hinh thanh va phat trién sb phirc gin lién véi cac tén tudi ndi tiéng trong toan
hoc nhu: Bomnelli, Rene Descartes, Euler, De Moivre, Hamilton, Gauss, Cauchy,... Nam
1572, nha toan hoc nguoi Italia 13 Bombelli d3 dua ra dinh nghia dau tién vé sb phtrc. Sau
mot khoang thoi gian dai, ky hi€u “1” méi duge Euler (1707 — 1783) st dung va sau do Gauss
cling dung lai ky hiéu nay. Dang luong gidc cua sd phitc do Moivre dua ra con dang dai sd

cung v6i dang mil thi do Euler dé xuat.

Ly thuyét sd phire 13 1y thuyét toan hoc c6 lién quan dén hau hét cac linh vuc trong

nganh Pién — Dién tur.

Leonhard Euler sinh ngay 15/4/1707 tai Basel, Thuy Si.
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1.1. Khai niém s6 phirc

1.1.1. Dang dai )

a) Dinh nghia

- M&i biéu thire ¢ dang a+bi, trong d6 a,hb e R va i? = -1, dugc goi la mot sb phtrc.
D6i v6i s6 phitc z = a +bi thi:

S a duge goi la phén thuc cua z, ky hi¢u Re(z) .

S6 b dugc goi la phan ao cua z, ky hiéu Im(z).

Dang z = a+bi dugc goi la dang dai s6 cta sb phuc z.

Tap hop céc sd phire ky hidu 1a C.

Vi du 1. Chi ra phan thyc va phan 4o cta cac sd phtc: 1+ 2i; —%+ J2i; 3; —4i.

Loi giai
S6 phirc Phan thyc Phan 40
1+2i 1 2
1 = 1 V2
LY 2
2 2
3 3 0
—4i 0 —4

- Mt s truwong hop dic biét

+Néu a =0 thi sd phitc z =bi dugc goi 1a s6 thuan ao.

+Néua=0, b=1 thisd phtc z =i dugc goi la don vi do.

+Néu b =0 thi s6 phitc z=a trd thanh sb thyc.
b) Piém biéu dién cia sé phirc

Mai s phuc z =a+bi tuong rng véi mot cap sb thuc (a,b) duy nhat. Khi d6, diém
M (a,b) trong mit phang toa d6 Oxy duogc goi la diém biéu dién cua sb phirc z = a +bi.
1.1.2. Dang luwgng giac (dang cuc)

a) Acgumen ciia s6 phirc khac 0



- Pinh nghia. Cho s6 phtric z# 0. Goi M 1a diém biéu dién cta s phuc z. S6 do (tinh bang
radian) ctia mdi goc luong gidc tmg vai tia ddu Ox va tia cudi OM dugc goi 1a mot acgumen

cua z.

- Nhén xét. Cac acgumen cua sb phirc z sai khac k27 (k € Z), hay néi cach khac néu ¢ 1a

mot acgumen ciia z thi moi acgumen cua z déu co dang ¢+ k27 (ke Z).
b) Dang lwong gidc cia sb phirc

- Pinh nghia. Cho s6 phitc z = a+bi (z#0), ky hiéu r = Va? +b? . Khi d6, s6 phirc z viét

lai dudi dang z = r(COS(/) +isin (o) . Dang nay duogc goi 1a dang lugng gidc cua sb phirc z.

- Chi y. S6 phitc z=0 c6 #=0 va @ 13 mot sb thuc tuy ¥. Ta viét: 0=0(cos¢+isin(p).

1.1.3. Dang mii

- Cong thirc Euler. VGi moi so thuc x ta ¢6: e =cosx +isinx.

ix —ix ix —ix
+e e

- Hé qua. Vi moi so thye x thi: cosx = %
i

- Dang mii ciia sé phire. Vi s6 phirc ¢6 dang luong giac z = r(cos¢)+ isin (0) . Str dung cong

thire Euler, sb phtc z duogc viét lai dudi dang: z = re'?. Dang nay dugc goi 1a dang mi cua

sO phuc z.

1.1.4. S6 phirc bang nhau



- Cho hai s6 phitc z =a; +bi va z, =a, +b,i. Hai s6 phuc z, z, duoc goi la bang nhau

néu phan thyc, phan 4o cta ching twong tng bang nhau, ky hiéu: Z1=12y.

a =day

- Vay: z) =2z, @{bl b,
- Nhén xét: Hai s phirc bang nhau thi ¢6 cing diém biéu dién.

1.2. Mt s6 phép toan vé sé phirc

1.2.1. Phép cong va phép trir sé phirc

a) Phép cong hai s6 phirc

- Pinh nghia. Téng cta hai s6 phuc 1a s6 phitc zy=a, +bi va z, =a, +byi 1a s6 phiic
Z1+ 2, :(al +a2)+(b1 +b2)l'.

Viy dé cong hai s6 phirc, ta cong cac phan thyc v6i nhau, cong cac phan 4o voi nhau.

Vi du 2. Tinh tong hai sé phtc:
. o l.
i) z=3+5i va z, =—2+Ez.

11) Zl :3+2i va Zz :—3+4i.
Loi giai

1 11
) z1+2, =(3=-2)+| 5+—|i=1+—1.
i) 2 +2y =( ) E 2} >

1) z; +2, 2(3—3)+(2+4)i= 61.
- Tinh chét ciia phép cong sé phirc
+ Tinh chat két hop: (zi+2y)+z3=2+(23+23) Vz;,25,23 € C.
+ Tinh chét giao hoan: z, + z, = z, + z; Vz,,z, € C.
+Cong voi0: z+0=0+z=z VzeC.
+ 86 di: Vi mdi sb phuc z = a+bi, ta ky hiéu —z 13 s6 phitc —z = —a —bi . Khi do:
z+(-z)=(~z)+2z=0. S6 phirc —z dugc goi 1a s6 ddi cua s6 phurc z.
b) Phép trir hai sé phirc
- Pinh nghia. Hidu ctia hai s6 phiic z; =a, +bji va z, =a, +b,i dugc tinh bang tong cla z

va —Zy, hay Z1—Zp =7 +(—22).



Tuc la: 2172y z(al—a2)+(b1—b2)i.

Vi du 3. Tinh hi¢u z —z, cua hai s6 phirc
. . 1.
i) z=3+5iva z, =—2+El.

Loi giai

) 1). 9.
1) Z1—2p :(3+2)+(5—§Jl:5+§l.

i) z1+2, =(3+3)+(2-4)i=6-2i.
1.2.2. Phép nhin s phirc
a) Phép nhén s6 phirc véi dang dai s6
- Pinh nghia. Tich ctia hai s6 phtic z; =a; +bji va z, =a, +b,i 1 s phtic
212y = ayay —bby + (albz + azbl)i.
- Nhin xét. Két qua tich cta hai s6 phirc c6 dwoc nhu trén bang cach nhan “hinh thirc” cac
biéu thirc cta hai s6 phuc di cho roi thay i?=-1.
b) Phép nhén sb phirc voi dang luwgng giac
Tich ciia hai s6 phitc z; =7 (cos@y +i.singy) va z, =r, (cosg, +i.sing, ) 1a s phic
212y =Ky [cos(@) + @) +i.sin(gy +@,)].

¢) Phép nhin s6 phirc véi dang mii
Tich cta hai s6 phitc z; =1€'? va z, =1e'? 1a 56 phite: 2z, = e A F%).
d) Tinh chét ciia phép nhén sb phic

+ 212y = 252 V21,2, € C.

+ (2122)23 221(2223) Vzy,2,,23 €C.

+1z=z1=zVzeC.

+ 21(22 +Z3):ZIZ2 +ZIZ3 VZI,Z2,Z3 eC.



1.2.3. S6 phirc lién hop va médun ciia s6 phirc
a) S6 phirc lién hop

- Pinh nghia. Cho s6 phitc z=a+bi. S6 phic lién hop cta sé phuc z, ky hiéu 1a z, x4c

dinh boi: z =a —bi.

- Tinh chét.

+z1+zy) =21 +2y V21,2, € C.

+ Z1—2p :Z_I—Z VZI,ZZ S C
+ Z1Zp = (Z_l)(g) VZI,Zz S (C
z (Zl)
+ (—lj == \V/Zl,Zz € (C,ZZ #0.

=) )

b) Médun ciia s6 phirc

- Pinh nghia. Cho s6 phitc z = a +bi. Mddun cta sd phic z, ky hiéu 1a |z , Xac dinh boi

|z| = \/a2 +b2 )
- Tinh chét

+ |zlzz| =|zl||zz| Vz1,2z, € C.

—ﬂ Vzy,29 € C,zy #0.

.
22|

+

22
+ V&i moi 86 phitc z=a+bi thi: |z|2 =zZ=a’+b°.
+ |E| =|Z| VzeC.
+Véi s6 phitc dang luong gide z =r(cos@+i.sing) va s6 phirc dang mii z = re'? thi:
2| =7
1.2.4. Phép chia so6 phirc
a) Phép chia sé phirc véi dang dai )

- S6 nghich dao. Cho sb phirc z = a+bi #0. S6 phirc nghich dao cia sé phtic z, ky hiéu la

1 s oa e — 1 _
z I,Xacdmhbm: =z

g



- Phép chia s6 phire. Thuong 2L cua phép chia sd phirc z; cho s6 phirc z, # 0 la tich cua
22

e A , . 9 5 yeo . Zl -1
z; V01 s0 phirc nghic dao cua z,, hay néi cach khac: = =z,z;".

- Nhan xét

7,: \ Z —
+V6&iz; 20 thi L=z =
2 22|

Z_l _ Zlg _ (Cll +b]i)(6l2 —bzi)
b .

a% +b22

b) Phép chia sé phirc v6i dang lwong gidc

Cho hai s6 phirc dang luong gidc: z; =17 (cosg, +i.sing), zy = (cosg, +i.sing,).

Khi d6: - =1 (cos(@ —y) +i.sin(gy —»)).
 n

¢) Phép chia s6 phirc voi dang mii

. A1y ~ i ' R L It
Cho hai sb phic dang mii: 2 =7e'? va z, = r,e'® . Khi do: —- =)
2 N

1.2.5. Lity thira ciia mdt s phirc

- Cho s6 phtre dang lugng gidc z = r(cos@+i.sing). Khi d6, véi n e 7", ta cb:
Z" =r"(cosnp+i.sinng).

Cong thuc trén dugce goi 1a cong thue Moivre.

Truong hop n =0, ta quy udc: 2 =1.

. T .. T .
- Vi du 4. Cho céc s6 phirc u = Zﬁ(coszﬂsmzj, v=+3—i. Tinh 4?3 va v,
Loi giai

2023
% =(242) (cos 20?” +isin 20?”] = 230345 (72 —%i} — 03034 _ 3034

: .2 . . Ty oL V4
Chuyén tir dang dai so sang dang lugng giac: v= \/5 —i= 2|:COS(—EJ +i s1n(—gﬂ
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1.2.6. Ciin bac n ciia mét so phirc

- Pinh nghia. Cho s6 phitc z. S6 phitc w duogc goi 1a mot cin bac n (neN,n>2) cia z
néu: w'=z.

- Cong thire tinh cian bac 7 (n€N,n>2) cua sb phic

Cho s6 phitc z =r(cos@+i.sing)=0.Khidé z c6 ding n cin bac n va dugc tinh theo cong

+k2x . . o+k2x .
thire: wy =’\'/;(cos(p—+z.sm¢ voi ke{0;1;2;..;n—1}.

n n
- Nhén xét vé diém biéu dién cua céc sd phtic can bac n cua sb phtc z#0 cho trude

+ Vi n=2, hai can bac n cua z c¢6 diém bi¢u dién nam trén dudng tron tdm O, ban kinh \/;

va doi xtrng nhau qua goc O.

+ V&1 n>3, ncin bac n cua z ¢6 di€m biéu dién nam trén dudng tron tam O, ban kinh (’/;

va tao thanh # giac déu.
- ;A , T .. T .
- Vi du 5. Cho cac so phic u = 2\/5(cosz+zsmzj, y=3-i.

a) Tinh céc can bac ba cua u.
b) Tinh cac cdn bac ba cua v.
Loi giai

a) Ba can bac bacua u la

r r
—+k2r —+k2r
w, =Y242 cos-2 3 +isin2 3 =§/§{COS(%+MTHJ+Z'$H(%+MT%H:ke{O;l;z}'

x .z . . T .. V4
b) Chuyén tr dang dai so sang dang lugng giac: v= \/g —i= 2{003 (—gjﬂsm (—gﬂ

BoOn can bac bon cua v 1a

11



——+k2r I ikon J - T krx
Wi =i cos—& — 4ign-0 = COS(——+—j+isin(——+—j ) ke{0;1;2;3}.
4 4 24 2 24 2

1.2.7. Mt s6 tap con ciia tip sé phirc

- Tap hop cac s6 phie duge ky hiéu 1a C.
- Tap hop C=C u{oo} duoc goi 13 tap s6 phirc mo rong.
- Tap hop U,.(zy) = {Z eC: |Z—ZO| < 8} (zo eC,e> 0) duoc goi 1a mot ¢ - lan cén cua z,.

Mot tap hop con cia C chira mt & - 1an can cia z, dugc goi la mdt 1an cén cua z.

- Tap hop Ug(zo):{ze(C:O<‘z—zo‘ <8} (ZO e(C,8>O) dugc goilamét & - 1an can thung

cua z.

*
- Tap hop Ug(oo):{ze(C:‘z—zO‘ >8} (ZO G(C,8>O) duoc goi la mot £ - lan can thing

cua oo.
- Tap hop U, () =U s (0) U{oo} duge goila mdt & - 1an cén clia oo,

Moi tap hop con ciia C chira mot & - 14n cln cta oo duge goi la mot 1an cin cta oo.

- Tap hop con cia C ma no 1a 1an can cua moi diém cua no6 thi dugce goi 1a tap hop mé trong
C.

- Tap hop con ciia C ma phan bu ciia nd trong C 13 tap hop md thi né duge goi 1a tap hop
dong trong C.

- Tap hop con ciia C dugc chura trong mot & - 1an can ctua 0 dugc goi la tdp hop bi chan.
1.3. Day s6 phitc va chudi s6 phirc

1.3.1. Pinh nghia day s6 phirc

- Cho K la mét tap con vo han cua tap $6 nguyén Z . Khi do, ham )

f:K—>C

ni-z, = f(n)

duoc goi 1a mot day ) phtc.

12



- Diy sb phirc nay duoc ky hiéu 1a (Zn )ne K Néu khong c6 chu thich gi dic biét kém theo, ta
xem K =N" va day sb phire khi d6 dugc ky hiéu don gian 1a (zn) .

1.3.2. Gi6i han ciia diy sé phirc

a) Giéi han hiru han cia diy s6 phirc

- Pinh nghia. Diy s6 phuc (Zn) dugc goi 14 ¢6 gidi han 1a a € C néu:

Ve >0,3ny =ny(e) e N sao cho véi Vn > no thi ludn co: |Zn - a| <e.

Khi d6 ta ciing noi (zn) 1a day s6 phic hoi tu. Ky hiéu: limz, =a hodc z, > a.

+ Day sb phtrc (z,,) khong hoi tu thi duge goi 1a day so phie phan ky.

- Nhan xét

+ Tir dinh nghia, ta cing suy ra rang: lim z,=0& 1im|zn| =0.

+ TAt ca cac tinh chat quen thudc vé day hoi tu ddi voi day sb thuc da biét trudc day van con
dung d6i v6i day sd phirc hoi ty, ngoai trir cac tinh chat lién quan dén tha ty vi tap sé phire

khong c6 quan hé thur tu.
- Chi y (chuyén tir giéi han day sé phirc sang gi6i han diy so thue va nguoc lai).

+ Néu diy sb phuc (Zn) c6 biéu dién theo cac diy sb thuc cta phan thyc va phan 4o trong

Loz ) o limx, = x
dang dai so: z,, =x, +i.y, thitaco: limz, =x+iy <9 | :
limy, =y
X . < . L. llmrn =r
+ Tuong ty: Néu z, =r, (cosg, +i.sing,) thi: limz, =r(cosp+ising) < :
limg, =¢

b) Giéi han v6 cuc cia diy sé phirc

- Day sb phtc (Zn) dugc goi 1a c6 gidi han vo cuc néu

VA >0,3ny =ny(A) € N" sao cho véi Vn > ng thi luén co: |Zn| > 4.
Ky hiéu: limz, = hodc z, — .

- Nhén xét. i) limz, =00 < lim|z,|= +o.

AT . L

i) Néu limz, = va w, =— co6 nghia v6i n du 16n thi: limw, =0.
z
n

13



1.3.3. Pinh nghia chudi sé phirc
- Cho day s phtrc (Zn) . Toéng (hinh thic) z)+ 2y +...+ z, +... duge goi la mot chudi s6 phtrc

o0
v6i s6 hang tong quat 13 z,, ky hiéu Zzn :
n=1

Vay: izn =z1+zp+...+tz,+... (1)
n=1
- Trong chudi sé phuc (1), ta 1ap day sé phirc (Sn) V6i S, =z +2y +...+2, (tong n s6 hang
dau tién), ddy nay dugc goi 1a diy tong riéng cta chudi (1).
1.3.4. Sw hdi tu chudi sé phirc
- Dinh nghia

o0
+ Chudi sb phtrc Zzn dugc got 1a hoi tu néu day téng riéng (Sn) cua no hoi tu.
n=l1

o0
Néu limS, =§ thi gia tri S duoc goi la tong cua chudi (1) va ta viét: Z z,=S.
n=1

e}
+ Chudi s6 phirc Zzn dugc goi 1 phan ky néu diy tong riéng (Sn) cua n6 phan ky.

n=1

e 0] o0
+ Néu chubi Z‘Zn‘ hoi tu thi ta ndi chudi Zzn hoi tu tuyét dbi.
n=l1 n=1

- Mt s két qua

+Dinh Iy 1 (diéu kién cin ciia chudi s6 phirc hdi ty). Néu chudi (1) hoi ty thi lim|z,|= 0.

+ Pinh ly 2. Chudi hoi tu tuyét ddi thi ciing hoi tu va

o0
Zzn
n=l1

o0
<D 2l
n=l1

1.3.5. Chudi lity thira ciia bién phirc va mét s6 ham so phirc so cap
a) Dinh nghia

0
- Cho day s6 phirc (an) va sb phire zo cho trude. Chudi s6 phire co dang Zan (Z -z )" (2),

n=l1

v6i bién phitc z nhan gia tri tuy ¥, duoc goi 1a chudi liy thira ciia bién phuc z.

14



Nhén xét. Vi mdi gia tri phire cua bién z thi chudi (2) tro thanh mot chudi so.
- Tap céc gia tri cta bién z 1am cho chudi (2) héi tu dugc goi 1a tap hoi tu cta chudi (2).
Vidu 6
(e 0]
+ Tap hoi tu cua chudi Z z" 1a tap {Z eC: |z| < 1} )
n=0
0 n
A 1A , x. T S
+ Tap hoi tu ctia chuoi Z — 1a tap so phuc C.
e
b) Ban kinh hdi tu va cong thirc tinh ban kinh hdi tu ciia chudi liiy thira
- Pinh ly. Déi v6i chudi lity thira (2) chi c6 thé xay ra mot trong cac truong hop sau
i. Ton tai mot s6 r (0 < r < +0) sao cho chudi (2) hoi ty tuyét ddi véi moi z thude 7 - lan
can cua zy va phan ky v61 mo1 z thudc 7 - 1an cén thung cua oo.
ii. Mién hoi tu ciia chudi (2) gdm duy nhat mot diém z.
iii. Mién hoi tu cta chudi (2) 1a tap s6 phirc C.
- Sb r trong truong hop i trong dinh 1y trén duoc goi 13 ban kinh hoi tu ciia chudi lity thira

(2). Trong trudong hop ii ta quy udc » =0, con trong truong hop iii ta quy udc r =+oo,

- Tap hop U, (ZO) = {Z eC: |Z —ZO| < r} duoc goi 12 hinh tron hoi tu ctia chudi (2).

o0
- Pinh ly. Cho chubi liiy thira Zan (Z -2 )n . Néu ton tai mot trong hai gi6i han sau

n=l
.. |a
i lim|~2£ = p,
an
ii. 1im”|an| =p,

thi ban kinh hoi tu 7 ctia chudi lity thira trén dugc tinh theo cong thirc
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¢) Mot s6 ham sb phirc so' cip
-Ham y=¢" (zeC)

0 n
X z X \ , y ’ A \ R 5 X \ , “A
X¢ét chuoi Z —- Chudi nay c6 ban kinh héi ty 1a 7 =+o0. Tong cta chuoi nay dugc ky hi¢u
n
n=0

la €, tirc 1a: Z—: “ (zeC).
0

- Ham y=sinz (zeC)

1 n—1_2n-1 N , N
Xét chudi Zﬁ Chuoi nay c6 ban kinh hoi tu 1a » =+o00. Tong cta chuoi nay dugc
o n—1)!
. | n—1 Z2n—1
ky hiéu 1a sinz, tc 1a: ) =D

W:SinZ (ZE(C).

n=1
- Ham y =cosz (Z € (C)

n 2n
Xét chudi Z ( () Y . Chudi nay c6 ban kinh hoi tu 13 7 =400, Tong ctia chudi nay duoc
n=0 2n

ky hiu la cosz, tuc la: Z(

OW:COSZ (ZG(C).

- Ham yzi (ze@:\zkl)

o0
Xét chudi Z z" . Chudi nay c6 ban kinh hoi tu 13 » =1 va tong cua chudi nay 1a 1— , ture
n=0 -

la: Zz _IL (ze(C:|z|<l),

- Ham y=1n(1+z) (zeC:|Z|<1)

n—1 A
Xét chudi Z - ) . Chudi ndy co6 ban kinh hoi tu 1a 7 =1. Tong ctia chudi nay duoc ky
n=l1

n—1_n

hiéu 1a In(1+z), tie la: ZL—ln(l+z) (ze(C:|z|<1)_

n=l1 n
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1.4. Ham bién phirc
1.4.1. Pinh nghia ham bién phirc
- DPinh nghia. Cho tap hop D <C. Mot ham bién phirc v6i tap xac dinh D 1a mot anh xa

f:D—)(_Z
zbw=f(2)

Ta ky hiéu: w= f(z), zeD.
- Vi du 7. Cac ham cho dudi day la cac ham bién phtrc véi tap xac dinh D tuong tng

+ w=2z2+iz—2 véi tap xac dinh D=C.

2z—1 . .
+ w= . voi tap xéc dinh D =C\({1}.
-
2271 i zeC\{1).
z—-1
+ w=42 khi z =0 v6i tap xac dinh D=C.
o0 khi z=1

- Nhin xét. Néu dit z = x+iy va u=Re f(2), v=Im f(2). Khi d6 viéc xac dinh mot ham
bién phitc w= f(2) véi ze D < C tuong dwong voi viéc xac dinh hai ham hai bién

(x,y)eD.

u=u(x,y)
v=v(x,y)

1.4.2. Sw lién tuc ciia ham bién phirc

- Cho tap hop D C@, diém Zp € C duoc goi 1a mot diém giéi han cia D néu trong € - lan
can thung tuy y cua z, chua it nhét mot diém cua D . Téap con cia D C C ma chira moi diém
gidi han cua no6 thi dugce goi la tap dong trong C.

- Cho ham bién phirc w= f(z) x4c dinh trén D va z, la mot diém gi6i han ctia D . Ta noi

ham w= £(2) ¢6 gi6i han bang a € C khi z din dén z, theo tip D néu v6i moi diy sé phirc

%

zy EDng(Zo)
Zn—)ZO

thi ta luén ¢6 limz, =a.Kyhiéu: lim f(z)=a.
ZT>ZO

z,, thdéa man

17



- Chii y. Néu D chira mot 1an cén thing ctia z, va ham phitc w= f(z) théa min dinh nghia
trén thi ta s& noi don gian 1a ham w= f(z) c6 gi6i han a khi z dan dén z, va ky hiéu

lim f(z)=a.

z—z,

- Cho zy € D va z, ciing 1a mot diém giéi han cia D . Khi d6 ta noi ham w= f(z) lién tuc

tai zp néw:  lim  f(2) = f(z,).
ZT)ZO

-Néu f(z9)eC va f(z) lién tuc tai z =z, thi ta s& noi ham w= f(z) lién tuc tai z, theo
nghia C.

- Néu moi diém thuéc D déu 1a diém gidi han ctia D va ham w= f(z) lién tuc tai moi diém
cua D thitandéi w= f(z) lién tuc trén D .

- Tinh chit

+ Néu w= f(2) lién tuc theo nghia C trén tap doéng D =C thi w= f(2) bichidn trén D,
nghia 14 ton tai M > 0 sao cho |f(z)| <M VzeD.

+ Tong cta moi chudi lity thira 1a mot ham lién tuc trén hinh tron héi tu cia ching.

1.4.3. Ham giai tich phurc

- Pao ham ciia ham bién phire tai mdt diém. Cho ham w= f(z) xac dinh trong lan can cua
diém zyeC va f (ZO) eC, tanodi ham w= f(z) kha vi theo nghia phirc tai néu ton tai giéi

e tim £ G~ G0)

z—z, Z—2

€ C. Gia tri cta gidi han nay duoc ky hiéu la f"(z) va duge goi la
gia tri dao ham ctia ham w= f(2) tai diém z.

- Ham giai tich tai mot diém. Néu ham w= f(z) kha vi theo nghia phtc tai moi diém thudc

mét 1an can nao d6 cua z, thi tanéi ham w= f(z) giai tich tai z.

- Ham giai tich tai vé cwe. Ta no6i ham w= f(z) giai tich tai vo cuc néu né duoc xac dinh

tai mot 1an c4n ¥ nao d6 cua vo cuc, gida tri f(0)eC va ham sb
1 .

fl- khzzeV\{O;oo}

z

g(z)=

giai tich tai z=0.
f(oo) khiz=0

18



- Nhan xét. Do dinh nghia dao ham ctia ham bién phirc gidng hét nhu trong giai tich thuc nén
céc quy tac hinh thirc vé dao ham va cac cong thirc dao ham ddi véi ham bién phirc giéng nhu

cac quy tic da biét trong giai tich thuc.

-Vidu 8

f(z) f'(2)

e’ e’
sinz coSz
coSz —sinz
In(1+2z) 1
1+z
z" (n € N*) nz""!

- Néu D 1a mét tap mé trong C, ta ndi f (z) giai tich trén D néu f (z) giai tich tai moi diém
trén D. Tur day trd di, khi ndi dén cac tip ma thi ta ludn hiéu 1a tip mé trong C.

- Cho D 1a tap m¢ chira 1an can thing cia vo cuc, ta noi f (z) giai tich trén tap D u{oo} néu
f(z) giai tich trén D va f(z) giai tich tai v cyc.

- Pinh nghia ham dao ham

+ Néu f(z) giai tich trén thp m¢ D thi ham f"(z) (z € D) duge goi 1a ham dao ham cua
f(z) trén D.

+Ham dao ham cua f”(z) duoc goi 1a dao ham cap hai cua f (z) va duge ky hiéu f"(z).

+ Ham dao ham ctia dao ham cap (n—1) coa f (z) duoc goi 1a dao ham cp ncua f (z) va
dugc ky hiéu f(n) (z) (n eN,n2 4).

- Dinh ly

+ Dao ham cua ham giai tich trén tdp md D thi ciling 1a mot ham giai tich trén tap D.

+ Ham giai tich trén tap md D thi c6 dao ham moi cap trén D va cac dao ham nay déu la ham
gidi tich trén D.

- Pinh ly (vé tong ciia chudi lity thira). Tong cua chudi lity thira 1 mot ham giai tich trén
hinh tron hoi tu ciia nd. Hon nita, trén hinh tron hoi tu, dao ham téng ctia chudi liiy thira béng

tong cac dao ham cac s6 hang cta chuodi do.
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o0
. —1
Térc 1a: Néu s(z)= D a,(z—2zy)" thi s'( Zna (z-z)".
n=0
- Pinh Iy (vé& chudi Taylor & 1an cian mgt diém). Cho D la mot tap mo va diém z, € D. Khi
d6 néuham £ (z) giai tich trén D thi f(z) khai trién duoc thanh chudi lity thira clia (z—z)

trong moi 7 —lan can ctia néu » —1an can nady nam trong D.

0 (n)
L x z x
Tirc 1 c6 bidu bién: /()= a,(z-z)" (1), trong d6 a, = f—('o) Chudi (1) duge goi
n!
1a chudi Taylor ciia ham f(z) & lan cén z.
1.5. Tich phan ciia ham bién phirc lién tuc theo mt dwong cong
1.5.1. Mt s6 dinh nghia lién quan dén dwong cong
- Pinh nghia vé tuyén
+ Xét ham sb z(¢): [0{, ,6’] — C c6 tinh chat: Néu bat ky diy sb thuc (tn) C [a, ,6’] thoéa man
lim¢, =¢, € [a,ﬂ] thi déu co6 ]jmz(tn) :z(to). Khi d6 ham sb z(?), te[a,ﬂ] duoc goi la
mot tuyén trong C. Noi cach khac: Mot tuyén trong C chinh 1a mot 4nh xa lién tuc tir
[a, ,8] — R vao tap sb phirc C. Céac diém a=z(a),b=2z(f) duoc goi 1a cac diém mut cia
tuyén, trong d6 a dugc goi la diém dau, b duoc goi la diém cubi cta tuyén.
+ Chu y. Mot tuyén trong C duoc dinh nghia tuong tu.
- Pinh nghia vé dnh va duong cong
+Tap hop L= {z =z(t),t e [a,ﬁ]} < C dugc goi 1a anh cua tuyén z =2z(1), 1 €[, B].
+ B§ d6i anh va tuyén dugc dinh nghia nhu trén dugc goi 1a mdt duong cong trong C véi
phuong trinh z=z(¢), t € [Oc, ﬂ] Chiéu chuyén dong ciia z =z(¢) khi ¢ ting tr o dén

trén L dugc goi 1a chiéu duong cua duong cong. Néu khong c6 gi dic biét thi ta s& goi tit 1a
“dudng cong L” thay cho bo d6i tuyén va anh.

+ Chu y. Anh va dudng cong trong C dugc dinh nghia tuong tu.
- Pinh nghia vé tuyén tron va tron tirng khiic
+ Pat z(f) =x(¢)+i.y(t). Tuyén z=2z(¢), te[a, ﬂ] dugc goi 1a tuyén tron néu cac ham

x(¢), y(t) c6 dao ham lién tuc v&i moi € [a, ﬂ] va |x'(t)+i.y'(t)| >0 Vte [a, ﬂ] (tai cac

diém mut, dao ham dugc thay béng dao ham mot phia).
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+ Tuyén z=2z(t), te [a, ,6’] dugc goi 13 tuyén tron timg khic ton tai cic diém
a=oy<o<..<a,=p sao cho mdi tuyén z=z(t), t € [ak—l’ak] (k = 1,2,...,n) la tron.

- Pinh nghia vé dwong cong tron, tron tirng khiic, dwdng cong déng

+ Puodng cong dugc goi 14 tron néu né cd phuong trinh 13 mot tuyén tron.

+ Pudng cong duoc goi 1a tron tirng khiic néu nd c6 phuong trinh 1a mot tuyén tron timg
khuc.

+ Duong cong {L,Z =z(t),t [0{,,6’]} dugc goi la dudng cong dong néu z(a) =z(B).

+ Puong cong {L,Z =z(1),t € [a, ﬂ]} duge goi 1a duong cong Jordan néu anh xa xac dinh &

tuyén ctia dudng cong 1a mot don anh. Néu khong noi gi thém thi khi néi dén duong cong L,

ta hiéu duong cong L 13 duong cong Jordan.

1.5.2. Tich phan ciia ham bién phitc theo mdt dwong cong phang

- Pinh nghia. Cho &, (< /) 1a hai s6 thyc hiru han va {L,Z =z(t),t € [a,ﬂ]} 1a duong
cong tron ting khtic. Ham f(z) 1a ham bién phirc lién tuc trén L va nhan gia trj trong C.
Gid st phuong trinh dudng cong L ¢6 bicu dién: z(7) = x(7)+i.y(¢) va ham bién phirc f(z)
c6 dang: f(z)=u(z)+iv(z).

Tich phan cua f (z) theo duong cong L, dugc ky hi¢u boi I f (Z )dZ , néu ton tai thi n6 1a mot

L
s0 phurc xac dinh bdi viéc nhan hinh thirc nhu sau

s
[ £(2)dz = [[u(xt)+i.00) +iv(x(0) +i9(0)) | (¥ (O) +iy'(2))

L a
B B
= j [1a(x(t)+iv(0)) x'(0) = v(x(0) +i0(8)) ¥ (1) |t +i j [1e(x(t) +iv(0)) ¥ (0) +v(x(0) +iv(0)) X (0) ] .

Néu mot trong cdc tich phan thuc trén ma khong ton tai thi ta quy uée _[ f (Z )dZ khéng ton
L
tai. Nguoc lai, nd biéu dién mot sb phtrc.
- Nhan xét. Tich phan _[ f (Z )dZ dugc dinh nghia nhu trén thi c6 cac tinh chat giéng tich
L

phan dudng loai 2 trong mét phang.
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1.5.3. Cong thirc Newton — Leibnitz

- Pinh nghia vé nguyén ham ciia ham giai tich

Cho mién D trong C va f (z) la ham giai tich trén D. Ham F (Z) giai tich trén D dugc got
la mot nguyén ham cua f(z) trén D néu F'(z) = f(z) VzeD.

- Nhén xét. Moi ham giai tich trén mién don lién D déu c6 nguyén ham trén D. Hon nita, hai
nguyén ham bat ky ciia cing mot ham giai tich thi chi sai khac nhau mot hang s6.

- Cong thirc Newton — Leibnitz. Néu L 1a mot duong cong tron timg khic nam trong mién
Dva f(Z) c6 mot nguyén ham la F(z) trén D thi

If(z)dz = F(z)‘b = F(b) —F(a) v6i a, b 1an luot 1a diém dau va diém cudi cua L.

a

Cong thuec trén dugc goi la cong thirc Newton — Leibnitz,.

1.5.4. Pinh ly Cauchy va cong thirc tich phan Cauchy

Chung ta cong nhan hai dinh 1y sau day

a) Dinh ly Cauchy

Néu ham f (z) giai tich trén mién D va L 1a mot duong cong dong, tron ting khic, nam tron
trong D sao cho L khong bao quanh mét diém z nao ma tai do tinh giai tich cia f (z) bi vi

pham, thi: If(Z)dZ =0,
L

b) Cong thirc tich phan Cauchy
-Néu f (z) giai tich trén mién don lién D va L 13 mot duong cong dong Jordan tron timg

khiic nam tron trong D. Chiéu dwong trén L 1a chiéu du:ong quy udc véi mién D' duge gidi

If (2)dz

han boi L. Khi @6 véi moi diém ae D' thi: .
27[1 z—a

Cong thurce trén dugce goi la cong thire tich phan Cauchy.

- Vi du 9. Cho L 1a dudng cong déng Jordan tron timg khuc, chiéu duwong trén L 1a chiéu

duong quy udc voi mién D duoc gidi han boi L. Khi d6, tinh tich phan: 1 = J. , VOl

Z +9’
i) #3i nam bén ngoai D.
ii) 3i nam bén trong D, —3i nim bén ngoai D.

22



iii) —3i nam bén trong D, 3i nam bén ngoai D.
iv) Ca +3i déu nam bén trong D.

Loi gii

d
=] “_ —0 theo dinh Iy Cauchy.

2749
(21 j
J' +3i

i) I =

v Z- 3i
. 1
Ap dung cong thirc tich phan Cauchy cho ham f(z)= 3 ta c6
z+3i
f(3i)= j L& =1=| i f(3)=2mi =T
27[1 z— 31 27ziL22+9 L22+9 6i
iii) 1 = 2 o 3
+9 z+3i
L
. |
Ap dung cong thirc tich phan Cauchy cho ham f ( z ) = 3 ta co
z—3i
1 /4
=27 —31 2wl —=——.
27[1 J. 7zt 31 27[1 22 + 9 I f ) —6i 3

L?

iv) Xét duong tron C; bao quanh diém 3i va duong tron C, bao quanh diém —3i véi ban
kinh di bé dé hai dudng tron ndy nam bén trong dudng cong L, chiéu duong trén C; va C,

déu 1a chiéu xuoi kim déng hd. Pat K = C; U C, UL, khi d6 chiéu trén K 1a chiéu duong.

Ap dung dinh 1y Cauchy, ta c6

I dz =0 dz + dz + dz =0<:>j dz +J1+J,=0.
z2+9 z2+9 22+9 z2+9 Z2+9
K L G C, L
Theo ii) va iii) thi: le—g;Jzzg.Do dé
jzd +J1+J2_0@j Y| “<__)
LZ +9 Z +9 3 3 LZ +9
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Loi giai
Xét duong cong L: |Z —a| = a. Khi d6, bén trong L chi ¢6 duy nhat diém z=1.

z

d. +1)(z% +1
Ta phan tich: 1 = _[ i—zl= %Zl)dz.
_ z—

-y Z -
‘z—a‘—a ‘z—a‘—a

Ap dung cong thirc tich phan Cauchy véi ham f (z) =————>——taco
(z+D(z"+1)

z
! f(z) 1 )+, 1 z
/) 2mi 21 2qi j_ z—1 ey j_ A
|=al=a |z—al=a |z—a|=a
zdz 1 7
Dode: [= | ——=2rif(l)=2rir=""
|z—a|=aZ - 4 2

1.6. Thang du va &rng dung
1.6.1. Piém bt thwong cb 1ap ciia ham giai tich
a) Pinh nghia diém bat thwong cb lap

Piém aeC duogc goi 1a diém bat thuong o 1ap ctia ham bién phuc f (Z) néu f (z)
khong giai tich tai @ nhung f (z) giai tich trong mdt 1an can thung cta a .
b) Phén loai diém bat thuwong cé lap

Tuy thudc vao déng diéu cua f(z) khi z dan téi diém bat thuong c6 1dp z=a ma ta
chia cac diém bat thuong c6 1ap 1am ba loai

i) Piém khir dugc. Diém bat thuong co6 1ap z =a duoc goi la diém khir dugc néu ton tai gidi

han hiru han lim f(z) =beC.

z—a

ii) Cwe diém. Diém bt thudng ¢6 1ap z =a duogc goi 1a cuc diém néu lim f (z) 00,

zZ—a

iii) Piém bat thuwong cot yéu. DPiém bat thuong co 14p z = a néu khong phai 1a diém khir
dugc hay cuc diém thi duoc goi la diém bat thuong cdt yéu.
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Vidu 11

‘ sinz S S X . sinz .
+Ham f(z)= nhin z =0 lam diém bat thuong c6 1ap. Hon nita, do lim =1 nén
z z—0 Zz

z =0 1a diém khur duge.

2

z"+4 22+4_

+Ham f(z)="——— nhan z =i lam diém bat thuong c6 lap. Hon nita, do lim 0

z—1 zi z—1
nén z =i la cuc diém.

1
+ Ham f(z)=¢292 nhin z=2023 lam diém bat thuong c6 lap. Mit khac, do

1

lim 772023 ngn z =2023 1a diém bét thuong cbt yéu.
z—2023

1.6.2. Khong diém ciia ham gisi tich
- Cho ham f'(z) giai tich trén mién D. Diém z=2z, € D duoc goi 1a khong diém cta ham

f(z) néu f(zo)zo.

(22 +4)(z—1)

z —

- Vi du 12. Ham f(z) = ¢ cac khong diém 1a: z=1,z =42/, c6 mot cuc
diemla z=2.

- Nhén xét. Khong diém ctia ham gidi tich f(z) khac ham dong nhat bang 0 & tinh 6 lap,
ttc 1a néu z = Zy la khong diém cua ham f (Z) thi t6n tai mot 1an can thung cua z =z, ma
f (z) # 0 véi moi z trong lan can thing d6. Trong khi ham ddng nhat bang 0 thi khong c6
tinh chét nay. Piéu nay dugc thé hién manh hon & dinh 1y sau dy.

- Pinh Iy. Néu z = Zy 1a khong diém cua ham f (z) thi ton tai s6 nguyén duong n sao cho
f(z)=(z-2)" g(z) véi g(z) 1a ham giai tich trong mot 1an can ndo do cia z=z, va
g(z)#0 trong lan cén do.

Chirng minh

Vi ham f (Z) giai tich ¢ 1an cén diém z = Zy nén f (Z) khai trién dugc thanh chudi

w p(n) _ n o £(n) _ h
Taylorélancanz=zo:f(Z)=f(Zo)+Zf (zol('z z0) :Zf (zol('z zp) .

n=l1

n=l1
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Do ham f'(z) khong la ham dong nhét bang 0 nén ton tai s6 nguyén duong n bé nhét sao cho

w (k) Y k—n
f(n)(zo);tO.Tl‘Id(')tac(): f(Z):(Z—ZO)"Zf ( O)EC' 0) .
k=n :

®) (¢ o Oz (z=z0 )"
z :g(z):f n(' 0)+ > f (o)gd 0) .

o 0 (z0)(z=z2) "
Batg(z)zkgf (20)(z—2)

k=n+1
RO rang ham g(z) lam ham giai tich vi 1a tong cta mot chudi liy thira & l14n can cua diém

(n)
z=z,, dong thoi lim g(z)zf—(zo)zg(zo);tO. Vay khi z da gan z, ta c6 g(z)#0,

737, n!
tir 46 dan dén f(z) =(z—zo)n g(z) #0. T d06 suy ra: f(z) # (0 trong mot lan can thung
nao do cua z.
- Pinh nghia
+ 86 n noi trong dinh 1y & trén duge goi 1a s boi (hay cap) cua khong diém Zo cua ham
/(2)-
+ Ta noi z; la mét cuc diém cip n coa ham f (z) néu f (z) biéu dién dugc duéi dang

f(z) = L, trong d6 z, la khong diém cip n cua ham g(z).

g(z)

Néu n=1, tanéi z, 1a cyc diém don cua f(z).

-Vidu 13
\ z—2 A \ <X - X £
+ Ham f(z)=3— nhan z = —1 lam cyc diém don, z =i lam cuc di€ém cap 3.
(z—i) (Z+1)
i ,
+ Ham f(Z) =——nhan z =0 lam cuc diém don.

Smz

1.6.3. Thang dw
a) Dinh nghia
- Thing du tai diém bat thwong ¢é I1ap hiru han
Cho z=aeC la diém bét thudng c6 1ap cia ham bién phirc f(z), gidi tich trong & —
lan cén thing V cta z=a. Ta xét C, la duong tron tdm a, ban kinh » dt nhé sao cho C,

nam tron trong 1an cn thing V, chiéu duong trén C, 14 chiéu nguoc kim dong ho. Khi do,
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: 1
gié tri biéu thirc pom j f(z)dz duge goi 1a thang du ciia f(z) tai z=a va dugc ky hiéu I
Tl
C.
res f(z). Nhu vay: res f(z) =L, I f(z)dz.
a a

27 e

- Thang du tai vo cuc
Gia su ham f'(z) giai tich trong lan c4n thung cua vo cyc. Ta xét C, 1a dudng tron
tam tai z=0 va c6 ban kinh 7 du 16n sao cho C,. dugc chira tron trong lan cén thing cta vo

cuc (ma tai d6 ham f(z) giai tich), chiéu duong trén C, 1a chiéu thudn kim dong hd. Khi d6

, 1
gia tri biéu thirc Py I f (z)dz duoc goi 1a thang du cua f (z) tai vo cuc va duge ky hiéu
i

o
r(isf(z). Nhu vay: I”ciSf(Z) =ﬁ I f(z)dz.

b) Pinh ly

Giasu f (z) 1a ham giai tich trong mién don lién D trir ra mot s6 diém bat thuong co
lap cua f (z), L 1a dudng cong déng Jordan nam tron trong D va khong di qua bt ctr diém
bat thuong ¢ 1ap nao clia f(z). Duong cong L giéi han mién D', chiéu duong trén L 1a
chiéu duong quy udc voi mién D', trong D' chi c6 mot s6 hiru han diém bt thudng co lap

n
cua f(z) la: ay,ay,...,a,. Khi do: jf(z)dz=27zi2resf(z).
L k=1 %

Y nghia ciia dinh 1y nay thé hién & chd: Ta c6 thé quy viéc tinh tich phan ctia ham bién
phuc f (z) theo duong cong L vé viéc tinh cac thing du ciia f (z) tai cac diém bat thuong
c6 1ap cua no.

1.6.4. Chubi Laurent

- Pinh ly (cong nhéan, khong ching minh)

Ham f(z) gidi tich trong vanh trong m& G ={0<r<|z-a|<R} thi biéu dién dugc

n=+o0
trong vanh tron ndy nhu 1a tong cua chudi hoi tu: f(z) = Z c,(z—a)" (1), trong d6 cac hé

n=—oo

/(2)

n+l

sO ¢, dugc tinh theo cong thirc: ¢, =— dz (neZ)(2).

27l ‘z—a‘zp (Z —a
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(r < p <R, chiéu duong trén duong tron |z - a| = p 1a chiéu nguoc chidu kim dong ho)

Nhan xét. Gia tri cua ¢, khong phuy thudc vao p bat ky théamin » < p<R.
- Pinh nghia

Chudi (1) duoc goi 1a chudi Laurent ciia ham f(z) trong vanh tron m¢ G.

Trong do:
n=-1 . -
+ f(z2)= D ¢,(z—a)" dugc goi 1a phan chinh cua chudi.
n=—o0
n=+0 . . N
+ f(2)= D ¢,(z—a)" dugc goi 1a phan déu cta chudi.

n=0

- Tinh chéat

, e 1
+Néu z=aeC ladiém bit thudng cd 1gp ciia f (2) thi: res f(2)=—— [ r(z)dz=c..
a Tl
Cr

+ Néu diém bat thuong c¢o 1ap a cua f (z) 1a diém khir duogc thi: res f (z) =0.
a

+Néu a 13 cuc diém cép n cua f (z) khi va chi khi chudi Laurent ctia f (z) c6 dang

o0

> ck(z—a)k, c_, #0.

k=—n

zZ—a

+Néu a la cuc diém don cua f(z) thi: resf(z)=—21 - J.f(Z)dZ=C_1 = lim (Z—Cl)f(Z).
a 7Tl
C

”

+ Dic biét, néu @ la cyc diém don clia f(z) va f(z) c6 biéu dién dang f(z)=
d6 g(z),h(z) déu giai tich tai a, /(z) nhn a la khong diém cap 1. Khi do

e (e i oong(z) mEE) g(g)
af()— | f(z)dz=c g = lim( )h(z)_ W) k(@) K (a)’

27l z—a .
C, lim
zZ—a zZ—da

+Néu a 13 cuc diém cép n cua f (z) thi
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(n=1)

lim| (z-a)" /()|

(I’l—l)!z—m

1
res f(z)=7— [ f(2)dz=c., =
C.

- Pinh nghia. Gia st v6 cyc 1a diém bat thuong co 14p cia ham f (z) Chubi Laurent ciia
ham f (z) trong lan can thing cua vo cuc dugc thiét 1ap nhu sau

e 1
+ Thuc hién phép doi bién z=—.
w

1

+ Khai trién ham f (
w

j thanh chudi Laurent trong lan can thung cua diém w=0.

o 1
+ Thuc hién phép doi bien w=—.
z

- Tinh chéat

+00
+ Gia su Z ¢,-z" 1a chudi Laurent ciia ham f (z) trong lan can thung cua vo cuc. Khi do:

n=-—00

res f(z)=—c_;.

+ Thing du ciia ham f(z) c6 thé khéc 0 ngay c4 khi v6 cuc 1a diém bat thuong c6 1ap khir
duogc cua f (z) Diéu nay khac voi truong hop diém bat thuong ¢b lap khir duoc cua ham

/(z) 1a hitu han.

1
Vi du 14. f(z) =e? nhan z = oo 1am diém bt thuong khir duoc nhung resf(z) =—1.
o0

+ Néu f(z) 1a ham giéi tich trén C trir ra mot sO hitu han céc diém bat thuong cd 1ap

n
a,,a,,...,a, thi: resf(z)+2resf(z) =0.
» k=1 %
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BAI TAP CHUONG 1
Bai 1. Thuyc hién phép tinh, chi rd phan thuc va phéan o cta két qua
a) A=(3-2i)(1+3i)".

(3+4i)(2—i).

b) B=
2+3i

. 2
Bai 2. Cho hai s6 phtrc z; =§(l+i) va zp = %(—1-’-1\/5).
a) Biéu dién hai s6 phurc trén dudi dang dai s, dang luong giac va dang mil.
< T .. T 2 , . N \ N ,
b) it a = cosaﬂsmﬁ ,b=a.z, c=a(z,)" . Ching minh rang: a,b,c 1a ba nghiém cia
phuong trinh z° — 21 =0.

Bai 3. Cho ba s6 phiic z =J6-i2, 2y =—2-2i, z3 =4

22
a) Viét zy,2Z,23 dudi dang lugng giac.

b) Tur d6 hay tinh c0s7—ﬂ, sin7—ﬂ.
12 12

Bai 4. Thuc hién phép tinh

a) A:(l—i)4(\/§+i)6.
b) B = (cos%+isin%).i5.(l+ i\/§)7.

(1+i)10 .
(5]

=20
d) D:(lﬂx/gJ .

1-i

c) C=

_ —1+i3 4 (_l_i‘/g)ls '

E
L T

Bai 5. Tinh cac can bac ba cua so phirc
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( 2r .. 27[)
a) z=3| cos—+isin— |.
3 3
b) z = J3-i.
N A ) 1 . 1 ’ L4 . A A
Bai 6. Cho s6 phuc z = _E(l +i3 ) Tim cac gié tri nguyén duong n dé
a) z”" 1a s thuc.

n 1y A o
b) z" 1a s6 do.

Bai 7. Chirg minh rang

2) 1+(l+i\/§]+[l+i\/§]z+m+(l+i\/§]34 :—l+i\/§-

2 2 2 2

voi n 1a s6 nguyén duong.

b l+itanx ) _l+itannx
l—itanx 1—itannx
Bai 8. Khai trién thanh chudi Taylor cdc ham giai tich sau trong 1an can cac diém z, tuong

tig. Tinh dao ham cap 2023 clia cdc ham do tai z.

1984

a) f(z):

vii 20:1.

b) f(z):

———— Vi z =3.
22—3z+2

o) f(z)= 22 voi zy =1.

z°+1

Bai 9. Tinh tich phan

a) j(zﬂ')dz voi L 1a duong cong c6 phuong trinh z=7-1+it, t € [—1;2] :
L

b) J'(z2 —z+i)dz v6i L 1a duong cong c6 phuong trinh z =2 +i.(1-1), t €[0;3].
L

Bai 10. Khai trién cac ham bién phtrc sau thanh chuoi Laurent tai 1an can thung cua cac diém

bat thudng 2z dugc chi ra. X4c dinh phan chinh va phan déu cua chudi Laurent d6
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222 432-2i . )
b) f(Z):(z—i)1984(z+2) voi z =1.

Bai 11. Tinh cac tich phan sau bang cach ap dung dinh 1y Cauchy

2
c) —dz.
z—'l|'.=6 Z(Z - 2)

Bai 12. Str dung thing du dé tinh cac tich phéan sau

2) zdz
Z_:lﬁ—JXZ—Zf
b) (z + 2)dz

e (22 —dz+ 3)(22 -1)

Bai 13. Tinh thang du cua cac ham bién phuc tai cac cuc diém cua no

2_
a) f(Z)ZZ(Z—_;l.;-
b) g(z):%.
¢) h(z)= =

(z=1)(z+2i)
Bai 14. Tinh thang du tai v0 cuc cua cac ham bién phuc ¢ Bai 13.

Bai 15. Tinh thang du tai cac diém bat thudng ciia cac ham duogc cho dudi day bang cach khai

trién cac ham d6 thanh chudi Laurent tai 1an cin thing cua diém bat thuong dugc chi ra

222245

Y f(Z) B (2—2)(22 +1)

tai z=2.
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tal z=1i vatal z=o00.

b) f(z)=

(22 +1)2

) f(z)= 2_11)3 tai z=o0.



CHUONG 2. PHEP BIEN DPOI LAPLACE

2.1. Binh nghia phép bién dbi Laplace
2.2. Tinh chét cua phép bién dbi Laplace
2.3. Bang bién dbi Laplace co ban

2.4. Bién dbi Laplace nguoc

2.5. Mot s6 tng dung cua bién d6i Laplace

Giéi thiéu
Bién d6i Laplace 1a mot bién d6i tich phan quan trong, dung dé giai mot sé phuong
trinh vi phan, vi tich phan, ... thuong gip trong nganh Dién — Dién tir. Bién dbi Laplace cho

phép chuyén tir phép tinh vi tich phan trén ham (ham gdc) sang cac phép tinh dai sé trén anh
(ham anh).

Tén cta phép bién ddi nay duoc dit theo tén ciia nha toan hoc va thién vin hoc ndi
tiéng ngudi Phap 13 Pierre Simon Laplace (1749 — 1827). Laplace dé cap dén van dé nay dau
tién vao nam 1782, tuy nhién tinh hiéu qua ctia phuong phap nay hau nhu khong duoc cong
nhan.

Khoang 100 ndm sau do, k¥ su dién nguoi Anh 1a Oliver Heaviside (1850 — 1925) da
nghién ciru nhitng k¥ thuat thuc té dé nang tim dé phép bién d6i Laplace rat hiéu qua nhu
ngay nay. Do d6, bién doi Laplace d6i khi con dugc goi 1a phép tinh Heaviside.

Pierre-Simon Laplace

\§; %G

/ ).~

Chan dung sau khi 6ng méat do Ba
vé, 1842

[‘I s
Feytaud
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2.1. Pinh nghia phép bién doi Laplace

2.1.1. Tich phan suy réng ciia ham phirc véi can dwong vé6 han

- Pinh nghia. Cho ham phuc bién thye w= f (1) =u(t)+iv(t) véi t €(a;b) va u(t), v(z)
la cdc ham nhén gia tri thuc. Ham w= f (t) duogc goi la kha tich trén [ p;q] < (a3b) néu céac
ham u(1), v(¢) kha tich trén [ p;q]. Khi d6, tich phan sau duoc goi 1a tich phan suy rong cua

ham w= f (t) v6i can duong vo han va gia tri cua tich phan dugc gan boi gia tri cia gidi han

tuong trng
+o0 b b
1:J. dt = lim J.f dt = lim u(l)dt+i. lim v(t)dt.

b—>+oo b—>+x b—+o0
a a

a

400
- Pinh nghia. Vi gia thiét & dinh nghia trén thi tich phan suy rong I = I f (t)dt dugc goi

a
b
13 hoi tu. Nguoc lai néu mét trong hai tich phan I dz‘ , Iv dt phan ky thi tich phan suy
a

0
rong [ = I f(¢)dt dugce goi 1a phén ky.

a

+00 +0
- Pinh ly. Néu tich phan suy rong I ‘ f (t)‘dt hoi tu thi tich phan I f(#)dt cting hoi ty va

a

tansi | f()dt hoi tu tuyét ddi. Khi do:

+jiof(z‘)alt

sT\f(z)\dz.

- Tinh chat. Cac cong thiic, quy tic vi phan va tich phan v6i ham phuc bién thuc hoan toan

gidng nhu d6i v6i ham thyc bién thuc.
2.1.2. Dinh nghia bién ddi Laplace
a) Pinh nghia 16p ham gbc
- Xét16p G céc ham phire bién thue w= f (t) thoa min cac diéu kién:
+ f(1)=0, V£ <0.
+ f (t) lién tyc timg khuc trén mién ¢ > 0. Tc 1a trén mién nay, f (t) c6 khong qua

dém dugc cac diém gian doan loai 1, ddng thoi trén mdi khoang hiru han (a;b) = (0;+00) thi

s0 cac diém nhu vay 1a hiru han.
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+ f() khong ting nhanh hon ham mii khi ¢ — +o0, titc 12 t6n tai c4c s6 dwongar va
M (phu thudc vao f) sao cho: ‘f(t)‘ <M.e*, ¥t>0 (1)
Sb oy =inf {a} (v6i a 1a cac gia tri thoa man diéu kién (1) ¢ trén) duoc goi 12 chi s6

tang cua f (t) Lop G duoc goi 1a 16p ham géc, mdi ham sb thudoe G duoc goi [a mot ham

géc.
- Chu y. Nhéc lai dinh nghia inf i v6i tap con cua tap s thuc.
Cho A4 1atap con cua tap sb thuc.

+ Dinh nghia can duoi cua A. SO m dugc goi la can dudi cua tap 4 néu vol Vx € 4

thi x > m.

+ Dinh nghia can duoi dung cua A.Gia st « 1a mot can dudi cia 4. Khi do a dugce
goi la can dudi ding cua A4, ky hi¢u inf (A), néu v&i moi can dudi m cia A thi @ >m.
b) Pinh nghia bién d6i Laplace ciia ham goc

- Cho f(¢) 1a mt ham gbc véi chi sé ting ¢ . Ham phirc bién phitc F( p) x4c dinh béi cong

+00
thie: F(p)= J e P! f(t)dt trén mién Re(p)> a, duoc goi 14 bién ddi Laplace cua f(¢)
0

,ky hiéw: F(p)=L(f)(p) hodc F(p)=L(f(®))(p).
-Ham F(p) duoc goi la ham anh cta ham goc f(¢).

2.1.3. Bién ddi Laplace ciia mdt s6 ham don gian

a) Vi du 1. Bién d6i Laplace ctia ham don vi Heaviside

2 . . 0 khit<O L
Xét ham s6 don vi Heaviside: /(¢)= { _ . Tinh bicn doi Laplace cta /(¢).
1 khit=0
Loi gidi
+00 +00 e_pt +oo 1
L(I®)(p)= [ e P I(t)dt= [ ePdt="— == (Rep>0).
0 0 P, p

b) Vi du 2. Bién d6i Laplace ctia ham mil.
Xétham mil f(¢)=e* (a € C). Tinh bién ddi Laplace ctia f(¢).
Loi gidi
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400 +00 e—(p—a)t |+OO
L(em)(p) = '([ e P edt = .O[ e PO gy — e —05)‘0 = s Re(p—-a)>0).

2.2. Tinh chit ciia bién doi Laplace
2.2.1. Tinh chét tuyén tinh

- Phat biéu. Néu o,  1a cac hang s6 phuc; f(t),g(t) 1a cac ham gbc thi:

L(af(®+pg®)(p)=aL(f®)(p)+LL(g®)(p)-

- Chirng minh. Tinh chét tuyén tinh dugc suy tir dinh nghia ctia bién d6i Laplace va tinh chat

tuyén tinh ciia tich phan suy rong.
- Vi du 3. Tinh bién d6i Laplace cua cac ham sau

a) f(t)=cosat, aeC.

b) f(t)=sinat, a eC.

,e e t+e
¢) f(t)=coshat v6i cosht = 5
e —e!
d) f(¢)=sinhat véi sinhz =
Loi giai
o ) ) eiat + e—iat L eiat _e—iat

Tur cong thirc Euler ta c6: cosat = — va sinat = Y

i

N | —

iat —iat ) .
a) L(COS(Zf)(p) = L[&J(p) :_L(elat)(p)-i'%L(e_lat)(p)

-1 1. +l 1, -1 1‘ + 1. __P (ae@, Rep>|Ima|).
2p—ia 2p+ia 2\ p-ia p+ia) p*+a?

. iat _ _—iat 1 i 1 i
b) L(smat)(p)zl{%](p)z—j(e t)(p)—ZL(e t)(p)

2 2i
Zi. 1. —i. 1. =i, 1- - 1, =2 (aeCC, Rep>|1ma|).
2i p—ia 2i p+ia 2i\ p—ia p+ia p2+a2
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c) L(coshar)(p) =L[%]m=§L(em)<p>+;L(e—w)<p>

! +1 ! 1[ ! + ! j:pzp (ae@, Rep>|Rea|).

1
2p-a 2p+a 2\p-a p+a .

at _ —at
d) L(sinhat)(p)= L(LJ(];) Z%L(em)(p)—%L(e_“’)(p)

111 1 1[1 1j: “— (@<C, Rep>[Real).

“2p-a 2p+a 2\p-a pta p’-a?

2.2.2. Tinh chit ddng dang
- Phat biéu. Néu /() 1a ham gbc va hing s6 thue ¢ > 0. Dong thoi L(f(1))(p)=F(p) thi
1 (p
L t =—F| =
(ren)(p)=1(2]

+o0
- Chimg minh. Thét vy, ta c6 VT = L( f(ct))(p)= I e Plf(ct)dt.
0

< u 1
bat ¢t =u =t =—= dt =—du ta dugc
c c

+oo _pu +00

2 Py
VT = 'i. e ¢ f(u)%duz% 'i. e ¢ .f(u)duz%F(szVP (dpcm).

2.2.3. Tinh chét tré
a) Pinh ly tré thir nhat
- Phat biéu. Cho f (t) 12 ham gdc véi chi s6 ting oy va hang s6 thuc ¢ > 0.
0 khit<c ,
bat f.(t)= . Khi d6: Neu L( f(¢ =F thi
it /(1) {f(t_c) Wi £ 0 (f®)(p)=F(p)

L(f.®))(p)=€eP.F(p) (Rep>cy).

- Chirng minh
VT =L(£.0)(p)= [ e P fo(t)de=[ e f(t=c)dt ().
0 c
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bat t —c =u. Tich phan (1) trd thanh

+o0 +00
L(f.(0)(p)= j e_p(”+c).f(u)du =e P j e P f(u)du=eP°F(p)=VP.
0 0
0 khi t <1
- Vi du 4. Tim bién d6i Laplace ctia ham: g () =11 khi 1<t<2.
0 khit>?2

Loi gii

0 khit<l1 0 khit<?2
: (r)—{ thi g(t)=1(t)-J ().

bt I(t) = o = .
1 khit>1 1 khit>2
el e eP-eP)

Suyra: L(g(®))(p)=L(I1@))(p)-L(J®))(p)= T >

b) Pinh Iy tré thir hai

- Phét biéu. Cho /(1) 1a ham gbc véi chi s ting ¢y va hing s6 c e C.

Khi d6: Néu L(f(t))(p):F(p) thi L(eCt.f(t))(p):F(p—c) (Rep > q +Rec).

- Chirng minh
VT = L(ed.f(t))(p) = [ e e f(t)de=[ e PV f(t)dt=F(p—c)=VP.
0 c

Vi du 5. Cho ¢, a 13 cac s6 phirc. Tim bién d6i Laplace ciia cac ham goc sau
a) f(t)=e" cos(at).
b) f(t)=e"sin(at).

c) f(1)=e"1".

Loi giai

a) Do L(cos(at))(p) = = faz = L(ecr cos(at))(p) = (p—i)ﬁ.
. a ct ; __a

b) Do L(sin(at))(p)= e = L(e ’sm(at))(p) = _ofea
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&) Do L(1")(p)= p’}j’ﬂ - L(ec%")(p):#.

2.2.4. Pao ham ciia phép bién d6i Laplace

- Phat biéu. Néu f(¢) 1a ham goc véi chi so ting &, thi bién doi Laplace F(p)=L(f)(p)
1a ham giéi tich trén mién Re(p)> a. Dong thoi, trong mién ny ta c6 thé dp dung cong
thirc dao ham dudi dau tich phan nhu sau

+00 +00

F'(p)= | (e‘l”.f(r)) di= [ &P (~f (0))dt = L(~1f 0)(p).

0 P 0
- Hé qua. Néu L(f(1))(p)=F(p) thi
= LI 0)(p)=-F(p).
+L("f0)(p)= (1) F" (p), neN".

- Vi du 6. Ap dung cong thiic & hé qua v6i cac ham lily thira ta dugc

i) Véi f(t):l(t):L(t)(p)z—(%J =? (Rep>0).

i) Véi f(t)zr:>L(tz)(p):L(r.t)(p):—[LzJ =% (Rep >0).

n!
n+l

p

iii) Tong quat: L(t" )(p) = (Rep>0).

2.2.5. Bién d6i Laplace ciia dao ham
- Phat biéu. Gia sir f(7) 1a ham gbc, f'(¢) ton tai trén (0;+0) va ciing la ham gbc, dong
thoi ton tai gidi han: lim f (t) = f(0+).Khi do

t—0"

Néu L(f(0)(p)=F(p) thi L(f'()))(p)=pF(p)-f(0+).

- Chirng minh. Sir dung tich phan timg phan ta co
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+00 b b
VT =L(f'(0))(p)= j e P f’(t)dt:blim j e Pld( f(t)):blim {e‘l". f(z)‘b+ pje‘l” f(t)d(t)}
o fao el e

=—f(0)+p [ e f()dt = pF(p)— f(0+)=VP.
0

- Hé qua. Gia sur f(t) 1a ham gbc, ton tai cac dao ham f(k) (t) (k=1,2,3,...,n) trén (0;+oo)
va clng 1a cic ham gbc, ddng thoi ton tai cic  gi6i  han

lim f® (1) = f®0+) (k=1,2,3,..,n—1). Khi d6: Néu L(f(1))(p)=F(p) thi

t—0"
L(70)(p)= p"F(p)=| p"7 00+ p" 201+ £ D04 |.

Vi du 7. Tim nghiém cta phuong trinh vi phan y"—3y'+2y =¢> v6i diéu kién ban dau
¥(0)=»'(0)=0.

Loi giai

Goi nghiém can tim 13 y = y(r) va dit Y(p) = L(y(t))(p) )

Lay bién d6i Laplace 2 vé ctia phuong trinh di cho va sir dung két qua

L(y'®)(p)=pY(p)-»0)=pY(p); L(»"®))(p) = p*Y (p) - py(0) - ' (0) = p°Y(p).

Taco: L(y(0)=3V'(0)+250)(p) = L(e* () = ¥ (p)=3pY (p)+2¥ ( p)zﬁ

2 35 10)¥(p)=—— o ¥(p) = !
< (p*=30+2)1(p) 3 L -0

11 11 1 13 1 2t)
—. +—. - < L(y(¢ =L|—e" +=¢ —e
25327500 72 (y®)(p) (2 5 (»)

< Y(p)=

13 1, o
S y(t)=—e +—e —e™ .
y(t) 5 5

2.2.6. Bién d6i Laplace ciia tich phan
- Phat biéu. Gia sir f(¢) lién tuc trén (0;+00) va 1a ham gbc, L( f(1))(p) = F(p). Khi d6

t
ham g(t) = If(u)du cling 14 ham gbc va L(g(t))(p) = M
p
0
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- Ching minh. Ro rang g (t) lién tuc trén ((); +oo) nén diéu kién i) trong dinh nghia ctia ham
gbc dugc thoa man. Gia st o la chi s6 taing cua f (t) , khi @6 voi batky a > oy taco
M o

? t
HOE I|f(u)|du < M.je“”du ="
0 0

! at
<Mye™.
0

Vay diéu kién ii) trong dinh nghia ctia ham goc ciing dugc théa man va chi so ting ctia g (¢)

ciing 1a . Pat L(g(#))(p)=G(p). Vi g(0)=0 nén

F(p)=L(S(0)(p) = L(g0))(p) = pG(p) - £(0) = pG(p) = G(p) = %p) (dpem).

2.2.7. Tich phan ciia bién déi Laplace

2 . t ,
- Phat biéu. Gia st /(¢) 1a ham goc va / E ) ciing 1a ham goc va L(f(#))(p) = F(p) . Khi

do: L[&j(p)z j F(u)du trong d6 j F(u)du= lim j F(u)du.
t » » Rez—>+00p

- Chirng minh. Dat @ =g(1), L(g(t))(p) =G(p).

Suy ra G'(p)=L(-1g(1))(p) =—L(f(2))(p). Vay G(p) 1a mdt nguyén ham cua —F(p).

Do g(¢) 1a ham gbc, gia str chi s6 ting 1a B, nén voi Rez—f—1>0, ta cd

i o0 (—Rez+f+1)e [
|G(Z)| < J. e—(ReZ)f|g(t)|dt SMJ. e(—ReZ+ﬂ+1).tdt :Me— _ M .
—Rez+ [ +1 Rez—-f -1
0 0 0
00
Dodé Ilim G(z)=0.Suyra —-G(p)=-G(p)+ lim G(z)= J‘ —F(u)du
Rez—>+w ReZ—)-{-CD )

+00 +00
t
=G(p)= I Fu)du = L(%j (p)= j F(u)du (dpcm).
p p
L int , P
- Vidu 8. Biét ring f(¢)= % 1a ham gbc. Tinh bién déi Laplace cua f(7).

Loi gii
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) 1 . +00 1
Ta co: L(sint)(p) = 3 = L(—Smtj(p) = j 3 du = Z—arctanp )
p-+1 t u”+1 2

2.2.8. Tich chap va bién d6i Laplace ciia tich chéap
- Pinh nghia tich chap
Gia st (1), g(¢) 1a cac ham gbc véi cac chi sb tang twong ung 1a oy, fy. Xem f(¢),g(¢)
triét tiéu trén (0;+0). Pat: (/*g)() = jf(u).g(t —u)du .
0
Ham (f *g)(t) duoc goi 1a tich chdp cua cac ham f(¢), g(¢).
- Tinh chét
+ Néu 7(r),g(r) 1a cac ham gdc véi cac chi sb tiang tuong tng la o,y thi tich chap
(f * g)(t) cling 12 ham gbc véi chi sb ting Yo < max{ao,ﬂo}.
Chirng minh

Véit>0,6>0,taco

(f*)0)|=

t
j Fu).g(t—u)du
0

t t
< J.|f(u).g(t —u)|du < MJ. Lt [(fyre)i=u) g,
0 0

Ml.e(ao+g)t khi 0(0 > ﬂo

t
— M_e(ﬂo+5)t_-[e(ao_ﬂo)“du <
0 Mz.e(ﬂ0+g)t khi o1} < ﬂo

Bit dang thirc sau ciing c6 duge bang cach tinh toan truc tiép tich phan & vé trai. Tir d6 suy

ra (f*g)(r) 1a ham goc véi chi sb tang ¥y < max {ag, By} (dpcm).
+ Gia str bién doi Laplace ciia f(¢),g(7) 1an lugt 1a F(p),G(p) thi
L((f*2)®)(p) = L(t®)(p)-L(g(®))(p) = F(p).G(p)-

Hay néi cach khac 1a: Bién ddi Laplace cua tich chap c6 tinh chit giao hoan (trong khi bién

d6i Laplace cua tich thong thudng khong co tinh chit giao hoan).

Chirng minh

VT =L((f*2)1®))(p) = j e P! [ j f(u).g(r—u)dqut_ j el”[ j f(u).g(z—u)dqur
0

0 0 0
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= I f(u)du.f e P g(t—u)dt = I f(u)du.f e P o(v)dy
0 u 0 0

= j e P! £ (u)du. j e P’ g(v)dv = F(p).G(p). (dpcm).
0 0

2.3. Bang bién ddi Laplace co ban va mot s6 vi du minh hoa
2.3.1. Bang bién d6i Laplace co ban

Thdng ké lai cac két qua tinh toan & cac vi du trén, ta dugc bang Laplace co ban sau

1
+ L(I(t =—
(1®)(p) »
+L(em)(p):; (a €C)
p-a

+ L(t”)(p):pZ—irl (n EN*)

+ L(cosat)(p):%
P +a

+ L(sinat)(p)z%
pra

+ L(sinhar)(p) = —
p -«
+ L(coshat)(p) = P

p)_ 2 2

P —a

+ L(%ntj(p) =%—arctanp

sinu

du .

. 1z 5 i) = |
+L(Sz(r))(p)—p(2 arctanp) véi i) = [=

0

Dung cic cong thirc trong bang bién ddi Laplace co ban ciing voi cac tinh chit cia bién d6i
Laplace co thé tinh duoc bién doi Laplace cta cac ham khac thudng gip trong cac bai toan

vé k¥ thuat dién.
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2.3.2. Mot s6 vi du minh hoa

a) Vi du 9. Tim bién d6i Laplace ctia ham goc f(¢)= ¢*sint.

Loi giai
. 1 ) of 1) 6p*-2
Tacé L(sint)(p)=— :>L(t .smt)(p):(—l) 5 =—.
p-+1 p-+1 (p7+1
L.z . 2t o
b) Vi du 10. Tim bién doi Laplace ciia ham goc f (t)z 5
Loi giai
26t t
Phan tich f(t)ze © =et.et 1.
1 1 1

Taco: L[ ~1)(p) =L(¢')(p) - L{IO)p) = = =~

e -1 7 du p
=L (= =In (Rep>1).
t 5 u(u p-1

2%t r
:L[e p c J(P)=L[et.et !

¢) Vi du 11. Tim bién d6i Laplace ciia ham gbc f (t) =

J(p)zlnp_; (Rep >2).

cos 6t — cos 4t
. )

Loi giai

p__p
pr+36  p?+16

_ +0 2
:L(cos& cos4tj(p): j[ 2u ~ 2u ja’u:llnu;—%
t U +36 u”+16 2 uc+16

Ta ¢6: L(cos6r —cos4t)(p) =

~+00 2
1. p~+36
==In— :
2 p°+16

P
2.4. Bién d@6i Laplace nguoc
2.4.1. Dinh nghia

-Ham f (z‘) dugc goi 1a bién ddi Laplace nguoc ctia ham F(p) va dugc ky hiéu

f=LYF) hoic f(t)=L"(F(p))(®).
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Noi chung khi ham F(p) da cho thi ham /() (néu ton tai) thi dugc xac dinh mot cach khong
duy nhét, boi vi viée thay doi gid tri cua ham s6 f(¢) tai mt sO hitu han diém khong anh

+00
huéng dén gid tri tich phan F(p)= [ e 7' f(t)dt .
0

Dé khic phuc diéu nay, ta c6 dinh 1y sau
Pinh ly. Cho ham F(p) théa mén cac diéu kién sau

1) F(p) la ham giai tich trong mién Rep>ay=20.
i) Khi |P| —> +o0 trong mién Re p > oy, ham F(p) tién vé 0 déu theo arg p e (—%,%j i

1i1) V61 moi x > oy tdn tai s6 M >0 khong phu thudc vao x sao cho

X+ico
[ |Fec+in|dy<m.

X—io0
Khi d6 ham F(p) la bién d6i Laplace ctia ham f (t) cho bdi cong thirc
1 X+i00
f()y=— | e”.F(p)dp; x>a,.

2w Y.
X—100

Pinh ly. Hai ham goc phan biét lién tuc trén [0;+00) thi c6 céc bién doi Laplace phan biét.

Nhu vy, néu ta chi xét cac ham gbc lién tuc thi bién ddi Laplace nguoc 13 duy nhat. Do d6
trong cac vin dé nhu ding bién d6i Laplace va Laplace nguoc dé giai phuong trinh vi phan
(voi diéu kién dau cho trudc, déng thoi phuong trinh vi phan théa man diéu kién ton tai va
duy nhét nghiém) cac nghiém tim duoc 12 duy nhit boi vi chiing déu 1a cac ham c6 dao ham

(va do d6 chung lién tuc).

Pinh ly. Gia st F(p) 1a ham giai tich trong 1an c4n thing cta vo cuc va khai trién Laurent

o0
cia F(p) trong lan can thing cta vo cuc co dang: F(p) = Z C—’;
n=1 P

Khi d6, thu hep clia F(p) trén mién Re p >0 1a bién doi Laplace ciia ham

f(t): zcnﬂt_, (t>0)
=0 n!

Vi du 12. Ta dinh nghia ham arctan z trong mién phtic |z| <1 bdi cong thuc
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o 2n-1

arctan z = Z:(—l)n_1 z

il 2n—1
Khi @6 trong mién phirc |p|>1 ta co: arctanl: i(—l)’H; T d6 suy ra
= @n-1p*"™!
arctan— trén mién Re p >0, p| >1 la bién doi Laplace cua ham goc sau
P
t sint
t)= —]_ " = t> O .
f( ) Z%)( ) (2n)!(2n+1) t ( )

2.4.2. Mt s6 tinh chét ciia bién ddi Laplace nguoc
- Tinh chét 1. Bién déi Laplace nguoc c6 tinh chit tuyén tinh: Gia str L (F(p)(®) = f(1)

va LN (G(p))(2) = g(t) . Khi d6 v6i a,b e C ta co
L™ (aF (p)+bG(p)) (1) = aL™ (F(p))(©) + L (F(p)) (1) = af (1) + bg ().
- Tinh chét 2. Gia sit L (F(p))(t)= f(¢),ta co: L (F(”)( p))(t) =(-1)" f@0).

- Tinh chét 3. Gia st L™ (F(p))(t) = £ (1), khi d6 v6i moi s6 thuc duong c, ta cb

L (F(EDQ) = cf (ct).
C

- Tinh chét 4. Gia st L (F(p))(t) = f(t), khi d6 véi moi so thuc c, ta ¢6

0 khit<c

-1{ —pc i i
I F(p))(t)—fc(f)—{f(t_c) 1o e

- Tinh chét 5. Giasit L™ (F(p))(t)= f(1),taco: L (F(p—c)) (@)= f(1).

- Tinh chét 6. Gia sit L™ (F(p))(t) = f (1), taco: L (pF(p)—f(0)) ()= f'(2).
F t
- Tinh chit 7. Gia st L (F(p))(t)= f(t),taco: L ((—p)J(t) = j f(u)du .
P 0
- Tinh chit 8. Giasa L™ (F(p))(?) = £(t) va L' (G(p))(?) = g(t), khi d6 ta o

t
LN EPGD) ) =(1*8)0) = [ £t —u)du.
0
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2.4.3. Bang bién d6i Laplace nguoc co ban

(1 0 khit<0
L\ = Jo=10={
» 1 khit=0

+ ! Lj(t) =¥ (aeC)

+ ! P (t)=cosat (axeC)

(t)=sinat (xeC)

(t)=sinhat (aeC)

2 2

+L_1( P J(r):coshat (xeC).
p -«

2.4.4. Mot s6 vi du

g . 3p+7
Vi du 13. Tim bién do6i Laplace ngugc ciia ham anh F ( p) = ZL
p-—2p-3
Loi gidi
3p+7 3p+7 -1 4

Ta c6 phan tich: F(p)= = = +
() pr-2p-3 (p+1)(p-3) p+1 p-3

-1 e S S PSS | il o8 e I PPN ST
=L (F(p))()=L (p+l+p—3j(t) L (pﬂj(r)u (p_J(r) e +4e.

2
P

Vi du 14. Tim bién d6i Laplace nguoc ctia ham anh F ( p) =—.
2
(7" +1)

Loi giai

48



2
1 1 1 2
Ta c6 phan tich: F(p)= P _ - = — b

(szrl)2 p2+1 (szrl)2 p2+1 2p(p2+1)2

=L (F(p))®)=L" L 2 (ty=L" : (t)+lL‘1 - (0).
2 2 2 2 2

p+l 2p(p2+1) p+1 p(p2+1)

Ta co: L_{ 21 J(z‘)=sinz‘:>L_1 ( 21 J (t)=—tsinz‘:>L_1 Lpz (1) =—tsint

p-+1 p-+1 (p2+1)
_2 t ¢ )
=t % (l)zj(_u)smudu:j”dcos”:L’COS”K)_J.COSudu:tcost—sint
p(p +1) 0 0 )
3 g4l : int+1cost
=L 1(F(P))(l‘):smt+5(tcost—s1nt)=w_
°n da 2p+2
Vi du 15. Tim bién do6i Laplace ngugc ciia ham anh F ( p) - p _
(P> +2p+2)

Loi giai

Ta c6 phén tich: F(p)= 2(p+1) 2—( 12 J
((p+l)2+l) (p+1)"+1

Ta co

r' 21 () =sint =L ;2 ()=e¢'sint=L" ;2 (t)=—te”" sint
p+1 (p+1)"+1 (p+1)~+1

_ - 1 —t .
=L (F(p)()=-L'| ———— | =te”"sint.
(p+1)"+1
2.5. Mot s6 ing dung ciia bién ddi Laplace
2.5.1. Str dung bién ddi Laplace dé giai phwong trinh vi phian
Bai toan. Sir dung bién d6i Laplace dé giai cac phuong trinh vi phan

i) y'+ py = f(t) v6i dicu kién dau y (1) = y,
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ii) y"+ py'+qy = f(¢) vé6i diéu kién dau y(to) =0, y'(to) =J.
Phwong phap giai
- Goi nghiém can tim 1a y(t) , dat L(y(t))(p) =Y(p).

- Ap dung bién d6i Laplace vao 2 vé ciia cac phuong trinh dd cho va st dung diéu kién déu,

r0i it Y(p) theo an p dudi dang: Y(p) =M.
K(p)
.y -1{ H(p)
-Tuwdosuyra: y(¢)=L 1(—} ().
K(p)

Vi du 16. Giai cac phuong trinh vi phan sau véi diéu kién dau tuong tng

a) y'+4y=e ' véi diéu kién dau y(0) =1

b) y"—4y'+3y =tsint véi didu kién dau »'(0) =0, y(0)=1.
Loi giai

a) Goi nghiém can tim 1a y(t) , dat L(y(t))(p) =Y(p).

Ap dung bién d6i Laplace vao 2 vé cia cac phuong trinh da cho, ta co

L(y'+4y)(p)=L(e”)(p) = L(YO) (D) +4L(»(®)) () = L(e”" ) (p) )

Mat khac:  L(y'(0))(p) = pY(p)-y(0) = pY(p)—1; L(y())(p)=Y(p);

_ 1
Lle™ =—.
(¢ )2) v
e 1 1
Kh1do(2)<:>pY(p)—1+4Y(p):—<:>(p+4)Y(p)=1+—
p+l1 p+1
oY=y ovpe— 1t 1t 2t 1t
p+4 (p+D)(p+4) p+4 3p+1 3p+4 3 p+4 3p+l
A, _ 71 _2 4 1
Do dé: y(t)=L (Y(p))(t)—ge t3e

b) Goi nghiém can tim 1a y(t) , dat L(y(t))(p) =Y(p).
Ap dung bién d6i Laplace vao 2 vé ciia cac phuong trinh da cho, ta co:

L(y"(t)—4y'(1)+3y(t))(p) = L(tsint)(p)
< L(Y"(0))(p)—4L(Y'())(p)+3L(y(@))(p) = L(tsint)(p) (2).
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Mitkhac:  L(¥"())(p) = p*Y(p) - py(0)~ ¥'(0) = p*Y(p) - p;

L(y'(0))(p)=pY(p)—y(0)=pY(p)—-1; L(¥())(p)=Y(p);

L(tsinz)(m:—[ | J'—( 2p

7 -
p-+1 p2+1)

2
Khi d6 (2) & p*Y(p)— p—4(pY(p)-1)+3Y (p)=—L—

(p2+l)2
. 2p B 2p p—4
<:>(p2—4p+3)Y(P)—P+4—WC>Y(p)_(p2+1)2(p2_4p+3)+p2—4p+3
- 2p p—4
sy I
—47 8+11p 5 p-2

QY(p):100(17—3)+50(p2+1)+4(p—1)+5(p2+1)2 )

Do do: y(1) =L (Y(p))(¢) = [%—%)sint—;:)—z)e% +£§+%)cost+%et.

Vi du 17. M6t mach dién gdm mot cudn cam véi hé sé tw cam 1a 4 (A 13 hang sé duong) va

mot dién tré R (R 13 hang s6 duong) méc nbi tiép v6i ngudn E = Ey.sinot . Tim biéu thirc

ctia dong () néu biét 1(0)=0.

Loi gii

Tong do sut thé trén cac phan tir cia mach bang suc dién dong cua ngudn nén ta c6 phuong

trinh vi phan

/1£+R.I = Ey.sin ot
dt

Gid st L(1(¢))(p)=F(p). Tac dong bién doi Laplace 1én c4 hai vé ctia phuong trinh vi phan

va két hop voi diéu kién dau 7(0)=0 ta co

0] E o
ApF(p)+ RF(p) = E,. & F(p)= 0
002 + 0 (Ap+R)(p? +0?)
- F(p) _ EO;{,C() 1 + E()C()(R - /1p) 1

(/150)2“%32'%1/’1e (Ao)’ +R> p*+w®
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Lay Laplace nguoc, ta duoc két qua
Ejo o ER gl
1) =LY (F(p)(1)=—L e * +—2" sinot -2 cos .
(Ao ) +R (Aw)” +R (Aw)” +R
2.5.2. Str dung bién ddi Laplace dé giai phwong trinh vi tich phan

Phwong phap giai. Cac budc giai gidng nhu sir dung bién ddi Laplace dé giai phuong trinh

vi phan, tuy nhién c6 mot so6 chi y

Néu F(p)=Ly(0))(p), lim y()=p0+), lim y© @)= y®0+), k=1,..,n—1 thi;
x—0" x—0"

a. L(y'@®)(p)= pF(p)—y(0+)

b. L™ (@0))(p) = p"F(p)— p" ' y(0+) = p"2y'(0+) —...— y" D (0+)

c. L[ ] f(s)ds](p) -p)
0 p

d L(f(”j( )= jF(p)dp

Vi du 18. Xét mach dién gém cudn cam véi hé sé twcam A (A 1a héng $6 duong) va tu dién
v6i dién dung C (C 1a hang s6 dwong) mic ndi tiép v6i nguodn co stc dién dong £ (E 1a

hang s6 duong). Tim biéu thirc ciia dong 7(¢) néu biét 7(0)=0.
Loi giai
Cac dinh luét trong mach dién cho ta phuong trinh vi tich phan sau d6i voi dong 1(7)

PR j](r)dr

Giasu L (I (t))( p) = F(p). Tac dong bién d6i Laplace 1én ca hai vé ctia phuong trinh vi tich
phan va két hop voi diéu kién dau 7(0) =0 ta c6

1
F E EC C
apF(p)+E P _E o ppy = EC o () =E\P—”Cl
p p A A p2 +

Cp~ +1 .
AC

. . _ C t
Léy Lapl , ta duoc két qua: 1(¢)=L " (F(p))(t) = E,|=.si .
ay Laplace nguoc, ta dugc két qua ( ) ( (p))( ) P sin NETe
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BAI TAP CHUONG 2
Bai 1. Tim bién d6i Laplace ctia ham gdc sau

a) f(t)=3e* —4e™ +5sin2¢ —Tsint.

b) f(t)=2e3t—:7+sin2t—cos3t+l.

0 khit<Ovt>n
c) f(t)= (Ham xung).

sint khi O<t<rm
d) f(t)=1*e* cost.

cos 2u —cos4u

e) ()= J.Tdu.
0

0 khit<O

A khiO0<Lt<T
DIO=1 ) i T<i<or

0 khit>T

g) f(t)=t"cos’2t.
Bai 2. Chtng minh rang: L(¢*sin t)(p)=L(t—sint)(p).

Bai 3. Tim bién do1 Laplace ngugc ciia ham anh sau

3—2p2+p+1
a) F(p)=—2 .
)= -2

4
b) F(p)=ﬁ.

2p° -6
c) F(p)z(;ZT)I;.

_6(p*-6p* +1)

d) F(p) (p2+1)4

Bai 4. Str dung bién d6i Laplace dé giai phuong trinh vi phan tuyén tinh cdp mot sau

y' =3y =e.

Bai 5. Sir dung bién d6i Laplace dé giai phwong trinh vi phan tuyén tinh cap hai sau
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a) y"+6y'+8y =sin’t, y(0)=y'(0)=0.

b) y'=y'=6y=e*, y(0)=y'(0)=0.

Bai 6. Str dung bién d6i Laplace dé giai cac phuong trinh vi tich phan sau
t
a) y'(1)+2y(1)+ [ y(s)ds = sint, y(0)=0.
0
t
b) ¥'(t)+4y(1)+4[ y(s)ds =sin 2t, y(0)=0.
0
t
©) y'(0)+6y(t) +9[ y(s)ds =™, y(0)=0
0

d) Jt.y(s) sin(f —s)ds =tsint .
0

©) ¥"(t)+ y(t) =sint+ [ y(s)sin(t — s)ds, y(0)=0 va y'(0)=1.
0
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CHUONG 3. CHUOI FOURIER

3.1. Chudi s6
3.2. Chudi ham

3.3. Chudi Fourier

Gidi thiéu

Chudi ham xuét hién tir thé ky 14 & An D6 boi nha toan hoc Madhava (1350 — 1425).
Ong da tim duoc cach biéu dién mot sé ham sb luong giac thanh cac chudi vo han va danh
gia sai s0. Cac thuat ngir “hoi tu” va “phan ky” dugc Gregory dé cap vao nim 1668. Ly thuyét
chudi sau d6 phat trién manh mé& voi sy dong gdp dang ké cua cac nha toan hoc vi dai nhu
Carl Friedrich Gauss, Cauchy, Abel, Dirichlet, Raabe, Weierstrass,...

Nghién ctru chudi lwong gidc nhu mot van dé phat sinh tir vat 1y duoc thuc hién boi
Gauss, Abel, Cauchy. Bén canh do, anh em nha Bernoulli, Euler va trudc d6 1a Viete da quan
tam nghién ctru cac chudi khai trién theo sin, cosin. Nam 1807, Fourier (1768 — 1830) da dua
ra phuong phap biéu dién ham sb lién tuc bang chudi lvgng giac va str dung vao giai phuong
trinh truyén nhiét trong vat thé rin, tir 46 dan hinh thanh 18n 1y thuyét chudi Fourier. Ly thuyét
con cod sy dong gop khong nhod cuia cac nha toan hoc khac nhu: Euler, Cauchy, Poisson,
Dirichlet, Heine, Lipschitz,...dé hoan thién nhu ngay hom nay. C6 thé noi rang hau hét cac
thiét bi dién tir lién quan dén hinh anh va 4m thanh ma chung ta ding ngay hom nay déu lién

quan dén tmg dung cua 1y thuyét chudi Fourier.

Jean Baptiste Joseph Fourier
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3.1. Chudi s6
3.1.1. Pai cuong vé chudi sb
a) Pinh nghia chudi so

Cho day s6 (u, ). Biéu thitc u; +uy +...+u, +... duge goi 1a chudi s va ky hiéu 1a

o0
Zun . Céc s0 uy,uy,...,u,,... dugc goi la cac so hang cta chuoi so, so hang u, duoc goi la
n=1

s6 hang tong quat.

n
bat: S, =u; +uy +..4+u, = Z”k .Khi do S, dugc goi la tong riéng thor n cua chudi so.
k=1

, R 11 1 S X A A ax 4 X 1A 1,
Vi du: B1euthuc1+5+—+...+—+...= E — la mot chuoi so, co6 tén la chuoi diéu hoa.
n n
n=1

b) Tinh hdi tu ciia chudi s6

0
Cho chubi s6 Zun , Xét tong riéng S, .
n=l

o0
+Néu limS, =S (S hitu han) thi ta n6i ring chudi s6 Y u, hoity va co tongla S.

n=1

Khi do, ta dat R, =5-3S5,,, duogc goi 1a phan du thtr n cta chudi sb, thi ta ¢ két qua: Néu

chudi s6 hoi tu thi limR, =0.

o0
+Néu lim S, = oo hogc khong ton tai limS,, thi ta néi rang chudi s6 Z u, phanky.

n=1
-Vidu1
[e] 1 n
+ Xét chudi Y 3.[—}
n=l1 2
1 n
1 1Y ' (1 1{2) 1Y
=8,=u+tuy+..+u,=3|—|+3.|=| +.+3.|=| =3 | = | ———=3-3|—| .
2 2 2 2) 1 2
2

n 00 n o) n
Do lim§, —lim[33.(%j ]—3 nén ta nodi chudi sb 23(%] hoi tu va Z3(%) =3,

n=1 n=1
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< w1
+ Xét chudi 25.3”

n=I1

_n
S —uy s+, =343 L L1173 =—3(1—3").
2772 27 T271-3 4

« e, (1Y
Do lim$, =1im{—%(1—3”)} — 10 nén ta n6i chudi sé 23.(5] phan ky.

n=1

o0
+ Téng quét: Chudi sd » a.q" s&

n=1

e £ s 1 LA N a
1) HO1 tu néu |q| <1 vacé tong bang l_q

ii) Phan ky néu |g|>1.

¢) Dieu kién can dé mot chuoi so hgi tu

- Pinh Iy. Néu chudi sb Z u, hoi tu thi limu, =0.

n=1

- Chirng minh

Do chudi s6 Zun hoi tu nén lim S, =S (hiru han)= IimS,,_; =S.

n=1
Mit khéc ta 6 u, =S, —S,_; = limu, =1lim(S,-S,_)=5-S=0.

- Nhan xét

+ Dbiéu kién & dinh 1y chi 1a diéu kién can chir khong phai diéu kién du, tirc 1a néu mot chudi

o0
sO Z u, théa man limu, =0 thi chua chac chuoi s6 d6 da hoi tu.

n=1

. s > . .1 x.
Vi du 2. Xét chuoi diéu hoa Z 1 , khi d6 limu, =lim— =0 nhung chuoi nay phan ky.

=1 n n

+ Néu mot chuoi so khong thda man diéu kién can ¢ trén thi chac chan chuoi d6 phan ky, tuc

0

la néu mdt chuoi so Z u,, ma khong thoa man dieu kién limu, =0 thi chuoi so d6 phan ky.

n=1
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d) Mot s6 tinh chét ciia chudi sé hoi tu

o0 o0
- Néu chudi sé ) u, hoituvacé tong bang S thi chudisd D au, (a 1a hing sd) ciing hoi

n=1 n=1

tu va co tong bang a.S .

o) 0
- Néu céc chudi sb D u, va > v, hoitu va c6 tong lan luot 1a S; va S, thi chudi s

n=1 n=1

o0
Z u, +v, cﬁng hoi tu va c6 tong bang S; +S,.

- Tinh hoi tu hay phéan ky ctia mot chudi s khong thay d6i khi bét di mot sb hiru han sé hang
dau tién.

3.1.2. Chubi s6 dwong

a) Dinh nghia

X. A © s X, A £ *
- Chuoi s0 Zun dugc goi la chuoi s6 duong néu u, >0 Vae N .

n=l1

-Vidu3 il i
on

n:

2

n +ntl 14 hai chudi sb duong.
n+2

- Nhén xét. Véi chudi s6 duong thi ddy tong riéng (Sn) 1a day s6 tang. Do do:
i) Néu day (Sn) bi chan trén thi ton tai giéi han hitu han lim S, =S va chudi s6 hoi tu.
ii) Néu day (S, ) bi khong bi chin trén thi limS,, = +oo va chudi s6 phan ky.

b) Mot s6 quy tic so sanh ddi véi chudi s6 dwong

o0 o0
- Cho hai chudi s6 duong Zun va Zvn .Giasu u, <v, Vn=ny,eN.Khido:

n=1 n=1

0 o0
+ Néu chuoi so Z v,, hoi tu thi chudi so Z u, ctng hoi tu.

n=1 n=1

o0 o0
+ Néu chudi sb Z u,, phan ky thi chudi s6 Z v, phan ky.

n=1 n=1
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0 0
. xX. £ \ A LA T ~ . u N
- Cho hai chuoi s6 duong Z u, va Z v, . Néu ton tai gidi han hitu han lim—* =% >0 thi
v

n=l1 n=l1 n
hai chudi sb da cho c¢6 cung tinh hoi tu hodc phan ky.
¢) Mot s6 quy tic khao sat tinh hdi tu ciia chudi sé dwong

o0
- Quy tic D’Alembert. Cho chudi s6 dwong > u, . Gidsit lim ~2L = & thi:

0
n=1 n—>+ u,

+Néu k <1 thi chudi sb di cho hoi tu.

+Néu & >1 thi chudi sb da cho phéan ky.

o0
- Quy tic Cauchy. Cho chudi s6 duong z u,.Giasu lim {u, =k thi

0
n=1 n—+

+Néu k <1 thi chudi s da cho hoi tu.
+Néu k >1 thi chudi sb da cho phéan ky.
3.1.3. Chudi s6 ¢6 s6 hang véi diu bat ky
a) Chudi s6 hoi tu tuyét ddi

o0 o0
- Dinh Iy. Néu chudi  |u,| hoi tu thi chudi D u, ciing héi tu.

n=l1 n=1

o0
- Pinh nghia. Chudi Z u, trong dinh 1y trén dugc goi 1a chudi s6 hoi tu tuyét doi.
n=1

o0
- Chi y. Diéu kién “chudi ) |u,| hoi tu” chi 1a diéu kién du chtr khong phai diéu kién cén,

n=1

o0 o0 o0
tire 14 ton tai nhitng chudi Z u,, ma chudi Z u,, hoi tu trong khi chudi Z |un| phan ky.

n=1 n=1 n=1

b) Chudi s6 dan diu

0
- Pinh nghia. Cho chudi sé duong » u,. Cic chudi c6 dang u;—uy+uz—uy+...
n=l1
o0
(—l)n+1 u, hodc —uy +uy —uz +uy—...= »_ (-1)"u, duoc goila chudi s6 dan dau.
1 n=l1

M8

n
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11 1 X ,
el 2 =5y lhmot chudi dan du.

- Vidy 4. Chudi ) (-1) 75
n

n=1

0
- Chi y. Ta chi can xét truong hop chudi dan dau Z u, voi s6 hang u; >0.

n=1

0
< " Lo =, X x. A £ 1 L A
- Quy tac Leibnitz v6i chuoi dan dau. Cho chuoi s6 dan dau Z:(—l)nJr u, voi s6 hang
n=1

0
2 . £ . \ X 1 A- A
tong quat u, >0 Vn eN". Néu lim u, =0 thi chuoi Z(—l)n+ u, hoi tu va co6 tong

0
n—+ n=1

S < ul.

3.2. Chudi ham sb

3.2.1. Day ham s6

a) Day ham s6 va mot so6 khai niém lién quan

- Cho f{,/2,-.-s f»--- 1a cac ham s6 cung xac dinh trén mot tip D < R . Khi d6 ta thu dugc
mét ddy ham s6 va ky hiéu1a (f;,).

- Viduy 5. Cho ddy ham s6 ( £, ): f,,(x) =sinnx, x € R. Khi d6 ddly ham s6 c6 dang liét ké la:
(fy): fi(x) =sinx, f5(x) =sin2x, f3(x) =sin3x,..., f,,(x) =sinnx,... xeR.

- Chi y. Véi moi gié tri x=xy € D ddy ham s (f,,) trd thanh day s6 ( f,,(xg)).

- Piém hdi tu va tap hdi tu. Diém x = xo € D dugc goi la diém hoi tu cua ddy ham sb ( fn)
néu day s6 ( f,,(xo)) héi tu. Tap hop cac diém hoi tu dugc goi 1a tap hop hoi tu (goi tit 1a tp
hoi ty) ciia ddy ham sb.

b) Sw hdi tu va hdi tu déu ciia didy ham so6

- Pinh nghia diy ham s6 hgi tu. Diy ham s6 ( fn) duogc goi 14 hoi tu dén ham sb f trén tap
Dc R néutaiVxe D, véi moi sb & >0 cho trude, ton tai sb ng N (sé no phu thudc vao

x va ¢)saocho Vn=ny: |fn(x)—f(x)|<g.

- Pinh nghia diy ham s6 hdi tu déu. Diy ham s6 ( fn) duogc goi 1a hoi ty déu dén ham s
f tréntagp Dc R néu tai Vx € D, v&i moi s6 & >0 cho trude, tn tai sd ng €N (sé ny chi

phu thudc vao ¢ ma khong phu thudc vao x) sao cho Vn=ny : |fn (x)— f(x)| <eVxeD.
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3.2.2. Chudi ham sb
- Pinh nghia. Cho diy ham s (un) xé4c dinh trén tip D = R . Tong hinh thirc dang
Uiy +otu, +..
+o0

duoc goi 1a mdt chuoi ham so6 va dugc ky hi¢u la Z u,.

n=1
~+00
Vay: uj +uy +...tu, +...= Zun .
n=l

- Tong riéng thi n. Dat S, =u; +uy +...+u,, khi 6 S, dugc goi 1a ham tong riéng thi n,
day (S,) duoc goi la ddy ham tong riéng ciia chudi ham s6 trén.
+00

- Vi du 6. Cho chudi ham s Z sinzx , khi d6 tong riéng thit # cua chudi ham la:

n=1

: : : sin(n —1)x.sinnx
S, =sinx+sin2x+...+sinnx = .

. X
Sin —
2
3.2.3. Sw hdi tu ciia chudi ham s6

400
Xét chudi ham s6 Y u, (1).
n=1
- Néu ddy tong riéng (S, ) hoi tu (hay phan ky) tai diém xy € D thi ta néi chudi (1) héi tu
(hay phan ky) tai X va X, 1a mot diém hoi tu (hay diém phan ky) ctia chudi (1). Tap hop cac

diém hoi tu cta chudi duoc goi la tap hop hdi tu (goi tat 1a tap hoi tu) cua no.

+00
- Néu tai diém xo € D ma chudisé Y |u, (xo)| hoi tu thi tanoi chudi (1) hoi tu tuyét ddi tai

n=1

XO.

- Chu y. Dinh nghia vé su hdi tu va hoi tu déu cta chudi ham sb (1) dugc quy vé viée xét tinh

su hdi tu va hoi tu déu ctua day ham tong ri€ng ctia chuoi ham soé (1).

+00 2
, \ ~ ne ) X1 n A X
- Vidu 7. Tim tap hdi tu ciia chudi ham so Z p
n=0 (1 n xz)

Loi giai
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X X
Ta co: Sn(x):x2+ >+ 7+t —
I+x (1+x2) (1+x2)
0 khix=0
1 n
=S, (x) = 1—[ 2) .
! x2.¢=(1+x2) 1—;2 khix #0
- 1+x7)"
1+ x2
0 khi x=0 .
Vay véimoi xe R, S,(x) = f(x) = 5 . Do @6 tap hoi tu cua chuoi da cho la
1+x° khix#0
R.
- , +ooxn
- Vi dy 8. Tim tap h¢i tu ctia chudi ham sé > —.
n=1 n
Loi giai

Chudi ham sb trén co6 tap hodi tu 1a [—1;1) . Chung minh xin danh cho ban doc.

3.2.4. Chubi liiy thira

400
a) Dinh nghia. Chudi ham s6 c6 dang Y a,(x—xy)" (véi x; 1a hang sb cho trude) dugc
n=0

goi 1a chudi lily thira tai x; (hodc tim x;).

Nhan xét
400
-bit y = x—x, chuoi lity thira trong dinh nghia tr¢ thanh chuo6i Iy thira dang Z a,y" . Do
n=0
+00
do ta chi can xét chuoi lity thira tdm 1a x, =0 dang: Z a,x" (1).
n=0
- Téap hoi ty ctia chudi (1) ludn khac réng do nd it nhit chira diém x =0.
b) Ban kinh hdi tu ciia chudi lity thira
+00
- Pinh ly Abel. Néu chuoi liiy thtra Z a,x" hoi tu tai x = Xo # 0 thi n6 héi ty tuyét doi tai
n=0

moi diém x théa man |x| <|xo|.
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+00
- Hé qua. Néu chudi Ity thira Z a,x" hoitu tai x = X thi n6 phan ky tai moi diém x thoa

n=0
man |x|> |x,|.
+00
- Nhan xét. Nhu vay, két hop vdi nhan xét chuoi iy thira Z a,x" Tudn hoi tu tai x =0 thi
n=0

tir dinh 1y Abel ta suy ra rang: Ludn ton tai s6 R (0 <R< +OO) sao cho chudi lity thira

+00
> a,x" thoa man:
n=0

+ Hoi tu tuyét dbi trong khoang (—R;R) .
+ Phan ky trong céc khoang (—OO;—R) va (R;+OO).

+ Tai cac diém x = =R, chudi lity thira ¢ thé hoi tu hodc phan ky.

- Pinh nghia. S6 R trong nhan xét trén dugc goi 1a ban kinh hoi tu ciia chudi lity thira.
Khoang (—R;R) duoc goi la khoang hi tu ctia chudi 1y thira. Mudn tim tap hoi tu cta chudi

Iy thtra, ta khao sat tinh hdi tu tai x =R roi bd sung vao khoang hoi tu.

- Quy tic tim ban kinh hdi tu ciia chudi liy thira

« RS . a
+ Dinh ly. Cho chuoi liy thira Z a,x" . Neu lim M = p (hoac lim .”/|an| = p) thi
n—+0

=0 n—>+owo |an|
1 .
— khi 0< p <+
o,
ban kinh hoi tu R duoc tinh theo cong thirc: R =<0 khi p =+
+00 khi p=0
N +00 xl’l
+ Vidu 9. Tim tap hdi tu cua chudi lily thura: Z —.
n=l
Loi gidi
a
a, =l:>an+1 :L: lim M: lim Lzl:Rzl:Khoéngh(}itulél (-L1).
n+l no+oo |an| n—+on+1
~ ~ r +CD ~ 1
Xét tai x =1 thi chudi Iy thira tré thanh chudi s6 Z— , day la chuoi diéu hoa va né phan ky.
n=l
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0 (_q n
Xét tai x =—1 thi chuoi liy thura tré thanh chudi so6 Z ( ) , day 1a chuoi dan dau va no

n=1 n

théa mén diéu kién Leibnitz nén chudi hoi tu.
N +00 xn
Vay tap hoi tu cta chudi lity thtra Z — la [—1;1) )

n=1
¢) Mot s6 tinh chit ciia chudi liiy thira

+00
- Téng ciia chudi lily thira ) @,x" 13 ham sé lién tuc trong khoang héi tu ctia no.
n=0

+00
- C6 thé 14y tich phan timg s hang ctia chudi liy thira Z a,x" trén moi doan [a;b] nam
n=0

trong khoang hoi tu ctia chudi.

b( 4o oo b
Tt 1a: J(Z anxnjdx: Zj(anx”)dx.

a n=0 n=Oa

+00
- C6 thé 1ay dao ham (v6 sb 1an) timg s6 hang cuia chudi lity thira z a,x" tai moi diém nam
n=0
trong khoang hoi tu ctia chudi.
~+00
Tirc 1a: Néu chudi liiy thira z a,x" c6 khodng hoi tu 1a (—R;R) thi:
n=0

!

+00 +00
+ D ax" | = Z:annxn_l Vxe(-R;R).
n=0

n=1

4

+o0 +00
[Zanx” = Zann(n—l)xn_2 Vx e(-R;R)
n=0

n=2
Va céc chudi ¢ vé phai ciing c6 khoang hoi tula (-R;R).

3.3. Chubi Fourier

3.3.1. Chudi lwgng giac
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+00

- Pinh nghia. Chudi ham sé c6 dang ay+ Z (an cosnx + b, sin nx) (1), trong do
n=1

ag,a,,b, (n=1;2;...) 1a nhing hing so, duoc goi la chudi luong gidc.

- Nhén xét. Néu chudi luong gidce (1) hoi tu vé ham f(x) thi f(x+27)=f(x) VxeR,do

do ham f (x) 12 ham tuan hoan chu ky 27 . Vi vdy ta chi can khao sat chudi (1) trén doan

[-7;7].

3.3.2. Hé s6 Fourier va chudi Fourier

- Gia st ham s6 f'(x) tuan hoan chu ky 27, kha tich trén [—7;7], c6 thé khai trién dugc

trén doan [—7; 7] thanh chudi luong gidc dang

k) +Z a, cosnx+b, smnx) (2).

n=l1

f(x)=

- Cach tinh cac hé so

+ Tinh ay: Lay tich phan cua (2) ta dugc

4 +oo
J.f( )dx = .[ de+J.( a cosnx+bnsinnx)]dx

—r\n=1

400 7T 4o 7 T
- J' 20dx+z J- a, cosnx + b, sinnx)dx = 77“0+Z{j a, cosnxdx + I b, sinnxdx | (3)
-7

nl;z nl_7z- -

T T
Dé dang tinh duoc: .[ cosnxdx =0 Vn e N*; .[ sinnxdx =0 Vn e N.
- -
T 1 T
Do d6 (3) tro thanh .[ f(x)dx =ray < ag =— J f(x)dx 4).
V4
- =T

+ Tinh q,, (n € N*) : Nhan hai vé cua (2) véi coskx, k € N , ta duoc

+o0
f(x )coskx-;coskx+z a,, cos nxcos kx + b, sinnxcos kx) .

n=1

Lay tich phan 2 vé:
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T T +oof 7 T
j f(x)coskxdx = j %coskxd;ﬁ > j a,, cos nx cos kxdx + j b, sin nx cos kxdx | (5),
-7 -7 n=1\ -z -7

voi k =1;2;3;...

Dé dang chirng minh duoc rang: véi moi n,k € Z, ta cod

v Va
i) j cos kxdx = I sin kxdx =0 (6)

- -

Va
ii) j sin nx.cos kxdx =0 (7)

—7T
’jf eesin e | ORH K=
S1n 72x.S1n X =
m)_” wkhik=n20 "
, ]f LS I
COS 71X.COS X =
v) zkhik=n=0 "

-

Str dung céc cong thirc (6), (7), (9) & trén, khi do, (5) trd thanh

s .4
I £ (x)cos kxdx = ay, I cos? kodx = ay

-7 -

dezak —+

T 1+ cos 2kx x sin2kx )"
I =7zak.
el 2 4k

T
Suy ra a; _1 '[ f(x)coskxdx, k=1;2;3;... (10).
7

-7

+ Tinh b, (n € N*) : Nhan hai vé cua (2) v6i sinkx, k € N , ta duoc

+00
S (x)sinkx = %sinkx+ > (@, cosnxsinkx +b, sinnxsinkx).
n=1
Lay tich phan 2 vé
T % +oof 7 T
[ 7 (x)sin feedx = Izosinkxd)ﬁ-z [ @, cosnxsinkxdx+ [ b, sinnxsinkxdx | (11), voi
—7T —7T n=l1 - -
k=1;2;3;...

Str dung céc cong thirc (6), (7), (8), khi do, (11) tr¢ thanh
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X sin2kxj g
:ﬂ'bk,

1—cos2kx
kxdx =b, kxdx =b —d =by| =—
Jf sin kxdx = kjsm kj k(z P

- - - -

T

Suy ra by, _1 J. £ (x)sinkxdx, k =1;2;3;... (12).
7

- Dinh nghia
+ Cac hé s6 ay,a,,b, (n € N*) duoc xac dinh theo cac cong thuc (4), (10), (12) duoc goi la

cac hé s6 Fourier ctia ham s f(x) .

+ Chudi lugng gic (2) véi cac hé sé Fourier xac dinh bai (4), (10), (12) dwoc goi 1a chudi

Fourier ciia ham s f (x) )
- Mt s truweong hop dic biét

+Néu f(x) laham chén thi f (x)coskx 1a ham chén, f(x)sinkx 1a ham l¢

v T
a; _1 I f(x)coskxdxzzjf(x)coskxdx, k=0;1;2;3;...
r 7
— ‘”” 0 (13).
b=t [ f(x)sinkedx =0, k=1;23;..
7
-z
400
Khi d6 chudi Fourier cua f(x) la: f(x )=—+ Y a,cosnx véi cc hé sé a;, k eN xac
n=l1
dinh & (13).

+Néu f(x) laham1é thi f(x)coskx lahaml¢, f (x)sinkx 1a ham chén

1 T

ap =— [ f(x)coskedx =0, k=0;1;23;...
p/a
= o (14).
17 2%
be=— [ f(x)sinkede == [ f(x)sinkedx, k=1;2;3;..
7 p/a
- 0
_ 400
Khi d6 chudi Fourier cua f(x) la: f(x Zb sinnx vé&i cac hé sé by, k e N xéc dinh &
n=1

(14).
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3.3.3. Khai trién mét ham tuin hoan thanh chudi Fourier

Nhu trén da khang dinh, moi ham f(x) kha tich trén doan [-7.7] déu co6 chudi
Fourier tuong tmg. Tuy nhién chudi Fourier thu dugc trong trudng hop nay c6 thé khong hoi
tu va néu chudi hoi tu thi chua chic tong cta chudi di bang f (x) Ta c6 mot sd két qua co

ban sau (khong ching minh).
a) Khai trién mét ham tuin hoan chu ky 27 thanh chudi Fourier
Ta thtra nhan hai dinh ly sau day
- Pinh ly. Néu ham 7 :R — R 13 ham s tuan hoan chu ky 27, kha vi thi chudi Fourier ctia
n6 hoi ty va cé tong bang f(x) véi Vx e R.
Két qua cua dinh 1y trén con dung trong trudng hop tong quat hon nhu sau
- Pinh Iy. Néu ham /:R — R 14 ham s tudn hoan chu ky 27 va thoa man mot trong hai
diéu kién sau day trén doan [-7,7]
+ f (x) lién tuc tirng khuc va c6 dao ham [ '(x) lién tuc tirng khuc.
+ f (x) don di¢u tirng khtc va bi chan.
Khi @6 chudi Fourier cia ham f (x) hoi tu tai moi diém va c6 téng S (x) béng:
+ S(x) = f(x) tai nhitng diém ma f(x) lién tuc.
1)+ /()

+8(x)= 5 tai cac diém x =xy ma f(x) gidn doan, voi

f)= tim  r()s ()= timf().

x—(x,)" x—(x,)”
Céc diéu kién néu trong dinh 1y trén duoc goi 13 diéu kién Dirichlet.

- Vi dy 10. Khai trién thanh chudi Fourier ham s6 £ (x) tuan hoan chuky 27 va
f(x)=xVxe(-m7).

X x. s 1 1 1
Tur do, tinh céac tong cua chuoi 36:S=1—§+§—7+

Loi giai
Ham s di cho théa man diéu kién Dirichlet nén c6 thé khai trién duge thanh chudi
Fourier. Do f'(x) 1a ham 1¢ nén
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ta,=0VneN.

2% 2% 2% —cosnx
+b, :—If(x)sinnxdx:—Ixsinnxdx:—.[xd( j
Ty 7y Ty n

2 —xcosnx|” T cosnx 2| —mcosnx 2 n+l 2 *
=— +I dx |==—| ———+0 =——cosn7z=(—1) — VneN
n |0 o 7 n n n

Vay tai cac diém ma ham sd lién tuc (x#=Q2n+1z, VneN)tacod

+00

f(x) _ 22(_1)n+1 sin nx .

n=1 n

Tai cac diém gian doan cua ham so thi

=0.

f7 )1 (7) ze(en)
2

Véix=nz: S(r)= 5

Tuong tu tai cac diém gian doan khac, ta déu co véi x = 2n+ 1)z, Vne N:: S(x) =0.

Mudn tinh tong S =1 —% +§—%+ ..., ta biéu dién chudi

&, e+l sinnx sinx sin2x sin3x . r
f(x)=2>(-1) =2 - + —...| rdi thay x =— ta dugc

n:1 n T2 3 2

sin” sin 27 sin 37 0 khi 2%
~ TN h 2 N l n =
f(£j=2 P 2 4 2 _. va dé y rang: sinZ = X
2 1 2 3 2 (—1) khi n=2k+1

Suyra:£:2 l—l+l—... =2 _25=5=2.
2 1 3 5 2 4

- Vi dy 11. Khai trién thanh chudi Fourier ham s6 £ (x) tuan hoan chuky 27 va

0khi —w<x<0 .
f(x)= L khi 0<x<n (ham song vuong).

Tur do, tinh téng chudi sb S :1—§+%—%+

Loi giai
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a, =% if f(x)dx—%[ ]). de+]€1.de—l.

- 0

Ve 0 T
a, :i .[ f(x)cos nxdx —%[ .[ 0cosnxdx+J.1.cosnxde— 0VneN".
_ - 0

T

b, _1 j f(x)sinnxdx——[ j 0. s1nnxdx+j1 s1nnxde L —cosnx| 17eosnz o e N*
Vs Vs n |0 nr

-7 -7 0

) ) 1 khin=2k 0 khin=2k
Mat khac ta co: cosnz = =1-cosnxw =

—1khin=2k+1 2 khin=2k+1
0 khin=2k
=b, = .
"2 ki =2k +1
niw
Vay tai cac diém ma ham sd lién tuc (x#nr, VneN)taco
B 1 2 f sm 2n+1
2T AT n+
Tai cac diém gian doan cua ham s6 thi
f(O_ +f(0+
Voi x=0: §(0)= ) ):OHZL
2 2 2
, X 1

Tuong tu tai cac diém gian doan khac, ta déu c6 voi x =nx, Vne N: S(x)za.

Mudn tinh tong S =1 —% + % - % +..., ta biéu dién chudi

+00 : 2 +1 . . .
f(X)=l+£z sin (2n )x:l+£(51nx+sm3x+sm5x+mj
2 7wy 2n+l 2 o1 3 5

. . 37 Sx
‘ . . 1 sz sm7 sm7
roi thay x = — ta duogc: f(—j=—+— + + +..
2 2 2 x| 1 2 3
(2n+1)7z

va dé y rang: sin

= sin(%+ nzrj =(-1)".
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Suy ra: 1:l+£ l—l+l—... :lzgS:SZE.
2 7\1 3 5 2 4

b) Khai trién mét ham tuin hoan chu ky 2/ thanh chudi Fourier

- Néu ham s f (x) tuan hoan chu ky 2/ va théa man diéu kién Dirichlet trén doan [—l , ]

Viéc khai trién ham f (x) thanh chudi Fourier dugc thuc hién nhu sau

T
+ bat t=7x.

+ Khi do: f(x)= f(it) = g(¢) va nhan xét g(¢) la ham tudn hoan chu ky 27 va théa
7
man diéu kién Dirichlet trén doan [-7;7].

+ Thuc hién khai trién Fourier ctia ham g (¢) tudn hoan chu ky 27 trén doan [-7;7]

+00
g(t) azo+z a, cosnt +b, smnt :a70+2(ancosmlzx+bnsinm;x)_

n=1 n=l1

Vi cac hé so Fourier dugce tinh theo cac cong thic sau

a :i J g(t)dt:%jf(x)dx

v
an:ljg cosntdt = J.f ( jdx VneN
V4
7T
1 T
b, =— I g(t smntdt If ( jdx VneN'.
7[—72'

- Vi du 12. Khai trién thanh chudi Fourier ham f (x) tuan hoan chuky 7 =2, véi
f(x)= x? Vxe [-1:1].

Loi giai

Nhan xét ham f(x) 12 ham chan, do d6 b,=0Vne N*.

Tacod [ =1. Vay cac hé so con lai tinh nhu sau

[ 1 5 )
a()::[lf(x)dx: Ix dx=§

-1
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. 1
SINnzTx 2x sin n/tx| sinnrwx *
j J. Axdx Vne N
0

1 1
a, = 2If(x)cos nrxdx = J.2x2d(

0 0

pE |
0

1 1 1
4 cosnrx ) 4 | xcos nﬁx| COSNTX
- J’ xd - - J’ dx
ni nr nr L2 T

1
_4cosnr *

4 | cosnmr sinnrx
= VneN .

2

0 (nﬂ)

Cnz| nxm (,17[)2 ‘

k

L 4
Nhan xét ring v6i ¥n e N* thi cosnz =(~1)". Do d6: a,, = (-1)'—5— VneN .

n°r
Viy ta co khai trién
_ ao = b . _ B 1 n 4
f(x)—7+ (ay cosnzx+b, sinnzx)=—+ Y (-1)" —— cosnzx
n=1 n=1 n-rw
1 4 25 1 4 ( coszx cos2zx cos3mx
Ha -4 — —COSI’Z?Z')C——+— — + — +... /.
y Sl ER Z:: 3 7;2( 12 22 32 j

¢) Khai trién ham s6 bat ky thanh chudi Fourier

- Chohams6 f(x) thoa man diéu kién Dirichlet trén doan [a,b]. Mudn khai trién ham f(x)

thanh chudi Fourier, ta thuc hién nhu sau

+Xéy dyng mot ham g(x) 1a ham tudn hoan chuky T > b—a théa man
g(x)=f(x) Vxe[a,b].

+ Thuc hién khai trién Fourier ham g(x).

Khi d6 tong ctia chudi Fourier thu duge bang f(x) tai moi diém (khong phai la diém gién
doan cua f(x)) trén doan [a,b].

- Nhan xét

+ Céin ot vao cach xdy dung nhu trén thi c6 thé c6 nhiéu ham g(x). Véi mdi ham g(x) do
lai c6 mot chudi Fourier tuong timg. Nhu vay sé c6 nhiéu chudi Fourier biéu dién ham f (x)

+Néu f(x) lam ham chin thi chudi Fourier thu dugc chi gdm ham cos.

+Néu f (x) lam ham 1¢ thi chudi Fourier thu dugc chi gdm ham sin.
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d) Khai trién Fourier trén doan [0;7]

DE tim khai trién Fourier cia ham s6 f'(x) trén doan [0;7], taxay dyng ham g (x) nhu muc
c trén ddy da dé cap. Noi chung 1a c6 nhiéu cach xay dyng ham g(x) nhu viy. Tuy nhién ta
thuong dung hai cach sau day

khi x [0' 7[]

i) Xay dung ham g(x) 12 ham chan: g(x { x i [ 0]
ixe|-r,

i) Xay dung him g (x) 1a ham 16: ¢ (x) = (x) khixe[0;7]
i1) Xay dung ham g(x) laham 1é: g(x f(—x) khixe[—ﬁ;O]'
3.3.4. Ping thirc Parseval

Gia sthamsd /:R — R tuan hoan chuky 27 va thoa min diéu kién Dirichlet. Dong

+00
thoi chudi Fourier cua f (x) la f (x) =204 Z (an cosnx +b, sin nx) trir tai cac diém gian

n=1

doan loai 1 cta no.
15 2 ag 1&( 2 2
Khi do ta c6 cong thirc: — x)dx=—+— (a +b )
g thire: — _f S7(x)de =42 ; 5+ by
Ding thirc nay duoc goi la dang thirc Parseval.
3.3.5. Dang phiic ciia chudi Fourier

- Cho ham s6 f:R —> R tudn hoan chu ky 27 va théa man diéu kién Dirichlet. Dong thoi

+00
chudi Fourier cta f ( ) la: f ( ) =04 Z a, cosnx + b, sin nx) trir tai cac diém gian doan
n=l1
loai 1 cua no.
bat:  + u,(x)=a,cosnx+b,sinnx.
N a
ao =—
2
a, —1ib )
S khin>1
+a, =
n .
a_,—ib_ )
— " khin<-1
2
inx —inx inx —inx
, : e +e e —e
Ta co: un(x)zancosnx+bns1nnx=an#+bn 5
i
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Hay u, (x):@e >

; a, +ib, _;
lnx+ n ne ll’lx.

+00 ~+00 . ) . _
Khi do: f(x)=a70+ Zun (x):a70+ Z[_an ib, el”x+an+lbn e—znxj:

n=l1 n=l1 2 2
+00 . +00 . +00 . -1 .
f(x) _d z a, —ib, o +Z a, +ib, om0 z a, —ib, o z a, +ib, o
2 n=1 2 n=l1 2 2 n=1 2 n=—ow 2
. < a,—ib, ; X -
Vay khai trién c6 thé dugc viét gon lai dudi dang: f(x)= Z %em = Z a,e™ .
n=—00 n=-ow

Dang nay duoc goi 1a dang phirc cua chudi Fourier ctia ham f (x) .

T
Véi cac hé s6 a, dugc tinh theo cong thic: a,, = 2L J f(x)e"™dx Vn e Z. Khang dinh
m
/2

nay dé dang suy ra tir phép dit & trén.
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BAI TAP CHUONG 3

Bai 1. Khao sat sy hoi tu cua cac chuodi so sau

+00

D 3

n=1 N +3

b)Z( 4n* +3n - )

hy ( 3n+ 2)
o\ 3n+1
+00 1

d) [1 —cos—j
n=1 n
+00 3

e)
2w ]
+00 3

f n+2
n=l I n + 3n
Bai 2. Khdo sat sy hdi tu cua cac chuoi sau va tinh tong cua chudi néu no6 hoi tu

a)z

“~4n —1'

b 3"

n=11 +n
R 2n+1
C)Z 2

=y +2n° +n?

Bai 3. Tim mién hdi tu ciia cac chuoi ham so sau

a) Z n+1 x
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& (20)"
b)nZ::1 .

+oo _3n+l

X
C E .
) —~ 3n+2
n=0

LY x+1Y
9 %(5} (Zx—lj '

+o0
e) > (2n+1)" sin .
n=0 3n

& (-1 (2x+1j”
D23 hs\ars)

3n+1
g)z ( & 2) (x-2)".
Bai 4. Khai trién thanh chudi Fourier ham s f (x) tuan hoan chu ky 27 va
a) f(x)=2x Vxe[-mx].

m+xkhi —m<x<0
m—xkhi 0<x<rx

b) f(X)={

_z khi —mr<x<0
4

¢) f(x)=40 khix=0

z khi 0<x<rm
4

0 khi —7<x<0
xkhi 0<x<m

d f (x) ={
e) f(x)=|x| vxe[-7,x].
Bai 5. Khai trién thanh chudi Fourier ham sé f (x) 13 ham chin, tudn hoan chu ky 27 va

f(x)=n-xVxe[0;x].

+00
\ S A X X 1
Twr do, tinh tong chuoi s6 E 5
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Bai 6. Khai trién thanh chudi Fourier ham sé f (x) tudn hoan chu ky 27 va
f(x) =x Vxe [0;27r].
Bai 7. Khai trién thanh chudi Fourier ham sé f (x) tudn hoan chuky 7'=6 va

0 khi =3<x<0

/(%)= %khz‘0<x£3

Bai 8. Khai trién ham s f (x) = g (v6i 0 < x < 2) thanh chudi Fourier theo

a) Cac ham sb cos.

b) Céac ham s sin.

Bai 9. Khai trién thanh chudi Fourier dang phtic ciia ham f (x) tuan hoan chu ky 7 =27
va f(x)= e>* Vx e (-7,7).

Bai 10. Khai trién thanh chudi Fourier dang luong giac va dang phirc cia ham f (x) tuan
, ‘ , | T < )
hoanchuky 7'=2 va f(x) =x Vxe (0,2). Sau d¢6 tinh tong cta chuoi s6 Zm

n=1
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PAP SO BAI TAP CAC CHUONG

1. PAP SO CAC BAI TAP CHUONG 1

Bai 1.
a) A=—-12+34i.
b) B=3—5—§i.
13 13
Bai 2.
. V2 V2, 1 3.
a) Dang dai so6: Z)=—+—1, 2y =——+—1;
2 2 2 2
Dang luong gidc: =z —cosZ +isinZ, z —cos—”+isin2—”'
ang ong g . 1 4 4a 2 3 3 5
T 2r
11— 11—
Dang mi: zi=ed,z,=¢ 3.
b) Sinh vién ty chirng minh.
Bai 3.
-\ .. (-7& 3z\ .. (3%
a) 21=2x/§ cos| — |+isin| — ,22=2\/§ cos| — |+isin| — | |;
6 6 4 4
T .. I«
Z3 = COS——+isin—;
12 12

b) Két hop dang lugng giac va dang dai sb cua z3 ta duogc:

1 s 7x e

; si

COS— =
12 4 12 4

Bai 4.
a) A=256.
b)B=—26(\/§+i).

|
Coor
©) 16
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d) D=2°(1-i3).
e) E=—64.

Bai 5.

Bai 6.
*
a)y n=3k, keN .
b) Khéng ton tai n thoa méin yéu cau bai toan.
Bai 7. Sinh vién tu chung minh.

Bai 8.

2 f(z)=-19843 (z-1)" (J2=1]<1), 7293 (1) = ~202311984.
n=0

b) f(z)= +f(—l)”(z—2}11“)(2—3)” (|z—3|<1),f(2023)(3):(22224 —2)2023!.

c) f(z):ﬁf(_ﬁj Cos(n+1)7r(z_1)n (|Z_1|<\/§)’f(zozs)(1)=_2oz3!

4 21012 ’
Bai 9.
a) I =—6+3i.

by 1= 51,
2

Bai 10.
2023 oy 2023
2 £(z)=(-2) +(1+i)2(—§j -2y,
n=0
b) Sinh vién tu giai.
Bai 11.
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a) [ =—m+27i.

b) I=rx.

c) I =2xi.

Bai 12.

a) [ =-2ri.

b) ]:_E,
8

Bai 13.

1 1.
a) rgsf(z) == rzeisf(z) __E+ 2i.

b) rgsf(z) = —gi, }:eﬁf(z) =gi.

3 4. _3 4.
O resf(2) =555t e (2) =55 v a5t

Bai 14.
a) risf(z)=1—2i.
b) rgsf(z)z().

¢) roisf(z):O.
Bai 15.

a) res f(z)=1, resf(z):—l, resf(z)zl.
0 1 2 -1 2

b) rfsf(z) 2—2, roisf(z) =0.

c) res f(z)=0.
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2. PAP SO CAC BAI TAP CHUONG 2
Bai 1.
3 4 10 7

+

a) F(p)= - - :
p=2 p-5 p*+4 p’+l

2 3, 2 )

b) F(p)= - -
p=3 p+2 p*+4 p?+9

1
+—.
p

l+e P*
¢) F(p)=—5
p-+1

6(p-2) . 8(p-2)°
(p-2%+D)* (p-2*+1)

2 2
ln(IHZJ ln(1+i96]
In2 1 1
e) F(p)=—"—— - .
p 2

d) F(p)=-

+

Bai 2. Sinh vién ty chung minh.

Bai 3.

a) —%et +%cosl+%sint+%e2t.
b) 2tsint.

c) t* cost .

d) £ cost .

Bai 4. Sinh vién tu giai.
Bai 5.

a) y(1) = LIPIG VR IS VI IDC U B

80 80 80 165 16
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b) v(t) = —L0052t+Lsin 2t+£e_6 3
40 80 960 64

Bai 6. Sinh vién tu giai.

3. PAP SO CAC BAI TAP CHUONG 3
Bai 1.

a) Phan ky.

b) Phén ky.

c¢) Phan ky.

d) Phan ky.

e) Hoi tu.

f) Hoi tu.

g) Hoi tu.

Bai 2.

a) Hoi tu, S =

b) Hoityu, S=1.
c)Hoity, S=1.
Bai 3.

a) (-11].

b) R.

) [-L1).

Q) (_oo%ju(l;m).
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Bai 4.

+00 .
a)  Véixz(2k+l)z, keZ: f(x)=4) (-1)"" X,
n=l1 n
V6i x=(2k+1)7z, keZ: S(x)=0.
+00
b) f(x):£+4 —cos(2n+12)x VxeR.
2 55 (2n+1)
+01_(_1\"?
¢) Vdix;tk;r,keZ:f(x):Zl (=) sin nx,
n=l1 2n
Voi x=kr, kel: S(x):O.
. T 2+°°COS(2n+l)x o 1+l Sin nx
d) Vi x=(2k+) 7z, keZ: f(x)=2-2S ITIX S ,
( ) ) 4 7,20 (2n+1)2 ;1Z=:1( ) n
V6i x=(2k+1)7, keZ: S(x)=%.
7 433 cosnx
e) flx)=——— VxeR.
=y By
+00 2
Bais. f(x)=2+2 —COS(2”+12)x,S=”—.
2 7mao (2n+1) 8
400
Bai 6. V6i x 2 k27, ke Z: f(x)=x—-2)
n=l 1
V6i x=k2z, keZ: S(x)=nx.
+00 _ _1\*
Bai 7. f(x):l—lz 2 Zcos(zn 1)7m+( ) sin |
4 7o x(2n-1) 3 n 3
Bai 8.
1 4 1 nx
a) flx)=—— COS
() 2z n:1(2n—1)2 2
+oo (_1\"
b) f(x)zzz( D" i "7
V4 n 2
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Bai 9. f(x)= izcj (—1)"%(2+in)emx Vx#(2k+1)7, k € Z.

+00 1
Bai 10. f(x)=1-2) 2%

n=1

Vx#(2k+1)z, keZ; S=2.
nrx 4
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