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Chuong 1

S0 gan dung va Sai so

1.1 Khai niém vé so6 gan dung

1.1.1 Sai s6 tuyét d6i, sai so twong doi

Trong tinh toan ta thuong phai lam viéc véi cac gia tri gan dung cta cac dai lugng.
Ta néi a 1a s6 gan ding A, néu a khong sai khac A nhiéu. Pai lugng A := |a — A|
goi 1a sai s0 thuc su ctia a. Do khong biét A nén cling khong biét A. Tuy nhién ta c6
thé tim dugc s6 duong Aa thda man diéu kién:
la— Al < Aa (1.1)
hay a — Aa < A < a+ Aa. S6 duong Aa nay goi la sai s tuyét dbi cta a. RO rang
néu Aa da la sai s6 tuyét d6i ctia a thi moi s6 A’ > Aa déu c6 thé xem 1a sai s6 tuyét
dbi ctia a. Vi vay trong nhirng diéu kién cu thé nguoi ta chon Az la s6 duong bé
nhét c6 thé dugc théa man (1.1).
Néu a 1a s6 gan ding ctia A ¢6 sai s6 tuyét ddi 1a Aa thi ta quy udc viét:
A=a+Aa (1.2)
Aa

|a]
(1.2) cling c6 thé viét

Ty s6 éa = — duoc goi 1a sai s6 tuong dbi ctia a. Ta suy ra Aa = |a|éa, do d6

A = |a|(1 =+ da) (1.3)

@ Nhan xét Aa c6 cting thit nguyén véi 4, con éa la sd khong c6 thit nguyén va
dugc biéu dién bang %.

eVidu 1.1. Gidast A=rm,a=3,14.D03,14 < A < 3,15 = 3,144+ 0,01 nén ta

c6 thé ldy Aa = 0,01. Mt khac, 3,14 < A < 3,142 = 3,14 + 0,002 do d6 c6 thé lay
Aa = 0,002.
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e Vidu 1.2. Po d6 dai hai doan théng AB, CD ta duoca = 10cm va b = 1cm véi

Aa = Ab = 0,01cm. Khi d6 ta c6 da = 0,01 = 0,1% con éb = 0,01 = 1% hay
6b = 106a.

10 1

Hién nhién phép do a chinh xac hon han phép do b mic du Aa = Ab. Nhu vay
do chinh xac cia mot phép do duge phan anh qua sai s6 tuong doi.

1.1.2  Su lam tron s6, sai s6 lam tron

Mot s6 thap phan a déu biéu dién duge dudi dang:
a0 =£(Bpl0F + B,_110P 1 + -+ + B,_s10P~%)

trong d6 B; (i=p,p—1,...,p — s) 1a cac sb nguyén duong tir 0 dén 9. Chang han
a = 572,96 = 5.10% + 7.10' +2.10° +9.10~! + 6.1072, & day B = 5,81 = 7, Bo =
2,_1=9,B_r=6.

Lam tron a 1a bé di mot s6 cac chit s6 bén phai a dé dugc mot s6 @ ngan gon hon

va gan dung nhat vdi a.
© Qui tac thu gon: Gia st
a=pBpl07 + -+ ,3j10j + o+ Bposl0P7S
va ta gitt lai dén s0 hang thtt j. Goi phan vt bd 1a y, ta dat
a=Bpl0F + -+ B 10T + B;10/,

trong do:
B e Bi+1 néu 0,510 <y <10
1B néu 0<p<0,510

Truong hop p = 0,5.10/ thi §; = B; néu ; 1a chan va B; = B; + 1 néu B; 1a1é vi

tinh todn vdi s6 chan thuan tién hon.

e Vidu 1.3. Thu gon dén 2 chit s6 sau diu phay cac sb sau:

a=>572,96573 a =>572,97; b =45,75346 b =45,75
¢ =301,38500 ¢ = 301,38; d =432,23500 d = 432,24

® Sai so lam tron: Sai so lam tron la so 6a > 0 thoa man diéu kién:

a—a| < 6a
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Via = B,10° + -+ 5]-101' +u,cona = B,10° + - - - + ,[3]-“10]”rl + leOj nén

[a—a| = [(B; — B;)10/ + | < 0,5.10'.

® Sai 56 ctia s6 da thu gon: Ta c6
a—-A=a—a+a—A
dodola—A|<|a—a|+|a—A| <Aa+06a
Vay c6 thé lay: A7z = Aa + 6a, tic 1a sau khi thu gon, sai s6 tuyét ddi tang lén.

© Anh hudng ctia sai s6 thu gon: Ta xét mot vi du. Ap dung cong thitc nhi thirc
Niuton ta c6 cong thic dung:

(V2 —1)10 = 3363 — 2378v/2 (1.4)
voi V2 = 1,41421356...

Bay gio ta tinh hai vé ctia (1.4) bang cach thay /2 bdi cac s6 quy tron:

V2 Vé trai Vé phai
1,4 0,0001048576 | 33,8
1,41 0,00013422659 | 10,02
1,414 0,000147912 | 0,508
1,41421 0,0001866399 | 0,00862
1,414213563 | 0,00014867678 | 0,0001472

Su khéc biét gitra cac gid tri tinh ra ctia hai vé chiing t6 rang sai s6 quy tron c6
thé gay ra nhimng két qua khong mong mudn trong qua trinh tinh toan.

1.2 Cach viet so xap xi

1.2.1 Chir s6 c6 nghia

Chtt s6 c6 nghia la moi chit s6 khac "0" va ca "0" néu noé kep gitta hai chit s6 c6
nghia hoac no dai dién cho hang duoc git lai.

e Vidu 1.4. a = 0,0030140. Ba chtt s6 "0" dau khong c6 nghia.

1.2.2 Chir s6 chac

Gia str a la gia tri gan dung ctia A vdi sai s6 tuyét d6i Aa. Ta biét rang moi s6 thap
phéan a déu viét duge dudi dang:a = + ﬁiloi, trong d6 B; la nhitng s6 nguyeén tir
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0 dén 9. Chit s6 c6 nghia B; ctia a goi 1a chit s6 chac, néu Aa < w x 107, trong d6 w
1a tham s6 cho trudc. Tham s6 w duogc chon d€ mot chit sd von da chac sau khi thu
gon van 1a chit s6 chic. Gid st chit s6 chic cudi cing cta a trude khi thu gon 1a B;.

Dé ;1 va cac chit s6 trude nd van chac, phai co:
Aa+6a < wx 101 = w x 10° 40,5 x 10! < w x 107!

hay w > 5/9. Dic biét B; goi la chir s6 chac theo nghia hep (nghia rong) néu
w=0,5(w=1).

e Vidu 1.5. Cho a = 65,8274 v6i Aa = 0,0043 thi cac chit s6 6, 5, 8, 2 1a chac, con
cac chirs6 7,4 1a khong chac. Néu Aa = 0,0067 thi cac chit s6 6, 5, 8 1a chac con cac
chirsb2,74la khong chéc.

Nhu vay, sai s6 tuyét ddi Aa tach sb gan ding a thanh 2 phan: phan & bén trai
gdm cac chit s6 chic, phan con lai § bén phai gom cac chit s6 khong chac. Do chinh
xac cia mot s6 gan ding dugce danh gia khong phai & chd s 4y c6 nhiéu chir s6
ma & chd sb ay c6 nhiéu chit s6 chac.
® Chi y: Khi viét s6 gan dung, chi nén gitt lai mot hai chit s6 khong chac dé khi

tinh toan sai so chi tac dong den cac chir so khong chac ma thoi.

1.2.3 Cach viét s6 xap xi

Cho 4 1a s6 gan dung ctia A vdi sai s6 tuyét d6i la Aa. C6 hai cach viét s6 A:
i. Viét kém theo sai s6 nhu & cong thire (1.1) hoac (1.2).

ii. Viét theo quy udc: moi chit s6 c6 nghia déu 1a chit s6 chac. Nhu vay hai s6
g?m diung a = 9 va b = 9,00 khéc xa nhau vé do chinh x4ac, s a ¢6 thé sai s6
dén 1 don vi, con sb b chi c6 thé sai dén 0,01 don vi.

1.3 Sai s6 tinh toan

Gia st can tinh gia tri dai lugng y* = f(x},x3,...,x}) trong d6 chi biét cac gia tri
gan dung cta ddi s6 1a x1,xa, ..., x, V6i cac sai s6 tuong tng la Ax; (hay éx;). Sai
sbcuay = f(x1,x2,...,%,) duge goi la sai s6 tinh toan.

Néu f 1a mot ham kha vi, lién tuc theo cac bién x; thi

y_y*:f(.X'1,X2,...,xn)_f(xik,xél---/ fol )
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trong d6 ¥ la diém trung gian nam gitra cdc diém (x1, xa, ..., x,) va (x], x5, ..., x}).

Do f;. lién tuc va Ax; kha bé nén ta c6 thé viét

n n
Y=y =) (i — x| < ) 1 filBxi = Ay (1.5)
i=1 i=1
Khi do i
Ay &Sy 7.0
oy = — = “Ax; = —1Inf(x1,x0,...,x,)|Ax; (1.6)
V= T L AT lag St A

1.3.1 Sai s6 cac phép tinh cong trir

Néuy =x; £xp+ - +x, thiy, =41,V¥i=1,2,...,1nnén theo (1.5) ta c6:

n
Ay - Z Axi/
i=1

tire 1a sai s6 tuyét doi ctia tong bang téng sai s6 tuyét ddi ctia cac sb hang.
Gia st Ax,, = max Ax; va chit s6 chic cudi ciing ctia x,, & hang thit k, nghia la
1<i<n
Axy = 10%. Ta c6 Ay > Axy, vi vay khi lam phép cong dai s, nén qui tron céc x;
dén muc gitt lai 1 hodc 2 chi s6 bén phai hang thu k.

® Chua y Truong hgp tong dai s6 rat nho, nghia 1a |y| << 1 thi sai s6 tuong doi
Ay
oy =

1yl
phai tranh cac cong thic c6 hiéu cta hai s6 gan nhau.

tré nén rat 16n, do d6 két qua khong chinh xéac. Vi vay trong tinh toan can

1.3.2 Sai s6 cac phép tinh nhan chia

Gia s

. xl e xp

xp+1 “ e xn
Khi do
P n )
Iny = Zlnxi - 2 Inx; = a—lny = =+1
i=1 j=p+1 Xi
Theo (1.6) suy ra
n
by =) ox;,
i=1

tirc 1a sai s6 tuong ddi ciia phép todn nhan chia bang tong sai s6 tuong ddi cac sd

hang.
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Goi dx,; = max 6x; va chit s6 chac cubi ciing clia x,; & hang thu k, ta thay
1<i<n

8y > 6xy, nén khi lam céc phép tinh trung gian dé tinh y chi can lay k+ 1, k + 2
chir sb 1a du.

1.3.3 Sai s6 ctia phép liy thira, khai can, nghich dao

Cho y = x%, khi d6 oy = \%lnymx = |a|ox
e Néu a > 1 (phép luy thira) thi 8y > éx, do d6 do chinh xac gidm.
e Néu 0 < a < 1 (phép khai can) thi 6y < 5x hay d6 chinh xac tang.
e Néu a = —1 ta c6 phép nghich ddo, 6y = éx nghia la do chinh xéac khong dai.

e Vidu 1.6. M6t san nho hinh chit nhéat ¢6 cac kich thude do dugcela: x = 2,56m +

0,01m, y = 4,2m = 0,02m. Tinh chu vi va dién tich ctia san?
Giai
Chu victasan la P = 2(x +y) ~ 2(2,56 +4,2) = 13,52m. Sai sb tuyét doi
AP = 2(Ax + Ay) = 0,06. Vi0,01 < 0,06 < 0,1 nén P chi c6 3 chit s6 chac va c6
thé viét P ~ 13, 5m.

Dién tich ciasan: S = xy ~ 2,56.4,2 = 10,752. Sai sb tuong d6i sS = éx + oy =

1 1 2 .

do d6 AS = |5|.65 = 0,093 < 0, 1. Nhu vay S ¢6 3 chir so chac va c6 thé

256 210’
viét S ~ 10, 8m?2.

e Vidu 1.7. Cho dién tich hinh vuoéng S = 12,34, AS = 0,01. Tinh canh a =?

Tacéa = /S ~ 3,5128. Vi 6S = AS/|S| ~ 0,01/12,34 ~ 0,0008 nén Aa ~
3,5128 x 0,0004 ~ 1,4 x 1073, Nhu vy a c6 4 chit s6 chac va a ~ 3,513.
e Vi du 1.8. Tinh sai s6 tuyét ddi va sai s6 tuong dbi ctia thé tich hinh cau: V =
%nd?y biétd = 3,7 £0,05 va = 3,14.

Giai

Xem 71 va d 1a dbi s6 ctia V thi theo (1.5) va (1.6) ta c6: 8V = 67 + 35d trong dé
0d =0,0016/3,14 = 0,0005 va éd = 0,05/3,7 = 0,0135. Suy ra 6V = 0,0005 + 3 X

1
0,0135 =~ 0,04. Mat khac V = gnd3 ~ 26,5nén AV = |V|6V = 26,5.0,04 ~ 1,1.
Vay V = 26,541, 1cm?.
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1.3.4 Bai toan nguoc ctia ly thuyét sai s6

Gia st dai lugng y tinh theo cong thic y = f(xq, X2, . .., x,). Hoi phai lay Ax; bang
bao nhiéu dé€ Ay < const cho trudc?

® Nguyén ly anh huédng déu: Ta coi | fr.18x; = c(i =1,n), khi d6

& c Ay
Ay =Y |fl|Ax; =nc= Ax; = =
! z; fulos YRl nlfyl

e Vidu 1.9. Mot hinh tru ¢6 ban kinh ddy R = 2m, chiéu cao h = 3m. Hoi AR, Ah
phéai bang bao nhiéu dé thé tich V dugc tinh chinh xac t6i 0, 1m?.

Giai
TacéV = nR?h, suy ra g—z = R*h=12nén At = 3(1112 < 0,003.
Tuong tu:
g—g =2nmRh =37,7 = AR = 33’—317’7 < 0,001;
%—Z = R*>=12,6 = Ah = % < 0,003.

1.4 Sai so phuong phap va sai s6 tinh toan

Trong thurc té khi giai mot bai toan phic tap ta thuong phai thay bai toan dé bang
bai todn don gian hon dé c6 thé tinh todn bang tay hodc bang may. Phuong phéap
thay thé nhu trén dugc goi la phwong phap gan diing.

Sai s6 do phuong phép gan diing tao ra goi la sai s6 phuwong phap. Méc du bai
toan da  dang don gian, c6 thé tinh toan bang tay hodc trén mdy tinh nhung trong
qua trinh tinh toan ta thuong xuyén phai lam tron cac két qua trung gian. Sai s6
tao bdi tat ca cac 1an quy tron nhu vay dugc goi la sai s6 tinh toan. Dé hiéu ré hon

ban chat cta sai s6 phuong phap va sai s6 tinh toan ta xét vi du sau:

e Vi du 1.10. Theo khai trién Maclaurin ctia ham e* ta c6:
; x? x"
et=14x+—4+---+—4...
2! n!
Véi x = 1 cong thitc nay c6 thé dung dé tinh gia tri ctia s6 e. Tuy nhién day la tong
vO han, con trong thuc té ta chi tinh duoc tong

1 1
Su=1+1++ "+,
2! !
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nghia la ta da st dung phuong phap gan ding. Chang han v6i n = 8 thi sai s6
phuong phap tim dugc dua trén danh gia

Ox
3 g0

— <
e=Sil = G S

1
Khidoem 1+1+ -+ -+ 3 ~ 271828

Bai tap
1. Cho a = 12345 v6i éa = 0,1%, b = 34,56 vdi b = 0,8%. Xac dinh sai s6 tuyét
dbi va cac chit s6 chac ctia a va b.
2. Tim s6 cac chit s6 chac va lam tron chi gitr lai 2 s6 khong chac:
a) a = 57,4365 véi da = 0,5%.
b) a = 1,40805 véi da = 0, 6%.

3. Biét rang a = 12,3057 1a mot s6 gan dung c6 hai chit s6 khong chac. Hay tinh
sai s6 tuyét dbi va sai s6 tuong ddi ctia a.

4. Cho a = 23,35781 la s6 gan duing véi sai s6 tuong déi la éa = 1,25%. Hay lam
tron a véi 2 chit s6 khong chac va danh gia sai s6 ctia két qua thu duoc.

5. Cho cac s6 gan ding a = 4,7658 va b = 3,456 v6i Aa = 5.10~* va Ab = 1073;
con u = a.b. Hay tim sai s6 tuong dbi ctia a va b; tinh u va udc lugng sai sb
Au va du.

6. Tinh dién tich hinh ch nhat c6 chiéu dai d = 40,0cm va chiéu rong r =
24,0cm. Uoc lugng sai sb tuyét déi va tuong dbéi cia S néu cac chix s6 biéu

dién d va r déu chac.

7. Cho hinh hop chit nhat c6 cac canh d, 7, h twong ting xap xi bang 10m, 5m va
3,5m.

a) Tinh thé tich V va udc luong sai s6 néu Ad = Ar = Ah = 0,005m.
b) Can tinh cac canh véi sai s6 nhu thé nao désaisé AV <0, 1.

8. Hinh try tron xoay c6 ban kinh R = 10cm chiéu cao h = 20cm;
a) Tinh V néu AR = Ah = 0,5¢m; p = 3,1416 v6i Ap = 0,5.10~4.

b) V6i p nhu trén, can tinh R va h nhu thé nao dé AV < 1.
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9. Chou =a—>bvéia=>55,23vab =>55,20; Aa = Ab = 0,005.
a) Tinh u, Au va éu.
b) Giai thich vi sao ngudi ta thuong tranh trir 2 s6 gan bang nhau.
10. Chou =a/b+cvéia=125,b=0,5,c =5, Aa=Ab=0,1;Ac =1.
a) tinh u va éu.
b) Gidi thich vi sao nguoi ta tranh chia cho s6 bé & cac budc trung gian.

11. Tinhu = a?b +cnéua = 4,0;b = 5,5;c = 25,48; Aa = Ab = 0,001; Ac = 0,01
va thu gon u chi gitf lai mot chit s6 khong chac.

12. Hay xac dinh gid tri ciia cdc ham s6 duéi day cting vdi sai s6 tuyét dbi, sai s6
tuong do6i iing véi nhitng gia tri ctia cac dbi s6 cho véi moi chir s6 c6 nghia
déu chac.

a)u=In(x+vy?); x=0,97y=1,132.

2
b)u = ’“;y ; x =328y =0,932z=1,132




Chuong 2
Phép noi suy

Trong thyc té, nhiéu khi ta phai stt dung ham y = f(x) ma khong biét biéu thic
giai tich, chi biét gia tri y; = f(x;) tai cac diém x; € [a,b] (i = 0,1,...,n). Cac gid
tri d6 c6 thé nhan duge qua do dac, thyc nghiém hodc tinh toan tir nhing sb lieu
da cho. Ciing ¢6 trudong hop biéu thuc gidi tich f(x) da cho nhung qua cong keénh.
Khi d6 dung phép noi suy ta c6 thé dé dang tinh dugc f tai bat ky x € [a,b] ma do
chinh xac khong kém bao nhiéu.

Muc tiéu ctia phép ndi suy khéa nhiéu, nhung chi yéu la tim thuat toan don
gian tinh gi tri f(x) cho nhitng x khong nam trong bang x;,y; (i = 0,1). Mot bd
s6 liéu x;,y; (i = 0,7) va mot chuong trinh ngan gon c6 thé thay mot bang rat dai
cac gid tri {x;, f(x;)}. Ngoai ra stt dung két qua ctia phép ndi suy, c6 thé tim dao
ham f’(x) hodc tich phéan cta f(x) trén doan [a, b].

2.1 Néi suy bang da thitc dai s6

2.1.1 Bai toan ndi suy

Ngoai y nghia lich st ra, da thitc dai s6 thuong duge dung trong phép ndi suy vi ly
do don gian sau: cac phép toan cong, trir, nhan, dao ham, tich phan dé dang dugc
thuc hién trén da thic. Hon nita néu P(x) 1a da thitc, con c 1a hang s6 thi P(cx) va
P(x + ¢) cang la da thuc.
© Bai toan noi suy dat ra nhu sau: Cho ham sé y = f(x) dudi dang bang gid tri
X ‘ X0 X1 - Xp
Yi ‘ Yo Y1 - Yn

trong doa < xp < x7 < -+ < x, < b goi la cdc moc ndi suy va y; = f(x;).
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m .
Hay tim da thucbacm : Py(x) = Y a;x' sao cho Py (x;) =y; (i =0,n).
i=0

® Y nghia hinh hoc ctia bai toan néi suy : hay xay dung duong cong dai sb y =
Py (x) di qua cac diém cho trude (x;,y;) (i = 0,n) tir hé phuong trinh tuyén tinh

sau:

m .
E a]-xf =y; (i=0,n). (2.1)
=0

Dé thay néu m < n(m > n) hé néi chung v6 nghiém (v6 dinh). Khi m = n hé (2.1)
c6 dinh thuac Vandermonde

1 x x5 ...
1 x;  x? X"
_ 1 1| _
A_l = J] (xi—x)#0
. .. o« .. ... o« o O§i<]'§n
1 x, x2 ... X!

Suy ra hé phuong trinh (2.1) 1a hé Crammer, do d6 n6 c6 nghiém duy nhat.

® Chu y Bai toan noi suy con dugc néu dudi dang tong quat hon, khong nhiing
yéu cau P(x) tring vdi f(x) tai cdc mdc ndi suy ma con yéu cau cac dao ham cap 1

hodc cac dao ham cap cao hon ctia ching cling triing nhau.

2.1.2 Sai s6 phuong phap ctia phép néi suy

Gia st P(x) la da thic ndi suy bac n ctia ham f(x), tacla P(x;) = f(x;) (
Ta cb dinh gia tri x € [a,b] tuy y va tim cach udc lugng sai s6 R(x
Dinhién chi can xét x # x; (i = 0,n) viR(x;) =0 (i = 0,n).

SN—

Il
~
~

=

SN— -~
|

w ~N

VY

=

N—

Xét ham bé tro
F(x) := R(z) — kw(z),
trong d6 w(z) = [1"y(z — x;). Hang s6 k chon tir diéu kién F(x) = 0, nghia la
k = % Mat khac F(x;) = 0 (i = 0,n) do d6 F(z) ¢6 n + 2 nghiém

phén biét x, xp, x1, ..., x;. Theo dinh ly Rolle F'(z) ¢6 (n+1) nghiém, ..., Fn+1) (z)
c6 nghiém ¢ € [a, b]:

(n+1)
— pln1) (@) — fn+1) gy A (Y
0=F &) =f (¢) —k(n+1)! hay CE] k
So sanh hai cach viét cuia k ta c6:

_ ()

R(x) = mw(x) (2.2)
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Goi M = sup |f("1)(x)|, tir (2.2) suy ra:

a<x<b

f&) =PI = Ty

e Vi du 2.1. Udc lugng sai s6 phép ndi suy bang da thirc bac 3 tinh sin 6° véi cac

nfl) (2 = 20) ... (x — x2)| 23)

moc noi suy

xozzl X1:7—7T, xZZEI .X'3:11—7T.
36 180 20 180
Giai
Taco f(x) = sinx;n = 3;a = T =5%b = 17 = 11%x = T 6°;f(4)(x) =
36 180 30
siny = M = sup |f¥(x)| =sin11° = 0.190809.

a<x<b

Vay theo cong thuc (2.3) ta co:

sin6° — P(6°)| < Oliﬂ (%‘%) (%‘1%) (%‘%) (3%_111?75)‘
< 1.106 x 107,

® Chiy Tir cong thitc danh gia sai s6 (2.3) suy ra:

1. Phan du R(x) rat 1én ngoai doan [xg, x,], do d6 dung cong thirc nodi suy dé

thuc hién phép ngoai suy sé mac phai sai s6 16n.

2. Phép ndi suy c6 do chinh xéc cao ddi véi cac doan [x;, x; 1] & trung tam va do
chinh xac thap dbi véi cac doan ngoai ria.
2.1.3 Sai so0 tinh toan cua phép ndi suy

Gia st thay vi biét cac gia tri ding y; = f(x;) ta chi biét cac gia tri gan dung y;. Khi
do thay vi da thuc noi suy

ta co

Zy ()

x - xz)w (xi)

Gia st |y; — 7] < Ay;, khi d6 sai s6 tmh toan

5y w(x)
[AP[ = |P—P| <) Ayl |
i;) U = x)w' (x)
Néu cdc mbc ndi suy cach déu va Ay; < p (i = 0,n) thi
t—n)| & C

ap| < =1




2.2 Pa thuc noi suy Lagrange 13

2.2 Da thuc noi suy Lagrange

Sau day ta sé trinh bay cach xay dung da thitc ndi suy ma khong can giai hé (2.1).

Trudc hét, ta tim da thic [;(x) ¢6 bac 1, sao cho

1 néu i=;j ..
li(xj) - { J (l/] =0,n)

0 néu i#j
Dé thay
li(x) =Aj(x —x0) ... (x = x;_ 1) (x = xj41) ... (x — xp).
Vi
1=1i(x;) = Aj(x; —x0) ... (xi —xi_1)(x; — xj1) .- (x; — xp).
nén

L(x) = (x—x0)...(x —xi1)(x —xj11) ... (x — xp)
i) = Dt —x —

(x; = x0) - (o = xi—1) (x; = Xij1) - (X — xn)
va goi no la da thitc Lagrange co bin

Dit
P(x) =) yili(x), (2.4)
i=0

R6 rang P(x) 1a mot da thitc bac nhd hon hodc bang 7 va ta ¢c6

n
P(xj) = ) vili(xj) =y; (j=0,n).
i=0
Nhu vay P(x) la da thitc noi suy can tim.
e Noi suy bac nhat
Vé6in =1 ta cé bang ti ‘ U
Yi ‘ Yo Y1
Pa thac ndi suy (2.4) sé 1a: P(x) = yolo(x) + y1l1(x) trong d6
X=X X=X
lo(x) = P h(x) = p—
e Noi suy bac hai
Véin = 2 ta cé bang ti ‘ i
Yi ‘ Yo Y1 Y2
Pa thuc ndi suy (2.4) sé la: P(x) = yolo(x) + y1l1(x) + y2l2(x) trong do
Io(x) = (x —x1)(x — x7) I (x) = (x — x0)(x — x7)

(x0 — x1)(x0 — x2) (x1 = x0)(x1 — x2)
(x —x0)(x — x1)

(x2 = x0)(x2 — x1)

va lz(x) =
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e Vidu 2.2. Cho ham s6 duéi dang bang
x | 101
fx)y| 7 0 7
Tim da thirc ndi suy dang Lagrange.
Giai
Da thitc can tim ¢6 dang:
x(x—1) x(x+1)
P(x) = -7 +7 X
(x) (=1-0)(-1-1) (1-0)(1+1)
—1 1
Plx) = —7 x XE=D o XD g
2 2
® Chiy Néu cdc mdc noi suy cach deu, tuc la
Xig1—xi=h (i=0n-1)
thidatt := —hxo hay x = x¢ + th ta duoc
—1) It —1) .. (t—n
Pi(x):Pi(xo+th):( ) : L ( ) '( )
t—1 n!
Tom lai
Ht—1 t—n) & L 1C1
P(xo+ th) = ( )n' ( Z t)—z (2.5)

Trong cong thiic (2.5), cdc hé s6 (—1)"~1Ci khong phu thudc vao ham sb f(x), méc

noi suy va budc h. Do d6 ching dugc tinh san, 1ap thanh bang dé st dung nhiéu

lan.

Cong thic nodi suy Lagrange trinh bay trén c6 wu diém don gian nhung néu

thém moc ndi suy phai tinh lai toan bd. Nhugc diém nay dugc khac phuc trong

cong thic ndi suy Newton.

e Vidu 2.3. Tim da thuc ndi suy bac hai cia ham y = 3* trén doan [—1, 1] tai céc

mbc noi suy xg = —1,x; = 0,x, = 1. Tir d6 tinh /3.
Giai

Tacoyo=1/3,y1 =1,y = 3.

I S C UG VPR C S [CEa)
Pz(X)—g'(_l_o)(_1_1) Porne-y Pras
Pa() = 1+ 2 1 25
Cho x = 1/2 ta dugc 1

Nl—=

—V3~1+Z4+-~18.

3
3 6
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2.3 Céng thitc ndi suy Newton méc cach déu

2.3.1 Sai phan va cac tinh chat
Gid stt f : R — R 1a mot ham s6 cho trudc va h = const # 0. Ta goi sai phan cap

1 cta f(x) la dai lugng Af(x) = f(x +h) — f(x). Ty sai phan cap 1 cta f(x) la

Afh( *) . Mot cach tdng quat A" f(x) := A[A" 1 f(x)] (n > 1), A% := f(x).

e Vidu 24. A’f = A(Af) = A(f(x+h) — f(x)) = [f(x+h+h)— f(x+h)] -
[f(x+h)— f(x)] = f(x+2h) = 2f(x + 1) + f(x).

Nf = AN*f) = [f(x+2h+h) —2f(x +h+h) + f(x+h)] — [f(x + 2h) —
2f(x+h)+ f(x)] = f(x+3h) —=3f(x+2h) +3f(x + h) — f(x).
{ Tinh chét

(1) Alatoan ti tuyén tinh, nghia la:
Va,Bp € R; Vf,g = Alaf + Bg) = aAf + BAg.

(2) Néu c = const thi Ac = 0.
(B) A"(x™) = n!h"; A"™(x") =0 (m > n).
(4) Néu P(x) 1a da thic bac n thi theo cong thic Taylor

AP :=P(x+h) — Zn pi)

(5) Néu f € C"[a, b] thi khi h dd nhé £ (x) ~ A”}J;( x)

2.3.2 Bang sai phan
Gia st ham s6 y = f(x) cho dudi dang bang y; = f(x;) tai cdc mdc x; cach déu:
Xiy1 — X; = h = const (i > 0).
Khi d6 sai phan caa day y; dugc xac dinh nhu sau:
Ayi = Yiy1 — Vi

Ny = ADy) = Ayi1 — Dy, -
Anyi _ A(An 1y) A~ 1]/1 1_An 1]/1

Ta lap bang:
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y | by | Ny | Ay | Al
Yi-2
AYi—
Vi1 Nyi_,
Ayi 1 Ny
Yi Ny; o Aty
Ay; Nyi4
Yit1 A%y
AYit1
Yit2

2.3.3 Da thirc néi suy Newton tién
Tim da thuc ndi suy dudi dang
P(x) =ap+ai(x —xg) +ax(x —x0)(x —x1) + - -+ an(x —x0) ... (x —x,_1).

Mbc nédi suy dugc sép xép theothutu xp < x1 < -+ < xy.

A
Cho x = xp, tadugcag =yp; x = x1 = a1 = %. Noéi chung dat x = x;, ta co
Ai
a; = 2% Khi d6 ta ¢6
i'ht
A A? A"
P(x) :}/o-i-%(x—xo)‘f' 2!320(x—x0)(x—x1)+---+ n!g,?(x—xo)---(x—xn—ﬂ-
Déi bién t = > xo,x = X + th ta dugc

h

t(t—1 t(t—1)...(t—n—+1
(1) gy, y M) )ty

t
P(xo+ th) = yo + ;Y0 + (2.6)

Khi d6 cong thirc sai s6 (2.3) trg thanh

|f(x0 + th) — P(xo + th)| < !h”Ht(t—l)...(t—n).

M
(n+1)

Nguoi ta goi cong thic (2.6) la da thirc ndi suy Newton tién xuat phat tir xo.
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2.3.4 Da thuc néi suy Newton lui

Mbc ndi suy dugc sép xép theo thu tu giam dan x, > x,_1 > -+ > xq.
.X' - xn
h

P(x)=ag+a1(x —xy) +ax(x —xp)(x —xy_1) + -+ ap(x —x) ... (x —x7)

batt = = x = x;; + th. Da thuc thiac ndi suy Newton lui tim dudi dang

Ay, _
Chox =xy = ag=yn, X =%,-1=>ap+a1(—h) =y, 1= a1 = %
T/\7 , o _ ) o Alyi’l—l .
ong quat, dat x = x;, ta dugc a; = A (i=0,n).

Nhu vay cong thic Newton lui sé c6 dang

t
1!

H(E+1)
2!

P(xp +th) =yn + Ayu-1+ Azyn—2+"'—|—

Wt 4+1)... (t+n).

Vi sai s6 M
(n+1)!
Cong thirc (2.7) duge goi la da thitc ndi suy Newton lui xuat phat tir x,,.
© Chuy
a) Cong thitc ndi suy Newton tién (Itii) chi 1a mot cach viét khac ctia cong thirc

Lagrange.
b) Néu can tinh f(x) tai x &~ xg (x &~ x,) ta nén dung cong thirc ndi suy Newton
tién (lti) thi do chinh xac cao hon.
c) Dung cong thiic ndi suy Newton tién (lti) khong phai tinh lai tir dau néu
thém moc ndi suy mdéi.
e Vidu 2.5. Cho mot sb gia tri cia ham sin x

X \ 0,1 0,2 0,3 0,4
sinx\ 0,09983 0,19867 0,29552 0,38942

Hay tinh gan dung sin(0,14) va sin(0, 46).

Gidi
Vi cac mbc cach déu nén ta xdy dung da thitc ndi suy Newton ctia ham s6 dya vao
bang gia tri da cho. Trudc hét ta lap bang sai phan:
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X | sinx Ay A%y N3y
0,1 |0,09983
0,09884
0,2 | 0,19867 -0,00199
0,09685 -0,00096
0,3 | 0,29552 -0,00295
0,09390
0,4 | 0,38942
Str dung cong thirc nodi suy Newton tién (2.6) ta dugc:
0,09884  0,00199 0,00096

V6ix =0,14,h = 0,1 suy ra t = 0,4. Khi do:
sin(0,14) ~ P(0,1+0,1.0,4) = 0,13954
va sai s6 dugc danh gia bgi

Isin(0,14) — P(0,14)| < % (0,14 — 0,1)(0,14 — 0,2)(0,14 — 0,3)(0,14 — 0,4)|
< 4,210
Tuong tu, st dung da thitc ndi suy Newton lui (2.7) ta cting tinh dugc:
sin(0,46) ~ P(0,46) = 0,44394
véi sai s6 |sin(0,46) — P(0,46)| < 3,8.107°.
e Vidu 2.6. Gid st ham f(x) cho dudi dang bang sau:

x\ 0 0.1 0.2 0.3 0.4 0.5
y\ 0 01002 02013 0.8045 0.4108 0.5211

Tim £(0.14) theo cong thirc ndi suy Newton tién.

Két qua tinh toan cho thdy £(0.14) ~ 0.1405. Sai s6 mac phai

.0001 1
|£(0.14) — P(0.14)| < 0 (Lo'o 04 x0.6x1.6x26< 510—6.
» A4
(O day ta stt dung hé thic f*) (&) ~ hfo va

4
BY014 L 04 % 0.6 x 1.6 x 2.6)

£(0.14) = P(014)| < g
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2.3.5 Mot s6 vi du ap dung sai phan va noi suy
a. Tinh gia tri da thuc

Gia st deg(P)= n. Néu biét P(x) tai (n + 1) diém phan biét, st dung tinh chat
A"™P =0 (m > n) ta c6 thé tinh P(x) tai cac diém khac.

e Vidu 2.7. Tinhy = x®> vdi x = 4,5,6....

Lap bang
y | Ay | A%y | Ay
0] 0
1
1] 1 6
7 6
2| 8 12
19 6
3| 27 18
37 6
4| 64 24
61
5 125

Biét 6 = A3y1 = AZyZ — A2y1 = A2y2 — 12 suy ra A2y2 = 18 = Ayz — Ay, =
Ay3 —19, hay Ay3 =37 = ys —y3 = yas —27. Vay y, = 64, . ..

b. Tinh tf;ng

Gidsttcantinh S, = 12422+ ---+n?>v6iVn > 1. Tacé: AS,, = S,11 — Sy =
(n4+1)?, A’S,, =AS, ;1 —AS, = (n+2)>— (n+1)2=2n+3, A3S, = A’S, | —
A%S, = [2(n+1) +3] — [2n + 3] = 2 = const.

Lap bang:
n|S, | AS, | A%S, | A3S,
1)1
4
2|5 5 2
9
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? A - A « R n - 1
Su dung cong thirc ndi suy Newton tien t = — = n — 1 ta duoc

Sy = 1+4(n—1)—|—%(n—1)(n—2)—|—%(n—1)(n—2)(n—3) = %n(n—l)(Zn—i—l).

Hoan toan tuong tu ta c6 thé tinh tong

S, = 13+23++n3:1+8(n_1)+19(n—1)(n—2)+
n 18(n_1)(”_2)(”_3)+6(n—1)(n—2;in—3)(n—4)
n(n+1)72
S =[5

2.4 Phuong phap binh phuong bé nhat

Da thitc noi suy xét § cac tiét trude gap phai mot s6 kho khan trong truong hop:

e Khi s6 mbc ndi suy 1én thi bac ctia da thitc noi suy cting 16n, khong thuan
tién khi tinh toan.

e Cécsobliéu x;, y; thuong thu dugc béng do dac, thuc nghiém nén bao gio cing
c6 sai s6, do d6 yéu cau y; = P(x;) c6 thé khong hop ly.

Phuong phap binh phuong bé nhat do Lagrange va Gauss dé xudng trong khi biéu
dién gan ding nhitng ham cho bang bang.

2.4.1 Noi dung phuong phap

Cho bang s6 lieu
X ‘ X1 X -+ Xp
Yi ‘ Yi Y2 - Yn

Duya vao nghién ctru ly thuyét va s6 liéu trong bang ngudi ta chon trude dugc ham

phu thuoc y = f(x,a1,4a,...,a;) , trong d6 ay,ay, .. .,a; la cac tham sb. Cac tham
s6 nay dugc xac dinh sao cho y; va f(x;,a1,az, . . ., ax) sai khac nhau nhé nhat . Mot
tiéu chudn dé danh gia sy sai khac do6 1a sit dung ham

n

2
S(al,az,.. .,(Zk) = Z (yz —f(xl-,al,. . .,ak)) — min.

1=
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Dé thiy ham S dat gid tri nho nhét tai diém tdi han, chinh la nghiém ctda hé:

(
9% _
8a1
s

< aaz - (28)

2S
= =0

\ aak

Giai hé (2.8) ta tim duoc cac thamsda;, i =1,k

2.4.2 M6t s6 truong hop ap dung

a) y phu thudc x theo dang bac nhaty = f(x,a,b) = a + bx
Khi d6 téng binh phuong céc sai sb:
n 2 n

S = Z (yz’ — f(xi, ﬂ/b)) =Y (yi—a—bx;)?

i= i=

Ta lap hé phuong trinh

(2.9)

dS
g_a =0 N na+bY x; = Zyl
a_‘z — 0 ayxi+byxr = Ly

Tir bang s6 liéu {x;, y;} ta tinh dugc cac tong: ¥ x;, Y yé, Y xiz, Y x;y;. Hon ntra,
cac x; khac nhau nén dinh thic D = n inz — <in> # 0, do do hé (2.9) c6
nghiém duy nhat a va b.

e Vidu 2.8. Cho biét su phu thudc gitra 2 dai luong x vay cé dang y = a + bx
va cho bang s6 liéu

x\ 1,1 2,1 3,2 44 572

y 0,78 7,3 9,2 11,9 13,3
Hay xdc dinh a va b bang phuong phap binh phuong bé nhat.
Giai

Ta 1ap bang sb
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Xi Yi X7 YiYi
-1,1, 0,78 1,21 | —0,858
2,1 7,3 4,41 15,33
n=>5 3,2 9,2 10,24 | 29,44
4,4 11,9 | 19,36 52,36
5,2 13,3 | 27,04 69,16
Y 13,8 | 42,48 | 62,26 | 165,43
Sau do giai hé
50 +13,80 = 42,48 a =2,994~3
& = y=3+2
13,8a 4+ 62,26b = 165,43 b =1,994~2

So sanh céc gid tri méi caa y theo ham tim duogc véi cac gia tri ct theo bang
sau cho thdy phuong phéap binh phuong bé nhat kha chinh xac.

X -1,1| 2,1| 3,2| 4,4 5,2
yca 0,78 7,3 92| 11,9 | 13,3
Iy moi 0,8 7,21 9,4 11,8 | 13,4

b) y phu thuoc x theo dang bac haiy = f(x,a,b,c) = a + bx + cx?

Khi d6 téng binh phuong céc sai sb:

n 2 n

S = Z <}/i — f(x;,a, b,c)) = Z(yi —a—bx; — Cxiz)z

i= i=

Ta lap hé phuong trinh
( dS

%

S

%

S

" dc
Tir bang s6 liéu {x;,y;} ta tinh dugc cac tong:

in, Zyi, szz in]/ir fo fo inzl/i/

sau d6 thay vao hé (2.10) rdi giai ta dugc a,b va c.

=0 na+byxi+cyx? = Ly

ain—l—beiz—l—ch? = Y Xy
ainz—i—be?—l—chf = inzyi

0 & (2.10)

=0

¢) y phu thudc x theo dang ham mi y = f(x,a,b) = ae’™

Lay logarit Naper 2 vé ta dugc: Iny = Inae?™ = bx +1na
Thuc hién phép déi bién
Y = Iny
A = Ina

=Y =A+bx (2.11)



2.4 Phuong phap binh phuong bé nhat 23

Nhu vay su phu thudc gitta Y vao x 1a dang bac nhat. Tir bang s6 liéu {x;, y; }
tuong tng ta lap duoc bang sb lieu {x;, Y;} trong d6 Y; = Iny;, i = 1,n

Heé phuong trinh dé xac dinh A, b 1a

A+bYx; = Y
At sz’ LY, (2.12)
AY xi+bY xi = Y xY;
e Vidu 2.9. Cho biét cip gia tri cta x va y theo bang sau:
X ‘ 0,65 0,75 0,85 0,95 1,15
y| 09 1,06 1,17 1,29 1,58
Lap cong thiic thue nghiém cta y dang y = aet™.
Giai
LAy logarit Naper 2 vé ta dugc: Iny = Inae?™ = bx +1na
batY =Iny; A=1Ina =Y = A+ bxTacdbang s0 liéu moi
X ‘ 0,65 0,75 0,8 0,95 1,15
Y=Iny| -0,04 0,06 0,18 0,25 0,46
Lap bang
X Yi xiz xiYi
0,65| —0,04
0,75| 0,06
n=5| 0,85| 0,18
0,95| 0,25
1,15| 0,46
)3 4,35| 0,8 | 3,93 0,92
Giai hé
nA+bYx; = Y N 5A+4,350 = 0,89 L ~0,5
AYxi+brx? = YxY 4,35A+3,93b = 0,92 b o~ 1

1 ? A z N . /7 . 7 . ?
Vay y = Eex . Tinh lai cac gia tri cua y theo cong thitc nay tai cac gia tri cua x

roi so sanh vdi cac gia tri thuc nghiém

X 0,65 0,75 0,8 | 0,95| 1,15
yca | 0,96| 1,06| 1,17| 1,29| 1,58
ymoi| 1,00 3,85 | 6,50 | 9,35 | 12,05

d) y phu thudc x theo dang ham liy thita y = f(x,a,b) = ax
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Lay logarit Naper 2 vé ta duoc: Iny = Inax? = blnx +Ina

Thuc hién phép d6i bién
Y = Iny
X = Inx =Y=A+bX (2.13)
A = Ina

Nhu vay sy phu thudc gitta Y vao X 1a dang bac nhat. Tir bang s6 liéu {x;, y;}
tuong uing ta lap duoc bang sdliéu {X;,Y;} trongdo X; =Inx;, YV; =Iny;, i =

1,n

Khi d6 hé phuong trinh dé xac dinh A, b 1a

{ nA+bY X, = YY 014

AV X+ b X2 = LX),

Bai tap

1. Him s6 y = f(x) xac dinh trén [0;5] va dugc cho bdi bang gia tri sau
x | 0135
y=fx)| 1 2 1 4

Hay xay dung da thitc noi suy Lagrange P(x) cta f(x) va tinh gan dung gia
tri f(2) bang cach lay f(2) ~ P(2).

2. Xay dyng da thic Lagrange cho ham f(x) = x% + x? — 10 tai cdc mbc x =
—4; —3; —1,0. Tir d6 hay xac dinh cac hé“mg s6 A, B,C, D sao cho
x3 4+ x2 —10 A B C D

x(x+1)(x+3)(x+4) ;+x+1+x—|—3+x—|—4

3. Tinh tong
Sp=1+22+3>+... +n?

biét rf?mg S, 1a mot da thuc bac 4.
4. Cho bang gid tri cia ham sd y = f(x)

x | 10 3 6 7
y=f(x)| 3 -6 39 822 1611

Xay dung da thitc ndi suy Newton ctia ham f(x). Tinh gan dung f(0,25) nho
da thuc vira tim dugc.
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5. Cho ham s6 y = f(x) xac dinh bdi bang gia tri sau

x | 0o 1 2 3 4 5 6 7
y=f(x)] 14 13 14 11 13 18 16 23

Tim biéu thitc ctia f(x) bang phuong phap binh phuong t6i thiéu biét rang
(@) f(x)la mot da thirec bac nhat.
(b) f(x)la mot da thic bac hai.
) =
) = In(ax + b).



Chuong 3

Tinh gan ding nghiém thuc ctia phuong

trinh

Trong chuong nay, chuing ta sé nghién ctru mét s6 phuong phap gidi phuong trinh
mot bién so:

f(x)=0 (3.1)
trong do f(x) 1a ham s6 (dai s0 hay siéu viét).

Phuong trinh (3.1), trtr mot s6 trudng hop déc biét c6 cong thic gidi ding, noi
chung rat phuc tap. Do d6 ta phai tim cach giai gan dung. Ngoai ra, cac hé s0 cua
f(x) trong thuc té chi biét gan dung, vi thé viéc giai diing (3.1) chang nhiing khong
thé thuc hién ndi ma nhiéu khi khong c6 y nghia.

Thong thudng, qua trinh gidi phuong tinh (3.1) bao gom hai budc:

1. Budc giai so bo: Tim moét khoang du bé chira nghiém caa (3.1).

2. Budc giai kién toan: Tim nghiém v6i do chinh xac can thiét.
Ciing nhu cdc phuong phap gan dung néi chung, dé tim nghiém gan dung cua
(3.1) ta thudng tim cach xay dung day sb x;, sao cho x, — a khi n — oo, trong d6
a 1a nghiém dung ctda (3.1). Khi d6 véi gia thiét ham f(x) lién tuc ta co

lim £(x,) = f(a) = 0

n—o00

Diéu d6 c6 nghia la khi x,, kha gan « thi f(x,,) kha gan f(a) va c6 thé xem f(x,) ~
0, hay x, thuc su co thé xem la nghiém gén dung caa (3.1).
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3.1 Nghiém va khoang phan li nghiém

O Pinh nghia 3.1. S6 thuc « goi la nghiém cta (3.1) néu f(«) = 0 hay a chinh la
hoanh d¢ giao diém cta do6 thi y = f(x) véi truc hoanh.

Hién nhién trudc khi tim nghiém ta can kiém tra xem liéu phuong trinh (3.1) c6
ton tai nghiém hay khong? Dinh ly duéi day giup ta lam viéc do:
A Pinh ly 3.1. Gid st 2 s6 thuc a,b (a < b) théa man f(a)f(b) < 0va f(x) lién
tuc trén [a, b] thi trong [a, b] chita it nhat mot nghiém ctia (3.1).
OPinh nghia 3.2. [4,b] dugc goi 1a khoang phan li nghiém néu né chita duy nhéat

moét nghiém caa (3.1).

Dé thdy néu a, b théa man:

i) fla)f(b) <0

ii) fkha viva khong déi dau trong |a, ]
thi [a, b] la khoang phan li nghiém caa (3.1).
e Vidu 3.1. Tim cac khoang phan li nghiém ctia phuong trinh

fx)=x*~x—-1=0.
Giai

Ta thay f(x) xdc dinh véiVx € R, f'(x) =3x> -1 =0& x = L

V3

Bang bién thién cta f(x)

1 1
z — 00 - ﬁ ﬁ + 00
f'(z) + 0 — 0 +

M + o0
f(x) / \ /

-1 -1 1
tronedOM=f| —]=— 4+ — —1<0.
& f(ﬁ) 3v3 V3

Vay do thi cat truc hoanh tai mot diém duy nhéat, do d6 phuong trinh c6 mot
nghiém thyc duy nhét.

Ngoairatacod f(1) = —1 < 0, f(2) = 5 > 0 nén nghiém trén phan li & trong
1,2).
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3.2 Phuong phap chia d6i

3.2.1 Mo ta phuong phap

Xét phuong trinh sau trén khoang phan li nghiém [a, b]:
f(x)=0 (3.1)

Gia stt ham s6 f(x) lién tuc trén doan [a,b] va f(a)f(b) < 0. Goi Ag := [a,]], ta
chia d6i Ag va chon Ay = [ay, by] la mot trong hai ntra ctia Ag sao cho f(a1)f(b1) <
0. N6i chung & budce thu n, ta ¢6: Ay, = [an, by C Ay—1 C --- C A1 C Ag, trong d6
f(an)f(by) <0vab, —a, = bZ;na' Dé thay day {a,} don diéu tang, bi chan trén
bdi b con day {b,} don diéu giam, bi chan dudi béi a. Hon nixa, do b, —a, — 0
suy ra a,, by — a(n — o0).

Vi f(an)f(by) < 0nénchon — oo, tacd [f(a)]? <0< f(a) = 0. Ngoai ra ta cd
ude lugng sai s sau:
b—a

Oga_angbn_an: 27’1 .

(3.2)

3.2.2 Thudt toan cua phuong phap chia doi

Budc khdi tao. Xac dinh khoang phan li [, b] va sai s6 «.
Gann:=1; ay:=a; by := b.

Budc lap.
ap1+by
2
Budc 2. Néu f(a,_1)f(x,) > 0thi gan ay, := x,;by, = b,_1;
Néu f(b,_1)f(xn) > 0thigana, :=a, _1;by, = xp.

Budc 1. Tinh x,, = . Tinh (xét dau) f(xy).

Budc 3. Néu b, — a, < e thi kétluan x,, Budc 11a nghiém can tim. Két thuc.
Néu by, — a, > ¢ thi gan n := n + 1 va lp lai tir Budc 1.

¢ Nhan xét
e Thuit todn ctia phuong phép chia déi rat don gian, do d6 dé lap trinh.
e Toc do hoi tu ctia phuong phap chia doi kha cham.

e Trong qua trinh 1ap c6 thé xay ra f(x,) = 0. Khi d6 ta nhan dugc nghiém
dung cta phuong trinh la x;,.
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e Néu an dinh trudc sai s6 cho phép ¢ thi sb budc lap can thiét dé tim nghiém
b—a
2n

gan ding trong khoang phan i (a,b) 1a n € IN thod man < &.
e Vidu 3.2. Tim nghiém gan ding ctia phuong trinh
flx)=x>~x—-1=0
vdi sai s6 khong qua 0.032.
Gidi
Tix vi du 3.1 ta biét phuong trinh

P—x—-1=0 (3.3)

c6 duy nhat nghiém trong (1,2) véi f(1) = —1 < 0, f(2) = 5 > 0. Do d6 ta thuc
hién thuat toan chia doi nhu sau:

Budc khdi tao. Chon khoang phanli (1,2),a = 1,b =2, f(a) < 0, f(b) > 0. Sai s6
¢ = 0.032. S6 budc 1ap can thuc hién la 7 thod man

b—a 1 In 0.032
_ . > ~ 4. .
S <e = <0082 = >~ 4966
Vay n = 5.
Buac lap.
n n-1 by Xn f(xn)
3
1 1 2 =
5 +
3 5
2 1 2 > -
2 4
5 3 11
> i 2 3 *
R TR R
4 8 16
5 21 11 43
16 8 32

) A 4
Ta ditng qua trinh chia d6i tai day va lay nghiém gan duang la x5 = 3—3 = 1.34375
vdi sai s0 khong qua
b—a 2-1 1

T a5 0.03125 < 0.032.
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3.3 Phuong phap Newton

3.3.1 Mo ta phuong phap
Xét phuong trinh
f(x)=0 (3.1)

Ta ludn gia thiét cac diéu kién sau théa man:

1) Phuong trinh (3.1) c6 nghiém a duy nhat trén [a, b].

2) f € C?[a,b] va f(x), f'(x) khong d6i dau trén [a, b).
[0 Pinh nghia 3.3. Diém x € [a, b] dugc goi la diém Fourier, néu f”(x)f(x) > 0.

Khong giam tong quét, ham f(x) trong phuong trinh (3.1) ¢6 thé coi c6 dao
ham f”(x) > 0, néu khong ta xét phuong trinh ¢(x) = 0 véi g := —f.

Chon xap xi ban dau xg la diém Fourier: f(xq)f" (xo) > 0.

Phuong trinh tiép tuyén ctia duong cong y = f(x) tai diém My(xo, f(x0)) c6
dang
y = f'(x0) (x — x0) + f(x0)-

Hoanh d6 cta giao diém cta tiép tuyén nay véi truc hoanh la:
0 = f'(x0) (x1 — x0) + f(x0) hay x1 = x0 — f(x0) / f' (x0)-
Noi chung:
f(xn)

xn—|—1 = Xn — f,(xn) .

1 _
T x =
b | 2 1 xo=>b
e} 1
To=a X1 9 1 x 1
| |
5 A

(a) Truong hop f'(x) <0 (b) Truong hop f/(x) > 0
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Ta ludn c6 thé coi f”(x) > 0. Sau day ta chi xét truong hop f’(x) < 0.Trudng
hop f'(x) > 0 hoan toan tuong tu. Khai trién f(x,) tai diém x,_1 theo cong thiic

Taylor, ta co:

Fltn) = Fnt) £ (o) o~ x) + 100 (e, )2

T do suy ra
1!
0,
f(xi’l) = %(xn — xn_l)z Z 0.

Mat khac
f(xn) f" (1) (xn — xn—1>2
X — Xy = — = — > O,
T ) 2f"(xa) -
do d6 day {x, } don diéu khong gidm. Néu c6 x, > a thido f/(x) < 0 nén

flxn) < fa) =0

Diéu nay mau thuan véi bat dang thiic f(x,) > 0. Nhu vay

Xy < Xpop < -0 <o,

suy ra ton tai gioi han
lim x, = .
n—oo n g
Ta co

fGen) | = I Cen)ll2nr1 = x| < Mlxuiq — 2,
trong d6 M = sup{|f’(x)| : x € [a,b]}. Chon — oo ta dugc f({) = Osuyra { = a.

3.3.2 Sai s6 phuong phap

Dé danh gia sai s6 phuong phap Newton, ta gia thiét rang |f”(x)| < M; va
|f'(x)] > My véimoi x € [a,b]. Tacd

flng1) = flxna = f@) = f'(%51) (Xn1 — @)

Tur day suy ra
g — ] < Gl (3.4)
2
Mat khac
i X 1/ &
Flrn) = Fen) /o) (o —xa) + L =2 = T8 2
Tir bat dang thitc cubi suy ra | f (x,41)| < % |Xp41 — x| Ap dung (3.4) ta dugc:
M
[Xn1 —a| < 2—MZIxn+1 — x| (3.5)

Khi 7 16n do 1éch |x, 1 — x| kha bé. Tir cong thirc (3.5) suy ra x,,1 rat gan a vi

X1 — &] = O(as1 — x]?):
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3.3.3 Thuait toan cua phuong phap Newton

Budc khai tao. Xac dinh cac gia tri My, My, diém Fourier xq va sai s6e.Gann := 1.
Buac lap.

Xp— My (%, — x,,_1)?
—f,( 1) Tinh g, 1= M1~ Xn-1)
f (xn—l) ZMZ
Budc 2. Néu g, < e thi két luan x, & Budc 1 1a nghiém can tim. Két thuc.
Néu g, > ¢ thi gan n := n + 1 va lap lai tu Budc 1.

Budc 1. Gan x, := x,,_q

e Vidu 3.3. Tim nghiém gan ding ctia phuong trinh
flx)=x>~x—-1=0
bang phuong phap Newton.
Giai

Tir vi du 3.1 ta biét phuong trinh x> — x — 1 = 0 c6 duy nhét nghiém trong [1,2].
Trong khoadng do:

f'(x) =3x*—1>0;

f"(x) =6x > 0.
Vi vay c6 thé ap dung cong thirc Newton. D€ tim diém Fourier ta tinh f(2) =5 > 0

cung dau véi f”(x). Vay chon xg = 2. Hon nita vdi moi x trong khoang phan li [1, 2]

ta co
flx)=3x2-1>3-1=2 = My =2;

f'(x) =6x<62=12 = M; = 12.
Do d6 c6 cong thuc tinh

3
Xp = Xp_1— xn?)lx%jnjl :
véi sai s6 khong qua
2
€, = 12(xn ;an—l) _ S(xn o xn_l)z-
Bang dudi day cho thay két qua tinh nghiém gan dung x,, kém theo sai s6
n Xn Sai sO €,
0 2
1 1.545454545 0.6198348
2 1.359614916 0.1036092
3 1.325801345 0.0034301
4 1.324719049 0.0000036
5 1.324717950 10-1




3.3 Phuong phap Newton 33

Bai tap
1. Dung phuong phép chia doi, hdy tim nghiém ctia phuong trinh x® + 3x? —
3 = 0 v6i sai 56 1073 trong khodng phan li nghiém (—3; —2).
2. Giai phuong trinh ax +b = 0védia € (0.1;1) khéong st dung phép chia.

3. Phuong trinh x* — 3x2 + 75x — 10000 = 0 c6 mot nghiém a € (—11; —10). S«
dung phuong phap Newton hay tim gan ding a voi

(a) hai budc 1dp va danh gia sai so.
(b) 4 chit sb chac.
(c) sai s6 khong qua 1074

1 ?
4. Phuong trinh x? — 2sinx — 5 = 0 c6 nghiém a € (1;2). S& dung phuong
phép Newton tinh gan ding a véi sai s6 1073,
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Tinh gan ding dao ham va tich phan

41 Tinh gan ding dao ham

Trong thuc té, nhiéu khi nguoi ta phai tim dao ham mo6t ham s6 cho dudi dang
bang, hodac ham cho duéi dang giai tich nhung phtc tap. Trong nhirng truong hop
do, ta thuong dung phuong phap tinh gan ding dao ham. Ta thay f(x) bang da
thirc noi suy cta né:f(x) = P(x) + R(x), trong d6 phan du

FUDE) 1

[I(r—xi), &=¢(x) € (x0,xn).

R =Ty L

Khi dé f'(x) = P'(x) +r(x) v6ir(x) = R'(x). Dé thay phép tinh gan diing dao ham

nhu trén khong chinh xac bang phép ndi suy vi tir hé thire f(x;) = P(x;) (i = 0,n)
khong suy ra f/(x;) =~ P'(x;) (i = 0,n).

4.1.1 Su dung da thic ndi suy Lagrange

) l;k(x = Xj)
Ta co P(x) = kgoykPk(x), trong do P(x) = W Vi
, d f(n+1) z n (n+1) &) d n
() = R = g oS e+ J S T )
: _f0©) ,
nén r(x;) = ) igk(xk — X;).

Xét truong hgpn =1, ta co

X — X1 X — Xo
Xo — X1 1xl—xo'

Rx) = L0 sy (x - m).

P(x) = yo T
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Suy ra P'(xo) = Zi :zg var(xg) = R/ (xg) = fz—(!@(x1 — xp).

Nhu vay
flx1) = f(xo)  f"(S)

X1 — Xo 2! (1 = x0)-

f(x0) =

Tir day ta lai nhan dugc khai trién Taylor:

(x1 — x0)2~

f(x1) = f(xo) + f'(x0) (x1 — x0) +

e Vidu 4.1. Xét ham sb f(x) = 3*. Tir vi du 2.3 ta biét da thitc ndi suy Lagrange

ctla ham so tai cic mocndisuy xo = —1,x1 =0,xp =11a

£
X

Khi d6 dao ham dugc tinh gan dung bdi cong thic

Fx) ~ Phx) = 5 + 2

4.1.2 Su dung cong thuc ndi suy Newton

Trong trudng hgp cdc mdc ndi suy cach déu ta c6 thé sit dung cac cong thirc nodi
suy Newton tién, lui dé tinh gan ding dao ham. Vi du dé tinh f'(x), f”'(x) cho
x = x, ta duing da thitc ndi suy Newton tién

P(x) = yo + y0t+Ty°t(t—1)+--- nyo(t—l) (t—n+1)

trong do t = (x — xq)/h.

Dé thay
dP  dPdt 1dP 2t —1 32 — 6t +2
e e A L R
N 213 — 9t2+11t—3A S
12 "o
AP d /dP\dt 1d /dP 1, ., 5 62 —18t+11 4
a2 = i G i = e (aw) = g2 1%+ (6= DA%0 + == Atyo +
Noi riéng
1 A%yy My Atyy | Ay
/ ~~ —_ _ —
fi(xo) =~ h{Ayo 5—+ 3 T }

1 11
f'(x0) ~ 13 {Azyo — Nyo+ 500+ }

e Vidu 4.2. Tim f/(50) cta ham f(x) cho duédi dang bang sau:
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X y Ay | A?y | A3y
50 | 1.6990
414
55 | 1.7404 -36
378 5
60 | 1.7782 -31
347
65 | 1.8129
Ta co ) A2 A3
h:S;f’(xo)%E(Ayo— 2y0+ 3y0—---)
Suy ra

1
f(50) & £(0.0414 — 0.0018 +0.0002) = 0.0087.

So sanh vdi gia tri dung cta dao ham

Inx )’ 11 043429

! —= g _— = — ~ ~ U. .
fix) = (lgx)" = (11110 xIn10 50 0.0087

4.2 Tinh gan ding tich phan

Trong thuc té, nhiéu khi ta phai tinh tich phan xac dinh cia ham s6 ma khong biét
nguyén ham ctia n6. Néu dung dinh nghia tich phan
n—1

[ = lim ;f(xi)Axi

n—0o0 !

thi tdng Darboux hoi tu rat cham, do d6 dé dat duge do chinh xac khong cao, ta
van phai thuc hién mot khdi lugng tinh toan rat 16n. Ngoai ta, trong nhiéu trudng
hop, ham f(x) chi dugc cho dudi dang bang, vi vay khdi niém nguyén ham tré nén
vO nghia.

4.2.1 Phuong phap da thuc noi suy

Phuong phép don gidn nhét dé tinh gan diing tich phan xac dinh 1a thay f(x) bang
da thuc ndi suy P(x), sau d6 dat:

I:= /bf(x)dxz /bP(x)dx.

e Vidu 4.3. Choham sb f(x) duéi dang bang
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x | 101
fx)| 7 07

1
Tim tich phan [ = / f(x)dx bang da thirc ndi suy Lagrange .
-1

Giai
Tir vi du 2.2 ta biét da thitc noi suy Lagrange ctia ham s6 f(x) tai cdc mbc ndi suy

xo = —1,x; = 0,x, = 11a P(x) = 7x. Khi d6 tich phan dugc tinh gan ding bdi

cong thirc
1

1
I~ /P(x)dx = /7xdx = 0.

-1 -1

4.2.2 Phuong phap hinh thang

a. Cong thuc

Ta chia doan [a,b] thanh 1 phan bang nhau véi cac diém chia x; = a +ih (i =
0,1) trong d6 h = (b — a)/n. Khi d6 theo tinh chat cda tich phan ta c6 thé viét

I:/bf(x)dx:7f(x)dx+72f(x)dx+---+ 7f(x)dx

Xn—1

X1
Xét tich phan [ f(x)dx.
RY)

YA

yly- ————————————

Yer———=--

S e

Vé mit hinh hoc d6 chinh la dién tich hinh thang cong gidi han bdi cac duong
y = f(x)/}/ - O/x - xO,x - xl (HinhVé)
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Véi gia thiét f(x) lién tuc, i kha bé ta c6 thé xap xi dién tich hinh thang cong
bang dién tich hinh thang vuong, tic 1a

X0

Tuong tu, ta co

b n—1 il n—1 , ,

/ fx)dx =Y / fl)dx~ Y pYi Y

; i=0 3 i=0 2
Nhu vay

b

h
/f(x)dx ~ S Wotyn +2(y1 + -+ 2yn-1)]. (4.1)
a

b. Sai s6 phuong phap
: P X Yo+ y1 )
Sai so dia phuong. Thuc chat cta viéc thay [ f(x)dx =~ Th la xap xi ham
X0
f(x) trén doan [x(, x1] bang da thitc ndi suy bac nhat:

f0 = ) =+ B

Sai s6 ctia phép ndi suy tuyén tinh la:

(x —x0)(x1 — x)

Ri@) = L xg) ()| < 2

trong d6 M = max |f"(x)].

x€|xq,x1]
Dé thay
X1 X1 X1
+ M3
r = \/f(x)d Yo ylh\ < /\Rl(x)\dx < —/(x—xO)(X1—x)dx =
X0 X0 X0
3 —
Sai s6 toan phan. r = n.Mh = M(b a)hz.

12 12
c. Thuit toan cua cong thirc hinh thang

® Thuét toan cta céng thirc hinh thang khi cho truéc s6 khoang chia n
e Chia doan lay tich phan [a, b] thanh 1 phan bang nhau. Tinh
b—a
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o Kétqua
_|_
[ = b [T k)
a
e Sai s toan phan

r = —M(liz_ a)hz; voi M = I[I;%( 17 (x)]-

® Thuat toan cta cong thirc hinh thang khi an dinh trudc sai s6 e
e Sl dung cong thirc sai s6

M(b —a)? .
T S Vi M=max ()]

A\

dé suy ra s6 khoang chia n € IN.

e Chia doan lay tich phan [a, b] thanh 1 phan bang nhau. Tinh

h:b—a;
n

x; =a-+ih Yi :f(xl-); vVi=0,1,...,n.

o Kétqua

b
+ Yn
/f(x)dx%h[yozy + W1+ Y1)

5
eVidu 44. TinhI = [ d?x ang cach chia [1,5] thanh 4 doan bang nhau
1

Giai
b—

Odaya=1,b=5mn=4h= —1f( ):%.Talépbénggiétri

Xi

=
I
-
~
=
~

B WIN| RO .

Gl | W | DN| -
Gl = Q= (N = | =

1+s, 1,1 .1, 10
2 2 3 4’| 60°

Khi d6 két qua tinh gan ding la: [ =~ 1

Vi f”(x) = 2x 3 nén |f"(x)] <2 (Vx € [1,5]) va nhu vay sai s6 toan phan
2x4
12

2
— 12 = Z ~ 0.66.
s X 3
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4.2.3 Cong thuc parabol (Simpson)

a. Cong thuc

Chia doan [a, b] thanh 21 phan bang nhau véi budc b = (b — a) /2n. Trén mbi
doan [xy;_», xo;] (i = 1,n) ta thay f(x) bang da thitc ndi suy bac hai (parabol) véi
cac moc noi suy Xp;_2, Xpi—1, X2i-

f) ~ Pax) = o g )
(22 — X2 1) (X2i—2 — X2i)
(x — x9i2)(x — x9) ‘ (x — xi2)(x — x2i-1)

i
S g — xai0) (K2i1 — x21) P (g1 — Xoi—2) (X2i — Xai_1)
o X2i X2i h
Khidé [ f(x)dx~ [ Py(x)dx = (yzi_z +4y2i—1 + Y2i)-
X2i—2 X2i—-2
b n X2 n h
Vi [ f(x)dx = 21 f fx Zl §(y21 2 + 4121 + yo;) nén ta ¢ cong thirc
a 1 Xoj— 1=
sau. &
/ FOdx = 2Ty -+ yon +401 +y3-+ -+ g ) F 22+ v+ + yon )

4.2)
b. Sai s6 phuong phap

Sai s6 dia phuong. Xét ham F(t) := &(t) — ( )5<I>(h) (0 <t < h),trong dé

t
h
X+t

— / fx)dx — é[f(xi — 1) +4f(x;) + f(xi +1)].

Dé thdy F(0) = F(h) = 0; F'(0) = F”(0) = 0, con

601>
FO () = 2 [fO(xi+1) — fO (x; — )] FCD(h),
hay
2
FO() = ~ 2 [f9(g) + g@(h)], 43)

trong d6 & € (x; — t,x; +t). Ap dung dinh Iy Rolle ta ¢6: do F(0) = F(h) =0
nén tim dugc t; € (0,h) dé F'(t;) = 0. Tiép theo F/(0) = F'(t;) = 0, ta tim
dugc t, € (0,t1) dé F”(t;) = 0. Cudi cting, do F”(0) = F”(t;) = 0, ton tai
ts € (0,t5) sao cho F®)(t3) = 0. Tir (4.3) ta suy ra:

P c(a)

®(h) = ~50 (¢), trong d6 x; —t3 < & < x; + t3.
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Nhu vay:
xj+h
h h (4)
/ Fx)dx = S [f(x =)+ 4f(x) + flxi+ )] = o= FD@). (@)

Dat M = max {|f®) (x)| : x € [a,b]}, ta c6 u6c lugng sai s6 dia phuong sau:

Mh®
<
‘rl‘ — 90
Sai s6 toan phan.
Mh® b—a
< — h*. 4,
lr| <n 90 180M 4.5)

c. Thuat toan cua cong thuc Simpson
® Thuét toan cta céng thite Simpson khi cho truéc s6 khoang chia 2n
o Chia doan lay tich phan [a, b] thanh 21 phan bang nhau. Tinh

b—a
2n '
xi=a+ih; y;=f(x);, Vi=0,1,...,n

h—

° Két qué
/f yo+yzn+4(y1+y3+ “+You—1) +2(y2 +Fys+- '+y2n2)]-

e Sai s toan phan

_ MhYb—a)
r=——e voi M = IT[[’;%]X‘f )(x)].

© Thuét toan cta céng thirc Simpson khi an dinh trudc sai s6 &

e Str dung cong thiic sai sO

AN

M(b—a)® _ o (4)
Ssg0t = O voﬂM—rE%(\f (x)]

désuyrasbn € N,
e Chia doan lay tich phan [a, b] thanh 21 phan bang nhau. Tinh

b—a
2n '
xi=a+ih; y;=f(x);, Vi=0,1,...,n
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o Kétqua

/f yo+yzn+4(y1+y3+ “+You—1) +2(y2 +ya+ - +y2n2)]-

1
e Vidu 4.5. Tinh tich phan | = / 1
0

X N . .
2 theo cong thitc parabol voi n = 2.

Giai
Odaya=0,b=1,h =025, f(x) =
I X yi = f(x:)
0 0.00 1.000000
1 0.25 0.941176
2 0.50 0.800000
3 0.75 0.640000
4 1.00 0.500000

[~ g(yo 4y + 2 + 4y3 + y4) = 1+ 3.76471 + 1.6 + 2.56000 + 0.5 ~ 0.785399

Dé y rang 71 = 41, ta dugc biéu thitc gan ding 7 ~ 3.141596.

Bai tap

1. Cho ham s6 y = f(x) va bang gia tri sau

x 0|1 2 |3
y=f(x)|—-6]2]|-2|6

a) Tim da thitc ndi suy Lagrange ctia ham s6 y = f(x).

b) Dung da thic ndi suy Lagrange tinh gan diing dao ham f/(1) va f”(2,5).

2. Xét tich phan I = fl ax
‘ e T

a) Tinh gan ding I bang cong thic hinh thang véi 10 doan chia va danh gia
sai s0.

b) Tinh gan dung I bang cong thitc hinh thang véi sai s6 khong qua 1074,

c) Dé tinh I véi 10 chit s6 chac thi s6 doan chia t6i thiéu 1a bao nhiéu?
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1
3. Chotichphan I = [
0

sin x

dx

a) Phai chia doan [0,1] thanh mAy doan con bang nhau dé khi tinh I bang
cong thirc hinh thang 6 sai s6 khong qua 3.1074.

b) V&i n & cau a thi sai s6 1a bao nhiéu khi tinh I theo cong thitc Simson.

c¢) Hay tinh I véi n da chon & trén bang cong thitc hinh thang va cong thic
Simson dén 6 chit s6 1é thap phan.

1

4. Lap chuong trinh tinh tich phan I = f ] dx
0

e theo cong thirc Simson. S6 liéu
X

vao hg = 0,05;¢ = 10~%. Budc ludi giam di mot nita (hy := ho/2) néu két qua
budc trudce so véi bude sau chua thda man diéu kién 16 x (I — Iy) /15 < e,
Str dung dang thiic 41 = 7 dé kiém tra két qua tinh toan.

5. Trong ly thuyét s6 hoc ngudi ta da chitng minh rang s6 cac sé nguyén tb trong

. . b dx
khoang (a,b) xap xi bang [ —.
g (,b) xap xibang [ =

a) Lap chuong trinh tinh s6 cac s6 nguyén t6 trong khoang (100, 200).

200

d s
b) Tinh tich phdn [ = [ ﬁ theo cong thitc Simson vdi n = 100. So sanh két
100

qua v6i phan a).
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