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1.1. Ma tran va cac phép toan trén ma tran

1.1.1. Khai niém ma tran.

O Dinh nghia 1.1. Cho m,n € N*. Mot ma tran thuc ¢cd m x n 14 mot bang chit nhat gom
m x n s6 thye xép thanh m hang, n cot. S6 thyc ding ¢ hang ¢ cot j goi 1a phan ti 7. Néu ky
hiéu phan t nay la a;; thi mot ma tran ¢d m x n c6 thé dugce biéu dién béi:

a1y aig ... A1n
A _ a921 a92 e A9y,
Am1 Am2 ... Qmnp

Ta dung ky hiéu thu gon [a;;]mxn dé chi mot ma tran m hang, n cot.

1 3 5

e Vidu 1.1. ChoAz{7 9 11

}. Day 1a ma tréan ¢6 2 x 3 co:

ai1 = 1,a13 = 3,a13 = 5,a91 = 7,42 = 9, a3 = 11.
1.1.2. Mot s6 dang dic biét ciia ma tran
a) Ma tran cot la ma tran c6 mot cot ¢cd m x 1, vi du:

6

3 14 ma tran cot c6 4 x 1.

8

b) Ma tran hang la ma tran c6 mot hang ¢d 1 x n, vi d:u

[1 2 3} la ma tran hang cd 3 x 1.
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c) Ma tran khéng la ma tran ma tat cd cac phan tit déu bang khong. Ma tran khong duge

ky hiéu la O, vi du:
0000
0000

d) Ma tran vuéng cip n la ma tran c6 n hang va n cot, ky hieu A = [a;;], hodc A = (a;;),

la mot ma tran khong ¢6 2 x 4.

a1; a2 - Aip

Q21 Qg2 -+ A2y
A=

Ap1 QAp2 - Apn

Céac phan t aiq, aga, . . ., any dudce goi la cic phan ti chéo. Chung tao thanh duong chéo chinh
clia ma tran vuong.

e) Ma tran tam giac trén la ma tran vuong cap n trong dé a;; = 0 néu i > j.

@113 aipz -+ Aip ai; Qa2 - Qip
0 ap - a Q22 -+ Q2p
hay
0 0 - apn Ann,

f) Ma tran tam giac duéi la ma tran vuong cap n trong d6 a;; = 0 néu i < j.

a1 0 cee 0 a1
21 G2 - 0 21 (22
hay
ap1 Ap2 - Qpn ap1 Ap2 - Ann

Ma tran tam giac trén hoac ma tran tam giac dudi duge goi chung la ma tran tam giac.
g) Ma tran dudng chéo la ma tran vuong cap n trong dé a;; = 0 néu i # j:

a11 o --- 0 aii
0 a <o 0 a
22 ‘ hay 22
0 0 Tt Opp QAnn

h) Ma tran don vi la ma tran duong chéo véi tat ca cac phan tit chéo déu bang 1. Ky hieu
I, hoac E.

1 0 0 1
0 1 0 1
hay
o 0 - 1 1

i) Ma tran chuyén vi ctia ma tran A ky hieu la A’ nhan dugc tit ma tran A bing cach
chuyén hang thanh cot hodc cot thanh hang. Nhu vay:

a1 a12 Ce A1y, ai;p aAsr ... A1

a921 a9 ... a9 a2 A92 ... Qm2
A: n :}At: m

Am1 Am2 ... Amn A1p A2 ... Amn
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1.1.3. Cac phép toan trén ma tran
Hai ma tran bang nhau
O Dinh nghia 1.2. Hai ma tran A va B goi 1a bang nhau néu ching ciing cd, nghia la

A = [aij]mxn, B = [bijlmxn vA cdc phan ti & cac vi trf tuong tng bing nhau, cu thé a;; = b;;
véimoii=1,2,...m,7=1,2,....,n, ky hieu A = B.

Phép cong hai ma tran

O Dinh nghia 1.3. Cho hai ma tran cing ¢d A = [aij]mxn; B = [bij]mxn. Tong ciia A va B
la mot ma tran cting ¢6 C' = [¢jjlmxn, ky hitu la C = A+ B, trong d6 ¢;; = a;; + by;,1 =
1,....om,7=1,....,n.

Nhu vay mudn cong hai ma tran ciing c6, ta cong cac phan ti ciing vi tri v6i nhau.

o Vidu 1.2.
1 -2 4 4 -3 -5
A‘[o 5 7}’3_[2 4 1}‘
5 =5 —1]

Khldo:A—i-B:C:{2 9 3

Tinh chdt. Cac phép tinh cong trén cdc ma tran ciing c¢d c6 tinh chat gibng nhu cac tinh
chat ctia phép cong céac sd thuc:

e Tinh giao hoan A+ B=B+ A

e Tinh két hop (A+B)+C =A+ (B+C)
e A+O0=A4
o VA = [aij]mxn, 3 ma tran doi clia ma ma tran A 1la —A = [—a;;]mxn thoa man

A+ (-A)=0.
Nhan ma tran véi mot sé thuc

O Pinh nghia 1.4. Cho ma tran A = [a;;]mxn va s6 thuc k. Tich ctia A véi s6 thuc k 1a mot
ma tran cung cd v6i ma tran A, ky hiéu la kA, xac dinh bdi cong thic

kA = [kaij]mxn
e Vi du 1.3.
4 01 8 0 2
21 -2 7 3| =| -4 14 6
-1 2 1 -2 4 2

Tinh chdt. Gid st k,h € R vi A, B 1a cic ma tran, ta c6 cac tinh chat sau:
o k(A+B)=kA+ kB

o k(hA) =khA

o (k+h)A=FkA+ LA

e LA=A
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Nhan ma tran véi ma tran

O Dinh nghia 1.5. Cho hai ma tran A = [a;;]mxp V& B = [bjj|pxn . Tich clia ma tran A véi
ma tran B 1a mot ma tran ¢ m x n, ky hiéu la AB, xac dinh nhu sau:

p
AB = [Q’j]mxn, v6i Cij = Z aik.bkj = ail.blj + aig.bgj 4+ -+ a/’ip-bpj-

k=1
e Vi du 1.4. Cho
1 2
A= 0—1,3:{3?]
3 1
Khi do
12423 1.0+2.1 8 2
AB=|02-13 00—-11 | =| =3 -1
32413 3.0+1.1 9 1
e Vi du 1.5. Tinh AB va BA néu
1 3
A:{g_:_;}, B=| -2 7
5 4
Ta co
9 3
AB = [ —48 —4 1
2 11 -23
BA=| —4 30 -58
10 11 -—27

Tinh chat. Gia si A, B,C la cac ma tran va k 13 mot sé thuc. Néu phép tinh & vé trai
clia cac dang thiic dudi day c6 nghia thi vé phai ciing ¢6 nghia va 2 vé bing nhau

e (AB)C = A(BC)
e A(B+C)=AB+ AC

(B+C)A=BA+CA

k(AB) = (kA)B = A(kB)
o [A=AlI=A
e OA=A0=0.

Luy thira ma tran

O Dinh nghia 1.6. Cho A 14 ma tran vuong cap n, k € N*. Liiy thita bac k clia ma tran A
la ma tran vuong ciing cap dugc xac dinh nhu sau:

k ma tran A
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@® Nhan xét: Do tinh chat két hop ctia phép nhan ma tran nén:
AF = (AF1).A = A (AR

11

e Vidu 1.6. Cho A = [0 1

] . Tinh A™.

=l b=l ]
St U N R

Lot giai. Ta co:

Du doan cong thrc:

Ta chiing minh cong thitc trén bing quy nap:

e Cong thic da dang trong truong hop n = 1,n = 2.

1 k
01

e [LRE ] L kel
“lo1]o 1] "o 1

tic la cong thice dung véi n =k + 1.

e Gia st cong thitc diung véi n =k, k > 3, titc la: A* = [ } . Khi doé:

Vay cong thic dy doan da dugce chiimg minh xong.

1.2. Dinh thic

1.2.1. Dinh nghia dinh thic

Cac phép bién déi so cip trén ma tran

Cho ma tran A = [a;j]mxn. Cac phép bién ddi sau day duge thuc hién trén cdc hang ctia A
1 cac phép bién doi so cap trén hang:

e Hoan vi 2 hang cua A.
e Nhan tat cd cidc phan tit ctia mot hang ndo do6 ciia A véi cing mot s6 khéc 0.

e Nhan tat ci cac phan tit clia mot hang ndo dé ciia A véi cling mot sd 101 cong vao cic
phan ti tuong ting clia mot hang khac.

+ Chui y: Cac phép bién ddi so cap trén cot cling dudge dinh nghia tuong tu.
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1 2
e Vidu 1.7. Choma tran A = | 2 3 . Hay dung cac phép bién ddi so cap trén hang
31

N — W

ciia A dé dua A vé dang tam giac trén.
L&i gidi. Ta thuc hien day cac phép bién doi so cap trén hang dé bién ddi dan ma tran A
thanh ma tran c6 dang tam giac trén nhu sau:

1 2 3 1 2 3 1 2 3
A=12 3 1 M 0 —1 -5 M) 0 —1 -5
3 1 2| mthmh g 5 g 0 0 18

Ma tran con A;; cia ma tran A

O Dinh nghia 1.7. Cho ma tran A = [a;]mxn. Ma tran con A;; cia A la ma tran thu dugc
tit ma tran A bang cach bd di cac phan tit ndm & trén hang 7 va cac phan tit nam trén cot 7,
cd clia A;; 1a (m—1) x (n —1).

e Vi du 1.8. Cho ma tran A = 411 g 2 . Céc ma tran con A;; cia A gom:
789
An::g S:,Auz_‘; S:,Am::i s |
a=| 5 5| am=| 0 [ aa=] 1 5]
S ) W P P

Dinh nghia

O Dinh nghia 1.8. Cho ma tran vuong cap n, A = [a;j]nxn. Dinh thic clia ma tran A 1a mot
s6 dugc ky hieu la: det(A), |A| hodc

a;pr aig ... A1n
a921 Q29 ... Aon
Ap1 Ap2 ... QApn

duge xac dinh bang phuong phap quy nap nhu sau:
e V6in =1, det(A) = ay,
e VGi n > 1, dinh thitc ciia ma tran A dugce dinh nghia thong qua dinh thic cta cac ma
tran con A;; cdp n — 1 clia n6 bang cong thie:

n

det(A) =) (—1)"ay; det(Ayy).

=1
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x Chu y:
e Dinh thiic clia ma tran vudng cap n goi la dinh thic cap n.

e Biéu thiic dinh thtc cap 2, dinh thic cip 3 va quy tic Sarius

+) Dinh thic cap 2:
ailr Aaig

= Q11022 — Q12G21.-
a1 Q22

+) Dinh thitc cap 3:

11 diz2 A3
21 QAg22 Q23| = 411
a31 dasz2 G33

Q21 A22
a31 a3z

Q21 Q23
a31 Aass

Q22 A23

— Q12
32 Aas3

+ ais

= Q11022033 + Q12023031 + G13021A32 — G13022031 — (12021033 — G11023032.

+) Quy tac Sarius cho dinh thiic cap 3

- Cac s6 hang mang dau cong: cac sd hang la tich cac phan tit nam trén dudng chéo
chinh hodc tich cdc phan tit nam trén cac dinh clia tam gidc c6 mot canh song song

v6i duong chéo chinh.

Hinh 1.1 Quy tdc Sarius - cic s6 hang mang dau cong

- Céac s6 hang mang dau trir: cac sd hang la tich cac phan ti nam trén dudng chéo
phu hoac tich cdc phan tit nam trén cac dinh clia tam giac c6 mot canh song song

v6i duong chéo phuy.

Hinh 1.2 Quy téc Sarius - cic s6 hang mang dau trir

e Vi du 1.9.

=132+213+4+213-333-222-11.1=-18

W N =
_ W N
N = W
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1.2.2. Tinh chéat

Cho A = [ajj|nxn & ma tran vuodng cap n. Cac hang va cot clia A ta cting sé goi la cac hang
va cic cot ciia det(A). Mot hang hodc cot gom toan s6 0 sé duge goi 1a mot hang khong (tuong
ting: cot khong). Dinh thtic ¢6 cac tinh chat dudi day:

e Tinh chét 1: Hoan vi 2 hang (tuong ting 2 cot) ctia A thi det(A) déi dau.

e Tinh chat 2: Néu tat cd cac phan tit clia hang i (tuong tng cot j) clia dinh thiic duge
nhan véi cling mot s6 k thi gia tri clia dinh thitc méi nhan duge bang gia tri clia dinh
thic ctt nhan véi k.

e Tinh chét 3: Them vao mot hang (hodic mot cot) k& lan mot hang (hodc k 1an mot cot)
khéc thi dinh thic khong doi.

e Tinh chat 4: Dinh thtc clia ma tran tam giac trén hosic dudi bang tich cac phan ti trén
duong chéo chinh.

e Tinh chéat 5: det(A) = det(A?).

e Tinh chat 6: C6 thé tinh dinh thic clia ma tran bing cach khai trién theo mot hang
hodc mot cot tuy ¥ bdi cac cong thiic sau :
det(A) =Y"_ (—1)"a,; det(A;;) (Cong thiic khai trién theo hang thit i),

Jj=1

det(A) =>"  (—1)7"a,; det(A;;) (Cong thiic khai trién theo cot thit j).
e Tinh chat 7: Gia st A, B 1a hai ma tran vuong cling cap thi

det(AB) = det(A) det(B).

e Tinh chat 8: Gi sit hang 7 ciia A biéu dién duéi dang:
Clz‘j = bij —+ Cij-

Goi B la ma tran nhan dugc tit A béng cach thay a;; bang b;;, C' la ma tran nhan dugdc
tit A bang cach thay a;; bang ¢;;. Khi d6

det(A) = det(B) + det(C).
Phét biéu tuong tu ciing ding déi véi cot.

e Tinh chat 9: Néu dinh thiic c6 mot trong cac tinh chat sau thi dinh thic bing khong:
+ C6 mot hang (hodc mot cot) biang khong;
+ C6 hai hang (hodc hai cot) ty 1é;
+ C6 mot hang (hodc mot cot) 14 t6 hgp tuyén tinh clia cac hang (hoiic clia cic cot) khac.

Cac vi du tinh dinh thitc nhd cac tinh chat

e Vi du 1.10. Tinh dinh thic

8 &8 8 2
8 8 2 8
8 2 8 8
QR K R
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Lot gidi. Cong tat cd cac cot 2, 3, 4 vao cot 1, rat nhan ti chung clia cot dau trong dinh
thitc nhan duge ta co :

a+3r r x x 1l 2 z «z
_Br+a a v x| 1 a =z x| —hi+ hy— h
D_Sx—i-a T a x—(3x+a)1 x a x|—hy+hy— hs
3r+a r x a 1 2 = a|l—hy+hy— hy

Nhan hang 1 véi (-1) r6i cong lan lugt vao cac hang con lai, ta duge

1 T T T

0 a—=x 0 0
D:(3x+a)0 0 §— 0

0 0 0 a—2x

Ap dung tinh chét thi 4: D = (3z + a)(a — z)?.

e Vi du 1.11. Giai phuong trinh sau:

2t —1 —x —2x2

1 2 3 —4 _ 0.
-4 -1 2 —4
-2 -1 1 -1

Lyi gidi. Khai trién dinh thiic trén theo hang 1, ta dugc:

2 3 —4 1 3 —4 1 2 -4 1 2 3
20 |—1 2 —4|—(=1)|-4 2 —4|+(-2)|-4 -1 —4|—(-2})|-4 -1 2/=0
-1 1 -1 -2 1 -1 -2 -1 -1 -2 -1 1

ST+ 2+ 14=0c0=—1,0=—-2.

e Vi du 1.12. Tinh dinh thtc

1 2 -1 3
3 6 7 =2
2 7 -8 15
-4 -6 5 =2
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Loi gidi.

2 -1 3

3 6 7 =2/=3h1+hs— he
7 =8 15| —2h; + h3 — hg

—4 —6 5 —2 4h1 + h4 — h4

-1 3

10 —11| hy < hs
—6 9 h3 : 3—)h3
10

—_

1 10 —2h2 + h4 — h4

10 —11 h3 <~ hy
5 4 —2h3 + h4 — h4

DO O OO~ NMWOoN

SO LN NO N
|
—_

= 3.1.1.5.(—19) = —285.

S O~ N
ot

1 4 9 16
4 9 16 25
9 16 25 36
16 25 36 49

Loi gidi.

1 4 9 16

4 9 16 25 —hl + hg — hg
9 16 25 36| —ho+ hs — hs
16 25 36 49 —h3 + h4 — h4

1 9 16
79
9 11 —h2+h3—>h3
11 13 —h3—|—h4—>h4

9 16

79:0.

2 2
2 2

NN W ot W
NN O © ~J Ot i~

e Vi du 1.14. Tinh dinh thtc
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Loi gidi. Khai trién dinh thic D theo cot 4, ta thu duge da thiic bac 3ctia z v6i hé sb cao
nhat 1a

11 1
2 3 4|=2.
4 9 16

Cho z 1an lugt nhan cac gia tri z = 2,2 = 3,2 = 4 ta thay D c6 2 cot giong nhau, do d6 D = 0
khi x = 2,2 = 3,z = 4. Theo dinh Iy Bezout ta phai co:

D =2(z —2)(z — 3)(x — 4).

e Vi du 1.15. Cho ma tran

a b c d
b a d c
A= —c —d a b
—d ¢ —=b
Tinh det(AQOQ"‘)
Lot giaa.
[ a b c d a —b —c —d
-b a d —c|l b a —-d c
t_
44" = —c —d a b c d a —b
_—d c —=b a d —c b a
[a? + b2 4 2 + d? 0 0 0
B 0 a? + b+ + d? 0 0
- 0 0 a?+ b0+ d? 0
i 0 0 0 a’ + b+ + d?
Suy ra:

det(A.AY) = (a® + V> + & + d?)*
Ma det(A) = det(A?) nén det(AAY) = det(A). det(A?) = [det(A)]>.

Do do
[det(A)]? = (a® + b* + ¢ + d*)*
Vay:
det(A20%) = [det(A)]2* = {[det(A)]*}"""
@+ +E+ )" = (@20 4 3+ P

1.3. Ma tran nghich dao

1.3.1. Dinh nghia

O Dinh nghia 1.9. Cho A 1a ma tran vuong cap n. Néu c¢6 ma tran B vudng clng cap sao
cho:

AB=BA=1,

thi ta n6i A kha dao va B dudc goi 1a ma tran nghich déo ctia ciia ma tran A. Ky hiéu ma tran
nghich dao ctia ma tran A la A~1
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Nhu vay AA™ = A71A=1,.
Khi A kha ddo ta néi A la ma tran khong suy bién.
3 1

e Vidu 1.16. Xét A = H :ﬂ ,B=|1 |2|. Tacé AB = BA = I, nén theo dinh nghia

—_

DO |

B=A"

1.3.2. Tinh chat
A Dinh 1y 1.1. Ma tran nghich ddo ctia ma tran vuong A néu ton tai thi duy nhat.
Ching manh. Giai sut B va B’ 1a hai ma tran cung théa man dinh nghia ma tran nghich dao

ciia ma tran A. Khi dé:
AB=BA=I,AB =B A=1.

Vay

B =IB = (BA)B = B(AB') = BI = B.

A Dinh 1y 1.2. Néu ma tran vuéng A kha dao thi det(A) # 0.

Chitng minh. Vi A kha déo nen ton tai A~' va AA™' = I,. Ap dung cong thic tinh dinh
thiic cua tich hai ma tran ta co:
det(AA™") = det(I,,) = det(A) det(A™!) = 1.
1

Vay det(A) # 0 va hon nita det(A™!) = det(A)’ O
A Dinh 1y 1.3. Néu ma tran vuong A cap n c6 det(A) # 0 thi A kha dao va
1
-1 ¢
B det(A)O ’

d d6 C = [¢ijlnxn 1a ma tran phu hgp ctia ma tran A véi ¢;; = (—1)" det(A;;).

Chitng minh. Ap dung cong thic khai trién dinh thiic theo hang thit i ta c6

n

det(A) = Z(—l)iﬂaij det(A;)

j=1
= 1C1 + QaCia + -+ AinCip = det(A).
Hon nita, do dinh thiic ¢6 hai hang giéng nhau thi bang khong nén suy ra

det(A) néuk =1

Ak1Ci1 + QpaCia + + - + QppCin, = 2 -
0 neu k # 1

Do d6 AC* = det(A)I.
Ap dung cong thitc khai trién dinh thic theo cot va lap luan tuong tu ta ciing co:

C'A = det(A).I
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Nhu vay
1 1

Al——C" = (——=CHA=1
(det(A) ) (det(A) )

suy ra diéu phai chiing minh. 0
A Dinh ly 1.4. Gia sit cac ma tran vuong A, B la cac ma tran kha dao. Khi do:

a) A™! ciing kha dao va (A~1)"1 = A,

b) Vm € N, A™ ctuing kha ddo va (A™)~t = (A~1)™,

. . ga s I
c) Vk # 0 ta c6 kA ciing kha ddo va (kA)™! = EA L
d) AB ciing kha déo va (AB)™' = B~'A%

Chitng minh. Bing viéc kiém tra tryc tiép dinh nghia ma tran nghich dao, ta dé dang thu
ducc cac tinh chat tréen. OJ

1.3.3. Céac vi du tinh ma tran nghich dao bing ma tran phu hop
e Vi du 1.17. Cong thitc ma tran nghich dao clia ma tran vuong cap 2 kha dao:

Gid sit A = [CCL Z] c6 det(A) = ad — be # 0, d4p dung cong thiic ta cod
e, d - 1 d —b
T ad—be|-b a|  ad—bc|—c a

B e ey B e

e Vi du 1.18. Tim ma tran nghich d4o clia ma tran sau (néu co):

Chang han:

11
A=12 2
0 3

—_ o

Loi gidi. Ta c6 det(A) = —3 # 0 nén A kha ddo. Ap dung cong thitc ta co:

cii=—7, c2=-2, c3=06
Co1 =2, =1 c3=-3.
31 =1, cp=-1, c3=0
Do do
-7 =2 6 -7 2 1
C=12 1 3|=0C=|-2 1 -1
1 -1 0 6 -3 0
Vay ma tran nghich déo ctia ma tran A la
7T -2 -1
7 2 1 s a o
N 6 -3 0 3

|
[\
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e Vi du 1.19. Tim ma tran X, biét

IER S -

1 2 1 -1 2
A:[—1 3}’3:{3 1 —4]

Ta c¢6 det(A) =5 # 0 nén A kha déo va

Loi gidi. Dit

Phuong trinh ma tran tré thanh
AX =B

Nhan A~! vao bén trai ca hai vé, ta dugc:
AMAX)=A' B (A'"A)X=A"'"BeIX=A"'"Be&X=A"B

Ngugce lai, gid sit X = A~'B. Nhan A vao beén trai ctia 2 vé ta duge AX = A(A'B). Tu do6
suy ra AX = B. Vay ma tran X can tim 13

-3 1

13 —2][1 -1 2 = 1 =
_ _ 5
el kAT 2
5 5

1.4. Hang cia ma tran

1.4.1. Dinh nghia

O Dinh nghia 1.10. Cho A la ma tran ¢6 m x n. Ma tran con cap p (1 < p < min(m,n))cta
A la ma tran c6 duge tir A sau khi bé di m — p hang va n — p ¢ot. Dinh thic ctia ma tran dé
duge goi 1a dinh thiic con cap p cia A.

O Dinh nghia 1.11. Hang clia ma tran A 1a cap cao nhat ctia dinh thitc con khac khong ctia
ma tran A, ky hiéu 1a r(A), rank (A) hodc p(A). Hang clia ma tran khong bang 0.

e Vi du 1.20. Cho ma tran

20 3 1
A=1|1 5 -1 2
5 5 5 4
Cac dinh thic con cap 3 clia ma tran A la:
0 3 1 2 3 1 2 01 2 0 3
5 —1 2/=0,]1 -1 2/=0,{1 5 2/=0,{1 5 —-1|=0
5 5 4 5 5 4 5 5 4 5 5 4

nén 7(A) < 3. Hon nita, c¢6 it nhat mot dinh thiic con cap 2 ctia A
20
F o

nén ta c6 r(A) = 2.
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O Dinh nghia 1.12. Ma tran bac thang 14 ma tran cé cac dic diém sau:
e Cac hang bang khong 6 dudi cac hang khac khong.

e DGi véi hai hang khéac khong lién tiép, phan tit khac 0 dau tién (ke tir trai sang) ctia hang
trén nam bén trai phan tit khac 0 dau tién ctia hang duéi.

e Vi du 1.21.

BN
I
S O O N
oS O Oov o
|
—

ot
S =N

la ma tran bac thang c¢6 3 hang khac 0.

1.4.2. Tinh chat ctia hang ma tran A

e Tinh chat 1: r(A) = r(A").

e Tinh chat 2: Hang cia ma tran khong doi khi thuc hién céc phép bién doi so cap.

e Tinh chéat 3: Hang cia ma tran bac thang bing s6 hang khac khong ctia ma tran do.
Quy tac thuc hanh tim hang ctia ma tran A: Dé tim hang clia ma tran A ta st dung

3 phép bién ddi so cap dua ma tran A vé ma tran bac thang B. Khi d6 r(A4) = r(B) =
s6 hang khac khong cta B.

1.4.3. Cac vi du tinh hang cia ma tran

e Vi du 1.22. Tinh hang clia ma tran sau

1 -2 3 4
A=1|2 —4 1 3
1 2 0 -1
Loi gidi.
1 -2 3 4 1 -2 3 4 1 -2 3 4
A=|2 -4 1 3|22y o 5 5| Heteohe g o 5 5
1 2 0 —1| MM o0 o0 3 3 00 0 0

Ma tran cudi ciing 1a ma tran bac thang v6i 2 hang khac 0. Vay r(A) = 2.
e Vi du 1.23. Bién luan theo m hang ctia ma tran sau

-1 2 1 -1 1
m -1 1 -1 -1
1 m 0 1 1
1 2 2 -1 1

A:

Loi gidi. Thic hién lan lugt cac phép hoan vi cac cot

Cg g 03,03 < 04,04 g 05,01 — CQ,CQ g 03,03 d 04
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ta dua A vé dang

1 -1 1 -1 2
/ 1 -1 -1 m -1
A= 0 1 1 1 m
2 -1 1 1 2
Bién déi so cap tren hang d6i véi A’
1 -1 1 -1 2 1 -1 1 —1 2
A ha—2hi—hs |0 0 =2 m+4+1 —3| hy=hs—hs |0 0 —2 m+1 -3
ha—hi—hs [0 1 1 1 m 0 1 1 1 m
0 1 -1 3 -2 0O 0 =2 2 —2—-m
1 -1 1 -1 2 1 -1 1 -1 2
hooshs |01 1 1 m ha—hs—hs [0 1 1 1 m -
0 0 -2 m+1 =3 1o 0 =2 m+1 -3 A
0 0 =2 2 —2—m 0 0 0 1—-m 1—m
Bién luan:

e Néul—m=0< m=1ma tran Ay, c6 3 hang khac 0, do d6 r(A) = r(Ay) = 3.
e Néul—m #0< m#1ma tran Ay, c¢6 4 hang khéac 0, do d6 r(A) = r(Ay) = 4.

e Vi du 1.24. Tim m dé ma tran sau c6 hang bé nhat trong cac gia tri ma né c6 thé nhan:

V6i gia tri d6 clia m hang ctia B bang bao nhiéu?

Lot giaa.
3 1 1 4 -1 1 1 4 3 -1
B m24+m 4 10 1 m+5| cimcy [4 10 1T m?2+m m+5
B 1 7T 17 3 8 7T 17 3 1 8
2 2 4 3 1 2 4 3 2 1
1 1 4 3 —1 1 1 4 3 -1
ha<rhy 2 4 3 2 1 —2h14+ha—ha 0 2 -5 —4 3
7 17 3 1 8 by thash 0 10 —-25 —20 15
410 1 m*+m m+5 hihasn, L0 6 =15 m*+m—12 m+9
1 1 4 3 -1
—3ho+hs—hs3 0 2 -5 —4 3
_—__> 2
—Shoths—hs |0 0 0 m°4+m m
00 O 0 0

Vay hang(B) nhan gia tri nhé nhat néu m = 0. Khi d6 r(B) = 2.
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1.5. Heé phuong trinh tuyén tinh

1.5.1. Dinh nghia

O DPinh nghia 1.13. Heé phuong trinh tuyén tinh m phuong trinh, n an la hé phuong trinh c6
dang:

ajnxry + aprs + - 4+ apr, = bl
a91T1 + Qo2%y + -+ +  QopXy, = b2
Am1T1 + GmaTs + 0+ Gy = bm
trong do
® I,%o,...,T, la cac an,

e a;; 1a he sb cla an x; trong phuong trinh thi 7,
e b; 1a vé phai ctia phuong trinh thit .

Dang ma tran ctia hé phuong trinh tuyén tinh

Dat:
a1 a2 ... A1p T bl
a921 a2 ... (05} i) bQ
A= = b= ,
Am1 Am2 ... Omp Tn bm

trong d6 A 1a ma tran hé s6; z 1a ma tran an; b 14 ma tran vé phai.

1.5.2. Giai hé phuong trinh bing phuong phap Cramer
A Dinh 1y 1.5. (Djnh Iy Cramer) Hé phuong trinh tuyén tinh Ax = b, véi A la ma tran vuong
khong suy bién, c¢6 nghiém duy nhat :

YT et (A)

i=1,2,....n

trong do A; la ma tran c6 dugc tir A sau khi thay cot thit j bdi cot vé phai b.

Chitng minh. Vi A khong suy bién, det(A) # 0 nén A ¢6 ma tran nghich déo:

N ¢
det(A)

Tu phuong trinh Az = b, nhan vao bén trai hai vé véi A~! ta c6

AN Ar)=A s (A A r=A""be lr=A"b e r=A""b
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Ngugc lai, gid st # = A~'b. Nhan A vao beén trai ctia 2 vé ta duge: Az = A(A™'D), suy ra
Az = b. Vay © = A7'b 1a nghiém ctia hé phuong trinh.
St dung biéu thiic cia ma tran A~! ta suy ra

€ i1 C2 ... Cinp by
= i) _ 1 Cy1 C22 ... Cop bg
det(A)
Tn Chl1 Cp2 ... Cnn bn
nghia la
- Cljbl + ngbg + -+ anbn . det(Aj)
T det(A) ~ det(A)
v6i j = 1,2,...,n va ta c6 dieu phai chiing minh. 0

e Vi du 1.25. Giai hé phuong trinh sau:

ry + 2:82 + 3{E3 = 3
201 + 319 + x3 = —1
3%1 + Tro -+ 233‘3 = 5
Lot giai. Ta co
1 2 3 3 2 3
det(A) =12 3 1| =—18;det(A;)=|—-1 3 1]|=-19
3 1 2 5 1 2
1 3 3 1 2 3
det(As) = 2 —1 1| =29:det(A;) = [2 3 —1|=—3L.
3 5 2 31 5
Do det(A) = —18 # 0 nén hé ¢6 nghiem duy nhat va
19
ry = %
To = _— .
5
r3 =

18
1.5.3. Giai hé phuong trinh biang ma tran nghich dao

Cho A 13 ma tran vuong cap n khong suy bién. Khi d6 hé phuong trinh Az = b c6 nghiém
duy nhat: z = A1)

2:L’1+3I2 = 5
45(]1—1'2 =7

e Vi du 1.26. Giai he: {

L gids.

Tim ma tran nghich dao cua A:

det(A) = -14#£0;, C= {—:1)) —41 . A= b {—1 —3}
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suy ra:
13
1 (-1 =3| (b 1 |—-26 —
_ A1 _ _
=ao= 0 S - ] - |
7
Vay nghiém ctia hé phuong trinh la:
IR
1 — 7 ) 2 — 7

1.5.4. Giai hé phuong trinh bang phuong phap Gauss

O Dinh nghia 1.14. Xét hé phuong trinh Az = b, ma tran bo sung ctia A duge ky hieu A, 1a
ma tran thu dugc bing cach bd sung thém cot b vao bén phai ma tran A:

A= [Alb].

O Dinh nghia 1.15. Hé m phuong trinh, n an

a11ry + @12y + -+ ApTn, = b1
a91T1 + GQo2%y + -+ +  Qopk, = b2
Am1T1 + Gm2Ts + 0+ Gy = bm

duge goi 1a he phuong trinh bac thang néu ma tran bd sung A ctia né c6 dang bac thang.

e Vi du 1.27. Hé phuong trinh

Ty + 21‘2 - T3 —+ 3374 = 3
) + 21’3 — T4 = 1
T3 + 4.174 = -3

la hé phuong trinh bac thang vi ma tran b sung ctia né
1 2
A=101 2 —-1]1
00

¢6 dang bac thang.
x Nhan xét:

e RO rang viéc gidi hé phuong trinh bac thang dé hon viéc gidi hé phuong trinh chi nhat.
Dé giai he phuong trinh dang nay ta sé giai nguge tit phuong trinh cudi, diing phuong
phap thé ta c6 nghiém can tim.

e Tap nghiém ciia hé phuong trinh khong thay déi néu ta thic hién cac phép bién doi sau:
+ Hoéan vi hai phuong trinh cta heg;

+ Nhan hai vé cia mot phuong trinh véi mot sé k khac 0;

+ Nhan hai vé cia mot phuong trinh nao d6 véi mot sé k roi cong vao cac vé tuong
ing cua mot phuong trinh khac.



24 Ma tran - Dinh thic - Hé phuong trinh tuyén tinh

Céc phép bién doi néi trén tuong ng véi cac phép bién ddi so cap trén cac hang clia ma tran
b6 sung.
Phuong phap Gauss giai hé phuong trinh tuyén tinh:

e Buéc 1: Lap ma tran bd sung A ctia he.

e Buéc 2: Dimng cac phép bién dbi so cap trén cac hang clia ma tran bo sung, dua A vé
ma tran bac thang.

e Buéc 3: Gidi he phuong trinh bac thang: Giii ngude tit phuong trinh cudi, sit dung
phuong phap thé ta c6 nghiém can tim.

e Vi du 1.28. Giai hé phuong trinh bing phuong phap Gauss

2[E1 + T2 + X3 = 2
ry  + 3333 + x3 = 5
Ty + X9 + 5%3 = -7
2$1 + 3[1)2 - 31’3 = 14
Loi gidi.

2 1 1 2

1 3 1 )

1 1 5 | =7

2 3 -3 |14

1 1 5 | =7

1 3 1 )

2 1 1 2 hy < hg

2 3 —-3|14

1 1 5 | =7

0 2 —4 112 hy—hy — hs

0 -1 -9 |16 hg —2hy — h3

0 1 —13 | 28 H4—2h1 —)h4

1 1 5 | =7

0O 1 =26 hy 12— hy

0 -1 -9 ] 16

0 1 —13] 28

1 1 5 | =7

0o 1 -21]6

0O 0 —11] 22 h3 + hy — hg

0 0 —11] 22 hy — ho

1 1 5 | =7

0o 1 -21]6

0 0 -—11] 22

0 0 0 0 h4 — hg — h4

Tt ma tran bac thang cudi ciing ta nhan duge hé phuong trinh bac thang tuong duong

T+ To9 + 5133 = -7
o — 25(73 = 6
— 1lzz = 22
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Giai he bac thang trén ta c6 nghiém duy nhat

rK = 1
To = 2 .
r3 = —2

1.5.5. Giai va bién luan hé phuong trinh bang dinh ly Kronecker-Capelli
A Dinh 1y 1.6. (Dinh Iy Kronecker-Capelli) Xét hé phuong trinh tuyén tinh

Az =0
v6i A Ia ma tran hé s6, A la ma tran bo sung tuong tng. Khi dé:
e Heé phuong trinh vo nghiém khi va chi khi r(A) # r(A);

e Hg phuong trinh c¢6 nghiém duy nhat khi va chi khi r(A) = r(A) = s6 an;

e Vi du 1.29. Giai hé phuong trinh sau

21’1 + 4.2132 + 3.173 = 4
3r; + ) — 23?3 = -2
4l’1 + 11I2 + 7133 = 7

Lot giai. Ta co

16  —2hy + 3h1 — ho
3 1 —1 hs —2hy — hs
4 3 4
3
0

1 -1 h3 & ho

O O NO O N W
—_
]
—_
w

Hé da cho tuong duong véi

207 + 4xy +  3z3 = 4 T, = 1
3rs + r3 = —1 & To = —1 .
— 209z3 = —58 T3 = 2

e Vi du 1.30. Giai hé phuong trinh sau

T + 21’2 — 3ZE3 == 2
—2ZL‘1 —f- ) + 4[E3 = 1
—I1 -+ 3£B2 + I3 = —4
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Lot giai. Ta co

1 2 -3

-2 1 4 1

-1 3 1 |-4

1 2 -3 2

0 5 —2| 5 he+2hy — he
0 5 —2|-2 hg + hl — hg
1 2 -3 2

0 5 —=2| 5

0O 0 0 |-7 hg — hy — hg

Vi r(A) =2 # r(A) = 3 nén hé phuong trinh da cho vo nghiem.

e Vi du 1.31. Giai hé phuong trinh sau

I — I + 2£L'3 — 21‘4 = 1
—21‘1 — 3.172 + x3 —+ 41’4 = =2
—21'1 + 2£C2 — 41‘3 + 4:[,'4 = -2
31‘1 + 2])2 + x3 — 61’4 = 3

Lo gidi.

1 -1 2 =211
-2 -3 1 4 |-=2
-2 2 -4 4 |-=2

3 2 1 -6 3

1 -1 2 =211

0 =5 5 0] 0 hy+2h — h

0 0 0 0|0 hs+2hy— hs

0 5 -5 0 0 ]’L4 — 3h1 — h4

1 -1 2 =-2|1

0O -5 5 010

0O 0 0 010

0 0 0 0 0 h4 + hg — h4

Do 7(A) = r(A) = 2 < s6 an nén hé phuong trinh da cho vo s6 nghiem. Chon x4 va x5 12 hai
an tu do, ta c6 hé phuong trinh tuong duong

{Il +2[E3 = 1+I2+2l‘4

T3 = T2

T =
T3 =
Lo, Ty

1 — 29+ 224
T2
eR

e Vi du 1.32. Bién luan theo m s6 nghiém ctia hé phuong trinh sau:

T - T2 —
I + T2 —
—T1 + 21‘2 +
—2r7 + dSxy —

Loi gidi. Xét ma tran bo sung

1
1
-1
-2

Z:

L3
5I3
25(]3
41’3

—1

1
2
)

— 35134
— 1
+ 2x4
+ 9xy4
-1 -3
-5 -1
2 2
—4 9

++ + +

30[\3»—!

Ty =
7.735 =
s

7{23'5 =

30[\3»—!
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Diuing cac phép bién déi so cap vé hang dua A vé ma tran bac thang

1 -1 -1 -3 1|1
0 2 -4 2 6|1
0 0 6 —4 =21
0 0 0 0 0 |2m+1
Bién luan:
Z _]. — Z 2 Z
+Neu2m+1=0&m = 5 thi r(A) = r(A) = 3 < 5 (s6 an) < Hé phuong trinh vo s6
nghiém.

) —1 _
+Néu2m+1#£0< m# 5 thi r(A) # r(A) < He phuong trinh vo nghiém.

1.5.6. Heé phuong trinh tuyén tinh thuan nhét
O Dinh nghia 1.16. Hé phuong trinh tuyén tinh dang

a1ty + apry 4+ - 4+ apxr, = 0
911 + A9229 + -+ Aonly, = 0
U1t + ATz + 0+ AppT, = 0

dugde goi 1a hé phuong trinh tuyén tinh thuan nhat.
* Nhan xét:

e Hé phuong trinh tuyén tinh thuan nhat luon nhan 6 = (0,0, ...,0) lam nghiégm. Nghi¢m
nay dugc goi 1a nghiém tam thudng ciia he.

e Hé phuong trinh tuyén tinh thuan nhat Az = 0 c6 nghiém khong tam thuong khi va chi
khi 7(A) < s6 an. Dic biét, he phuong trinh thuan nhét c6 s6 phuong trinh bing s6 an
(hay A vuong) c6 nghiem khong tam thudng khi va chi khi det(A) = 0.

e Vi du 1.33. Tim m dé hé phuong trinh thuan nhat duéi day c6 nghiem khong tam thucng

mx1+x2—|—x3:0
x1+m$2+l‘3:0
1+ a9+ mz3 =0

Lé&i gidi. He phuong trinh tuyén tinh thuan nhét c6 s6 phuong trinh bang sé an nén hé phuong
trinh ¢6 nghiégm khong tam thuong khi va chi khi det(A4) = 0. Ta ¢6
m 1 1
1 m 1|=m+2)(m-1)>~
1 1 m
m = —2
=1

Vay hé c6 nghiém khong tam thuong khi va chi khi m = —2 hodac m = 1.

Ta c¢6 det(A) =0 &
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Bai tap chuong 1

1. H&ay nhan cac ma tran

2 171 =1 3 5 2 1 SO I R
a)3211 b)6_1_32 c)l2 1 2|2 -1 1

L L 12 3] [1 0 1

- 31 1 2
d)géﬂ21 6)3?3]2 Hit [ 2 3

L 10 3 3

6 2 -1 2 46
il R T B O R I S

2. Hay thuc hién cac phép tinh sau:
2
2 11 3 . n
a) |3 1 0 b) 32 c) Cosp TSy
01 2 —4 =2 singp  cosg

T4 -5 =2 cosny —sinn
DS:a) [9 4 3 b)[ } c){ 14 ﬂ
3 3 4

sinng  cosng

3. Hay tim tat ci cac ma tran giao hoan véi ma tran A dudi day:

1 00
a) [_11 _21} b) [é ﬂ )0 1 0
3 1 2
x Y 0
DS: a) {_x 31/2} b) {:8 y] c) u v 0
y r—2y v dt—3r—u t—3y—v t

4. a) Hay tim tat ca cac ma tran vuong cap hai c6 binh phuong bang ma tran khong;

b) Hay tim tat ca cAc ma tran vuong cap hai c6 binh phuong béng ma tran don vi.

DS:a){z _ba]véicﬂ—i—bc—O b)iIQ;{Z _blvéioﬂjtbc—l

5. Cho ma tran:

Dit B = A.A'. Tinh det(B*19)
DS: det(B**) = (4m?)'012
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6. Cho ma tran:

a b c d
-b a d -—c

A= —c —d a b
—d ¢ =b

Tinh A.A" va det(A?019)
DS: det( A1) = (a? 4 1 + 2 4 d?)*0%

7. Tinh cac dinh thuc sau:

1 1 1 01 1 111
a)[-1 0 1 D1 0 1 ol 2 3
~1 -1 0 110 136
11 1 1 12 3 4 11 1 1
12 3 4 23 4 1 12 3 4
A1 3 6 10 Ny 4 1 9 D g 9 16
1 4 10 20 41 23 1 8 27 64

DS: a) 1; b) 2; c) 1; d) 1; e) 160; f) 12.

8. Chitng minh rang:

1 1 1
gl L2 Ln
D, =| i 3 v | = H(% ;)
. i>j
e

HD: Lay hang 7 + 1 trit hang ¢, dua nhan tit chung ctia mdi hang ra ngoai, sau do st
dung cong thitc truy hoi.

9. Tinh dinh thic cia ma tran:

S

1 4 9 m
4 9 16 m
9 16 26 m
16 25 49 m

w

A:

[\

DS: 229m* — 284m3 + 115m2 — 8m

10. Giai phuong trinh:

DS:z=0z=120=-2;0=-3
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11. Giai phuong trinh:

0Oz =z «x
120 x x| 9
A= 5 9 0 =(x+1)°"+3
2 2 20
DS:.T:%I
12. Tim ma tran nghich dao clia cac ma tran sau néu co:
- - 2 1 -1
a s niy Sl oo s Q)
: : ] 21 1
(1 -1 2 2 1 1] _11 _42 _12 _31
e) -1 2 1 Al 21 9) h)
2 -3 2 112 2 0L
- - - -2 6 0 5
bS
Tl 1 1 3 —3 1
a)| 3 3 b) | 1 i c) % 1 _% d)
L" 3 9 L2 73 —1 9 1
L7 2 2
_ _ [ 17 T 3 1
R = BN =
ol 23| | 8 Haly g e
SRR B I T N I T A )
B B L2 T2 2 T2
13. Tim ma tran X thoa méan phuong trinh:
. 1 1
a)25X:4_6 nX |2 1
1 3 2 1
. 1 -1
(1 —1 1 1 1 1 -1
c)AX=B véiA=|-1 2 1| B=|1 0 2 2
-2 3 1 1 -2 2 0
5 _93 -3 2 0 0 5 1 9
DS: a) 0 8 | b) | -4 5 —=2|; c)l0 3 1 7
-5 3 0 1 -1 1 -3
14. Tim ma tran X thoa man phuong trinh:
1 31 120 1 1 3 1]
a) {3 1 0| X=123 2 0 b) 13 1 0| X
1 00 33 2 m 1 0 0]
3 3 2 m 3 5 2 m |
bS:a) |-7 -6 -4 —3m |; b) | -7 —12 —6 —3m+2|;
19 17 10 8m+1 19 33 17 8m—6 |

W N =

Tt W N

N W N O

N O =

S oo
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15.

16.

17.

18.

19.

20.

Tim m dé ma tran A sau kha dao:

— 3
N w3

DS: m # —1;m # 32

Tim z € R néu biét ma tran A duge cho duéi day kha dao:

2014 =z =«
A= 0 1 =z
r 0 0
va det(A?15) = —2det(A.A?)'007
bS:z=-1
Tim hang ctia cac ma tran sau:
4 3 =5 2 3
2 -13 -2 4 > o L 86 —7 4 2
a) |4 =2 5 1 7 b)51_17 c)l4 3 -8 2 7
2 -1 1 8 2 T 7 9 1 4 3 1 2 -5
8 6 —1 4 —6

DS: a) 2; b) 3; c) 2.

Tiy theo gia tri ctia tham s6 A € R hay xac dinh hang clia cac ma tran sau:

3 A2 1 2 -1 2 1 -1 1

a) 1 4 7 2 b) A -1 1 -1 -1

1 10 17 4 1 A 0 1 1

4 1 3 3 1 2 2 -1 1
pS: ) p<A>={§ e >p<A>={3 e
neu A # 0 4 neu \#1

Tim m dé hang clia ma tran sau la bé nhat:

31 1 4 -1
m 4 10 1 m+5
1 7 17 3 m+5
2 2 4 3 1

A:

DS: r(A)pin =2khim =0

Bién luan theo m hang ctia ma tran A, biét:

1 -4 m+21 -6

1 1 3 2
A=11 2 -1 3
2 3 -1 -1
3 =1 m+23 -1

DS: Néum =3 thir(A)=3; Néeum # 1 thi r(4) =4
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21. Hay giai cac hé phuong trinh sau bang cach tinh ma tran nghich dao:

a) r+4y = 2 b) —3r+2y = 1 b) 3r+4y = 3
dr+5y = 3 2v+4y = —6 dr +dy = 2

DS:a) (2,-1); b)(=1,-1); ¢) (~7.6).

22. Ap dung dinh 1y Cramer giai cac he phuong trinh sau:

20 — 2y —2z = -1 3r1+2x0+2x3 = 5

2 oy = 1
a){éliif)y _ s b) y+z = 1 ) 2r1+3va+a235 = 1
vy = —rty+z = —1 21y + 29 + 323 = 11

DS:a) (=3,1);  b)(2,4,-3); ¢ (2,-2,3).

23. Ap dung phuong phap Gauss gidi cac he phuong trinh sau:

T+ y+ 5 _ 1 1 — i) + r3 — Ty = 2
) T+2+3 = —1 py{ -Gt 2 =0
y o —T1 + 2.%'2 - 21’3 + 7x4 = -7
r+4y+92 = -9
2y — wy — - 3
r1 — To + 2ZE3 + 21’4 + Ty = 3
207 + x9 + Sx3 + 214 + 25 = 6
c) -1 + 4dxy — 6y + x5 = =3
—2$1 — 4%2 — 4.%3 — Ty + Tr5 = -3
21‘1 + 41’2 -+ 4ZE3 + 71’4 - Ty = 9

bS: a) (1727_2)a b) (271707_1)7 C) <_370727170)'

24. Giai hé phuong trinh sau bang phuong phap Gauss:

¢

r—2y+ z = 2 r+2y—32 = 1

0) —r+3y—4z = -5 b) 20 —y+2z = =2
20 =Ty + 10z = 12 —r+3y+z = —1

(| 20— 3y — =2 = 1 dr+3y—4z = 0

( 2+ y—22 = 1 T+ 2y — 4t = -3
0) 20+ vy = 6 d) 20 -3y +z2+5t = -3
or+3y—2z = 14 3r —2y—5z+1t = 3

( 3r+2y+2 = 11 r— y—44+9t = 22
(20 +2y— 2+t = 4 r+2y+32—-2t = 6
) dr+3y— 2+2t = 6 f) 204+ y+2243t = —4
8r+dy —3z+4 = 12 3r+2y— z+2t = 4
(| 3z +3y—224+2t = 6 20 —3y+22+t = —8

DS: a) (1;0;1 b) (& 1;=%);  ¢) He vo nghiem

);
d) (=1;3;-22); o) (LL-L;-1); (L2 -1-2)
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25. Giai cac hé phuong trinh sau:
31‘1+4l’2—5l’3+7$4 = 0 T1+To+ T3+ T4+ Ty =7
CL) 2[L‘1 - 31’2 + 3.173 - 2ZE4 =0 b) 3ZE1 -+ 2ZE2 + T3 + 14 — 3[L‘5 = =2
4x1 4+ 11y — 13235+ 1624 = 0 To + 23 + 224 + 6x5 = 23
Tx1 — 2% + T3 + 324 = 0 521+ 4x9 +3r3+3x4 — x5 = 12
DS:a)x; = %,m = W; b) 1 = —164x3+x4+5x5, x93 = 23—2x3— 214 — 615
26. Giai va bién luan cac hé phuong trinh sau:
r— y+ z = 4 T+ y+2z = 6
a) z+4y+2z = 1 b) 2x+5y—2z = 6—3m
r— y+az = 2(a+1) 2+ y+4mz = =3
DS: a) a = 1: he vo s6 nghiém; a # 1: hé ¢6 nghiem duy nhat ;
b) m = g: hé vo nghiém; m # g: hé c6 nghiem duy nhat;
27. Cho hé phuong trinh:
r+2y+3z2 = m
r+my+ z = m+1
T+ y+mz = 2
Tim céc gia tri thuc cia m dé hé c6 nghiem duy nhét.
DS: m # {1;4}
28. Tim m dé hé phuong trinh sau c¢6 nghiém:
r+2y+3z2—1 = 1 r+2y+3z2—1 = 1
a) 20+ 3y+ 2+3t = 2 b) 20 +3y+ 2+ 3t = 2
3r+ y+2z+4 = m 3x+ y+224+4 = m
Tr+8y+9z+5t = 3m+1 dx+Ty+7z+ 1t = 2m+1
bS: aym =% ;b)ym =32
29. Cho hé phuong trinh:
r+3y+22 = 6
20+ Ty +22z = 8
dr+ 13y + 72z = 22
3r+9y+72 = m+16
Tim m dé he vo nghiém.
DS: m #£4
30. Giai va bién luan cac hé phuong trinh sau:
Cm+ Dz —my+ (m+1)z =m-—1 Ti— Ty h Ty Ty =M
T1+mTy — X3+ T4 = -1
a)d m—2zx+(m—1y+(m—2)z =m b)
C2m—1z+(m—1Dy+2m—1)z =m may e =y =y = 1
1+ X2+ T3+ x4 = —m
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DS: a) m € {0,1}: he vo nghiéem; m = —1: he ¢6 vo s6 nghiem; m ¢ {0,£1}: he 6
nghiém duy nhat;
b) m = 3: he vo nghiem; m = —1: hé vo s6 nghiém; m ¢ {3, —1}: hé c6 nghiem duy nhét.

. Tim m dé hé phuong trinh thuan nhat sau c6 nghiém khong tam thuong:

20 + 3y + =z =
a){ T+2y+2z =
mz + 3y + (1 — 5m)z

T+ 2y +mz =0
b)q 3x+5y+(m+2)z =
r+3y+(2m—1)z = 0

o O O
(]

DS: aym = -8 ;b)m =1

. Tim gié tri thyc ctia m dé hé phuong trinh thuan nhat sau chi c¢6 nghiém tam thudng:

—mx+2y++3z2+4 = 0 r—my+ z—(m+3)t = 0
a) 20 —my + 3z + 4t =0 ) 20+ y—4z+47Tt =0
20 4+3y+-—-mz+4t = 0 mx + 4y + 2z —mt =0
204+ 3y + 4z —mt =0 r—y—mz—2m*+1)t = 0
DS: a)m # {—2;—3;—4;9} ;b)m = 0 hodc m =1
. Tim m dé hé phuong trinh c6 nghiém khong tam thuong:
LL’1+3$2+51’3+QJ4 = 0
mr—3y+z = 0 1+ 29 + 623+ (M + 1)1y = 0
a) 2r4+y+z =0 b){ 2x1 4 6x9+ 1025+ (m+4)xy, = 0
3r+2y—2z = 0 1+ Ty + Txz + (3m — 2)xy = 0
—2x9 + 3z3 + (3m — 6)xy =0
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Khoéng gian véc to

2.1. Khai niém khéng gian véc tcd . . . . . . . . . . oo
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2.4. Toado vabaitodn doicOsG . . v v v v v v v v v e e e
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Baitapchuong 2 . . . .. . . . .. i e e e e e e

Déi tugng ban dau ciia mon Dai s6 tuyén tinh 1a viéc giai va bién luan cac hé phuong trinh

tuyén tinh. Tuy vay, dé c6 thé hicu thau déo diéu kién dam bao cho mot hé phuong trinh tuyén

tinh c6 nghiém va cau tric nghiém ctia né, ngudi ta da dua ra khai niem khong gian véc to va

khai niém nay da tré thanh mot trong nhiing tru cot clia mon Dai s6 tuyén tinh.

2.1. Khai niém khong gian véc to

Gia sit K 1a mot truong.

O Dinh nghia 2.1. Tap hgp V # (0 duge goi 1a mot khong gian véc to trén K néu né duge

trang bi hai phép toan, gom
(a) Phép cong véc to:
+:VxV =SV (,8)—a+p
(b) Phép nhan véc to véi vo hudng:

KxV =V, (ka)— ka

Cac phép toan nay théa man nhitng tien dé sau day:
V1) (a4 B) +7=a+(8+7), Ya, 87 €V,
V2) eV :0+a=a+0=a YaeV,
V3)VaeV, 3 e V:ia+d =d +a =0,
Ha+p=0+a, Va,f €V,
)
)
)
)

<

V5) (k+ h)a = ka + ha, Yk, h € K,Va €V,
V6
V7
V8

kla+ B) = ka+ kB, VkE € K,Va, 5 €V,
k(ha) = (kh)a, Vk,h e K,a €V,
la=a, Vae V.

(
(
(
(
(
(
(
(

Cac phan tt ctia V duge goi 1a cic véc to, cac phan tit ctia K duge goi 1a cac vo hudng, 0

dudc goi 1a phan ti trung hoa, o dude goi 1a phan ti doi cia o
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Mot khong gian véc to trén K con duge goi 1a mot K-khong gian véc to, hay don gidn: mot
khong gian véc to, néu K da ro.

Khi K =R, V dugc goi 1a mot khong gian véc to thye. Khi K = C, V' duge goi la mot khong
gian véc to phtc. 0 gido trinh nay ta chi quan tam dén cac khong gian véc to trén truong so
thue.

e Vi du 2.1. Cac véc to tu do trong hinh hoc so cap véi cidc phép toan cong véc to va nhan
véc to véi s6 thuye 1ap nén mot khong gian véc to thue.

e Vi du 2.2. Xét R" a tap hgp ma mdi phan tit 1a mot bo n s6 thuc ¢6 thit tu (1, 29, . .., ,),
con goi 1a mot véc to n thanh phan. N6 lap nén mot khong gian véc to véi hai phép toan sau
day:
(21, T2,y xn) + (Y1, Y25 -5 Un) = (T1+ Y1, T2+ Yoy ooy Ty + Yn),
k(xi,29,...,2,) = (kxy, kxo,... kx,) k €R,
trong do phan tt trung hoa la 6 = (0,0, ...,0), phan tit dbi cia véc to z = (21,29, ..., 2,) € R™
la —x = (—x1, —29, ..., —Ty).

e Vidu 2.3. Tap hop V = {(z,y) € R?: >0, y > 0} (tap hop cac diém thuoc géc phan
tu thit nhat trong mat phang Ozy) ciing véi hai phép toan dinh nghia nhu trong vi du trén
khong phai 1a mot khong gian véc to.

e Vi du 2.4. Tap hop Cla,b] cadc ham thyec lién tuc trén doan [a,b] C R la mot khong gian
véc td v6i cac phép toan thong thuong

(f+9)(z) = f(z)+g(x),
(kf)(x) = kf(w),

trong d6 phan tif trung hoa 1a ham s6 dong nhat khong, tiic 14 bang 0, Vz € [a, b], phan ti d6i
cia ham f 1a —f: (= f)(z) = —f(x), Vz € [a,b].

e Vi du 2.5. Xét tap hop P,[z] (n nguyen duong, x € R) cac da thiic v6i he s6 thuc clia mot
bién x c¢6 bac khong vudt qua n:

P.[z] = {p(x) = ap + 12 + ag2z® + ... + a,a" | ag,ay, ..., a, € R}

Khi d6 P,[z] cung v6i phép cong hai da thiic va phép nhan da thic v6i mot s6 thuc thong
thuong 13 mot khong gian véc to. Phan tit trung hoa chinh 1 da thitc khong; phan ti déi clia
da thiic p(z) chinh la da thic doi —p(z).

Tinh chat. Gia st V 1a mot khong gian véc to.

(1) Phan tit trung hoa 6 € V 1a duy nhat. N6 duge goi 1a vée to khonyg.
That vay, gid st 6, ciing 1a mot phan ti trung hoa ctia phép cong trong V. Khi d6

0+6, = 60; (viflatrung hoa),
0+6, = 6 (vib latrung hoa).
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(2) V6i moi véc to a € V, phan tt d6i o/ 1a duy nhat. N6 sé duge ky hieu la (—a).
That vay, gid sit o cling 1a mot phan tit doi ctia o Khi d6

!/

(@ +a)+ai=0+adi=a)=d +(a+a))=d +0=d"
Nhu vay o/ = of.
Ta dinh nghia: o« — = a + (—f).

(3) Ta c6 cac quy tac gidn ude va chuyén vé: Vo, 8,7 € V

aty = f+v = a=p,
a+pf = v = a=y—-0."

(4) O =0 va kb = 0, Vo € V,VEk € R.
That vay,
Oa+ 6 =0a = (0+0)a = 0 + Ocr.

T do6 theo luat gian uée, Oa = 6. Tuong tu,
kO + 6 =k =k(0+0)= k0 + k0.
Ciing theo luat gian uéc, ta c6 k6 = 6.

(5) Néu ka =6 (véi k € K,a € V), thi hodc k = 0 hodc o = 6.
That vay, gid sit k # 0, nhan hai vé ctia dang thitc da cho vdi k~! € K ta c6

a=1la=(k"k)a=k"ka)=k"10=0.

(6) (—k)a =k(—a)=—(ka), VE€c K,a e V.
That vay,
ka+ (=k)a = (k+ (—k))ao=0a = 6.

Tu d6, (—k)a = —(ka). Tuong tu,
ka+k(—a) = k(a+ (—a)) = kb = 0.

Do d6, k(—a) = —(ka).
2.2. Doc lap tuyén tinh va Phu thudc tuyén tinh

O Dinh nghia 2.2. (a) Mot té hgp tuyén tinh ctia cic véc to ay,...,a, € V 1a mot biéu
thic dang

n

Z Ciy; = C101 + + - -+ Cpp,
i=1
trong do ¢; € R, ¢; 1a hang .
(b) Gi& stt @ = cioq + -+ + cha,, € V. Ding thiic d6 duge goi 1a mot biéu dién tuyén
tinh clia « qua cac véc t6 o, . . ., a,. Khi c6 déng thite do, ta néi « biéu dién tuyén tinh dugc
qua aq, ..., Q.
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@ Nhan xét:
e Mot véc to c6 thé co nhidu bicu dién tuyén tinh khac nhau qua mot hé véc to.

e Ta no6i hé {ay,...,q,} biéu dién tuyén tinh dugc qua hé {Bi,...,Bn} néu mdi véc to
a;, 1 <i < n, biéu dién tuyén tinh duge qua {B1,..., B}
Gia stt hé {a, ..., a,} biu dién tuyén tinh duge qua hée {B1,...,Bn}, vahe {B1,..., Bm}
biéu dién tuyén tinh dugc qua hé {7y1,...,7:}. Khi dé, r6 rang {ay,...,q,} cling biéu
dién tuyén tinh dugc qua he {y1,...,7%}-

e Vi du 2.6. (a) Trong R? xét cac véc to o = (2,—1,3),a; = (1,—1,2), a9 = (1,—2,3). Hay
biéu dién a thanh t6 hop tuyén tinh clia cac véc to aq, as.

Ta xét hé thitc ¢y + o = @, (c1,c2 € R). Phuong trinh véc to dé tuong duong véi he
phuong trinh

c1+cy = 2
—C1 — 262 = -1
2c1+3¢co = 3
Hé nay c6 nghiém ¢; = 3,0 = —1. Vay a = 3a; — as.

(b) Trong R? cho he S ={a; = (1,1,1); a0 = (2,1,3);a3 = (1,2,0)}. Véc to a = (2,1, 3)
c6 1a mot t6 hop tuyén tinh ctia S khong?
Xét hé thic ciaq + o + cgaz = o véi ¢, ¢9,c3 € R,
c1 + 202 +c3 = 2

& 1+ ¢ + 2c3 —1
C1 +302 = 3

Hé nay c6 r(A) # r(A) nén vo nghiém. Vay a khong biéu dién tuyén tinh duge qua hé S.

(c) Trong khong gian P;[x] xét he S = {p; = 2;ps = 1 + 3x;p3 = —5 + «}. H6i da thic
p = 4 + 2z ¢6 biéu dién tuyén tinh dugc qua céc véc to ciia he S khong?

Xét hé thic cypy + cops + c3p3 = p V6i ¢y, co, c3 € R.

Phuong trinh véc to nay tuong duong véi ¢1.2 + co(1 +32) + c3(—=5+2) =4+ 2z

2c1 +cy—beg = 4 g = —8cy+7
@{ Seytes = 2 7 \es = —3cp+2

Hé nay c6 vo s6 nghiem nén p c6 thé biéu dién tuyén tinh duge qua cic vée to ctia he S, chang
han c6 thé biéu dién p = —p; + ps — ps hoiic p = 15p; — pa + 5ps.

O Dinh nghia 2.3. (a) Hé {a,...,a,} dugc goi la doc lap tuyén tinh néu hé thitc
cog + -+ epo, =0

chi xay rakhicy =---=¢, =0.

(b) He {a,...,a,} dudc goi la phu thudc tuyén tinh néu né khong doc lap tuyén tinh.

Néu he {ay, ..., a,} doc lap (hodc phu thuoc) tuyén tinh, ta ciing néi cac véc to ay, . . ., o, doc
lap (hosic phu thudc) tuyén tinh.



2.2. Doc lap tuyén tinh va Phu thudc tuyén tinh 39

e Vi du 2.7. (a) Trong khong gian céc véc to tur do ctia hinh hoc so cap, he 2 véc to la doc

(b)

lap tuyén tinh néu va chi néu chting khong dong phuong, hé 3 véc to 1a doc lap tuyén tinh
khi va chi khi ching khong dong phing, hé 4 véc to bat ky luon luén phu thudce tuyén tinh.

Trong khong gian R?, he cac véc to {e; = (1,0), e, = (0,1)} doc lap tuyén tinh. That vay,
hé thic
c1€1 + Caeo = (Cl, 62) = (O, 0)
xay ra khi va chi khi ¢; = ¢ = 0.
V6i moi a € R?, hé cic vée to {ey, ez, a} phu thuoce tuyén tinh. That vay, néu a = (a,b) thi

o —aep — bey = 6.

Xét xem heé cac véc to sau day doc lap hay tuyén tinh phu thudc tuyén tinh trong R3:
{a1 = (5,3,4); 0 = (3,2,3); 3 = (8,3, 1) }.

Ta xét hé thic cjaq + ey + c3a3 = 6.

Phuong trinh véc to d6 tuong duong véi hé phuong trinh

501 + 302 + 803 =0
361 + 202 + 363 =0
461 + 302 +c3 = 0

Hé nay c6 nghiém khong tam thuong, ching han ¢; = 7,¢5 = —9,¢5 = —1.
Nhu vay, ba véc to da cho phu thuoc tuyén tinh.

Xét sy doc lap tuyén tinh hay phu thuoc tuyén tinh ctia he S = {p; = 1+ z + 2%, py =
2+ 3z + 22%,p3 = 1 + 22} trong Pylx].

Ta xét he thiic c1p; + caps + c3p3 = 0 & ¢ (1 + 2 + 22) + 2(2 + 3 + 22%) + c3(1 + 22) = 0.
Phuong trinh véc to dé tuong duong véi hé phuong trinh

c1+2c0+c; =0
c1+3co+2c3 = 0
cl + 262 =0

Heé nay c6 det A =1 # 0 nén chi c¢6 nghiém tam thuong ¢; = ¢, = ¢35 = 0.
Nhu vay, he S da cho doc lap tuyén tinh.

@® Nhan xét: Tu vi du trén ta thiy rang viéc xét xem mot hé véc to doc lap tuyén tinh hay

phu thuodc tuyén tinh duge dua vé viéc gidi mot hé phuong trinh tuyén tinh thuan nhat. Tuong
tu, viec xét xem mot véc to ¢ biéu dién tuyén tinh dugc hay khong qua mot hé véc to duge

dua vé viéc gidi mot hé phuong trinh tuyén tinh.

(1)

Tinh chat.

He gom chi mot véc to {a} trong khong gian véc to V 1a he phu thudc tuyén tinh néu va
chi néu a = 6.

That vay vi 10 = 6 nén he {0} phu thudc tuyén tinh. Nguge lai, gid st {a} phu thuoc
tuyén tinh, titc 1a c¢6 k # 0 sao cho ka = #. Nhan hai vé v6i k7! ta co6

a=k'k)a=k"(ka)=k"'0=0.
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(2)

He gom n vée to {aq,...,a,} (n > 1) cia mot khong gian véc to V' 1a he phu thuoc tuyén
tinh néu va chi néu mot véc to nao dé ctia hé biéu dién tuyén tinh duge qua cac véc to con
lai cua hé.

That vay, gid sit ¢6 it nhat mot ¢; # 0,4 = 1,...n théa man hé thic

craq + -+ cpan, = 0.

Nhan hai vé vé6i ¢; * ta thu dugc

o = — Z(Ci_lcj)@j.

J#i
Nguge lai, néu o; biéu dién tuyén tinh dude qua he {ay, ..., i1, q41,...,q}, tiic 12 ¢6

céc d; sao cho
= diag + -+ diqoig + dipi + o+ dpa,

thi ta co

dyay + -+ digaiy + (=1 + digrqipg + -0+ dpan, = 0.

Do d6 hé {ay,...,a,} phu thuoc tuyén tinh.

v Hé qua 2.1. Moi hé véc to c6 chita véc to khong 0 1a hé phu thuoc tuyén tinh.

Gia st he {ay, ..., a,} doc 1ap tuyén tinh. Khi d6 he {ay, ..., o, 8} phu thudc tuyén tinh
néu va chi néu f biéu dién tuyén tinh duge qua {ay,...,a,}. Trong trusng hop dé, biéu
dién tuyén tinh nay la duy nhat.
That vay, néu {a, ..., a,, 3} phu thuoc tuyén tinh thi ton tai bo (cy, .. ., ¢, d) khong dong
thoi bang 0 sao cho

g + -+ cpan, +dpg = 0.

R6 rang, d # 0 vi néu trai lai thi he {a1, ..., a,} phu thuoc tuyén tinh. Vi d # 0 nén ta c6

thé viét
n

B=— Z(d’lci)ai.

i=1

Ngugc lai, méi bidu dién tuyén tinh 8 = 3. iy < Y. iy + (—1)8 = 0, do d6 hé véc to
i=1 i=1
{ay, ..., an, B} phu thuoc tuyén tinh.

Gia st c6 hai biéu dién tuyén tinh ctia 8 qua hé {ay, ..., a,}:
ﬁzcla1+"'+cnan:dla1+"'+dnan'

Khi d6 0 = (¢; —dy)ay + -+ (¢ — dp)ay,. Do {ay, ..., a,} doc lap tuyén tinh nén hé thitc
trén kéo theo

Clzdl,...,cn:dn.

e Vi du 2.8. Trong khong gian véc t6 V cho he S = {x,y,z} va S; = {z +y + 2,2z + 3y —
2,3z + 4y + z}. Chiing minh rang néu S doc lap tuyén tinh thi S; doc lap tuyén tinh.
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Loi gidi. Xét he thic c(v+y+2)+2x+3y — 2) +c3(3x+ 4y +2) =0 & (1 + 22 +
3es)r + (¢ +3co +4e3)y + (c1 — o+ c3)z = 0.
Do S doc lap tuyén tinh nén ta c6 hé phuong trinh

c1 + 262 + 363 =0
c1 + 3¢ + 4cs
il —C+c3 = 0

I
o

Heé nay chi c6 nghiém tam thuong ¢; = ¢; = c3 = 0 nén S; doc lap tuyén tinh.

2.3. Co sG va s6 chiéu ctia khéng gian véc to

O Dinh nghia 2.4. (a) Mot hé véc to ctia V' duge goi 1a mot hé sinh ciia V' néu moi véc to
ctia V déu biéu dién tuyén tinh duge qua hé dé.

(b) Mot he véc to ctia V' duge goi 1a mot o s ciia V néu moi véc to ctia V déu biéu dién
tuyén tinh duy nhat qua hé do.

Nhu vay mdi co sé déu 13 mot hé sinh.

e Vidu 2.9. (a) He S = {(1,0),(0,1)} 1a mot he sinh ctia R? vi Vz = (z1,72) € R? ta déu ¢6
x =x1(1,0) + 25(0,1).

(b) Trong khong gian Py[x] he S = {1, z, 2%} 1a mot he sinh vi ta c6 p = c+bx+az? Vp € By|x].
(c) Trong khong gian Py[x| cho he S} = {2? + x + 1,22? + 3z + 1,2% + 2x}. H6i S; c6 1a he

sinh ctia Py[x] hay khong?
V6i Vp = ax® + bz + ¢ € Pylx] xét hé thiic p = ¢ (22 + 2+ 1) + c2(22% + 32 + 1) + c3(22 + 27)

c1 + 202 + c3 = a
g c1+3co+2c3 = b
c1+ ¢y = c

Ton tai p dé hé trén vo nghiem, vi du p = 222 + z, do d6 S; khong 1a hé sinh ctia Py[z].

Mot hé véc to ciia khong gian V' dugce goi 1a doc lap tuyén tinh cuc dai néu né doc lap
tuyén tinh va néu thém bat ky véc to nao ctia V vao hé d6 thi hé méi thu duge tré thanh phu
thuoc tuyén tinh.

A Dinh 1y 2.1. Cho hé hitu han cac véc to S = {a1,...,a,} ciia V. Khi dé cac khiang dinh
sau day la tuong duong:

(i) S la mot co sd cia V.
(ii) S 1a mot he sinh doc lap tuyén tinh cta V.

(iii) S 1a mot hé véc to doc lap tuyén tinh cuc dai ctia V.
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Chiing minh.
(i) = (ii): S 1a mot co s6 ciia V nén né 1a mot hé sinh ctia V. Hon nita, vécto 6 c6 biéu dién
tuyén tinh duy nhat qua (ay, ..., a,):
0 =0a; + -+ 0ay,.

N6i cach khéc, he thic cioq + - - - + cpo, = 0 tuong duong véi ¢; = ¢y = - -+ = ¢, = 0. Diéu nay
c6 nghia 13 he S doc lap tuyén tinh.

(ii) = (iii): Moi véc to 3 € V déu biéu dién tuyén tinh duge qua S cho nén hé {ay, ..., an, B}
phu thuoc tuyén tinh.

(iii) = (i): Vi he S doc lap tuyén tinh ciic dai nén méi véc to 3 € V déu biéu dién tuyén
tinh qua S. N6i cach khéac, hé nay sinh ra V. Biéu dién tuyén tinh ctia mdi véc to 8 € V qua
hé doc lap tuyén tinh {ay,...,a,} 1a duy nhat, do d6 S 1a co s6.

O Dinh nghia 2.5. Khong gian véc to V dudc goi 1a hitu han sinh néu né c6 mot he sinh gom
hitu han phan ti.

O Dinh nghia 2.6. (a) S6 phan t1t ctia méi co s§ cia khong gian véc to hitu han sinh V' # {6}
dugc goi 1a s6 chiéu ctia V' va duge ky higu 1a dim V. Néu V = {0} ta quy uéc dim V = 0.

(b) Néu V khong c6 mot co s6 nao gom hitu han phan t1t thi né duge goi 13 mot khong gian
véc to vo han chieu.

Trong tai lieu nay ta chi xét cdc khong gian hitu han chiéu.

Bo dé 2.1. Trong khong gian véc to V, gia sit hé véc to S = {a, ..., o, } doc lap tuyén tinh,
T ={p1,...,0s} 1a mot hé sinh. Khi dé r < s.

Ching minh. Vi T 1a hé sinh ctia V' nén

ap = apfi+ -+ aabs
ay = apf+ -+ asnbs

Qp = alrﬁl + -+ asrﬁs

Xét hé phuong trinh tuyén tinh ma an la ¢;:

ancy +---+apc, = 0
ag1€1 + -+ -+ agpC, = 0
ag1C1+ -+ agce, = 0

Néu r > s thi hé thuan nhéat nay cé sé phuong trinh it hon s6 an, do d6 né c6 nghiém khong
tam thuong, nghia la ton tai r s6 thiuc ¢; khong dong thoi bang 0 théa méan s ding thiic trén.
Nhan dang thtc thit nhat v6i £y, ding thitc thi hai v6i fs, .. ., dang thiic thi s véi B, roi cong
lai ta duge

(anicr 4+ ac) B+ -+ (aaci + -+ agcy) Bs = 0

hay 1a
clanfr+--+aafbs)+--+e(ayfr+ - +ayfs) =0
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nghia la co
oy + -+ =0,

Dicu nay trai véi gid thiét rang {ay,...,a,} doc lap tuyén tinh. Vay r < s. O
A Dinh 1y 2.2. Gid sit V # {0} la mot khong gian hitu han sinh. Khi d6 V' ¢6 mot co sé gom

hitu han phan tii. Hon nita moi cd s6 ctia V' déu ¢6 s6 phan tit biang nhau.

Ching minh. Gia st T = {71,...,7s} la mot hé sinh httu han cia V. Vi V' # {0}, nén c6 véc
to ay # 6 trong V. He gom mot vée to khac khong {;} doc 1ap tuyén tinh. Néu hé nay khong
doc lap tuyén tinh cyc dai, thi ¢6 hé {ay, as} doc lap tuyén tinh.

Gi stt {ay,...,a,} 1A mot he doc 1ap tuyén tinh trong V. Hé nay biéu dién tuyén tinh qua
T. Theo b6 dé trén, ta c6 r < s. Nhu thé qua trinh chon cac véc to oy, ao, . .. dé thu dude mot
hé doc lap tuyén tinh phéi ding lai sau mot s6 hitu han bude. Ta ¢6 mot he véc to {ay, ..., a,}
doc lap tuyén tinh cyc dai trong V, véi n < s. Theo dinh 1y (2.1), he nay 13 mot co s6 cia V.

Gid stt {B1,...,Bm} cling 1a mot co s6 ctia V. Vi {aq,...,a,} doc lap tuyén tinh va biéu
dién tuyén tinh duge qua {fi, ..., B} nén theo Bo dé trén, ta c6 n < m. Ddi vai tro clia hai
cd s6 trén, ta ciing ¢6 m < n. Nhu vay, m = n.

e Vi du 2.10. Trong R"™ xét hé véc to
B ={ej,eq,...;en},e,=1(0,...,0,1,0,...,0)
Hé B doc lap tuyén tinh vi hé thic
crer + -+ epen = (0,...,0)

xay ra khi va chi khic; = ¢y = -+ = ¢, = 0. Hé B sinh ra R"” vi moi véc to x = (z1,...,z,) € R”
déu c6 biéu thi tuyén tinh

T =2x1€1+ -+ Cphey.

Vay dimR” = n va B 1a mot co sé. B duge goi la cd sé chinh tic clia khong gian R”.
e Vi du 2.11. Trong P,[x] xét hé véc to
B={l,z,2* ... 2"}
Hé nay sinh ra P,[x] vi moi da thiic p(z) c6 bac < n déu viét duge dudi dang
p(z) = ag.1 + a17 + agx® + - - + apa”,a; € R.
Hé B doc lap tuyén tinh vi hé thic
co-l4+crx+---+cpa” =0,V

ching t6 phuong trinh nay c6 vo s6 nghiém, diéu d6 chi xdy ra khicy=c¢; =---=¢, = 0.
Vay dim P,[z] = n+1 va B 1a mot co s6. B duge goi 1a ¢d sé chinh tac ciia khong gian P, [x].

A Dinh ly 2.3. Gia sit V 1a mot khong gian véc to hitu han sinh. Moi hé doc lap tuyén tinh
trong V déu c6 thé bé sung dé tré thanh mot co s6 ciia V. Néu dim V' = n, thi moi hé doc lap
tuyén tinh gom n véc to clia V' déu la mot co s6.
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Chitng minh. Gia st {a, as, ..., a;} 1a mot he doc lap tuyén tinh trong V. Néu he nay khong
doc lap tuyén tinh cuc dai thi ¢6 thé bo sung céc véc to Qs1, Qiro, .. dé hé thu duge van doc
lap tuyén tinh. Qua trinh nay phai diing lai sau mot s6 hitu han bude, béi vi theo dinh 1y (2.2),
dim V' < oo. Ta thu dugc he {ay,...,a,} doc 1ap tuyén tinh cic dai trong V, tiic 1a mot co s6
cua V.

Néu dim V' = n, thi moi hé doc lap tuyén tinh gom n véc to {fi, ..., B} déu cuc dai. That
vay, gia stt phan chitng c6 thé them vio hé d6 mot véc to 3,41 nao do clia V sao cho hé thu dugc
van doc lap tuyén tinh. Khi d6 he {31, .., Bn41} biéu thi tuyén tinh qua mot co sé {ay, ..., a,}
nao dé nén theo B6 dg, ta c6 n + 1 < n. Diéu nay vo ly. Vay theo dinh Iy (2.1) he {51,...,B.}
la mot co sé cua V.

e Vi du 2.12. (a) Trong R? cho h¢ S = {(1,1,1),(1,0,1),(1,1,0)}. Chiing minh S 1a co s6
cia R3.
Xét he thic ¢1(1,1,1) + ¢2(1,0,1) + ¢3(1,1,0) = 6
Cl+cCcy+c3 = 0

<4 a+c =
c1 + ¢ =0

e}

Dé thay hé nay chi c6 nghiem tam thuong nén S doc lap tuyén tinh. Hon nita dim R3 = 3, do
dé S 1a mot co sé ciia R3.
(b) Chohe S = {2? +x+ 1,22+ +1,2% + 22 +2}. H6i S ¢6 13 mot co sé ciia khong gian
P[x].
Loi gidi. Xét he thic ci(2? + 2+ 1) + (22 + 2+ 1) + c3(2? + 22 +2) =0
c1+2c5+cg = 0

= C1+CQ+2C3 =0
Cl+02+263 = 0

Dé thay S phu thuoc tuyén tinh do d6 S khong 1a co sd cia Py[z].

2.4. Toa do va bai toan doi cd sé

2.4.1. Toa do cua vector
Gid st S = {ay,...,a,} 1A mot co s§ clia khong gian véc to V. Mdi véc to a € V ¢6 bieu
dién tuyén tinh duy nhat

a=ciay + oy + -+ ey, = g coy, ¢ €R.

O DPinh nghia 2.7. [Toa do] Bo gia tri (c1,...,c,) xac dinh béi dieu kien a = 3 ¢;o; duge
goi la toa do cua véc td a trong co s6 S, ¢; duge goi la toa do thit ¢ clia v trong co s6 do.

Véc to (a)s = (c1, ..., ¢,) 1a mot vée to trong R™ va duge goi 1a vée tad toa do ciia o dobi
v6i co 86 S. Véc to (a)g viét § dang cot dan dén ma tran [a]s = (cq, ..., ¢,)" 1a mot ma tran
cd n x 1 va dude goi 1a ma tran toa do clia a d6i véi co s6 S.
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Gié stt «, 5 ¢6 toa do trong co sé {ay, ..., q,} tuong tng 1a (c1,...,¢,) va (dy,...,d,). Khi
d6 tu tinh doc 1ap tuyén tinh cia {a4, ..., a,} suy ra rang o = 8 néu va chi néu (cy,...,¢,) =
(dv,...,dy). That vay, a — 8 khi va chi khi

Oz—B:(Cl—dl)a1+"’+(cn_dn)an:0'

Diéu nay x3dy ra néu va chi néu ¢y = dy,...,c, = d,.
Hon nita a+ 3 ¢6 toa do 1a (¢ + dy, ..., ¢, +dy,) va ka 6 toa do 1a (key, ..., ke,) trong hé co
sG (. ..y ).

e Vidu 2.13. Cho S = {z* + z + 1,22 + 2x + 1,2? + z + 2} 1& c0 s clia khong gian Py[z].
Tim véc to p(x) biét [p(x)]s = (3, —5,2)".

Loi gidi. [p(z)]s = (3,-5,2)" & p(x) = 3(2*+a+1)—5(2*+22+1)+2(2*+242) = —bx+2.
e Vidu 2.14. Cho S = {(1,1,1);(1,0,1); (1,1,0)} 1a co 6 cia R3 va x = (3,1, —2) € R3. Tim
toa do cua x trong co s S.

Loi gidi. Gid st (x)s = (21, 292,23) < (3,1, —2) = 21(1,1,1) + 22(1,0,1) + 25(1, 1,0).

ry + T2 + T3 = 3 TrK = —4
X1 + 3 = 1 & Ty 2 & (I)S = (-47 2, 5)
a + ) = -2 r3 = 5

e Vidu 2.15. Cho S ={z? + 2+ 1,2+ 1,2z + 1} 1a co sG clia P[z]. Tim toa do clia véc to
p(r) = 32? + 42 — 1 trong co sd S.

Lot gidi. Gia st (p(z))s = (a,b,¢) & 32 + 4z —1=a(z®> + x+ 1) + b(x + 1) + (22 + 1).

a = 3 a = 3
a + b + 2 = 4 &b = -9 & (pa)s=3,-905).
a + b + ¢ = -1 c = 5

2.4.2. Bai toan do6i co sé

Bay gio ta xét xem toa do cia mot véc to trong nhing co sé khac nhau c6 lién hé v6i nhau
nhu thé nao?

Gida st S ={aq,...,an} vaT ={p,..., B} 1& hai co s6 ctia khong gian véc to V. Moi véc
to (3; bicu dién tuyén tinh duge qua co 86 S, tiic 1a ¢6 cac p;; dé cho:

B1 = puog +pace+ -+ puiay,
B2 = Dio0q + Daoa + - + Ppacy,
Bn = Pin011 + PonG2 + -+ PrnnCn

Gid st o € V ¢6 toa do (ci1,...,¢,) va (dy,...,d,) tuong tng trong cac co s6 S va T'. Khi d6
ta co:

a = difr+-+dpfn=di(prioa + -+ paoy) + - F dp(Pinoa + -+ Pan)
= (plldl + -+ plndn)al + -+ (pnldl + - +pnndn)an
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Do tinh duy nhat ciia toa do ciia « trong co s6 S, ta nhan dugc

c1 = pndi +piede + -+ pindy,
ca = padi + paads + -+ pond,

(2.1)

o = i+ prads 4+

Dat P = (pij)nxn = ([B1)s[Ba]s - .- [Ba]s). Khi d6 (2.1) c6 thé viét
[a]s = P lo]r (2.2)

Ma tran P théa méan (2.2) dugc goi la ma tran chuyén cd sé tit S sang 7', thuong ky hieu

Ma tran chuyén co sé P c6 tinh chat sau:
A Dinh 1y 2.4. Néu P la ma tran chuyén co s6 tir S sang T' thi

(a) P kha dao, tic la det P # 0.
(b) P! la ma tran chuyén co s6 tir T sang S, titc la:

o)z = P~ [als

e Vi du 2.16. Trong R? cho cic co 86 S = {ay,ax}, T = {B1, B2}, trong d6 oy = (1,0), e =
(0,1), 61 = (L, 1), B2 = (2,1).
(a) Tim ma tran chuyén cc sé tit S sang 7.
(b) Tim [a]r biét a = (7,2).
Loi giads.
(a) Ta c6 bieu dién {f; = a; + ag, B2 =201 + s}, do d6 [Bi]s = (1,1)%, [Ba]s = (2, 1)L
Vay ma tran chuyén co sé tit S sang 7' 1a

[

(b) Ma tran chuyén co s6 tit T sang S 1a

Via=(7,2) = Tay + 205 nén [a]s = (7,2)"
Do d6

]I

2.5. Khoéng gian con - Hang cia mot hé véc to

alr =P els = [ 7 2]

Gia st V' 1a mot khong gian véc to. Ta quan tam dén nhiing tap con ctia V' c6 tinh chat 1a
chiing ciing lap nén nhitng khong gian véc to déi véi cac phép toan 1a thu hep clia nhitng phép
toan tuong ting trén V. Ta c6 dinh nghia sau day:
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O Dinh nghia 2.8. Tap con khac rong W C V dugce goi 1a mot khong gian véc to con cta V
néu W déng kin doi véi hai phép toan trén V, nghia 1a

a+peW, Va,5 € W,
ka e W, Vk € R,Va € W.

@ Nhan xét: Khi d6 W ciing 1a mot khong gian vée to. That vay cac tien dé (V1), (V4), (V5),
(V6), (V7), (V8) nghiem ding v6i moi phan t1t cia V' nén ciing nghiem ding véi moi phan ti
ctia W. Ta chi can kiém tra lai cac tien dé (V2), (V3) néi vé sy ton tai ctia phan tt 6 v phan
tit doi.

Vi W # () nén c6 it nhat mot phan tit a € W. Khi d6 # = 0 € WW. Phan tit € V dong
val tro phan ti 6 € W. Mat khéc, véi moi o € W ta ¢6 (—a) = (—1)a € W. D6 ciing chinh la
phan t1t ddi ctia « trong W.

e Vidu 2.17. (a) {0} v& V la hai khong gian con ctua V.

(b) Khong gian C'[a, b] cdc ham kha vi lien tuc trén [a, b] 1a mot khong gian con ctia khong
gian cac ham lién tuc C|a, b].

(¢) Goi W la tap hgp cac ham f(x) € C[0,1] ma f(0) = 1.R6 rang W khong 1a mot khong
gian con cta C[0,1] vi fi(z) =z +1 € W va fi(z) = 2> + x + 1 € W nhung fi(z) + fa(x) =
+r+2¢W.

e Vi du 2.18. Trong khong gian R*,
(a) U ={(a,b,0,0),a,b € R} la mot khong gian véc to con.
(b) V = {(a,1,2,3),a € R} khong la khong gian vecto con vi v; = (a1,1,2,3) € V va

ve = (a9, 1,2,3) € V nhung vy + vo = (a1 + ag,2,4,6) ¢ V.

e Vi du 2.19. Cho ma tran A ¢d 1a m x n, tap hop nghiém W ctia hé phuong trinh tuyén tinh
thuan nhat Az = 0 la mot khong gian véc to con clia khong gian R™.

A Dinh 1y 2.5. Néu W la mot khong gian con ctia V thi dim W < dim V. Dau "=" xay ra
khi va chi khi W =V.

Chitng minh. Vi W 1a mot khong gian con ciia V nén méi hé doc lap tuyén tinh trong W
thi ciing doc lap tuyén tinh trong V. Do d6 dimW <dimV. Dau "=" xy ra khi va chi khi méi
co s6 ctia W ciing 1a mot co s ctia V. Diéu nay tuong duong véi W = V.
2.5.1. Téng va Tong truc tiép

Gia su Wy, ..., W,, la cac khong gian con ctia V. Tap hop

Wi+ 4+ Wy ={a1+ - +aplase W,i=1,...,m}
1ap nén mot khong gian véc to con cua V.
O Dinh nghia 2.9. Khong gian véc t6 Wy + --- + W, dugc goi la tong ciia cac khong gian

Wi, ..., W, ky hieu béi 3 Wi

=1
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Mbi véc to ctia Wy + - - - + W, c¢6 thé viét dudi dang
a=a;+ -+ apy, a; € Wi

Céach viét nay néi chung khong duy nhat. Chang han néu Wi N Wy # {6}, thi mdi véc to
a € WiNWy\ {6} c6 hai biéu thi @ = a + 0 = 0 + «, trong d6 véc to thit nhat trong tong
thuoc Wi con véc to thit hai trong tong thuoc W.

O Pinh nghia 2.10. Néu moi véc to trong téng Wi + - - - + W,, déu viét dugc duy nhat dusi
dang o = o + -+ + ap, V6i ; € Wi(i = 1,...,m) thi Wy + --- + W, dugc goi la tong truc
tiép cla cac khong gian Wi, ..., W,,, va dudce ky hieu 1la W, @ --- @ W,,,.

A Dinh ly 2.6. Gid sit U va W Ia cac khong gian con ctia khong gian véc to hitu han chiéu
V. Khi dé
dimU + dimW = dim(U + W) + dim(U N W).

Chitng minh. Gid st (aq,...,q,) 1a mot co s6 cia UNW. (Neu U N W = {#} thi ta
coi 7 = 0). Ta bo sung hé nay dé c6 mot co sé (ay,...,a, B1,...,0) cia U va mot cd s6
(01, oy Qs y1,y .oy ye) cia WL

Ta sé ching t6 rang (aq, ..., q., 81, .., Bs, V1, - -+, Y) 1a mot co s6 cia U + W.

Ro6 rang (o, ..., B1,. .., Bs, V1, ---,7:) 13 mot hé sinh ctia U + W. Dé chitng minh dé 1a
hé doc lap tuyén tinh, ta xét he thic

o+ a0 + b+ b B+ e =6,

Véc to
101+ a0y + byt byBe =~ — e —
vita thuoc U, vita thuoc W néen né thuoc U N W, va do dé biéu thi tuyén tinh qua as, ..., a,:
—an — = =diog + -+ dya

Ta viét lai déng thitc nay nhu sau
dioy + -+ drap e+ oy =

Vihe (aq,...,a.,71,...,%) doc 1ap tuyén tinh, néen¢; = ... =¢ =d; =---=d, = 0. Do d6
a1+ -+ QB+ oo+ by, = 6.

He véc to (aq,...,ap, B1,...,08s) cing doc lap tuyén tinh, cho nén a; = -+ = a, = by =
- = b, = 0. Ké hgp diéu nay véi cac he thic ¢; = --- = ¢, = 0 ta suy ra hé véc to
(a1, ..., 00, B1, ..., Bs, V1, - -+, 7) doc 1ap tuyén tinh, va do d6 né 1a mot co s6 ctia U + W.
Dém s6 véc to clia cac co s6 da xay dung cho U, W, UNW,U + W, ta co:

dim(U+W)=r+s+t=(r+s)+ (r+1t)—r=dimU+dimW — dim(UNW).

v Hé qua 2.2.
dim(U & W) = dimU + dimW.
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2.5.2. Hang cua hé véc to

Trong khong gian véc to V' cho hé S = {ay,...,a;}. Ta goi mot hé con ctia S 1a doc lap
tuyén tinh cuc dai trong S néu hé dé doc lap tuyén tinh va néu them bat ki véc to ndo clia
S vao hé d6 thi ta thu duge mot hé phu thuoc tuyén tinh.

¢ Meénh dé 2.1. Hai hé con doc lap tuyén tinh cuc dai trong S ¢6 cling s6 phan tit.
Tit két qua trén dan dén dinh nghia hang ctia hé véc to.

O Dinh nghia 2.11. Hang ctia hé véc to S bang s6 véc to clia moi hé con doc lap tuyén tinh
cuc dai trong S va duge ky hieu la r(9).

2.5.3. Cach tim hang cua hé véc to

Gia st S = {aq,...,a,} 1a co s6 cta khong gian V', {S1,..., B} 14 mot he véc to ctia V.
Mai véc to B; biéu thi tuyén tinh dugc qua co s6 S, tic 1a ¢ cac g dé cho:

(B1)s = (an a2 ... &1n) ,(B2)s = (6121 az2 ... azn) vooor (Bm)s = (aml am2 .- &mn)

Dat ma tran

a1 a19 N AT

A 921 9292 Ce Aop,
= @il e =

Am1 Am2 ... Amn

Khi d6 A dugdc goi 1a ma tran ctia he {1, ..., Bn} trong co sé S. Dé don gian ta thusng chon
S 1a co s6 chinh tac ctia V.

Hién nhién ma tran ciia mot hé co s6 S trén chinh né 1a mot ma tran don vi cap n. Ta c6 két
quéa sau:

A Dinh 1y 2.7. Hang ctia hé véc to bang hang ma tran ctia hé doi véi mot co sé hitu han bat
ky.

Chiing minh. Gié sit hang ctia he S = {fy,...,6,} lar va {f1,...,5,} 1a hé con doc lap
tuyén tinh cyc dai (vi bao gio ta ciing c6 thé danh s6 lai cac véc to ctia S dé co r véc to dau la
doc lap tuyén tinh). Khi d6 cac véc to Bri1, ..., B déu la to hop tuyén tinh cta {8y, ..., 5},
tic 1a cac hang r 4+ 1,...,m cla A déu la t6 hop tuyén tinh ctia r hang dau, do dé moi dinh
thiic con cap 16n hon r ciia A déu bang 0.

Mat khac ma tran lap tit » hang dau ciia A phai c6 hang bang r vi néu khong sé c6 mot
hang 1a t6 hgp tuyén tinh ctia r — 1 hang con lai. Didu nay trai véi gia thiét {£;,..., 5} 1a hé
doc lap tuyén tinh.

Nguge lai néu r(A) = r, khong mat tinh tong quat ta c6 thé xem dinh thiic con cap r 6 goc
trén beén trai khac 0 va moi dinh thic con cap 7 + 1 bang 0. Khi d6 cac hang r +1,...,m déu
la t6 hop tuyén tinh ctia r hang dau. Vi hang thi j (j=r+1,...m) la toa do clia véc to [; nén
B; 14 t6 hop tuyén tinh ciia cdc véc to {fi, ..., B}

Mat khac {8, ..., 3.} phai doc 1ap tuyén tinh, vi néu khong sé c6 mot véc to trong no la
t6 hop tuyén tinh ctia cac véc to con lai. Nhu vay sé c¢6 mot trong r hang dau ciia A 1a t6 hop
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tuyén tinh ctia r — 1 hang con lai, trai véi gid thiét A c6 dinh thitc con cap r khac 0. Vay hang
ciia S bang r.

@ Nhan xét:
e Néu 7(A) = m thi he S doc 1ap tuyén tinh.
e Néu 7(A) < m thi he S phu thuoc tuyén tinh.

e Vi du 2.20. Tim hang ctia hé véc to: a3 = (—1,3,4);a0 = (0,2,5); 3 = (—2,4,3); 4 =
(1,—1,1) trong khong gian R3.

Loi gidi. © Cach 1. Nhan thay he {ay, as} doc 1ap tuyén tinh. That vay, tit ciaq + o = 6

ta co
—C =0
3c1 + 2¢ = 0 = ¢ =c=0.
401 + 502 = 0

Mit khac as = 20y — ap VA oy = —av; + a9 DéN v, e 1 hé con doc lap tuyén tinh cie dai,
do do6 hang ctia he bang 2.

® CaAch 2. Lap ma tran A gom cic hang 1a cic véc to clia hé. Sau d6 tinh hang clia ma tran

-1 3 4 -1 3 4 -1 3 4
A - 0 2 5 . 0 ) N 0 25
-2 4 3 0 -2 =5 0 00
1 -1 1 0 2 5 0 00

Ma tran bac thang c¢6 2 hang khéc khong, do dé r(A) = 2. Vay r(5) = 2.
e Vi du 2.21. Tim hang ctua hé véc to

S={(1,1,1,1);(1,-1,1,-1);(1,3,1,3); (1,2,0,2); (1,2,1,2)}

Loi gidi. Lap ma tran A gom céc hang 1 cac véc to ctia he. Sau d6 tinh hang ctia ma tran

A.
1 1 1 1 11 1 1 11 1 1
1 -1 1 -1 0 -2 0 =2 0 -2 0 =2
A=11 3 1 3| — |0 2 O 2| —10 0 =2 0
1 2 0 2 0 1 -1 1 0 0 0 O
1 2 1 2 0 1 0 1 0 0 0 O

Ma tran bac thang c¢6 3 hang khéc khong, do dé r(A) = 3. Vay r(5) = 3.

2.5.4. Khong gian con sinh bdi hé véc to

O Dinh nghia 2.12. Cho khong gian véc to V va S = {ay,...,a,,} C V,S # (). Tap hop tat
ci cac to hop tuyén tinh ciia cac véc to clia S dude goi la bao tuyén tinh cta S, ki hiéu la
span(.5).

span(S) = {cia1 + -+ -+ crap|c; e Rji=1,...,m}.

¢$ Meénh dé 2.2. (i) W = span(S) la mot khong gian con ctia V.
(ii) W Ia khong gian con nhé nhat ctia V' chita S.
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Chitng minh. (i) Vi 0 = 0a; + -+ + Oa,,, € W nén W # ). Mat khac 1ay hai véc to tuy §
a, B € W, khi dé

a=coy+ -+ ey, B=dor+ - +dpo,, c,dieRi=1 ..., m.
Suyraa+ = (1 +dy)ars+ -+ (cm+dn)aym € W va ka = keyag + -+ - + ke, € W Vay
W la khong gian con ctia V.

(i) Via=1l.a,Yae Snena e W,dodo SCW.
Gia stt W, 1a mot khong gian con bat ki ctia V' chita S. Khi d6 Yo € W ta déu c6 thé viét
a=co+- -+ cpan,ceRi=1,...,m.
Do ai,...,on, € Wi nén o € Wy, tic 1a W C W,. Vay W chinh 13 khong gian con nhé nhéat
chia S.
W = span(S) dugc goi la khéng gian con ctia V' sinh bdi hé hé véc to S. He véc to S

dugc goi la hé sinh ciua W.

A Dinh ly 2.8. S6 chiéu ctia khong gian span(S) 1a 7(S) va moi hé gom r(S) véc to doc lap
tuyén tinh rat ti S 1a mot co sd ciia span(S).

Chitng minh. Néu hé con S’ doc lap tuyén tinh cuc dai trong S thi moi phan ti ctia S biéu
dién tuyén tinh qua S’, do d6 moi phan t1t ctia span(S) ciing vay. N6i cach khac S’ ciing doc
lap tuyén tinh cyc dai trong span(S). Vay sb véc to clia S’ 1a 86 chiéu ctia khong gian span(S),
tiic 1a dimspan(S) = r(S). Hon nita theo dinh 1y (2.3) moi hé gom r(S) véc to doc lap tuyén
tinh rat t S 1a mot co sé cta span(S).

e Vi du 2.22. Tim co s6 va s6 chiéu khong gian con ctia R* sinh béi
S ={(1,0,0,—1),(2,1,1,0),(1,1,1,1), (1,2,3,4)}.
Lot gidi. Lap ma tran A gom cac hang 1a cac véc to clia heé.

-1 —1 —1

— =N
N~ = O
W~ = o
=~ = O

O O O =
N = = O
W= = O
Ot N DN

S O O =
OO = O
—_— O = O
_ O N

O O O =
OO = O
O = = O
S =N

Nhu vay
dim (span(S)) = r(S) =3

va mot co sG cia no 1a

{(1,0,0,-1),(0,1,1,2),(0,0,1,1)}.
e Vi du 2.23. Tim mot co s6 va sb chiéu khong gian con ctia P3[z] sinh bdi
S={2®—22° + 52— 3,22 + 32> —x +1,2° + 122% — 17z + 11}.
Lot gidi. Lap véc to toa do clia cac da thic theo co s6 {23, 22 z, 1}, ta c6

{(1,-2,5,-3),(2,3,—1,1), (1,12, —17,11)}.
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Lap ma tran A gom cac hang 1a cic véc to clia he.

1 -2 5 =3 1 -2 5 =3 1 -2 5 =3
A=12 3 -1 1|(— |0 7 —-11 7| —|0 7 =11 7
1 12 —-17 11 0 14 -22 14 0 0 0 0

Nhu vay
dim (span(S)) = r(S) =2

va mot co sé cua no 1a
{2 — 22% + 5z — 3,72° — 11z + 7}.

e Vi du 2.24. Bién luan theo m sb chiéu ctia khong gian con sinh bdi hé vécto sau trong R*:

{(1,-2,3,7),(4,2,-5,m), (2,6, —11, =14 + 2m, —3, —4,8,7 — m)}

Lot gidi. Lap ma tran A gom cac hang 1a cic véc to clia he.

1 -2 3 7 1 -2 3 7 1 -2 3 7
A 4 2 =5 m N 0 10 —-17 =-28+m N 0 10 —17 —-284m
12 6 =11 —14+2m 0 10 —17 —28+2m 0 O 0 m
-3 -4 8 7T—m 0 —10 17 28—m 0 O 0 0
Nhu vay:

- néu m = 0 thi dim (span(S)) = r(S) = 2 va mot co s6 clia n6 1a
{(1,-2,3,7), (0,10, —17, —28)}
- néu m # 0 thi dim (span(S)) = 7(S) = 3 va mot co s6 clia no 1a
{(1,-2,3,7), (0,10, =17, —28 + m), (0,0,0,m)}

e Vi du 2.25. Tim m sao cho véc to = = (2,0, 1,m) thudc vao khong gian con sinh hé vécto
S ={u=(1,-1,0,1),v = (2,0,1,0),w = (—=1,—1,—1,m)} trong R* Biéu dién z thanh t6
hop tuyén tinh ctia u, v, w trong truong hop do.

Lot giai. Ta c6 x € span(S) < Jcy, g, c3 sao cho x = cju + cav + c3w. Phuong trinh véc
to trén tuong duong véi hé
c1 + 262 — C3 =2

—C1 — C3 =0
Cy — C3 =1
C1 +mcs =m
) , _ . m 2m —1 m
Khi m # 1 hé trén c¢6 nghiém duy nhat: < ¢; = — ,Cy = ,C3 =
m—1 m—1 m—1

e Vi du 2.26. Tim mot co s6 va s chiéu ctia khong gian nghiém ctia hé:

r—y+z+2t = 0
2v+y—2z2+t = 0
—r—2y+3z+1t = 0
20 —5y+6z+7t = 0
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Léi gidi. Lap ma tran bd sung A rdi st dung céc phép bién déi so cap déi véi hang dua A
ve dang bac thang:

1 =11 2|0 1 -1 1 210
Z . 1 2 1 0 —2h1+ho—hso 0 3 _4 _3 O
-1 -2 3 1]0 oy -the—shy 0 -3 4 3|0
2 =5 6 710 hithg—hs | 0 -3 4 3|0
[1 -1 1 2 |0]
ho+hs—>hs O 3 _4 _3 O
hathasha 0O 0 0 010
|00 0 0|0
Hé ban dau tuong duong vé6i hé sau:
z =-z—t
r—y+z+2t =0 N
3y—4z—3t =0 )Y =37t
z,teR

Khi d6 khong gian nghiém

1 4 1 4
W = {(x,y,z,t) = <§z—t,§z+t,z,t)} = {(gz,gz,z,o—k(—t,t,o,t))}

14
= {(gv ga 17()) zZ+ (_171707 1)t|Z,t € R} ’

14 . 1 )
1, O) ,(—1,1,0, 1)} Dé thay 2 véc to nay doc lap tuyén tinh nén

Nhu vay W = - =
vay 5pcm{(3,3

né la mot co sG cua W va dim W = 2.
2.6. Khong gian véc to Euclid

2.6.1. Khong gian véc to Euclid

Nhic lai rang, trong hinh hoc so cap, tich vo huéng ctia hai véc to dude dinh nghia bang
tich ctia do dai hai véc to d6 va cosin clia goc xen giita chiung. D& thiy rang, ngudc lai, do dai
clia véc to v goc xen gitta hai véc to c6 thé bicu thi qua tich vo huéng. Nguoi ta nhan thay
rang, dé dua nhitng khai niem nay vio cac khong gian véc to tritu tugng, viec tryc tiép tritu
tuong hoa cac khai niem do dai ciia véc to va goc xen gitta hai véc to khé hon nhiéu so vé6i viec
tritu tuong hoa khai niem tich vo huéng. Vi thé trude hét ching ta nghién ctu khai niem tich
vo huéng, 1di stt dung né dé dinh nghia do dai clia véc to va goc xen gitta hai véc to.

O Dinh nghia 2.13. V' la mot khong gian véc to thuc, a, £ 1a hai véc to ctia V. Tich vo huéng
clia a va 3 1a mot s6 thuc, ki hieu 1a (a, 8), théa man cac tinh chat sau day duge goi 1a cac
tien dé ctia tich vo hudng:

> = <a17ﬁ>+<0527ﬁ>7
) = ko, B),

a,Bi+ Ba) = (a,Br1)+ (o, Ba),
) = ko, pB),
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(i) Tinh doi xing: («, 8) = (8, a),
(iii) Tinh xac dinh duong: (o, @) > 0, (o, ) =0 < a = 0.

O Pinh nghia 2.14. Khong gian véc to thuc V' cé trang bi mot tich vo hudng goi la khong
gian c6 tich vo huéng. Khong gian n chiéu c6 tich vo huéng goi 1a khong gian Euclid.

e Vi du 2.27. (a) Khong gian cac véc to tu do da hoc trong hinh hoc so cap 1a mot khong
gian véc to Euclid véi tich vo huéng thong thuong

(o, B) = |al|f] cos Z(a, §).

(b) Gi& stt V 1a khong gian véc to thuc n chiéu va (e, eq,. .., €,) 1a mot co s§ cia n6. Co
thé dinh nghia mot tich vo hudng tren V nhu sau. Néu o = > 2;¢;, 8 = > yie;, thi ta dit

<Oé, ﬁ> = Z T;Y;-
i=1

N6i rieng, néu V = R" va (ey, e, ...,€,) 1a co sd chinh tac ctia R™, thi tich vo huéng ctia hai
véc t6 a = (z1,...,2,), 8 = (y1,...,yn) dugc dinh nghia la

<OZ, 5> = Z TiYi-
=1

N6 dugde goi la tich vo hudng chinh tic trén R™.

Nhan xét rang theo cach nay mdi co sé ctia V' cho phép xac dinh trén V mot tich vo huéng.
Hai tich v6 huéng xac dinh bdi hai co sé khac nhau thi néi chung khac nhau.

(c) Gid st V = Cla, b] 1a khong gian cédc ham thuc lién tuc trén [a, b]. Cong thic

(f.g) = / f(@g@)dz,  f.g€ Clab.

xac dinh mot tich vo huéng trén khong gian vo han chiéu C|a, b].

Bay gio ta dinh nghia do dai ctia véc to va goc xen gitta hai véc to trong mot khong gian
véc to Euclid.

O DPinh nghia 2.15. Gia sit V' 1a mot khong gian véc to Euclid véi tich vo huéng. Khi dé, do
dai (hay chudn) ctia véc to o € V 1a s6 thuc khong am |a| = /(a, o).

Nhan xét rang, ngudc lai, tich vo huéng ciing dude hoan toan xac dinh bdi do dai véc to.
That vay

1
(o,8) = 3 {la+ B = lal? ~ 8},

Dé dinh nghia dugce géc giita hai véc to, ta can ménh dé sau day.
©® Ménh dé (Bat ding thitc Cauchy-Schwarz)

[, B)] <lalll, Ve, B eV
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Chitng minh. Néu o = 0 thi hién nhién bat dang thitc ding béi vi hai vé ctia né déu bang 0.
Xét trusng hop a # 6. Ta ¢6 (ta + B, ta+ ) > 0,Vt € R. Do d6

t*{a, a) + 2t{a, B) + (B, B) > 0,Vt € R.

Vi {a, ) > 0, nén vé trai 1a mot tam thiic bac hai déi véi t. N6 khong am v6i moi gia tri ciia
t nén

A= (o, 8)° = (a,a)(B,8) <04 (a, 8)” < (o, a)(B,8) = [{a. B)] < |af|B].

Trong R™ véi tich vo huéng chinh tic, bat dang thic trén c6 dang

|Zn:xzy@| < Zn::c? Zn:yf,vufci,yi e R.
=1 i=1

i=1

O Pinh nghia 2.16. Goc gitta hai véc to khéc khong o va § duge ky hiéu béi Z(a, 8) va duge
xac dinh duy nhat bdi diéu kien sau
(o, B)
cos Z(a, B) = ,
o[ B
0<Z(a,p) <.

Ta coi goc gitta véc ta 6 va mot véc to khac 1a khong xac dinh.

O Dinh nghia 2.17. Hai véc to «, § € V dugc goi la vuong géc (hay truc giao) véi nhau, va
duce ky hieu 1a a3, néu

(@, B) = 0.

Nhu vay, (a,8) = 0 néu va chi néu hodc la it nhat mot trong hai véc to a, 8 bang 0, hodc

$ Meénh dé 2.3. (i) [a| > 0,Va eV, |a| =0 < a = .
(i) |ka| = |k||a|,Vk € R,V € V.
(iii) (Bat dang thiic tam giac)

la+ 8| < laf + B8], Vo, € V.
Khoang cach tit véc t6 a dén véc to 3 dude dinh nghia nhu sau:
d(a, B) = |a = B.

T meénh dé (2.3) ta suy ra ham khodng cach ¢6 nhiing tinh chat co ban sau day:
(i) d(a, B) > 0,Va, B €V, d(a,p) =0 a=p.

(ii) d(o, B) = d(B, ), Ve, B € V.

(if) d(a,) < d(a, B) + d(8,7), Yo, B,7 € V.
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2.6.2. Co sd trong khong gian Euclid
O Dinh nghia 2.18. (a) Hé véc to {ey, ..., e} cta khong gian véc to Euclid V' dugce goi 1a hé

tric giao néu cac véc to ciia he doi mot vuong goc véi nhau, tic 1a (e;, e;) = 0 néu i # j.
(b) He véc to {ey, ..., e} dude goi la mot hé truc chuan néu né 1a mot hé truc giao vh moi
véc to ciia hé déu c6 do dai bang 1, tic 1a

0, mnéui # j,
<€iv€j> = { 7

1, néui=j.
{ Ménh dé 2.4. (i) Méi hé truc giao khong chita véc to § déu doc lap tuyén tinh.

(ii) Néu hé véc to {ey, ..., ey} la truc giao va khong chita véc to 6 thi he {‘6—1‘, e ‘e—k‘} 1a
€1 (%

truc chuan.
Chiing minh. (i) Gid sit {ey, ..., ex} 1a mot hé truc giao va khong chita véc to 0. Xét hé thiic
crenr + -+ cpep = 0.
Nhan vo huéng hai vé v6i e;, va st dung gia thiét e; Le; véi i # j, ta co:
0 = (creq + -+ + cpep, ex) = cr{er, ex) + - - + cxlex, ex) = crlek, ex).
Vi ey, # 0, nén (e, ex) > 0, do d6 ¢, = 0. Tu d6 ta thu duge:
cie; + -+ cp_1e-1 = 0.
Lap lai 1ap luan trén v6i £ duge thay béi £ — 1,...,1 ta thu dugc
cpo=cp=---=¢,=0.

Vay hé {ey,...,ex} doc lap tuyén tinh.
(i) Ta co

€ € 1 0, mnéui# 7,
(G G —<e@-,ej>={ 7

el Tl ~ feilles L ménil]

v Hé qua 2.3. Trong la khong gian Euclid n chiéu V, méi hé truc giao gom n véc to khac 0
déu la mot co sé cia V.

Mot co sd ciia V' dong thoi 1a mot hé truc chuan dude goi 1a mot co sd truc chuan. Dinh 1y
sau day néi len tinh pho bién clia co sé truc chuan.

A Dinh 1y 2.9. Moi khong gian véc to Euclid hitu han chiéu déu c6 co sd truc chuan.

Chitng minh. Dinh 1y dugc ching minh bang phép truc chuan héa Gram-Schmidt.

Gid st S = {ay,...,a,} 13 mot co s§ bat ky clia khong gian véc to Euclid V. Tryc chuan
héa Gram-Schmidt 1& phép dung mot co sé truc chuan {e1,...,en} cia V véi tinh chat sau:

span{ey,...,ex} = span{ay, ..., i}, k=1,2,...,n.
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[l

e k= 1: Vi S doc lap tuyén tinh nén oy # 6. Dit e; = . Hién nhién ||e;|| = 1 v&

span{ei} = span{oy }.

o k=2:Xét &y = ap — {a, e1)e;. Ta co €y # 0 (vi néu €, = 0 thi ay = kay, diéu nay trai
véi gia thiét S doc lap tuyén tinh.)
€2

Dat e, = Tl Khi d6 he {ej,ep} truc chuan va span{e;,es} = span{e;, &3} =
€2
span{aq, ag}.
e Gia sit da xay dung duge he tryc chuan {ey,..., e, 1} sao cho

span{ey,...,e;} = span{aq, ..., a;}, i=1,2,...,k—1.

Tiép theo ta tim e; dudi dang

k-1
o= — > _( e)e;
i=1
Ta cling c6 e # 6 (vi néu e; = 6 thi ay 1 to hop tuyén tinh clia ey, ..., e,_1, do d6 1a to
hgp tuyén tinh clia oy, ..., a1, dieu nay mau thuan véi gia thiét S doc lap). Hon nita
lenVi=1,.. k-1
k—1
_ QO — Z<aka€i>ei
< €k i=1
AR = R '
(% —
o = 3 (e, €)eil|
i=1
Khi d6 he {ei,...,ex} truc chuan va span{ei,...,ex} = span{ei,..., 65} =
span{aq,, ..., ag}.

e Vi du 2.28. Trong khong gian Euclid R? cho hé

{a; = (1,1,1), 00 = (—1,1,1), a3 = (1,2, 1).
Hay truc chuan héa Gram-Schmidt hé véc to tren.
Lot giaz.

111
e Bude 1: Dt ¢, = —21_ (___).

)
5
5

lloall

1 1 1 1 4 2 2
[ ] Bu’éc 2: G_QZCEQ— <CK2,€1>€1 = (—1,1,1) — %(—3,—3,—3) = (—5,5,5)

Va 2 ( 2 1 1)
ay ea = = -——,—= —=

4
e Bude 3: &5 = az — (as,e1)e; — {as,ea)es = (1,2,1) — —3(

2 1 1 ) B (O 1 _1)
\/67 \/67\/6 727 2 *
es 1 1
Vay e3 = —— = (O,—,——).
P el V2 V2
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Khi d6 {e;, ez, e3} 1 hé tryc chuan hoéa ciia he {ay, o, as}.
A Dinh 1y 2.10. Cho V' Ia khong gian Euclid n chiéu. Néu S = {a, ..., a,} 1a mot co sé tric
chuan thi véi moi B € V ta c6
B ={(B,a1)a1 + (B, )z + - - + (B, an)ay.
e Vi du 2.29. Trong khong gian Euclid R? cho hé
S = {a1 =(0,1,0), a2 = (— %,o,g),ag = (%,0,%)}.

Hay biéu thi tuyén tinh véc to 8 = (1,1,1) qua S.

Loi gidi. Dé thay rang S 1a mot hé truc chuan trong R? nén né 1a mot co sé truc chuan
ctia R3. Vay theo dinh 1y trén thi

1

B =(B,ar)a1 + (B, ) + (B, az)as = ay — 5 + gag-

2.6.3. Hinh chiéu ctia mét véc td 1én mot khong gian con

Trude hét ta chiing minh dinh 1y sau
A Dinh 1y 2.11. Gid st V' 1a mot khong gian véc to c¢6 tich vo hudng, S = {aq,...,an} la
mot hé tric chuan trong V., W la khong gian con sinh bdi S va o € V. Dit

B = (a,ar)an + (@, ) + -+ + (@, Qi) Bo = — B

Khi do

(i) By € W = span(S).

(ii) By truc giao véi W, tic la By Loy, Yi=1,...,m.
Chatng minh. (i) hién nhién do biéu thic ctia 8;. Ta chi can chitng minh (ii).

D& thay (8s, i) = (a— 1, i) = (a, ;) — (B1, ;) = (v, ) — (@, ) = 0, do d6 Bo Loy, Vi =
1,....m
O Dinh nghia 2.19. Ta goi 3; 1& hinh chiéu tryc giao ctia a léen W, ky hiéu 1a hchy,or, con B,
1a thanh phan ctia « tryc giao véi W.

e Vi du 2.30. Trong khong gian Euclid R3 cho W 1a khong gian con sinh bdi he

4 3
S = {0[1:(0,1,0),&2: (_5’0’5)}

Tim hinh chiéu truc giao ctia v = (1,1,1) len W.

L&i gidi. Dé thay S 1a hé truc chuan trong R?, do dé hinh chiéu tryc giao cia o len W 13

4 3
hehpo = (o, ar)ar + (@, ag)an = (%’ L, _2_5)-

Thanh phan cia o tryc giao véi W la

4 3 21 28

a = hehwa = (1,1,1) = (55,1, ~35) = (55,0, 58)-
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1. Ky hieu M(m x n,R) la tap hop tat ca cdc ma tran m hang, n cot véi cdc phan tit thuc.
Chiing t6 rang tap hop M(m x n,R) cing v6i hai phép todn cong ma tran va phép nhan
ma tran v6i mot s6 thuc 1ap nén mot khong gian véc to.

2. Xét tap hop W = {(z,y) € R? . xy > 0} (tap hop cac diém thudc goc phan tu thit nhat
va thit ba trong mit phing Oxy) ciing véi hai phép toan dinh nghia nhu trong Vi du 3.2.
Hay chi ra rang W khong phéai 13 mot khong gian véc to.

3. Hay biéu dién véc to = thanh to hgp tuyén tinh cia u, v, w vé6i
(a) x = (7,-2,15); u = (2,3,5); v = (3,7,8);w = (1, —6,1).

)z =(1,4,~7,7): u=(4,1,3,—2)w = (1,2, -3,2):w = (16,9,1, -3).
(BS: (a) z = (11 = 5t)u — (5 — 3t)v + tw, t € R; (b) v = 3u+ 5v — w).

4. Hay xac dinh A sao cho x 1a td hop tuyén tinh ctia u, v, w
(a) u=(2,3,5);v=(3,7,8);w=(1,—6,1);x = (7,—2, \).
(b) u=(4,4,3);v = (7,2,1);w = (4,1,6);2 = (5,9, \).

(c) u=(3,4,2);v=(6,8,7);x = (9,12, \).
(d) u=(3,2,5);v =(2,4,7);w = (5,6,\); = = (1,3,5).
(DS: (a) A = 15; (b) A bat ki; (c¢) A bat ki; (d) A # 12).

5. Hay biéu dién cac da thiic sau thanh t6 hgp tuyén tinh ctia p;(z) = 2 + z + 422, po(x) =
1 —x — 322, p3(x) = 3+ 2z + Hz*:

(a) 5+ 9z + 52,

(b) 2 + 622,

()0

(d) 2+ 2z + 32°.

(

11 1 13

DS: (a) —12p; —po+1—ps, (b) 4p1 — 2ps, (c) Opy + 0p2 + Ops, (d) —gpl - §p2+§p3)-

6. Moi ho véc to duéi day c6 sinh ra R? khong?
(a) v1 = (1,1,1); v = (2,2,0); v3 = (3,0,0).
(b) v1 = (2,—1,3); U2:(4,1,2); vg = (8,—1,8).
(¢) vy = (3,1,4); va = (2,-3,5); v3 = (5,—2,9); vy = (1,4, —1).
( (1,3
(

d) v, 13): vs = (1,3,4); vg = (1,4,3); vg = (6,2, 1).
DS: (a) c6; (b) khong7 (¢) khong; (d) c6)

7. Héi ho cac da thic dudi day c6 sinh ra Ps[z] khong?
pi(r) =1+ 28 — 22, po(x) =3+ 2%, p3(w) =5+ 4o — 2%, py(z) = =2+ 22 — 227

(DS: khong).
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10.

11.

12.

Cac tap hop sau day 1a ho véc to doc lap tuyén tinh hay phu thudc tuyén tinh?
(a) up = (1,2), ug = (=3, —6) trong R

(b) uy = (2,3), uy = (—5,8), uz = (6,1) trong R

(c) pi(x) = 2+ 3z — 22, pa(x) = 6 + 9z — 322 trong Polz].

(d) A= [; g], B = [:; _03} trong M.

(DS: (a) ug = —3uy; (b) phu thuoc; (c) po = —3py; (d) B = —A).

Cac tap hop duéi day 1a ho véc to doc lap tuyén tinh hay phu thuoc tuyén tinh?
) (1, ) (3,6,7) trong R3.

b) (4,—2,6); (6,—3,9) trong R3.

C) (27 ) ( 17 5>a (17 _47 3) trong R3-

e) (4,-5,2,6); (2,-2,1,3); (6,-3,3,9); (4,—1,5,6) trong R%.

) (
g) (1,0,0,2,5): (0,1,0,3,4); (0,0,1,4,7); (2,—3,4,11,12) trong R.

(a
(
(
(d) (5,4,3); (3,3,2); (8,1,3) trong R3.
(
(
(DS: (a) doc lap; (b) phu thudce; (c) doc lap; (d) phu thuoc; (e) phu thude; (g) doc lap).

He nao trong Py[x] dudi day 14 hé phu thudc tuyén tinh?

(a) 2 — z + 42% 3+ 6x + 22%; 1 + 10z — 422
(b) 3+ z + 2?%; 2 — x + bx?; 4 — 322,
(c) 6 — x%; 1+ x + 422
(d) 1+ 3z + 32% = + 42% 5 + 6z + 322; 7+ 22 — 2°.
(DS: (a) doc lap; (b) doc lap; (c) doc lap; (d) phu thuoc).
Tim A € R lam cho cac véc to sau day phu thudc tuyén tinh trong R3:
1 1 1 1 1 1
=\ —=,—=);va=(—=, A, —=);u3 = (—=,—=, A).
0 (7 9’ 2),7)2 ( 977 2),7]3 ( 97 9’ )

(DS: A = —%;)\ =1).

Hay giai thich tai sao cac hé véc to sau khong phai la co s6 ctia khong gian tuong ting:
(a) up = (1,2); ug = (0,3); uz = (2,7) trong R

(b) uy = (—1,3,2); ug = (6,1,1) trong R3.

(c) pi(z) = 1+ x + 2% pa(x) = x — 1 trong Py[z].

11 6 0 3 0 5 1 71
(d)A:[2 3];32{_1 ZJ;C’:L 7};D:{4 2};E:{2 9] trong M.
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13.

14.

15.

16.

17.

18.

He véc to nao dudi day 1a mot co sé trong R3?

(a) (1,0,0); (2,2,0); (3,3,3).
)(3,1, ) (2,5 6) (1,4,8).

(b
DL od 20 1 (105
(

DS: (a) va (b)).

Hé véc to nao dudi day 1a mot co sé trong Po[z]?

(a) 1 — 3z +22% 1+ x +42% 1 — Ta.

(b) 4 + 6z + x%; —1+4x—|—2m,5+2x—x2.
(c) 1 +x+ 2% x + 2% 2?

(d) —4 + x + 32%; 6+5x+2x 8 +4dx + 22
(

DS: (c) va (d)).

Hay tim ma tran toa do va véc to toa do ctia w ddi véi co s S = {uy, us, uz} trong do
(a) w=1(2,—-1,3), uy = (1,0,0), us = (2,2,0), ug = (3,3, 3).

(b) w=(5,-12,3), w1 = (1,2,3), us = (—4,5,6), uz = (7, —8,9).

DS: (a) (w)s = (3, ~2,1); (b) (w)s = (~2,0,1)

Trong R? cho hai co s6 B = {uy,us} va B’ = {vy, v} trong d6 uy = (2,2), us = (4, —1),
v = (1,3), vo = (—1,-1).

(a) Tim ma tran chuyén co sd tit B sang B’

(b) Tinh ma tran toa do [w]p trong d6 w = (3, —5) roi tinh [w]p.

(c) Tinh tryc tiép [w]p va kiém tra lai két qua trén.

s @) [2)9 s 0wl = 175,85 e = (4,271

Trong R3 cho hai co 86 B = {uy, us,us} va B’ = {vy, v, v3} trong d6 u; = (—3,0, —3),
Uz = (_37 2’ 1)7“'3 = (1767 _1)> v = (_67 _670)> Vg = (_27 _674)> U3 = (_27 _377)

(a) Tim ma tran chuyén co sd tit B’ sang B.
(b) Tinh ma tran toa do [w]p trong d6 w = (—5,8, —5) roi tinh [w]p.

(c) Tinh tryc tiép [w]p va kiém tra lai két qua trén.

3/4  2/3  1/12
DS: (a)|—3/4 —3/2 —17/12];
0 1 2/3
(b) [w]s = (32/21,4/7,8/7)", [w]p = (19/12, —43/12,4/3)".

Trong P;[z] cho hai co s6 B = {p1,pa} v& B = {q1, ¢} v6i p1 = 6 + 3x,p2 = 10 + 2z,
g1 =2,q2 = 3+ 2.

(a) Tim ma tran chuyén co sd tit B’ sang B.

(b) Tinh ma tran toa do [p]p v6i p = —4 + x 1061 suy ra [p|p.

(c) Tinh tryc tiép [p]p va kiém tra lai két qua trén.
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19.

20.

21.

22.

23.

(d) Tim ma tran chuyén co sé tit B sang B’

3/4 =T7/2 _ ' _ . -2/9 7/9
ps: (@) |3, 1/ [ 00 e = (-0t b = craa2ys @ |50
Hoi tap nao dudi day la khong gian con ctia R3:

) Céac véc to dang (a,0,0).
) Céc véc to c6 dang (a,1,1).
) Céc véc to ¢6 dang (a,b,c) v6i b= a+c.

d) Cac véc to ¢6 dang (a,b,c) v6ib=a+ c+ 1.
+ (a) va (b)).

Goi My 1a tap cac ma tran vuong cap hai véi phép cong ma tran va nhan ma tran véi

(a
(b
(c
(
(DS

mot s6 thie thong thuong. Héi tap nao dudi day 1a khong gian con ctia Mo:

b] trong do6 a, b, c la nguyeén.

(a) Cac ma tran c6 dang [CCL d

(b) Céc ma tran c6 dang [CCL 2] trong d6 a +d = 0.

(c) Cac ma tran cap hai sao cho A* = A.

(d) Cac ma tran cap hai sao cho det(A) = 0.

(DS: (b) va (c)).

Ho6i tap nao dudi day la khong gian con cia C[0, 1]:
(a) Cac f € C[0,1] sao cho f(x) <0,Vx € [0,1].

(b) Cac f € C0,1] sao cho f(0) =

(c) Céac f € C10,1] sao cho f(0) =

(d) Cac f € C[0,1] sao cho f(x) = const.

(e) Cac f € C[0,1] ¢6 dang ky + ko sinx, trong d6 ki, ko 1a cac s6 thuc.
(DS: (b), (d) va (e) ).

Ho6i tap nao dudi day phéai la khong gian con ctia P[x]:

(a) Céc da thitc ag + ayx + asx? + azx® trong d6 ag = 0.

(b) Céc da thiic ag + a1r + asz? + azx® trong d6 ag + a; + as + az = 0.

(c) Cac da thiic ag + a1x + asz?® + azz® trong d6 ag, ay, az 1a cac s6 nguyen.
(DS

+ (a) va (b)).

X4c dinh s6 chiéu va co sé clia khong gian nghiém ctia cac hé sau:

2x x r3 =
1+2+33 0 3ZE1+ZE2+3ZE3+ZE4:O
(a) ¢ =1 + 2z =0 (b)
5ZE1—$2+ZL‘3—I4:O
To + T3 = 0
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3[L‘1 + X9 + 21‘3 = 0 T - 31’2 + T3 =0
(c) ¢ 4z + bxy3 = 0 (d) ¢ 22y — 629 + 223 = 0
r1 — 3x9 + 4dx3 = 0 3r17 — 929 + 323 = 0
201 — 4z + 3 + 14 = 0 r + vy + z =0
r1 — Sx9 + 213 =0 3r + 2y — z =0
(e) — 2r9 — 223 — x4 = 0 (g 2z — 4y + 2z =0
r1 + 319 + x4 = 0 4 4+ 8y — 3z 0
Ty — 219 — x3 + x4 = 0 2c + y — 2z =0

DS: (a) W = {0}: (b) W — t(—i,—}l,m) +5(0,-1,0,1); () W = {0}: (d) W —

£(3,1,0) + s(=1,0,1); (e) W ={0}; (g) W ={0})

24. Tim mot co sd va s chiéu ciia khong gian con clia R?* sinh béi cac véc to sau:
(a) (1,1,—4, —3)' (2,0,2,-2); (2,-1,3,2).
(b) (—1,1,-2,0); (3,3,6,0); (9,0,0,3).

(c) (1,1,0, O) (0,0,1,1); (-=2,0,2,2); (0,-3,0,3).

(d) (1,0,1,-2); (1,1,3,-2); (2,1,5,—1); (1,—1,1,4).

DTN 1 ,
DS: (a) S6 chiéu bang 3 va (1,1, -4, -3); (0,1, -5,-2); (0,0, 1, —5) la mot co sé.

(b) S6 chiéu bang 3 va (1,—1,2,0); (0,1,0,0); (0,0,1, —%) 1a mot co s6.
(c) Sb chieu bang 4 va (1,1,0,0); (0,1,1,1); (0,0,1,1); (0,0,0,1) 1a mot co sé.
(d) S6 chidu biing 3 va (1,0,1,-2); (0,1,2,0); (0,0,1,3) 1a mot co s6.
25. Tim co s6 va s6 chiéu khong gian con ctia Ps[z] sinh béi
(a) —2® +22% — 5z + 3; 223 + 322 — 2 + 1; 32° + 1522 — 18z + 12;
(b) 2® — 22 +4x + 1; 223 — 322 + 92— 1; 23 + 62 —5; 223 — 522 + 7w + 5
DS:
(a) S6 chiéu bang 2 va —z® + 222 — bo + 3; 722 — 11z 4+ T;
(b) S6 chiéu bang 2 va x* — 2z% + 4z + 1; 22+ — 3.

26. Cho p(x),q(z) € Plz]:
p(x) = ap + ayx + axx®,  q(x) = by + by + by,

(a) Chitng minh rang biéu thic (p, q) := agby + a1b; + azby 13 mot tich vo hudng trong
P2 [.1']

(b) Ap dung dé tinh tich vo huéng ctia p(x) = —1 + 2z + 22, q(z) = 2 — 422,
(c) Kiém tra lai bat dang thitc C-S.

27. Cho f = f(x),g9 = g(z) € P[z]: (a) Chting minh ring biéu thiic 13 mot tich vo hudéng

trong Pyx]. 1
(f.g) = / f(2)g(z)dz
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28.

29.

30.

31.

32.

33.

(b) Ap dung dé tinh tich vo huéng ctia f = 1 —z+22+52%, g = z—32> va f = x—5a’, g =
2 + 8x2.

(DS: (b) —28/15; —68/3)

Cho hai ma tran trong May:
{Ul U21 {01 'UQ:|
u= ., U= )
U3 Uy V3 U4
(a) Chitng minh réng biéu thitc (u, v) := vy + usvs + uzvs + usvy 12 Mot tich vo huéng.

(b) Ap dung dé tinh tich vo huéng ciia

L[t o
6 1| 13 3

(¢) Kiém tra lai bat dang thitc C-S.
Xét u = (ug, ug,us), v = (v1,v9,v3) € R3. Héi biéu thiic nao dudi day co thé la mot tich
vo huéng trong R3, néu khong duge thi néu 1i do:
a) (u,v) := ujvy + uzvs,
b) (u,v) := uv? + udvs + uiv3,
¢) (u,v) 1= 2uqvy + ugvy + 4ugvs,

) (u,v) == ugv1 — ugvy + uzvs,

A~ N N /N /S /N
o,

DS: (a) Khong vi tién dé 5 khong thoa man; (b) Khong vi tién dé 3 khong thoa man;
¢) Co; (d) Khong vi tien dé 5 khong thda man).

V6i tich vo huéng Euclid trong R?, hay xac dinh k dé u, v truc giao
(a) u=1(2,1,3); v =(1,7,k), (b) u = (k, k,1); v=(k,5,6).
(DS: (a) k= —3; (b) k= -2,k = —-3).

Vi tich vo hudng trong Py[x] & bai tap (26) ching minh ring p = 1—z+22? va ¢ = 2x+12?
tryuc giao.

V6i tich vo huéng Euclid trong R*, hay tim hai véc to ¢6 chuan bing 1 va truc giao véi
cac véc to sau

u=(2,1,-4,0); v=(-1,-1,2,2); w=(3,25,4).

(DS: £

1
(34,44, 6, 11)).

1 1 2 3
Chor=(—4,——F%)vay=(—, —).
(Z - =75 7o)
Chiing minh réng x va y tryc chuan trong R? theo tich vo huéng (u, v) := 3u vy + 2uyvs,
nhung khong trite chuan theo tich vo hudng Euclid (u, v) := uv; + ugvs.
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34.

35.

36.

37.

38.

39.

Chiing minh rang:
up = (1,0,0,1);us = (—1,0,2,1);u3 = (2,3,2, —2);u3 = (—1,2,—1,1).
1a mot ho truc giao trong R* déi véi tich vo huéng Euclid.
Trong R? c6 tich vo huéng Euclid. Hay 4p dung qua trinh Gram - Schmidt dé bién co sé

{uy, us} dudi day thanh co sé trye chuan

(a) up = (1,-3); v =(2,2) (b) uy = (1,0); us = (3, —5).

=) () () (LOK0.D).

Trong R? xét tich vo huéng Euclid. Hay ap dung qué trinh Gram - Schmidt dé bién co
s6 {uy, up, u3} dusi day thanh co sé tryc chuan

(a) up = (1,1,1); ug = (—1,1,0); ug = (1,2, 1).

(b) u=(1,0,0); ug = (3,7,—2); ug = (0,4, 1).

DS: (a) (

1 1 1 1 1 1 1 2
PS ) <7’7’7>’ VR VNI
(b) (1,0,0); (O, \/_ \/2_) (0,30/11925, \/W)

Trong R? xét tich vo huéng Euclid. Hay tim mot co sé truc chuan trong khong gian con
sinh bdi he véc to {(0,1,2); (—1,0,1)}.

1 2 ) (— Vb2 1 )
) \/37 \/g ) \/67 /—307 /—30 .
Trong R3 xét tich vo huéng (u,v) := w101 + 2ugvy + 3uzvs. Hay ap dung quéa trinh Gram
- Schmidt dé bién hé véc to:

DS: (0

up = (1,1,1); wy=(1,1,0); wuz=(1,0,0)

thanh mot hé trye chuan.
1 1 1, ,1 1 1 2 1

ww v e e e e

Trong Ps[z] xét tich vo hudng

DS: (

1

@ﬂ%z/f@h@ﬂx

-1

Hay ap dung qua trinh Gram-Schmidt dé bién co s§ chinh tac {1, z, 2%} thanh mot co s&
truc chuan.
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40. Hay tim ma tran toa do va véc to toa do ciia w ddi v6i co 86 S = {uy, us, uz} trong do6
(a) w=(2,—1,3), uy = (1,0,0), us = (2,2,0), ug = (3,3, 3).
(b) w = (5,-12,3), u; = (1,2,3), uy = (—4,5,6), uz = (7, —8,9).
DS: (a) (w)s = (3,-2,1); (b) (w)s = (=2,0,1).

41. Trong R? va R? xét tich vo huéng Euclid va mot co sé truc chuan. Hay tim véc to toa do
va ma tran toa do cia w.

1 1 1 1
a :3777 = \T7= " =) = \—F= =)
(a) w=(3,7), wy (\/§ \/5) Uz ( 5 \/5)
2 21 21 2 2
(b) w = <_1707 2)7 Uy = (57 _57 5)7 Ug = (57 57 _5)7 Uz = (57 o) g)
DS: (a) (w)s = (—2v/2,5v2); (b) (w)s = (0, —2,1).
2 ar s 1 1 . 3 4 4 3
42. Trong R* xét tich vo huéng Euclid va hé S = {wy, we} v6i wy = R e Gk

(a) Chitng minh S 14 mot co sé tryc chuan ciia R2.

(b) Cho u va v 1a cac véc to ctia R? véi (u), = (1,1), (v)s = (—1,4). Tinh ||u]|, d(u,v) va
(u,v).

(c) Tim w, v 16i tinh ||ul|, d(u,v) va (u,v) mot cach tryc tiép.

DS: ||u|| = V2, d(u,v) = V13, (u,v) = 3.
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3.1. Cac khai niém co ban

3.1.1. Dinh nghia anh xa tuyén tinh
O Dinh nghia 3.1. Cho V, W la cac khong gian véc t6. Anh xa f: V — W dugc goi 13 mot
anh xa tuyén tinh néu véi Vo, 8 € V,Vk € R:

fla+p) = fla)+ f(P),
flka) = kf(a).

Anh xa tuyén tinh ciing dude goi 1a ddng cAu tuyén tinh. Truong hop V = W, anh xa f
dude goi 1a toan tit tuyén tinh.

Tap hop cac 4nh xa tuyén tinh tir khong gian V' vao khong gian W duge ky hieu 1a L(V, W).
@® Nhan xét: Hai diéu kién trong dinh nghia 4nh xa tuyén tinh tuong duong véi diéu kien

sau:
flka + hB) = kf(a) + hf(B) véiVa,B € V,Vk, h € R.

e Vidu 3.1. Gid st V vd W 1a hai khong gian véc to. Anh xa T': V — W xéc dinh béi
T(a)=6, VYaelV,
14 mot anh xa tuyén tinh.

e Vi du 3.2. V la mot khong gian véc to, W 1a khong gian con ciia V. Anh xa f: W — V
xac dinh bdi
T(a)=a, YaeW,

14 mot anh xa tuyén tinh.
e Vi du 3.3. Cho anh xa f : R* — R? xac dinh béi

f(x1, z9,x3) = (23 + 321, 229 — x3).
Khi d6 f 1a anh xa tuyén tinh.

O Dinh nghia 3.2. Cho f: V — W la anh xa tuyén tinh. Néu f 1a don anh, toan anh, song
anh thi f tuong tng dudc goi la don cau, toan cau, déng cau.
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3.1.2. Tinh chéat

Gia st f : V — W la mot anh xa tuyén tinh. Khi dé cic tinh chat sau day ctia anh xa
tuyén tinh dugc suy ngay ti dinh nghia.

1. f(9) =0.
That vay, f(0) = f(8 +6) = f(0) + f(#). Theo luat gian udc, f(0) = 0.
2. f(—a)=—f(a),Ya e V.
That vay, f(a) + f(~a) = f(a+ (~a)) = f(8) = 0. Do d6, f(~a) = —f(a).
3. flaroq + -+ apayn) = arf(aq) + -+ anflay),Vay, ...,a, € R Vayq,...,a, € V.
(dang thitc nay c6 thé duge chitng minh bang quy nap)
A Dinh ly 3.1. [C4ch xdc dinh anh xa tuyén tinh] Gid sit {aq, ..., a,} 1a mot co s6 cia V,
con Bi,...,Bn la cac véc to bat ky ciia W. Khi dé ton tai duy nhat mot anh xa tuyén tinh
f:V — W sao cho f(ay) =6;, (i=1,...,n).
Chitng minh.
® Su ton tai: Néu o = ciaq + - - - + ¢, thi ta diit
fla) =c1fi+ -+ cpfbn
Dé dang chitng minh f: V — W la anh xa tuyén tinh va 16 rang f(o;) = 3;,Vi=1,...,n.
® Sy duy nhat: Néu f va g la cac 4nh xa tuyén tinh tit V vao W véi f(a;) = g(ow) = B

(1=1,...,n), thi v6i moi a = c;aq + -+ - + ¢, ta cd
fla) = f(z i) = Zcif(ai) = Z cig(ai) = Q(Z cioy) = g(a).
i=1 i=1 i=1 i=1

Nhu vay anh xa tuyén tinh tit V vao W dudce xac dinh hoan toan néu biét duge anh cta
mot co sé cia V.
e Vi du 3.4. Cho énh xa tuyén timh f: R — R, biét f(1,1,0) = (2, 1), f(1,1,1) = (1,2),
£(1,0,1) = (=1, 1).

(a) Tim f(3,5,1).

(b) Tim f(x).

Loi gidi. (a) Gida st (3,5,1) = ¢1(1,1,0) + ¢2(1,1,1) + ¢3(1,0,1)

a6 + ¢ + ¢z = 3 cq = 2
<~ c1 + ¢ = 5 & c = 3
Co + c3 = 1 c3 = — 2

Suy ra
f(37 57 1) = le(la 17 0) + CZf(la 17 1) + CSf(la 07 1) = 2(2’ _1) + 3(17 2) - 2(_17 1) = (97 2)
(b) Gia stt x = (z1, 22, 23) = ¢1(1,1,0) + e2(1,1,1) 4+ ¢3(1,0, 1)

¢+ ¢ + ¢35 = 1 c = T1 — T3
~ cT + co = Ty <= Cg = —X1+ X9+ 23
cg + €3 = X3 C3 = 1 — X2

Suy ra
f(x) = f(x1,29,23) = 1 f(1,1,0) + o f(1,1,1) + ¢3f(1,0,1) = (225 — 23, =271 + 22 + 323).
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3.2. Nhan va anh ctia anh xa tuyén tinh
Cho anh xa tuyén tinh f:V — W.

e Nhan ctia anh xa f 1a tap hop tat ci cac véc to z € V sao cho f(z) = 6 va dugc ky
hiéu béi Kerf.
Kerf={z e V|f(z) =0}.

e Anh ctia 4nh xa f 1a tap hop tat ci céc véc to y € W sao cho ton tai véc to z € V dé
y = f(x) va dugc ky hiéu béi Imf.

Imf={yeW|FzeV y=f(x)}.

=

Hinh 3.1 Anh va Nhan ciia 4nh xa tuyén tinh

A Dinh ly 3.2. Cho 4nh xa tuyén tinh f : V — W
(a) Kerf la khong gian con ctia V.
(b) Imf la khong gian con ctiia W.
(c¢) dim Kerf 4+ dim Imf = dimV'.

Chitng minh. Ta chi can chiing minh (c)

Gia st dim Kerf = m. Khi d6 ton tai co s6 E = {e;,...,e,} cta Kerf. Bo sung vio E
dé dugc mot co 86 cia V 1a By = {e1,...,€em,v1,...,0,}. Ta s& ching t6 co s6 ctia Imf 1a
By = {f(n),. ., f(va)}.

Truéec hét Fy 1a tap sinh cia Imf. That vay y € Imf & Fz € V :y = f(z) & y =
flaer+- - +cpem +divr + -+ dyvy) = cif(er) + -+ emflem) Hdif(vr) +- - +dnf(vn) =
Qi f(0r) + -+ du f(v0).

Xét he thic ¢y f(v1)+cof(va)+- - Fenf(v,) =0 & f(avi+---+ev,) =0 & o+ -+, €
Kerf.

Do E la co sé cuia Kerf nén civy + -+ -+ cuv, = dieg + - -+ dpen, & cv1 + -+ -+ cpu, — dieg —
i —dpem=0=c,=cp=---=c¢, =0 (do E; 1a co s8). Suy ra E, doc lap tuyén tinh.

Vay Es la co s6 cua Imf.

Dé thay dim Imf = n,dim Kerf = m = dim Imf + dim Kerf =m +n = dimV.
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O Dinh nghia 3.3. Cho anh xa tuyén tinh f : V — W. S6 chiéu ctia Imf dudc goi 1a hang
cia f, ky hiéu béi r(f).
Meénh dé dudi day gitap ta dé dang tim dugc s6 chiéu va co sd ctia khong gian Imf.
¢$ Ménh dé 3.1. Anh ctia 4nh xa tuyén tinh Ia khong gian con dugc sinh ra bdi 4nh clia mot
tap sinh cia V.
Chitng minh. Gié st tap sinh cia V 1a E = {ej, ey, ..., ¢,}. Khi do6
yelmfedreV iy=f(z)=f(ries+ -+ wpen) =1 f(er) + - +x,f(en).

Vay Imf = span{f(e1), f(e2),. .., flen)}-
@® Nhan xét: T meénh dé trén ta c6 thuat toan tim anh ctia anh xa tuyén tinh f.
(1) Chon mot co sé cua V' 1a E ={ey,...,e,}.
(2) Tim f(e1), ..., f(en).
(3) Imf = span{f(e1), .., flea)}
® Cha y:
- Con c6 nhiéu cach giai khac.
- Ty theo dé bai ma ta chon co sé phit hgp dé viec tim anh ciia co s6 d6 duge nhanh.
e Vi du 3.5. Cho anh xa tuyén tinh f:R3? — R3, x4c dinh bdi

f($1,$2, Ig) = (331 -+ To9 — I3, 2.1'1 + 3%2 — I3, 3.131 + 5.132 — I3).

(1) Tim co s6 va s chiéu cta Kerf.

(2) Tim co s6 va s6 chiéu ctia Imf.

Loi gidi.
(1) Vo = (I17$2,l‘3) € Kerf Al f(l‘) =0

4 ($1 + x9 — x3, 221 + 329 — 3,371 + DTy — x'g) = (O, 0, 0)

ry + X9 — T3 = 0 rp = 21‘3
=4 201 + 319 — 23 = 0 & To = —T3 < IT = 5133(2, —1, 1)
3r1 + dry — Trs = 0 T3 € R

Vay E = {(2,—1,1)} la tap sinh va cting la co s ciia Kerf, dim Kerf = 1.
(2) Chon co s6 chinh tdc ctia R® 1a E = {(1,0,0),(0,1,0), (0,0,1)}. Anh clia 4nh xa tuyén
tinh 1a khong gian con dugc sinh bdi &nh ctia mot co s6 (tap sinh) ctia R3; tiic la:

Imf = span{f(1,0,0), f(0,1,0), £(0,0,1)} = span{(1,2,3),(1,3,5),(—1,—1,—1)}.
Lap ma tran, ding bién déi so cap déi véi hang dé dua vé dang bac thang:
1 2 3 1 2 3 1 2 3
1 3 5 — |01 2] — |0 1 2
-1 -1 -1 01 2 0 0O

Két luan: dim Imf = 2, co s6 {(1,1,1),(0,1,2)}.



3.3. Ma tran ciia dnh za tuyén tinh 71

e Vi du 3.6. Cho anh xa tuyén tinh f: R? — R3, biét
FL,1,1) = (1,2,1), £(1,1,2) = (2,1, -1), £(1,2,1) = (5,4, —1).
(1) Tim co s6 va so6 chiéu cta Kerf.
(2) Tim co s6 va so6 chiéu ctia Imf.
Lo gidi.
(1) Cach 1: Vo = (21, 79,73) ER3 :x = ¢ (1,1,1) + ¢2(1,1,2) + ¢3(1,2,1)

cT + ¢ + ¢33 = 1 1 = 3331 — X9 — I3
~ cpt + ¢ + 2c3 = 19 & Co = T3 — T1
c + 2.732 + 3 = I3 C3 —= To — X1

= f(z) = (—4x1 + dxo + 3, 11 + 229 — 3,521 — 229 — 223).
Ve e Kerf < f(x) =0 v = (222, 12, 429) = 22(2,1,4).

Co s6 ctia Kerf la {(2,1,4)}, dim Kerf = 1.
Cach 2: Chon cos6 F = {(1,1,1),(1,1,2),(1,2,1)}. Gid st (z)p = (21, 22, x3).
Khi d6 = x1(1,1,1) + 22(1,1,2) + x3(1,2,1) Suy ra

f(l') = mlf(la 17 1) + :EZf(l? 17 2) + x3f<1a 27 1) = (1"1 + 2372 + 55173, 2xl + X2 + 45537 X1 — T2 — 1’3).

Giai he thuan nhat f(z) = 6 ta dugc x; = —t, 29 = —2t, 23 = t. Suy ra x = —t(1,1,1) —
2t(1,1,2) +¢(1,2,1) = —t(2,1,4). Vay co s6 cia Kerf la {(2,1,4)}, dim Kerf = 1.
(2) Chon co 86 ctia R3 1a F = {(1,1,1),(1,1,2),(1,2,1)}. Khi do6

Imf = span{f(1,1,1), f(1,1,2), f(1,2,1)} = span{(1,2,1),(2,1,—1),(5,4,—1)}.
Lap ma tran, diing bién déi so cap doi v6i hang dé dua vé dang bac thang, két luan: dim Imf =
2, cos6 {(1,2,1),(0,1,1)}.

3.3. Ma tran cua anh xa tuyén tinh

3.3.1. Dinh nghia

Cho 4nh xa tuyén tinh f tit khong gian V' vao khong gian W. Theo dinh ly (3.4) f hoan
toan xac dinh bdi dnh clia mot co sé ctia V. Gid sit B = {eq, ..., e,} la mot co s6 cua V thi f
hoan toan duge xac dinh béi he véc to {f(e1), ..., f(e,)}. Mat khac néu B = {e},... e, } 1a
mot co sd ctia W thi he {f(e1),..., f(e,)} lai biéu dién duge duy nhat qua t6 hgp tuyén tinh

ciua B’
m

fleg) = aye;,  (j=1,....n). (3.1)

i=1
trong d6 a;; € R. Nhu vay, anh xa tuyén tinh f : V — W dugc xac dinh duy nhat bdi he
thong cac so thuc {a;;|1 <i <m,1 <j <n}, ching dugc xép thanh ma tran sau day:

11 Q12 - Qip
Q21 Q22 -+  Q2p

A= - [aij]mxn
Am1 Am2 - Amn

D@ thay A c¢6 n cot 1a cdc ma tran toa do cia f(ey), ..., f(e,) trong co s6 B'.
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O Dinh nghia 3.4. Ma tran A x4c dinh béi (3.1) duge goi 1a ma tran clia 4nh xa tuyén tinh
f trong co s B cia V va co 86 B cia W.

e NeuV =Wnvae =¢, i=1,...,n thi Adugc goi 1a ma tran ctia f d6i véi co s6 F.

e Néu B va B’ lan luot 13 hai co sd chinh tac ctia V va W thi A dugce goi 1a ma tran chinh
tac cia f.

3.3.2. Tinh chat
Giastz eV valrlg = (x1,...,2.)"5 [f(@)]s = (Y1, -, ym)". Ta co
T =101+ xpe, = f(2) = f(rien + -+ wnen) =21 f(er) + -+ xaflen).
Thay f(e;) béi (3.1) ta duge:

f(x) = w(ane) +- - +amep,) + -+ zolane)] + -+ amney,)

< flx) = (anz+ -+ apzn)e] + -+ (amx + - + aGmntn)el,
S [f()]p = (anxi+ -+ @, -y @11+ -+ QunTy)
Y1 = a1+ -+ a1y
Yo = Qo1T1+ -+ A2,y
<9 < [f(2)]p = Ala]s (3.2)
Ym = Am1T1 + -t Amnn

Biéu thitc (3.2) duge goi la biéu thitc toa do clia &nh xa tuyén tinh f d6i vé6i cap co s6 B, B'.

A Dinh 1y 3.3. Anh xa dit tuong ting anh xa tuyén tinh f : V. —s W véi ma tran A ciia
né trong mot cap co sé cb dinh ctia V va W xédc dinh bdi (3.1) 1a mot ding cau tuyén tinh tiu
L(V,W) Ién M,«,. Hon nia r(A) = r(f).

Chitng minh.

Gia stt V, W la hai khong gian véc to véi hai co s lan lugt 1a B = {ey,...,e,} va B’ =
{€},...,el,}. V6i anh xa tuyén tinh f : V — W thi ¢6 ma tran tuong ing A = [a;;]mxn Xac
dinh béi (3.1).

Ngugc lai, cho ma tran A = [a;;]mxn, biéu thiic toa do (3.2) xac dinh anh xa f: V — W ¢6
ma tran la A. Vay c¢6 tuong tng 1 - 1 gitta L(V, W) va M,,xn-

Hang ctia ma tran A 14 hang ctia hé cac véc to cot {f(e1),..., f(en)}, do d6 r(A) =
r{f(e1),..., fle,)} =dimImf = r(f).

@ Nhan xét: Ta dé dang chitng minh duge rang néu A, B 1a ma tran cta f, g thi
e A+ Blama tran cua f + g,
e kA la ma tran cua kf, v6i Vk € R.

e Vi du 3.7. Cho 4nh xa tuyén tinh f:R3? — R?, x4c dinh bdi

f(x1, x2,23) = (21 + 229 — 323,221 + X3)
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Tim ma tran clia anh xa tuyén tinh trong cip co sé B = {(1,1,1),(1,0,1),(1,1,0)} va B' =
{(1,1,),(1,2)}. Loi gidi. Ta c6

F,1,1) = (1+42-3,241) = (0,3) = —3(1,1)+3(1,2)
f(1,0,1) = (140-3,241) = (=2,3) = —7(1,1)+5(1,2)
F(L1,0) = (142-0,2+40) = (3,2) = 4(1,1)—(1,2)

Vay ma tran ciia f trong co s6 B ctia R® va B’ clia R? 13

-3 -7 4
A‘{?) 5 —1}

e Vi du 3.8. Trong khong gian V = P, gom céc da thiic bac khong qué 2 véi hé s6 thuc cho
anh xa f: V — V xéc dinh bdi

flag 4+ arx + agz?) = ay + 2as.

Ta c6 thé kiem tra dugce f 13 mot anh xa tuyén tinh. Ngoai ra tai co s¢ chinh tic B = {1, z, 2%}
ta co:

f1)=0, f(z) =1, f(z*) = 2.

Nhu vay ma tran chinh tic cia f la

A:

o O O
o O =

0
2
0
e Vi du 3.9. Cho f 1a toan ti tuyén tinh tit R? vao chinh né, biét:

f(1,2,3) =(9,0,9); £(2,3,0) = (9,9,0); £(3,0,0) = (0,9, —9)

(a) Tim ma tran chinh tic cia f.
(b) Tim mot ¢ s6 cia Imf va dim Kerf.
Lot gids. (a) Ta di tim f(1,0,0); £(0,1,0); £(0,0,1) bang cach giai he:

£(1,0,0)+2£(0,1,0)+3£(0,0,1) = (9,0,9) J(1,0,0) = (0.3,-3)
2£(1,0,0) + 3f(0,1,0) — (9,9,0) < { f(0,1,0) = (3,1,2)
3£(1,0,0) — (0,9, -9) £(0,0,1) = (1,-5/3,8/3)
0 3 1
Vay ma tran chinh tic cia fla A= |3 1 —5/3
3 2 8/3
(b) D& thay Imf = span{(0,3,-3),(3,1,2),(1,—-5/3,8/3)}. Lap ma tran, ding bién doi
so cap d6i v6i hang dé dua vé dang bac thang, két luan: dimImf = 1, mot co sé la

{(0,3,-3),(3,1,2)}. Khi d6 dim Kerf =3 —2 = 1.

3.3.3. Ma tran ctia anh xa tuyén tinh trong cac co s khac nhau

Cho f:V — W la anh xa tuyén tinh va By = {ey,...,e,}, By ={€},..., e/} 1a hai co s6
cia V, By = {wy,...,wy}, By ={w),...,w],} 1a hai co sé cia W.
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A Dinh 1y 3.4. Gia sit A la ma tran ctia f trong ciap co sé By, By, A’ la ma tran ctia f trong
cap co s6 B}, By, va T 1a ma tran chuyén co s6 tir B, sang B}, P 1a ma tran chuyén co sé tir
By sang B). Khi do6

A = PAT (3.3)

Ching minh. Gid st A = [agi]mxn, A" = [@h;lmxns P = [Dkilmxms T = [tijlnxn, tc 1a ta co:

flei) = Zam‘wk, f(e;-) = Za;nga w; = Zpkiwka 6} = Ztijei
k=1 i=1 k=1 i=1
Khi do6 f(e}) = Zm: ag;w; = f: al;( f: Priy) = Zm: (ipkia;j)wk. Mat khac
i=1 i=1 k=1 k=1 i=1
f(eg) - f(ztuez) - Ztuf(ez) = tij(zakiwk) = Z (Zalmtzg)wk
i=1 i=1 =1 k=1 k=1 =1
Do doé
Zpkza;]—Zakitij, Vi=1,....n;k=1,...,m& PA = AT.
i=1 k=1

Vay A’ = P71AT.
Dic biet néu f 1a tu dong cau ctia khong gian véc to V va A, A’ 1an lugt 14 ma tran cia f
trong co s6 B, B’, T 1a ma tran chuyén co sé B sang B’ thi:

A =T TAT.

O Dinh nghia 3.5. Gid st A va B la hai ma tran vuong cap n. Ta néi B dong dang v6i A
néu ton tai ma tran khong suy bién 7' cap n sao cho B = T-'AT. Ki hieu B ~ A.

® Nhan xét: Ding thitc B = T7'AT c6 thé viét
A=TBT' = (T7")"'BT!

Dat T-! = StacodetS #0va A= S"1BS. Vay néu B dong dang véi A thi A dong dang vdi
B.

e Vi du 3.10. Gia sit anh xa tuyén tinh 7' : R? — R? x4c dinh bdi:
T(x1,x2) = (1 + T2, —271 + 42).

Hay tim ma tran chinh tic ctia T 1di sit dung dinh 1y (3.4) dé bién ma tran d6 thanh ma tran
ctia T dbi véi co s6 B' = {ug,us}: up = (1,1), ug = (1,2).

Lot gidi. Goi B = {e1,es} 1a co s6 chinh tac ctia R?. Tu dinh nghia dnh xa ta c6 T(e;) =
T(1,0) = (1,-2), T(e2) = T(0,1) = (1,4), do d6 ma tran chinh tac cta T la:

=[5



75

3.3. Ma tran ciia dnh za tuyén tinh

Bay gio ta lap ma tran chuyén co s6 P tit B sang B’. Dé dang kiém tra dudc: u; = ey +es, uy =

e + 262. Vfiy
11
ol

2 _1} , do d6 theo dinh ly (3.4), ma tran ctia T d6i véi co s6 B’ 1a

-1 1

v [0 0 0-B Y

Ta suy ra: P! = [
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Anh xa tuyén tinh

Bai tap chuong 3

. Anh xa f: R®* — R? duéi day c¢6 phai la tuyén tinh khong:

(&) f(2,y,2) = (1,2 +y +2) (b) f(z,y,2) = (0,0)
(©) f(z,y,2) = (1,1) (d) f(z,y,2) = (22 +y,3y — 42)
DS: (a) ¢6 (b) ¢6 (c¢) khong (d) ¢6

. Anh xa f: P, — P, du6i day c6 phai la tuyén tinh khong:

(a) f(ag + a1z + asx®) = ag + (a1 + az)x + (2a¢ — 3a1)x?
(b) flap + ax + asx®) = ag + a1 (z + 1) + ag(x + 1)?

(¢) fap+ a1 + agz?) =0

(d) f(ap + a1z + asx?) = ap + 1 + ayx + asa®

DS: (a) ¢6 (b) ¢6 (c) ¢6 (d) khong

. Goi M« la tap cac ma tran ¢ m x n. Cho B la mot ma tran ¢6 2 x 3 hoan toan xac

dinh. Chting minh rang anh xa T : Mays — Myy3 dinh nghia béi T(A) = AB la anh xa
tuyén tinh.

. Cho T : R? — R? 14 4nh xa nhan v6i ma tran

2 -1
-8 4
(a) Héi véc to nao dudi day thuoc ImT: (i) (1, —4) (ii) (5,0) (iii) (—3,12)

(b) Hoi véc to nao dudi day thuoc KerT: (i) (5,10) (i) (3,2) (iii) (1,1)
BS: (a) (i), (iii); (b) (i)

. Cho anh xa tuyén tinh 7" : P, — P3 xac dinh bdi T'(p(x)) = zp(z).

(a) Hoi véc to ndo dudi day thuoc KerT: (i) x? (i) o (i) 1+«
(b) Hoi véc to nao dudi day thuoc ImT: (i) x +2*>  (ii) 1+=z (i) 3 — 22

BS: (a) (ii); (b) (i)

. Xét co 86 S = {vy,ve,v3} C R3 trong d6 vy = (1,2,3), vy = (2,5,3), v3 = (1,0,10). Tim

biéu dién anh xa tuyén tinh T : R® — R? xac dinh bdi T(vy) = (1,0), T(vs) = (1,0),
T(v3) = (0,1). Tinh T(1,1,1) trong cac co sd chinh tac ciia R?, R

DS: T(x,y,2) = (300 — 10y — 3z, =9z + 3y + 2); T'(1,1,1) = (17, —5).

. Tim anh xa tuyén tinh 7 : P, — P, x4c dinh béi T(1) = 1+, T(z) = 3 — 22,

T(2*) = 4+ 2x — 3z Tinh T(2 — 2x + 32?).
DS: T(2 — 2z + 32%) = 8 4+ 8z — 7.
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8.

10.

11.

12.

Cho T 1a mot anh xa nhan ma tran xac dinh nhu duéi day. Hay tim
(a) s6 chiéu va mot co s6 ctia ImT.

(b) s6 chiéu va mot co sé cua KerT.

-1 3 2 0 -1
. 141 2 . 3
-4 (i5) |4 0 =2| (di7) [1 5 3 O] (1v) 10 -1 0 -1

1
(i) |5 6
7 4 2 00 0

DS: (i) (a) mot co s6 ctua ImT: {(1,5,7),(0,1,1)}, (b) mot co sé cia KerT:
{(—14/11,19/11, 1)}.

(i) (a) mot co s6 cia ImT: {(1,2,0)}, (b) mot co s6 cua KerT: {(1/2,0,1),(0,1,0)}.
(iii) (a) mot co s6 ctia ImT: {(1,1/4),(1,2)},

(b) mot co s6 cua KerT: {(—1,—1,1,0),(—4/7,2/7,0,1)}.

(iv) (a) mot co s6 cua ImT: {(1,3,—1,2),(0,1,—2/7,5/14),(0,0,0,1)}, (b) mot co sG clia
KerT: {(~1,-1,1,0,0), (—1,—2,0,0,1)}.

Tim ma tran chinh tic clia mdi &nh xa tuyén tinh sau:

(a) T'(z1,x2) = (29, —1, 21 + 322, T1 — Tg).

(b) T(x1, w2, x3,24) = (T21 — 229 — T3 + T4, To + T3, —T1).

t 7T 2 -1 1
DS: (a) [(1) _01 ; _11} Mo 1 1 0
-1 0 0 0

Tim ma tran ctia anh xa tuyén tinh 7' : P, — P, xac dinh bdéi
T(ao+ arx + azx?) = (ag + a1) — (2a1 + 3az)x

do6i v6i céc co sd chinh tac trong P» va Pi.

110}

DS: [0 _9 _3

Cho T : R? — R3 xéac dinh béi
T(x1,12) = (21 + 272, —71,0)
(a) Tim ma tran ctia T' ddi v6i cac co s6 B = {u1, us} trong R?* va B’ = {v;, v, v3} trong
RSZ Uy = (1,3), Ug = (-2,4), v = (1, 1, 1), Vg = (2,2,0), V3 = (3,0,0)
(b) Dung ma tran thu duge 6 (a) tinh 7°(8, 3).
oo =172 8/3]"
Cho T : P, — P, 1a 4nh xa tuyén tinh x4c dinh béi T'(p(z)) = z*p(z).

(a) Tim ma tran ciia T dbi v6i cac co s& B = {p1,ps, p3} trong P, va co sé chinh tic B’
trong Pj:
p=1+ 2% po =1+ 2z + 3% p3 =4 + 5z + 22
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(b) Diing ma tran thu duge 6 (a) hay tinh T(—3 + 5z — 22?).
0010 17
DS:(a) |0 0 1 2 3| ;(b) —32%+ 5z® — 221
0 0451
3 =210
13. Chomatran A= |1 6 2 1| la ma tran ctia anh xa T : R* — R? d6i véi cac co
-3 0 71
s6 B = {vi,vy,v3,v4)} trong R* va B = {w;, wq, w3} trong R3: v; = (0,1,1,1), vy

14.

15.

2,1,-1,-1),03 = (1,4,—1,2),04 = (6,9,4,2), w; = (0,8,8),ws = (—7,8,1),w
6,9,1).

(
(=
(a) Tim [T'(vi)]pr, [T(v2)]s [T(0s)]5r, [T(va)]5r-
(b) Tim T'(vy), T'(va), T'(vs), T(vy).

(¢) Tim 7'(2,2,0,0).

DS: (a) [T(v)ls = (3,1, =3)", [T(v2)lpr = (=2,6,0)", [T(v3)]p = (1,2,7)", [T'(v4)]pr =
(0,1,1)%.

(b) T(v)) = (11,5,22), T(vs) = (—42,32,—10), T(vs) = (—56,87,17), T(vy) =
(—13,17,2).
(

¢) T(2,2,0,0) = (—31,37,12).

1 3 -1
Cho A= 1|2 0 5 | lamatran ctia anh xa T : P, — P, d6i v6i co s6 B = {vy, v, v3}
6 —2 4

Vi v = 31 + 322, vg = —1 + 32 + 222, v3 = 3+ Tw + 222

(a) T T [T(01)], [T(02)], [0}

(b) Tim T'(vy), T'(ve), T'(vs).

(c) Tim T'(1 + 2?).

DS: (a) [T'(v1)]s = (1,2,6)", [T'(v2)]5 = (3,0, =2)", [T(vs)]p = (—1,5,4)"

(b) T(vy) = 16 + 51lx + 1922, T(vy) = —6 — bz + 5z, T'(v3) = 7 + 40z + 1522
(c) T(1 + x?) = 22 + 56x + 1422

Hay tim ma tran ctia anh xa tuyén tinh 7 d6i véi co sé B roi suy ra ma tran ctia 7' doi
VGi co 86 B’

(a) T : R? — R? xac dinh béi: T(z1, 22) = (1 + Tra, 371 — 423),
B={(2,3),(4.— 1)}, B ={(1,3),(—-1,—-1)}.

(b) T : R? — R? x4c dinh béi: T'(zy, x9, 23) = (21 + 229 — T3, —T9, T1 + TT3),
B 1a c¢o 86 chinh tic trong R3, B’ = {(1,0,0),(1,1,0),(1,1,1)}.

(¢) T: P, — Py xac dinh béi: T'(ap + a1x) = ag + a1(x + 1),
B ={6+3z,10 + 2z}, B' = {2,3 + 2z}.

bs: (a) [Tlz = 1_14 [; —6111}’ s = % {:?% 295]'
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4.1. Tri riéng va vécto riéng cuiia ma tran

4.1.1. Cac dinh nghia

O Dinh nghia 4.1. Cho A 1a ma tran vuong cap n. Néu ton tai vécto x = (1, o, ..., 7,) # 0
trong R™ thoa man:
Ax = \z (4.1)

thi s6 A dugc goi la tri rieng clia A, vécto x dude goi 1a vécto rieng tng véi tri rieng .

Trong phuong trinh (4.1), vécto x € R duge dong nhat véi ma tran cot toa do cta z doi
v6i co s6 chinh tac.

O Dinh nghia 4.2. Cho A 14 ma tran vuong cap n. Phuong trinh dic trung clia ma tran A
la:
det(A—X)=0

Da thiic dic trung clia ma tran A 1a da thic (an \):
f(A) =det(A— )

O Dinh nghia 4.3. Cho A 14 ma tran vuong cap n c6 tri rieng A. Ta goi khong gian nghiém
cua phuong trinh:
(A= X))z =0

la khong gian riéng ctia A ting véi tri rieng A, ky hiéu J,.

e Vidy 4.1. Cho A = E _OJ

Xét x = (1,2) € R?, ta co:

o 2Bl
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nghia la z = (1,2) € R? 14 vécto riéng ctia A tng v6i tri rieng A = 3.

3 0 10 3—A 0
A‘”‘{S —1}‘%0 1}_{ 8 —1—/\]
Da thtc dac trung cia A la:

f()\):‘i)’g)‘ _10_)\’:(3—)\)(—1—)\):)\2—2>\—3

Phuong trinh dac trung ciua A la:

A= —1
2 — — et
AM=-22-3=0« { o~ 3
Khong gian riéng ctia A ting véi tri rieng A = 3 1a khong gian nghiém ctia hé phuong trinh:
. OIl + 01’2 =0 To = 2I1
(A_?’]):”_O‘:’{gxl — dzy = 0 ‘:’{xl € R

Vay Js3 = {x = (21, 221), 71 € R} = span{(1,2)}.

4.1.2. Tinh chat
Tinh chat. 1. Néu x la vécto rieng clia A ting v6i tri rieng A thi cx, trong dé ¢ 1a hang s6
khac 0 tuy ¥, cling la vécto riéng cia A tng v6i tri rieng .
That vay, ta co:
A(cx) = ¢(Ax) = c(Ax) = A(cx).

Vi vay sau khi da c6 mot vécto rieng, ta co thé chon ¢ dé dude vécto rieng c6 do dai bing 1.
Vécto rieng c6 do dai bang 1 duge goi 1a vécto rieng da chudan héa.

Tinh chat. 2. Tri rieng cia ma tran A la cac nghiém ctia phuong trinh dic trung ctia ma
tran do.

That vay, A 1a tri riéng ctia ma tran A khi hé phuong trinh Az = Az < (A — X))z =0 ¢6
nghiém z # 0, titc 1a ¢6 nghiém khong tam thuong. Diéu kién nay tré thanh det(A — ) = 0.

Tinh chat. 3. Vécto rieng ciia ma tran A dng véi tri rieng A 1a céc vecto khac khong ctia
khong gian riéng tuong ung.

That vay, néu A la tri riéng ctia A thi cac vécto riéng clia A ting v6i X 1a cac nghiém khéc
khong ctia he Ax = Az < (A — M)z =0 tic la z € Jy \ {0}.

Tinh chat. 4.' Gia st A 1a nghiem boi k ctia phuong trinh dic trung ctia ma tran A. Khi
d6 khong gian riéng tuong ting 14 khong gian vécto con ctia R” ¢ s6 chieu bang n — p(A — \I),
hon nita:

s6 k dude goi 1a s6 boi dai s6 ctia A, s6 chicu ctia khong gian riéng J, dudc goi 1a so boi hinh
hoc cua .

!Chitng minh cy thé ctia tinh chat nay c6 thé duge tim doc & [4], trang 46
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4.1.3. Tim tri riéng va vécto riéng cia ma tran

e Vi du 4.2. Hay tim cac co sé ctia khong gian riéng cua:

3 -2 0
A=1-2 3 0
0 0 5
Lot giai. Ta co:
3 =20 1 00 3—X =2 0
A=-X=1|-2 3 0|—-X|0 1 0l=] -2 3=X 0
0 0 5 0 01 0 0 5—2A

Da thiic dac trung cua A la:

3—A =2

det(A=AI)=G-N """

’:(5—)\) [(B=XA)*—4] =(5—A) (N —6)A+5)

Phuong trinh dac trung cia A la:

A = 5 (boi2)

5-NAN—-61+5)=0x [A _

Vay ma tran A c¢6 hai tri rieng la A\ =1 va A = 5.

Véi A = 1, khong gian riéng J; 1a khong gian nghiém ctia phuong trinh (A — Iz = 0:

2 =2 010 1 -1 010
-2 2 0|0 —1]10 0 110
0 0 410 0O 0 010
Nghiém cua hé la:
1 € R
Ty = I
r3 = 0

Do do:
J = {x = (21,21,0);21 € R}: {x =121(1,1,0);2; € R}: span{(l, 1,0)}

Vay J; 1a khong gian vécto mot chiéu, ¢6 co s6 1a {(1,1,0)}
Véi A = 5, khong gian riéng J5 1a khong gian nghiém ctia phuong trinh (A — 51)x = 0:

-2 =2 010 1 1 010
-2 =2 0]/0] —1]1000]0
0 0 010 0 0 0|0
Nghiém cua heé la:
Ty = —X2
To € R
r3 € R

Do do:
x € Js & x = (—mwg, 9, x3) = x2(—1,1,0) + 23(0,0,1); 29,23 € R
= J5 = span{(—1,1,0),(0,0,1)}
Dé thay {(—1,1,0),(0,0,1)} doc lap tuyén tinh, vay Js la khong gian vécto hai chiéu, c6 cd s6
1a {(-1,1,0),(0,0,1)}
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4.2. Dang toan phuong trén khong gian R"

4.2.1. Khai niém

O Dinh nghia 4.4. Dang toan phuong trén R” 13 ham bac hai ding cap déi véi cac toa do
(x1,21,...,2,) € R™

n
f= E Qi3T5 Qij = Qg

ij=1
Ma tran doi xing A = [a;;], dugc goi la ma tran ctiia dang toan phuong (trong co sé chinh tac).
e Vi du 4.3. Trong R3

f= fo — 530; — 4x129 — 62973 + 81123

la dang toan phuong v6i ma tran

2 =2 4
A=1|-2 =5 -3
4 =3 0

@ Nhan xét: Ti biéu thiic ciia dang toan phuong:

n

n n
f = E aijxixj = E ZT; E Clijl’j
ij=1 i=1 j=1
apy Qi -+ Qip 1
Aoy Qo -+ Q2 Z2
= f= [ml Ty - mn} " = o' Ax
Anp1 Ap2 - Ann Tn

Do d6 dang toan phuong f trén R™ con dugce viét dang ma tran:
f=a2"Ar; A'=A
Néu dat z = Qy, v6i Q 1a ma tran vuong cap n, y € R™ thi dang toan phuong f trdé thanh:

f=(Qu)'AQy) =y (Q"AQ)y
v6i ma tran B = Q'AQ 1a ma tran déi xing, do d6 f tré thanh dang toan phuong doi véi y.
O Pinh nghia 4.5. Cho dang toan phuong trén R™:
f= Z Qi3T5 Qij = Qg
ij=1

Déi bién dang toan phuong la thuc hien phép ddi bién tuyén tinh z = Qy dé nhan dugc dang
toan phuong theo bién mdi:
f= Z bijyiyjs  bij = by
ij=1
Ma tran vuong @ dugc goi 1a ma tran ctia phép ddi bién. Phép déi bién duge goi la khong suy
bién néu ma tran doi bién @ khong suy bién.
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e Vi du 4.4. Trong R? xét dang toan phuong:
f =227 — 422 + 312,

Déi bién:
{ TLO= U tran d8i bién la: Q = {1 1 }
To = Y1 — Y2 1 -1
ta dugc:
F=2(n+y2)> =4y —v2)> + 3(y; — v3) = yi — 5ys + 12y190

Phép ddi bién trén 1a khong suy bién vi det(Q) = —2 # 0

4.2.2. Dang chinh tic ctia dang toan phuong
O Dinh nghia 4.6. Dang toan phuong trong R™:
f = Z aij:vixj
ij=1
c6 dang chinh tac néu a;; = a;; = 0 v6i moi i # j.

Nhu vay f c¢6 dang chinh tic néu

n

2

f = E Qi
i=1

khi d6 ma tran ctia dang toan phuong f la ma tran chéo.

O Dinh nghia 4.7. Dua dang toan phuong f = Z a;jr;z; vé chinh tic la ding phép doi
ij=1
bién khong suy bién z = Qy, det(Q) # 0 dé f c6 dang chinh tic ddi v6i cac bién yi,yo, . .., Yn.

4.2.3. Thuat toan Lagrange dua dang toan phudng vé chinh tic
Xét dang toan phuong ctia n bién:
f= Z aijrixy; i = aj; [ #0
ij=1
Thuéat toan sau day chi ra ring moi dang toan phuong déu c6 thé dua vé dang chinh téc, hon
nita c6 thé viét cu thé dang chinh tic dé cting phép doéi bién tuong ting.
L] Tr11’6ng hdp 1. 11 = Q92 = *+** = Upp
Do f % 0 nén ton tai he s6 a;; # 0. Thuc hién phép doi bién (khong suy bién):
T, = 2; + Zj
l‘j = Z; — Zj

xy =z, (Vk & {3, j})

ta dua duge f veé dang:
f=2ay(} = 25) + - -
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nghia 13 trong biéu thitc ciia dang toan phuong da xuét hién cac s6 hang binh phuong. Khi d6
bai toan duge dua vé truong hop 2 duéi day:

e Trudng hop 2. Trong f ton tai hé s6 a; # 0, chang han ay; # 0:

Ta nhom cac sé hang chita x1, them bét dé xuat hien binh phuong ctia mot tong nhu sau:

f = CLHI'% + 2@121’11‘2 4+ 4+ 2&1n$1$n —+ -

2
a12T2 + -+ + A1y a12T2 + -+ - + A1y
o mle(m | )+(m 1 )]
a1 11
B (a12$2+"‘+aln$n)2
aii
2
a12T2 + - + A1, Ty
= a1 |:$1+ :| +f2($2,$3,...,$n)
an
Dat
a12T2 + -+ + A1pTn
g = x4 22 1
ar
2y = xpVk=2,3,...,n
thi co:
f=anyi+ faz2, 23, .., 2) (4.2)
O d6 fo(z2, 23, ..., 2,) trong cong thiic (4.2) 1a dang toan phuong ctia n— 1 bién (29, 23, . . ., 2n)

Tiép tuc thuc hien doi bién déi véi fo theo trudng hop 1 hoic truong hop 2 cho dén khi
nhan dudc dang chinh tic ctia f:

f= Z by}
=1

Dé tim ma tran doi bién @ ma phép déi bién z = Qu dua f vé dang chinh téc, ta phai giai
ngudc cac bién 1, s, . . ., x, theo cac bién yi,ys, . .., y,; hodc tit biéu dién ciia y theo  suy ra
y = Px va tinh Q = P71
® Nhan xét: Thuat toan Lagrange c6 thé dan dén cac dang chinh tic khac nhau ciia ciing
mot dang toan phuong.
Dinh luat quan tinh. Khi mot dang toan phuong dude dua vé dang chinh tic bang cac cach
khac nhau thi s6 cic hé s6 duong bang nhau va s6 cac hé s6 am bing nhau.

Trong dang chinh téc clia dang toan phuong, sd p cac hé sé duong dude goi 1a chi s6 duong
qudn tinh, s6 q cdc he s6 am dugc goi l1a chi s6 am qudn tinh, cap (p, q) dugce goi 1a cdp chi so
quan tinh.

e Vi du 4.5. Dua dang toan phuong trong R? sau vé dang chinh tic:

f= x% + 4x§ + 6x§ + 221209 + 421203 + 22003
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Loi gias.
f =23 + 211 (29 + 273) + (425 + 623 + 22973)
= |27 + 221 (z9 + 273) + (72 + 2w3)2} — (g + 2w3)? + (423 + 622 + 2w913)
- 2
= |z1 + (22 + 2:1:3)] +375 + 215 — 2973
- 2 2 2
2 :
= xl%—xg%—ng}~+3{x%—-—1@x3%—%§}——%§—%2x§
- 2 12 5
= |z + 22+ 2&:3] +3 {xQ — 33} +§x§
Diat
7
Ty + T3 + 223 A
O N 1 (4.3)
3 Ty = Yo+ gys
3 T3 = Y3
thi dang toan phuong f c¢6 dang chinh tac:
2 2, Do
f:y1+3y2+§y3
Tit phép doi bién (4.3) c6 ma tran doi bién la:
1 -1 -1
0 5| det(Q)=1#0
0 1
e Vi du 4.6. Dua dang toan phuong trong R? sau vé dang chinh tic:
f = 2$1$2 — 7.1721'3 + 4.’13'11’3
Loi giai. Dat:
T1 = 21+ 29 21:§(ZE1+I’2)
- 1
To = 21 2o < 2y = _(xl i .’172) (44)

ta co:

5 — o 273

— 225 + 112923

121227 12122 922
8 8

16 8

2
1 ] +1423



4.2. Dang toan phuong trén khong gian R" 87
bat
=z z z1 = + §
Y1 =~ 178 1= N 43/3
11z 11
=z —— T Y m= Yot Y3 (45)
4 4
Ys = 23 z3 = Y3
thi dang toan phuong f c¢6 dang chinh tac:
f=2yf — 25 + 143
Tit cac phép doi bién (4.4) va (4.5) suy ra:
7 7
Ty = it Yot 5 Y3 1 1 5
T2= ti— Yo— 2us Ma tran doi bien la: Q= |; _1 So|; det(Q)=-2#0
3 = Y3 00

e Vi du 4.7. Tim cap chi sé quan tinh ctia dang toan phuong sau trong R*:
f= xf + x% + 4xi — 2019 — X1X3 — 3T1T4 + 4224 + 3T374

Lot gidi. Dua dang toan phuong vé chinh tac:

f = l’g + 21’2(—1’1 + 21’4) + (—131 + 21’4)2 —(2.I4 — 131>2 + JI% + 41’421

= (l’g — T+ 21’4)2 + T1Ty — 123 + 3.1‘31’4

Dat
1 = 21+t 24
T = 21— 24
rs = <3; Ty = 22
f= (22421 —324)% + 2 — (2123 + 2324) + 3(2123 — 2324)
= (29 + 21 — 324)* + (zl + 27:123 + 23) (22 4 42423 + 4z§) + 3z§
= (ZQ + 21— 324)2 + (Zl + 23) (24 + 223)2 + 3Z§
Dat
1. = z1+23 21 = Y1 — Y3
Yo = 21+2— 3% 29 —y1 + Y2 — DYz + 3ya
Ys = 23 Z3 Ys
Ys = z4+ 223 zg = —2ys+ty
thi f c6 dang chinh téc:
f=vi+us+3u5 — v
v6i phép doi bién
rL= N +3y3 + ya 1 0 3 1
To= —V1+Y2 —OYs+ 3 _ |11 -5 det(Q) —
2y = " 00 1 0
1 0 1 -1
Ty= N Y3 — Ya

Do d6 tir dang chinh téc ctia f suy ra cip chi s6 quan tinh 1a (p,q) = (3,1)

— 13 — 3:151134 + 3$3$4
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4.2.4. Dang toan phuong xac dinh duong
O Dinh nghia 4.8. Cho f la mét dang toan phuong trén R™:

n
f(a:l, To, ... ,.fEn) = Z aija:ianj (aij = a]’i)

ij=1
e [ la dang toan phuong xac dinh duong néu f(z) > 0 Vx € R™\ {0}
e [ la dang toan phuong xac dinh am néu f(z) < 0 Vx € R™\ {0}
@ Nhan xét: f(z) xac dinh am < — f(x) xéc dinh duong.
e Vi du 4.8. Xét cac dang toan phuong trén R3:
a) f = 3x? + 423 + 522 1a dang toan phuong x4c dinh duong;

= —2? — 422 — 722 1a dang toan phuong xac dinh am;

g
h = 2x% — 3x3 + 42 khong xac dinh duong ciing khong xac dinh am;
[ = 3z% + 522 khong xac dinh duong cling khong xac dinh am;

)

= x? + 373 + 7a7§ + 2x129 — 82213 — 4x123 Xac dinh duong, vi:

¢ = |22+ 22 (23 — 223) + (22 — 223)? | — (w9 — 223)% + 323 + Ta3 — Swo3
1 3

= (21 + 2o — 223)% + 2(23 — 22923 + 23) — 223 + 323
= (v 4+x9—273)% + 2(x2 —23)> + 22 > OVz #£6

® Nhan xét: Dang toan phuong trén R” 14 xac dinh duong néu cip chi s6 quan tinh ciia n6
1a (n,0), 1a xac dinh am néu cap chi s6 quan tinh ctia n6 1a (0,n).

e Vi du 4.9. Dua dang toan phuong trén R® sau vé dang chinh téc, tim m dé dang toan
phuong la xac dinh am:

f= —12mxf — x% — 6x§ — 81129 + 4dxox3 + dmai 3

Loi gidi. St dung thuat toin Lagrange dua dang toan phuong vé chinh téc:

f=—|a5+ 2xq (47 — 223) + (41 — 2x3)2} +(4y — 223)* — 12ma? — 623 + dma w3

= —(xy + 4y — 223)* + (16 — 12m)2] — 223 + (4m — 16) 2173
= —(xy + 4y — 223)* — 2 [x% —2(m — d)xzry + (m — 4225 | +2(m — 4)%23 + (16 — 12m)a?;
= — [z + 4z — 2x3]2—2[w3 — (m — 4)x1}2+2(m2 — 14m + 24)z3

Dat
Yy =21 T = Y1

Yo = To+ 4w — 223 & (x2= (2m—12)y; +y2 +2y3
ys = x3 — (m —4)xq T3 = (m —4)n +Ys
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Ma tran doi bién la:
1 0 0
Q= 1{2m—12 1 2|; det(Q)=1+#0
m—4 0 1

Khi d6 f c6 dang chinh tac:
f=—y2— 292 +2(m? — 14m + 24)y?
Dé f x4c dinh am thi trong dang chinh téc ctia f phai c6 3 hé s6 am, do do:
m? —14m+24 <0 2<m< 12

A Dinh 1y 4.1. [Sylvester] Cho dang toan phuong f trén R" véi ma tran la A. Goi D; 1a céc
dinh thiic con ctia A tao bdi i hang va i cot géc trén bén trdi ctia A (D; con duge goi 1a dinh
thitc con chinh cap i ciia A). Khi do:

a. f la xac dinh duong khi va chi khi D; >0Vi=1,2,...,n
b. f la xdc dinh am khi va chi khi (=1)'D; >0Vi=1,2,...,n
e Vi du 4.10. Xét dang toan phuong sau trén R?:

o= .CE% + 333% + 7.%3 + 22129 — 8T9x3 — 42173

Ta c6 ma tran cua ¢ la:

1 1 =2
A=1]1 3 —4
-2 -4 7

Céac dinh thic con chinh la:

Di=|1]=1>0; DZ:H ;’=2>0;

1 1 =2 1 1 =2
Dy=]1 3 —4|{=10 2 =2/=2>0
-2 —4 7 0 -2 3
Vay dang toan phuong ¢ la xac dinh duong trén R3.
e Vi du 4.11. Tim m dé dang toan phuong sau la xac dinh duong trén R3:

g =mai+ (m+5)a3 + 23 + 120129 + 4w123 + 61973

Lot giai. Ma tran ctia dang toan phuong la:

m 6 2
A=1[6 m+5 3
2 3 1

Cac dinh thtc con chinh cta A la:

m 6

Dr=imi=m Da=1lg 45

‘:m2+5m—36
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B _ |m+5 6 3| |6 m+5| R

Dg—det(A)—m’ 3 1‘—6‘2 1‘+2‘2 3 ‘—m(m—4)—|—2(8—2m)—(m 4)
D; >0 m >0 m >0

g xac dinh duong < { Dy >0 << m?4+5m—36 >0 ©{ m<-9m>4 &m>4
D3>0 (m — 4)? >0 m # 4

Vay v6i m > 4 thi dang toan phuong g da cho la xac dinh duong.

e Vi du 4.12. Tim m dé dang toan phuong trén R® sau xac dinh am:
f= —12mxf — x% — 6x§ — 81129 + 4xox3 + dmai 3

Lot giai. Ma tran ctiia dang toan phuong la:

—12m —4 2m
A= -4 -1 2
2m 2 —6
Cac dinh thtc con chinh cta A la:
Dy =|—12m| = —12m; D, = ‘_im :ﬂ =12m — 16
-1 2 —4 2 —4 -1
Dgzdet(A):—IQm‘ 5 —6‘+4'2m —6‘ Zm‘Qm 5 ‘

= —12m(2) + 4(24 — 4m) + 2m(2m — 8) = 4m? — 56m + 96 = 4(m?* — 14m + 24)

D, <0 —12m <0 m>91
fxacdinham < < Dy >0 < < 12m—16 >0 & m>§ S2<m<12

Vay v6i 2 < m < 12 thi dang toan phuong f da cho la xac dinh am.
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Bai tap chuong 4
1. Tim cac tri riéng va cd sé cuia khong gian riéng ctia cac ma tran sau:
- - [—5 2 —1] (2 —1 2
1) 2 _01 2) i :g 3)|-6 3 -1 415 =3 3
L . |18 —6 4 | -1 0 -2
[ -7 5 -3 1 -1 -1 [2 -1 2] [0 1 0
5 [—-12 9 —6 6)| 1 3 1 7|5 -3 3 8) |-4 4 0
| —6 5 —4 -3 1 -1 -1 0 -2 -2 1 2
(4 —5 2 1 -3 3 (1 -3 4 [7 —12 6
9) |5 -7 3 10) |-2 -6 13 11) |4 -7 8 12) [10 —19 10
6 —9 4 -1 —4 6 -7 7 12 —24 13
U, 2 0 0 0 [1 0 0 0 [3 -1 0 0
1200 0000 1 1 0 0
13)_14_042 Wio 130 B0 00 )13 0 5 -3
L 00 1 3 0001 4 -1 3 -1
PS: 1) A=3,(1,2); A= —1,(0,1) 2) A=1,(1,1)

3)A=0,(1,1,—-3); A =1,(1,0,—6), (0,1,2)

HA=-1,(-1,-1,1)  5)A=0,(1,2,1); A=—1,(5,6,0), (—1,0,2)

6) A=—2,(—1,1,—4),A=2,(~1,0,1), A = 3,(—1,1,1)

) A=-1,(0,1,—-1)  8) A =Xy =3 =2,(1,2,0),(0,0,1)

N A =1,(1,1,1); 0 = Ay = 0, (1,2,3)

10) My =Ad=X3=1,(3,1,1)  11) Ay =3,(1,2,2): dp = Ay = —1,(1,2,1)

13) A=1,(1,2,1)

2. Tim phép bién doi tuyén tinh dé dua mdi dang toan phuong trén R? sau day vé chinh
tac va cho biét dang chinh tic do:

(a) 3 + 523 — 423 + 22179 — 4ay73; (b)) 4a] + 25 + 75 — w139 — 33073 + 471 73;
(d) 227 + 1825 + 83 — 127179 — 27973 + 87173;

(f) —122% — 323 — 1225 + 122122 + 81913 — 243123

(¢) T129 + Tox3 + T123;

(6) 21’11’2 - 35(72373 - 5$1I3;

1 5 )
=5 3 5 0 -1
DS: (a) f=yi+y5-935,Q= |, 1 _1 b)) f=vi-v+y3.Q= 10 1 _1
2 2
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1 1 -1 1 1 5
() f=vi+y;—y3,Q= |1 -1 —1 (d) f=2y7 —3y3+3y3, Q=10 1 1
0 0 1 01 -1
3
1 -1 =
2 2 15, g 2 2 2
(e) [ = 21 — 2y5 — ?%a@ = |1 < (f) [ = —3yi — 4y; +4y37Q =
2
0 0 1
1 1 3
2 2 2
0 1 -1
0 1 1

3. Tim m dé mdi dang toan phuong sau day la xac dinh duong trén khong gian tuong tng:

(a) 5% + 25 + mas + 4129 — 22123 — 2w9w3;  (b) 225 + 5 + 25 + 2ma 179 + 27173

¢) ¥2 + 22 + 522 + 2may s + droxs — 2x1x3; (d 22+ 422 + 22 + 2ma iz + 62925 + 10223
1 2 3 1 2 3

DS: (a) m > 2; (b) —‘/7175 <m< @; (c) 2 <m<0; (d) Vo nghiém
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