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Chuong 1

HAM SO NHIEU BIEN SO

1.1. DPinh nghia ham s6 nhiéu bién so6

1.1.1. Khong gian metric

Ki higu R™ 1a tap cac bo c6 thit ty n s6 thuc x = (21, 2o, ..., 2,), ma ta ciing goi 1a cac diém.
Ta goi khodng cach gitta hai diém x = (11, 2o, ..., 7,) VA y = (Y1, Y2, ..., Yn) clia R™ 1 biéu thric

d(z,y) = /(@1 — y1)? + (22— y2)? + oo + (20— y)?. (1.1)

D@ thay, khoang cach trong R"™ dugc cho bédi (1.1) ¢6 ba tinh chat co ban sau ctia metric 1a

(a) d(z,y) > 0,Vz,y € R", d(z,y) =0 &z =y;
(b) d(z,y) =d(y,x),Vz,y € R™;
(c) d(z,y) < d(z,z) +d(z,y), Yz, y,z € R".

Nhu vay, tap R™ v6i khoang cach duge cho béi cong thite (1.1) 1a khong gian metric.

Gia sit " € R® va ¢ > 0. Ta goi € - lan can cia z* la tap hgp sau cua R"
Vo(z®) = {z € R"|d(z,2") < £}.

Ta goi lan can cia z* 1a moi tap cia R™ chita duge mot € - 1an can nao dé cua x*. Lan can
cia z* duge ki hiéu la V' (z*). Tap ‘9'5(3:*) = Vo(z*)\{z*} dugc goi 1a e- 1an can thing cua z* .
Tap Xg(x*) = V(a*)\{z*} dugc goi la lan can thing cia x*.

Gia stt D C R". Diém 2* € D dudgc goi la diém trong ctia D néu ton tai mot € - lan can ciia
2* nam hoan toan trong D . Tap D dudc goi 1a mé néu moi diém ctia D déu la diém trong clia
no.

Diém y* € R™ dudc goi la diém bien ctia D néu moi e- lan can ctia 2* déu vita chia diém
thuoc D, vita chita diém khong thude D. Diém bién ctia D c6 thé thuoc D, cling ¢6 thé khong
thuoc D. Tap céc diém bién ctia D dude goi la bién ctia né va duge ki hieu 1a 0D.

Tap D dudc goi la déng néu né chita tat ca cac diém bién ciia né.

Vi du e- 1an can V.(z*) clia z* 1a tap md. Ta goi V.(z*) 1a qua cau md tam z*, ban kinh .
Bién clia qua cau ay la tap cac diém z € R" sao cho d(z,2*) = . Tap {z € R*d(z,2*) < &}
1a mot tap dong va duge goi 1a qua cau déng tam z*, ban kinh €.

Tap D dugc goi 1a bi chan néu ton tai mot qua cau chita no.
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Tap D dudc goi la lien thong néu c6 thé ndi hai diém bat ki ctia D bang mot duong lien
tuc nam hoan toan trong D. Tap D lién thong dudc goi 1a don lién néu bién clia n6 gom mot
mit kin, duge goi la da lién néu bién ctia né gom nhiéu mat kin roi nhau ting doi mot.

1.1.2. Dinh nghia ham nhiéu bién

* Dinh nghia 1.1. Gia st D ¢ R™. Anh xa
f D

(21, T2, ...Ty)

R

%
= u = f(r1,29, ..., T,)

duge goi 1a ham s6 n bién s6. Tap D dudc goi 1a tap xac dinh, 1, 2o, ..., z,, dudc goi 1a cac bién
doc lap, u duge goi 1a bién phu thuoc ctia ham f(z,y).

Ham hai bién thuong duge ki hieu 1a z = f(x,y), con ham ba bién thuong duge ki higu la
u= f(x,y, z).

Vé sau ngoai cac chit cai nhu z,v, z, ... ta con ki hiéu cac diém ctia R™ bing cac chit cai in
hoa nhu M, N, P, .... Cing giéng nhu v6i ham mot bién s6, véi ham nhiéu bién s6 ta c6 quy uée
sau: Néu ham nhiéu bién s6 duge cho bing biéu thic gidi tich u = f(xy, 72, ..., z,) vA khong
no6i gi them vé tap xac dinh ctia ham s6 d6 thi ta quy ude tap xac dinh ciia né la tap tat ca
cac diem M € R™, sao cho f(M) c6 nghia.

eVi du 1.1. Tap x4c dinh clia ham z = \/4 — 22 — 2 1a tap cac diém (z,y) € R? thoid man
4—a? =y >0 2+t <4
D6 1a hinh tron tam O(0,0), ban kinh bang 2.

Sau day, cac khai niem vé sy lién tuc cia ham nhiéu bién trong muc 1.1.3, dao ham riéng
va vi phan trong muc 1.2, cyc tri cia ham nhiéu bién trong muc 1.3 duge trinh bay cho ham
hai bién. Cac két qua nhan duge c6 thé duge mé rong cho ham s6 nhiéu hon hai bién s6.

1.1.3. Su lién tuc ctia ham nhiéu bién

x Dinh nghia 1.2. Gia sit ham f(x,y) xac dinh trong tap D C R2, diém My(z¢,10) € D. Ta
néi ham f lién tuc tai My néu véi moi € > 0 ton tai & > 0 sao cho v6i moi diem M (z,y) thoa
man cac dieu kien M € D, d(M, My) < §, ta déu c6

|f(x,y) = f(zo,90)| < e

Theo dinh nghia trén, néu M, la diém co lap ctia D, tic la trong mot lan can nao dé cla
M chi c6 mot diém duy nhét ctia D (chinh 1a diém M), thi ham f lién tuc tai M,. Néu M, la
diém gi6i han ctia D, ttc 1a trong moi lan can thing ctia M, déu c6 it nhit mot diém cta D,
thi ham f lién tuc tai My khi va chi khi

lim f(M) = f(Mo).

M— M,
MED

Ham f lién tuc tai moi diém ctia D dugc goi 1a lien tuc trén D.

Ham f dugce goi 1a lien tuc déu trén D néu v6i moi € > 0 ton tai & > 0 sao cho v6i moi cap
diém M, N € D théa man diéu kién d(M, N) < §, ta déu c6

[f(M) = f(N)| <e.
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Ham f lien tuc trén tap déng, bi chin D (tap compact) ¢6 cac tinh chat tuong tyw nhu ham
mot bién, d6 1a f bi chan trén D, f dat dudce gid tri 16n nhat va nhé nhat trén D, f lién tuc
déu trén D.

Nhan xét 1.1. Céc tinh chat co ban ctia su lién tuc ctia tong, hieu, tich, thuong ctia cac ham
mot bién lién tuc van con dung v6i ham hai bién.

oVi du 1.2. Khio sat sy lién tuc ctia ham s

khi (z,y) # (0,0)
0 khi (z,y) = (0,0),

trong d6 o > 1.

Loi giai. Ham f lien tuc tai moi (z,y) # (0,0) vi khi d6 ham f 1a ti s6 ctia hai ham liéen
tuc ma mau s6 khac 0. Dé xét tinh lién tuc ctia ham f tai (0,0), ta tinh gidi han ctia ham s6
ay tai (0,0). Theo bat déng thitc Cauchy

eyl < [Z52]°

do do, véi (z,y) # (0,0), ta co

224427 22442)27 1
0< f(x,y) < [ ;y } Iziy2 = ( +;Ja)
Via—1>0nén )
2, 2y~
hm _(:v +y%) — =0.

(@y)—00

Theo dinh 1i kep vé gidi han ctia ham s6, ta suy ra

lim  f(z,y) = 0= f(0,0),

(z,y)—(0,0)

ttic 1a ham f lien tuc tai (0,0). Vay ham f lien tuc tai moi (z,y) € R2

1.2. Dao ham riéng va vi phan

1.2.1. Dinh nghia dao ham riéng

» Dinh nghia 1.3. Gid sit ham z = f(x,y) xac dinh trong lan can clia diém My(zg, yo). Véi
Az c6 gia tri tuyet déi du nho, dit
A.f = f(wo + Az, y0) — f(%0,Yo)-

Dai luong A, f dude goi 1a s6 gia rieng ctia ham f theo bién z tai My. Dao ham riéng clia
ham f theo bién x tai M, la

0 . Ay
5r(Mo) = lim G,

néu giéi han & vé phai ctia dang thic trén ton tai. Dao ham riéng ay ciing dude ki hiéu bing
mot trong cac ki hiéu sau

fa(Mo), Z(Mo), 2(Mo).

Dao ham riéng ctia ham f theo bién y tai M, dudc dinh nghia tuong tr.
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Tt dinh nghia 1.3, ta suy ra quy tic thyc hanh tinh cac dao ham riéng ctia ham hai bién
nhu sau.

Quy tac thuc hanh. Néu tinh dao ham rieng theo bién nao dé thi ta coi bién con lai la
hing sob.

oVidu 1.3. Véi z = arctan £, ta c6

! 1 Y\ 1 YN Yy
Ry = 1+(y/x)2(33)5‘3 - 1+(y/x)2( $2) T 224y

! 1 (y)/ _ 1

o yy 1
Y 1t+(y/2)’ e’y T 1+(y/a)’ e

1.2.2. Vi phan toan phan

» Dinh nghia 1.4. Gia st ham z = f(z,y) xac dinh trong lan can cta diém My (zo,yo). Véi
Az, Ay c6 gia tri tuyet déi di nho, dit

Af = f(xo + Az, yo + Ay) — f(x0, Yo)-
Dai lugng A f duge goi la s gia toan phan ctia ham f tai My(zg,%0). Néu Af c¢6 dang
Af =aAz + bAy + o(p), (1.2)

trong d6 a, b 1a cac s6 thyc khong phu thuoc vao Az va Ay, p = /Ax? + Ay?, o(p) 1a vo cling
bé bac cao hon p khi p dan dén 0, thi ham f dugc goi la kha vi tai M, va biéu thiic

df = aAz + bAy (1.3)
ducc goi 1a vi phan toan phan ctia ham f tai M,.

¢ Dinh 1i 1.1. Néu ham f(z,y) kha vi tai My(xo,0) thi f c6 cac dao ham riéng tai My va vi
phan toan phan ctia ham f tai M, Ia

df = fo(Mo)Az + f,(Mo)Ay. (1.4)
A.Ap dung biéu dién (1.2) véi Ay =0, dé y riing khi d6 Af = A, f, p = VAz? = |Az|, ta

ducc
A, f = alAzx + o(|Az)).

V6i Ax # 0, chia hai vé clia ding thiic trén cho Az, ta dugce

S mar )

Vé phai ctia dang thitc cudi cliing dan téi a khi Az — 0 vi %ﬂf” = i% — 0 khi
Az — 0. Suy ra, i’xf c6 gidi han bang a khi Az — 0, tiic 14 f c¢6 dao ham riéng theo x tai My
va a = f,(Mp). Tuong tu, ta c6 ham f c¢6 dao ham riéng theo y tai My va b = f,(Mo). Cudi
ciing, thay a = f; (Mo) va b = f,(Mo) vao (1.3) ta dugc (1.4). 0.

Dinh 1f ddo ctia Dinh Ii 1.1 khong dung, tic 1a tinh c6 cac dao ham riéng ciia ham so6 tai
mot diem khong kéo theo tinh kha vi clia ham s6 tai diém ay. Day 1a diém khac biét giita ham
hai bién va ham mot bién. Dinh 1f dudi day cho ta mot diéu kien di ctia ham kha vi.

O Dinh 1i 1.2. Néu ham f(z,y) c¢6 cdac dao ham rieng trong lan can ctia My(zg,yo) va cdc dao
ham riéng ay lién tuc tai My thi ham f kha vi tai M.
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Ta thita nhan Dinh li 1.2. Ap dung dinh 1i nay ta thdy ham f(z,y) = = ¢6 cac dao ham
rieng f;, = 1 va f; = 0 lién tuc trén toan R? nén kha vi trén toan R?. Theo cong thic (1.4), ta
c6 dr = 1.Az + 0.Ay hay Az = dz. Tuong tu, ta c6 Ay = dy. Do d6, cong thic (1.4) con c¢6
dang

df = fi(Mo)dx + f,(Mo)dy. (1.5)

eVi du 1.4. Tim vi phan toan phan ctia ham 2 = /2 + 2.
Ta co
dz = zdx + z,dy,

v6i

Z/ — x Z/ — Y

T Va2 Y a2y

Do dé

dz xdz ydy

- \/x2+y2 \/x2+y2'

Phan cudi clia muc nay gidi thieu mot ting dung ctia vi phan toan phan. Gid st ham f(x,y)
kha vi tai My(zo, o). Khi d6, s6 gia toan phan Af c6 dang (1.2). Bé qua vo ciing bé o(p) bac
cao hon p ta dugc cong thitc xap xi

Af = alz +bAy = f,(Mo)Ax + f,(Mo)Ay,

hay
fxo + Aw,yo + Ay) = f(20,y0) + fr(Mo)Ax + f,(Mo)Ay. (1.6)

Cong thiic (1.6) cho phép ta tinh gia tri gan ding ctia ham f tai diém di gan diém M,.

oVi du 1.5. Tinh gan dung gia tri biéu thiic

A =1+/2.982+4.012%

Lai giai. Dat z(z,y) = /22 + y? thi a = 2(2.98,4.01). Viét a dudi dang a = 2(3—0.02,4 +
0.01), &p dung cong thic (1.6), ta dugc

a = z(3,4) + 2,(3,4)(—0.02) + z,(3,4)0.01,

trong do
2z,y) =Vt +y? = 2(3,4) = V3 +42 =5,
/ - x , B 3 _ 3
Z (2, y) = \/ﬁ = 2.(3,4) = —32 — =5
/ . Y , B 4 _il
z,(@,y) = \/ﬁ = 2,(3,4) = m =<

3 4
Vay, a &5+ 2(~0.02) + Z0.01 = a ~ 4.99.

1.2.3. Dao ham riéng va vi phan cap cao
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1.2.3.1. Pao ham riéng cap cao

Gia sit ham f(z,y) c6 cac dao ham riéng f; va f, trén tap mé D C R2. Cac dao ham riéng
nay la cac ham hai bién xac dinh trén D. Néu cac dao ham riéng clia cac dao ham riéng nay
ton tai thi ta goi chung la cac dao ham riéng cap hai ctia ham f. C6 bén dao ham riéng cap
hai cia ham f nhu sau

o %( ), dao ham riéng cap hai nay con duge ki hiéu 1a a f hay f2 hay f”
o 8%( ), dao ham riéng cap hai nay con dugc ki hiéu la hay
° a_(a_f) dao ham riéng cap hai nay con dugc ki hieu la hay

. 8%(%) dao ham rieng cAp hai nay con duge ki hieu la 2 57 hay ., hay f”

Cac dao ham riéng clia cic dao ham riéng cap hai ctia ham f néu ton tai dudce goi 1a cac
dao ham riéng cap ba ctia ham f ... .

oVi du 1.6. Véi ham z = 23 — 3z + 222, ta ¢

2, =31 = 34 2xy°, 2, = 2x2y,
2! = 6x + 2y, 2, = 4xy, = 4xy, 2, = 222,

Cac dao ham zgy va z?’;m duge goi 1a cac dao ham hon hop ctia ham z. Trong vi du trén ta
thay cac dao ham hdn hgp ctia ham z bang nhau. Khong phai ham s6 nao ciing c¢6 tinh chat
nay. Dinh If sau cho ta mot diéu kien di dé cac dao ham hén hop bing nhau.

O Dinh 1i 1.3. (Dinh lj Schwartz). Néu ham f(x,y) cé cic dao ham hon hgp trong lan cin
ctia My(xo,yo) va cic dao ham hon hgp ay lién tuc tai My thi cdic dao ham hon hgp ay bing
nhaw tai M.

Ta thia nhan khong chiitng minh Dinh 11 1.3.

1.2.3.2. Vi phan cap cao

Ta goi vi phan toan phan df = fidx + f)dy cta ham f(x,y) tai mot diém la vi phan cap
mot clia no6 tai diém Ay. Gia si ta da dinh nghia vi phan cip n > 1 ctia ham f tai mot diém.
Néu vi phan cip n ctia ham f xac dinh trén mién D va kha vi tai diém M, nao do6 thi vi phan
clia vi phan cap n ay tai My duge goi la vi phan cap (n + 1) clia ham f tai My. Vi phan cap n
nguyén duong ctia ham f tai My duge ki hiéu 1a d™ f(My).

Gia stt f 1a ham s6 clia hai bién doc 1ap x va ¥, ¢6 cac dao ham riéng cap hai trong lan can
ctia My(zo,9o), v cac dao ham rieng cap hai ay lien tuc tai My (do do, fr,(Mo) = fi,(Mo)
theo Dinh Ii Schwartz). Khi do, f; va f, kha vi tai My theo Dinh Ii 1.2. Vi x va y la cac bién
doc lap nén dx = Az va dy = Ay la céc hing s6, do d6, df = fidx + f,dy kha vi tai My va vi
phan cua df tai My thoa man

d(df)(Mo) = d(f',dx+ f,dy)(Mo)
=d(f',d )(Mo) +d(f',dy)(Mo)
= d([',)(Mo)dzx +d(f’,)(Mo)dy
(f" 2 (Mo)dz + [, (Mo)dy)dx + (f"yo(Mo)dz + f",, (Mo)dy)dy
= [ (Mo)dx? + [, (Mo)dfdy + 1"y (Mo)dxdy + f",, (Mo)dy®.
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Trong day déng thiic trén, thay biéu thitc dau tien bang d?f(M;) theo dinh nghia, va thay
v (Mo) = [ (Mp) trong bieu thiic cudi ciing ta duge cong thiic clia vi phan cap hai clia ham

fla
d? f(Mo) = fu(Mo)da? + 2f:1lsly<M0)dxdy + f{,;(Mo)df- (1.7)

Ta thuong dung ki hiéu tugng trung dé biéu dién cong thiic trén nhu sau

d*f(Mo) = (gpdz + a%dy)Zf(Mo),
trong d6 (Z)? chi phép lay dao ham rieng hai lan theo z, (a%)2 chi phép lay dao ham riéng hai
lan theo ¥, ai_;y chi phép lay dao ham riéng mot lan theo y, mot lan theo x. Tuong ti, néu f 1
ham s6 clia hai bién doc lap z va y, ¢6 cac dao ham riéng cap n trong lan can ctia My(zo, yo),
va cac dao ham riéng cap n lien tuc tai My, thi kha vi dén cap n tai M,. Trong truong hop
nay, ta cling c6 cong thic liy thita tugng trung sau

d" f(Mo) = (g5da + a%dy)nf(Mo)-
oVi du 1.7. Véi ham 2 = 23 — 3z + 2%y?, theo cong thitc (1.7), ta c6

2. N 2 " " 2
d°z = zp,dx” + 2z, dxdy + 2, dy”.

Do do,
d?z = (6 + 2y*)dx? + Sxydady + 22°dy*.
Noéi riéng, ta co
d?2(1,0) = 6dx? + 2dy>.

1.2.4. Coéng thitc Taylor dbéi véi ham nhiéu bién

Phan nay sé phat biéu dinh 1 vé cong thitc Taylor cho ham s6 hai bién s6 va khong chitng
minh dinh Ii nay. Cong thitc Taylor thudng duge stt dung dé khao sat cyc tri ciia ham sé n bién
s6 véin > 1.
O Dinh Ii 1.4. Gid sit ham f(x,y) c6 cdac dao ham riéng dén cap n + 1 lién tuc trong € - lan

can V.(M,) ciia diem Mo(zo,y0) va (zo + dx,yo + dy) € Vo(My). Khi dé, 30 € (0,1) sao cho

Af = f(zo+dr,yo + dy) — f(zo,y0) =
(1.8)

= df (Mo) + 5 d*f(Mo) + ... + 73d" f (Mo) + gyrd™™ f(wo + Odix, yo + Ody).

1.3. Cuc tri ctia ham nhiéu bién

Muc nay sé trinh bay ba loai ciic tri clia ham nhiéu bién, d6 1a ciyc tri tu do hay cuc tri
khong diéu kién, cic tri c6 diéu kién, gia tri 16n nhat va nhé nhat clia ham s6 nhiéu bién trén
mién déng, bi chan. Nhu da néi tir trude, ta sé xét ciac khai niem nay doi v6i ham s6 hai bién
sb.
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1.3.1. Cuc tri tu do ctia ham hai bién

x Dinh nghia 1.5. Ham f(z,y) dudc goi la c6 cuc dai tai diém Mg (zo, yo) néu ton tai lan can
V (My(xo,10)) clia diem My(xo,yo) sao cho

F(M) < f(My), VM € V(Mp).

Khi do, diém M, duge goi 1a diém cic dai ctia ham f, f(My) duge goi la gid tri cuc dai ciia
ham f va duge ki hieu 1a fop(Mo).

Diém cyc tiéu, gia tri cuc tiéu ctia ham hai bién duge dinh nghia tuong tu. Gia tri cuc tiéu
cia ham f dugc ki hieu 1a for(M,).

Diém cuc dai v diém cuc tiéu clia ham hai bién duge goi chung la diém cuc tri. Tuong tu
nhu vay doéi véi gia tri cuc dai va gia tri cuc tiéu ctia ham nhiéu bién.

Ki hiéu

p=z(x,y), ¢=z(x,y), A=z,(x,y), B=2,(zy), C=z,(x,y)
O Dinh i 1.5. Néu ham f(z,y) c6 cuc trj va c6 cac dao ham riéng tai diém My(xg, o) thi
p(My) =0, q(Mo) = 0.

A.Tit gia thiét ctia Dinh 1f 1.5, suy ra ham mot bién g(x) = f(x,yo) ¢6 cuc tri tai zo. Ham
g ¢6 dao ham tai xg 1& ¢'(zo) = fL(x0,%0). Theo dinh li Fermat, ¢'(z¢) = f.(z0,y0) = 0 hay
p(My) = 0. Hoan toan tuong tu, ta c6 g(My) =0 . 0.

Ta goi cac diém t6i han clia ham hai bién la cac diém ma & dé cac dao ham riéng clia no
ton tai va triét tiéu hodc ¢ d6 c6 it nhat mot trong hai dao ham riéng ctia ham s6 ay khong
ton tai. T Dinh 1i 1.5, suy ra néu mot diem la diém cyc tri ctia ham hai bién thi né la diém
t6i han. Khang dinh ngugc lai khong ding.

Dinh 1i duéi day cho phép ta kiém tra mot sé diém t6i han clia ham hai bién c6 phai la
diém cuyec tri ctia ham s6 ay hay khong, trong dé cé ca cac diém ma & d6 cac dao ham riéng ton
tai va triét tieu duge goi la cac diém ditng ctia ham so.

¢ Dinh i 1.6. Gia sit ham f(x,y) c6 ciac dao ham rieng dén cap hai lién tuc trong lan can
nao dé ctia diém My (xo, o). Gia sit p(My) = 0, q(My) = 0. Khi dé, tai diém M,

(i) Néu B? — AC < 0 thi My Ia diém cuc tri cia ham f. D6 la diém cuc tiéu néu A > 0, Ia
diém cuc dai néu A < 0.

(ii) Néu B* — AC > 0 thi My khong Ia diém cyc trj ctia ham f.

(iii) Néu B% — AC = 0 thi My c6 thé la diém cuc trj cia ham f, ciing c6 thé khong Ia diém
cuc trj ciia ham f.

A.Gia st h2 + k2 # 0 va h? 4+ k2 di nho. Ap dung cong thiic (1.8) va sit dung gia thiét
p(My) =0, q(My) = 0, ta dugc

Af = flxo+h,yo+ k) — f(zo,y0) =
= 2 [/ a0 + 0h, yo + Ok)h> + 2", (x0 + Oh, yo + Ok)hk + [, (x0 + Oh, yo + Ok)k*] =
=3 [/ sa(0, Yo)h? + 21" (z0, yo) Rk + [, (z0, yo)k?] + & [ah? + 2Bhk + vk?]

trong do
a = f" (xo+ 0h,yo + 0k) — " (20, y0),
5 = f”zy(xo + 0h7 Yo + ek) - f”ry('x(b y0)7
v = f", (w0 + 0h,yo + 0k) — ", (20, 10).
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Do cac dao ham cap hai ctia ham f lién tuc tai My nén «, 3, dan dén 0 khi p = V/h? + k2
dan dén 0. Tu do, ta c6

Af = 1[AR* 4+ 2Bhk + CK*] + o(p?), (1.9)

trong do

A= fﬂm(xm y0)>
= fuxy(x()a y0>7
C = f”yy(x(h yO)
Gia stt B2 — AC < 0. Khi d6, A # 0. Gia stt A > 0. Xét ham

g(u,v) = § [Au® 4+ 2Buv + Cv?] .

Vi g lien tuc trén duong tron u? 4+ v* = 1 nén dat duge gia tri nhé nhat tai (ug,vy) nao do
trén duong tron do. Ta c¢6

g(u,v) > g(ug,vo) = 3 [(Aug)® + 24ug Bug + ACv,?|
= ﬁ [(Auo + Bvo)2 —(B? - AC’)voﬂ > 0,V(u,v) s u? +0v*=1.

Tu (1.9), suy ra

Af =p? {% [Au® + 2Buv + Cv?] + O(p’f)} ,
h

trong d6 u = —,v =

D |

Theo ching minh trén

o 2
Af = p* {g(uo,v0) + 452} > Lp%g(u, v9) > 0

v6i moi p dit nhé. Diéu nay ching té My la diém cyc tiéu ctia ham f. Chitng minh tuong tu,
ta duge néu A < 0 thi M, la diém cuc dai ctia ham f.

) 1 2. 1z
Gia st B2 — AC > 0. Néu A # 0 thi 3 [At? 4+ 2Bt + C] 1a tam thitc bac hai. N6 doi dau
tren R vi B2 — AC > 0. Gia st ¢, 1, 13 hai gia tri thoa man

% [At12 + 2Bt + C:| < 0,
3 [Ats* + 2Bty + C] > 0.

Ap dung cong thiic (1.9) véi h = t,6,k = 6,6 # 0. Khi do, p* = (2 + 1)62 nén o(p®) = 0(6?).
T do, ta co

Af = L [At)*6% + 2Bt,6* + C8°] + 0(8%) = & { [At* + 2Bt + C] +

v6i moi § ¢6 gia tri tuyet doi di nho. Tuong tu, ap dung cong thiic (1.9) véi h = toA, k = A\, X\ # 0,
ta dudce
Af =X {L[At? + 2Bt +C) + %2} >0

v6i moi A\ c6 gia tri tuyet doi di nho. Ta thay, Af ddi dau trong moi lan can ciia M, dicu do
chitng té M, khong la diém ciyc tri cia ham f. Néu C # 0 lap luan tuong tu ta ciing c6 két
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luan M, khong 1a diém cyc tri ctia ham f. Néu A = C = 0 thi B # 0. Dau tién 4p dung (1.9)
voi h =k =& # 0, khi d6 p* = &2 + & = 262 Do do, o(p?) = 0(£?), ta duge

Af=BE +o(e) =€ [B+ %],

suy ra Af cing dau v6i B khi £ ¢6 gia tri tuyet doi du nhé. Sau d6, ap dung (1.9) vdi
h=C k=—C 40, ta duge

Af=—BC+o((*) = [-B+%].

Suy ra, Af trai dau véi B khi ¢ c6 gia tri tuyét déi di nhé. Cac lap luan trén chiing t6 Af doi
dau trong moi lan can ctia My, diéu do chiing té M, khong 1a diém cyc tri cia ham f.

Dé két thac chiing minh dinh I ta dua ra hai vi du vé diém t6i han ma tai d6 B> — AC = 0.
Trong mot truong hgp diém t6i han 1a diém cuc tri, trong truong hgp con lai diém t6i han
khong 1a diém cuc tri.

e Dau tien xét ham f(z,y) = 2* + y* Ta co, p = f, = 4a3,q = fy = 4P A= fI =
122%, B = wy =0,C=f/ 122

y:

Diém t6i han ctia ham f 1a nghiém ctia he
{p:() <:>{4$3:0 <:>{x:0
g=0 4y3 =0 y=0.
Ta thdy, f c6 mot diém t6i han (diém ding) duy nhat 1a O(0,0). Tai diém ding do6,

A=0,B=0,C =0= B?— AC = 0. Dé biét 0(0,0) c6 la diém cuc tri khong ta lay h, k
thoa man h? + k% # 0, h? + k% da nho, va xét dau ctia Af = f(h, k) — £(0,0). Ta c6

Af = f(hk) — f(0,0) = h*+ k* = 0" = 0" = h* + k' > 0,
Suy ra, O(0,0) la diém cyc tiéu ciia ham f.

e Tiép theo, xét ham g(z,y) = 23 + y3. Tuong ty nhu déi véi ham f, ham g ciing c¢6 mot
diém dimg duy nhat 1a O(0,0) va tai d6 B> — AC' = 0. Véi h, k théa man k = 0,h # 0,
ta co

Ag = g(h,0) — g(0,0) = h* + 0* — 0° — 0° = K>
Ta thay, Ag doi dau dit h c6 gia tri tuyét ddi nho bao nhiéu ching nita, tic 1a Ag doi
dau trong moi lan can ciia O(0,0). Didu dé chitng t6 O(0,0) khong 1a diém cyc tri clia
ham ¢ .

Tt cac Dinh 1f 1.5 va Dinh 1i 1.6, ta suy ra thuat toan tim cuyc tri cia ham z = f(x,y) c6 cac
dao ham riéeng dén cap hai lien tuc trén tap xac dinh ctia ham s6 ay nhu sau

e Budc 1. Tinh cac dao ham riéng cap mot p = 2, q = 2,,.
p=0

e Budc 2. Tim diém dimg clia ham z = f(z,y) bang cach giai he phuong trinh { 7=0

e Budc 3. Tinh cac dao ham rieng cap hai A = 2, B=2], C =z, .

Tx? xy)

e Budc 4. V6i mbi diem ding ctia ham z = f(z,y), kiém tra xem trudng hop nao trong cac
truong hop (i), (ii), (iii) ctia Dinh 1i 1.6 xay ra. Néu xay ra truong hop (i) hogc (ii) thi
dua ra két luan tuong tng. Néu xdy ra truong hgp (iii) thi can khéo sat them vé diém
ditng bang céc cong cu khac dé biét diem dimg ay c6 phai la diém cuc tri khong. Chang
han c6 thé dya vao dinh nghia cuc tri nhu trong ching minh cia Dinh 1i 1.6. Ching t6i
khong di sau vao phan tich cac phuong phap khao sat déi véi diem dimg trong truong
hop nay.
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Dé dé nhé Dinh 1i 1.6 chiing t6i dua ra bang sau

— AC A Két luan

<0 >0 | biem dimg la diem cyc tieu

< 0 | Diem dung la diem cuc dai

> 0 Bat ki

Diem ding khong 1a diem cuc tri

=0 Bat ki

c6 thé khong 1a diém cuc tri

Chua két luan dugce. Diém ding c6 thé 1a diem cuc tri,

oVi du 1.8. Tim cuec tri ctia ham s6 z = 3% 4 823

Loi giai. Ta c¢6
2 =32% 4823

q =27,=2a%,

A =2",, = 36x% +48x — 12 + 6292,

_n _ 2
B =2",, = 62y,
_n _ 3
Cc =2y, =2°

Ta tim cac diém dimg ctia ham z bing cach giai he

{sz {12:{:3—1—243:2
A 3
q=20 2¢0°y =0

— 622 — 242 + 2392

— 622 — 24z + 23y,
p =2, =122+ 242% — 120 — 24 + 3%y

-2

Suy ra, ham z ¢6 ba diém dimg 1a M(—2,0), N(—1,0), P(1,0). Ta c6 bang sau.

— 122 — 24+ 32%y* =0 |:
Y

s 8 &
I
|
—_

|

Diem
ding

A

B

C B? — AC | Két luan

M(—2,0)

36 >0

0

—16 576 > 0 | M khong la diem cyc tri

cua ham z

N(=1,0)

—24 <0

-2 —48 < 0 | N la diém cuc dai ctia ham z,

ZCD(N) =13

P(1,0)

72> 0

2| —144 <0 | P la diém cuc tiéu ctia ham z,

ZCT(P) =—19

1.3.2. Cuc tri c6 diéu kién ctia ham hai bién

Bai toan tim cuc tri cia ham so

= f(ﬂf,y),

trong d6 cic bién s6 bi rang buoc béi hé thiic

g(z,y) =0

dugde goi 1a bai toan tim cie tri c¢6 diéu kién ctia ham hai bién.

(1.10)

(1.11)

O Dinh Ii 1.7. Gia stt Mo(zo,0) la diém cuc tri ctia ham s6 (1.10) vdi diéu kien (1.11). Gia

(i) Trong lan can ciia My cac ham s6 f(x,y) va g(x,y) c6 cac dao ham riéng cap mot lién

tuc,
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(ii) Céc dao ham rieng g, g, khong dong thoi bing khong tai M.
Khi dé, tai diém M,

f :x f /'y

9 9

~0. (1.12)

Ta thtta nhan khong ching minh dinh i nay.
Hé thiic (1.12) ciing véi diéu kién (1.11) cho phép ta xac dinh (xq, yo).

Chii thich 1.1. He thiic (1.12) c6 thé viét lai thanh

fo(Mo) g, (Mo) — f,(Mo)g, (M) = 0,

hay

f.(My) _ fy(Mo)
7o) = 700 (1.13)

Dat cac gia tri chung clia cac vé ¢ dang thiic (1.13) 1a —\, ta duge

{ f'e(Mo) + Ag',.(Mo)
[y (Mo) + Mg, (My) =

0

I o (Mo)
g’ »(Mo)

12 he thic (1.13), do d6, (1.12) dudc thoéa méan. Vay, néu M, thoa man cac dieu kien (i) va (ii)
ctia Dinh 1i 1.7 thi ton tai A sao cho tai M,

Ngudc lai, néu ton tai A théa man hé trén thi va ;/y%g; bang nhau vi déu biang —\, tiic
Yy

fo(@y) + A (z,y) =0
{ f/y(xvy) + /\g/y(x,y) =0. (114)

He (1.14) cung véi dieu kién (1.11) cho phép ta xéc dinh (xg, o, A). Dat

F(z,y,\) = f(z,y) + Mg(z,y) (1.15)
thi

Flo = fo(2,y) + Mg (2, )

F,y = f,y<w7y) + )‘g/y(xay)

F,)\ :g(l',y)

Do d6, he (1.14) cing v6i didu kién (1.11) c6 thé viét lai thanh

Fl,=0
Fl,=0 (1.16)
F'y =0.

Ham F(z,y,\) trong cong thic (1.15) duge goi la ham Lagrange.
Ta goi diem t6i han ctia ham s6 (1.10) véi diéu kien (1.11) 1a diém thuoc mot trong hai loai
sau

e Logi 1: Gom céc diém (x,y) thoa man cac diéu kien (i) va (ii) ctia Dinh 1f 1.7 v hé (1.16)
v6i A nao do.

e Loai 2: Gdm cac diém tai d6 mot trong hai diéu kién (i), (ii) ctia Dinh 1i 1.7 khong thoa
man.
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Tt Dinh 1i 1.7, cac lap luan sau dinh 1i 4y va cha thich 1.1, suy ra, néu M, la didm cuc tri
c6 diéu kién ctia ham s6 (1.10) véi diéu kién (1.11) thi M, 14 diém t6i han. Khang dinh ngugc
lai khong ding.

Dinh Ii dusi day cho phép ta kiém tra mot sé diém t6i han loai 1 ctia ham s6 (1.10) véi diéu
kien (1.11) c6 phai la diém cyc tri ctia ham s6 ay khong.

O Dinh i 1.8. Gid sit Mo(x, yo) 12 diém t6i han loai 1 ctia ham s6 (1.10) vdi diéu kien (1.11).
Gia sit (o, Yo, o) 1a nghiém cta (1.16). Xét vi phan cap hai

d*F (0, Yo, Mo) = Fro(Mo)h* + 2F) (Mo)hk + F) (Mo)k?

khi h, k khong dong thoi bang 0 va théa man

9o(Mo)h + g, (Mo)k = 0.

(a) Néu d?F(xg, 0, \o) > 0 thi M, la diém cure tiéu ciia ham s6 (1.10) véi diéu kién (1.11).
(b) Néu d*F(z,yo, No) < 0 thi My Ia diém cuc dai ctia ham s6 (1.10) vdi diéu kien (1.11).
(c) Néu d?F (o, 9o, \o) = 0 thi My c6 thé Ia diém cuc tri, ciing c6 thé khong Ia diém cic tri
ciia ham s6 (1.10) véi didu kien (1.11).
Ta thita nhan khong chitng minh dinh 1i nay. Sau day, ta xét mot vi du ap dung dinh 11 ay.
oVi du 1.9. Tim cyc tri ctia ham s6 2z = 3z + 4y v6i dieu kien 22 + y? = 1.

Bai giai.

Rang buoc doi véi z,y 1a g(x,y) = 0, trong d6 g(z,y) = 2% + y* — 1.

D@ théy, cdc ham z va g ¢6 cac dao ham riéng lién tuc trén R?. Hon nita, g, = 2z, 9y =2y

khong dong thoi bang khong vi 2% + y? = 1. Suy ra, ham z vé6i diéu kien g(x,y) = 0 chi c6 cac
diém t6i han loai 1. Ham Lagrange 1a

F(x,y,\) =32+ 4y + \2® +y* — 1).
Ta c6
F', =34 2z,

Fl, =4+ 2\y,
F’,\:x2+y2—1.

Do d6, hé (1.16) tré thanh

4+2)\y20 <~ _35’_4)\5i 52
22 +y2—1=0 =5nY=5rA= "3

Suy ra, bai toan ¢ hai diém t6i han 1a M(—2,—3), tuong tng A = 2, va N(2, 3), tuong ting
A= —g. Ta c6

FVoe = 20 F'ay = 0. F"y, = 2),

9. =2x,9,="2y.
Khiz=—-2y=—-2X=2taco F,=5F) =0F =54,=-29 =-%

Do d6, ta can xét

2 3 4 5y _ 2 2 rp2 2
A*F(=%, =5, 3) = Fh” + 2F, hk + Fj k* = 5h* + 5k7,
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khi , k khong dong thoi bang 0 va bi rang buoc bdi diéu kien
S )

R R . 4
T rang buoc (1.17) va dieu kién h, k khong dong thoi bang 0. Suy ra, h = —gk‘ va k # 0.
5

Do do, d*F(—2,—%,3) = 22k? > 0.

Theo Dinh 1i 1.8, M(—g, —%) 14 diém cuc tiéu c6 dicu kién ctia ham z. Gié tri cuc tiéu la
ZCT(M) = —b.

Tinh toan tuong tw, khi z = 2,y = 3, A = —3, ta thy N (2, 2) la diém cyc dai c6 diéu kien cta
ham z. Gia tri cuc dai la
ZCD(N) = 5.

Trén day, ta da dua vao Dinh 1f 1.8 dé xét xem diém M (—%, —%) c6 1a diém cuc tri c6 didu

kién ctia ham z khong. Tt d6, ta c6 két luan d2F(—§, —%, g) > 0, v6i moi h, k khong dong thoi
bang 0 va bi rang bugc béi dicu kién (1.17) nhanh hon nhu sau.
Ta co

P*F(-%,-2,2) =50" + 5k* > 0

v6i moi h, k khong dong thai bing 0. Bat dédng thiic trén van ding khi h, k bi rang buoc thém
béi dieu kien (1.17).

1.3.3. Gia tri 16n nhat va gia tri nhé nhat ciia ham hai bién trén mién
déng, bi chan

Gia stt ham f lien tuc trén mién D déng va bi chan. Theo tinh chat ctia ham lién tuc suy ra
f dat gia tri 16n nhat v gia tri nhoé nhat trén mién D. Gia st gia tri 16n nhat ctia ham f dat
duge tai My € D. Khi dé, f(M) < f(M,),VM € D. Gia st My la diém trong ctia D. Khi d6,
ton tai lan can V(M) nao do ciia diém M sao cho V(M) C D. Néu M € V(M) thi M € D,
do dé f(M) < f(My). Suy ra, My la diém cyc dai khong nghiém ngat, do d6 la diém t6i han
ctia ham f. Diém M, ciing c6 thé la diém bién ctia mién D.

T cac 1ap luan trén, ta suy ra thuat todn tim gia tri 16n nhat ctia ham z = f(z,y) c6 cic
dao ham rieng tai tat ca cac diém trong ctia mién D déng va bi chin nhu sau.

e Budc 1. Tinh cac dao ham riéng cAp mot cia ham z lap =2, q = 2,

e Budc 2. Tim céac diém t6i han ctia ham z 1a cac diém trong ctia mién D c6 toa do thoa
méan hé phuong trinh
e
qg=20

va tinh gia tri ctia ham f tai cac diém ay.
e Budc 3. Tim gia tri 16n nhat ctia ham f trén bién ctia mién D.

e Budc 4. Tim gia tri 16n nhat trong s6 cac gia tri tim duge & bude 2 va bude 3. Gia tri 16n
nhat ay chinh 1a gia tri 16n nhéat ctia ham f trén mién D.



1.3 Cuec tri ctia ham nhiéu bién 19

Néu céc diém téi han & bude 2 khong ton tai thi ham f dat gia tri 16n nhat trén bien ciia
mién D, tic 1a gia tri 16n nhat ctia ham f trén bién ctia D tim duge 6 buée 3 cling chinh 1a gia
tri 16n nhat clia né trén toan mien D.

Thuat toan tim gia tri nhé nhat ciia ham f trén mién D tuong tu thuat toan tim gia tri 16n
nhat ctia ham s6 ay trén mién D.

oVi du 1.10. Tim gia tri 16n nhat va nhé nhat ciia ham s6 z = 222 + y? — 2%y trén mién
0<r<3 0<y < 2.

Hinh 1.1
Loi giai.
e Kihicu D1amien 0< 2 <3, 0<y <2x. Taco

p =2, =4x — 2y,
q=72,=2y—2a?

Giai hé phuong trinh
{x:()
p=20 dor — 22y =0 y =0
{q=0©{2y—x2:0 < {x:iQ
y = 2.

Vay, ham s6 c¢6 ba diém t6i han 1a O(0,0), M;(—2,2), My(2,2). Trong ba diém trén, ta
thay chi c6 diém M,(2,2) 1a diém trong ctia D. Ta c6

2(My) = 2(2,2) = 4. (1.18)

e Xét ham z(z,y), khi (z,y) 1a cac diém trén bién clia mién D.
Dat 0(0,0); A(3,0); B(3,6). Bién ctia mién D gom ba doan thang 1a OA, AB, BO.

— Doan OA ¢6 phuong trinh la y =0, 0 < z < 3, va trén OA ta co
z=f(x) =22 0< 2 <3,

f(x)=4x=0&2=0¢(0,3).

Ta co
f(0) =2(0,0) =0, (1.19)

£(3) = 2(3,0) = 18. (1.20)
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— Doan AB c¢6 phuong trinh 1a z =3, 0 <y < 6, va trén AB ta ¢6

z=g(y) =y* -9y +18, 0<y <6,

9
9’(y)=2y—9=0®y=§€(0,6)-

Ta co
9(0) = 2(3,0) = 18, (1.21)
o(5)==(3.5) =7 (1.2)
g(6) = 2(3,6) = 0. (1.23)

— Doan OB c6 phuong trinh la y = 22, 0 < x < 3, va trén OB ta ¢6

z=h(r) = 62" —22°, 0 <z <3,

B(z) = 120 — 622 = 0 & i:g i Eggg
Ta co
h(0) = 2(0,0) =0, (1.24)
h(2) = 2(2,4) = 8, (1.25)
h(3) = 2(3,6) = 0. (1.26)
So sanh céc gia tri tai (1.18) - (1.26), ta thu duge két qua sau day
Eg}gz(M) = 2(3,0) = 18, Ar?ér[l) (M) =2(3,2) = —%

oVi du 1.11. Tim gia tri 16n nhat va gia tri nhé nhat clia ham s6 2 = 22 + y? — 122 + 16y
trén mien 22 + y? < 25.

7777777
7777

Hinh 1.2

Loi giai.
Ki hi¢u D la mién 22 + y* < 25. D6 1a hinh tron déng tam O(0,0) ban kinh bang 5.
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Ta c6
=72, =2y+16

Do do,

{sz (:){21:—12:0 (:){ r=06
q=0 2y+16=0 y=-—-8"

Vi 62 + (—8)% = 100 > 25 nén diém (6, —8) khong phai 1a diém trong clia mién D. Suy ra,
trong D ham z khong c6 diém t6i han nén né dat duge gid tri 1én nhat va nhé nhat trén bien

cua D.

Xét ham z(z,y) khi (2,7) 1a diém trén bien ctia mién D.

i, o 9 x =Hcost
Khi do, z° +y _25hay{y:551nt .
Suy ra
z=25—60cost +80sint, z =254 100(—2 cost + 3 sint).
bat cosa = —%, sina = %, ta co

z =254 100(cos acost + sinasint), z = 25 + 100 cos(t — «).

T do, suy ra
—75 < 2z < 125.

Dau bang thit nhat x4y ra khi va chi khi

cos(t —a) = —1

St—a=1+kn, (keZ)

St=a+m1+ k27

N {x:5cost: —5cosa = —5(—2) =3
y =5sint = —5sina = —5(3) = —4

ulw

Dau bang thit hai xay ra khi va chi khi

cos(t —a) =1
sSt—a=kmnr (keZ)
St=a+k2r

urw

r=>5cost =5cosa =5H(—2) =—3
y =>5sint =5sina =5(3) =4

Vay,
max z(M) = max z(M) = 125, gia tri 16n nhéat dat dugc tai (—3,4),
MeD MeaD

va min 2(M) = min z(M) = —75, gia tri nhé nhat dat dugc tai (3, —4).
MeD MeaD
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Bai tap chuong 1

Bai 1.1. Tinh dao ham riéng clia cdc ham s6 sau
22 =5
)

- 12+y2’
b) z = ln(z —|— 2 4+ y?),
) z=1y*sinZ o
d) z=a¥" x>0,
e) z = arctan 4
f) z = arcsm(x —2y),
2
:1 \ x2+yZ—x
g) v =In ==,
2202
h) z = arctan |/ 575,

i) u:xyz;ﬁcl7y>0,

o

k) u = e™*sin ¥
Bai 1.2. Chiing minh ring ham s6 z = yIn(z? — ) thod man phuong trinh 12/ + iz; =5
Bai 1.3. Tim vi phan toan phan ctia cac ham s6
a) z = sin(2? + y?),
b) z = e*(cosy + xsiny),
c) z=Intan ? |

) z = arctan ””+z,
)u=axv"* x> 0.
Bai 1.4. Tmh gan ding
a) V/1.022 + 0.05? ,
b) In($/1.03 + v0.08 — 1) .

Bai 1.5. Tinh cac dao ham riéng cap 2 ciia cadc ham s6 sau
3
a) z =g\ (22 +9°)°,
)

o

@

Bai 1.6. Tim ham f(z,y) thod man
2) 1 =0,

b) a/c/ac =0,

c) fi, = 120%y +2, f; =a* = 30xy°, f(0,0) =1, f(1,1) = -2,
d) fi=a? = 2xy> +3, f, =y* —22%y + 3.

Bai 1.7. Tim ham u(z,y, z) thod méan uy;, = 0.
Bai 1.8. Ching minh rang

a) Ham s6 u = In \/m thod man phuong trinh

82+8y :07

b) Ham s6 u = \/ﬁ thod man phuong trinh ‘9 L+ ‘322 + 2 8z2 =0.
Bai 1.9. Tim cuc tri ciia cdc ham sb sau

a) z = x* + y* + 2 + zy?;

b) z = y® — 32 — 3y* + 9z + 3;

c) z=a%— 3y +y*>— 3z +3;

d) z = 223 + 6zy* + 322 — 3y*;

e) z = —a + 3z% — 122y — 12y%;

f) 2 =23 +y* + 22y + 1;
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g) z = 2% + 8y? — 2xy? + 10;

h) z=z+y — zeY;

i) z =22t + yt — 2% — 2%

Bai 1.10. Tim gi4 tri I16n nhat va gia tri nhé nhat ctia ham z trén mién D tuong tng véi

a) z = x? —y?, D la mién tron 22 + y? < 4;

b) z =22 + xy? + 1, D la mién tron giéi han béi z? + 2x + y? = 8;

¢) z = 2*y(4—x—y), D 1a hinh tam giac gi6i han bdi cac dudng thang z = 0,y = 0 va x+y = 6;
d) z = 22 + 3y®> + # — y, D la hinh tam gidc gi6i han bdi cdc duong thang z = 1,y = 1 va
r+y=1;

e) z = 2% + 2xy — 4x + 8y, D 1a hinh chit nhat gi6i han béi cac duong x = 0,2 = 1,y = 0 va
y =2

f) z = 23 — 62 + xy?, D la hinh vuong gidi han bdi cac duong x = 0,z = 4,y = 0 va y = 4;
g) z=12%+9y> - 3zy, D 1a mién xac dinh bdi 0 <2 <2, -1 <y < 2;

h) z = e~ H9)(222 4 3y2), D 1a mién tron 22 + 42 < 1;

i) z = sinx + siny + sin(z + y), D 1a hinh ch nhat giéi han béi x =0, z = g, y=0vay= g;
j) z = 2oL 4 2v+1 — 224y D ]a hinh tam giac gidi han bdi cac dudng thing v = 0,y = 0 vi
r+y =4

Bai 1.11. Tim cyc tri cla

a)z———l——vdldleulﬂe %—l—%:a%, a >0,

Yy
b) 2z = zy v6i dieu kien z +y = 1.

Pap s6 bai tap chuong 1

Bai 1.1.

Lt + 3%yt — 22y, yt+ 327y — 223y
a) 2, = (22 + 42)? P Py = (22 + 42)2 ;
b) 2, = —2 2=y

T a2 Y x2+y2+x¢m

- L - z _ z
c) Zy = YCOS L, 2, 2ysmy xcos
d) 2, = yPa¥ 1, 2 = = 2¥’ Inx.3y?;

! Yy / _ T
e) Ry = _I2_|_1y27 vy 224y
f) 2! = 2z = —
)% = i 1—(z-29)°’
g) A 2 / 2z

z [224y27 Y yr/w2+y2’

2

! Y I Y

h) 2l = 2z = ;

=1 =2¥ Inz.y*Iny;

—2zu

!
y Yz
= =Ly g = AU g = —Lzu .
T (x2+y2+z2)2’ Y (x2+y2+z2)2’ z (:p2+y2+z2)2’

k) u), = yze™?sin ¥, uy = vze™?sin £ + e”“'yz.% cos £, ul, = xye™* sin ¥ — e™* % cos £.
Bai 1.2. Ddc gia tu ching minh
Bai 1.3.

2 cos(£ + y?)(zdx + ydy);

a)
b) e* [(z cosy — siny)dy + (siny + cosy + xsiny)dx];
(zd dzx)
) IQdSlg 2dgy//x
d) ng_;'_?yJQm?
e) Y222’  Vdx + 2¥°% In a2y zdy + x¥°* In xy2dz.
Bai 1.4. a) 1.013; b) 0.005.

Bai 1.5.

(@]
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a) Z” — 2902-l—y2 Z” — Ty Z” — z2+2y2 .

zz [x24y2" TTY 2242 TYY /22442’

"o 2z | 242y o _ 22 &P no_ _ _z% .
b) Rra = 2111(1’ + y) + z+y + (z+y)%’ Zmy T zty W? Zyy - Wv
C) o — x o /— Yy /- a3+ (z?—y?) /a2 +y?

TT (:v2+y2)3/2’ Ty (:1:2+y2)3/2’ yy (m2+y2)3/2(m+\/z2—+y2)2’

2T 2—g? 2z
V) 20 = G % = G A T T @y
Bai 1.6.
a) f(z,y) = F(z) + G(y), F(x) 1a ham kha vi, G(y) la ham bat ki;
b) f(z,y) = 2F(y) + G(y), F va G la 2 ham bat ki;
c) f(z,y) = aty — 5ry® +2° + 1
3 3

d) fz,y) = % - 2% +3(x+y)+C.
Bai 1.7

u(z,y,2) = G(y,2) + H(zx,2) + F(z,y), F ¢6 dao ham riéng cap 2 Fy,,, H c6 dao ham theo z,
G la ham bat ki.
Bai 1.8. Ddc gia tu chiing minh

Bai 1.9.

a) zcr = 0 tai (0,0);
39 .3

) sop = 1 00

¢) zer = —— tai (1, 2);

f) zor = == tai (2, -2);
) Zor 5 tal (3, 3),
g) zer = 10 tai (0,0);

h) Khong c¢é cuc tri;

. 9 (1 1 1 1 X ,
1) ZCT:—g tal 5,1 s 5,—1 s —5,1 s —5,—1 va Zcp :Otal (0,0)
Bai 1.10.

a) Gia tri 16n nhat 1a 4 tai (2,0) va (—2,0), gia tri nhé nhéat 1a —4 tai (0,2) va (0, —2);

b) Gia tri 16n nhat la 17 tai (—4,0), gia tri nhé nhat 1a —11 tai (—2,2v/2) va (=2, —2v/2);
c¢) Gia tri 16n nhat 1a 4 tai (2,1), gia tri nho nhat 1a —64 tai (4, 2);
)

. . 1
d) Gia tri l6n nhat 1a 4 tai (1,1), gia tri nhé nhat 1a 1 tai (5, 5),

e) Gia tri 16n nhat 1a 17 tai (1,2), gia tri nho nhat 1a —3 tai (1,0);
f) Gia tri 16n nhat 1a 32 tai (4,4), gia tri nho nhat 1a —32 tai (4, 0);
g) Gia tri 16n nhat 1a 13 tai (2, —1), gid tri nhé nhat 1a —1 tai (0, —1) va (1,1);

3 )
h) Gia tri 1on nhat 1a = tai (0,1) va (0, —1), gid tri nhé nhéat 1a 0 tai (0, 0);
e

33 ,
i) Gia tri 16n nhét I %_ tai (%, g), gia tri nhé nhét 1a 0 tai (0,0);
i) Gi tri 16n nhét 1a 18 tai (4,0) va (0,4), gid tri nho nhat 1a 0 tai (2, 2).
Bai 1.11.



Chuong 2

TICH PHAN BOI, TICH PHAN
DUONG LOAI HAI

2.1. Tich phan kép

2.1.1. Dinh nghia tich phan kép

2.1.1.1. Bai toan tinh thé tich vat thé hinh tru

Cho z = f(x,y) 1a mot ham s6 xac dinh, lién tuc, khong am trong mot mién D déng, bi
chian, c6 bien L trong mat phang Oxy. Tinh thé tich ctia vat thé gisi han bdi mién D, mat
z = f(x,y) v& mit tru c6 duong sinh song song v6i Oz tya trén L.

Chia mién D mot cach tuy ¥ thanh n manh nhé. Goi tén va ca dién tich clia cic manh do
la ASy, AS,, ..., AS,. Ldy méi manh nhé dé lam dédy, dung vat thé hinh tru ma mit xung
quanh c6 duong sinh song song véi Oz va trén giéi han bdi mit cong 2z = f(z,y). Vay, vat the
hinh tru da dugc chia thanh n vat thé hinh tru nhé. Trong mdi manh AS;, (i = 1,...,n), ta
lay mot diem tuy § M; (i, ys).

Tich f(x;,1;).AS; 1 thé tich hinh tru thang c6 day 1a AS;
va chidu cao 1a f(z;,y;), n6 khac rat it the tich AV} ciia vat
thé hinh tru nhé tht ¢ néu manh AS; c6 dusng kinh d;' kha
nho, vi ham s6 f(x,y) lien tuc. Vay, c6 thé xem thé tich V
ctia vat thé hinh tru xap xi bang >, f(@s, v;).AS;.

i=1

Phép tinh gan ding nay cang chinh xac néu n cang 16n
va cac manh AS; c6 duong kinh cang nhé. Do dé, thé tich V
ctia vat thé hinh tru da cho bing gidi han (néu c6) clia téng
trén khi n— oo sao cho duong kinh 16n nhat trong cac duong Hinh 2.1
kinh d; clia cdc manh AS; dan t6i 0, gidi han d6 khong phu
thudc vao cach chia mién D thanh cac manh nhé ciing nhu
cach chon diém M, trong AS;.

n

max d; —0 <
i=1

"Duong kinh d; ciia mot mién S; 1 khodng cach 16n nhét gitta cac diém trén bién ciia mién ay.
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2.1.1.2. Tinh khéi lugng ctia ban phiang khéng déng chéat

Cho mot ban phéng chiém mot mién D trong mit phing Ozy. Lay mot manh tuy ¥ cia
ban ay c6 dién tich AS va gid st khéi lugng ctia manh ay 14 Am. Gi6i han néu c6 cta ti s6
A . . ) .

A—? khi AS — 0 sao cho méanh ay thu ve mot diem P duge goi 1a khoi lugng riéng cua ban tai
P va duge ki higu 1a p(P). Néu ban dong chat thi p khong déi. Néu ban khong dong chat thi
p 13 mot ham sb cia P.

Bay gio, gia stt khoi lugng rieng ctia ban 13 mot ham s6 lien tuc p(P) = p(z,y). Hay tinh
khoi lugng ctia ban. Chia mién D thanh n mién nhé AS;, AS,, ... , AS,, c¢6 duong kinh tuong
ting 1a d; va chon trong mdi manh AS; mot diém tiy ¥ Pi(x;, y;). Khéi lugng ctia ban duge
tinh xap xi bang tong

Z p(F;)AS;.
i=1

Gidi han néu c6 ctia tong trén khi n — oo sao cho d = maxd; — 0 dugc goi la khéi luong

i=1n

cua ban
n

m = lim ; p(P;).AS;.

2.1.1.3. Dinh nghia tich phan kép

Nhiéu bai toan trong cac linh vire khac nhau ctia khoa hoc ki thuat dua dén viéc tim gisi

han ctia tong c6 dang trén. Ta dua ra dinh nghia sau day.
x Dinh nghia 2.1. Cho ham 2 = f(z,y) x4c dinh trong mot mién déng, bi chin D. Chia mién
D mot cach tuy ¥ thanh n manh nhé, goi tén va dién tich ctia cdc manh dé 1la ASy, AS,, ...
AS,,. Trong méi manh AS;, lay mot diém tuy ¥ M; (2, ;). Tong I, = >0, f(@s, y;).AS; duoe
goi 1a tong tich phan ctia ham sé f(z,y) trong mién D.

Néu khi n— oo sao cho d — 0 ma I,, dan t6i mot gidi han xac dinh I, khong phu thuoc vao
cach chia mién D va cach lay diém M; trong mdi manh AS; , thi giéi han d6 dugce goi la tich
phan kép ctia ham s f(z,y) trong mién D va duge ki hieu la [[ f(z,y)dS. Vay

D

// fx,y)dS = lim Z Fxs, y:)AS;. (2.1)
D =1

Ham hai bién s6 f(x,y) duge goi 1a ham dudi dau tich phan, D 1a mién 1ay tich phan, dS
la yéu t6 dién tich, x,y 1a bién tich phan. Néu ton tai tich phan (2.1) thi ham f(z,y) dugc goi
12 kha tich trong mién D.

Ngudi ta ching minh duge réng néu f(z,y) lien tuc trong mién D thi [[ f(z,y)dS ton tai,

D
ttc 1a f(z,y) kha tich trong mién D.

* Chi y: Vi tich phan kép khong phu thuoc vao cach chia mién D thanh cac manh nhé nhu
da néu trong dinh nghia nén ta c6 thé chia mién D bang hai ho dudng thing song song véi céc
truc toa do. Do do, dS = dx.dy va [[ f(z,y)dS = [[ f(z,y)dzdy.

D D

2.1.1.4. CAc tinh chét ctia tich phan kép

Gia st f(z,y), g(x,y) 1a cdc ham s6 kha tich trén mot mién D. Ta c6
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a. ff (z,y) +g:vy)]dfcdy—fffxydxdwffg:vyd:cdy

b. [[kf(z,y)dedy =Fk [[ f(x,y)dzdy, v6i k 1a hang sd bat ki.
D D

c. Néu c6 thé chia mién D thanh hai mién Dy, D, sao cho dién tich ctia mién Dy N Dy bing

0 thi
[ swwisay = [[ swpizay+ [[ oy

d. Neéu f(z,y)<g(z,y), ¥(z,y) € D thi

[[ szt < [[ gt v)dsdy

e. Neu m<f(x,y)<M, V(x,y) € D, v6i m va M la cic hang s6 thi

mS < / f(z,y)dzdy < MS, S la dién tich ctia mién D.

f. Néu f(z,y) lien tuc trong mién dong, bi chan, lien thong D thi trong D ¢6 it nhat mot
diém (Z,7y) sao cho

/ f(z,y)dxdy = f(z,5)S, Sla dién tich ctia mién D.

2.1.2. CAach tinh tich phan kép trong hé toa do Dé-cac
2.1.2.1. Mién D la hinh ch# nhat

Gié st phai tinh tich phan kép I = [[ f(z,y)dzdy, trong d6 D 1a hinh chit nhat a<z<b;
c<y<d vad ham f(z,y) lién tuc trong D.DTa ¢6 dinh 1i sau day.
¢ Dinh li 2.1. (Dinh Iy Fubini).

Gia st f(z,y) 1a ham s6 kha tich trong hinh chit nhat D = [a, b] X [¢,d]. Khi do,

d
a. Néu Vz € [a,b], ham s6 y — f(z,y) kha tich trén [c,d] thi ham 6 z — I(z) = [ f(z,y)dy

C

kha tich trén [a, b] va

/f(x,y)dxdy:/ dx—/ /fxydydm—/dx/fxy (2.2)

b
b. NéuVy € [c,d], ham s6 = — f(x,y) kha tich trén [a,b] thi ham s6 y — J(y) = [ f(z,y)dx

kha tich trén |[c, d] va
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d d b

[ swwdsty= [y = [ ([ 1)y - /d dy /b fyde. (23)

c c a

Ta thtta nhan khong ching minh dinh Ii nay.
v Hé qud 2.1. Néu f(x,y) lien tuc tréen D = [a,b] x [c,d] thi

J[ sty - / da / f (. y)dy = / dy / f(z,y)dz. (2.4)

Nhu vay, viec tinh tich phan kép trén duge dua vé viéc tinh hai tich phan don lién tiép,

d
khi tinh tich phan don thtt nhat [ f(z,y)dy ta coi = 1a hing s6 (hodc khi tinh tich phan don

b
[ f(z,y)dz ta coi y la hang sb).

* Chi y: Néu f(x,y) = fi(z).fo(y) thi

J[ st.wizay - /b fi(w)da. /d ho(y)dy. 2.5)

eVi du 2.1. Tinh [ = [[(2* + y*)dzdy, trong d6 D la mién xéc dinh béi 0<z<1; 0<y<1.
D

1 1 1 3 1

Lai giai. Vi 22 + 32 lien tuc tren D nen [ = [ da [ (22 + y2)dy = [ (a2 + %) dz
0 0 0 0
1 1 x3 x) L
f— 2 — d p— — — f— —_—.
J @+ 3)de <3 3),73

oVidu 2.2. Tinh [ = ff 22ydxdy, trong d6 D 1a mién xac dinh bdi —1<x<2; 0<y<1.
D

312 21

2 1
Loi giai. Theo cong thic (2.5), ta c6 [ = [ a?dz. [ ydy = %
1 0

_1.20 5"

2.1.2.2. Mién D la mién bat ki

O Dinh 1i 2.2. Gid st D = {(z,y) : a<x<b; y1(z)<y<ys(x)}, y1(x) va yz(z) la nhiing ham s6
lien tuc trén [a,b], y;(z)<ys(z) véi VYV € [a,b] (xem Hinh 2.2 § dudi). Gia sit f(z,y) la ham s6
kh4 tich trén D. Néu Vx € [a,b], ham s6 y — f(x,y) kha tich trén doan [y,(z), y2(z)] thi ham
$0

y2(x)
oo 1) = [ flady
y1(z)
khé tich tren |a,b] va
b b y2(z)
// f(z,y)dzdy = /I(m)dmz /dac f(z,y)dy. (2.6)
D a a  yi(x)
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Hinh 2.2

<> Dinh 1i 2.3. Gia st D = {(x,y) :

d; 21(y) <o < 29(y)}, 21(y) va 22(y) la hai ham

csy<
s6 lien tuc trén [c,d], z1(y) < x2(y) véi Yy € [c, d] (xem Hinh 2.3 & dudi). Gia sit f(z,y) la
d],

ham s6 kha tich trén D. Néu Vy € |c,
thi ham s6
z2(y)

Y J(y) = / f(e.y)de,

z1(y)

khé tich tren [c,d] va

/ f(xvy)didy:/dj(y)dy:/ddy /)f(x,y)dx.

Hinh 2.3

v Hé qua 2.2.

ham s6 x — f(x,y) kh4 tich trén doan [x,(y), z2(y)]

(2.7)

o Giast D ={(x,y):a<z<b y(x) <y <y(x)}; yi(z) va y2(x) 1a hai ham sb lien tuc

tren [a, b]. Néu f 1a mot ham s6 lien tuc treén D thi

J[ sy - /b i [ )f(x,y)dy.
D a y1(z)
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o Giastt D= {(z,y) : c<y<d; z1(y)<z<w3(y)}, 1(y) va z2(y) l1a hai ham sb lién tuc trén
[c,d]. Néu f 1a mot ham s6 lien tuc tréen D thi

d z2(y)
é [ . yydady = / dym 4 f(z,y)dz.

* Chi y: Gia sit mdi dudng thang song song véi Ox va Oy
déu cit bien ctia mién D nhiéu nhat tai hai diém. Dung hinh y
chit nhat a<x<b; c<y<d ma cac canh clia n6 tiép xtc vdi
bién clia D tai cac diém M N, P, Q. Cac diém M, P chia bien

cua D thanh hai cung MNP va cung M QP c6 cac phuong d Q
trinh theo thit tu 1a y = (1), y = yo(x). Cac diém N, Q chia
M P

bién ctia mién D thanh hai cung NMQ va cung N P(Q c6 cac
phuong trinh theo tht tu la z = x1(y), * = x2(y) (xem Hinh c
2.4). N
Néu f(z,y) lién tuc trén D, ta c6 thé tinh [ f(x,y)dzdy
D

theo cong thic (2.6) hoac (2.7). Khi do, ta c6 0 a b
b ya(z) d z2(y) Hinh 2.4
/dw / [ y)dy = /dy / fx,y)dr. (2.8)
a y1(z) c z1(y)

D6 1a cong thitc doi thit ty lay tich phan.
oVi du 2.3. Xac dinh cac can tich phan trong tich phan kép

1= / f(x,y)dzdy,

trong d6 D la mién {y > 0; y < z? z+y <2; z > 0}.
Loi giai. (Xem Hinh 2.5)
Mien D duge xdc dinh b6i 0 <y <1; Jy<az <2-—y. y

1 2y
Do d6, [[ f(z,y)dzdy = [dy [ f(x,y)dz. )
D 0 vy 9 y=x
Dé doi thi tu tich phan ta chia mién D thanh hai mién
Dy va Dy béi duong = = 1, 1
trong d6 D, dude xdc dinh 0 < 2 < 1; 0 <y < a2, @i;l? X
Dy dugec xac dinh 1 <2 <2, 0<y<2—u. O 1 2\\<:2_:U
Do do,

1 2 2 27—z N
Hinh 2.5
[=[dz [ f(z,y)dy+ [dx [ f(x,y)dy -
0 0 1 0

RO rang, cach tinh thit nhat don gidn hon.

Qua vi du trén ta thay khi tinh tich phan kép can chon thit ty tich phan sao cho cach tinh
don gian hon.

eVi du 2.4. Tinh [ = [[ (2* — 22y + 4y) dzdy, trong d6 D la mién giéi han bdi cac dudng
D

y=a%—1x; y=2u.
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Loi giai. (Xem Hinh 2.6)
Mién D duge xac dinh béi cac bat déng thic y

0<x<3; 2 — r<y<2z.

Do dé, O ;
3 2x / '
I=[de [ (2*—2zy+4y)dy yE2x /]
0 x2—z Y
5 2 , B
= [Py —aP+2%)| da Gjy=a -
0 z2—z 52222 : x
3 oy !
= [(2® — bz* + 42® + 62?)dx 1 3
0
6 3
_ (T 5 4 s 27
= (G o) =5 Hinh 2.6

eVi du 2.5. Tinh I = [[ zydzdy, trong d6 D la mién giéi han bdi cac dudng y = x — 4,
D

y? = 2.
Loi giai. (Xem Hinh 2.7)
Trude hét, ta tim giao diém ciia hai dudong y

=z —4 —4)2 =
y=ux o (x —4) 2z
y? = 2x Y =x—4
{zz

y:

xr =

y=—2

Vay hai dudng cat nhau tai hai diém M (8,4) va
N(2,-2).

=

Mién D duge xac dinh béi cac bat déng thitc sau Hinh 2.7
2
—2<y <4 §§$§y+4
Do do,
4 yt4 4 4
2 1yt4 5
1
I'= [ dy / xydx=/£ dy:—/(y3+8y2+16y—y—)dy
2 ) 2 4
o i e e
Lyt 8y yﬁ) !
P (T?* “a1)| =

2.1.3. Do6i bién sd sang hé toa do cuc

2.1.3.1. Cong thic déi bién sb trong tich phan kép

Trong nhiéu trudng hop tinh tich phan kép [[ f(x,y)dzdy trong toa do Dé-céc khong thuan
D

loi. Khi do, ta c6 thé dung phuong phap doi bién sau day.
Xét tich phan kép I = [[ f(z,y)dzdy, trong d6 f(z,y) la ham s6 lien tuc trén D.
D
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Thuc hién phép ddi bién s6

x = z(u,v)
{ y=yluv) (2.9)

Gia st

o z(u,v),y(u,v) 1a nhiing ham s6 lién tuc va c6 cac dao ham rieng lien tuc trong mot
micn déng D’ clia mat phang O'uv.

e Céc cong thitc (2.9) xac dinh mot song anh tit mién D’ lén mién D ctia mit phing Ozy.

. a

D u s
e Dinh thiic Jacobi J = (z,y) _ =# 0 trong mien D'
D(u,v) vy

Khi do, ta c6 cong thic

// f(z,y)dzdy = // flz(u,v),y(u,v)) |J| dudv. (2.10)

Cong thitc (2.10) duge goi 1a cong thiic doi bién trong tich phan kép.

* Chii y: Khi déi bién ngudi ta thuong chon phép bién doi sao cho duong bién ctia mién D’
trong hé toa do méi c6 phuong trinh don gian dé cho viéc xac dinh can ctia u v v don gidn
hon.

eVi du 2.6. Tinh I = [[(z + y)dxdy véi D la mién giéi han béi cac dudng sau y = —ux;

D
y=-x+3;, y=2x—1; y=2x+ 1.

y=2xr—1
\
1
X u
2 3\%:3—35 o)
-1
Hinh 2.8
u v
rT=—-—=
<, e . A 2. P U:$+y 3 3
Loi giai. Thuyc hién phép doi bien &
v=—-2x+vy U v
-1
3 1
Dinh thic Jacobi J = =—-#0.

[GCEN ) W[
| —
w0
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Cong thitc trén xac dinh mot song anh bién mién D thanh hinh chit nhat D’ gi6i han béi cac
duong u =0, u=3, v=—1, v =1 (Xem Hinh 2.8).

1
Do J = 3 # 0, nén ap dung cong thiic (2.10), ta duge

3 1
1 1 1 u? 1 19
J== dudv = = d dv=—- — =--2=3
3//uuv 3/uu/v 320'0\71 33
D’ 0 Z1
eVi du 2.7. Tinh I = [[ zydxdy, trong d6 D la mién xac dinh béi
D
v <y <3 2® <y< 32
y
= 3x
ol y
v
2 = 72
y=Ba?| fy=2 5
ST 1
Y =T
% :
/ ‘ u
- 1 3
1 3 0
Hinh 2.9
o v
Loi giai. Thuyc hién phép doi bién & )
Y U
v = Z[? Y = ?
1 U
v v? u2
Dinh thuc Jacobi J = = —.
2u u? v
PR

Cong thitc trén xac dinh mot song anh bién mién D thanh hinh vuong D’ giéi han bdi cac
2
duong u =1, u=3, v =1, v = 3 (Xem Hinh 2.9). Do J = u_3 # ( trong mién D’ nén ap
v
dung (2.10), ta dugc

3 3
u u? u? u® 5 1 us|? vt
D/

D’ 1 1

S 7280

L 243”
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2.1.3.2. Tinh tich phan kép trong hé toa do cuc

Cong thiic lién he gitta toa do Dé-cac (z,y) va toa do cuc
(r, ) clia cung mot diém 1a

{a: = reosp (2.11)

Y= Trsine

Néu r > 0, 0<p < 27 thi cong thiic trén xac dinh mot
song anh gitta mit phang Oxy, trit géc O, va tap hop trén
ctia miit phang O'ry. Rieng tai gbc toa do c6 r = 0 va ¢ tity
y.

Xem cong thitc (2.11) nhut mot phép bién ddi bién s6,
ta co
D(z,y) _
D(r, ¢)

Do d6, tur cong thiic (2.10), ta c¢6

//f x,y)dxdy —/ f(reosp,rsing)rdrde.  (2.12)

cosp —rsinp
sinp rcose

':r#OtrfxtaigécO.

Cong thiic trén van dang khi mién D chita goc O.
Néu mién D 1a mién gi6i han bdi cac dudng cong
r=ri(p),r =ra(p) va cic tia cuc ¢ = o, p = 5 (a < )

(Xem Hinh 2.10), thi ta c6

B r2()
//f(x,y)d:vdy:/dgp / f(rcosp,rsinp)rdr. (2.13)
D o r1(%)

D6 1a cong thitc tinh tich phan kép trong hé toa doé cuec.
Chu thich 2.1.

e Néu mién D chita goc toa do O va moi tia xuat phat ti
O déu cit bieén ctia mién D tai mot diém cé ban kinh
cuc v =1r(yp) thi

2 ()

é/f(m,y)dxdyzo/dgoo/f(rcosgp,rsingo)rdr. (2.14)

Dac biét, khi D 1a hinh tron tam O ban kinh R thi

27

//f x,y dxdy—/dgp/f oS @, T sin @)rdr.

0

Hinh 2.10
y

¥
C&\JQW

Hinh 2.11
y

Hinh 2.12

(2.15)

e Néu mien D c6 blen di qua O va co6 tai do hai tiép tuyén xac dinh béi p = o, ¢ = 3
(v < ) va bién ctia D c¢6 phuong trinh r = r(¢) (Xem Hinh 2.12), thi

()

B
é/f(%y)d:vdyza/dgp / F(r cos p, rsin p)rdr.

0

(2.16)
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Cha y: Ngudi ta thuong tinh tich phan kép trong hé toa do cuyc khi bién hay mot phan cia
bién ctia D la cung tron.

eVidu 2.8. Tinh I = [[ /1 — 22 — y2dzdy, véi
D
a) D la mién giéi han bdi duong tron x? + y? = 1.

b) D la mot phan tu hinh tron 22 + * < 1 nam trong géc phan tu thit nhat.

Loi giai.
a) (Xem Hinh 2.13) y
Chuyén sang toa do cuc, dit { TSP Ky do,
y =rsing.
phuong trinh duong tron trong toa do cyc la r = 1.
Vay,
2 1
I :/dw/MTdr
0 0
2 1
1 2\1/2 2
=-3 de [ (1 —=7%)"2d(1 —17)
0 ) 0 Hinh 2.13
1 7" 2 2
= 5% -3 (1—7“2)3/2) = Y
27, 3 0 3
1
b) (Xem Hinh 2.14)
Chuyén sang toa do cuc, ta c6
w/2 1 0
I= /dgp/\/l—r?rdr: g
0 0 Hinh 2.14
dxd
oVidy 2.9. Tinh [ = [[ ———_ trong d6 D
D /4 —x2—y?
la mién gi6i han bdi dudng tron 22 + y? = 2z.
Loi gidi. (Xem Hinh 2.15)
T =1TCOoSP y

Chuyén sang toa do cuc, dit { )
y=rsing

Khi do6, phuong trinh ducng tron trén trong toa do cuc la
r = 2cosp.

Mién D' duge xac dinh béi —g <p< g; 0<r<2cosp. X
Do do,
w/2 2cos w/2 2 cos ¢

r 1 —-1/2 Hinh 2.15
_ _ _ _ 2 — 2
I = / dep / \/mdr— 5 / dy / <\/4 r) d(4 —r?)

—7/2 0 —7/2 0
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w/2 w/2 w/2
2cosp
=— / (4 — r2)1/2 dp = / 2dp — / 2| sin |dp
0
—7/2 —m/2 —7/2
w/2 /2
= [ 2dp—4 | sinpdp = 20|, + 4 T2 o —4
= ") singdp = 29|y + dcos |y =2 — 4.
—7/2 0

eVi du 2.10. Tinh I = [[ zdzdy, D la mién thoa man z* + y* < 2y, y < x.
D

Loi giai. (Xem Hinh 2.16)

Chuyén sang toa do cuc, dit { T TC.OS v Y
y=rsing
Khi do, phuong trinh duong tron trong toa do cuc la 2| r=2siny
r = 2s1nep.
Mién D' duge xac dinh béi 0 < ¢ < %; 0<r<2singp. y=xX
Do do, Lp=m---
/4 2sin ¢ /4 7.3 25in /gﬁéég; i
I:/dgp / TQCosgpdr:/cosgo-g dp = i
0
0 0 0
w/4 /4
8 / 03 od 8 / in® od (sin )
= — [ cos.sin =— [ sin sin
3 [ A POy Hinh 2.16
0
y
8 sin? o W/4_ 1
“374 |, 6 b
* Chu y: /\ X
-a 0 a
e Néu D la mién gidi han bdi duong elip K/
b
2 2
x—2+%:1,a>0,b>0,
“ v X Hinh 2.17
thi thye hién phép doi bien sang hé toa do cyc suy rong bang
cach dat
T = arcosy
y= brsing

Khi d6, J = abr va mién D’ duge xac dinh béi

0<p<2m 0<r <1,

e Néu D la mién giéi han béi duong tron (z —a)?+ (y — b)? = R?
thi thuc hien phép doi bién

{a::a—l—rcosgo
y=>b+rsing

Khi d6, J = r va mién D’ dude xac dinh béi 0<¢ < 27; 0<r<R.
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2.1.4. Ung dung cta tich phan kép

2.1.4.1. Ij’ng dung hinh hoc ctia tich phan kép

a. Tinh dién tich hinh phang
Dién tich S ctia hinh phang D dude cho bdi cong thiic

~ [/ dsdy (2.17)

eVi du 2.11. Tinh dién tich hinh phing D gi6i han béi cac duong y = Inx; y = 0; = = e.
Loi giai. (Xem Hinh 2.18)
Mién D dugc xac dinh 1 <z <e; 0 <y <lnz. y

Inz

Vay, S = ffda:dy = fda: f dy = f Y| do = fln:cdx

=Inz.z|] — fx— =Inz.z|] — fdx =1.
1T 1

eVi du 2.12. Tinh dién tich hinh phang D xéc dinh bdi
2x§$2+y2§4x;0§y§m.

Lai gidi. (Xem Hinh 2.19) Hinh 2.18

Mién D nam ngoai duong tron z? + y? = 2z, nam trong y
duong tron 22 + y? = 4x, phia trén dudng thang y = 0, phia
duéi dusng thang y = x.

Chuyén sang toa do cuc, dit {x -7 C.OS QD.

y= rsing

Khi d6, phuong trinh hai duong tron z? + y? = 2x va
2?2 + y? = 4x trong toa do cuc lan lugt 1d r = 2cos¢ va
r = 4cos p.

Mién D’ dudc xéac dinh bdéi

0<p< %, 2cosp < r < 4cosp.

. s sz Hinh 2.19
S:ffdxdy:fdgo i Tdr—fdga =6 [ cos® pdyp
0 2cos 2 2cos @ 0
stgp i m 1
= f1+0032g0dg0_3 :3(14_5)_
0

) T

1nh dién tich mat cong

Gla stt (S) 1a mot mat cong ¢6 phuong trinh 1a z = f(z,y), goi D la hinh chiéu clia mét
cong da cho lén mat phang Oxy, ham f(x,y) cling cac dao ham riéng cap mot clia né lien
tuc trén mien D. Ki hieu p = f.(z,y); ¢ = f,(z,y). Khi d6, dién tich ctia mit (S) dugc tinh

theo cong thiic
S = // V1+p?+ ¢*dxdy. (2.18)
D
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Hinh 2.20

eVi du 2.13. Tinh dién tich ctia phan mat cau 22 + y? + 22 = 4 nam bén trong mit tru

2+ 9% = 2.
Loi gidi. (Xem Hinh 2.21)
Do tinh d6i xiing nén chi can xét phan mit nam trong z
g6c phan tam thit nhat. 9
Khi do, z = /4 — 2% — 4?2
. —y

Sp=2l ==z = —Y—
/4—x2—y2 Yy /4—x2—y2 5
2 + 92 2 2
=/1+p2+¢2=4/1 = : Y
+p?+g \/+4_x2_y2 o
2
Vay, S =4 [[ ————=dxdy, v6i D la nita hinh tron Hinh 2.21
B oA — a2 — 2

22 + y? < 2y nam trong géc phan tu thit nhat.

8

Chuyén sang toa do cuc, dit {x B TC.OSSO.
y= rsing
Midn D’ duge xéc dinh 0< o < g; 0<r<2sin .
Do do
/2 2sin w/2 2sin ¢
2rdr ~1/2
_ - _ _ 2 _ 2
S—4/dgp/m— 4/d<,0/(4 r) d(4 —r?)
0 0 0 0
w/2 w/2
2sin
:—8/ ( 4—7"2)‘0 Sadcp— 16/(cos<p— 1)dp = —16 (sinp — ¢) 3/2 = 16(% —1).
0 0

oVi du 2.14. Tinh dién tich ctia phan mit paraboloit z = 2% + y? nam trong mit tru
2+t =1

Loi gidi. (Xem Hinh 2.22)
Ta cb

p= =20, q=2=2= 1+ + ¢ =1+4(" +¢).

Vay S = [[ /1 +4(2? + y?)dzdy, trong d6 D 1a mién gi6i han béi dudng tron 22 + y? = 1
D

trong mit phing Ozy.
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, T = Tcos
Chuyen sang toa do cuc, dat { _ 90.
y= rsing
Mién D’ duge xéc dinh 0 < o < 2m; 0 <7 < 1.

Do dé

2 1 2w 1
1
S—/dw/\/l—l—élﬂrdr—/dgp§/\/1+4r2d(1—|—4r2)
0 0 0 0

1

1 21 2 ‘
= g 30‘0 5(1 + 4T2)3/2

- %(5@— ).

0

Hinh 2.22

2.1.4.2. Ung dung cd hoc ciia tich phan kép

a. Tinh khéi lugng ctia mot ban phing khong dong chét

Cho mot ban phéng chiém mot mién D trong mit phing Ozy va c¢6 khoi lugng rieng tai
mdi diém M (z,y) 1a p(z,y), trong d6 p(z,y) 1a ham lién tuc trén D. Khi d6, khdi lugng m clia
ban phang dugc tinh theo cong thic

m = // p(z,y)dxdy. (2.19)

eVi du 2.15. Tim khéi lugng ctia mot ban phang chiém mién D giéi han béi cac duong
L ) . 212 1
y =e* y= 1,2 =1, biét rang khoi lugng riéng tai moéi diem la p(z,y) = —.
Y

y
y=e"
e _—— =
1 y=1
X
O 1
Hinh 2.23

Loi giai. (Xem Hinh 2.23) Theo (2.19), ta c¢6

1 et 1 1
1 d « 1
m://—dxdy:/alx/—y:/ln\yH;3 da::/xdx:—.
y y 2

D 0o 1 0 0
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b. Momen quan tinh ctia ban phing.

Cho mot ban phang khong dong chéat chiém mot mién D trong mat phing Ozy va c6 khoi
lugng rieng tai méi diem M (x,y) 1a p(x,y), trong dé p(z,y) 1a mot ham lién tuc trén D.
Khi d6, momen quén tinh ctia ban phang da cho dbi vé6i truc Oz, Oy va gbc toa do lan

luot 1a
I, = / / v p(z,y)dzdy,
D

I, = // 2?p(x, y)dady,
D
Iy = //(a:2 + %) p(z, y)dxdy. (2.20)
D
eVi du 2.16. Tim momen quan tinh ciia mot ban phang D xac dinh bdi 0 < 2 < 1 — y?;

y > 0 d6i v6i truc Oy néu khéi lugng rieng clia ban tai méi diem 1a p(x,y) = .
Lai giai. (Xem Hinh 2.24) Ta c6

_l/ ‘F

1 Vi—z o
I, = // z2ydrdy = /dx / 2ydy \
D 0 0 o
O

Hinh 2.24
eVi du 2.17. Tim momen quan tinh ddi véi truc Oz cla
ban phing D gidi han béi dudng r = a(1 +cos ), a > 0, biét r = a(l + cosy)
rang p(r,y)=1.

Loi giai. (Xem Hinh 2.25) \_/

Ta ¢6 I, = [[ y*dady. -1
D

T =TCcosp

. . Hinh 2.25
y=rsing

Chuyén sang toa do cuc, dit {

Khi do

o a(l4cos )

I, —//7“ sin? prdrdy = /dgp / sin? pr3d

/ P4 a(1+cos<p
= [ sin?p- —
4

0

21
= az /sm ©(1 4 cos ) dp = —~ma*.
0

0 32
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c. Trong tam ctia ban phing

Cho mot ban phang khong dong chat chiém mot mién D trong mat phang Ozy va c6 khoi
lugng rieng tai mdi diem M(x,y) € D 1a p = p(x,y), trong d6 p(x,y) la mot ham lien tuc
tren D. Khi d6, toa do trong tam G ctia ban phing dudce xac dinh béi cong thiic

{y"wp(w,y)dxdy 4yﬁyp(£,y)dxdy
te = fo p(z,y)dxdy’ e = Llf)fp(x,y)dxdy ‘ (2:21)

Néu ban phang dong chat thi p khong doi, do dé

1 1
ve =g // xdxdy, yg= S // ydxdy, (2.22)
D D

trong do6 S 1a dién tich ctia mién D.
oVi du 2.18. Xéc dinh toa do trong tam G clia ban phing dong chat D xéac dinh baéi
2?2 4+ y2<1; y>0.

Loi giai. (Xem Hinh 2.26)

Do mién D nhan Oy lam truc déi xiing nén xg = 0. y

1
Ta cb, yg = 5 [[ ydzdy v6i S = g (dien tich ntra hinh
D

tron ban kinh bang 1).

Do dé
1 1—z2
2 2 2 1—x
WZ—/M‘/ywz—/—- dx
™ ™ 2 0
-1 0 -1
1
2 9 4
:% /(1 —z%)dx = 3. Hinh 2.26

4
Vay, G(0, —).
ay’ ( 7 37T) 2 hY Z
oVi du 2.19. Xac dinh toa do trong tam G cia ban phang dong chat D gi6i han bdi cac
duong 3% = 2z; x = 2.
Loi giai. (Xem Hinh 2.27)

Do mién D nhan Oz lam truc déi xing nén yg = 0. y
1
C6 zg = = [[ wdzdy, voi
5o
2 2 2 2 )
2 Yy 16
S://dxdy:/dy / da:z/x|y2/2dy:/(2—?)dy:§.
D - y?/2 -2 -2
2 2
I—//xdxdy—/dy/xdac
D -2 %2
2 2 Hinh 2.27

2

dx

y2/2

I
—
—
[\
|

S
N—
Y
<
I
Sk

_/fc2
)
-2

6
Suy ra, rg =

I _ 6
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2.2. Tich phan béi ba

2.2.1. Dinh nghia tich phan boi ba

x Dinh nghia 2.2. Cho ham s6 f(z,y, z) xac dinh trong mién déng, bi chan V ctia khong
gian Oxyz, chia V mot cach tuy y thanh n
mién nhd, goi tén va thé tich clia cAc mién nhd
1a AVy, AV,, AVs, ...AV,. Trong mdi mien AV
lay mot diém tuy ¥ M;(x,ys,2). Tong I, =

ham s6 f(x,y,z) trong mién V.

f (s, ¥, 2).AV; duge goi 1a tong tich phan ctia
=1

Néu khi n — oo sao cho maxd; — 0 (d; 1a
duong kinh ctia mién nho AV;) ma I, dan t6i mot
gi6i han xac dinh I, khong phu thudoc vao cach
chia mién V vi céch chon diém M; trong mién
AV thi giéi han d6 duge goi 1a tich phan boi ba
clia ham s6 f(z,y,z) trong mién V va duge ki .
hieu 1a [[[ f(z,y,z)dV. Hinh 2.28

1%

Vay,

J]] s = i S sz av
v =

Néu tich phan trén ton tai ta néi rang ham s6 f(x,vy, z) kha tich trong mién V.

Tich phan boi ba ciing c¢6 cac tinh chat tuong tu nhu tich phan kép.

* Chi y: Vi tich phan boi ba khong phu thuoc vao cach chia mién V' thanh cdc mién nhé
ta c6 thé chia mién V béi ba ho mit phing song song véi cac mit phang toa do, do do
dV = dxdydz va cé thé viét

/// f(z,y,2)dV = ///f(l’/y,Z)dxdydz.

2.2.2. Cach tinh tich phan bodi ba trong hé toa do Dé-cac

Tuong tu tich phan kép, ta c6 thé dua viéc tinh tich phan
boi ba vé viéc tinh ba tich phan don lién tiép.
Gia st phaitinh I = [[[ f(z,y, z)dzdydz, trong d6 f(z,y, z)
1%

Z)

lien tuc trong mieén V. Néu mién V dugdce gi6i han phia dudi bdi
mit z = zy(z,y) vd gi6i han phia trén béi mat z = z(x,y),
trong d6 z1(z,y), 22(x,y) 1a nhitng ham s6 lien tuc trong mién
D, D la hinh chiéu ctia mién V lén mat phang Ozy, thi

0 1]
22(z,y)
I://dxdy / f(z,y,2)dz. (2.23) x
D z1(2,y) Hinh 2.29

Néu mién D dugc gi6i han bdi cac duong y = y1(z); y = yo(x), trong d6 y;(z), y2(z) 1a nhing
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ham s6 lién tuc trén doan [a,b], y1(x) < y2(z) Vo € [a,b]; [a,b] 1a hinh chiéu ctia D len Ox thi
b va(z)  22(zy)
I= /dx / dy / f(z,y,2)dz. (2.24)

a y1(x) z1(x,y)

eVi du 2.20. Tinh I = [[[(1 — 2 — y)dzdydz, trong d6 V 1a mién xac dinh béi
1%
r>0,y>20 2>20z+y+2<1.

Lai giai. Dyng mién V, ta thay mién V dudc xac dinh bdi cac bat dang thiic kép sau
0<z<1;0<y<l—x0<z<1l—2—y. 2

Ap dung cong thic (2.24), ta 6

~
I

S8
8

|
S—_ O?H S—_ _
S

0

l/_

0 Hinh 2.30
1—
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|
8
|
<
~—
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I
|

I
—~
—_
|
8
|
<
~—
w
o ~
8
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8

CO|H
O\»—-
;_x
|
H
|

Sl
—~
—_
|
8
=
o
x|
[\

eVi du 2.21. Tinh I = [[[ zzdzdydz, trong d6 V 1a mién gidi han bdi cac mit
1%

z:\/mva,z:o,zzo.

Loi giai.

Duyng mién V, goi D 1a hinh chiéu ctia mién V lén mat
phéng Ozy, d6 1a mién giéi han béi duong tron 22 4 y? = R2.

Theo cong thic (2.23), ta ¢6

R2—a?—y? /R2_22_
I = [[dzdy Ik xzdz = ff:l:—| ety dxdy
D

0

= o [ (R —a? ) dudy.
D

Chuyén sang toa do cuc, dit T C.OS SO.
Yy =rsmy Hinh 2.31
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Ta cb

R
dy / r cos @dr
0

[\DlH

\ﬁ S—

R
cos @dyp / R*r* — dr
0

R
=0.
0

1 . ’% <R2r3 r5>
=—sin : - —
g %l 3 5

+ Chu y: Cling nhu tich phan kép ta co thé thay doi thi tu tich phan khi tinh tich phan
boi ba.

2.2.3. Phuong phap do6i bién sb trong tich phan boi ba

2.2.3.1. Cong thic déi bién sb trong tich phan boi ba

Xét tich phan I = [[[ f(x,y,z)dzdydz, trong d6 f(x,y, z) lien tuc trong V.
1%

Ta thuc hien phép doi bién s6

x(u, v, w)
y(u,v,w) . (2.25)

(u,v,w)

ISEEENS.
I

Gia st rang
a. x(u,v,w),y(u,v,w), z(u,v,w) la nhitng ham s6 lién tuc ciing véi cdc dao ham rieng

cap mot clia ching trong mot mién déng V' ciia khong gian O'uvw.

b. Céc cong thiic (2.25) xac dinh mot song dnh tit mién V' lén mién V' clia khong gian
Ozxyz.

c. Dinh thtc Jacobi

D(z,y,z)
J ) J) — / / / 0,
Dluv) — |V Y Y #
2 2 2

trong mien V.

Khi do, ta c6 cong thic

// f(z,v, z)dxdydz:/// flz(u,v,w), y(u, v, w), z(u, v, w))|J|dudvdw. (2.26)

2.2.3.2. Tinh tich phan bo6i ba trong hé toa do tru

Toa do tru ctia mot diém M (x,y, z) trong khong gian Oxzyz 1a ba s6 (1, @, z), trong d6
(r,) 1a toa do cyc ctia diem M'(x,y), hinh chiéu ctia M xudéng mat phang Ozy. V6i moi
diém ctia khong gian khong thuoc Oz, ta co r > 0; 0 < ¢ < 27; —00 < 2z < +00.
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Ta c6 cac cong thitc lién hé giiia cac toa do Deé-cac va toa do >
tru clia diem M sau day.

M(x,y,z)
T =TCosg
y =rsing . (2.27)
° Vo1~ y
e
x
Néur >0, 0<p <27, —00 < z < 400 thi cong thitc (2.27) Hinh 2.32

xac dinh mot song anh gitta khong gian Oxyz, trit truc Oz,
va tap hop trén ciia khong gian O'rpz. Riéng cac diém trén
truc Oz c¢6 z xac dinh, r = 0 va ¢ tuy y. Dinh thic Jacobi
ctia phép bién doi (2.27) 1a

cosp —rsing 0
J=|singp rcosp 0]=r.
0 0 1

Nhan thay, J # 0 v6i r # 0. Do d6, tit cong thiic (2.26), ta c6

/V//f(x,y,z)dxdydz:/vf/ f(rcosp,rsing, z)rdrded:. (2.28)

D6 la cong thic tinh tich phan boi ba trong hé toa do tru.
Cong thiic trén van ding khi mién V' chia nhitng diém trén truc Oz.
oVi du 2.22. Tinh I = [[[ (2* + y?) zdzdydz, trong d6 V' 1a mién hinh tru giéi han béi cac
v
mat 22 +y? =2x; 2 =0; 2 = 2.
Loi giai. z
T =Tcosp
Chuyén sang toa do tru, dit y =rsing.
z =z
Ta co
2
I = [[[rPzdrdedz = [[rPdrdy [ zdz,
% D’ 0
v6i D' 1a mién tron giéi han béi duong

r=2cosp(—m/2 < p<m/2), r=0, p = —7/2, ¢ =
/2.

Hinh 2.33
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Do dé

~
I

o

o

|
ol n NI AT

Il
o0

(1 + 2cos2¢ + cos® 2¢) dip

dy = 3.

|
IS

Il
W~
|
O\MI‘}] O\MI‘}] l\3|>1\m|>] o[ 3

1 4
(1+20082<p+ M)

eVi du 2.23. Tinh I = [[[ (2® + y* + 2?) dedydz, V 1a mién giéi han bdi cac mit
1%

z=/22+y? va z=ua (a>0).

Lai giai. Chuyén sang toa do try, dat {y =rsing .
z =z

T =TCcosy

Ta c6
I = [[[(r*+2*)rdrdedz = [[ drde [ (r* + 2°) rdz,
v ) )

trong d6 D’ 13 mién gi6i han béi
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Do dé

2T a a
I:/d /dr/(r3+22r)dz
< la >

a

dr

T

/dgp/ rz+—r
2m a
4
/dgo/<ra+—r—§r)dr x
0 0
4

r adr? A4Sy,
= ol (To+ 33 35/
3ra®
10

2.2.3.3. Tinh tich phan bdi ba trong hé toa dé cau

Hinh 2.34

Toa do cau clia mot diem M(z,y,2) trong khong gian Ozyz 1a bo ba (r,0, ), trong d6
r=OM, ¢ la goc gitta truc Oz va OM’, M’ 13 hinh chiéu ctia M xudng mat phing Oxy,

0 la goc gitta truc Oz va OM.
V6i moi diém M (x,y, z) khong thuoc Oz, ta co
0<r<+4oo, 0<O<m 0<p< 2T

Gitta toa do dé cac (x,y, z) va toa do cau (1,6, p)

clia cling mot diem M c6 moi lien he

x =rsinfcosyp
y =rsinfsingy .
z =rcosf

(2.29)

Néur >0, 0< 6 <7, 0< ¢ < 2r thi cdc cong thiic trén xidc dinh mot song anh gitta
khong gian Oxyz, trit truc Oz, va tap hgp trén ctia khong gian O'rfp. Rieng diém goc toa
do, ta co r =0, 0 va ¢ tity ¥, con nhitng diém trén Oz c6 r xac dinh, § = 0 hosic § = 7, ¢

tuy ¥. Dinh thic Jacobi la

sinfcosy rcosfcosyp —rsinfsing

J = |sinfsing rcosfsing rsinfcosy | = —r’sind.

cos —rsinf 0

R6 rang, J # 0 v6i r # 0 va sinf # 0. T cong thic (2.26), ta c6

///f(a:,y,z)d:cdydz = /// f(rsinf cos @, rsin 0sin o, r cos 0)r? sin drdddy. (2.30)
v v/

D6 1a cong thic tinh tich phan boi ba trong hé toa do cau.

Cong thic vAn ding khi mién V chita nhiing diém trén truc Oz.
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z
M(z,y, z)
i
O
1Y
Al y.0)
x
Hinh 2.35

eVi du 2.24. Tinh I = [[[ z+/2? + y?dxdydz, v6i V 1a mién xéac dinh béi
1%

4y 22 <1, 2>0.
x =rsinfcosp
L&i giai. Chuyén sang toa do cau, dat ¢ y = rsinfsingp.
z =rcosb
Khi do, V' dugc xac dinh bdi
0<r<i, ogegg,oggogzw.

Ta cb

1
d@/rcosQ.rsin@.r2 sin Odr
0

2 1
= /dgp sin” 6 cos 6d0/r4dr
0 0
s
9 sin®@|2 of !
° 3 1o 5l
27

15 Hinh 2.36
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eVi du 2.25. Tinh I = [[[ (2* + y?) dwdydz, v6i V 1a mién giéi han bdi hai mat cau sau
1%

day
x2+y2+z2:1, x2—|—y2+z2:4.

Loi giai. Chuyén sang toa do cau, ta c6

I = /// r?sin? 0.7 sinfdrdfdep.
V/

Mién V'’ duge xdc dinh bdi 1 <r <2, 0<0 <7, 0 < < 2.

Vay
2 ™ 2 2 ™ 2
I:/ /sm 9d0/7’4 /d(p/(cos29—1)dcosﬁ/r4dr
0 1 0 0 1

2
- (pg”. <COS 0 —cos@)

2 2

x* Chii y: Néu V 1a mién Elipxoit x_ + 322 + 2 <1, a>0,b>0, c>0 thi chuyén sang

2487r
15

.5
0.5

toa do cau suy rong bang cach dat

x = arsinfcosp

y =brsinfsiny .

z =crcost
Khi do, |J| = abcr?sinf va mien V' duge xac dinh béi 0 < o <27, 0<0 <7, 0<r < 1.
Néu V la mién (z —a)? + (y — b)?> + (2 — ¢)? = R?, R > 0, thi chuyén sang toa do cau suy
rong bang cach dat

x =a+rsinfcosp
y =0b+rsinfsiny .
z =c+rcosf

Khi do, |J| = r?sinf can cta r, 6 va ¢ phai dugc xac dinh theo hé truc méi goc 1a I(a, b, c)
va mién V' duge xdc dinh 0 < p <27, 0< 6 <7, 0<r <R.

2 2 2
Vi dy 2.26. Tinh I = [[[ (a2 + y? + 22) dudydz, v6i V 1a mien — + L +% <1, a>0.
i a’?  a a
Lai giai.
x = arsinfcosp
Chuyén sang toa do cau suy rong, dit { y = arsinfsingp.
z = +/3arcosf

Khi dé, |J| = v/3a’*r?sin §, mién V' duge xac dinh nhu sau

0<r<1,0<6<m 0<qp<2m
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Vay,

2w

Iz/dgp/d@
0 0
—a5\/_/ gp/ 1+2008031n0d0/

0

0
2cos? O\ |" r°
= V3 ol (—COSH— o8 )

r
3 g 9
B 4/37a®
= T

r’a? (sin2 0 + 3 cos? 0) V/3a?r? sin Odr

O\H

1

2.2.4. Ung dung tich phan boi ba
2.2.4.1. Tinh thé tich cua vat thé

Thé tich ctia vat thé chiém mién V trong khong gian Ozyz 1a

- /V// AV = /V// drdydz (2.31)

eVidu 2.27. Tinh thé tich vat thé gidi han béi cac mit z = 6—22—y?, 22 = 22 +92 (2 > 0).
Loi giai. Taco V = [[[ dzdydz ,
14

=6— 22— 92

z
Xét he { 5 5 9
z2 =x"+y
=6—2=2>=2=2(doz>0).
Vay phuong trinh ctia hinh chiéu xuéng mit phing
Ozy clia giao tuyén gitta hai mat tren 1a 22 + 3% = 4.

Chuyén sang toa do tru, dit
T =T1Ccosp

y=rsing

Z =2z

Khi d6, phuong trinh cac mit lan lugt 1a Hinh 2.37

2=6—1r% z=r vamién V' dudc xac dinh

0<e<2T, 0<r<2, r<z<6-—r%

'Vay
LY
6—12 27 2 6—r2

2 2
V=_[dp[dr [ rdz= [do[rz] dr
0 0 o o Ir
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2.2.4.2. Tinh khdi lugng ctia vat thé va toa do trong tam cua vat thé

Cho mot vat thé V trong khong gian Oxyz. Ta ciing ki hicu V' 1a thé tich ctia vat thé V. Gia
stt khéi lugng rieng clia vat thé tai M(z,vy, 2) 1a p(z,y, z). Khi d6,

e Khéi lugng ctia vat thé duge cho bdi cong thiic

m = /// p(x,y, z)dxdydz. (2.32)

e Toa do trong tam G clia vat thé duge cho béi cong thiic

7

To = 1 [[[ zp(z,y, 2)dxdydz
my
1
v = [[[yp(x.y,2)dedydz . (2.33)
%

2 = 1 [[[ zp(x,y, z)dzdyd=
my

\
e Néu vat thé dong chat thi p khong doi, do d6

(

ra = 1 [[[ zdzdyd=
Vi
1
v =7 JJ) ydedydz . (2.34)
1%

zqg = lfff zdxdydz
Vi

oVi du 2.28. Tim toa do trong tam ctia vat thé dong chat xac dinh béi 22 + y? < 2z va
22 +y? 422 <3

Loi giai. (xem Hinh 2.38)
22 + 9 =2z

gty =3 =z2=1(doz>0).

Xét he {

Vay, giao tuyén ctia hai mit 14 dudng tron { |
ya =

Do tinh d6i xting nén zg = yg = 0.

Hinh 2.38
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Ta ¢6, 2 = %fff zdxdydz.
v

r =TCcosp
Chuyén sang toa do tru, dit { y =rsing.

z =z
2
N T X .
Khi d6, phuong trinh cac mét lan lugt la z = 5 4= V3 —r2, va mien V' duge xac dinh

nhu sau

Sp=< 5 <
Ta co
2m V2 3—r2 2m V2
V= /dgp/dr / sz:/dgp/rz|;é3/27dr
0 0 2/2 0 0

2 1V3—r?
:/dgo/dr / rzdz:/dgo/r%?ﬂ dr
0 0 2 0 0 9
2

I 5 5
Suy ra, z :—:—.Va,G<0,0,—>.
U N B 6v3 —5

2.3. Tich phan duong loai hai

2.3.1. Dinh nghia tich phan duong loai hai
2.3.1.1. Coéng ctia mot luc bién doi

Cho mot chat diem M di chuyén theo mot cung phéng L tit A dén B duéi tac dung clia
mot luc F= ?(M ) bién thien lien tuc doc theo cung AB. Hay tinh cong W ctia luc ay.

Chia cung AB thanh n cung nhé bdi cac didm A = Ay, A, As, -, Ay = B. Goi Az, Ay,
la cac thanh phan ciia vécto A;_1A;, i = 1,2, ...,n. Néu cung A;_1A; kha nho thi c6 thé
xem nhu Iyc F' khong doi trén cung do va bang F (M;), v6i M;(&;, n;) 1a mot diém nao do6
trén cung mi, 1 =1,2,...,n. Xem cung ml xap xi nhu day cung A;_; A;, khi do,
cong AW; cta hyc ? lam cho chét diém di chuyén tit A;,_; dén A; trén L c6 thé duge xap
xi nhu sau: AW, ~ ?(Mi).Ai_lAi. Néu hai thanh phan cta I ?(M) la P(M) va Q(M)
thi AW; >~ P(&,n;).Ax; + Q(&,m;)-Ay;. Néu moi cung A/z,l\AZ déu kha nho, ta co



2.3 Tich phan duong loai hai 53

W m > [P(&m) A + Q(&i,mi) Ail. (2.35)
=1

Phép tinh gan ding nady cang chinh xac néu n cang 16n va cac cung A;_1 A; déu cang nho.
Do d6, cong W cua luc ? lam cho chat diém di chuyén tit A dén B trén duong L la gisi

han, néu c6, clia tong & vé phai ctia (2.35) khi n — oo sao cho max As; — 0, As; 1a chiéu
i=1n

dai cung Ai—l Az .

2.3.1.2. Dinh nghia tich phan dudng loai hai

Cho hai ham s6 P(z,y) va Q(z,y) xac dinh trén cung AB. Chia cung AB thanh n cung
nhd bdi cac diém A = Ay, Ay, As, ..., A, = B. Goi hinh chiéu ctia véc to A;_1A; lén hai
truc Ox, Oy 1a Axy, Ay;, M; (&, 7:) 1a mot diém tiy ¥ trén cung A; 1 A;. Néu khi n — oo

sao cho max Az; — 0, maxAy; — 0, tong I, = > [P(&, mi) Az + Q(&;, i) Ay;] dan t6i
i=1n i=1n i=1

mot gidi han xac dinh, khong phu thuoc cach chia cung AB va céach chon diém M; trén

cung A; 1 A; thi gidi han d6 dugce goi 1a tich phan duong loai hai ciia cac ham s6 P(z,y)

va Q(x,y) doc theo cung AB va duge ki hiéu la

I= /P(m,y)dx+@(w,y)dy. (2.36)

AB

Ngudi ta chiing minh duge rang, néu cung AB tron? va

cac cadc ham s6 P(z,y), Q(z,y) liéen tuc trén cung AB thi

tich phan duong loai hai (2.36) ton tai.

* Chu y: Trong tich phan duong loai hai, chiéu trén dudng

lay tich phan déng vai trd quan trong. Néu ta ddi chiéu tren  Ay;
N £ . ~ RN “Z 2 P e ~ .

duong lay tich phan thi hinh chieu cua vécto A; 1 A; 1én hai

truc Oz, Oy déi dau, do do

/ P(z,y)dz + Q(z,y)dy = — / P(x,y)dz + Q(z,y)dy. O

AB BA Hinh 2.39
Néu duong 1ay tich phan 14 mot duong kin L, ta quy udc
chon chiéu duong trén L 1a chiéu sao cho mot ngusi di doc
L theo chiéu ay sé thay mién gi6i han béi L gan minh nhét

§ vé bén trai. Ta thuong ki hieu tich phan duong doc theo dudng cong kin L theo chiéu duong
1a ¢ Pdx + Qdy.
L

2.3.1.3. Tinh chét

Tich phan duong loai hai c¢6 cac tinh chat nhu tich phan xac dinh.

£ = x(t .
2Pudng cong c6 phuong trinh tham s6 {x x((t)) , xac dinh trén («, 8) dugce goi 1a tron néu z(t) va y(t) cod
y =y

dao ham va cac dao ham dé6 khong ddong thoi bing khong véi moi t € (o, 8).
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2.3.2. CAch tinh tich phan dudng loai hai

Ta gia thiét ring cung AB la mot cung tron, cdc ham P(x,y), Q(z,y) lien tuc doc theo
cung AB.
Néu cung AB duge xdc dinh béi phuong trinh tham s z = x(t), y = y(¢), céc mit A, B
ing v6i cac gia tri t1, ¢, ciia tham s6. Khi do, ta c6 cong thic
to
/P(%B y)dz + Q(z,y)dy = / [P(x(t), y(t)2'(t) + Q(x(t), y(1))y'(t)] dt. (2.37)
AB t
Néu cung AB duge cho bdi phuong trinh y = y(z), a 1a hoanh do ciia A, b 1a hoanh do ciia
B, ta co

[ Pavds+ @y = [ [Py + Q@) @]ds. (239)

eVi du 2.29. Tinh [ = [ ydz — xdy v6i
L

a) L 1a nita duong tron tam O ban kinh R nim trong nita mat phang trén tit A(R, 0) dén

B(—R,0).
22 P
b) L la duong ellipse — + i 1 di theo chiéu duong.
a
Lo gii.
a) (Xem Hinh 2.40) y
Phuong trinh tham s6 ctia duong tron tam O, ban kinh R 1 R
r = Rcost
y = Rsint
Theo cong thite (2.37), ta c6 & A x
eo cong thic (2.37), ta co T 0 R
I = / [Rsint(—Rsint) — Rcost.Rcost]dt
0 Hinh 2.40

= — R? /(sith + cos’t)dt = —m R?
0

b) (Xem Hinh 2.41)

D r =acost
Phuong trinh tham so cta elip 1a o
y = bsint

v6i 0 <t < 2m,

e
_aK(:)/a

Hinh 2.41
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95

Chiéu tang ctia t ting véi chiéu duong cua L, ta co

2

/[bsin t(—asint) — acost.bcost|dt

0

2m 2m
- ab/ (sin?t + cost)dt = —ab/dt = —2mab.
0 0

eVi du 2.30. Tinh I = [(2? — 2zy)dx + (y* — 2zy)dy, trong do6

L

a) L 1a duong gap khic ABO véi A(1,0), B(0,1) va 0(0,0).

b) L la dudng = + y? = 1 ndi tir diem A(0,—1) dén B(0,1).

Loi giai.
a) (Xem Hinh 2.42) y
Chia L thanh 2 duong la AB ¢6 phuong trinh z +y = 1,
va BO c¢6 phuong trinh x = 0. 1
o Tinh I} = [ (2® — 2zy)dx + (y* — 2zy)dy. {\A X
AB O 1
Torz4+y=1=y=1—-cr=y =—-1.
Vay Hinh 2.42
0
I = / 2? —20(1—2)+ ((1—2)° = 22(1 - 2)) (—1)] do
= —/(Qx—l)dac — (xZ—x)}(l) = 0.
0
e Tinh I, = [ (2% — 2zy)dx + (y* — 2zy)dy.
BO
T x=0= dr =0, suy ra
0 1 301 1
L=[ydy=—[ydy=—"L| =—
1 0 3 o 3
e Vay, I =1 +1,=—
b) (Xem Hinh 2.43)
Tiz+y =1=a=1—y>=2" = -2 y
Va
v —B
1 \\
N / (A=) =201 = 9?) - (=20) + (v* — 291 —1?)) | dy C x
e O
1
26 -
/( 29" — 4y’ +6y" + 5y — dy)dy = 2. !

-1

Hinh 2.43
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Trong vi du nay, néu mudn tinh I bing cach dua vé tich phan xac dinh theo x thi phai chia
cung AB thanh hai cung AC va C'B. 0 day, phuong trinh cung AC' la y = —v/1 — z, con
phuong trinh cung CB la y = /1 — .

2.3.3. Cong thic Green

Cong thitc Green cho chiing ta mdi lién hé gifta tich phan dudng loai hai doc theo mat dudng
kin L 1ay theo chiéu duong va tich phan kép trong mieén D gi6i han béi duong L.

¢ Dinh 1i 2.4. Néu cdc ham P(z,y),Q(x,y) va cidc dao ham riéng cap mot ctia ching lién
tuc trong mot mién D thi ta cé cong thiic

/ / @ _ ‘9—1; dudy — 7{ Pdz + Qdy, (2.30)
L

trong dé L Ia bién ciia mién D, tich phan doc theo L lay theo chiéu duong.

Cong thtc (2.39) duge goi 1a cong thitec Green.

A.

a) (Xem Hinh 2.44) Trudc hét, gid st réng D 1a mién don lien
va moi duong thing song song véi cac truc toa do cat L nhiéu
nhét tai hai diém. Vay mién D dugc xéc dinh béi

a<x<b y(r) Sy <ya(a)

Theo cong thic tinh tich phan kép, ta co y
"op y = (@)
// da:dy—/dx / —dy ’ B
dy |
y1(z) !
b y2(x) N N 3
= P(x dx | l
/ ( ! y=u(z) |
l l X
b b 0 a b
= /P(x, yo(x))dx — /P(x, y1(x))dx.
a a Hinh 2.44

Theo cong thiic tinh tich phan duong, ta co
b

/P(x,yg(x))dx: / P(z,y)dx,

—

a AMB
b

/P(m,yl(x))dx: / P(z,y)dx = — / P(z,y)dz.

a ANB BNA
P
Do do, [[ g—dxdy = [ P(z,y)de =—§ P(x,y)dz.
p %Y ANBNA L

Tuong tu, ta ¢ ff %dwdy = f@(x, y)dy.

P
Tu hai két qua trén, ta thu duge ff (0_@ — g—) dedy = ¢ Pdx + Qdy.
O Y L
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Hinh 2.45

b) (Xem Hinh 2.45) Bay gid, xét mién don lien D ¢6 bién 1a duong L gom hai cung ABC' D
va EFGH c¢6 phuong trinh 1an lugt 13 y = y1(z) va y = ye(z), a < o < b, va hai doan
thang AH va ED song song véi Oy. Ciing c6 thé xem duong bién L gom hai cung GHAB
va CDFEF c6 phuong trinh lan lugt 1a z = x1(y) va 2 = 22(y), ¢ < y < d, va hai doan
thang BC va FG song song véi truc Ox. Tuong tit nhu trén, ta cé

/ —dxdy— / Pla,y)dz + / P(z, y)dz.

HGFE DCBA

Do [ P(x,y)dz =0, [ P(x,y)dz =0 vi cac dudng AH va ED c6 phuong trinh lan lugt
AH ED
laxz=a, x=0= dr=0,nén ta co

// —dxdy = /Pd:v+/de+ / de—l—/de

HGFE ED DCBA AH
= —j{P(x,y)dx.
L

Mat khac, cling tuong ty nhu trén, ta co

//anxdy—//medy+/ Q. y)d

CDEF GHAB
Do [ Q(z,y)dy =0, [ Q(z,y)dy =0, vi cac dudng BC va FG ¢6 phuong trinh lan lugt la
BC FG
y=c, y=d=dy=0,nén taco

//anxdy— /Qd:c+/de+ / de+/de

CDEF GHAB

= f@(r@,y)dl‘

Suy ra, cong thic (2.39) duge chiing minh.
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c¢) Néu mién D la mién don lién tong quat hon trong
d6 c6 nhitng duong song song véi truc Oz hoac Oy y
cit bieén ctia mién D qué 2 diém thi ta chia mién D
thanh mot s6 hitu han mién nhé ma bién ctia ching
6 tinh chat néu ¢ dau ching minh nay. Vi du Hinh
2.46 ¢6 thé duoc chia thanh 3 mién Dy, Dy, Dy. Ap
dung cong thiic (2.39) cho ci 3 mién trén roi cong lai,
ta duge

X
// @—% dxdy:}{de—FQdy, O

dy
L

Vi tong céc tich phan dudng ctia Pdx+ Qdy trén cling Hinh 2.46
mot cung duong cong hai lan theo hai huéng ngudc
nhau bang 0.

d) Gia st mién D la mién da lien. Chéng han bién
clia n6 gom hai duong kin Ly, Lo roi nhau. Chia mién
D thanh hai mién don lien nhu trén Hinh 2.47. Ap L, D Ly
dung cong thiic (2.39) cho ca hai mién trén roi cong

lai, ta dugc

// @—@ dxdy:jgpdrszQdy.
Ay J O

Vi tong céc tich phan dudng clia Pdx+Qdy trén cling
mot cung dudng cong hai lan theo hai hudng ngugc
nhau bang 0. Vi L gom hai dudng kin Ly, L, rdi nhau
nén chiéu duong trén L phai chon theo quy uwde da néu & trén, chiéu duong trén L, 1a ngudc
chiéu kim dong ho, chiéu duong trén L, 1a thuan chiéu kim dong ho. Dinh 1f dude chiing minh
hoan toan.

oVi du 2.31. Tinh

I = §$(zsinz + y?)dz + (x + 22y + In(1 + y?))dy, véi L 1a dudng tron 22 + y* = 2y.
L

Hinh 2.47

Lai giai. (Xem Hinh 2.48)

Ta c6 ap
P=ugasinx +9y? = — =2y,
dy
2y _, 90
Q:x+2xy+ln(1+y):>%:1+2y.

Ap dung cong thiic Green, ta c6

I—//(a—Q—a—]yj)dxdy:l/dxdy:S,

trong d6 S 1a dién tich mién D. Do D 14 hinh tron c6
ban kinh bang 1 nén [ = S = 7. Hinh 2.48

oVidu 2.32. Tinh I = [ (wy+y?)dz + (z + y)’dy trong d6 ABC' la duong gip khic
ABC
A(0,0), B(—2,2),C(—4,0).

Loi giai. (Xem Hinh 2.49)
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Dudng ABC chua phai 1a dudng kin nhung néu ta bo sung thém dudng CA thi sé duge
mot duong kin, khi do

I= / (zy + y2)dzx + (x +y)°dy

ABC

= / (zy + y*)dz + (z +y)°dy — / (zy + y*)dx + (z +y)°dy
ABCA CA

= [1 - [2.

Doan C'A ¢6 phuong trinh y = 0 = dy = 0dz, do d6 I, = 0.

Vay I = [ (zy+y*)de+ (z+ y)*dy.
ABCA

Ap dung cong thic Green véi

P
P::L‘y+y2:>8—:x+2y, y
oy b
oQ ., D]
Q=(+yp =22 oty ‘ 2
P l —
Do d6, I = ff (8—Q — (;;—) dedy = [[ zdzdy, x=y-4 ‘ X=-y
Yy D !
v6i D 1a mién tam giac ABC. C l A
Mién D duge xdc dinh bi 0 <y <2, y—4 <z < —y. -4 -2 O

Hinh 2.49

Ly
2 -y 23:2
]z/dy/a:da:z/;
0 y—4 0

1 1 2
=5 / (8y — 16)dy = 3 (4y® — 16y)|, = —8.
0

v Hé qud 2.3. (Hé qua cua cong thic Green.)
Néu duong kin L 1a bién ctia mién D thi dién tich S ctia mién D dugc cho béi cong thiic

2
L

S = l]{xaly — ydz (2.40)

A.That vay, ap dung cong thic Green véi P = —y, ) =z, ta co

%xdy yda:—// @_3_]; dxdy //dxdy—QS

Suy ra,
S = %]{xdy ydx.
L
) SNPGRS N
oVi du 2.33. Tinh dién tich ctia mien giéi han béi ehp — +5=1ab>0.

b?
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Loi giai.

Phuong trinh tham s6 ctia elip 1d & = acost, y = bsint, 0 < ¢t < 2. Chiéu tang cia t Ung
v6i chieu duong cia elip.

Ap dung cong thitc (2.40), ta dugce

2m 27
S = %/[acost.bcost—bsint.(—asint)]dt: %ab/dt:mzb.
0 0
2.3.4. Diéu kién dé tich phan dudng khéng phu thudc duong lay
tich phan

Qua céc vi du trén ta thay rang tich phan dudng [ P(z,y)dz + Q(x,y)dy khong nhing phu
AB

thuoc vao 2 diu mit A, B ma con phu thuoe vio dusng AB. Bay gid, ta xét xem véi dieu
kién nao thi tich phan duong d6 chi phu thudc vao hai mat A, B ma khong phu thudc vao
duong lay tich phan. Ta c6 dinh 1 sau day.

O Dinh 1i 2.5. Gid sit hai ham P(z,y), Q(x,y) lién tuc cting vdi cac dao ham rieng cap mot
ctia chiing trong mot mién don lien D nao dé. Khi d6, bén ménh dé sau day la tuong duong
vOi nhau.

oQ OP
== D:
9 = oy V(x,y) € D;

2. § Pdz + Qdy = 0 doc theo moi dudng kin L ném trong D;
L

3. [ Pdx + Qdy, trong do6 AB 1a mot cung bat ki nam trong D, chi phu thuoc hai mit
AB
A, B ma khong phu thuoc duong di tit A dén B;

4. Biéu thiic Pdz + Qdy 14 vi phan toan phan ctia mot ham s6 u(x,y) nao d6 trong mién
D.

A.
Ta sé chiing minh dinh 1i theo so d6 sau 1) = 2) =
3)=4)=1).
(a) 1) = 2) (xem Hinh 2.50) Gid st L 1a mot duong
kin bat ki nam trong D. Goi D; 14 mién gi6i han
béi L. Ap dung cong thic Green, ta c6
oQ oOP
dex%—Qdy—g;[(ax ay)dxdy—O.
Vay, theo gia thiét 1), ta thu dugc
0Q 0P
oxr Oy’
(b) 2) = 3) Gia sit AMB va ANDB 13 hai duong
bat ki n6i A v6i B (hai duong nay déu nam trong
D) (xem Hinh 2.51).

V(z,y) € Dy C D.

Hinh 2.50

Hinh 2.51
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Theo gia thiét 2), ta co

/ de+@dy=0<:>/Pdm+Qdy+/de+Qdy:0.

AMBNA AMB BNA
Suy ra,
/ Pdzx 4+ Qdy = — / Pdz + Qdy = / Pdz + Qdy.
AMB BNA ANB
Vay, | Pdx + Qdy chi phu thuoc vao hai mat A, B ma khong phu thuoc dudng di tit A
dén gé

(c) 3) = 4) Gia st A(zg,90) 1a mot diém cb dinh trong D, M (z,y) 1a diém chay trong D.
Xét ham s6

u(z,y) = / Pdzx + Qdy. (2.41)

AM

Ham sb trén hoan toan xac dinh vi tich phan & vé phai khong phu thuoc duong lay tich
phan. Lay diem M;(x + h,y) € D, v6i h c6 gia tri tuyét doi kha nho, ta co

hov) —
%(x,y)zlimu(x—'— ) u<m’y):lim%[/Pdac%—@dy—/Pdm—l—Qdy]

ox h—0 h h—0

AM, AM

Chon m gdm cung AM va doan thang M M, song song vé6i truc Oz (xem Hinh 2.52), ta
dugce

x+h
ou o1 1
ontey) = lim o [ Pdo+ @iy =lim [ P y)de
M M, x

Theo dinh 1i vé gia tri trung binh déi véi tich phan xac dinh, ta c6

z+h
/ P(&,y)dE = P(z,y)h,v6iz =x+6h, 0<6<1.

T

)
Khi h — 0 thi 7 — =, do d6 P(%,y) — P(z,y). Vay a—;‘(x, y) = lim P(z,y) = P(z,y).

Tuong tur nhu vay, ta c6 thé chitng minh duge ring

ou

a_y(xvy) = Q(xay)

Do d6, Pdx + Qdy la vi phan toan phan ctia ham s6 u(x,y) cho bdi cong thite (3.19).
(d) 4) = 1) Gia stt Pdz + Qdy 1a vi phan toan phan ctia ham s6 u(z,y) nao dé. Khi d6

_OJu 9P %

P=_—=—=
or Oy  Oyox’
oo 0u_ 0Q_ u
dy Ox  0x0y
PSP ~ . . . 0P 0Q
Cac ham so trén lién tuc trén D, nén theo dinh 1i Schwarz, ta cé 8_y = 8—x,V(x, y) € D.

Dinh 1i dugce chiing minh hoan toan.
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v Hé qud 2.4. Néu Pdx + Qdy Ia vi phan toan
phan ctia ham s6 u(x,y) thi

[ Pde + Qeydy = u(B) — u(a), (242)
s
doc theo moi duong cong AB nam trong mién D.

v Hé qud 2.5. Néu D la toan bo R? thi Pdx+Qdy
la vi phan toan phan ctia ham u(z,y) cho bdi cong

thite
x Yy
u(e.g) = [ Pla.n)do+ [ Play)dy+C. (2.43)
o Yo
hoéac
x )
u(z,y) = /P(x,y)dz—l— /P(xo,y)dy—l—(], (2.44)
xo Yo

véi Mo(z0,0) Ia diém tity chon trong D.

That vay, vi tich phan u(z,y) = [ Pdz+ Qdy+C
AM
khong phu thudc vao duong lay tich phan nén néu chon
AM 1a duong gap khic ANM (xem Hinh 2.53) thi ta
duge cong thiic (2.43), con néu chon duong lay tich phan
la duong gap khic ALM (xem Hinh 2.53) thi ta dugc
cong thite (2.44).

X
eVi du 2.34. Chiing minh réng bicu thiic
eVl +x+y)de+ e (1l —x —y)dy,
la vi phan toan phan ctia mot ham s6 u(z,y) nao do. Hinh 2.52
Tim ham u(z,y). y
Loi giai. L M
) Yi----
Ta co
oP
P=e"Y1+z+y) = Fve —e"V(x+y)
Y
9Q
Y (1 7wy Yor---- i i
_0Q 0P ) l l X
la vi phan toan phan ctia mot ham s6 u(z,y) nao do6
xéc dinh trén toan R2. Ap dung cong thic (2.43) véi Hinh 2.53
To =Y = 0, ta dugce
T Y
u(z,y) = /e””(l + z)dx + /e“’_y(l —z—y)dy+C
0 0
T Y
=" (1+a)|; — /e”’”d:c —e"V(1-x -y — /ex_ydy +C
0 0

=" (1+a)|g—€ly—e"Y (1—z—y)|§+ ex_y‘g +C=e"Yax+y) +C.
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Bai tap chuong 2

Béi 2.1. Déi thi tu tich phan trong cac tich phan sau
f da. f f(z,y)dy;
z2

3

b) fdyff(fv,y)dfﬂ

, Ve
c)lfdx [ f(z,y)dy.

0
Bai 2.2. Tinh cac tich phan kép sau

0 1= S

b) I = ffx — x)dzdy, D 1a mién gi6i han béi duong y = 22 va x = y?;

, D 1a mién gi6i han bdi x >1, y>1, x + y<3;

c) ]—ffx — z)dzdy, D 1a mién giéi han béi duong y = 22 va 3z +y = 4;
d) I = ff |z + y| dzdy, D la mién duge xac dinh béi |z|<1 va |y|<1;

e) [ = ff x — y)drdy, D 1a mién giéi han béi duong y = 2 — 2% va y = 2z — 1;
f) I =

f e*dxdy, D 1a mién gidi han bdi duong z = 0,y = 2,y = €°
D
) I = [[(x+y)*(z — y)*dedy, D 1a mién giéi han béi dudng
D
x+y—1x—y—1x+y—3x—y— —1;
) I = f x — y)dzdy, D 1a mién giéi han bd1

1 7 1
y:$+1ay:$—3ay:—§$+§7y:—§$+5;

i) I = [[(2* +y*+ 1)dedy, D la mién giéi han béi dudng 22 + y* — x = 0;
i I :fo V2?2 + y2drdy, D la mién duge gidi han béi cac duong tron 22 + y? = d?,
2%+ y? :D4a2,a > 0;
k) I = [[(x+ 2y + 1)dady, D la giao ctia hai hinh tron z? + y?<2y va 2* + y*<2z;
)= f]} V4 — 22 — y2dxdy, D 1a mién xac dinh béi 22 + y? — 22<0, y>0;
D

2
m) T = [[ Ldedy, D 1a mién 1<a? + y2<22;
5T
2 2 g
n) = [[1/1- — 7 dxdy, D 13 mién gi6i han béi du’dng 5+ i 1,a>0,b>0;
D
o) I={[[ xydxdy, D la mien (z — 2)% + y*<1 va y>0.
D

Bai 2.3. Tinh dién tich hinh phing giéi han bdi cac duong sau
a) x = 4y y T +y = 6;

b) y? = %, 4 = 8(6— 2)";
x

)y=2"y=-5y=4%

d) xy = 1,2y =8, y*> =z, y* = 8z.

Bai 2.4.

a) Tinh dién tich cta phan mat nén 22 = 22 + y?, >0, nam & trong mat tru 22 +y? = 1;
2 2 2 2

b) Tinh dién tich ctia phan mat z = Ty yb (a > 0,b > 0) ndm ¢ trong mat tru :v_ + ZQ =1;
a
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c) Tinh dién tich ctia phan mat cau 2? + y? + 2% = ¢? nam trong mat tru
(2% +9%)? = a®(2® = y?), (a>0);
2 2

d) Tinh dién tich ctia phan mat cau x? + y? + 2% = 9 nam trong mat tru 9 + i 1.
Bai 2.5. Xac dinh trong tam ctia cac ban phing dong chat gisi han bdi cac dudng
a) y? =4dx +4, y* = =21 + 4;

Yy r Y
b) —+ = =1, —+§—1vanamtrongm1eng—l—3 > 1;
y =22 — 22,y = 0 vA nam trong nita mat phang trén truc Ox;
r =a(l+ cosyp),(a>0).

Bai 2.6. Tinh cac tich phan boi ba sau

N 1
a)I:fffzdxdydz,Vlémiénxécdinhbéi()ﬁxﬁZ,x<y§2x,0§z§\/1—:172—y2;
b)]—fff (1 -2 —y— 2)drdydz, V 1a mién x4c dinh béi x > 0,y > 0,2 >0,z +y+ 2 < 1;

@]

) I = [[[(@® + y* + 2%)dxdydz, V 1la mién xac dinh béi z > 0,y > 0,z > 0,
1%

4 +5<1a>o b>0,c>0;
d) [—fff]xyz]da:dydz V 1a mién xac dinh béi 22 +y? < 22,0 < 2 < a;

oy
RN

) I = fff ydxdydz, V 1a mién giéi han béi cdc mat y = Va2 + 22,y = h(h > 0);

dxdydz
D1=JII—7 >
Vat+y?+ (2 —2)
g) I = fff 22dxdydz, V 14 mién xac dinh béi 22+ y? + 22 < R%, R > 0;
v

,V1ahinhtrua?+92<1,-1<2<1;

2 2 2
h) I = [[[ 2*y*2*dxdydz, V 1a mién xac dinh boi m_+3;2 —I—Z <1l,a>0,b>0,¢c>0;
1%

i) I = [[[(zy +yz + zz)dxdydz, V 1a mién xéc dinh béi 2? + y? + 22 < R?, R > 0.
v

Bai 2.7. Tinh céc tich phan duong
a) f (r — y)?*dr + (z + y)*dy, ABC la duong gap khic A(0,0), B(2,2),C(4,0);

b)

0;
¢) f 22 — 2azy)dx + (2zy + y?)dy, AB la cung 22 + y2 = 22, 2>1, A(1,1), B(1, —1).
AB
Bai 2.8. Tinh f ry — 1)dx + 2*ydy, A(1,0), B(0,2) theo duong

dx — (y + 2*)dy, L 1a cung parabol y = 2z — 2% ndm & trén truc Ox theo chic¢u kim dong

h%%

=

AB
a) 2z + y =2
) dx + y = 4;
c) x =1 theo chiéu duong.

Bai 2.9. Tmh cac tich phan duong

a) §zy [—(x + %)dx + (g + y)dy], L 1a bién cta tam gidc ABC, A(—1,0), B(1,-2),C(1,2);
L
b) [ 2(z*+ y?)dz + (4y + 3)zdy, OAB la dudng gap khic O(0,0), A(1,1), B(0,2);
OAB
¢) $(zy+x+y)de+ (zy + x — y)dy, L la duong 2* + y* = azx(a > 0);
L

fx Y+ )dy y(m+4)dx L 1a duong 2% + y? = 22.

4
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2
Bai 2.10. Tich phan duong f (1-— y—cos )dx + (sin Yy Yeos? )dy c6 phu thudc vao duong
r x

lay tich phan khong? Tinh tlch phan ay tit A(1,7) dén B(2,7) theo mot cung khong cat Oy.

202 /302 42 302 — 22
Bai 2.11. Tich phan duong f Ty ( S dz + A dy) ¢6 phu thudc vao duong
Ty Z y
lay tich phan khong‘7 Tinh tlch phan ay theo cung L = AB xéac dinh béi x =t + cos?t, y = 1

+ sin?t,0 <t < §

Bai 2.12. Chitng minh ring céc biéu thic Pdx + Qdy sau day 1a vi phan toan phan ctia mot

ham s6 u(z, y) nao do. Tim u:

a) (z% — 2zy* + 3)dx + (y* — 222y + 3)dy;

b) (22 — 3zy? + 2y)dz + (2z — 322y + 2y)dy;

c) [e*TY + cos(z — y)] dx + [e*TY — cos(z — y) + 2] dy;

d) e*[e"(w —y +2) +y| do + € [e¥(z —y) + 1] dy;
xdx 1 — 2 —y?

) r? + 1 T2+ y?

Bai 2.13. Tim m dé biéu thiic

ydy.

@

(z —y)de + (x +y)
(.CC2 + yZ)m
u(z,y) nao d6. Tim u trong trusng hop do.
(ax?® + 22y + y?)dx — (2% + 2xy + by?)
(22 1 y2)?

phan ctia mot ham s6 u(x,y) nao d6. Tim u trong trudng hop do.

” 1 2 2 d 1_ 2 2 d
Bai 2.15. Tim a, 3 dé tich phan duong [ YL =% Fay)de+all —y"+ fa7)

L (1422 +y?)?

thuoc duong lay tich phan. Tinh tich phan ay tit diém A(0,0) dén diém B(a, b) ting véi cac gia
tri «, f da tim dugc.

d R .
Y 1a vi phan toan phan ctia mot ham so

2 2 d
Bai 2.14. Tim a,b dé biéu thiic Y 1a vi phan toan

id khong phu

.. } xdr + yd x? 2
Bai 2.16. Tinh §, ﬁ, L 1a dusng ehp — + 'Z—z =1,a>0,0>0.
Pap s6 bai tap chuong 2
Bai 2.1.
4 v
) [dy [ f(z,y)d
VY
2 3 6 3
b) [dx [ f(x,y)dy + [dz [ f(z,y)dy;
0 1 2 T
2
V3 2 2 2
o) [dy [ flwy)de+ [dy [ f(z,y)d.
0 1 V3 2_\/@
Bai 2.2.
1 8 20
) = d) 3 g) 3 (Doi bién
1 4 = —y =
b) - e) 6_7 x+y u; T Yy U)J
504 15 ) 28,
36875 1 ) 5
C) ) f) 59
42 2
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o

) " (5v5 - 1)

c) 8a2(% +1-+2);

d) 36(m — 2arctan?).
Bai 2.5.

V2 -1

f) W(3\/ﬁ—8-\/§+lnm_3

)i



2.3 Tich phan duong loai hai

c) —(m+2).
Bai 2.8.
a) 1;

17
b) 5
4

Ta
c) ;?,

T
d) —.

) 2
Bai 2.10.
Khong néu duong lay tich phan L khong cat Oy; 1 + 7.
Bai 2.11.

Khong néu duong lay tich phan L khong cat cac truc toa do;
Bai 2.12.

(7% + 16)?
167

—4.

1 1
a) §x3 — 2%y? 4+ 3x + gy?’ + 3y + C;
3
b) 2% + y? — 5:1223/2 + 2zy + C;
c) e" Y +sin(x — y) + 2y + C;
d)e*ly+e¥(x —y+ 1)+ C;
1 2
e) 5111(:702 +y?) — % +C.
Bai 2.13. ]
m=1;u= 5111(:62 +y?) + arctan 2 + C.
T
Bai 2.14.
x J—
a:b:—l;u:—y—i—C.
x? 412
Bai 2.15. ;
a
a=p=1 1+ a%+0?
Bai 2.16. 1
0; biéu thiic dudi dau tich phan la d( e 1)>.
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Chuong 3

PHUONG TRINH VI PHAN

Phuong trinh vi phan 1a phuong trinh c6 dang F(z,y, v, y", ...,y"™) = 0 trong d6 z 1 bién
doc lap, y = y(x) 1a ham phai tim, ¢/, 5", ..., y™ la cic dao ham ctia né.

Cap cao nhat ciia dao ham clia y ¢6 mit trong phuong trinh goi 1a cap ctia phuong trinh
vi phan. Vi du ¢/ + 2zy — y = sinx 1a phuong trinh vi phan cap mot; y” + 4y = e 1a phuong
trinh vi phan cap hai.

Nghiém ctia phuong trinh vi phan 13 moi ham s6 théa man phuong trinh, tic 1a moi ham
s6 sao cho khi thé né vao phuong trinh ta dugec mot dong nhat thic. Vi du cdc ham s
y = Cicos2x + Cysin 2z trong d6 O, Cy 1a cac hang s6 tuy ¥ déu la nghiém ctia phuong trinh
y"+4y = 0. Cho C1, Cy nhiing gia tri khac nhau ta duge nhitng nghiém khac nhau ctia phuong
trinh. Vi vay phuong trinh trén c6 vo s6 nghiem.

Giai phuong trinh vi phan 13 tim tat ci cidc nghiém ctia n6. Vé mat hinh hoc, nghiém cia
phuong trinh vi phan xéc dinh mot duong goi la duong tich phan ctia phuong trinh. Giai phuong
trinh vi phan & tim tat ca cac duong tich phan ciia né, cac duong ay duge xac dinh béi phuong
trinh y = f(z) hoac phuong trinh ®(z,y) = 0 hodc phuong trinh tham s6 z = z(t), y = y(t).

Trong bai gidng nay ta chi xét phuong trinh vi phan cap mot va cap hai.

3.1. Phuong trinh vi phan cap mot

3.1.1. Dai cuong vé phuong trinh vi phan cap mét
3.1.1.1. Dinh nghia
Phuong trinh vi phan caAp mot tong quét c¢6 dang
F(z,y,y") =0, (3.1)

hay
y' = fx,y), (3.2)

trong do6 y 1a ham phai tim, 3’ 14 dao ham cap mot, z 1a bién doc lap. Bién doc lap va ham
phéi tim c6 thé khong c6 mit nhung bat budc phai c6 mat dao ham cap mot v/

3.1.1.2. Dinh li (Su ton tai va duy nhét nghiém)

¢ Dinh 1i 3.1. Cho phuong trinh vi phan cap mot y' = f(x,y). Gid sit f(x,y) lién tuc trong
mién D nao dé clia mat phang Oxy va (xg,y0) € D . Khi d6, trong mot lan can nao do ciia
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diém x = x, ton tai it nhat mot nghieém y = y(x) ctia phuong trinh (3.2), nghiem dé lay gia tri
Yo khi x = xy.

., 0 . .
Neéu a—f(x, y) lién tuc trong mién D thi nghiém dé la duy nhat.
Y

Dicu kien y[,_, = yo goi la dicu kién dau. Bai toan tim nghiém ciia phuong trinh (3.2)
thod man dieu kién dau goi 1a bai toan Cauchy.
3.1.1.3. Nghiém téng quat, nghiém riéng, tich phan tong quat, tich phan riéng

e Nghiem téng quat ctia phuong trinh vi phan cidp mot 1a ham s6 y = ¢(z, C), trong dé6
C' 14 hang s6 tuy ¥y théa man phuong trinh vi phan.

e Nghiém nhan dudc tit nghiém tdng quat bing cach cho C' = Cj sao cho y = ¢(z, Cp)

thod man dieu kién dau Ylp—z, = Yo gO1 12 nghiém riéng.

e Khi nghiém tong quat duge cho dusi dang an thi dude goi la tich phan tong quat, ki
hi¢u 1a ¢(z, y, C) =0 . Cho C mot gia tri cu thé C = Cj sao cho ¢(z, y, Cp) =0
thoa man dieu kien dau y|,_, = yo thi ¢(z, y, Cy) = 0 dugc goi la tich phan rieng.

3.1.2. Phuong trinh vi phan tach bién (Phuong trinh vi phan cé bién
phan li)
3.1.2.1. Dinh nghia
Phuong trinh vi phan cip mot tach bién c6 dang
fi(z)dz + fa(y)dy = 0, (3.3)

trong d6 fi(x) 1a ham s6 ctia bién doc 1ap z, fo(y) 1a ham s6 clia bién doc 1ap y.

3.1.2.2. Cach giai

Lay tich phan hai vé clia phuong trinh dugc nghiem téng quéat cho dudi dang tich phan
tong quat [ fi(z)dz + [ fo(y)dy = C.

T
d
) T 4+

oVi du 3.1. Giai phuong trinh vi phan dy = 0.

2y
x? 1+ y?
Loi giai.
Lay tich phan 2 vé ta ducgc

2 1
/ ’ dx+/ Y dy:1n|C|:>éln(:p2—|—2)+1n(1+y2):1n|C|.

x4+ 2 1+ 42
Suy ra
In(1+y*)Va2+2=mn|C| = (1 +y*)Va2 +2=C.
Vay

[ C . .
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3.1.2.3. Phuong trinh vi phan cip mot c6é thé dua dudc vé dang tach bién

Xét phuong trinh vi phan cap mot c6 dang

M, () N1 (y)dz + Ma(x)Nay(y)dy = 0. (3.4)

Dé dua phuong trinh (3.4) vé dang phuong trinh tach bién va tim nghiém ciia no, ta xét
cac truong hgp sau day.
e Néu Ny(y).My(x)#0, chia c& 2 vé ctia (3.4) cho Ni(y).Ma(x), ta duge

M (x) Na(y)
Mo(e) ™ T Nl

dy = 0.

Lay tich phan 2 vé, ta ducc

M (x) Ny (y) _
Mg(:c)dz+/N1(y)dy =C.

e Giai phuong trinh N (y).Ms(z) = 0 <> Ni(y) = 0 hoac My(x) = 0.

Néu coi x 1a bién chi doi s6, y 14 bién chi ham s6 thi ta chi can gidi phuong trinh
Ni(y) = 0.

Gia sit y = yo 1a nghiém, thay truc tiép vao (3.4) thi d6 cling 14 nghiem.

Néu coi y 1a bién chi ddi s6, = 14 bién chi ham s6 thi ta chi can gidi phuong trinh

Gia st # = z 1a nghiém, thay tryc tiép vao (3.4) thi d6 ciing 1a nghie¢m.
eVi du 3.2. Tim tich phan tong quat cia phuong trinh x(1 + 3?)dx + y(1 + 22)dy = 0.

Lai giai. Chia ca 2 vé clia phuong trinh cho (1 + 22)(1 + %?), ta dugc

x Y
d dy = 0.
1+ 22 ij1—l—y2 Y
z ydy
S d =In|C
uyra,fl%_gc2 :)3+f1+y2 n |C]|
hay

1 1
§ln(1+x2) + iln(l—i—yz) =In|C|.

Vay tich phan téng quat ctia phuong trinh 1a (1 + 22)(1 + y?) = C?, véi C 1a hang s6 khéc
khong.

(1 + e*®)y?dy = e*dx

eVi du 3.3. Tim nghiém ctia bai toan sau { 0

y|:c:0 =
Loi giai. Chia cd 2 vé cho 1 + 2%, ta ¢6

€

2 ’ 2 e’
dy = dv = dy = d
ydy = g dv /yy /1 247,

hay
3

% = arctane® + C.
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3

Voi yl,o =0 =C= —% hay % = arctane” — g

3
Vay, nghiém riéng ctia phuong trinh la y = f/ 3arctan e* — Iﬂ

3.1.3. Phuong trinh dang cap cap mot (Phuong trinh vi phan thuan
nhat cap mot)

3.1.3.1. Dinh nghia

Phuong trinh ddng cap cip mot c6 dang
)
y=0(%). (3.5)

3.1.3.2. Cach giai
Dat u = J hay y = ux = y' = v/x + u. Thay vao phuong trinh (3.5), ta ¢
x
v x4+ u=¢(u) hay v -z = ¢(u) — u.

o Néu ¢(u) — u # 0 thi phuong trinh dua duge vé dang c6 bién s6 phan li

du _dr
PR

Suy ra
du
In |z :/—:@u +In|C].
ol = [ 5 = 0 +1uje

Tt d6, ta 6 tich phan x = Ce®¥/?) véi C 1a hing s6 khac khong.
o Néu ¢(u) —u = 0 thi ¢(u) = u, Yu. Khi d6, phuong trinh tré thanh ¢’ =

nghiem 13 y = Cz v6i C 1a hang s6 bat ki.
o Néu ¢(u) —u =0 tai u = ug thi y = oz 12 nghiem.

eVi du 3.4. Tim tich phan tong quét ciia phuong trinh ' = Y + e¥/®,
T

Loi giai. Dat Y wtaco y=uzrvay =uxr+u.
x
Thay vao phuong trinh da cho, ta dudc 'z +u = u + e
/ u —Uu dl’ —Uu
= u'z = e" hay e "du = — hay [ e “du=In|Cz|
T

= —e “=In|Cz|.
¥
Thay u = g, ta thu dugc tich phan tong quéat clia phuong trinh ld e  +In|Cx| = 0, véi
T
C' 1a hang s6 khac khong.

x .
eVi du 3.5. Tim tich phan riéng cua phuong trinh zy’ — y = ———, théa man dieu kién

arctan —
T

y(l) = 1.
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1

Ldi giai. Phuong trinh da cho duge viét lai duéi dang y/ — 2 =

—
L arctan =

x
Dit J_ u, ta ¢6 y = ux va y’ = xu’ + u. Thay vao phuong trinh, ta duge
T

1

vr+u—u=——.
arctan u

dx
— = arctanudu = In |Cz| = /arctan udu.
x

Suy ra
1
In|Cz| = u-arctanu — 5 In(1 + u?)
= In [(1 + v*)C?z%] = 2uarctanu

= In [C*(2® + %) = 2Y arctan 2.
T T

Véi diéu kien dau y|,_, =1, ta co

T
1 —
2arctan 1 = In2C? = g =In2C?% = C? = 562.
e s ol y 72ty
Vay, tich phan riéng ctia phuong trinh la 2= arctan = = 5 + In 5
x x

3.1.4. Phuong trinh vi phan tuyén tinh cip mot
3.1.4.1. Phuong trinh vi phan tuyén tinh cip mot thuan nhét

a. Dinh nghia. Phuong trinh vi phan tuyén tinh cap mot thuan nhat c6 dang

Yy +px)y =0, (3.6)
trong d6 p(x) 1a ham sb lien tuc.
b. Cach giai
£ ~ 2, dy N N 7z c X X
e Néu y#0 phuong trinh tuong duong v6i — = —p(z)dz 1a phuong trinh c¢6 bién s6
Y

phan li. Suy ra, In|y| = — [ p(x)dz + In|C| véi C # 0. Do d6, y = Ce~ [ P@)dz,
e Néu y = 0 bang cach thé tryc tiép vao phuong trinh thi y = 0 ciing 14 nghiém.
z)dz

e T6m lai, nghiém téng quét ctia phuong trinh da cho la y = Ce~ /P®d v6i C tuy .

3.1.4.2. Phuong trinh vi phan tuyén tinh cip mot khéng thuan nhét
a. Dinh nghia. Phuong trinh vi phan tuyén tinh cap mot khong thuan nhat c6 dang

Y + p(x)y = q(z), (3.7)

trong d6 p(x), q(z) 1a cac ham sb lien tuc.
b. Céch giai
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e Budc 1: Giai phuong trinh thuan nhat tuong ting v’ + p(z)y = 0, ta
dugc nghiem tong quat 1a

y = C.e”JP@de(y),
véi C' 1a hang sb.

e Budc 2: Coi C' la ham s6 cta x. Tim C(z)?
Ta co,
y = C'(2)e PO — C(a)p(a)e TP,

Thay y, vy’ vao phuong trinh (3.7), ta dugc
C'(w)e” PO — C(a)p(w)e PO 4 p(a)C(z)e IPO* = g(x),

hay C(z) = [ g(z)el P dr + K, v6i K 1a hing s bt ki.
Thay C(x) vita tim duge vao (* ), ta duge nghiem tong quét ciia
phuong trinh (3.7) 1a

y = K.e~/p@de | o= [p@)de / q(z)e! P g (5x)

% Chii §: Trong cong thite (**), s6 hang thit nhat ctia vé phai 7 = Ke~/?(®)4 13 nghiem téng
quét ctia phuong trinh thudn nhéit tuong ting, con sé hang thit hai Y = e~/ p@)dz Ik q(z)el P@) dg
13 mot nghiém riéng ctia phuong trinh khong thuan nhat. Do dé, nghiém tong quét ctia phuong
trinh khong thuan nhat bing nghiém tdng quat ciia phuong trinh thuan nhat cong véi mot
nghiém riéng ctia phuong trinh khong thuan nhat.

eVi du 3.6. Giai phuong trinh vi phan ¢/ + 22y = ze .
Loi giai.

e Budc 1: Giai phuong trinh thuan nhat tuong tng 3’ + 22y = 0.
Hay dy = —2zydz c6 nghiem téng quat 1a y = Ce/ 20dr — Cle=2*,

2

e Budc 2: Coi C =C(x), tacoy =C" e —2z-C-e ™.
Thay y,vy vao phuong trinh da cho, ta duge C'e " — 2z:Ce™ +
20Ce™™ = ge=

= C'e™ = ge
2
= dC(x) = xdx hay C(z) = % + K.

Do d6, nghiém téng quat clia phuong trinh da cho 1a y = K.e™* +
2

%e*ﬁ, v6i K 13 hiing s6 tuy ¥.
eVi du 3.7. Chiing t6 rang phuong trinh x(x? 4+ 1)y’ — (22% + 3)y = 3 ¢6 mot nghiém rieng la
mot tam thitc bac hai. Tim nghiém tong quat ciia phuong trinh doé.

Lai giai. Dit y = ax? + bx + c. Ta can tim a, b, ¢ dé tam thitc nay la nghiém ctia phuong
trinh da cho. Ta ¢6, vy = 2ax + b. Thay vao phuong trinh, ta duge

z(2® 4+ 1)(2az + b) — (22° + 3)(az® + bz +¢) = 3
& —br® — (2c + a)z® — abz — 3c = 3.
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Dong nhat cac heé s6, ta thu duge b =0,c = —1,a = 2.

Vay, y = 222 — 1 14 mot nghiém riéng ctia phuong trinh da cho.

Bay giv, ta tim nghiém tdng quét ctia phuong trinh thuan nhét tuong tng x(2? + 1)y —
(222 + 3)y = 0.

Chia c& 2 vé ctia phuong trinh trén cho z(z? + 1) vé6i diéu kien z # 0, ta thu dugc

. 212 +3 0. h dy 222 + 3 d
_—— Yy = ay — — ——Aax.
Y x(x2+1)y P y  x(z?+1)
2% + 3
. f—2 1dm
Suy ra, nghiém tong quat 1a y = Ce w(z? +1)

. 222 + 3 <3 T ) 1 | |?
Lai ¢6, | ———dx = - — dr =31 ——In(z?+1) =In ———.
alco’f:v(vaLl)x J r 22+1)Y nlzl 2n<$jL ) nm

Cz3

Do do, y = , v6i C 1a hing s6 bat ki, 1a nghiém tong quét ctia phuong trinh thuan

Vaz+1
nhat tuong tng.

2 C 3
Vay nghiém tong quat ctia phuong trinh da cho la y = _—r + 222 — 1.

Va?+1
eVi du 3.8. Giéi phuong trinh e¥dx + (xe? — 1)dy = 0.

Loi gidi. Néu xem y 1a ham phai tim ctia bién s6 = va viét phuong trinh dudi dang
(reY — 1)y’ + €Y = 0 thi phuong trinh khong thuoc dang dang xét. Néu xem z 13 ham s6 phai

1 dx .
tim cta y ta dugc phuong trinh 2/ + 2 = —» trong do 2’ = T D6 14 phuong trinh tuyén
e y

tinh cap mot doi v6i ham s z(y). Gidi phuong trinh thuan nhat tuong ting d_x + x = 0 hay
Y

d
& —dy , ta dugc z = Ce Y.
x

Coi C' = C(y), khi d6 2’ = C"e™¥ — Ce™¥, thay vao phuong trinh khong thuan nhat, ta dugc
CeV=eV=C=1=C=y+K.

Do d6, nghiém tong quat ctia phuong trinh 1a o = (y + K)e ¥, v6i K 1a hing s6 bat ki.

3.1.5. Phuong trinh Bernoulli
3.1.5.1. Dinh nghia
Phuong trinh Bernoulli ¢c6 dang sau day
y +pla)y = q(@)y”, (3.8)

trong do6 p(x), q(x) la cdc ham lién tuc va a € R.
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3.1.5.2. Cach giai

e Néu a = 0 hodc @ = 1 thi (3.8) la phuong trinh vi phan tuyén tinh khong thuan nhat
hosc thuan nhat.

o Néu a #0 va a #1 thi ta gidi phuong trinh (3.8) nhu sau.
— V6i y#0, chia ca hai vé cud (3.8) cho y*, ta dugc
y oy +p(a)y = q@). (3.9)
Dat z =y = 2/ = (1 — a)y~*y/, thay vao (3.9), ta dugc
24+ (1—a)p(x)z = (1 —a)qg(z). (3.10)

Day 1a phuong trinh tuyén tinh cap mot déi véi bién x, ham z.
Gidi phuong trinh (3.10), tim dugc nghiem téng quat z = z(z, C). Sau d6, thay
trd lai bién cii z = y'~ dé tim nghiém tong quat y = y(x, C).
— D@ thay y = 0 1a nghiém ctia phuong trinh (3.8) khi @ > 0; va y = 0 khong thuoc
tap xac dinh ctia phuong trinh (3.8) khi a < 0.
y
T

eVi du 3.9. Tim nghiém téng quat ctia phuong trinh 3 + £ = 2%y*.

Loi gisi.
e Ham y = 0 la nghiem ctia phuong trinh (thit trye tiép).

P 1
e V6i y#£0, chia c hai vé ctia phuong trinh cho y*, ta duge y=4y' + —y =3 = 22.
x

Dit z = y 73, ta c6 2/ = —3y~*y/, thay vao phuong trinh trén, ta thu dugc

3
2 — Sz = —32%(x).
- (*
Day 1a phuong trinh vi phan tuyén tinh cap mot déi v6i ham z.

. . 3 d d
— Giai phuong trinh thuan nhat 2’ — —2 =0 = 3 hay In
x

’ 2
A o z x C
z = Cz3, v6i C la hang s6 bat ki.
— Coi C' = C(x), ta c6 2’ = C"z3 + 32°C. Thay z, 2’ vao phuong trinh (*), ta dugc
ac 3 .
C'z? + 32°C — 32%C = —32* = = =7 hay C'= —3In |z| + K, v6i K 1a hang
x x
s6 bat ki.
Do d6, nghiém ctia phuong trinh (*) 1a z = Ka® — 3z° In|z].
Thay z = y~°, ta dugc nghiém tong quéat ctia phuong trinh da cho la y =
1

, v6i K 1 hiang s6 bat ki.
zy/K —31n x|

3.1.6. Phuong trinh vi phan toan phan

’:3111]:6|:>

3.1.6.1. Dinh nghia

Phuong trinh vi phan toan phan c¢6 dang sau
P(z,y)dz + Q(z,y)dy = 0, (3.11)
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trong d6 P(z,y),Q(x,y) 1a cadc ham sb lien tuc cling cdc dao ham riéng cAp mot ciia ching
trong mot mién don lien D théa man diéu kién

0Q(x,y)  OP(z,y)
dxz Oy

. (3.12)

3.1.6.2. Cach giai

Tu diéu kien (3.12), suy ra vé trai phuong trinh (3.11) 1a vi phan toan phan ctia ham u(x, y)
nao do, tic 1a du(z,y) = P(x,y)dr + Q(x,y)dy, véi u(x,y) duge xac dinh bang mot trong hai

cong thitc sau
x

UQQZ/P@MM+/M%MW,

hoac
x

y
u(z,y) = /P(m, yo)dz + /Q(a:, y)dy,
Zo Yo
trong dé (xo,yo) € D.
Vay tich phan téng quat ctia phuong trinh vi phan toan phan (3.11) 1a

x Yy
/mem+/mmw@:a
xo Yo

hoac
X

y
/P(x,yo)dx + /Q(x,y)dy = C.

z0
oVi du 3.10. Gidi phuong trinh vi phan sau (4ay?* + y)dz + (42y + x)dy = 0.
Loi giai. Ta ¢6
P(z,y) = 4oy +y = P, = 8xy + 1;
Qz,y) =42’y + 1= Q) =Sxy + 1.

Cac ham P,Q, P, @, lién tuc va @, = P, nén phuong trinh da cho la phuong trinh vi
phan toan phan. Chon xy = o = 0, ta duge
x

y
u(z,y) = /(4xy2 + y)dx + /Ody = 22%y% + wy.
0 0

Vay tich phan téng quat ctia phuong trinh 1a 222y + 2y = C, véi C' 1a hing s6 bat ki.
* Chu y: Néu P(z,y),Q(z,y) liéen tuc cing véi cdc dao ham riéng cap mot ciia ching trong
. 0
mot mien D nao d6 ma 8—62 + e trong D thi Pdx + Qdy = 0 khong phai la phuong trinh vi
T Y
phan toan phan. Tuy nhién, trong mot s6 trudng hop ngudi ta cé thé chon duge ham h(z,y)

dé phuong trinh

h(z,y) [P(z,y)dz + Q(z,y)dy] = 0, (3.13)
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1a phuong trinh vi phan toan phan. Ham h(x,y) goi 1a thita s tich phan. N6i chung, khong ¢6
phuong phép tong quat dé tim thita s6 tich phan. Ta xét hai truong hgp dac biét sau day.

P —Q
a. Néu 4L—==2
Q

That vay, dat R(z,y) = h(z,y)P(z,y); S(z,y) = h(z,y)Q(z,y).
Ta ¢6, R = Pel ¢@de — R, = Py’ef¢(x)dfc_

— ¢(x) tiic 1a khong phu thuoc vao y thi chon h(z,y) = h(z) = e/ ¢@4de,

§ = Qel ¥t = 5, = Qel A% 4 Qo(a)el M = [, + Qo(x)] e/ .

P, - Q,
Q
Vay R, = S, nén (3.13) la phuong trinh vi phan toan phan.

Ma = ¢(z) = P, = Q, + Q¢(x) = S, = P, - e/ @),

/ /

b. Néu %Qx = ¢(y), titc 1a khong phu thuoc vao z, thi chon h(z,y) = h(y) = e~ oW

(phan nay chitng minh tuong tu nhu trong truong hop trén).
oVi du 3.11. Gii phuong trinh vi phan (2y + zy?)dz + (z + z*y*)dy = 0.
Loi giai. Ta c¢6
P(z,y) =2y + xy® = P =2+ 3zy?;
Q(z,y) =r+2%° = Q, =1+ 2wy>.

dx
2,2 ar
Suy ra, P)—Q, = 1+zy* = THTY Q Vay, thita s6 tich phan h(z) = ef r =l =g
x x

Nhan hai vé cia phuong trinh da cho vé6i z, ta dude phuong trinh vi phan toan phan la
x(2y + xy*)dr + x(z + 2%*y*)dy = 0.

Chon xy =yg =0, ta c6

x ) y 2" 2P , 2ty
u(m,y):/ (2$y+xy)dx+/ O)dy =2y —| +vy° —| =yz"+ —.
0 0 2 3 o 3
23y

Vay tich phan téng quat ciia phuong trinh 1a ya? + = = C hay 3yz? + 23y® = K, v6i K
13 hang s6 bat ki.
3
eVi du 3.12. Giai phuong trinh vi phan (22 + y?)dz + (2zy + y*z + g)dy =0.

Loi giai. Dat
P=2a+y* = P, =2y;
3

x
Q=2wy+y's+ o =Q, =2+y +a"
P —qQ
Ta c6 % — —1, nén thita sb tich phan h(y) = e/ % = ev.

Nhan hai vé cia phuong trinh véi €Y, ta dude phuong trinh vi phan toan phan la

3
e¥(z® + y*)dx + ¥ (2zy + v’z + %)dy = 0.
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x Yy 3
Chon zp = yo = 0, ta c6 u(z,y) = [(e¥a? + y?e¥)dx + [ 0dy = ey% + e¥y’.
0 0

3

Vay, tich phan tdng quat ctia phuong trinh 13 eyg +eYy?xr = C hay e¥ (2 + 3xy?) = K, v6i
K 1 hing s6 bat ki.

3.2. Phuong trinh vi phan cap hai

3.2.1. Pai cuong vé phuong trinh vi phan cap hai
3.2.1.1. Dinh nghia

Phuong trinh vi phan cap hai tong quat c6 dang

F(z,y,y,y") =0, (3.14)

hoac
y' = flz,y.9), (3.15)

trong do6, y 1a ham can tim, z 1a bién doc lap va ¢/, 3" lan luot 13 dao ham cap mot va cap hai
ctia ham can tim. Bién doc lap, ham can tim va dao ham cadp mot c6 thé khong c6 mit mot
cach tuong minh nhung bat budc phai c6 mat dao ham cap hai.
oVi du 3.13. Cac phuong trinh 3" = 0, 3"y + (v')? = 0, 2%" + zy/ + vy = 0 la cdc phuong
trinh vi phan cap hai.

3.2.1.2. Dinh 1li (Su ton tai va duy nhét nghiém)

¢ Dinh i 3.2. Cho phuong trinh vi phan cap haiy” = f(x,y,y'). Néu f(z,y,y), g—‘g(x,y,y’)

N

va ——(z,v,%') lién tuc trong mot mién D nao do trong R® va néu (xo, yo, yh) Ia mot diém thuoce

oy’
D thi trong lan can nao dé ciia diém x = xy ton tai mot nghiem duy nhét y = y(x) ctia phuong
trinh (3.15) théa man cac diéu kien

y|m:x0 =Y , yllx:xo = y6 (316)
Bai toan tim nghiém cta phuong trinh (3.15) théa méan cac diéu kien dau (3.16) duge goi
la bai toan Cauchy.
3.2.1.3. Nghiém téng quat, nghiém riéng, tich phan tong quat, tich phan riéng

e Nghieém tong quét clia phuong trinh vi phan cap hai Ia ham s6 y = o(x, Oy, Cs), thoa
méan phuong trinh vi phan cip hai v6i mdi cap hang sé (Cy, Cy), va nguge lai, moi
nghiém ctia phuong trinh vi phan cap hai déu c6 dang y = ¢(z, C1, Cs).

e Nghiém nhan dugc tit nghiém tong quat bang cach cho C; = C?, Oy = C9 sao cho
ham s6 y = (z, CY, C9) théa man y|,_, = vo, y'|,_,, = Yo goi la nghiém rieng.

e Hé thitc ¢(x,y,C1,C,) = 0 xac dinh nghiém tdng quat ctia phuong trinh (3.15) dudi
dang an goi la tich phan tong quat.

e Khi cho Cy,Cy cac gia tri cu theé C; = CY,Cy = CF, tit tich phan tong quat ta nhan
duge he thiic ¢(x,y, C?, C9) = 0 goi la tich phan riéng.
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3.2.2. Phuong trinh vi phan tuyén tinh cip hai hé sé hiang s6 c6 vé
phai dac biét
3.2.2.1. Phuong trinh thuan nhat

a. Dang phuong trinh

y' +py' +qy =0, (3.17)
trong do6 p, q 1a cic hang s6 thuyc.
b. Cach giai
Ta tim nghiém riéng ctia (3.17) dusi dang y = €, trong d6 k 1a hing s6. Ta c6, y/ =
keke o = k2eke,
Thay y,y,y" vao (3.17), ta dugc e**(k* + pk + q) = 0. Suy ra,

k* + pk+q=0. (3.18)

Phuong trinh (3.18) dugc goi la phuong trinh déc trung cta (3.17).
Giai phuong trinh dac trung k% + pk + ¢ = 0.
e Néu phuong trinh (3.18) c¢6 hai nghiém thyc k;#k, thi nghiém tong quat ctia phuong
trinh (3.17) 1a 5 = C1eM® + Coe?2® v6i C, Cy 1a cac hing s bat ki

e Néu phuong trinh (3.18) c6 nghiém kép k; = ky = k thi nghiém téng quét ctia phuong
trinh (3.17) 12 5 = C1e*® + Chxe?® = (C) + Cox)er™, v6i Oy, Cy 1a cac hing s6 bat ki.

e Néu phuong trinh (3.18) c6 nghiém phitc k = o 4 i3 thi nghiém téng quat ciia phuong
trinh (3.17) 1a ¥ = €**(C} cos Sz 4+ Cy sin ), véi Cp, Cy 1a cac hang s bat ki.
oVi du 3.14. Giai cac phuong trinh vi phan sau
a) y" — by’ + 6y = 0;
b) y" =2y + 3y = 0;
c)y" — 4y +4y =0.
Loi giai.
a) Phuong trinh dac trung 1a k2 — 5k +6 =0 < ky = 2, ko = 3.
Vay, nghiém téng quét ciia phuong trinh da cho 1a 5 = C1e? + Cye®®, (C1, Cy 1a cac hing

b) Phuong trinh dac trung 1a k> =2k +3 =0 k= 14iv2.

Vay, nghiém tong quét ctia phuong trinh da cho 1a 7 = e*(C] cos V2x + Cysin \/§x)
c) Phuong trinh didc trung 1a k% — 4k +4 =0 < k = 2 (Boi 2).

Vay, nghiém tong quat ctia phuong trinh da cho 1a 7 = C1e** + Coxe?®.

3.2.2.2. Phuong trinh khéng thuan nhét
a. Dang phuong trinh
v +py +aqy = fla), (3.19)

trong do6 p, q 1a cac hang s6, f(z)#0.
Truée khi trinh bay cach gidi phuong trinh (3.19), ta phét biéu dinh i sau day.
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¢ Dinh Ii 3.3. (Cau triic nghiém). Nghiém téng quat ctia phuong trinh vi phan tuyén tinh
khong thuan nhat (3.19) bing tong ciia mot nghiém riéng ciia né va nghiém tong quat ciia
phuong trinh vi phan tuyén tinh thuan nhat tuong ting (3.17). Ta c6 cong thiic sau

y=y+Y,
trong dé y, Y lan luot la nghiém tong quét va nghiém riéng ciia phuong trinh vi phan khong

thuan nhat (3.19), ¥ la nghiém tong quat ctia phuong trinh vi phan thuan nhéat tuong ting
(3.17).

b. Céch giai
Ta da biét cach tim nghiém tong quat ctia phuong trinh vi phan tuyén tinh thuan nhéat
tuong tng (3.17) tit muc trén. Van dé con lai 13 tim mot nghiém riéng ctia phuong trinh vi
phan tuyén tinh khong thuan nhat (3.19).
Duéi day, ta trinh bay cach tim nghiém riéng ay véi hai dang ctia vé phai f(z).
* Trudng hop 1. Véi f(z) = e**P,(z), trong d6 « 1a hang s6, P, () 1a da thiic bac
n cua x.

e Néu a khong 1a nghiem ciia phuong trinh dic trung (3.18) thi ta tim nghiem
rieng cia (3.19) dudi dang Y = e**Q,(z), trong d6 @, (x) la da thitc cung bac
n véi P,(z).

e Néu « la nghiem don ctia phuong trinh dic trung (3.18) thi ta tim nghiém riéng
cla (3.19) dudi dang Y = ze**Q,(x), trong d6 Q,(z) la da thic cung bac n véi
P,(z).

e Néu « la nghiem kép ctia phuong trinh dac trung (3.18) thi ta tim nghiém rieng
ciia (3.19) dudi dang Y = 22e**Q,,(z), trong d6 Q,(x) la da thic cing bac n
Vi P, ().

* Truong hop 2. Véi f(z) = e** [P,(z) cos fx + Q(x) sin fz], trong do6 a, [ 1a céc
hing s6 thuc; P,(x), Q. (x) lan lugt la cac da thiic bac n, m.

e Néu a +i8 khong la nghiém clia phuong trinh dic trung (3.18) thi ta tim
nghiém riéng cua (3.19) dudi dang Y = e** [R)(x) cos Sz + H;(x)sin fz], trong
do Ry(z), Hi(x) la céc da thic bac [ v6i [ = max(n,m).

e Néu « +if la nghiém ctia phuong trinh dac trung (3.18) thi ta tim nghiém
rieng cua (3.19) dudi dang Y = ze® [R;(x)cos fx + Hj(x)sin fx], trong do6
Ri(x), Hi(x) la cac da thic bac [ v6i | = max(n, m).

Ngoai ra, dé tim mot nghiém riéng clia phuong trinh vi phan (3.19), ta ciing c6 thé st dung
dinh ly sau.
¢ Dinh i 3.4. (Nguyeén Iy chong nghiém). Néu Y;(z), i = 1,2, la cdc nghiém riéng ctia phuong
trinh vi phan tuyén tinh
y' +py +ay = filz),
thi Y (z) = Yi(x) + Ya(x) la mot nghiém riéng ctia phuong trinh vi phan tuyén tinh

Y +py +qy = fi(z) + fal@).

oVi du 3.15. Giai cac phuong trinh vi phan sau
a) y// . 4y/ + 3y — 64x;
b) v + 4y — by = e (x + 1);
c) ¥y’ — 6y + 9y = 3.
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L&i giai.

a)

e Budc 1. Phuong trinh thuan nhat tuong tng v” — 4y’ + 3y = 0 c6 phuong trinh dic

trung la
k=1

2 _ =
k*—4k+3 =0« ky =3

Do d6, nghiém téng quat ctia phuong trinh thuan nhét tuong tng 1a § = Cie® + Cye’®.

Budc 2. Ta thiy, vé phai ctia phuong trinh da cho la f(z) = €% = ¢%*.1 ¢6 dang
e Py(x) v6i a = 4, P,(x) =1, n = 0. Do a = 4 khong la nghiém ctia phuong trinh
dac trung, nén ta tim mot nghiém riéng ciia phuong trinh vi phan da cho duéi dang

Y =Ae™® =Y =44 V' =16.A.e".

Thay Y, Y, Y vao phuong trinh da cho, ta dugce

1
16Ae* — 4.44e* + 34 = e o 34A=1< A= 3

T

1
Vay nghiém riéng ctia phuong trinh vi phan da cho la Y = 564 .

, ‘ 1
Do d6, nghiém tong quat ctia phuong trinh 1a y = Che® + Cye®® + 56490.

Budc 1. Phuong trinh thuan nhat tuong tng y” + 4y’ — 5y = 0 c¢6 phuong trinh dic
trung la
1{71 = 1

2 — =
Bdk-5=0s| '~ "

xT

Do d6, nghiém tong quat ciia phuong trinh thuan nhat tuong tng 1a 5 = Cpe® +Che 7.

Budc 2. Vé phéi ctia phuong trinh 1a f(z) = e”(x + 1) ¢6 dang e**.P,(z) véi a =
1, P,(x) =x+ 1, n = 1. Suy ra, @ = 1 14 mot nghiém don ctia phuong trinh dic
trung. Do do, ta tim mot nghiém riéng cta phuong trinh vi phan da cho duéi dang

Y = ze”(Ax + B) = e*(Az® + Bx);
=Y’ =" [Az® + (B +2A)z + B];
=Y" =¢" [Az®> + (B + 4A)z + 2A + 2B] .

Thay Y, Y', Y vao phuong trinh dau va rat gon, ta thu dugc

124 =1 12
=

12Ax+2A+6B:x+1,Vx<:>{2A+6B:1 :

Vay, nghiém riéng cin tim 13 ¥ = ¢° <x2 + 55”)
ay, 11 1e1m rieng can tim la =€ — — | .
1y, nghic g TR

. 2 5
Do d6, nghiém tong quat ctia phuong trinh 1a y = Che® + Che ™ + €° (% + %)
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c)

e Budc 1. Phuong trinh thuan nhat tuong tng y” — 6y’ + 9y = 0 c6 phuong trinh dic
trung

k> —6k+9=0%k =ky=3.
Do dé, nghiém téng quat ciia phuong trinh thuan nhat tuong tng 1a y = C;e3+Chze’®.
e Budc 2. Vé phai cia phuong trinh da cho 1a f(z) = €3 = ¢3%.1 ¢6 dang e**P,(x) vdi

a=3, P(r) =1, n=0. Ta cd, vi @« = 3 la mdt nghiém kép ctia phuong trinh dic
trung neén ta tim mot nghiém riéng ciia phuong trinh dau duéi dang

Y = 22 A = Ar?e®;
=Y’ = (24z + 34z%)e*;
=Y" = (24 + 124z + 9Az?)e*.

Thay Y, Y/, Y" vao phuong trinh da cho, ta duge

(2A + 12Az + 9A2?) — 6(24x+3A2%) + 9A42° = 1,Vz

1
<:)2A:1<:>A:§.

2

Suy ra, nghiém riéng ctia phuong trinh la Y = %6376.

Vay, nghiém tong quat ctia phuong trinh 1a y = C1e3* + Chzed® + %e
oVi du 3.16. Giai cac phuong trinh vi phan sau
a) y" +y = cos 2x;
b) ¥’ +y = cosx;
¢) Yy’ +y = cos2x + coszx.
Loi gidi.
a)
e Budc 1. Phuong trinh thuan nhat tuong tng y” + y = 0 c6 phuong trinh dac trung 1a
B+1=0sk=+i.
Do d6, nghiém tong quéat ciia phuong trinh thuan nhét tuong tng 1la 7 = C; cosx +
CgSinX.

e Budc 2. Vé phai clia phuong trinh 1a f(x) = cos2x = €% (1. cos 2z + 0.sin 2z), suy ra
a=0, f=2.Viaxif =012 khong la nghiém ctia phuong trinh dic trung nén ta
tim mot nghiém riéng cia phuong trinh dudi dang

Y = Acos2x + Bsin2x;
=Y’ = —2Asin 2z + 2B cos 2x;
=YY" = —4Acos2x — 4B sin 2.
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Thay Y, Y', Y vao phuong trinh da cho va rit gon, ta thu duge
—3Acos2x — 3Bsin 2z = cos2x, Vr € R

@{-3%1:1 N A:—%
—38=0 B=0.

1
Do do, nghiém riéng ctia phuong trinh la Y = —3 cos 2.
. , . 1
Vay, nghiém tong quat ctia phuong trinh ban dau la y = C cosx + Cysinx — 3 cos 2.
b)

e Budc 1. Phuong trinh thuan nhat tuong tng y” + y = 0 c6 phuong trinh dic trung la
+1=0sk=4i.
Do dé, nghiém tong quét ciia phuong trinh thuan nhét tuong tng la § = C; cosx +
Cysinzx.

e Budc 2. Vé phai clia phuong trinh la f(z) = cosz = €*(1.cosz + 0.sinx), c6 dang
e [P, (x) cos Bz + Qu(z)sin fz] véi o = 0,5 = 1, Py(z) = 1,Qp(z) = 0,n = 0,m =
—00.

Vi a4 i = 0+ la nghiém ctia phuong trinh dic trung va max(n, m) = 0, nén ta tim
mot nghiém riéng cua phuong trinh duéi dang

Y =x(Acosz + Bsinx);
=Y = (A+ Bx)cosx + (B — Az) sin x;
=Y" = (2B — Az)cosz — (2A + Bz)sinz.

Thay Y, Y’ Y” vao phuong trinh va rat gon, ta thu duge

2Bcosx — (—2Asinz) = coszx, Vx

& { 24=0 4= O1
2B =1 B=-.
2
Do dé, nghiém riéng ciia phuong trinh 1a Y = gsin x.
Vay, nghiém téng quat ctia phuong trinh 1a y = C; cosz + Cy sin + gsin x.

- Vé phai ctia phuong trinh 1a tong ctia hai ham f(z) = cos2z, fo(z) = cosz. Theo
nguyén ly chong chat nghiém, tong nghiém riéng clia phuong trinh trong ¥ (a) véi mot
nghiém riéng ctia phuong trinh trong ¥y (b) la mot nghiém riéng ctia phuong trinh da
cho.

1 ‘
- Do do, Y = —3 cos 2z + gsinx la mot nghiém riéng ciia phuong trinh da cho.

) A ) 1 ,
Vay, nghiém tong quét ctua phuong trinh la y = C4 cosx + Cy sinx — 3 cos 2z + g sin z.
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Bai tap chuong 3

Bai 3.1. Giai cac phuong trinh vi phan c6 bién s6 phan li sau
a) (1+ a:)yd:c+ (1-— )xdy =0.

b) (z* —y2?)y +y* + 2y = 0.

) 224/y? —y + ldz — (1 + 2?)dy = 0.

) x\/1+y dm+y\/1+x dy=0, y|,_o=

) (1+ e*)y?dy = e*dzx, y|,_, = 0.

) xy*y =+ 1.

) (y +:vy2)y’ =1

) VY2 + 1de = zydy.

i) (14 e%)yy =e*;y(0) = 1.

Bai 3.2. Giai cac phuong trinh vi phan dang cap mot sau

)y = 2oy +y”

2
) xdy — ydr = /2% + y?dx.
) zyy’ + x? — 2y? = 0.
) (32 +y*)y + (v — 2*)wy = 0.
20%dy = (2% + y?)du.
xy =y <1+ln%> cy(l) =e 2.
g) (z —y)dx + xdy = 0.
h) zy = y(lny — Inx).
i) (2? + y?)dxr — zydy = 0.

N

Bai 3.3. Giai cidc phuong trinh vi phan tuyén tinh cap mot sau
20 — 1
a) y
)

@)

T A

\./U‘OQ )

o

o o

o e

D=

—
S—

2 —x
b

o

,_
)/
(1+ 2%y — 2zy = (1 + 2%)2.
2y
" = 1)3. ==
V=7 =@+ D% vl
e) y + 2xy = 2zxe
)y — 2zy
YT T v a2
g) Yy +2uy=e
h)y+2xy—23:2 %

2y e~
Dy +—=—

2
i)y 'Y 2cosa
T

o,

g2

Lz

22

Bai 3.4. Giai cac phuong trinh vi phan Bernoulli sau day
a) (1 + %)y — 4%y = 2(1 + 2%)*/y.

b) ¥ — 2y cot gx = /ysin 4.

c) y'+xy = x>y

Dy +y=ervy, ylo=7
Y — 2xy = 223y%.

2?y%y + xyd = 1.

g) ¥ +2xy = yPe.

h) ¢ — ycosz = y*cosw.

Na U
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i)y +y=y’lna.
Bai 3.5. Giai cac phuong trinh vi phan toan phan
a) (z+y+ )dx+(x—y +3)dy—0
b) 2(3zy? + 22%)dx + 3(22%y + y*)dy = 0.
) 2z + y)evdr + (2% + zy + x)e?dy = 0.
2z 2y
d) ( :1:2+y +1 )dx+ (1+:c2+y +1>dy_0'
) (3:6 + 62y?)dz + (62%y + 4y3)dy = 0.
f) 3x%e¥dx + (z®e¥ — 1)dy = 0.
g) (3z% + 2y)dx + (22 — 3)dy = 0.
h) (3z%y — 4wy?)dx + (23 — 422y + 12¢°)dy = 0.
Bai 3.6. Giai cac phuong trinh vi phan sau
) " 4 9y — 663:5
)y" — 3y =2 — 6.
)Y =2y + 2y = x(e” —|—1).
) y '—dy = (2 - dx)e®
y
3/

o

(¢]

Q.0 T e

)y =2y — 3y = (4o — 5)6”3.
) y" — 2y =3z — 4.
g) Yy’ — 4y + 4y = xe*®
h)y +yf — 6y = 2%,
) ' =3y +2y = (7 30)e?
i)y + 5y =x*+x + 3.
Bai 3.7. Giai cac phuong trinh vi phan sau
) y" + 4y = 3sin 2z.
b) y" + 2y — 3y = —sinx.
c)y'+y=uwxcosz.
d) ¥ — by’ + 6y = 13sin 3.
e)y’" —2y +3y=e"cosx.
) y” + y = xsin 2.
g) y +y 2y = —3sinx + cos .
h) — 3y’ = €% (sin 3x + cos 3z).
i) " — 2y’ + by = e” (sin 2z — cos 2x).

= D

[P

Q

-

Pap s6 bai tap chuong 3

Bai 3.1.
a) In|zy|+2—y=C, C €R, hodc x =0 hodc y = 0.

b) I+y+1n‘glzc C € R, hoiic y = 0.

¢)1+a%= <y——+m> CeR, C#0.

d) VIt+aZ+/1+y> =v2+1
3T

= Jarct - —.
e) y? arctan e” 1

f)y=3zx+3n|z|+ K, K €R.
o) y:\/ln 1+x)‘+K,K€R
h) x =0 hodic In|z| — \/y?+1=C, C € R.




3.2 Phuong trinh vi phan cap hai

1+e"\?
i)y:\/1+1n( —;e ) :

z(x+y)=Cy, CeR, C+#0, hoac y = —x hoiic y = 0.
1+2C’y—C’2x2:O, CeR, C >0, hoac z =0.
=+xv1+C2?, C eR

Sv

c)y
d) z(2* +y?) — Cy =0, CGR C # 0, hodc y = 0.
e)m:O,y:xx—Kewy KeR, K#0.
f) y=xe>.
g) y=xz(C —In|z|), C € R, hoac z = 0.
h) y = 207, C € R.
i) y* = 2*(Inz? — C), C € R, hoac z =0
Bai 3.3.
r—1
a)y:(ln ‘—|—K>(x2—x)
x
2
b)yze‘x2<‘%+K>
c)y=(1+2z%)(z+ K)
2
d)y = 12<£- —)
Yy=(z+1) 5 TS
e)y= (22 + K)e ™,
f) y = (1+x){ ln(l—i—x)—i-K]
g)y=(z+K)e ™
23
h)y=e ™ <%—|—K>.
) K—e™
1 =
Y 222
i)y = Ka? + 2?sin z.
Bai 3.4
)y:(ln|$|+K)2(1—|—a:2)2 hoac y = 0.
b) y = (sm3x/3—i—smx+K)28in23: hoac y = 0.
¢) 2(22 + 1+ Ke*") = 1 hosic y = 0.
1 2
d)y:el"(—ex—l—l).
2
1 9
e)y:Ce—xQ—i—l—x? hodc y = 0.
1 3
f)y=-¢/C+ a2
)y . 2—1—2:1:
Jy= " hosicy =0
= oac y = 0.
g) y o y
i) y® = a3 + Ca?.
1 :—hv = U.
0y 1+Cz+1Inx oacy =0
Béi23.5. .

a) %+x+xy—y—+3y:C.
b) z* + 32%y* + y* = C.

c) (22 +zy)e? = C.
d)z+y+In2®+y2+1)=C.



88

PHUONG TRINH VI PHAN

e) x3 + 3x?y? + y* = C.

f) 23 —y = C.

g) 23+ 2zy — 3y = C.

h) 23y — 222%y? + 3y* = C.

Bai 3.6. .
a) y = C}cos 3z + Cysin 3z + 563:”
b) Yy = Cl + 02631 + 1'2.

1
c) y=e"(Cycosx + Cysinx) + ze® + 5(91: +1).

2 3z
d :C —2x C 2z 2I<ZE___>‘
)y e " 4+ Cye e 5 1
5
e) Yy = Cie ™™ + 0263‘” + ex(—x -+ Z)
3 5
f — 2¢c 2,2 .
)y Cl+02€ 4LU —241’
x
g)y:(C1+C’2x)62x+—6 e,
2 3z 13
h =C 2z C -3z __ —2x<x___ _)
)y 16" + Cse e 1 S —1—32
) 3z 23
i) y = Che + Cpe? — 336(———).
i)y 1e°" + Che” — e 5 1

1 3 72

— Oyt Coe™ 4 —gb g g2 2

iy 1 + Cse +15£L‘ +50:1: —|—1253:
Bai 3.7.

3
a) y = C cos 2z + Cysin 2z — Zx cos 2.

1 1
)y = Cre® + Che™ 3””+5811;:E+1—Ocoix

c)y= Clcosa:+0251na:+4a:cosx—|—4x sin x.

-

1
d) y = C1e** + Cae®® + 6(5 cos 3x — sin 3z).

e)y=e" (C’l cos V2 + Cy sin \/§:c) +

—X

e
4]
)y =Cicosx + Cosinz — §COSZI — %sian.
g) y = Cre ™ + Cye® + sinz.

4 7
h) y = C1e3® + Cy — e** (% sin 3x + o5 oo 3x>

T

—

i) y = e” (Cy cos 2z + Cysin 2x) — ‘ (sin 2z + cos 2x) .

(bcosx —4sinx).
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